Optimal Convergence Rates to Diffusion Waves for Solutions of the Hyperbolic Conservation Laws with Damping^∗

Pierangelo Marcati^1 and Ming Mei^2 and Bruno Rubino^1

1Dipartimento di Matematica Pura ed Applicata Università degli Studi di L’Aquila via Vetoio, loc. Coppito – 67010 L’Aquila, Italy

marcati@univaq.it, rubino@ing.univaq.it

and 2Institut für Angewandt und Numerische Mathematik Technische Universitä Wien Wiedner Hauptstrasse 8-10/115, A-1040 Wien, Austria

mei@umbriel.tuwien.ac.at

Abstract

This paper is devoted to study on the asymptotic behaviors of solutions to a model of hyperbolic balance laws with damping on the quarter plane (x, t) ∈ R_+ × R_+. We show the optimal convergence rates of the solutions to their corresponding nonlinear diffusion waves, which are the solutions of the corresponding nonlinear parabolic equation given by the related Darcy’s law. The optimal rates we obtained improve those in recent works on the IBVP by K. Nishihara and T. Yang [J. Differential Equations 156 (1999) 439-458] and by P. Marcati and M. Mei [Quart. Appl. Math. 56 (2000)]. The energy method with the method of Fourier transform together are efficiently used for proof.

Contents

§1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 §2. Dirichlet Boundary Case (I) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 §3. Dirichlet Boundary Case (II) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 §4. Nuemann Boundary Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 Appendix: IBVP for Linear Damped Wave Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

∗The research of the first author and the third author was supported in part by the European TMR project under the Contract ERB-FMRX-CT96-0033, and the research of the second author was supported in part by the Austrian Science Foundation project under the Contract M542-MAT. 1

1 Introduction

Subsequent to the previous works by Marcati-Mei [11] and Nishihara-Yang [18], we continue to consider the following model of hyperbolic equations with damping, on the quarter plane R_+ × R_+, (R_+ = (0, +∞)), given by { v_t − u_x = 0 u_t + p(v)_x = −αu, (x, t) ∈ R_+ × R_+, (1.1)

which models a compressible flow with dissipative external force field in Lagrangian coordinates. The external force term −αu appears in the momentum equation. Here, v > 0 is the specific volume, u is the velocity, the pressure p(v) is a smooth function of v such that p(v) > 0, p^′(v) < 0, and α > 0 is the damping constant. Such a system was firstly studied by van Duyn and Peletier [4].

For the corresponding Cauchy problem, Marcati-Milani [12] in the case of weak solutions, and Hsiao-Liu [5] and Nishihara [15] in the case of smooth solutions proved that the solutions (v, u)(x, t) to the corresponding Cauchy problem of (1.1) tend time-asymptotically to the nonlinear self-similar diffusion wave solutions (v̄, ū)(x, t) (v̄(x, t) = ϕ(x/ √ 1 + t)) of the porous media equation { v̄_t = −^1_α p(v̄)_{xx} p(v̄)_x = −αū, (1.2)

namely { v̄_t − ū_x = 0 p(v̄)_x = −αū. (1.3)

For the related initial-boundary value problems (IBVPs), Marcati-Mei [11] and Nishihara-Yang [18] studied the convergence to diffusion waves on the quarter plane R_+ × R_+, and Hsiao- Pan [8] on bounded domain x ∈ [0, 1]. As we know, all convergence rates appeared in abovementioned works are less sufficient. It should be significant to show the optimal decay rates for the convergence both in mathematical and physical point of view. Recently, by using the method of pointwise estimates and the approximating Green function for a parabolic equation, Nishihara-Wang-Yang [17] succeeded in obtaining the optimal rates for the Cauchy problem case, which improves the previous works by Hsiao-Liu [5] and Nishihara [15]. In this paper, we are going to study the IBVP case. The main purpose is to improve the previous convergence rates showed by Marcati-Mei [11] and Nishihara-Yang [18] to be optimal.

On the related IBVPs on R_+ × R_+ to the damped p-system (1.1), we have two observations. Firstly, we discover that, in almost all cases studied by Marcati-Mei [11] and Nishihara-Yang [18] (but except for the case u|_{x=0} = 0 with v_0(0) ≠ v_+, for the details, we refer to Section 4 below), each corresponding diffusion wave v̄(x, t) has a constant asymptotic state, say v_+, namely, |v̄(x, t) − v_+| → 0 as t → ∞ for all x ∈ R_+. This means that the original solution v(x, t) can be expected to converge to the constant v_+ time-asymptotically, too. Thus, we can have a linearization around the constant state v_+ for our working equations, and we can get a formal expression of solution (c.f. Appendix below). Such a fact makes that our process in this paper is much simpler than that in [17]. Secondly, we observe that, in Nishihara-Yang’s

Dirichlet boundary case, they used the linear diffusion wave as the asymptotic profile of (1.1), which is an approximating profile and causes that the difference between the solution of (1.1) and such a linear wave is a bit “big” in some sense, namely, the convergence rates are slower. To overcome this problem, we are going to find a much closer asymptotic profile of (1.1) which is a nonlinear diffusion wave, and then prove that the convergence rate to such a nonlinear wave is optimal. A similar consideration is also applied for Nishihara-Yang’s Nuemann boundary case and Marcati-Mei’s Dirichlet boundary case.

The method we adopt in this paper is the Fourier transform together with the energy method. We first reduce the fundamental solutions for the IBVPs to the corresponding linear equation, and show the energy decay rates for the fundamental solutions by the Fourier transform method. Based on it, we can see what are the optimal rates we expect for the nonlinear problems. This will be given in Appendix, the last part of the present paper. Then we apply the basic energy estimates of the linear IBVP to the nonlinear cases, and improve the previous convergence rates in [11, 17] to be optimal, which is the main part of this paper and will be carried out in Sections 2, 3 and 4.

Theoretically speaking, the approach used in [17](see also the original idea in [10]) for the Cauchy problem case should work on the IBVP case, too, but the construction of a suitable Green function for the IBVP and the estimates on such a Green function become quite complicated and difficult, because so does the Cauchy problem case in [17]. However, as we know, this method is one of the most effective methods used for proof of stability of nonliner elementary waves such as diffusion wave, viscous shock wave and rarefaction wave, etc. We note that, in the case u|_{x=0} = 0 with v_0(0) ≠ v_+ studied in [18], since the corresponding diffusion wave v̄(x, t) does not always converge to the constant state v_+ when time t goes to infinity, our method is invalid to get much more optimal decay rates like the other cases, for example, see Corollaries 2.1–4.1 below. Herein, we get only L^2-optimal rate as ‖(v − v̄)(t)‖_L2_{(R+)} = O(1)(1 + t)^{−3/4}. The shortcoming is due to that, our elementary solution, or say, Green function for the damped wave equation with constant coefficient −p^′(v_+) is not yet the real Green function for the equation with variable coefficient −p^′(v̄(x, t)), for the detail, see Section 4 below. In order to get more optimal rates, we believe that the approximating Green function method together with the method of pointwise estimate adopted in [17] will be available for the problem, but we will not try in the present paper.

For the other model equations dealing with the stability theory of diffusion waves, we refer to [1, 2, 3, 6, 7, 9, 10, 16] and the references therein.

2 Dirichlet Boundary Case (I)

In this section, we consider again the IBVP case studied by Nishihara-Yang [18]. The main goal is to improve the previous stability of diffusion wave and to show the optimal convergence rates. We consider the following IBVP to the damped p-system

v_t − u_x = 0 u_t + p(v)_x = −αu, (x, t) ∈ R_+ × R_+ (v, u)(x, 0) = (v_0, u_0)(x) → (v_+, u_+) as x → ∞ u(0, t) = 0. (2.1)

As showed in [18], we make a heuristic analysis of the asymptotic state to the IBVP (2.1). Since u(0, t) = 0 for all t ≥ 0, it implies that 0 is the asymptotic state of u(x, t) as t → ∞. Furthermore, the second equation of (2.1) gives v_x(0, t) = 0 and v(+∞, t) = v_+, so we expect that the asymptotic profile of v(x, t) is the solution v̄(x, t) of

v̄_t − κv̄_{xx} = 0, v̄_x(0, t) = 0, v̄(+∞, t) = v_+, (2.2) which solves explicitly

v̄(x, t) = v_+ + δ_0 √ 4κπ(t + 1) exp ( − x^2 4κ(t + 1) ) , (2.3)

where

κ = −p^′(v_+)/α > 0, δ_0 = 2 ( ∫ ∞ 0 (v_0(x) − v_+)dx − u_+ α ) . (2.4)

Defining ū(x, t) := κv̄_x(x, t), we get the so-called linear diffusion wave (v̄, ū)(x, t) which satisfies

v̄_t − ū_x = 0 p^′(v_+)v̄_x = −αū ū(0, t) = 0, (v̄, ū)(∞, t) = (v_+, 0).

