CONVERGENCE OF DIFFUSIVE BGK APPROXIMATIONS FOR NONLINEAR STRONGLY PARABOLIC SYSTEMS

CORRADO LATTANZIO AND ROBERTO NATALINI

Abstract. We study a class of BGK approximations of parabolic systems in one space dimension. We prove stability and existence of global solutions for this model. Moreover, under certain conditions, we prove a rigorous result of convergence toward the formal limit, by using compensated compactness techniques.

1. Introduction

The aim of this paper is the study of a BGK approximation for the following parabolic system in one space dimension { u_t + A(u)_x = B(u)_{xx}, (x, t) ∈ R × R^+ u(x, 0) = u_0(x), x ∈ R, (1.1)

where u ∈ R^N , A : R^N → R^N is a regular function, B(u) verifies

∇B(u) + (∇B(u))^∗ > 0 (1.2)

for any u in a suitable compact domain U ⊂ R^N and u_0 ∈ L^∞(R). A kinetic BGK approximation for the system (1.1) is a semilinear system of balance laws of the form

f^ε_t + ( a(ξ) + b(ξ) √ ε ) f^ε_x = 1 ε (M_f ε − f^ε), (x, t; ξ) ∈ R × R^+ × Ξ f^ε(x, 0; ξ) = f_0(x; ξ), (x; ξ) ∈ R × Ξ.

(1.3)

In the model (1.3), f^ε ∈ R^N ; (Ξ, dξ) is a probability space with Ξ compact (eventually finite); a, b ∈ L^∞(Ξ) and M_f ε is a function defined as follows M_f ε = M(u^ε; ξ, ε), where M : U ⊂ R^N × Ξ × R^+ → R^N is a C^2 function with respect to u, measurable with respect to ξ and u^ε(x, t) = ∫ Ξ f^ε(x, t; ξ)dξ. (1.4) In order to recover the equilibrium system (1.1) from the approximation (1.3) as ε ↓ 0, the functions a, b and M must verify the following compatibility conditions:

1991 Mathematics Subject Classification. Primary 35L65; Secondary 58G16, 58G18. Key words and phrases. BGK models, parabolic systems, relaxation limits. Both the authors are partially supported by TMR-Network “Hyperbolic Systems of Conservation Laws”, contract n^o ERB – FMRX – CT96 – 0033. The second author is also partially supported by TMR-Network “Nonlinear Parabolic Partial Differential Equations: Methods and Applications”, contract n^o ERB – FMRX – CT98 – 0201. 1

(M_1) ∫ Ξ M(w; ξ, ε)dξ = w for any w ∈ U, for any ε ∈ (0, 1];

(M_2) ∫ Ξ ( a(ξ) + b(ξ) √ ε ) M(w; ξ, ε)dξ = A(w) for any w ∈ U, for any ε ∈ (0, 1];

(M_3) ∫ Ξ b(ξ)^2M(w; ξ, ε)dξ = B(w) for any w ∈ U, for any ε ∈ (0, 1];

(M_4) M(w; ξ, ε) → M(w; ξ, 0) as ε ↓ 0, uniformly for any w ∈ U, a.e. in ξ.

If the function M satisfies the above conditions, we call it local Maxwellian Function MF on U. With the above conditions, it is easy to verify that, if u^ε converges to u in a sufficiently strong topology, then u verifies the system (1.1). Indeed, setting

v^ε = ∫ Ξ ( a(ξ) + b(ξ) √ ε ) f^ε(ξ)dξ, we get

u^ε_t + v^ε_x = 0

v^ε_t + ∫ Ξ ( a(ξ) + b(ξ) √ ε )_2

f^ε(ξ)_xdξ = 1 ε (A(u^ε) − v^ε) ,

which gives (1.1) in the limit ε ↓ 0, because

v^ε = A(u^ε) − ∫ Ξ b(ξ)^2f^ε(ξ)_xdξ + O( √ ε). We shall prove this convergence result below, by imposing further conditions on the Maxwellian functions, which will replace the monotoniticy condition considered in [20, 5] for the scalar cases.

