ON SPHERICALLY SYMMETRIC SOLUTIONS OF THE COMPRESSIBLE ISENTROPIC NAVIER-STOKES EQUATIONS

Song Jiang Ping Zhang

Abstract. We prove the global existence of weak solutions to the Cauchy problem for the compressible isentropic Navier-Stokes equations in R^n (n = 2, 3) when the Cauchy data are spherically symmetric. The proof is based on the exploitation of the one-dimensional feature of symmetric solutions and use of a new property induced by the viscous flux. The present paper extends Lions’ existence theorem [12] to the case 1 < γ < γn for spherically symmetric initial data, where γ is the specific heat ratio in the pressure, γn = 3/2 for n = 2 and γn = 9/5 for n = 3.

I. Introduction

We prove the global existence of spherically symmetric weak solutions to the Cauchy problem for the compressible isentropic Navier-Stokes equations in two or three space dimensions.

The spherically symmetric motion of a compressible viscous, isentropic fluid in R^n (n = 2, 3) is described by the system of equations in Eulerian coordinates:

(1.1) ρ_t + (ρu)_x + mρu x = 0,

(ρu)_t + [ ρu^2 + P (ρ) ] x + mρu^2 x = μ u_{xx} + μ m [u x ] x together with initial and boundary conditions

(1.2) ρ(0, x) = ρ_0(x), (ρu)(0, x) = m_0(x), x ≥ 0, u(t, 0) = 0, t ≥ 0, where m = n − 1 (n = 2, 3), P (ρ) = a ρ^γ , ρ, u and P (ρ) are the density, the velocity and the pressure respectively, and γ ≥ 1 (the specific heat ratio), a > 0, μ > 0 are constants.

Initial boundary value problems and the initial value problem for the compressible Navier-Stokes equations (of heat-conducting flow) have been studied by a great many authors. In one dimension, it is well known that global (smooth and weak) solutions exist for large initial data and are time-asymptotically stable. In more than one dimension, Matsumura and Nishida proved the existence of global smooth solutions and obtained the decay rates of solutions for sufficiently small initial data. See [15-17], also see [4, 5, 24, 20, 7, 10] and the references cited therein on more results for small data.

Typeset by AMS-TEX 1

For large initial data, the global existence and large-time behavior of sloutions to the Navier-Stokes equations for compressible heat-conducting flow have been obtained in the spherically symmetric case. See for example [18, 3, 2, 6, 8], and among others. Concerning the global existence for general large initial data in general domains, little was known until Lions’s work [11-13] (also see [22, 23, 25, 14] for other cases). In [12, 13] Lions used the weak convergence methods and showed the existence of global weak solutions to the Navier-Stokes for compressible isentropic flow under the assumption that the specific heat ratio γ in the pressure law P = aρ^γ satisfies γ ≥ γ_n, where γ_n = 3/2 for n = 2 and γ_n = 9/5 for n = 3. Unfortunately, this assumption excludes for example the interesting case γ = 1.4 (air, et al.).

The aim of this paper is to study the existence of global weak solutions for 1 < γ < γ_n. We will prove that if the initial data are spherically symmetric, then the Cauchy problem (i.e. the problem (1.1), (1.2)) to the compressible isentropic Navier-Stokes equations possesses a global weak solution for any γ > 1. We mention that when γ = 1, the existence of a weak solution for BV-data has been proved by Hoff [3].

Now, let us recall the definition of weak solutions of (1.1), (1.2). The notation appearing below will be defined at the end of this section.

Definition. We call (ρ(t, x), u(t, x)) a global weak solution of (1.1), (1.2), if 1) ρ ≥ 0 a.e., and for any T > 0,

(1.3) ρ ∈ L^∞([0, T ], L^γ (R^+)), ρu^2 ∈ L^∞([0, T ], L^1(R^+)), u_x, u x ∈ L^2([0, T ], L^2(R^+)),

ρ ∈ C^0([0, T ], L^γ_{loc}(R^+_0 ) − w), ρu ∈ C^0([0, T ], L 2γ γ+1 loc (R^+_0 ) − w),

(ρ, ρu) (0, x) = (ρ_0, m_0)(x) weakly in L^γ_{loc}(R^+_0 ) × L 2γ γ+1 loc (R^+_0 ).

2) For any t_2 ≥ t_1 ≥ 0 and any φ ∈ C^1_0 (R × R^+_0 ), there holds

(1.4) ∫_∞ 0 ρφx^m dx|^{t2}_{t1} − ∫_∞ 0 ∫_∞ 0 (ρφ_t + ρuφ_x)x^m dx dt = 0.

3) For any t_2 ≥ t_1 ≥ 0 and any φ ∈ C^1_0 (R × R^+_0 ) satisfying φ(t, 0) = 0, there holds

(1.5) ∫_∞ 0 ρuφx^m dx|^{t2}_{t1} − ∫_∞ 0 ∫_∞ 0 { ρuφ_t + ρu^2φ_x + P (ρ) ( φ_x + mφ x )} x^m dx dt = −μ ∫_{t2} t1 ∫_∞ 0 ( u_xφ_x + muφ x^2 ) x^m dx dt.

The main result of this paper reads:

Theorem 1.1. Let γ > 1, 0 ≤ ρ_0 ∈ L^1(R^+) ∩ L^γ(R^+), m_0 ∈ L^{2γγ+1} (R^+), m^2_0/ρ_0 ∈ L^1(R^+). Then there exists a global weak solution (ρ, u) of (1.1), (1.2), such that

(1.6) ∫_∞ 0 ( ρu^2 2 + ψ(ρ) ) (t, x)x^m dx + μ ∫_t 0 ∫_∞ 0 ( u^2_x + mu^2 x^2 ) x^m dx dt ≤ ∫_∞ 0 ( m^2_0 ρ_0

+ ψ(ρ_0) ) (x)x^m dx ∀ t ≥ 0, where ψ(ρ) =^1_{γ−1} ρ^γ . Moreover, for any T > 0 and any φ_1 ∈ C^∞_0 (R^+_0 ) with φ_1(x) = O(x^n) as x → 0, there holds ∫_T 0 ∫_∞ 0 ρ^{2γ}(t, x)φ^4_1(x) dx dt ≤ C. If, in addition, γ > n/2, then for any T > 0 and any φ_2 ∈ C^∞_0 (R^+_0 ) with φ_2(x) = O(x^m) as x → 0, there holds ∫_T 0 ∫_∞ 0 ρ^{γ+θ}(t, x)φ_2(x) dx dt ≤ C ∀ θ < 2γ n − 1.

Remark 1.1. (i) For the case lim_{x→∞} ρ_0(x) = ρ_∞ > 0, lim_{x→∞} u_0(x) = u_∞, we could use similar cut-off function arguments to those used in [Section 5.6, 12] and obtain a similar existence theorem.

(i) If we define ρ(t, ⃗x) := ρ(t, x), U(t, ⃗x) := u(t, x)⃗x/x for t ≥ 0 and ⃗x ∈ R^n, where x = |⃗x|, ⃗x = (x_1, · · · , x_n). Then it is easy to see that (ρ(t, ⃗x),U(t, ⃗x)) is a weak solution of the Cauchy problem for the compressible isentropic Navier-Stokes equations in R^n (cf. the proof of Theorem 5.7 in [3]).

The proof of Theorem 1.1 is based on a basic energy estimates and passing to the limit for the approximate solutions. To pass to the limit, we mainly use and adapt the idea of Lions in the study of the compressible isentropic Navier-Stokes equations [12]. As mentioned before, in Lions’ arguments, γ ≥ γ_n has to be assumed because, in order to estimate the commutators and to exclude the concentration of mass at the origin, the higher integrabilities of ρ (for example L^2-integrability) are needed. To overcome the difficulties induced by γ < γ_n, here we exploit the one-dimensional feature of symmetric solutions, use integrals instead of commutators and employ a new property induced by the viscous flux: aρ^γ − μu_x − μmu/x (cf. Remark 3.1), which shows the L^{2/θ}- integrability of ρ^θ − ρ^θ near the origin for some small constant θ > 0 (cf. Lemma 3.2), where ρ^θ is the weak limit of the θ-th power of the approximate density sequence. This L^{2/θ}-integrability of ρ^θ − ρ^θ, though not the L^2-integrability of ρ itself, is sufficient to conclude that the concentration of mass cannot develop at the origin.

This paper is organized as follows. In Section 2 we construct an approximate solution sequence and derive a priori estimates for the approximate solutions. In Section 3 we give the proof of Theorem 1.1.

Notation used throughout this paper: Let Ω be a domain in R. Let m be an integer and let 1 ≤ p ≤ ∞. By W^{m,p}(Ω) (W^{m,p}_0 (Ω)) we denote the usual Sobolev space defined over Ω. W^{m,2}(Ω) ≡ H^m(Ω) (W^{m,2}_0 (Ω) ≡ H^m_0 (Ω)), W^{0,p}(Ω) ≡ L^p(Ω) with norm ‖ · ‖_Lp_{(Ω)}. We define L^p(Ω) := {f ∈ L^1_{loc}(Ω); ∫ Ω |f(x)|^px^m dx < ∞} with norm ‖ · ‖_Lp_{(Ω)} := ∫ Ω | · |^px^mdx. L^p_{loc}(Ω) and H^1_{loc}(Ω) are defined similarly to L^p_{loc}(Ω) and H^1_{loc}(Ω), respectively. For simplicity we also use the following abbreviations:

‖ · ‖_Lp ≡ ‖ · ‖_Lp_{(R} +_), R^+ := (0, ∞), R^+_0 := [0, ∞).