(2.5)

We then define the auxiliary function (v̂, û)(x, t) by (v̂, û)(x, t) = (u_+m_0(x) −α e^{−αt}, u_+ ∫_x 0 m_0(y)dye^{−αt} ) , (2.6)

where m_0 is a smooth function with compact support such that ∫_∞ 0 m_0(y)dy = 1 and m_0(x) ∈ C^∞_0 (R_+). Thus, (v̂, û)(x, t) satisfies

v̂_t − û_x = 0 û_t = −αû û(0, t) = 0, (v̂, û)(∞, t) = (0, u_+e^{−αt}). (2.7)

From the first equations in (2.1), (2.5) and (2.7) respectively, and due to (2.4), it can be verified that ∫_∞ 0 (v − v̄ − v̂)(x, t)dx = ∫_∞ 0 (v_0(x) − v_+)dx − δ_0 2 − u_+ α = 0. (2.8)

Thus, it is reasonable to introduce the following perturbations as our new variables V (x, t) : = − ∫_∞ x (v − v̄ − v̂)(y, t)dy (2.9) z(x, t) : = u(x, t) − ū(x, t) − û(x, t). (2.10) We finally get a new IBVP on (V, z)(x, t) as follows

V_t − z = 0 z_t + (p^′(v̄)V_x)_x + αz = −F, (x, t) ∈ R_+ × R_+ (V, z)|_{t=0} = (V_0, z_0)(x) V |_{x=0} = 0,

(2.11) where

F := p^′(v_+) α v̄_{xt} + (p^′(v̄) − p^′(v_+))v̄_x + (p(V_x + v̄ + v̂) − p(v̄) − p^′(v̄)V_x)_x, (2.12)

V_0(x) := − ∫_∞ x [v_0(y) − v̄(y, 0) − v̂(y, 0)]dy, (2.13) z_0(x) :=u_0(x) − ū(x, 0) − û(x, 0). (2.14) The unique global existence of solutions to the IBVP (2.11) and the convergence with some decay rates for (V, z)(x, t) (namely, (v, u)(x, t) → (v̄, ū)(x, t) as t → ∞) were studied by Nishihara and Yang in [18] as follows.

Theorem 2.1 (Nishihara-Yang [18]) Suppose that v_0 − v_+ ∈ L^1(R_+), (V_0, z_0)(x) ∈ H^3(R_+) ×H^2(R_+) and that ‖v_0 − v_+‖_L1_{(R+)} + ‖V_0‖_H3_{(R+)} + ‖z_0‖_H2_{(R+)} + |u_+| ≪ 1. Then there exists a unique time-global solution (V, z)(x, t) of the IBVP (2.11), which satisfies

V ∈ C^k(0, ∞; H^{3−k} (R_+)), k = 0, 1, 2, 3, z ∈ C^k(0, ∞; H^{2−k} (R_+)), k = 0, 1, 2 and ‖∂^k_x V (t)‖_L2_{(R+)} = O(1)(1 + t)^{−k/2}, k = 0, 1, 2, 3, (2.15) ‖∂^k_xz(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, 2, (2.16) and (1 + t)^2‖z_t(t)‖_L2_{(R+)} + (1 + t)^{−5/2}(‖z_{xt}(t)‖_L2_{(R+)} + ‖z_{tt}(t)‖_L2_{(R+)}) = O(1). (2.17)

These rates obtained by Nishihara-Yang [18] are less sufficient. We want to improve them to be optimal. However, caused by (p^′(v̄) − p^′(v_+))v̄_x, the nonlinear term F in L^1(R_+) does not decay so fast as we expect. In fact, v̄(x, t) is not a good asymptotic profile of v(x, t) but just an approximating profile as Nishihara-Yang [18] stated, and ‖(p^′(v̄) − p^′(v_+))v̄_x(t)‖_L1_{(R+)} = O(1)(1 + t)^{−1}. We are going to look for a better asymptotic profile for v(x, t). Due to Darcy’s law, we believe that the good profile to v(x, t) is the following nonlinear parabolic solution v̄(x, t) αv̄_t + p(v̄)_{xx} = 0, (x, t) ∈ R_+ × R_+ (2.18) with the boundary restrictions

v̄_x|_{x=0} = 0, v̄|_{x=+∞} = v_+. (2.19) To construct such a solution, let us consider a self-similar solution ϕ(x/ √ t + 1) satisfying αϕ_t + p(ϕ)_{xx} = 0, x ∈ R and ϕ|_{x=±∞} = 0. (2.20) By a quite similar analysis as in [4, 5], we know that such a self-similar solution ϕ(x/ √ t + 1) exists and satisfies (2.20), and further

ϕ_x|_{x=0} = 0, (2.21) ϕ|_{t=0} = ϕ(x) ∈ L^1, (2.22) ‖∂^j_t ∂^k_xϕ(t)‖_L2 = O(1)(1 + t)^{−(4j+2k+1)/4}, (2.23) ‖ϕ_{xt}(t)‖_L1 = O(1)(1 + t)^{−3/2}. (2.24)

Now we construct our diffusion wave as

v̄(x, t) := v_+ + δ̄_0ϕ(x/ √ t + 1) for all x ≥ 0, (2.25)

where δ̄_0 is a constant such that ∫_∞ 0 [v_0(x) − v_+]dx − δ̄_0 ∫_∞ 0 ϕ(x)dx − u_+ α = 0, (2.26)

namely,

δ̄_0 := ( ∫ ∞ 0 [v_0(x) − v_+]dx − u_+ α )/ ∫ ∞ 0 ϕ(x)dx. (2.27) Thus, from (2.23), (2.24) and (2.25), we get

‖∂^j_t ∂^k_x(v̄ − v_+)(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(4j+2k+1)/4}, (2.28) ‖v̄_{xt}(t)‖_L1_{(R+)} = O(1)(1 + t)^{−3/2}. (2.29)

In particular, if ∫_∞ 0 [v_0(x) − v_+]dx − u_+ α = 0, (2.30)

(2.27) implies δ̄_0 = 0, that is, the nonlinear diffusion wave v̄(x, t) becomes the state constant v_+ (v̄(x, t) ≡ v_+).

Now defining ū(x, t) = − 1 α p(v̄)_x, (2.31)

we obtain the new asymptotic profile (v̄, ū)(x, t) to (v, u)(x, t), so-called nonlinear diffusion wave, satisfying

v̄_t − ū_x = 0 p(v̄)_x = −αū ū(0, t) = 0, (v̄, ū)(∞, t) = (v_+, 0).

(2.32)

Noting (2.26), from the first equations of (2.1), (2.7) and (2.32), we have ∫_∞ 0 [v − v̄ − v̂](x, t)dx = ∫_∞ 0 [v_0(x) − v_+]dx − δ̄_0 ∫_∞ 0 ϕ(x)dx − u_+ α = 0. (2.33)

Thus, it is reasonable to let us make a perturbation to (v̄, ū)(x, t) as V̄ (x, t) : = − ∫_∞ x [v(y, t) − v̄(y, t) − v̂(y, t)]dy (2.34) z̄(x, t) : = u(x, t) − ū(x, t) − û(x, t), (2.35) from (2.1), (2.7) and (2.32), we obtain another IBVP on (V̄ , z̄)(x, t) as follows V̄_t − z̄ = 0 z̄_t + (p^′(v̄)V̄_x)_x + αz̄ = −F̄ , (x, t) ∈ R_+ × R_+ (V̄ , z̄)|_{t=0} = (V̄_0, z̄_0)(x) V̄ |_{x=0} = 0,

(2.36)

where

¯F̄ = 1 α p(v̄)_{xt} + (p(V̄_x + v̄ + v̂) − p(v̄) − p^′(v̄)V̄_x)_x. (2.37)

In a quite similar way to [18], we can firstly prove the following stability of nonlinear diffusion waves. The proof will be omitted here.

Theorem 2.2 (The case δ̄_0 ≠ 0) Suppose that v_0 − v_+ ∈ L^1(R_+), (V̄_0, z̄_0)(x) ∈ H^3(R_+) × H^2(R_+) and that ‖v_0 − v_+‖_L1_{(R+)} + ‖V̄_0‖_H3_{(R+)} + ‖z̄_0‖_H2_{(R+)} + |u_+| ≪ 1 hold. Then there exists a unique time-global solution (V̄ , z̄)(x, t) of the IBVP (2.36), which satisfies V̄ ∈ Ck(0, ∞; H3−k (R_+)), k = 0, 1, 2, 3, z̄ ∈ Ck(0, ∞; H2−k (R_+)), k = 0, 1, 2 and ‖∂^k_xV̄ (t)‖_L2_{(R+)} = O(1)(1 + t)^{−k/2}, k = 0, 1, 2, 3, (2.38) ‖∂^k_xz̄(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, 2, (2.39) and (1 + t)^2‖z̄_t(t)‖_L2_{(R+)} + (1 + t)^{−5/2}(‖z̄_{xt}(t)‖_L2_{(R+)} + ‖z̄_{tt}(t)‖_L2_{(R+)}) = O(1). (2.40)

Furthermore, we are going to improve the decay rates in Theorem 2.2 to be optimal as follows.

Theorem 2.3 (The case δ̄_0 ≠ 0) Under the assumptions in Theorem 2.1 and (V̄_0, z̄_0)(x) ∈ L^1(R_+). Then the solution (V̄ , z̄)(x, t) decays time-asymptotically as

‖∂^k_xV̄ (t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+1)/4}, k = 0, 1, 2, (2.41) ‖z̄(t)‖_L2_{(R+)} = O(1)(1 + t)^{−5/4}. (2.42)

Thanks to Theorem 2.3, and using the Sobelev’s inequalities ‖f‖_L∞ ≤ √ 2‖f‖^{1/2}_{L2} ‖f_x‖^{1/2}_{L2} and ‖f‖_Lp ≤ ‖f‖^{(p−2)/p}_L∞ ‖f‖^{2/p}_{L2} for 2 ≤ p ≤ +∞, since v̂(x, t) decays like e^{−αt}, we obtain the following asymptotic convergence. The convergence rates are sharp.