The model (1.3) can be obtained via the parabolic scaling (^{x√}_ε ,^t_ε ) of the independent variables for a given semilinear hyperbolic system. This type of scaling was introduced first by Kurtz [15] and McKean [19] in the study of diffusive limits for the Carleman equation. Afterwards, it was used in the analysis of hyperbolicparabolic relaxation limits for weak solutions of hyperbolic systems of balance laws with strongly diffusive source terms by means of compensated compactness techniques. For a partial list of results in this framework, we refer to the paper by Marcati and Rubino [18] and to the references therein.

In the kinetic contest, let us recall the paper by De Masi, Esposito and Lebowitz [10] for the discussion of the diffusion limit of the Boltzmann equation toward the incompressible Navier-Stokes system. Moreover, we recall the recent paper of Lions and Toscani [17] for the proof of the convergence of the diffusion limit for general two velocities models and [14] for various numerical investigations. A recent survey of the results concerning the Bolzmann equation and its various hydrodynamic limits is given in [12].

In the framework of H^s solutions the study of diffusive limits has been performed in [16]. In this paper, the authors consider an appropriate stability condition, similar to the one utilized by Yong in [25, 26] for the hyperbolic-hyperbolic singular limits, to take advantage of the diffusion of the source term in the energy estimates. In our BGK framework, the conditions proposed in the following on the Maxwellian functions have the same rôle of this stability condition.

The interest in the study of a general kinetic BGK model of the form (1.3) comes from some good properties of this kind of approximation, in particular:

• it gives rise to a natural and easy way to design and implement new numerical schemes;

• it allows to study in the same framework either the hyperbolic and the parabolic case, and in particular it allows to use hyperbolic numerical schemes to approximate parabolic systems.

This approximation was proposed in [20] for multi-D hyperbolic conservation laws in the scalar case and in [2] in the case of systems. A rigorous result of convergence toward the scalar equilibrium was proved in [20]. Successively, Denis Serre proved in [21] the convergence of that approximation to equilibrium systems satisfying appropriate conditions. Under more general hypotheses, Bouchut in [4] gave a complete classification of BGK models for systems of conservation laws endowed with a family of kinetic entropies, namely entropies for the semilinear approximating system, which reduce to given entropies of the limit system, as the relaxation parameter tends to zero. This class of kinetic-type approximations has been intensively investigated in [1, 2] to build numerical schemes for multidimensional scalar conservation laws.

In the contest of diffusion limits, this general class of kinetic approximations for (possibly degenerate) parabolic equations in multi-D has been considered in [5]. In this paper, it was proved the convergence of the approximate solutions toward the weak solutions of the equilibrium equation and, in the case of degenerate diffusion, toward the entropy solutions in the sense of Carrillo [6]. Starting from this result, diffusive numerical schemes for parabolic systems have been considered in [3].

In the present paper, we prove both the L^∞ stability of the BGK model (1.3), which yields to the existence of global solutions of this system for ε > 0 fixed, and the strong convergence toward weak solutions of the equilibrium system (1.1). As in the purely hyperbolic case, this last result is obtained with the aid of compensated compactness [23, 8]. However, as usual in the hyperbolic-parabolic relaxation limit (see, for instance, [18]), we do not need to control the entropy production for an infinite number of entropy-entropy flux pair, as in [21], but we get the result using the monotonicity of the operator defined by the diffusion B.

The paper is organized as follows. In Section 2 we give sufficient conditions to guarantee the L^∞ stability of system (1.3) and the existence of global solutions for ε > 0 fixed. Section 3 concerns with the proof of the basic L^2 estimate of the relaxation term M_f ε − f^ε, which controls the relaxation process. In Section 4 we prove the strong convergence in L^p_{loc}, p < +∞, of u^ε, given by (1.4), toward the solution of (1.1), by using the uniform estimates for the BGK model of the previous sections. In the last section we describe some concrete parabolic systems for which the BGK approximation we propose converges.