L^p(I, B) resp. ‖ · ‖_Lp_{(I,B)} denotes the space of all strongly measurable, pth-power integrable (essentially bounded if p = ∞) functions from I to B resp. its norm, I ⊂ R an interval, B a Banach space. C^0(I, B − w) is the space of all functions which are in L^∞(I, B) and continuous in t with values in B endowed with the weak topology.

The same letter C (sometimes used as C(X) to emphasize the dependence of C on X) will denote various positive constants which do not depend on ϵ.

II. Approximate solutions and a priori estimates

We will use the approximate solutions constructed by Hoff in [3]. First, we mollify the initial data as follows

ρ^ϵ_0(x) : = x^{− mγ} {( x^{mγ} ρ_0 ) ∗ j_{ϵ/2} } (x) + ϵ, m^ϵ_0(x) : = x^{− m2} √ ρ^ϵ_0 {( x^{m2} m_0 √ ρ_0 ) ∗ j_{ϵ/2} } (x), u^ϵ_0(x) := { χ^ϵ m^ϵ_0 ρ^ϵ_0 } (x), where j_{ϵ/2} is the standard Friedrichs mollifier, χ^ϵ is a C^∞_0 (R^+)-function satisfying χ^ϵ(x) = 0 for x ≤ ϵ and χ^ϵ(x) = 1 for x ≥ 2ϵ. Then, it is not difficult to prove that for any N > 0,

(2.1) ∫_∞ ϵ { |ρ^ϵ_0 − ρ_0 − ϵ|^γ + | | | | √ ρ^ϵ_0u^ϵ_0 − m_0 √ ρ_0 | | | | 2} x^mdx + ∫_N ϵ |ρ^ϵ_0u^ϵ_0 − m_0|^{2γγ+1} x^mdx → 0

as ϵ → 0, and moreover,

(2.2) ∫_∞ ϵ |ρ^ϵ_0 − ρ_0 − ϵ|x^mdx ≤ N^γ �1_γ [∫_N ϵ |ρ^ϵ_0 − ρ_0 − ϵ|^γx^mdx ]_{1/γ}

+ C ∫_∞ N−1 ρ_0x^mdx → 0 as ϵ → 0, N → ∞.

Denote

(2.3) ψ_ϵ(ρ) := aρ^γ γ − 1 − aϵ^{γ−1}ρ γ − 1 − aϵ^{γ−1}ρ + aϵ^γ . Then, it is easy to see by (2.1) and (2.2) that

(2.4) ∫_∞ ϵ {| | |ρ^{ϵ0}(u^{ϵ0})^2 − m^2_0 ρ_0 | | | | + |ψ^ϵ(ρ^{ϵ0}) − ψ(ρ^0)| } x^mdx as ϵ → 0. Now, we consider the following approximate problem of (1.1), (1.2):

(2.5)

[ρ_ϵ]_t + [ρ_ϵu_ϵ]_x + mρ_ϵu_ϵ x = 0,

[ρ_ϵu_ϵ]_t + [ ρ_ϵ(u_ϵ)^2 + P (ρ_ϵ) ] x + mρ_ϵ(u_ϵ)^2 x = μ [u_ϵ]_{xx} + μ m [u_ϵ x ] x together with initial and boundary conditions

(2.6) ρ_ϵ(0, x) = ρ^ϵ_0(x), u_ϵ(0, x) = u^ϵ_0(x), x ≥ ϵ, u_ϵ(t, ϵ) = 0, t ≥ 0. Then, by Theorem 4.1 of [3] (also see Theorem 5.6 of [3]), the problem (2.5), (2.6) has a global weak solution (ρ_ϵ(t, x), u_ϵ(t, x)) on [0, ∞) × [ϵ, ∞) with positive ρ_ϵ, such that ρ_ϵ ∈ C^0([0, ∞), L^γ_{loc}([ϵ, ∞))), u_ϵ ∈ C^0([0, ∞), L^2(ϵ, ∞)) ∩ C^0((0, ∞), H^1_0 (ϵ, ∞)), ρ_ϵ(t, x) is pointwise bounded from above, and

(2.7) ∫_∞ ϵ ( 1 2 ρ_ϵu^2_ϵ + ψ_ϵ(ρ_ϵ) ) (t, x)x^m dx + μ ∫_t 0 ∫_∞ ϵ ( [u_ϵ]^2_x + m u^2_ϵ x^2 ) x^mdxdt ≤ ∫_∞ ϵ [ 1 2 ρ^ϵ_0(u^ϵ_0)^2 + ψ_ϵ(ρ^ϵ_0) ] x^m dx ≤ C ∀ t ≥ 0, where ψ_ϵ is the same as in (2.3) and we have used (2.4). Recalling the definition of ψ_ϵ, we get from (2.7) and Young’s inequality that for any t ≥ 0 and any N > ϵ,

(2.8) ∫_N ϵ ρ^γ_ϵ (t, x)x^m dx ≤ CNϵ^γ + ∫_∞ ϵ [ ρ^ϵ_0(u^ϵ_0)^2 2 + ψ_ϵ(ρ^ϵ_0) ] x^mdx. In order to obtain Theorem 1.1 we have to prove the precompactness of the approximate solution sequence (ρ_ϵ, u_ϵ). For this purpose, we need some higher space-time integration estimates for the density ρ_ϵ, which will be derived in the following two lemmas. For the sake of simplicity we will omit the subscript ϵ from now on until the end of this section.

Lemma 2.1. For any T > 0 and any φ ∈ C^∞_0 ([0, ∞)), φ(x) = O(x^n) as x → 0, there exists a positive constant C, independent of ϵ, such that ∫_T 0 ∫_∞ ϵ ρ^{2γ}(t, x)φ^4(x) dx dt ≤ C. Proof. We multiply (2.5)_2 by φ and integrate over (x, ∞) (x ∈ [ϵ, ∞)) to obtain

(2.9) ∂_t ∫_∞ x φρu dy − ∫_∞ x (ρu^2 + aρ^γ)φ_y dy + ∫_∞ x mρu^2 y φ dy = (aρ^γ + ρu^2)φ − μu_xφ − μm u x φ − μ ∫_∞ x [ u_y + mu y ] φ_y dy, which yields

(2.10) aρ^{2γ}φ = μρ^γ ( u_x + m u x ) φ − ρ^{1+γ}u^2φ + ρ^γ∂_t ∫_∞ x φρu dy − ρ^γ ∫_∞ x (ρu^2 + aρ^γ)φ_ydy + ρ^γ ∫_∞ x mρu^2 y φdy + μρ^γ ∫_∞ x [ u_y + mu y ] φ_ydy. Mollifying the first equation of (2.5), we find that

(2.11) ∂_tρ^δ + ∂_x(uρ^δ) + mρ^δu x = r^δ ,

where ρ^δ(t, x) = ρ(t, ·) ∗ j_δ and

r^δ (t, x) = (uρ^δ)_x − (ρu)_x ∗ j_δ + mρ^δu x − m [ ρu x ] ∗ j_δ. By virtue of Lemma 2.3 of [11], r^δ → 0 in L^1_{loc}(R^+ × R^+). Thus, multiplying (2.11) by γ(ρ^δ)^{γ−1}, we have

(2.12) ∂_t(ρ^δ)^γ + ∂_x ( u(ρ^δ)^γ ) + mγ(ρ^δ)^γ u x = γ(ρ^δ)^{γ−1}r^δ + (1 − γ)u_x(ρ^δ)^γ .

Since ρ ∈ L^∞((0, T ) × (ϵ, ∞)), we get by taking δ → 0 in (2.12),

(2.13) ∂_tρ^γ + ∂_x(uρ^γ) + mγρ^γu x = (1 − γ)u_xρ^γ

in D^′((0, T ) × (ϵ, ∞)). Then

(2.14) ρ^γ∂_t ∫_∞ x φρu dy = −∂_tρ^γ ∫_∞ x φρu dy + ∂_t [ ρ^γ ∫_∞ x φρu dy ]

= ∂_t [ ρ^γ ∫_∞ x φρu dy ] + [ ∂_x(uρ^γ) + (γ − 1)ρ^γ u_x + mγρ^γu x ] ∫_∞ x φρu dy = ∂_t [ ρ^γ ∫_∞ x φρu dy ] + ∂_x [ uρ^γ ∫_∞ x φρu dy ]

+ [ (γ − 1)ρ^γ u_x + mγρ^γu x ] ∫_∞ x φρu dy + u^2ρ^{1+γ}φ.

Inserting (2.14) into (2.10), we find

(2.15) aρ^{2γ} φ = μρ^γu_xφ + μm ρ^γuφ x + ∂_t [ ρ^γ ∫_∞ x φρu dy ] + ∂_x [ uρ^γ ∫_∞ x φρu dy ]

+ [ (γ − 1)ρ^γu_x + mγρ^γu x ] ∫_∞ x φρu dy − ρ^γ ∫_∞ x (ρu^2 + aρ^γ)φ_y dy + ρ^γ ∫_∞ x mρu^2 y φ dy + μρ^γ ∫_∞ x u_yφ_y dy + μmρ^γ ∫_∞ x u y φ_y dy. Now, if we multiply (2.15) by φ^3 and integrate over (0, T ) × (ϵ, ∞), we get

(2.16) ∫_T 0 ∫_∞ ϵ ρ^{2γ} φ^4 dx dt = ∫_T 0 ∫_∞ ϵ {R.H.S. of (2.15)} φ^3dx dt.