Corollary 2.1 (The case δ̄_0 ≠ 0) Under the assumptions in Theorem 2.3, the followings hold

‖∂^k_x (v − v̄)(·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+3)/4}, k = 0, 1, (2.43) ‖(v − v̄)(·, t)‖_L∞_{(R+)} = O(1)(1 + t)^{−1}, (2.44) ‖(v − v̄)(·, t)‖_Lp_{(R+)} = O(1)(1 + t)^{−(2p−1)/(2p)} , 2 ≤ p ≤ +∞. (2.45)

Furthermore, in the special case of (2.30), which implies δ̄_0 = 0, we may obtain (v̄, ū)(x, t) ≡ (v_+, 0). This case is much simpler than the above case, and we can obtain much more optimal decay rates. Now, let Ṽ (x, t) := − ∫_∞ x [v(y, t) − v_+ − v̂(y, t)]dy, z̃(x, t) := u(x, t) − û(x, t), we have the following working equations

Ṽ_t − z̃ = 0 z̃_t + p^′(v_+)Ṽ_{xx} + αz̃ = −F̃ , (x, t) ∈ R_+ × R_+ (Ṽ , z̃)|_{t=0} = ( − ∫_∞ x [v_0(y) − v_+ − v̂(y, 0)]dy, u_0(x) − û(x, 0) ) =: (Ṽ_0, z̃_0)(x) Ṽ |_{x=0} = 0,

(2.46)

where

F̃ = (p(Ṽ_x + v_+ + v̂) − p(v_+) − p^′(v_+)Ṽ_x)_x. (2.47)

The main results are stated as follows.

Theorem 2.4 (The case δ̄_0 = 0) Suppose that Ṽ_0 ∈ L^1(R_+)∩H^3 (R_+), z̃_0 ∈ L^1(R_+)∩H^2(R_+) and (2.30) hold, and denote by δ = |v_+ − v_−| + |u_+ − u_0(0)|. Then there exists a constant ε_3 > 0 such that if ‖Ṽ_0‖_H3 + ‖z̃_0‖_H2 + δ ≤ ε_3, then the IBVP (2.46) has a unique globally defined solution (Ṽ , z̃)(x, t) satisfying

Ṽ ∈ ∩^3_{k=0}W^{k,∞}([0, ∞); H^{3−k} (R_+)), z̃ ∈ ∩^2_{k=0}W^{k,∞}([0, ∞); H^{2−k} (R_+)) and ‖∂^k_xṼ (·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+1)/4}, k = 0, 1, 2, 3, (2.48) ‖∂^k_xṼ_t(·, t)‖_L2_{(R+)} = ‖∂^k_xz̃(·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+5)/4}, k = 0, 1. (2.49)

From Theorem 2.4, note the inequality ‖f‖_L∞ ≤ √ 2‖f‖^{1/2}_{L2} ‖f_x‖^{1/2}_{L2} and that (v̂, û)(x, t) decays fast enough likes e^{−αt}, we can get the following optimal convergence rates of the solution (v, u)(x, t) for the IBVP (2.1) toward the constant state (v_+, 0).

Corollary 2.2 (The case δ̄_0 = 0) Under the assumptions in Theorem 2.4, the followings hold ‖∂^k_x (v − v_+)(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+3)/4}, k = 0, 1, 2, (2.50) ‖∂^k_x (v − v_+)(t)‖_L∞_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, (2.51) ‖(v − v_+)_t(t)‖_L2_{(R+)} = O(1)(1 + t)^{−7/4}, (2.52) ‖∂^k_x (v − v_+)(·, t)‖_Lp_{(R+)} = O(1)(1 + t)^{−((k+2)p−1)/(2p)} , k = 0, 1, and 2 ≤ p ≤ +∞. (2.53)

Now we are going to prove Theorem 2.3 and Theorem 2.4.

Proof of Theorem 2.3. Firstly, we are going to prove the optimal decay rates for ‖∂^k_xV̄ (t)‖_L2 (k = 0, 1, 2), namely, (2.41) for k = 0, 1, 2.

For system (2.36), by substituting the first equation z̄ = V̄_t into the second one, and linearizing the equation at asymptotic state v_+, we obtain

V̄_{tt} + αV̄_t − βV̄_{xx} = G, (x, t) ∈ R_+ × R_+ (V̄ , V̄_t)(x, 0) = (V̄_0, V̄_1)(x)), x ∈ R_+ V̄ (0, t) = 0,

(2.54)

where β = −p^′(v_+), V̄_1(x) = z̄_0 and

G = − ¯F̄ − ((p^′(v̄) − p^′(v_+))V̄_x)_x. (2.55) According to the theory for linear IBVP obtained in Appendix, see (A.17) below, we obtain an equivalent integral equation of the IBVP (2.54) as follows V̄ (x, t) = ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]V̄_0(y)dy + ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]V̄_1(y)dy + ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]G(y, τ)dydτ, (2.56) where K_0(x, t) and K_1(x, t) represented in (A.7) and (A.9) are the fundamental solutions of the linear damped wave equation ϕ_{tt} + αϕ_t − βϕ_{xx} = 0. For the details, we refer to Appendix.

Differentiating Eq. (2.56) k-times (k = 0, 1, 2) with respect to x, and taking its L^2(R_+)-norm, we obtain

‖∂^k_xV̄ (t)‖_L2_{(R+)} ≤ ‖ ‖∂^k_x ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]V̄_0(y)dy ‖ ‖_{L2(R+)} + ‖ ‖∂^k_x ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]V̄_1(y)dy ‖ ‖_{L2(R+)} + ∫_t 0 ‖ ‖∂_{kx} ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]G(y, τ)dy ‖ ‖ L^2(R_+)

dτ. (2.57)

Since V̄_0 ∈ L^1(R_+) ∩ H^3(R_+) and V̄_1 ∈ L^1(R_+) ∩ H^2(R_+), due to Lemma A.2 we have ‖ ‖ ‖∂^k_x ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]V̄_0(y)dy ‖ ‖ ‖_{L2(R+)} ≤ C[‖V̄_0‖_L1_{(R+)} + ‖V̄_0‖_H3_{(R+)}](1 + t)^{−(2k+1)/4}, (2.58) ‖ ‖∂_{kx} ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]V̄_1(y)dy ‖ ‖ L^2(R_+)

≤ C[‖V̄_1‖_L1_{(R+)} + ‖V̄_1‖_H2_{(R+)}](1 + t)^{−(2k+1)/4} (2.59)

for k = 0, 1, 2, 3.

We are now going to estimate the last term in (2.57). We note that from (2.55) and (2.37),

G ∼ O(1){v̄_xv̄_t + v̄_{xt} + ((v̄ − v_+)V̄_x)_x + v̂ + (V̄^2_x)_x}, (2.60) ∂^k_x G ∼ O(1){∂^k_xv̄_x∂^k_xv̄_t + ∂^k_xv̄_{xt} + ∂^k_x((v̄ − v_+)V̄_x)_x + ∂^k_xv̂ + ∂^k_x (V̄^2_x)_x}, (2.61)

and from (2.6), (2.28), (2.29) and (2.38), the L^1-norm for G can be estimated as follows ‖G(t)‖_L1_{(R+)} ≤ C{‖v̄_t(t)‖_L2_{(R+)}‖v̄_x(t)‖_L2_{(R+)} + ‖v̄_{xt}(t)‖_L1_{(R+)} + ‖(v̄ − v_+)(t)‖_L2_{(R+)}‖V̄_{xx}(t)‖_L2_{(R+)} + ‖(v̄ − v_+)_x(t)‖_L2_{(R+)}‖V̄_x(t)‖_L2_{(R+)} + ‖v̂(t)‖_L1_{(R+)} + ‖V̄_x(t)‖_L2_{(R+)}‖V̄_{xx}(t)‖_L2_{(R+)}} ≤ C{(1 + t)^{−1− 14 − 34} + (1 + t)^{− 32} + (1 + t)^{− 14 − 2} (2.62) + (1 + t)^{− 34 − 12} + e^{−αt} + (1 + t)^{− 12 − 2} } ≤ C(1 + t)^{−5/4}. (2.63)

Similarly, we can prove also

‖G(t)‖_Hk_{(R+)} ≤ C(1 + t)^{−3/2}. (2.64)

Thus, noting (2.63), (2.64) and 3/2 > 5/4 ≥ (2k + 1)/4 for k = 0, 1, 2, applying Lemmas A.2 and A.3 in Appendix below, we obtain optimal rates for the last term of (2.57) as follows ∫_t 0 ‖ ‖ ‖∂^k_x ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]G(y, τ)dy ‖ ‖ ‖_{L2(R+)}dτ ≤ C ∫_t 0 (1 + t − τ)^{−(2k+1)/4}[‖G(τ)‖_L1_{(R+)} + ‖G(τ)‖_Hk−1_{(R+)}]dτ ≤ C ∫_t 0 (1 + t − τ)^{−(2k+1)/4}[(1 + τ)^{−5/4} + (1 + τ)^{−3/2}]dτ ≤ C(1 + t)^{−(2k+1)/4}, for k = 0, 1, 2. (2.65)

Applying (2.58), (2.59) and (2.65) to (2.57), we prove (2.41) for k = 0, 1, 2.