Finally, let us notice that our results could be easily extended to the (slightly) more general case when there exists a constant, symmetric, positive definite matrix P such that the diffusion B(u) verifies P ∇B(u) + (∇B(u))^∗P > P, for any u under consideration. For the theory of general parabolic systems, we refer, for instance, to the books by Eidel’man [11] and by Taylor [24]. For some recent results on parabolic systems with weaker parabolicity conditions, see [9].

2. L^∞ bounds and global existence

In this section, following the ideas developed by Serre [21] in the hyperbolic case, we give sufficient conditions to obtain uniform estimates for the system (1.3) and the existence of global-in-time solutions of this system, when the relaxation time ε is fixed. Throughout this section, we will refer to Maxwellians independent from ε. In this contest, conditions (M_1)–(M_4) can be reformulated as follows

(M^′_1) ∫ Ξ M(w; ξ)dξ = w for any w ∈ U;

(M^′_2) ∫ Ξ a(ξ)M(w; ξ)dξ = A(w) for any w ∈ U; (M^′_3) ∫ Ξ b(ξ)^2M(w; ξ)dξ = B(w) for any w ∈ U;

(M^′_4) ∫ Ξ b(ξ)M(w; ξ)dξ = 0 for any w ∈ U.

To our purpose, we shall assume (A_1) there exists a convex, compact, invariant set U for the system (1.1). Moreover, we require the tangent space T_w∂U is stable with respect to ∇A(w) and ∇B(w); (A_2) M is a MF on U such that ρ(∇M(w; ξ)) > 0 for any w ∈ U, a.e. in ξ and such that the commutators [∇M(w; ξ), ∇A(w)] and [∇M(w; ξ), ∇B(w)] are zero for any w ∈ U, a.e. in ξ.

We recall that with ρ(A) we denote the spectrum (the set of eigenvalues) of a given matrix A and therefore the condition ρ(A) > 0 means that all eigenvalues of A are real and positive.

Remark 2.1. Let us suppose the system (1.1) has a linear diffusion, namely B(u) = Bu, where B is a constant, positive N × N matrix. In this case, the invariant region theory [7, 22] gives sufficient conditions in order to obtain hypothesis (A_1). In particular, following this theory, we assume there exists a basis of common eigenvectors for the two matrices ∇A(w) and B whose level sets define the invariant region U. Hence, T_w∂U is stable either with respect to ∇A(w) and with respect to B. Moreover, in (A_2), we actually require that only one of the commutators [∇M(w; ξ), ∇A(w)] and [∇M(w; ξ), B] vanishes.

Remark 2.2. The condition [∇M(w; ξ), ∇A(w)] yields that any eigenvector of the matrix ∇A(w) is also an eigenvector for the matrix ∇M(w; ξ), with a different eigenvalue, provided ∇A(w) has N real, distinct eigenvalues, namely, if the system

w_t + A(w)_x = 0

is strictly hyperbolic. Indeed, let v_1(w) be an eigenvector of ∇A(w), namely ∇A(w)v_1(w) = λ(w)v_1(w), and let v_2(w; ξ) = ∇M(w; ξ)v_1(w). Now, ∇A(w)v_2(w; ξ) = ∇A(w)∇M(w; ξ)v_1 (w) = ∇M(w; ξ)∇A(w)v_1 (w) = λ(w)∇M(w; ξ)v_1 (w) = λ(w)v_2(w; ξ).

Hence, v_2(w; ξ) = λ(w; ξ)v_1(w), that is, v_1(w) is an eigenvector of ∇M(w; ξ).

It is now possible to prove the L^∞ stability for our BGK model, which comes from the next lemma.

Lemma 2.3. Let us assume the hypotheses (A_1) and (A_2) hold. Then the domains U_ξ = M(U; ξ) are convex and M(·; ξ) → U_ξ are global diffeomorphisms.

The proof follows the one performed in [21] and it is omitted. We emphasize that the sets U_ξ = M(U; ξ) defined above are also compact, as continuous images of compact sets.

Let us define the domain F as follows

F = {ξ → f(ξ) measurable such that f(ξ) ∈ U_ξ, a.e. in ξ} . (2.1) With the aid of Lemma 2.3, it is easy to prove that F defines an invariant set for (1.3).