Next we estimate each term on the right hand side of (2.16). The first term on the right hand side of (2.16) can be bounded as follows using (2.7).

(2.17) ∫_T 0 ∫_∞ ϵ ρ^γu_xφ^4 dx dt ≤ δ ∫_T 0 ∫_∞ ϵ ρ^{2γ}φ^4 dx dt + 1 δ ∫_T 0 ∫_∞ ϵ u^2_xφ^4 dx dt ≤ C δ + δ ∫_T 0 ∫_∞ ϵ ρ^{2γ}φ^4 dx dt. (0 < δ < 1) A similar estimate can be obtained for the term ∫_T 0 ∫_∞ 0 ργuφ4 x dxdt in the same manner.

It is easy to see that by (2.7) and (2.8),

(2.18) | | | | ∫_∞ x ρuφ dy | | | | ≤ 1 2 ∫_∞ ϵ ρ(u^2 + 1)φ dy dx ≤ C, whence by (2.1),

(2.19) ∫_T 0 ∫_∞ ϵ ∂_t [ ρ^γ ∫_∞ x φρu dy ] φ^3dxdt ≤ C + ∫_∞ ϵ ρ^γφ^3 ∫_∞ x ρuφ dydx ≤ C + C ∫_∞ 0 φ^3ρ^γ(T, x)dx ≤ C. Using the boundary condition (2.6)_2, (2.18) and (2.7), we deduce that

(2.20)

∫_T 0 ∫_∞ ϵ φ^3 [ uρ^γ ∫_∞ x φρudy ] x dxdt = −3 ∫_T 0 ∫_∞ ϵ φ^2φ_xρ^γu ∫_∞ x φρu dydxdt ≤ C ∫_T 0 ∫_∞ ϵ φ^2|φ_x| ρ^γ |u| dxdt ≤ δ ∫_T 0 ∫_∞ ϵ ρ^{2γ}φ^4 dx dt + C δ ∫_T 0 ∫_∞ ϵ u^2φ^2_x dx dt ≤ C δ + δ ∫_T 0 ∫_∞ ϵ ρ^{2γ}φ^4 dx dt.

The terms ∫_T 0 ∫_∞ ϵ u_xρ^γφ^3 ∫_∞ x φρu dydxdt and ∫_T 0 ∫_∞ ϵ ργ uφ3 x ∫_∞ x φρu dydxdt can be esti- mated exactly in the same manner.

We employ (2.7) and (2.8) to deduce that

(2.21) ∫_T 0 ∫_∞ ϵ ρ^γ φ^3 ∫_∞ x (ρu^2 + aρ^γ)φ_y dy dx dt ≤ C ∫_T 0 ∫_∞ ϵ ρ^γφ^3 ∫_∞ x (ρu^2 + ρ^γ)y^m dy dx dt ≤ C.

Analogously to (2.21), we can estimate the terms ∫_T 0 ∫_∞ ϵ ρ^γφ^3 ∫_∞ x mρu2 y φ dydxdt, ∫_T 0 ∫_∞ ϵ ρ^γφ^3 ∫_∞ x u_yφ_y dydxdt and ∫_T 0 ∫_∞ ϵ ρ^γφ^3 ∫_∞ x u y φ_y dydxdt. Summing up (2.16), (2.17), (2.19)–(2.21) and the related estimates, we finally get ∫_T 0 ∫_∞ ϵ ρ^{2γ}φ^4 dx dt ≤ C + 5δ ∫_T 0 ∫_∞ ϵ ρ^{2γ}φ^4 dx dt. By taking δ = 1/10 in the above inequality, we obtain the lemma. �

Remark 2.1. By applying (2.12), we can make some seemingly formal arguments in (2.14) rigorous. For simplicity, we will omit it here.

In the following lemma we prove a higher space-time estimate (regularity) in R^n for the density around the origin.

Lemma 2.2. Let γ > n/2. Then, for any T > 0 and any ψ ∈ C^∞_0 ([0, ∞)) with ψ ≥ 0, ψ(x) = O(x^m) as x → 0, there is a positive constant C, independent of ϵ, such that ∫_T 0 ∫_∞ ϵ ρ^{γ+θ}(t, x)ψ(x) dxdt ≤ C for any 0 < θ < 2γ/n − 1.

Proof. The proof is long, we break up it into several steps. First, without loss of generality, we can assume further that ψ(x) = x^m for 0 ≤ x ≤ 1.

Step 1. A representation of ∫_T 0 ∫_∞ ϵ ρ^{γ+θ}ψ dx dt Let ϕ ∈ C^∞_0 ([0, ∞)) with ϕ = 1 on supp ψ. Multiplying (2.5)_2 by ϕ and integrating then the resulting equation over (x, ∞), we obtain

(ρu^2+aρ^γ )ϕ − ∂_t ∫_∞ x ρuϕ dy − m ∫_∞ x ρu^2 y ϕdy = μ [ u_x + m u x ] ϕ + ∫_∞ x [ μu_y + μm u y − ρu^2 − aρ^γ ] ϕ_y dy

Now, let θ be a positive number. Multiplying the above equation by ρ^θψ, we find

(2.22) aρ^{γ+θ}ψ = [ μu_x + μm u x − ρu^2 ] ρ^θψ + ρ^θψ∂_t ∫_∞ x ρuϕ dy + mρ^θψ ∫_∞ x ρu^2 y ϕ dy + ρ^θψ ∫_∞ x [ μu_y + μm u y − ρu^2 − aρ^γ ] ϕ_y dy. When θ ≥ 1, we can easily show by the same arguments as in the proof of (2.13) that

(2.23) ∂_tρ^θ + ∂_x(uρ^θ) + mθρ^θu x = (1 − θ)u_xρ^θ.

For θ < 1, set β_ν (ρ) = (ρ + ν)^θ. Then, multiplying (2.11) with β^′_ν (ρ^δ), we arrive at

∂_tβ_ν (ρ^δ) + ∂_x[uβ_ν(ρ^δ)] + [β^′_ν (ρ^δ)ρ^δ − β_ν (ρ^δ)]u_x + mβ^′_ν (ρ^δ)ρ^δu x = β^′_ν (ρ^δ)r^δ .

Taking δ → 0 in the above equation, one gets

(2.24) ∂_tβ_ν (ρ) + ∂_x [uβ_ν (ρ)] + [β^′_ν (ρ)ρ − β_ν (ρ)] u_x + mβ^′_ν (ρ)ρu x = 0.

Note that

(2.25) (ρ + ν)^θ − ρ^θ =

∫_1 0 θν (ρ + τ ν)^{1−θ} dτ ≤ θν^θ ∫_1 0 dτ τ^{1−θ} ≤ ν^θ. On the other hand,

(2.26) β^′_ν (ρ)ρ − θρ^θ = θ[(ρ + ν)^{θ−1}ρ − ρ^θ] = θ[(ρ + ν)^{θ−1}ρ − (ρ + ν)^θ] + θ[(ρ + ν)^θ − ρ^θ] and (2.27) |(ρ + ν)^{θ−1}ρ − (ρ + ν)^θ| = ν(ρ + ν)^{θ−1} ≤ ν^θ.

Thus, letting ν → 0 in (2.24) and utilizing (2.25)–(2.27), we find that for θ < 1, (2.23) remains valid. Therefore, (2.23) holds for any θ > 0.

With the help of (2.23) and (2.22), following a procedure similar to that used for (2.15), we obtain

(2.28) aρ^{γ+θ}ψ = μ { u_x + m u x } ρ^θψ + ∂_t { ρ^θψ ∫_∞ x ρuϕdy } + ∂_x { uρ^θψ ∫_∞ x ρuϕdy }

− { uρ^θψ_x + (1 − θ)ρ^θu_xψ − mθρ^θ u x ψ } ∫ ∞ x ρuϕ dy + mρ^θψ ∫_∞ x ρu^2 y ϕ dy + ρ^θψ ∫_∞ x { μu_y + μm u y − ρu^2 − aρ^γ } ϕ_ydy ≡ I_1 + I_2 + I_3 + I_4 + I_5 + I_6.

In the sequel, we derive bounds for ∫_T 0 ∫_∞ ϵ I_j dxdt (1 ≤ j ≤ 6) on the right-hand side

of (2.28).

Step 2. Estimate of ∫_T 0 ∫_∞ ϵ I_1 dxdt and ∫_T 0 ∫_∞ ϵ I_2 dxdt It follows from (2.7) and Young’s inequality that

(2.29)

| | | | ∫_T 0 ∫_∞ ϵ ρ^θu_xψ dx dt | | | | ≤ δ ∫_T 0 ∫_∞ ϵ ρ^{2θ}ψ dx dt + 1 δ ∫_T 0 ∫_∞ ϵ u^2_xψ dx dt

≤ C δ + δ ∫_T 0 ∫_∞ ϵ ρ^{γ+θ}ψ dx dt for θ ≤ γ.