Now, we are going to prove (2.42). We first have z̄(x, t) =V̄_t(x, t) =∂_t ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]V̄_0(y)dy + ∂_t ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]V̄_1(y)dy + ∫_t 0 ∂_t ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]G(y, τ)dydτ + ∫_∞ 0 [K_1(x − y, 0) − K_1(x + y, 0)]G(y, t)dy (2.66) for k = 0, 1. Making use of a fashion as before, then Lemmas A.2 and A.3 help us to reach the goal

‖z̄(t)‖_L2_{(R+)} = ‖V̄_t(t)‖_L2_{(R+)} ≤ ‖ ‖ ‖ ∂t ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]V̄_0(y)dy ‖ ‖ ‖_{L2(R+)} + ‖ ‖ ‖∂t ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]V̄_1(y)dy ‖ ‖ ‖_{L2(R+)} + ∫_t 0 ‖ ‖ ∂t ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]G(y, τ)dy ‖ ‖_{L2(R+)}dτ + ‖ ‖ ∫_∞ 0 [K_1(x − y, 0) − K_1(x + y, 0)]G(y, t)dy ‖ ‖_{L2(R+)} ≤ C(‖V̄_0‖_L1_{(R+)} + ‖V̄_0‖_H3_{(R+)}(1 + t)^{−5/4} + C(‖V̄_1‖_L1_{(R+)} + ‖V̄_1‖_H2_{(R+)}(1 + t)^{−5/4} + C ∫_t 0 (1 + t − τ)^{−5/4}(‖G(τ)‖_L1_{(R+)} + ‖G(τ)‖_H2_{(R+)})dτ + C(‖G(t)‖_L1_{(R+)} + ‖G(t)‖_H2_{(R+)}) ≤ C(‖V̄_0‖_L1_{(R+)} + ‖V̄_0‖_H3_{(R+)})(1 + t)^{−5/4} + C(‖V̄_1‖_L1_{(R+)} + ‖V̄_1‖_H2_{(R+)})(1 + t)^{−5/4} + C ∫_t 0 (1 + t − τ)^{−5/4}((1 + τ)^{−5/4} + (1 + τ)^{−3/2})dτ + C((1 + t)^{−5/4} + (1 + t)^{−3/2}) ≤ C(1 + t)^{−5/4}, for k = 0, 1. (2.67) This proved (2.42). □

Proof of Theorem 2.4. Firstly, plugging the first equation of (2.46) to the second one, we can have Ṽ_{tt} + αṼ_t − βṼ_{xx} = −F̃ , (x, t) ∈ R_+ × R_+ (Ṽ , Ṽ_t)(x, 0) = (Ṽ_0, z̃_0)(x)), x ∈ R_+ Ṽ (0, t) = 0,

(2.68) where β = −p^′(v_+), which can be rewritten to the following integral form due to (A.17) Ṽ (x, t) = ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]Ṽ_0(y)dy + ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]z̃_0(y)dy − ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]F̃ (y, τ)dydτ. (2.69) Since F̃ ∼ (Ṽ^2_x + v̂)_x, as done in the proof of Theorem 2.3, we can firstly calculate ‖F̃ (t)‖_L1_{(R+)} ≤ C{‖Ṽ_xṼ_{xx}‖_L1_{(R+)} + ‖v̂_x‖_L1_{(R+)}} ≤ C{‖Ṽ_x‖_L2_{(R+)}‖Ṽ_{xx}‖_L2_{(R+)} + ‖v̂_x‖_L1_{(R+)}} ≤ C{(1 + t)^{− 12 − 2} + e^{−αt}} ≤ C(1 + t)^{− 32} , (2.70) and similarly compute

‖F̃ (t)‖_L2_{(R+)} ≤ C(1 + t)^{−7/4}. (2.71) Then, by using Lemmas A.2 and A.3, in a same process in the proof to Theorem 2.3, we can prove

‖∂^k_xṼ (t)‖_L2_{(R+)} ≤ C(1 + t)^{−(2k+1)/4} for k = 0, 1, 2. (2.72) Now we are going to prove the other optimal rate for k = 3. Using the new rates ‖Ṽ_x(t)‖_L2_{(R+} ∼ (1 + t)^{−3/4}, ‖Ṽ_{xx}(t)‖_L2_{(R+} ∼ (1 + t)^{−5/4} to (2.70) and (2.71) insteade of the old ones, we further improve the L^1 and L^2-rates of F̃ as ‖F̃ (t)‖_L1_{(R+} ≤ C(1 + t)^{−7/4}, ‖F̃ (t)‖_L2_{(R+} ≤ C(1 + t)^{−9/4}. (2.73) Thus, applying Lemmas A.2 and A.3, we obtain ∫_t 0 ‖ ‖∂^3_x ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]F̃ (y, τ)dy ‖ ‖_{L2(R+)}dτ ≤ C ∫_t x (1 + t − τ)^{−7/4}[‖F̃ (τ)‖_L1_{(R+)} + ‖F̃ (τ)‖_H2_{(R+)}]dτ ≤ C ∫_t 0 (1 + t − τ)^{−7/4}[(1 + τ)^{−7/4} + (1 + τ)^{−9/4}]dτ ≤ C(1 + t)^{−7/4}. (2.74) Combining (2.58), (2.59) and (2.74), we prove (2.48) for k = 3.

Finally, we are going to prove (2.49). We first have

∂^k_xz̃(x, t) =∂^k_xṼ_t(x, t) =∂^k_x∂_t ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]Ṽ_0(y)dy

+ ∂^k_x ∂_t ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]Ṽ_1(y)dy + ∫_t 0 ∂^k_x ∂_t ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]F̃ (y, τ)dydτ + ∂^k_x ∫_∞ 0 [K_1(x − y, 0) − K_1(x + y, 0)]F̃ (y, t)dy (2.75)

for k = 0, 1. Making use of a fashion as before, noting 7/4 ≥ (2k + 5)/4 for k = 0, 1, then Lemmas A.2 and A.3 yield

‖∂^k_xz̃(t)‖_L2_{(R+)} = ‖∂^k_xṼ_t(t)‖_L2_{(R+)} ≤ ‖ ‖∂_{kx} ∂_t ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]Ṽ_0(y)dy ‖ ‖ L^2(R_+) + ‖ ‖∂_{kx}∂_t ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]Ṽ_1(y)dy ‖ ‖ L^2(R_+) + ∫_t 0 ‖ ‖ ‖∂^k_x ∂t ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]F̃ (y, τ)dy ‖ ‖ ‖_{L2(R+)}dτ + ‖ ‖ ‖∂^k_x ∫_∞ 0 [K_1(x − y, 0) − K_1(x + y, 0)]F̃ (y, t)dy ‖ ‖ ‖_{L2(R+)} ≤ C(‖Ṽ_0‖_L1_{(R+)} + ‖Ṽ_0‖_H3_{(R+)}(1 + t)^{−(2k+5)/4)} + C(‖Ṽ_1‖_L1_{(R+)} + ‖Ṽ_1‖_H2_{(R+)}(1 + t)^{−(2k+5)/4} + C ∫_t 0 (1 + t − τ)^{−(2k+5)/4} (‖F̃ (τ)‖_L1_{(R+)} + ‖F̃ (τ)‖_H2_{(R+)})dτ + C(‖F̃ (t)‖_L1_{(R+)} + ‖F̃ (t)‖_H2_{(R+)}) ≤ C(‖Ṽ_0‖_L1_{(R+)} + ‖Ṽ_0‖_H3_{(R+)})(1 + t)^{−(2k+5)/4} + C(‖Ṽ_1‖_L1_{(R+)} + ‖Ṽ_1‖_H2_{(R+)})(1 + t)^{−(2k+5)/4} + C ∫_t 0 (1 + t − τ)^{−(2k+5)/4} ((1 + τ)^{−7/4} + (1 + τ)^{−9/4})dτ + C((1 + t)^{−7/4} + (1 + t)^{−9/4}) ≤ C(1 + t)^{−(2k+5)/4}, for k = 0, 1. (2.76)

This proved (2.49). □

3 Dirichlet Boundary Case (II)

In this section, we investigate the IBVP case which was studied by Marcati-Mei [11] as follows

v_t − u_x = 0 u_t + p(v)_x = −αu, (x, t) ∈ R_+ × R_+ (v, u)(x, 0) = (v_0, u_0)(x) → (v_+, u_+) as x → ∞ v(0, t) = g(t) → v_+ as t → ∞, (3.1)

where

|g(t) − v_+| = O(1)|v_+ − v_+|(1 + t)^{−γ1} , γ_1 > 3/4 (3.2)

and the compatibility condition g(0) = v_0(0) holds.

As showed in [11], we make a heuristic analysis of the asymptotic state to the IBVP (3.1). Since the nonlinear diffusion wave in whole space v̄(x, t) = ϕ(x/ √ 1 + t) of (1.2) satisfies (see [5]) |v_+ − v̄(x, t)| ≤ C|v_+ − v_−|e^{−c0 αξ2} , ξ = x/ √ 1 + t, for x ≥ 0

for some positive constants C and c_0, let us choose the shift function d(t) in C^3(R_+) such that

d(t) > 0, for all t ≥ 0, (3.3) exp { − αc_0 ( d(t) √ t + 1

)_2}

≤ O(1)(2 + t)^{−γ2} , γ_2 > 3/4, (3.4)

d^′(t) exp { − αc_0 ( d(t) √ t + 1

)_2}

≤ O(1)(1 + t)^{−(γ2+ 12 )} √ log(2 + t). (3.5)

As stated in [11], the function d(t) satisfying (3.3)–(3.5) includes two kinds of important examples which are d(t) = √ 1 + t · √ c log(2 + t) with c ≥^{γ2}_{αc0} and d(t) = (1 + t)^12^{+c} with any c > 0.