Proposition 2.4. Assume the hypotheses (A_1) and (A_2) hold. Then ∫ Ξ f(ξ)dξ ∈ U for any f ∈ F and F is invariant for the system (1.3).

Proof. The first part of the proposition follows from the relation ∫ Ξ U_ξdξ = U. The inclusion U ⊂ ∫ Ξ U_ξdξ = ∫ Ξ M(U; ξ)dξ is a direct consequence of the condition (M_1) on the Maxwellian M, while the opposite one can be proved observing that the set ∫ Ξ U_ξdξ is compact and convex. In order to prove that F is invariant for (1.3), we note that F is invariant for the homogeneous system

f^ε_t + ( a(ξ) + b(ξ) √ ε ) f^ε_x = 0,

because U_ξ are convex sets (if Ξ is finite, F = ∏ ξ∈Ξ U_ξ is the cartesian product of convex sets). Now, let us consider f ∈ F. For any ξ_0 such that f(ξ_0) ∈ ∂U_{ξ0} , we know, from the convexity of U_{ξ0} , that the vector M_f (ξ_0) − f(ξ_0) = M(u; ξ_0) − f(ξ_0) points inside U_{ξ0} , because u = ∫ Ξ f(ξ)dξ ∈ U implies M(u; ξ_0) ∈ U_{ξ0} , which concludes the proof.

The Proposition 2.4 gives the L^∞ stability for the BGK model (1.3), because the set F defined in (2.1) is compact. In particular, the previous results yield an a priori estimate in L^∞ for the solution of (1.3), provided the initial data are chosen in F. Since this system is semilinear, this L^∞ estimate implies that the local-in-time solution (1.3) is defined for any t ≥ 0. Hence, by standard arguments, the following theorem holds.

Theorem 2.5. Let us assume the hypotheses (A_1) and (A_2) hold and let f_0 : R → F. Then the Cauchy problem (1.3) admits an unique global-in-time solution f^ε(x, t; ξ) such that f^ε : R × R^+ → F.

Remark 2.6. Let u_0 ∈ L^∞(R) such that u_0(x) ∈ U a.e. Then the well-prepared initial datum f_0(x; ξ) = M(u_0(x); ξ) belongs to the invariant set F. Hence, if u_0(x) ∈ U, Theorem 2.5 implies the existence of an unique global-in-time solution f^ε of (1.3) with f_0(x; ξ) = M(u_0(x); ξ) as initial datum. Moreover,

u^ε = ∫ Ξ f^ε(ξ)dξ ∈ U, which gives the following estimate

‖u^ε‖_L∞_{(R×R}+_) ≤ C, (2.2)

uniformly with respect to ε.

3. Energy-type estimate

This section concerns with the basic energy estimate which allows to control the difference M_f ε − f^ε in L^2(R × [0, T ] × Ξ). As usual in this kind of problems, this is the key estimate to justify rigorously the relaxation limit by using compensated compactness. Due to the discussion of the previous section, it is natural at this point to consider the following framework (H_1) the function M are MF such that, for any ε ∈ (0, 1], a.e. in ξ, M(·; ξ, ε) :

U → U_{ξ,ε} are global diffeomorphisms and U, U_{ξ,ε} are compact, convex sets. Moreover, f^ε(x, t; ξ) is a global-in-time solution of (1.3), uniformly bounded, such that f^ε : R × R^+ → F^ε.

The above assumption allows in particular to get the results of Proposition 2.4 and therefore an L^∞ bound for u^ε of the form (2.2) is obtained, because, as we pointed out in the previous section,

u^ε = ∫ Ξ f^ε(ξ)dξ ∈ ∫ Ξ U_{ξ,ε}dξ = U. We recall that our condition is very similar to the one assumed in [4] to give a complete description of kinetic entropies in the strictly hyperbolic case, namely, when no diffusion B(u)_{xx} is present in (1.1).