The term ∫_T 0 ∫_∞ ϵ ρ^θux^{−1}ψdx dt can be bounded in the same manner.

For x ≥ 1 we easily obtain

(2.30) | | | ∫_∞ x ρuϕ dy | | | ≤ 1 2 ∫_∞ 1 (ρ + ρu^2)ϕx^m dx ≤ C, where we have used (2.7) and (2.8). Hence,

(2.31) | | | | ∫_∞ ϵ ρ^θψ ∫_∞ x ρuϕ dydx | | | | ≤ ∫_1 ϵ ρ^θψ ∫_1 x ρ|u| dydx + C ∫_∞ ϵ ρ^θψ dx and

(2.32)

∫_1 ϵ ρ^θψ ∫_1 x ρ|u| dydx = ∫_1 ϵ ρ^θx^m ∫_1 x ρ|u| dydx ≤ ∫_1 ϵ ρ^θx^{α1} ∫_1 x ρ|u|y^{m−α1} dydx, where α_1 ≤ m is a non-negative constant which will be determined later on. From

Hölder’s inequality and (2.7)–(2.8) we get

(2.33)

∫_1 x ρ|u|y^{m−α1} dy ≤ ‖ρu^2‖^{1/2}_{L1(ϵ,1)}‖ρ‖^{1/2}_{Lγ(ϵ,1)}‖y^{−α1} ‖_Lq_{(ϵ,1)} ≤ C, where q, α_1 satisfy^1_2 +^1_{2γ} +^1_q = 1, q ≥ 2 and qα_1 − m < 1, that is, recalling m = n − 1,

(2.34) α_1 < n 2 ( 1 − 1 γ ) . Thus, substituting (2.33) into (2.32), we find that

(2.35)

∫_1 ϵ ρ^θψ ∫_1 x ρ|u|dydx ≤ C ∫_1 ϵ ρ^θx^{α1} dx ≤ C‖ρ^θ‖_Lp_{(ϵ,1)}‖x^{α1−m}‖_Lq_{(ϵ,1)} ≤ C, where q, p satisfy 1/p + 1/q = 1, (m − α_1)q < m + 1 and θp ≤ γ, that is,

θ < γ − γ q < γ n + γα_1 n < ( 1 n + 1 2 ) γ − 1 2 .

On the other hand, when θ < (^1_n +^1_2 )γ −^1_2 , we easily deduce by (2.8) that ∫_∞ ϵ ρ^θψ dx ≤ C ∫_∞ ϵ (1 + ρ^γ)ψ dx ≤ C,

which together with (2.31) and (2.35) implies that for 0 < θ < (^1_n +^1_2 )γ −^1_2 ,

(2.36) | | | | ∫_∞ ϵ ρ^θψ ∫_∞ x ρuϕ dydx | | | | ≤ C.

Step 3. Estimate of ∫_T 0 ∫_∞ ϵ I_4 dxdt for 1 < γ ≤^{2n}_{4−n} By (2.30), we see that

(2.37)

| | | | | ∫_T 0 ∫_∞ ϵ ρ^θuψ_x ∫_∞ x ρuϕ dydxdt | | | | | = | | | | | ∫_T 0 ∫_∞ ϵ ρuϕ ∫_y ϵ ρ^θuψ_x dxdydt | | | | | ≤ ∫_T 0 ∫_1 ϵ ρ|u| ∫_y ϵ ρ^θ|u|x^{m−1}dxdydt + C ∫_T 0 ∫_∞ ϵ ρ^θ|u| |ψ_x|dxdt.

For y ∈ [ϵ, 1], one has by applying Hölder’s inequality and (2.8) that

(2.38)

∫_y ϵ ρ^θ|u|x^{m−1}dx ≤ y^{α2} ∫_y ϵ ρ^θ |u| x x^{−α2+m}dx ≤ y^{α2} ‖ρ‖^θ_Lγ_{(ϵ,1)}‖ u x ‖_L2_{(ϵ,1)}‖x^{−α2} ‖_Lq_{(ϵ,1)} ≤ Cy^{α2} ‖ u x ‖_L2_{(ϵ,1)},

where θ/γ + 1/2 + 1/q = 1, α_2 ≥ 0 and qα_2 − m < 1, that is,

(2.39) α_2 < n q = n ( 1 2 − θ γ ) .

Obviously, by (2.7),

x^{m−1}u^2(t, x) = ∫_x ϵ ∂_y [y^{m−1}u^2(t, y)]dy ≤ C ∫_∞ ϵ ( u^2_y + u^2

y^2 ) y^mdy ≡ A^2(t), with A(t) ∈ L^2(0, T ), which results in (2.40) u(t, x) ≤ CA(t) x^{−(m−1)/2}, x ≥ ϵ, t ∈ [0, T ]. Therefore by (2.38), (2.40), (2.7) and (2.8),

(2.41)

∫_T 0 ∫_1 ϵ ρ|u| ∫_y ϵ ρ^θ|u|x^{m−1}dxdydt ≤ C ∫_T 0 A(t)‖ u x ‖_L2_{(ϵ,1)}

∫_1 ϵ ρy^{α2− m} �1_2 dydt ≤ C sup_{[0,T ]}

∫_1 ϵ ρ(·, y)y^{α2− m} �1_2 dy

≤ C sup_{[0,T ]} ‖ρ(·)‖_Lγ_{(ϵ,1)} [∫_1 ϵ y^{− (3m} �2α_2�1)γ 2(γ�1)^{+m}dy

]^{(γ}�^{1)}_γ

≤ C, where α_2 satisfies−^{(3m−2α2−1)γ}

2(γ−1) + m > −1, i.e.

α_2 > n γ − 4 − n 2 , which together with (2.39) shows that θ should satisfy

(2.42) θ < 2 n γ − 1. Recalling Young’s inequality and the fact that (2.42) gives 2θ ≤ γ, we deduce for θ < 2γ/n − 1 that | | | | | ∫_T 0 ∫_∞ ϵ ρ^θ|u| |ψ_x|dx dt | | | | | ≤ C ∫_T 0 ∫_∞ ϵ ( u^2

x^2

+ ρ^{2θ} ) x|ψ_x|dx dt

≤ C ∫_T 0 ∫_∞ ϵ ( u^2

x^2

+ 1 + ρ^γ ) x|ψ_x|dx dt ≤ C. Inserting the above inequality and (2.41) into (2.37), we obtain

(2.43) | | | | ∫_T 0 ∫_∞ ϵ ρ^θuψ_x ∫_∞ x ρuϕ dydxdt | | | | ≤ C.

The terms ∫_T 0 ∫_∞ ϵ ρ^θu_xψ ∫_∞ x ρuϕ dydxdt and ∫_T 0 ∫_∞ ϵ ρ^θux^{−1}ψ ∫_∞ x ρuϕ dydxdt in I_4 can be estimated, following the same arguments as used in the derivation of (2.43).

Step 4. Estimate of ∫_T 0 ∫_∞ ϵ I_4 dxdt for γ >^{2n}_{4−n} First we notice that the estimate (2.37) still holds. To derive bounds for the first term on the right-hand side of (2.37), we apply Hölder’s inequality to arrive at

(2.44)

| | | | ∫_y ϵ ρ^θ |u| x x^m dx | | | | ≤ y^{α4} | | | | ∫_y ϵ ρ^θ |u| x x^{−α4} x^m dx | | | | ≤ Cy^{α4} ‖ρ‖^θ_Lγ+θ_{(ϵ,1)}‖ u x ‖_L2_{(ϵ,1)}‖x^{−α4} ‖_Lq_{(ϵ,1)} ≤ Cy^{α4} ‖ρ‖^θ_Lγ+θ_{(ϵ,1)}‖ u x ‖_L2_{(ϵ,1)}, y ∈ [0, 1],

where^θ_{γ+θ} +^1_2 +^1_q = 1 (i.e. q =^{2(γ+θ)}_{γ−θ} > 2) and qα_4 < m + 1, that means that α_4 should satisfy

(2.45) α_4 < n 2 − nθ γ + θ . Similarly (also by (2.7)–(2.8)),

(2.46)

∫_1 ϵ ρ|u| y^{α4} dy ≤ C A^{2q} (t) ∫_1 ϵ ρ^{12 − 1q} |u|^{1− 2q} ρ^{12 + 1q} y^{α4− m} �1_{q −m} y^mdy ≤ C A^{2q} (t)‖ρ^{12} u‖^{1− 2q}_{L2(ϵ,1)}‖ρ‖^{12 + 1q}_{Lγ(ϵ,1)}‖y^{α4− m} �1_{q −m} ‖_Lp_{(ϵ,1)} ≤ C A^{2q} (t), where^1_2 (1 −^2_q ) +^1_γ (^1_2 +^1_q ) +^1_p = 1 and p(m +^{m−1}_q − α_4) < m + 1. Therefore,

n − 1 + n − 2 q − n ( 1 − 1 γ ) ( 1 2 + 1 q ) < α_4, which combined with (2.45) and q =^{2(γ+θ)}_{γ−θ} implies that θ < 2γ/n−1. Combining (2.44) with (2.46), utilizing Young’s inequality, (2.7) and recalling ψ(x) = x^m for x ∈ [0, 1], we obtain under (2.42) that

(2.47) ∫_T 0 ∫_1 ϵ ρ|u| ∫_y ϵ ρ^θ|u|x^{m−1} dxdydt ≤ δ 2 ∫_T 0 ∫_1 ϵ ρ^{γ+θ}ψ dxdt + C(δ). From (2.40) it follows that ∫_T 0 ∫_∞ ϵ ρ^θ|u| |ψ_x|dxdt ≤ ∫_T 0 ∫_1 ϵ ρ^θ |u| x ψ dxdt + C ∫_T 0 A(t) ∫_∞ 1 ρ^θ|ψ_x|dx ≤ C ∫_T 0 ∫_∞ ϵ { ρ^{2θ} + u^2 x^2 } ψ dxdt + C ∫_T 0 A(t) ∫_∞ 1 (1 + ρ^γ)|ψ_x|dx ≤ δ 2 ∫_T 0 ∫_1 ϵ ρ^{γ+θ}ψ dxdt + C(δ).