Because of the second equation of (3.1), we have u(x, t) → e^{−αt}u_+, as x → +∞ (3.6) and the implicit relation

u|_{x=0} = e^{−αt}u_0(0) − ∫_t 0 e^{−α(t−τ )}p^′(g(τ))v_x(0, τ)dτ. (3.7) Let us denote (v̄, ū) = (v̄, ū)(x + d(t), t): the shifted nonlinear diffusion waves of (1.2). By (1.3) we get d dt v̄(x + d(t), t) = d^′(t)v̄_x(x + d(t), t) + ū_x(x + d(t), t) (3.8)

and by v̄(±∞, t) = v_±, v_+ ≠ v_− and ū(±∞, t) = 0 we have

(v̄, ū) → (v_+, 0), as x → +∞. (3.9)

Denote { v̂(x, t) := −^{u+−u0(0)}_α e^{−αt}m_0(x) û(x, t) := e^{−αt} [ u_+ − (u_+ − u_0(0)) ∫_∞ x m_0(y)dy ] , (3.10)

where m_0(x) ∈ C^∞_0 (R_+) satisfies m_0 ≥ 0 for all x ∈ R_+, m_0(0) = 0 and ∫_{+∞} 0 m_0(x)dx = 1. We can easily check that { v̂_t − û_x = 0 û_t = −αû (3.11)

and the following boundary and limit conditions hold

(v̂, û)|_{x=+∞} = (0, e^{−αt}u_+), (3.12) (v̂, û)|_{x=0} = (0, u_0(0)e^{−αt}), (3.13) |v̂| ≤ α^{−1}|u_+ − u_0(0)|e^{−αt}m_0(x). (3.14)

Let us define the new variables { V (x, t) := − ∫_{+∞} x [v(y, t) − v̄(y + d(t), t) − v̂(y, t)]dy z(x, t) := u(x, t) − ū(x + d(t), t) − û(x, t). (3.15)

From the equations (3.1), (1.3), (3.8), (3.11), and (3.15), we can reformulate the original equations (3.1) to the new one

V_t = z + d^′(t)[v_+ − v̄], z_t + αz + (p^′(v̄)V_x)_x = f_1, (x, t) ∈ R_+ × R_+, (V, V_t, z)|_{t=0} = (V_0, V_1, z_0)(x), V_x|_{x=0} = G(t),

(3.16)

where

f_1 : = − d dt ū(x + d(t), t) − {p(V_x + v̄ + v̂) − p(v̄) − p^′(v̄)V_x}_x, (3.17)

V_0(x) : = − ∫_{+∞} x [v_0(y) − v̄(y + d_0, 0) − v̂(y, 0)]dy, (3.18)

z_0(x) : = u_0(x) − ū(x + d_0, 0) − û(x, 0), (3.19) V_1(x) : = z_0(x) + d^′(0)[v_+ − v̄(x + d_0, 0)], (3.20) G(t) : = g(t) − v̄(d(t), t) = [g(t) − v_+] + [v_+ − v̄(d(t), t)]. (3.21)

Plugging the first equation of (3.16) into the second one of (3.16), we have the following Neumann type IBVP

V_{tt} + αV_t + (p^′(v̄)V_x)_x = F, x > 0, t > 0, (V, V_t)|_{t=0} = (V_0, V_1)(x), x > 0, V_x|_{x=0} = G(t), t > 0, (3.22) where F := f_1 + f_2 and

f_2 := d^{′′}(t)(v_+ − v̄) − d^′(t) d dt v̄(x + d(t), t) + αd^′(t)(v_+ − v̄). (3.23) Marcati and Mei in [11] proved the global existence and uniqueness of the solutions for (3.22) as well as the decay rates. These are stated as follows.

Theorem 3.1 (Marcati-Mei [11]) Suppose that γ_1 > 3/4, γ_2 > 3/4, V_0 ∈ H^3(R_+), V_1 ∈ H^2(R_+) and denote by δ = |v_+ − v_−| + |u_+ − u_0(0)|. Then there exists a constant ε_1 > 0 such that if ‖V_0‖_H3 + ‖V_1‖_H2 + δ ≤ ε_1, then the IBVP (3.22) has a unique globally defined solution V (x, t) satisfying

V ∈ ∩^3_{k=0}W^{k,∞}([0, ∞); H^{3−k} (R_+)) and ‖∂^k_x V (·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−k/2}, k = 0, 1, 2, 3, (3.24) ‖∂^k_x V_t(·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, 2. (3.25)

We are going to improve above rates to be optimal. We divide two cases to discuss it. One is g(t) ≢ v_+, another is g(t) ≡ v_+. Case 1: g(t) ≢ v_+. Defining a new variable V̄ (x, t) := V (x, t) + G(t)e−x, from Eq. (3.22), and making the linearization around v_+, we obtain a new IBVP V̄_{tt} + αV̄_t − βV̄_{xx} = ¯F̄ , x > 0, t > 0, (V̄ , V̄_t)|_{t=0} = (V̄_0, V̄_1)(x), x > 0, V̄_x|_{x=0} = 0, t > 0,

(3.26)

where β := −p^′(v_+), V̄_0 := V_0 + G(0)e^{−x}, V̄_1 := V_1 + G^′(0)e^{−x} and ¯F̄ := F + G′′(t)e−x + αG′(t)e−x + G(t)(p′(v̄)e−x)_x − ((p′(v̄) − p′(v_+))V̄_x)_x. Then, according to the theory of linear IBVP showed in Appendix (see (A.18) below), we rewrite (3.26) to the following integral form V̄ (x, t) = ∫_∞ 0 [K_0(x − y, t) + K_0(x + y, t)]V̄_0(y)dy + ∫_∞ 0 [K_1(x − y, t) + K_1(x + y, t)]V̄_1(y)dy + ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) + K_1(x + y, t − τ)]F̄ (y, τ)dydτ, (3.27) where K_0(x, t) and K_1(x, t) are the fundamental solutions of ϕ_{tt} + αϕ_t − βϕ_{xx} = 0.

In a similar way as in last section, and noting ‖ ¯F̄ (t)‖_L1_{(R+)} ≤ C(1+t)^{−5/4} and ‖F̄ (t)‖_L2_{(R+)} ≤ C(1 + t)^{−3/2}, we can obtain the optimal decay rates as follows. The detail of proof is omitted.

Theorem 3.2 (The case g(t) ≢ v_+) Under the assumptions in Theorem 3.1, and suppose further V_0(x) and V_1(x) are in L^1(R_+). Then

‖∂^k_xV̄ (·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+1)/4}, k = 0, 1, 2, (3.28) ‖V̄_t(·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−5/4}. (3.29)

From Theorem 3.2, and note that (v̂, û)(x, t) decays fast enough likes e^{−αt}, we can get the following optimal convergence rates of the solutions (v, u)(x, t) for the IBVP (3.1) toward the shifted nonlinear diffusion waves (v̄, ū)(x + d(t), t).

Corollary 3.1 (The case g(t) ≢ v_+) Under the assumptions in Theorem 3.2, the followings hold

‖∂^k_x v(·, t) − ∂^k_xv̄(· + d(t), t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+3)/4}, k = 0, 1, (3.30) ‖v(·, t) − v̄(· + d(t), t)‖_L∞_{(R+)} = O(1)(1 + t)^{−1}, (3.31) ‖v(·, t) − v̄(· + d(t), t)‖_Lp_{(R+)} = O(1)(1 + t)^{−(2p−1)/(2p)} , 2 ≤ p ≤ +∞. (3.32)

Case 2: g(t) ≡ v_+. In this case, the nonlinear diffusion wave (v̄, ū)(x, t) becomes the constant state (v_+, 0). Thus, by defining Ṽ (x, t) = − ∫_∞ x [v(y, t) − v_+ − v̂(y, t)]dx, then Eqs. (2.1) can be produced to

Ṽ_{tt} + αṼ_t − βṼ_{xx} = −(p(Ṽ_x + v_+ + v̂) − p(v_+) − p′(v_+)Ṽ_x)_x =: F̃ , x > 0, t > 0, (Ṽ , Ṽ_t)|_{t=0} = ( − ∫_∞ x [v_0(y) − v_+ − v̂(y, 0)]dy, u_0(x) − û(x, 0) ) =: (Ṽ_0, Ṽ_1)(x), x > 0, Ṽ_x|_{x=0} = 0, t > 0, (3.33) and which can be also rewritten as Ṽ (x, t) = ∫_∞ 0 [K_0(x − y, t) + K_0(x + y, t)]Ṽ_0(y)dy + ∫_∞ 0 [K_1(x − y, t) + K_1(x + y, t)]Ṽ_1(y)dy + ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) + K_1(x + y, t − τ)]F̃ (y, τ)dydτ. (3.34) Similarly to Theorem 2.4, we can obtain much more optimal decay rates as follows. The details of proof will be omitted too.

Theorem 3.3 (The case g(t) ≡ v_+) Suppose that Ṽ_0 ∈ L^1(R_+) ∩ H^3(R_+), z̃_0 ∈ L^1(R_+) ∩ H^2(R_+) and denote by δ = |v_+ − v_−| + |u_+ − u_0(0)|. Then there exists a constant ε_3 > 0 such that if ‖Ṽ_0‖_H3 + ‖z̃_0‖_H2 + δ ≤ ε_3, then the IBVP (3.33) has a unique globally defined solution Ṽ (x, t) satisfying

Ṽ ∈ ∩^3_{k=0}W^{k,∞}([0, ∞); H^{3−k} (R_+)) and ‖∂^k_xṼ (·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+1)/4}, k = 0, 1, 2, 3, (3.35) ‖∂^k_xṼ_t(·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+5)/4}, k = 0, 1. (3.36)

From Theorem 3.3, and note that (v̂, û)(x, t) decays fast enough likes e^{−αt}, we can get the following optimal convergence rates of the solution (v, u)(x, t) for the IBVP (3.1) toward the constant state (v_+, 0).

Corollary 3.2 (The case g(t) ≡ v_+) Under the assumptions in Theorem 3.3, the followings hold

‖∂^k_x (v − v_+)(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+3)/4}, k = 0, 1, 2, (3.37) ‖∂^k_x (v − v_+)(t)‖_L∞_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, (3.38) ‖(v − v_+)_t(t)‖_L2_{(R+)} = O(1)(1 + t)^{−7/4}, (3.39) ‖∂^k_x (v − v_+)(·, t)‖_Lp_{(R+)} = O(1)(1 + t)^{−((k+2)p−1)/(2p)} , k = 0, 1, and 2 ≤ p ≤ +∞. (3.40)

4 Nuemann Boundary Case

In this section, we study the following IBVP with the Neumann boundary which was analyzed firstly by Nishihara and Yang [18]

v_t − u_x = 0 u_t + p(v)_x = −αu, (x, t) ∈ R_+ × R_+ (v, u)(x, 0) = (v_0, u_0)(x) → (v_+, u_+) as x → ∞ u_x(0, t) = 0.