Concerning the Maxwellians, let us make the following further assumption (H_2) there exist a function F : U → R^N and a positive constant α, independent from ε, such that the matrix (∇M)^∗ ∇F is symmetric and it verifies (∇M)^∗ ∇F ≥ α > 0, for any u ∈ U, for any ε ∈ (0, 1], a.e. in ξ.

Proposition 3.1. Assume hypotheses (H_1) and (H_2) hold. Then there exist a positive constant c independent from ε and a positive, strictly convex function e(f; ξ, ε) such that ∫ Ξ e(M_f ; ξ)dξ ≤ ∫ Ξ e(f; ξ)dξ − c ∫ Ξ (M_f − f)^2dξ, (3.1)

for any f ∈ F^ε.

Proof. Due to (H_2), we can define a function G(u; ξ, ε) such that ∇G(u; ξ, ε) = F (u)∇M(u; ξ, ε) (3.2) for any u ∈ U, for any ε ∈ (0, 1], a.e. in ξ. Since in our case the Maxwellian functions M are invertible (condition (H_1)), we can define the functions e(f; ξ, ε) as follows e(f; ξ, ε) = G(M^{−1}(f); ξ, ε). (3.3) We can assume, without loss of generality, e > 0, by adding eventually to this function a sufficiently large positive constant. Therefore, (3.2) yields ∇e = F (M^{−1}(f)), that is ∇e(M_f ; ξ, ε) = F (u). (3.4) Thus ∇^2e = (∇F (M^{−1}(f)))(∇M)^{−1} ≥ α > 0 in view of (H_2). In particular, e(f; ξ, ε) is strictly convex in f,for any ε ∈ (0, 1], a.e. in ξ, that is e(f; ξ, ε) − e(M_f ; ξ, ε) − ∇e(M_f ; ξ, ε)(f − M_f ) ≥ c(M_f − f)^2, where c is independent from ε. Hence, in view of (3.4), we have e(f; ξ, ε) − e(M_f ; ξ, ε) − F (u)(f − M_f ) ≥ c(M_f − f)^2 (3.5) which yields (3.1), if we choose u = ∫ Ξ f(ξ)dξ and we integrate with respect to ξ.

The previous proposition allows us to define a strictly convex, strictly dissipative function for the system (1.3), if the condition (H_2), together with (H_1), is fulfilled. However, in practical cases, it is quite simple to obtain such a function for (1.3) (see equation (3.3) above), because the condition (H_2) is easily verified. In the next example, we show how it is possible to construct such a function when the convective part of the equilibrium system defines a strictly hyperbolic system endowed with a strictly convex entropy. For the case of a purely parabolic system, see Example 5.2 in Section 5 below.

Example 3.2. Assume the condition (H_1) and, as in Remark 2.2, assume the system (1.1) has a convection A(w) such that the reduced system w_t + A(w)_x = 0 (3.6) is strictly hyperbolic. Moreover, assume there exists a strictly convex entropy η(u) for that system, for any u ∈ U. Then, if [∇M(w; ξ, ε), ∇A(w)] = 0 (see (A_2) in Section 2), we can consider the function e(f; ξ, ε) = q(M(f; ξ, ε)^{−1}; ξ, ε), where q(w; ξ, ε) is the flux of the entropy η(w) for the hyperbolic system w_t + M(w; ξ, ε)_x = 0. (3.7)

We emphasize that such a function q(·; ξ, ε) exists because the systems (3.6) and (3.7) have the same entropies (with different fluxes), provided the commutator [∇M(w; ξ, ε), ∇A(w)] vanishes. Therefore ∇e(M_f ; ξ, ε) = ∇η (3.8) and ∇^2e(M_f ; ξ, ε)∇M_f = ∇^2η.

Hence, e is strictly convex and therefore it verifies

e(f; ξ, ε) ≥ e(M_f ; ξ, ε) + ∇e(M_f ; ξ, ε)(f − M_f ) + C(f − M_f )^2, (3.9) for a constant C > 0 independent from ε. Finally, integrating (3.9) in ξ and using (3.8), we recover (3.1) in view of the compatibility conditions the Maxwellian M_f must satisfy. Naturally, the condition (H_2) is satisfied with the simple choice F (u) = ∇η(u). Now we pass to the proof of the uniform L^2 estimate for the difference M_f ε − f^ε.