Inserting the above estimate and (2.47) into (2.37), we conclude

(2.48) | | | | ∫_T 0 ∫_∞ ϵ ρ^θuψ_x ∫_∞ x ρuϕ dydxdt | | | | ≤ δ ∫_T 0 ∫_1 ϵ ρ^{γ+θ}ψdxdt + C(δ).

We can use the same arguments as used in the derivation of (2.48) to bound the terms ∫_T 0 ∫_∞ 0 ρ^θu_xψ ∫_∞ x ρuϕ dydxdt and ∫_T 0 ∫_∞ 0 ρ^θux^{−1}ψ ∫_∞ x ρuϕ dydxdt. Step 5. Estimate of ∫_T 0 ∫_∞ ϵ I_5 dxdt and ∫_T 0 ∫_∞ ϵ I_6 dxdt We make use (2.40) to arrive at

(2.49)

| | | | ∫_T 0 ∫_∞ ϵ ρ^θψ ∫_∞ x ρu^2 y ϕ dydxdt | | | | = | | | | ∫_T 0 ∫_∞ ϵ ρu^2 y ϕ ∫_y ϵ ρ^θψ dxdydt | | | | ≤ C ∫_T 0 A^2(t) ∫_∞ ϵ ρϕ y^m ∫_y ϵ ρ^θψ dxdydt ≤ C sup_{t∈[0,T ]} ∫_1 ϵ ρ y^m ∫_y ϵ ρ^θx^m dxdy + sup_{t∈[0,T ]} ∫_∞ 1 ρϕ ∫_y ϵ ρ^θψ dxdy.

Here the right hand side of (2.49) can be bounded as follows, using (2.8) and (2.42).

(2.50) ∫_∞ 1 ρϕ ∫_y ϵ ρ^θψdx dy ≤ C ∫_∞ 1 ρϕ dy ∫_∞ ϵ (1 + ρ^γ )ψdx ≤ C,

and

(2.51)

∫_1 ϵ ρ y^m ∫_y ϵ ρ^θx^mdx dy ≤ ∫_1 ϵ ρy^{α3−m}dy ∫_1 ϵ ρ^θx^{−α3+m}dx ≤ C‖ρ‖^{θ+1}_{Lγ(ϵ,1)}‖y^{α3−2m}‖_L γ_γ�_{1 (ϵ,1)}‖x^{−α3} ‖_L γ_γ�_{θ (ϵ,1)} ≤ C, where α_3 satisfies^{(α3−2m)γ}_{γ−1} + m > −1 and −^{α3γ}_{γ−θ} + m > −1, that is,

n − 2 + n γ < α_3 < n − nθ γ ,

which gives (2.42). Therefore, under (2.42) we conclude by (2.49)–(2.51) that

(2.52) | | | | | ∫_T 0 ∫_∞ ϵ ρ^θψ ∫_∞ x ρu^2 y ϕ dydxdt | | | | | ≤ C

Finally, we derive bounds for the integral of I_6. Using (2.7) and (2.8), taking into account ϕ_x(x) = 0 for x ∈ [0, 1], we easily find that

(2.53)

∫_T 0 ∫_∞ ϵ ρ^θψ ∫_∞ x [ ρu^2 + ρ^γ + |u_y| + |u| y ] |ϕ_y| dydx ≤ C ∫_T 0 ∫_∞ ϵ (1 + ρ^γ)ψdx ∫_∞ 1 [ 1 + ρu^2 + ρ^γ + u^2_y + u^2 y^2 ] |ϕ_y| dy ≤ C. Integrating (2.28) over (ϵ, ∞) × (0, T ), summing up (2.28), (2.29), and (2.36), (2.43), (2.48), (2.52), (2.53) and the related estimates for the other terms of I_j (1 ≤ j ≤ 6), we obtain the lemma by choosing δ appropriately small. �

III. Proof of Theorem 1.1

In this section we extract a limiting solution (ρ, u) from the approximate solution sequence (ρ_ϵ, u_ϵ) of (2.5), (2.6), and thus obtain a global weak solution of (1.1), (1.2).

First we extend both u_ϵ(t, x) and ρ_ϵ(t, x) to be zero for 0 ≤ x ≤ ϵ. For simplicity, we still denote by (u_ϵ(t, x), ρ_ϵ(t, x)) this extension. In view of (2.7), (2.8) and Lemma 2.1, we can subtract a subsequence of (ρ_ϵ, u_ϵ), still denoted by (ρ_ϵ, u_ϵ), such that

(3.1) ρ_ϵ ⇀ ρ weak-∗ in L^∞([0, T ], L^γ_{loc}(R^+)) and weakly in L^{2γ} ([0, T ], L^{2γ}_{loc}(R^+)), u_ϵ ⇀ u weakly in L^2([0, T ], H^1_{loc}(R^+)).

Moreover, from the lower semicontinuity, (2.4), (2.7) and (2.8), we get

(3.2) ρ ∈ L^∞([0, T ], L^γ (R^+)) ∩ L^{2γ}([0, T ], L^{2γ}_{loc}(R^+)), u_x, u/x ∈ L^2([0, T ], L^2(R^+)).

In the sequel, we show that (ρ, u) obtained in (3.1) is indeed a weak solution of (1.1), (1.2). By virtue of (2.7)–(2.8), Lemma 2.1 and Hölder’s inequality, ρ^θ_ϵ ∂_xu_ϵ ∈ L^{2γθ+γ} ([0, T ], L 2γ θ+γ loc (R^+)). So for any 0 < θ < γ we can subtract a subsequence of

ρ^θ_ϵ ∂_xu_ϵ such that it is weak-convergent in L^{2γθ+γ} ([0, T ], L 2γ θ+γ loc (R^+)). Similarly, ρ^{γ+θ}_ϵ ,

ρ^γ_ϵ , ρ^θ_ϵ are weak-convergent in L^{2γθ+γ} ([0, T ], L 2γ θ+γ loc (R^+)), in L^2([0, T ], L^2_{loc}(R^+)) and in L^{2γθ} ([0, T ], L^{2γθ}_{loc}(R^+)), respectively. For the sake of convenience we denote by f(ρ) the weak limit of f(ρ_ϵ) (in the sense of distributions) as ϵ → 0. Now, we prove

Lemma 3.1. For any 0 < θ < γ, we have a ρ^{γ+θ} − μ Q = a ρ^γ ρ^θ − μ ρ^θ u_x, where Q is the weak limit of ρ^θ_ϵ ∂_xu_ϵ.

Proof. Let ϕ ∈ C^∞_0 (R^+). Multiplying (2.5)_2 by ϕ and integrating then the resulting equation over (ϵ, ∞), using (2.23) and following the same procedure as in the proof of (2.15) (cf. (2.28)), we find that

(3.3) ρ^θ_ϵ [ a ρ^γ_ϵ − μ ∂_xu_ϵ − μ m u_ϵ x ] ϕ = ∂_t [ ρ^θ_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy ] + ∂_x [ u_ϵρ^θ_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy ]

+ [ mθρ^θ_ϵ u_ϵ x − (1 − θ)ρ^θ_ϵ ∂_xu_ϵ ] ∫ ∞ x ρ_ϵu_ϵϕ dy − ρ^θ_ϵ ∫_∞ x (ρ_ϵu^2_ϵ + aρ^γ_ϵ )ϕ_y dy + mρ^θ_ϵ ∫_∞ x ρ_ϵu^2_ϵ y ϕ dy + μ ρ^θ_ϵ ∫_∞ x [ ∂_yu_ϵ + m u_ϵ y ] ϕ_ydy. Let r_1, r_2 be arbitrary positive numbers with r_1 < r_2 and denote by I the open interval (r_1, r_2). By (2.7), (2.8) and Lemma 2.1, u_ϵ ∈ L^2([0, T ], H^1(I)) and ρ_ϵ ∈ L^∞([0, T ], L^γ (I)) ∩ L^2([0, T ], L^2(I)), while by (2.5)_1 one sees that

(3.4) ∂_tρ_ϵ ∈ L^∞([0, T ], W^{−1, 2γγ+1} (I)) + L^∞([0, T ], L^{2γγ+1} (I)).

Hence, applying Lemma 5.1 of [12], we obtain

(3.5) ρ_ϵu_ϵ ⇀ ρu in D^′((0, T ) × I),

and due to ρ_ϵu_ϵ ∈ L^2([0, T ], L^γ (I)), (3.5) in fact holds weakly in L^2([0, T ], L^γ (I)). Moreover, ∫_∞ x ρ_ϵu_ϵϕ dy ∈ L^2([0, T ], W^{1,γ} (I)). From (2.9) we get

∂_t [∫_∞ x ρ_ϵu_ϵϕ dy ] ∈ L^∞((0, T ) × I) + L^2((0, T ) × I) + L^∞([0, T ], L^1(I)).