(4.1)

As showed in [18], heuristically, the first equation of (4.1) yields (d/dt)v(0, t) = u_x(0, t) = 0 and v(0, t) = v_0(0) for all t ≥ 0. Hence, we can expect that (v, u)(x, t) → (v̄, 0)(x, t) as t → ∞, (4.2) where v̄(x, t) is a diffusion wave connecting v_0(0) and v_+. We are going to discuss the stability of diffusion wave in two cases: v_0(0) = v_+ and v_0(0) ≠ v_+.

Case 1: v_0(0) = v_+. Since v_0(0) = v_+, it is clear that the constant state (v_+, 0) is our expected asymptotic state for (v, u)(x, t). Let (v̂, û)(x, t) = (u_0(0) − u_+ α m_0(x)e^{−αt}, [ (u_0(0) − u_+) ∫_∞ x m_0(y)dy + u_+ ] e^{−αt} ) (4.3) and (V, z)(x, t) = ( − ∫_∞ x (v − v_+ − v̂)(y, t)dy, u(x, t) − û(x, t) ) , (4.4)

we get a new IBVP

V_t − z = 0 z_t + (p(V_x + v_+ + v̂) − p(v_+))_x = −αz (V, z)|_{t=0} = (V_0, z_0)(x) V_x|_{x=0} = 0,

(4.5)

where

(V_0, z_0)(x) := ( − ∫_∞ x (v_0(y) − v_+ − v̂(y, 0))dy, u_0(x) − û(x, 0) ) . For the IBVP (4.5), Nishihara and Yang [18] showed the following theorem.

Theorem 4.1 (Nishihara-Yang [18]: the case v_0(0) = v_+) Suppose that v_0 −v_+ ∈ L^1(R_+), (V_0, z_0)(x) ∈ H^3(R_+) × H^2(R_+) and that ‖v_0 − v_+‖_L1_{(R+)} + ‖V_0‖_H3_{(R+)} + ‖z_0‖_H2_{(R+)} + |u_+ − u_0(0)| ≪ 1. Then there exists a unique time-global solution (V, z)(x, t) of the IBVP (4.5), which satisfies

V ∈ C^k(0, ∞; H^{3−k} (R_+)), k = 0, 1, 2, 3, z ∈ C^k(0, ∞; H^{2−k} (R_+)), k = 0, 1, 2 and ‖∂^k_x V (t)‖_L2_{(R+)} = O(1)(1 + t)^{−k/2}, k = 0, 1, 2, 3, (4.6) ‖∂^k_xz(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, 2, (4.7) and (1 + t)^2‖z_t(t)‖_L2_{(R+)} + (1 + t)^{−5/2}(‖z_{xt}(t)‖_L2_{(R+)} + ‖z_{tt}(t)‖_L2_{(R+)}) = O(1). (4.8)

However, the rates represented in Theorem 4.1 are less sufficient, as we know. We are going to improve these rates to be optimal.

Substituting the first equation of (4.5) into the second one, and making a linearization around v_+ for the resultant equation, we get V_{tt} + αV_t − βV_{xx} = F (V, V_t)|_{t=0} = (V_0, z_0)(x) V_x|_{x=0} = 0,

(4.9) where β = −p^′(v_+) and

F := −(p(V_x + v̂ + v_+) − p(v_+) − p^′(v_+)V_x)_x.

Due to the linear IBVP theory in Appendix, we can rewrite (4.9) to an equivalent form of integral equation V (x, t) = ∫_∞ 0 [K_0(x − y, t) + K_0(x + y, t)]V_0(y)dy + ∫_∞ 0 [K_1(x − y, t) + K_1(x + y, t)]V_1(y)dy + ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) + K_1(x + y, t − τ)]F (y, τ)dydτ, (4.10) where K_0(x, t) and K_1(x, t) are the fundamental solutions of ϕ_{tt} + αϕ_t − βϕ_{xx} = 0.

In a similar way as in Section 2, we can obtain the optimal decay rates as follows. Here, the detail of proof is omitted, too.

Theorem 4.2 (The case v_0(0) = v_+) Suppose that V_0 ∈ L^1(R_+) ∩ H^3(R_+), V_1 ∈ L^1(R_+) ∩ H^2(R_+) and denote by δ = |v_+ − v_−| + |u_+ − u_0(0)|. Then there exists a constant ε_3 > 0 such that if ‖V_0‖_H3 + ‖V_1‖_H2 + δ ≤ ε_3, then the IBVP (4.10) has a unique globally defined solution V (x, t) satisfying

V ∈ ∩^3_{k=0}W^{k,∞}([0, ∞); H^{3−k} (R_+)) and ‖∂^k_x V (·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+1)/4}, k = 0, 1, 2, 3, (4.11) ‖∂^k_x V_t(·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+5)/4}, k = 0, 1. (4.12) (4.13)

From Theorem 4.2, and note that (v̂, û)(x, t) decays fast enough likes e^{−αt}, we can get the following optimal convergence rates of the solution (v, u)(x, t) for the IBVP (4.1) toward the constant state (v_+, 0).

Corollary 4.1 (The case v_0(0) = v_+) Under the assumptions in Theorem 4.2, the followings hold

‖∂^k_x (v − v_+)(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+3)/4}, k = 0, 1, 2, (4.14) ‖∂^k_x (v − v_+)(t)‖_L∞_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, (4.15) ‖(v − v_+)_t(t)‖_L2_{(R+)} = O(1)(1 + t)^{−7/4}, (4.16) ‖∂^k_x (v − v_+)(·, t)‖_Lp_{(R+)} = O(1)(1 + t)^{−((k+2)p−1)/(2p)} , k = 0, 1, and 2 ≤ p ≤ +∞. (4.17)

Case 2: v_0(0) ≠ v_+. As Nishihara and Yang [18] showed, in this case the asymptotic state of (v, u)(x, t) is a nonlinear diffusion wave (v̄, ū)(x, t) which satisfies a nonlinear parabolic equation

v̄_t + 1 α p(v̄)_{xx} = 0 (4.18)

with a boundary restriction

v̄|_{x=0} = v_0(0), v̄|_{x=0} = v_+. (4.19)

Since v_0(0) ≠ v_+, without loss of generality, we say, v_+ > v_0(0) > 0. To construct such a diffusion wave satisfying (4.18) and (4.19), let us give any constant v_− satisfying 0 < v_− < v_0(0), and have a self-similar solution ϕ(x/ √ 1 + t) satisfying { ϕ_t +^1_α p(ϕ)_{xx} = 0, x ∈ R = (−∞, ∞) ϕ|_{x=±∞} = v_±. (4.20)

Thus, by defining v̄(x, t) := ϕ(x/ √ 1 + t) for all x ≥ 0, (4.21)

we get our desired diffusion wave v̄(x, t) satisfying (4.18) and (4.19). Furthermore, we define ū(x, t) = − 1 α p(v̄)_x so that ū_x(0, t) = v̄_t(0, t) = 0. Thus, we have

v̄_t − ū_x = 0 p(v̄)_x = −αū (v̄, ū_x)(0, t) = (v_0(0), 0) (v̄, ū)(∞, t) = (v_+, 0).

(4.22)

Similarly, the auxiliary function (v̂, û)(x, t) is defined by (v̂, û)(x, t) = (u_0(0) − u_+ α m_0(x)e^{−αt}, [ (u_0(0) − u_+) ∫_∞ x m_0(y)dy + u_+ ] e^{−αt} ) , where m_0(x) is a C^∞_0 (R_+)-smooth function as defined in Section 3. Hence, (v̂, û) satisfies

v̂_t − û_x = 0 û_t = −αû (v̂, û_x)(0, t) = (u_0(0)e^{−αt}, 0), v̂(0, t) = 0 (v̂, û)(∞, t) = (0, u_+e^{−αt}). (4.23)

Combining (4.1) with (4.22) and (4.23), and defining the perturbations by V (x, t) = − ∫_∞ x (v − v̄ − v̂)(y, t)dy, z(x, t) = (u − ū − û)(x, t), we obtain a new IBVP

V_t − z = 0 z_t + (p^′(v̄)V_x)_x + αz = −F, (x, t) ∈ R_+ × R_+ (V, z)|_{t=0} = (V_0, z_0)(x) V_x|_{x=0} = 0,

(4.24)

where

F :=ū_t + +(p(V_x + v̄ + v̂) − p(v̄) − p^′(v̄)V_x)_x, (4.25) V_0(x) := − ∫_∞ x [v_0(y) − v̄(y, 0) − v̂(y, 0)]dy, (4.26) z_0(x) :=u_0(x) − ū(x, 0) − û(x, 0). (4.27) The unique global existence of solutions to the IBVP (4.24) and the convergence with some decay rates for (V, z)(x, t) were also studied by Nishihara and Yang in [18] as follows. Theorem 4.3 (Nishihara-Yang [18]: the case v_0(0) ≠ v_+) Suppose that v_0 −v_+ ∈ L^1(R_+), (V_0, z_0)(x) ∈ H^3(R_+) × H^2(R_+) and that ‖v_0 − v_+‖_L1_{(R+)} + ‖V_0‖_H3_{(R+)} + ‖z_0‖_H2_{(R+)} + |u_+| ≪ 1. Then there exists a unique time-global solution (V, z)(x, t) of the IBVP (4.24), which satisfies V ∈ C^k(0, ∞; H^{3−k} (R_+)), k = 0, 1, 2, 3, z ∈ C^k(0, ∞; H^{2−k} (R_+)), k = 0, 1, 2 and ‖∂^k_x V (t)‖_L2_{(R+)} = O(1)(1 + t)^{−k/2}, k = 0, 1, 2, 3, (4.28) ‖∂^k_xz(t)‖_L2_{(R+)} = O(1)(1 + t)^{−(k+2)/2}, k = 0, 1, 2, (4.29) and (1 + t)^2‖z_t(t)‖_L2_{(R+)} + (1 + t)^{−5/2}(‖z_{xt}(t)‖_L2_{(R+)} + ‖z_{tt}(t)‖_L2_{(R+)}) = O(1). (4.30)

Now we are going to improve above rates to be optimal. We subsequent the first equation of (4.24) into the second one, then have V_{tt} + αV_t − βV_{xx} = G, (x, t) ∈ R_+ × R_+ (V, V_t)(x, 0) = (V_0, V_1)(x)), x ∈ R_+ V_x(0, t) = 0,

(4.31)

where β = −p^′(v_+), V_1(x) = z_0(x) and

G = −F − ((p^′(v̄) − p^′(v_+))V̄_x)_x. (4.32)

According to the linear IBVP theory obtained in Appendix, see (A.18), we obtain an equivalent integral equation of the IBVP (4.31) as follows V (x, t) = ∫_∞ 0 [K_0(x − y, t) + K_0(x + y, t)]V_0(y)dy + ∫_∞ 0 [K_1(x − y, t) + K_1(x + y, t)]V_1(y)dy + ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) + K_1(x + y, t − τ)]G(y, τ)dydτ, (4.33) where K_0(x, t) and K_1(x, t) represented in (A.7) and (A.9) are the fundamental solutions of the linear damped wave equation.

Since v̄ − v_+ ∈ L^2(R_+), ‖(v̄ − v_+)(t)‖_L2_{(R+)} = O(1), ‖(v̄ − v_+)(t)‖_L∞_{(R+)} = O(1) and ‖V_{xx}(t)‖_L2_{(R+)} = O(1)(1 + t)^{−1} due to (4.28), that means

‖(p^′(v̄) − p^′(v_+))V_{xx}‖_L1_{(R+)} ∼ ‖(v̄ − v_+)(t)‖_L2_{(R+)}‖V_{xx}(t)‖_L2_{(R+)} ∼ (1 + t)^{−1}, ‖(p^′(v̄) − p^′(v_+))V_{xx}‖_L2_{(R+)} ∼ ‖(v̄ − v_+)(t)‖_L∞_{(R+)}‖V_{xx}(t)‖_L2_{(R+)} ∼ (1 + t)^{−1},

we can prove only

‖G(t)‖_L1_{(R+)} ≤ C(1 + t)^{−1} and ‖G(t)‖_L2_{(R+)} ≤ C(1 + t)^{−1}. (4.34)

By using the energy method as done in Section 2, we can similarly prove the following decay rates.

Theorem 4.4 (The case v_0(0) ≠ v_+) Under the assumptions of Theorem 4.3, and suppose that V_0 ∈ L^1(R_+), V_1 ∈ L^1(R_+). Then

‖∂^k_x V (·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−(2k+1)/4}, k = 0, 1, 2, (4.35)

namely,

‖(v − v̄)(·, t)‖_L2_{(R+)} = O(1)(1 + t)^{−3/4}. (4.36)

Remark 4.1 Since G(x, t), see (4.34), does not decay so fast that our present method is invalid to get much more optimal rates like the other cases before. The shortcoming is due to that, we use a quite non-asypmtotic state v_+ in place of the really asymptotic profile v̄(x, t), see the IBVP (4.31) and its equivalent integral equation (4.33). In order to show more optimal decay rates like in Corollaries 2.1–4.1, we conjecture that the approximating Green function method with the method of pointwise estimates together just as used in Nishihara-Wang-Yang [17] maybe is available for the problem, but here we will not make such an attempt. Anyway, this case is quite not complete, and we are expecting more contribution on it.

Appendix: IBVP for Linear Damped Wave Equation

In this Appendix, we reduce the fundamental solutions and their basic energy estimates for the linear damped wave equation with the null-Dirichlet or null-Nuemann boundary. Based on this, we know what the optimal rates we may obtain for the linear and nonlinear damped wave equations. In such a sense, this section is essential to above ones.

Let us consider the damped wave equation

ϕ_{tt} + αϕ_t − βϕ_{xx} = 0, (x, t) ∈ R_+ × R_+, (A.1)

with the initial data

(ϕ, ϕ_t)|_{t=0} = (ϕ_0, ϕ_1)(x), x ∈ R_+ (A.2)

and the Dirichlet boundary condition

ϕ|_{x=0} = 0 (A.3)

or the Nuemann boundary condition

ϕ_x|_{x=0} = 0, (A.4)

where α and β are positive constants.

In order to solve the IBVP (A.1)-(A.2)-(A.3) or the IBVP (A.1)-(A.2)-(A.4), we make an odd extension ψ(x, t) := { ϕ(x, t), x ≥ 0 −ϕ(−x, t), x < 0, ψ_i(x) := { ϕ_i(x), x ≥ 0 −ϕ_i(−x), x < 0, i = 0, 1

for the IBVP (A.1)-(A.2)-(A.3), or an even extension ψ(x, t) := { ϕ(x, t), x ≥ 0 ϕ(−x, t), x < 0, ψ_i(x) := { ϕ_i(x), x ≥ 0 ϕ_i(−x), x < 0, i = 0, 1

for the IBVP (A.1)-(A.2)-(A.4), then we get a corresponding Cauchy problem { ψ_{tt} + αψ_t − βψ_{xx} = 0, (x, t) ∈ R × R_+ ψ|_{t=0} = ψ_0(x), ψ_t|_{t=0} = ψ_1(x).

(A.5)

We can represent the solution of (A.5) as

ψ(x, t) = K_0(t) ∗ ψ_0 + K_1(t) ∗ ψ_1, (A.6)

where K_i(x, t) (i = 0, 1) are the fundamental solutions of (A.5), that is, K_{itt} + αK_{it} − βK_{ixx} = 0, i = 0, 1 (A.7) with { K_0(x, 0) = δ(x) d dt K_0(x, 0) = 0 and { K_1(x, 0) = 0 d dt K_1(x, 0) = δ(x), (A.8) where δ(x) is the Delta function. The mark ∗ means convolution, i.e., K_i(t) ∗ ψ_i = ∫_∞ −∞ K_i(x − y, t)ψ_i(y)dy. Let R_i(ξ, t) be the Fourier transform of K_i(x, t), i = 0, 1, then R_i satisfies the following ODE

d^2 dt^2 R_i + α d dt R_i + βξ^2R_i = 0, i = 0, 1 (A.9)

with the initial data { R_0(ξ, 0) = 1 d dt R_0(ξ, 0) = 0 and { R_1(ξ, 0) = 0 d dt R_1(ξ, 0) = 1

(A.10)

respectively. Solving the above two ODEs directly, we obtain the exact solutions as

R_1(ξ, t) = 2e^{−αt/2} √_{α2−4βξ2} sinh (√_{α2−4βξ2} 2 t ) , |ξ| <^α_2^√_β te^{−αt/2}, |ξ| =^α_2^√_β 2e^{−αt/2} √_{4βξ2−α2} sin (√_{4βξ2−α2} 2 t ) , |ξ| >^α_2^√_β (A.11)

and R_0(ξ, t) = α 2 R_1(ξ, t) + R_2(ξ, t) (A.12)

where

R_2(ξ, t) = e^{−αt/2} cosh (√_{α2−4βξ2} 2 t ) , |ξ| <^α_2^√_β e^{−αt/2}, |ξ| =^α_2^√_β e^{−αt/2} cos (√_{4βξ2−α2} 2 t ) , |ξ| >^α_2^√_β . (A.13)

Thus, we see that the fundamental solutions K_i(x, t) (i = 0, 1) can be given by making use of the inverse Fourier transform to R_i(ξ, t) (i = 0, 1).

For the IBVP (A.1)-(A.2)-(A.3), due to the odd symmetry ψ(−x, t) = −ψ(x, t) and ψ_i(−x) = −ψ_i(x) (i = 0, 1), we obtain the expression of the solution as follows, for all x ≥ 0, ϕ(x, t) = ψ(x, t) = ∫_∞ −∞ K_0(x − y, t)ψ_0(y)dy + ∫_∞ −∞ K_1(x − y, t)ψ_1(y)dy = ( ∫ ∞ 0 + ∫_0 −∞ ) K_0(x − y, t)ψ_0(y)dy + ( ∫ ∞ 0 + ∫_0 −∞ ) K_1(x − y, t)ψ_1(y)dy = ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]ϕ_0(y)dy + ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]ϕ_1(y)dy. (A.14)

Similarly, due to the even symmetry, we obtain the expression of the solution for the IBVP (A.1)-(A.2)-(A.4) ϕ(x, t) = ∫_∞ 0 [K_0(x − y, t) + K_0(x + y, t)]ϕ_0(y)dy + ∫_∞ 0 [K_1(x − y, t) + K_1(x + y, t)]ϕ_1(y)dy. (A.15) Furthermore, for the linear equation with source term

ϕ_{tt} + αϕ_t − βψ_{xx} = g(x, t), (x, t) ∈ R_+ × R_+ (A.16) with the initial value condition (A.2) and the Dirichlet boundary value condition (A.3) or the Nuemann boundary value condition (A.4), making an odd extension also to the source term g(−x, t) = −g(x, t) for the Dirichlet boundary condition (A.3), or an even extension g(−x, t) = g(x, t) for the Nuemann boundary value condition (A.4), we can conduct the expressions of solutions by the Dahamal’s principle: for the IBVP (A.16)-(A.2)-(A.3) ϕ(x, t) = ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]ϕ_0(y)dy + ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]ϕ_1(y)dy + ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) − K_1(x + y, t − τ)]g(y, τ)dydτ, (A.17) or for the IBVP (A.16)-(A.2)-(A.4) ϕ(x, t) = ∫_∞ 0 [K_0(x − y, t) + K_0(x + y, t)]ϕ_0(y)dy + ∫_∞ 0 [K_1(x − y, t) + K_1(x + y, t)]ϕ_1(y)dy + ∫_t 0 ∫_∞ 0 [K_1(x − y, t − τ) + K_1(x + y, t − τ)]g(y, τ)dydτ. (A.18) For the Cauchy problem case, we note that Matsumura [13] got the following energy estimates.