Thus, by the classical Lions-Aubin Lemma, we obtain ∫_∞ x ρ_ϵu_ϵϕ dy → ∫_∞ x ρuϕ dy stronly in L^2([0, T ], L^p(I)),

p < ∞ if γ = 1, and p = ∞ if γ > 1.

Consequently,

(3.6) ρ^θ_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy ⇀ ρ^θ ∫_∞ x ρuϕ dy in D^′((0, T ) × I), ρ^θ_ϵ ∂_xu_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy ⇀ Q ∫_∞ x ρuϕ dy in D^′((0, T ) × I), and due to ρ^θ_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy ∈ L^2((0, T ) × I), (3.6)_1 in fact holds weakly in L^2((0, T ) × I).

Analogously to (3.5), we can prove that

(3.7) ρ_ϵu^2_ϵ = ρ_ϵu_ϵ · u_ϵ ⇀ ρu^2 inD^′((0, T ) × I),

and (3.7) in fact holds weakly in L^{4γ2γ+1} ([0, T ], L^{4γ2γ+1} (I)) because of ρ_ϵu^2_ϵ ∈ L^{4γ2γ+1} ([0, T ], L^{4γ2γ+1} (I)), which can be shown as follows using Lemma 2.1 and (2.40):

(3.8) ∫_T 0 ∫ I ρ 4γ 2γ+1 ϵ u 8γ 2γ+1 ϵ dxdt ≤ C ∫_T 0 ∫ I (ρ^{2γ}_ϵ + A^2(t)ρ_ϵu^2_ϵ )dxdt ≤ C.

By virtue of (3.7) and Lebesgue’s dominated convergence theorem we easily see that ∫_∞ x ρϵu2ϵ y ϕ dy ⇀ ∫_∞ x ρu2 y ϕ dy weakly or weak-∗ in L^p((0, T ) × I) for any p ∈ (1, ∞], while by (2.23), (2.7), (2.8), Lemma 2.1 and (2.40), we have ∂_tρ^θ_ϵ ∈ L^1((0, T ) × I) + L^2([0, T ], W^{−1,2γ/θ}(I)). Thus, we get in the same manner as in the proof of (3.5) that

(3.9)

{ ρ^θ_ϵ ∫_∞ x ρ_ϵu^2_ϵ y ϕ dy, ρ^θ_ϵ ∫_∞ x ρ_ϵu^2_ϵ ϕ_y dy, ρ^θ_ϵ ∫_∞ x ρ^γ_ϵ ϕ_y dy, ρ^θ_ϵ ∫_∞ x ∂_y u_ϵϕ_y dy, ρ^θ_ϵ ∫_∞ x u_ϵ y ϕ_y dy, ρ^θ_ϵ u_ϵ x } ⇀ { ρ^θ ∫_∞ x ρu^2 y ϕ dy, ρ^θ ∫_∞ x ρu^2ϕ_y dy, ρ^θ ∫_∞ x ρ^γϕ_y dy, ρ^θ ∫_∞ x u_yϕ_y dy, ρ^θ ∫_∞ x u y ϕ_y dy, ρ^θ u x } in D^′((0, T ) × I).

From (3.3), Lemma 2.1 and (2.40) we get ∂_t[ρ^θ_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy] ∈ L^1((0, T ) × I) +L^2((0, T ), W^{−1,2γ/θ} (I)). Thus, applying (3.6)_1 and Lemma 5.1 in [12], we find that

(3.10) u_ϵρ^θ_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy ⇀ u ρ^θ ∫_∞ x ρuϕ dy in D^′((0, T ) × I). In the same way we obtain

(3.11) u_ϵ x ρ^θ_ϵ ∫_∞ x ρ_ϵu_ϵϕ dy ⇀ u x ρ^θ ∫_∞ x ρuϕ dy in D^′((0, T ) × I). Letting ϵ → 0 in (3.3), and employing (3.6) and (3.9)–(3.11), we arrive at

(3.12)

[ a ρ^{γ+θ} − μ Q − μ m ρ^θ u x ] ϕ = [ ρ^θ ∫_∞ x ρuϕ dy ] t + [ u ρ^θ ∫_∞ x ρuϕ dy ] x + [ mθ ρ^θ u x − (1 − θ)Q ] ∫ ∞ x ρuϕ dy − ρ^θ ∫_∞ x (ρu^2 + a ρ^γ )ϕ_y dy + m ρ^θ ∫_∞ x ρu^2 y ϕ dy + μ ρ^θ ∫_∞ x [ u_y + m u y ] ϕ_ydy in the sense of distributions. On the other hand, with the help of (3.5), (3.7) and (3.9), we have by taking ϵ → 0 in (2.5) and (2.23) that

(3.13)

∂_tρ + (ρu)_x + m ρu x = 0,

(ρu)_t + [ ρu^2 + a ρ^γ ] x + mρu^2 x = μ u_{xx} + μ m [ u x ] x ,

(3.14) ∂_tρ^θ + ∂_x(uρ^θ) + mθρ^θu x = (1 − θ)Q

in D^′((0, T ) × R^+). If we multiply the equation (3.13)_2 by ϕ, integrate then over (x, ∞) and use (3.14), we obtain by arguments similar to those used for (3.3) (also cf. the derivation of (2.15)) that

(3.15)

[ a ρ^γ ρ^θ − μ ρ^θ u_x − μ m ρ^θ u x ] ϕ = [ ρ^θ ∫_∞ x ρuϕ dy ] t + [ u ρ^θ ∫_∞ x ρuϕ dy ] x + [ mθ ρ^θ u x − (1 − θ)Q ] ∫ ∞ x ρuϕ dy − ρ^θ ∫_∞ x (ρu^2 + a ρ^γ )ϕ_y dy + m ρ^θ ∫_∞ x ρu^2 y ϕ dy + μ ρ^θ ∫_∞ x [ u_y + m u y ] ϕ_ydy.

Comparing (3.12) with (3.15), we infer that (a ρ^θ ρ^γ − μ ρ^θu_x)ϕ = (a ρ^{γ+θ} − μ Q)ϕ, which proves the lemma. �

Remark 3.1. As noted by Hoff in [3–5], the viscous flux F_ϵ := aρ^γ_ϵ − μ ∂_xu_ϵ − μmu_ϵ/x is a good term, which embodies smoothing properties of parabolic parts in the system (1.1). This can be seen by the limit F_ϵρ^θ_ϵ ⇀ F ρ^θ, which follows easily from Lemma 3.1 and the proof of Lemma 3.1.

The following lemma shows that although we do not know whether ρ is L^2-integrable for γ < γ_n, we can prove the L^{2/θ}-integrability of ρ^θ − ρ^θ, which suffices to exclude the concentration of mass at the origin (cf. (3.26)).

Lemma 3.2. Let 0 < θ < 1 satisfy^1_2 (1 − θ + √ 1 + 6θ + θ^2) ≤ γ. Then

ρ^θ − ρ^θ ∈ L^{2/θ}([0, T ], L^{2/θ}(0, 1)).

Proof. By Lemma 3.1 we have

(3.16) a(ρ^{γ+θ} − ρ^γ ρ^θ) = μ(Q − ρ^θ u_x).

By virtue of convexity, ρ^{γ+θ} ≥ ρ^{γ γ+θγ} , ρ^γ ≥ ρ^γ and ρ^θ ≥ ρ^θ. Hence,

(3.17) ρ^{γ+θ} − ρ^γ ρ^θ ≥ ρ^{γ γ+θγ} − ρ^γ ρ^θ = ρ^γ ( ρ^{γ θγ} − ρ^θ )

≥ ρ^γ (ρ^θ − ρ^θ) ≥ 0.

It is easy to see that by (2.7) and (2.8), ρ^θ_ϵ ∂_xu_ϵ, ρ^θu_x ∈ L^{2γγ+2θ} ([0, T ], L^{2γγ+2θ} (0, 1)). Therefore, Q and ρ^θu_x ∈ L^{2γγ+2θ} ([0, T ], L^{2γγ+2θ} (0, 1)), which together with (3.16) and (3.17) gives

(3.18) ρ^γ (ρ^θ − ρ^θ) ∈ L^{2γγ+2θ} ([0, T ], L^{2γγ+2θ} (0, 1)).

Recalling 2 −^{2γθ}_{γ+2θ} ≤^{2γ2}_{γ+2θ} when θ satisfies^1_2 (1 − θ + √ 1 + 6θ + θ^2) ≤ γ, using (3.18) and Young’s inequality, we thus obtain ( ρ^θ − ρ^θ ) 2_θ = ( ρ^θ − ρ^θ )^{2γ}_{γ+2θ} ( ρ^θ − ρ^θ ) 2_{θ −}^{2γ}_{γ+2θ}

≤ C ( ρ^θ − ρ^θ )^{2γ}_{γ+2θ} ρ^{2− 2γθγ+2θ} ≤ C ( ρ^θ − ρ^θ ) 2γ_{γ+2θ} ( 1 + ρ^{2γ2γ+2θ} )

≤ C { 1 + ρ^γ + ( ρ^θ − ρ^θ )^{2γ}_{γ+2θ} ρ^{2γ2γ+2θ} } ∈ L^1([0, T ], L^1(0, 1)),

which proves the lemma. � Lemma 3.3. The eatimate (1.6) in Theorem 1.1 holds for (ρ, u), and ρ, ρ^θ 1 θ ∈ L^∞([0, T ], L^1(R^+)).

Proof. Taking into account that aρ^γ_ϵ /(γ − 1) ≤ ψ(ρ_ϵ) + Cϵ^γ(1 + ρ^γ_ϵ ), we use (3.7), (3.1), and (2.7), (2.4) and (2.8) to deduce that any δ, N > 0, ∫_N δ [ρu^2 + ψ(ρ)](t, x)x^m dx + μ ∫_T 0 ∫_N δ [ u^2_x + m u^2 x^2 ] y^mdxdt

≤ lim inf_{ϵ→0} {∫_N δ [ ρ_ϵu^2_ϵ + ρ^γ_ϵ γ − 1 ) ] x^mdx + μ ∫_T 0 ∫_N δ [ (u_ϵ)^2_x + m u^2_ϵ x^2 ] y^mdxdt }

≤ ∫_∞ 0 [ m^2_0 ρ_0

+ ψ(ρ_0) ] x^mdx + lim inf_{ϵ→0} { Cϵ^γ ∫_N δ (1 + ρ^γ_ϵ )x^mdx }

= ∫_∞ 0 [ m^2_0 ρ_0

+ ψ(ρ_0) ] x^mdx, which, by taking δ → 0 and N → ∞, gives (1.6).

Let ϕ_k ∈ C^∞_0 (R^+) satisfying ϕ(x) = 0 for x ≤ 1 or x ≥ k + 1 and ϕ_k(x) = 1 for 2 ≤ x ≤ k. Using (3.4) and (2.8), applying Lemma C.1 of [11, Appendix C], we obtain ρ ∈ C^0([0, T ], L^γ_{loc}(R^+) − w). Hence, if we multiply (3.13)_1 by x^mϕ^2_k, integrate the resulting equation over (0, t) × R^+ and integrate by parts, we find that ∫_∞ 0 ρ(t, x)ϕ^2_k x^mdx ≤ ∫_∞ 0 ρ_0ϕ^2_kx^mdx + C ∫_t 0 ∫_∞ 0 ϕ_k|∂_xϕ_k| ρ |u|x^m dxds ≤ C + ∫_t 0 ∫_∞ 0 ρϕ^2_kx^m dxds + C ∫_t 0 ∫_∞ 1 ρu^2x^m dxds ≤ C + ∫_t 0 ∫_∞ 0 ρϕ^2_kx^m dxds, which, by applying Gronwall’s inequality, implies ∫_∞ 0 ρϕ^2_kx^mdx ≤ C, where C is a positive constant independent of k. So, letting k → ∞, we get ∫_∞ 2 ρ(t, x)x^mdx ≤ C for any t ∈ [0, T ]. On the other hand,

∫_2 0 ρ(t, x)x^mdx ≤ C ∫_2 0 (1 + ρ^γ)x^mdx ≤ C. Thus,

ρ ∈ L^∞([0, T ], L^1(R^+)). By convexity we have ρ^{θ 1θ} ≤ ρ, which proves the lemma. � Now, we are in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Using the equations (2.5), recalling (3.8) and (3.4), we have [ρ_ϵ]_t ∈ L^∞([0, T ], W^{−1,} 2γ γ+1 loc (R^+)), [ρ_ϵu_ϵ]_t ∈ L^{4γ2γ+1} ([0, T ], W^{−1,} 4γ 2γ+1

loc (R^+)). So, we obtain by Lemma C.1 in [11, Appendix C] that

(3.19) lim_{ϵ→0} ∫_∞ 0 ρ_ϵ(t, x)ϕ(x)x^m dx = ∫_∞ 0 ρ(t, x)ϕ(x)x^m dx ∈ C^0([0, T ]), lim_{ϵ→0} ∫_∞ 0 (ρ_ϵu_ϵ)(t, x)ϕ(x)x^m dx = ∫_∞ 0 (ρu)(t, x)ϕ(x)x^m dx ∈ C^0([0, T ]) for any ϕ ∈ C^∞_0 (R^+). By a density argument we find that (3.19) holds for any ϕ ∈ L^{2γγ}�^1 (R^+) with supp ϕ ⊂⊂ R^+_0 . Therefore, (1.3)_2 and (1.3)_3 are satisfied by taking into account (2.1). Thus, in view of (3.1), (3.2), Lemmas 2.1, 2.2 and 3.3, we see that to complete the proof of Theorem 1.1, there remains only to prove that (1.4), (1.5) hold for (ρ, u).

Let θ ∈ (0, 1) satisfy the condition of Lemma 3.2. First notice that by convexity, ρ^{γ+θ} γ γ+θ ≥ ρ^γ and ρ^{γ+θ θγ+θ} ≥ ρ^θ. Hence, we deduce from Lemma 3.1 that

(3.20) Q ≥ ρ^θ u_x.

Using the first equation of (3.13), we get, analogously to (2.13) (also see the proof of (2.23)), that

(3.21) ∂_tρ^θ + ∂_x(uρ^θ) + mθρ^θu x = (1 − θ)u_xρ^θ.

Thus, subtracting (3.14) from (3.21) and employing (3.20), we get

∂_t(ρ^θ − ρ^θ)) + ∂_x(u(ρ^θ − ρ^θ)) + mθu x (ρ^θ − ρ^θ)) ≤ (1 − θ)(ρ^θ − ρ^θ)u_x.

Now, we multiply the above inequality by x^{mθ} to get (3.22) ∂_tf + ∂_x(uf) ≤ (1 − θ)fu_x, where f ≡ f(t, x) := x^{mθ}(ρ^θ − ρ^θ). Note that f ≥ 0 by convexity.

Next, we claim that

(3.23) ∂_tf^{1/θ} + ∂_x(uf^{1/θ}) ≤ 0 in D^′((0, T ) × R^+).

In fact, applying the mollifier to (3.22), we have (cf. (2.11))

(3.24) ∂_tf_δ + ∂_x(uf_δ) ≤ (1 − θ)u_xf_δ + r_δ,

where f_δ(t, x) = f(t, ·) ∗ j_δ and r_δ(t, x) = [uf_δ]_x − [uf]_x ∗ j_δ + (1 − θ)[(u_xf) ∗ j_δ − u_xf_δ]. By Lemma 2.1, f ∈ L^{2γ/θ}_{loc} ([0, T ] × R^+). So, we apply Lemma 2.3 of [11] to conclude that r_δ → 0 in L^q_{loc}([0, T ] × R^+) as δ → 0, with^1_q =^1_2 +^θ_{2γ} . Now, multiplying (3.24) by 1 θ f^{1/θ−1} δ , we infer that ∂_tf^{1/θ}_δ + ∂_x(uf^{1/θ}_δ ) ≤ 1 θ r_δf^{1/θ−1} δ , which, by taking δ → 0 and noticing that f^{1/θ−1} ∈ L 2γ 1�θ_{loc} ([0, T ] × R+), yields (3.23).

Using the equations (3.14) and (3.21), recalling u_xf^{1/θ} , f^{1/θ−1}x^{mθ} (ρ^θu_x − Q) ∈ L 2γ γ+1 loc ([0, T ] × R^+) because of ρ^θu_x, Q ∈ L 2γ γ+θ loc ([0, T ] × R^+), we have similarly to (3.23) that

∂_tf^{1/θ} + ∂_x(uf^{1/θ} ) = (1 − θ^{−1}) ( u_xf^{1/θ} − f^{1/θ−1}x^{mθ}(ρ^θu_x − Q) ) , which implies ∂_tf^{1/θ} ∈ L^{2γγ+1} ([0, T ], W^{−1,} 2γ γ+1 loc (R^+)). Hence, Lemma C.1 of [11, Appendix C] yields

(3.25) f^{1/θ} ∈ C^0([0, T ], L^{2γ}_{loc}(R^+) − w).

Now, take ϕ_ϵ ∈ C^∞_0 (R^+) satisfying

ϕ_ϵ(x) = { 0, x ≤ ϵ/2 or x ≥ ϵ^{−1} + 1, 1, ϵ ≤ x ≤ ϵ^{−1}, and |∂_xϕ_ϵ(x)| ≤ Cϵ^{−1} for x ≤ ϵ and |∂_xϕ_ϵ(x)| ≤ C for x ≥ ϵ^{−1}. Noting that f(0, x) = 0, we multiply (3.23) with ϕ_ϵ, integrate it over (0, t) × (0, ∞) and utilize (3.25) to find that

(3.26) ∫_∞ 0 f^{1/θ}(t, x)ϕ_ϵ(x)dx ≤ C ϵ ∫_t 0 ∫_ϵ 0 |u|f^{1/θ} dxds + C ∫_t 0 ∫_∞ 1/ϵ |u|f^{1/θ} dxds. From Lemmas 3.2 and 3.3, (2.40) and Cauchy-Schwarz’s inequality it follows that x^{−1}uf^{1/θ} ∈ L^1((0, T ) × (0, 1)), uf^{1/θ} ∈ L^1((0, T ) × (1, ∞)). Hence, letting ϵ → 0 in (3.26), we obtain for any T > 0 that f^{1/θ} = 0 a.e. on (0, T ) × R^+_0 . This implies

ρ^θ(t, x) = ρ^θ(t, x), a.e. (t, x) ∈ R^+ × R^+.