Lemma A.1 (Matsumura [13]) If g ∈ L^1(R) ∩ H^{j+k−1}(R), then ‖ ‖∂j_t ∂_{kx}(K_1(t) ∗ g) ‖ ‖ L^2(R)

≤ C(1 + t)^{−j− 2k+14} (‖g‖_L1_{(R)} + ‖g‖_Hj+k−1_{(R)}). (A.19) If g ∈ L^1(R) ∩ H^{j+k} (R), then ‖ ‖ ‖∂^j_t ∂^k_x(K0(t) ∗ g) ‖ ‖ ‖_{L2(R)} ≤ C(1 + t)^{−j− 2k+14} (‖g‖_L1_{(R)} + ‖g‖_Hj+k_{(R)}). (A.20)

Based on this lemma, we may prove the energy estimates for the IBVP case.

Lemma A.2 If g ∈ L^1(R_+) ∩ H^{j+k−1}(R_+), then ‖ ‖ ‖∂^j_t ∂^k_x ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]g(y)dy ‖ ‖ ‖_{L2(R+)} ≤ C(1 + t)^{−j− 2k+14} [‖g‖_L1_{(R+)} + ‖g‖_Hj+k−1_{(R+)}], (A.21) ‖ ‖ ‖∂^j_t ∂^k_x ∫_∞ 0 [K_1(x − y, t) + K_1(x + y, t)]g(y)dy ‖ ‖ ‖_{L2(R+)} ≤ C(1 + t)^{−j− 2k+14} [‖g‖_L1_{(R+)} + ‖g‖_Hj+k−1_{(R+)}]. (A.22)

If g ∈ L^1(R_+) ∩ H^{j+k}(R_+), then ‖ ‖∂^j_t ∂^k_x ∫_∞ 0 [K_0(x − y, t) − K_0(x + y, t)]g(y)dy ‖ ‖_{L2(R+)} ≤ C(1 + t)^{−j− 2k+14} [‖g‖_L1_{(R+)} + ‖g‖_Hj+k_{(R+)}], (A.23) ‖ ‖ ‖∂^j_t ∂^k_x ∫_∞ 0 [K_0(x − y, t) + K_0(x + y, t)]g(y)dy ‖ ‖ ‖_{L2(R+)} ≤ C(1 + t)^{−j− 2k+14} [‖g‖_L1_{(R+)} + ‖g‖_Hj+k_{(R+)}]. (A.24)

Proof. We are firstly going to prove (A.21). Setting ϕ̄(x, t) := ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]g(y)dy, we know that ϕ̄(x, t) is a solution of the IBVP as follows

ϕ̄_{tt} + αϕ̄_t − βϕ̄_{xx} = 0, (x, t) ∈ R_+ × R_+ ϕ̄|_{t=0} = 0, ϕ̄_t|_{t=0} = g(x), x ∈ R_+ ϕ̄|_{x=0} = 0.

By an odd extension to the above IBVP ψ̄(x, t) := { ϕ̄(x, t), x ≥ 0 −ϕ̄(−x, t), x < 0, h(x) := { g(x), x ≥ 0 −g(−x), x < 0, such that we may consider its corresponding Cauchy problem for ψ̄(x, t) with the initial data (0, h(x)), and note that ∫_∞ −∞ ψ̄^2(x, t)dx = 2 ∫_∞ 0 ϕ̄^2(x, t)dx, ‖h‖_{L1 (R)} = 2‖g‖_{L1(R+)}, ‖h‖^2_{Hj (R)} = 2‖g‖^2_{Hj (R+)} due to the odd symmetry, and by using Matsumura’s lemma (Lemma A.1), then we obtain ‖ ‖ ‖∂^j_t ∂^k_x ∫_∞ 0 [K_1(x − y, t) − K_1(x + y, t)]g(y)dy ‖ ‖ ‖_{L2(R+)} = ‖ ‖ ‖∂^j_t ∂^k_x ∫_∞ −∞ K_1(x − y, t)h(y)dy ‖ ‖ ‖_{L2(R+)} = 1 √ 2 ‖ ‖ ‖∂^j_t ∂^k_x ∫_∞ −∞ K_1(x − y, t)h(y)dy ‖ ‖ ‖_{L2(R)} ≤ C(1 + t)^{−j− 2k+14} [‖h‖_L1_{(R)} + ‖h‖_Hj+k−1_{(R)}]

≤ C(1 + t)^{−j− 2k+14} [‖g‖_L1_{(R+)} + ‖g‖_Hj+k−1_{(R+)}]. (A.25)

Thus, we proved (A.21).

Similarly, without any difficulty we can prove (A.22), (A.23) and (A.24). Here, we omit the details. □ Finally, we list an important lemma which is effectively used for proving the decay rates as we showed before. The proof and a lot of applications of this lemma can be found in many bibliographies, for example, in [19, 13, 14, 3, 9] and the references therein.

Lemma A.3 Let a > 0 and b > 0 be constants. If max(a, b) > 1, then ∫_t 0 (1 + t − s)^{−a}(1 + s)^{−b}ds ≤ C(1 + t)^{− min(a,b)}. (A.26)

If max(a, b) = 1, then ∫_t 0 (1 + t − s)^{−a}(1 + s)^{−b}ds ≤ C(1 + t)^{− min(a,b)} ln(2 + t). (A.27)

If max(a, b) < 1, then ∫_t 0 (1 + t − s)^{−a}(1 + s)^{−b}ds ≤ C(1 + t)^{1−a−b}. (A.28)

References

[1] I-L. Chern, Long-time effect of relaxation for hyperbolic conservation laws, Commun. Math.

Phys., 172 (1995) 39-55.

[2] I-L. Chern and T.-P. Liu, Convergence to diffusion waves of solutions for viscous conservation laws, Commun. Math. Phys., 110 (1987) 503–517, 120 (1989) 525–527.

[3] I-L. Chern and M. Mei, Long-time behaviors of solutions for the Cauchy problem to a relaxation hyperbolic system with non-equilibrium states, preprint (1999).

[4] C. T. van Duyn and L. A. Peletier, A class of similarity solutions of the nonlinear diffusion equation, Nonlinear Analysis, 1 (1977) 223–233.

[5] L. Hsiao and T.-P. Liu: Convergence to nonlinear diffusion waves for solutions of system of hyperbolic conservation laws with damping, Comm. Math. Phys. 143 (1992) 599–605.

[6] L. Hsiao and T.-P. Liu, Nonlinear diffusion phenomena of nonlinear hyperbolic system, Chinese Ann. Math. Ser. B, 14 (1993) 465–480.

[7] L. Hsiao and T. Luo, Nonlinear diffusion phenomena of solutions for the system of compressible adiabatic flow through porous media, J. Differential Equations, 125 (1996) 329–365.

[8] L. Hsiao and R. Pan, Initial boundary value problem for the system compressible adiabatic flow through porous media, J. Differential Equations, 159 (1999) 280-305.

[9] S. Kinami, M. Mei and S. Omata, Convergence to diffusion waves of the solutions for Benjamin-Bona-Mahony-Burgers equations, preprint (1999).

[10] T.-P. Liu and W. Wang, The pointwise estimates for diffusion wave for the Navier-Stocks systems in odd multi-dimensions, Comm. Math. Phys. 196 (1998) 145–173.

[11] P. Marcati and M. Mei, Convergence to nonlinear diffusion waves for solutions of the initial boundary problem to the hyperbolic conservation laws with damping, Quart. Appl. Math. 56 (2000), in press.

[12] P. Marcati and A. Milani, The one-dimensional Darcy’s law as the limit of a compressible Euler flow, J. Differential Equations, 84 (1990) 129–147.

[13] A. Matsumura, On the asymptotic behavior of solutions of semi-linear wave equation, Publ.

RIMS, Kyoto Univ. 12 (1976) 169-189.

[14] M. Mei, L_q-decay rates of solutions for Benjamin-Bona-Mahony-Burgers equations, J. Differential Equations, 158 (1999) 314-340.

[15] K. Nishihara, Convergence rates to nonlinear diffusion waves for solutions of system of hyperbolic conservation laws with damping, J. Differential Equations, 131 (1996) 171–188.

[16] K. Nishihara, Asymptotic behavior of solutions of quasilinear hyperbolic equations with linear damping, J. Differential Equations, 137, (1997) 384–396.

[17] K. Nishihara, K. Wang and T. Yang, L_p-convergence rate to nonlinear diffusion waves for p-system with damping, J. Differential Equations, 161 (2000) 191–218.

[18] K. Nishihara and T. Yang, Boundary effect on asymptotic behavior of solutions to the p-system with linear damping, J. Differential Equations, 156 (1999) 439–458.

[19] I. E. Segal, Quantization and dispersion for nonlinear relativistic equations, in “Mathematical Theory of Elementary Particles”, pp. 79-108, MIT Press, Combridge, MA, 1966.