Hence by the convexity, the Young measure associated with {ρ_ϵ(t, x)} is the Dirac mass (see [21], [9], [19]), and by Proposition 3.1.7 in [9] and Lemma 2.1, we have

(3.27) ρ_ϵ → ρ strongly in L^p_{loc}(R^+_0 × R^+) ∀ p < 2γ.

Noticing that ρ^ϵ, ρ ∈ L^∞([0, T ], L^γ (0, N)) and ρ^ϵu^ϵ, ρu ∈ L^∞([0, T ], L^{2γγ+1} (0, N)) uniformly in ϵ for any N > 0, we have by (3.27), (3.5) and Young’s inequality that for any N > 0, (3.28) ρ^ϵ → ρ in L^1([0, T ], L^1(0, N)), ρ^ϵu^ϵ ⇀ ρu in L^∞([0, T ], L^{2γγ+1} (0, N)).

Since the weak solution (ρ^ϵ, u^ϵ) of (2.5), (2.6) satisfies (1.4) in (0, ∞) × (ϵ, ∞) (also see [3]), we infer, recalling ρ^ϵ(t, x) = 0 for x ≤ ϵ, that

(3.29) ∫_∞ 0 ρ^ϵφx^m dx|^{t2}_{t1} − ∫_∞ 0 ∫_∞ 0 (ρ^ϵφ_t + ρ^ϵu^ϵφ_x)x^m dx dt = 0

for any φ ∈ C^1_0 (R × R^+_0 ). We take ϵ → 0 in (3.29), and use (3.28) and (3.19) to see that (1.4) is satisfied.

Next, we use the method of shielding test functions (cf. [3, 1]) to show that (ρ, u) satisfies (1.4) and (1.5). To do this, we take a cut-off function χ^h ∈ C^∞_0 (R^+) satisfying χ^h(x) = 0 for 0 ≤ x ≤ h and χ^h(x) = 1 for x ≥ 2h. Recalling (1.3)_2, we multiply (3.13)_2 by χ^h(x)φ(t, x)x^m in L^2((t_1, t_2) ×R^+), where φ ∈ C^∞_0 (R×R^+_0 ) with φ(t, 0) = 0, integrate by parts and use (3.27) to deduce that

(3.30)

∫_∞ 0 ρuχ^hφx^mdx|^{t2}_{t1} − ∫_{t2} t1 ∫_∞ 0 [ ρuφ_t + ρu^2φ_x + aρ^γ ( φ_x + mφ x )] χ^hx^mdxdt − ∫_{t2} t1 ∫_∞ 0 (ρu^2 + aρ^γ )φ∂_xχ^hx^m dxdt = −μ ∫_{t2} t1 ∫_∞ 0 {( u_xφ_x + muφ x^2 ) χ^h + u_xφ∂_xχ^h } x^m dxdt.

Since φ(t, 0) = 0, |φ(t, x)∂_xχ^h(x)| ≤ Ch^{−1}|φ(t, x)| ≤ C for any 0 ≤ x ≤ 2h and any t. Thus, with the help of Lebesgue’s dominated convergence theorem and (1.6), we find that ∫_{t2} t1 ∫_∞ 0 (ρu^2 + ρ^γ + |u_x|)|φ∂_xχ^h|x^m dxdt ≤ C ∫_{t2} t1 ∫_{2h} h (ρu^2 + ρ^γ + |u_x|)x^m dxdt → 0, as h → 0. Taking h → 0 in (3.30) and employing the above estimate, we see that (ρ, u) satisfies (1.5) for any φ ∈ C^∞_0 (R × R^+_0 ) with φ(t, 0) = 0. Moreover, a density argument shows that (1.5) still holds for any φ ∈ C^1_0 (R × R^+_0 ) with φ(t, 0) = 0. This completes the proof of Theorem 1.1. �

Acknowledgements. Ping Zhang would like to thank Professor D. Hoff for giving him the papers [3] and [4]. This work was supported by the CNSF, the Climbing Project, the Ministry of Education and the CAEP of China.

References

1. L. C. Evans, Weak Convergence Methods for Nonlinear Partial Differential Equations, CBMS 74, AMS, Providence, R.I., 1990.

2. H. Fujita-Yashima, R. Benabidallah, Equation à symétrie sphérique d’un gaz visqueux et calorifère avec la surface libre, Ann. Mat. Pura Appl. CLXVIII (1995), 75-117.

3. D. Hoff, Spherically symmetric solutions of the Navier-Stokes equations for compressible, isothermal flow with large discontinuous initial data, Indiana Univ. Math. J. 41 (1992), 1225-1302.

4. , Global solutions of the Navier-Stokes equations for multidimensional compressible flow with discontinuous initial data, J. Diff. Eqs. 120 (1995), 215-254.

5. , Strong convergence to global solutions for multidimensional flows of compressible, viscous fluids with polytropic equations of state and discontinuous initial data, Arch. Rat. Mech. Anal. 132 (1995), 1-14.

6. S. Jiang, Global spherically symmetric solutions to the equations of a viscous polytropic ideal gas in an exterior domain, Comm. Math. Phys. 178 (1996), 339-374.

7. , Global solutions of the Cauchy problem for the equations of a viscous polytropic ideal gas, Ann. Scuola Norm. Sup. Pisa 26 (1998), 47-76.

8. , Large-time behavior of solutions to the equations of a viscous polytropic ideal gas, Ann.

Mat. Pura Appl. CLXXV (1998), 253-275.

9. J.L. Joly, G. Métivier, J. Rauch, Focusing at a point and absorption of nonlinear oscillations, Trans. Amer. Math. Soc. 347 (1995), 3921-3970.

10. T. Kobayashi, Y. Shibata, Decay estimates of solutions to the equations of motion of compressible viscous and heat-conductive gases in an exterior domain in R3, Comm. Math. Phys. 200 (1999), 621-659.

11. P.-L. Lions, Mathematical Topics in Fluid Mechanics, Vol. 1, Incompressible Models, Oxford Science Publications, Clarendon Press, Oxford, 1996.

12. , Mathematical Topics in Fluid Mechanics, Vol. 2, Compressible Models, Oxford Science Publications, Clarendon Press, Oxford, 1998.

13. , Bornes sur la densité pour les équations de Navier-Stokes compressibles isentropiques avec conditions aux limites de Dirichlet, C.R. Acad. Sci. Paris, Ser. I 328 (1999), 659-662.

14. M. Lu, A.V. Kazhikhov, S. Ukai, Global solutions to the Cauchy problem of the Stokes approximation equations for two-dimensional compressible flows, Comm. PDEs 23 (1998), 985-1006.

15. A. Matsumura, T. Nishida, The initial value problem for the equations of motion of compressible viscous and heat-conductive fluids, Proc. Japan Acad. Ser. A 55 (1979), 337-342.

16. , The initial value problem for the equations of motion of viscous and heat-conductive gases, J. Math. Kyoto Univ. 20 (1980), 67-104.

17. , Initial boundary value problems for the equations of motion of compressible viscous and heat-conductive fluids, Comm. Math. Phys. 89 (1983), 445-464.

18. V.B. Nikolaev, On the solvability of mixed problem for one–dimensional axisymmetrical viscous gas flow, Dinamicheskie zadachi Mekhaniki sploshnoj sredy 63 (1983), Sibirsk. Otd. Acad. Nauk SSSR, Inst. Gidrodinamiki. (Russian) 19. M. Schonbek, Convergence of solutions to nonlinear dispersive equations, Comm. PDEs. 7 (1982), 959-1000.

20. V.A. Solonnikov, The solvability of the initial boundary-value problem for equations of motion of a viscous compressible barotropic liquid in the space W^l+1^{,l/}2+12 (Q_T ), J. Math. Sci. 77 (1995), 3250-3255.

21. L. Tartar, Compensated compactness and applications to partial differential equations, Nonlinear Analysis and Mechanics, Heriot-Watt Symposium, Res. Notes Math. (R.J.Knops, ed.), vol. 39, Pitman Press, 1979.

22. V.A. Vaigant, An example of nonexistence globally in time of a solution of the Navier-Stokes equations for a compressible viscous barotropic fluid, Russian Acad. Sci. Dokl. Math. 50 (1995), 397-399.

23. V.A. Vaigant, A.V. Kazhikhov, On existence of global solutions to the two-dimensional Navier- Stokes equations for a compressible viscous fluid, Siberian J. Math. 36 (1995), 1283-1316.

24. A. Valli, Mathematical results for compressible flows, Mathematical Topics in Fluid Mechanics, Pictman Research Notes in Math. Ser. 274 (J.F. Rodrigues and A. Sequeira, A., eds.), John Wiley, New York, 1992, pp. 193-229.

25. Z. Xin, Blow-up of smooth solutions to the compressible Navier-Stokes equations with compact density, Comm. Pure Appl. Math. 51 (1998), 229-240.

Institute of Applied Physics and Computational Mathematics, P.O. Box 8009, Beijing 100088, China

E-mail address: jiang@mail.iapcm.ac.cn

Institute of Mathematics, Academia Sinica, Beijing 100080, China E-mail address: zp@math03.math.ac.cn