Proposition 3.3. Assume the conditions (H_1) and (H_2) hold and assume the initial datum f_0(x; ξ) verify, uniformly with respect to ε, the following finite-energy condition ∫_{+∞} −∞ ∫ Ξ e(f_0(x; ξ); ξ, ε)dξdx < +∞, (3.10) where e is the function constructed in Proposition 3.1. Then ‖M_f ε − f^ε‖_{L2(R×[0,T ]×Ξ)} = O( √ ε), (3.11) for any fixed T > 0. Proof. Let us set

E^ε(f) = ∫ Ξ e(f; ξ, ε)dξ; F^ε(f) = ∫ Ξ ( a(ξ) + b(ξ) √ ε ) e(f; ξ, ε)dξ, for any f = f(ξ), for any ε ∈ (0, 1], a.e. in ξ ∈ Ξ. Thus,

E^ε(f^ε(x, t; ξ))_t + F^ε(f^ε(x, t; ξ))_x = 1 ε ∫ Ξ ∇e(f^ε; ξ, ε) · (M_f ε − f^ε) dξ ≤ 1 ε ∫ Ξ (e(M_f ε ; ξ, ε) − e(f^ε; ξ, ε)) dξ ≤ − c ε ∫ Ξ |M_f ε − f^ε|^2 dξ, (3.12)

thanks to the convexity of e and thanks to (3.1). Finally, integrating (3.12) in dx and in dt, in view of (3.10), we get (3.11).

We conclude this section by exploiting the convergence given by (3.11) in term of the mean variables

u^ε = ∫ Ξ f^ε(ξ)dξ; v^ε = ∫ Ξ ( a(ξ) + b(ξ) √ ε ) f^ε(ξ)dξ. We rewrite the BGK model in the following way u^ε_t + v^ε_x = 0 v^ε_t + z^ε_x + 1 √ ε w^ε_x + 1 ε ~B^ε_x = 1 ε (A(u^ε) − v^ε), (3.13) where

z^ε = ∫ Ξ a^2(ξ)f^ε(ξ)dξ; w^ε = ∫ Ξ a(ξ)b(ξ)f^ε(ξ)dξ; ~B^ε = ∫ Ξ b^2(ξ)f^ε(ξ)dξ. Due to the assumption a, b ∈ L^∞(Ξ), the uniform bound on f^ε gives in a straightforward way the following result.

Proposition 3.4. Under the condition (H_1), we have

‖z^ε‖_L∞_{(R×R}+_); ‖w^ε‖_L∞_{(R×R}+_); ‖ ~B^ε‖_L∞_{(R×R}+_); √ ε‖v^ε‖_L∞_{(R×R}+_) ≤ C, (3.14) uniformly for ε < 1.

Proposition 3.5. Assume the conditions (H_1) and (H_2) hold and assume the initial datum f_0(x; ξ) verify the finite-energy condition (3.10). Then

‖A(u^ε) − v^ε‖_L2_{(R×[0,T ])} = O(1); ‖ ~B^ε − B(u^ε)‖_L2_{(R×[0,T ])} = O( √ ε), (3.15) uniformly with respect to ε and for any fixed T > 0.

Proof. The L^∞ bounds for a and b and the Jensen inequality yield the estimate

‖A(u^ε) − v^ε‖^2_L2_{(R×[0,T ])} ≤ O(1) [∫_{+∞} −∞ ∫_T 0 | | | ∫ Ξ a(ξ) (M_f ε − f^ε) dξ | | |^2 dtdx

+ 1 ε ∫_{+∞} −∞ ∫_T 0 | | | | ∫ Ξ b(ξ) (M_f ε − f^ε) dξ | | | | 2 dtdx ]

≤ O(1) ( 1 + 1 ε ) ‖M_f ε − f^ε‖^2_{L2(R×[0,T ]×Ξ)} = O(1).

In a similar way, one can show

‖ ~B^ε − B(u^ε)‖^2_L2_{(R×[0,T ])} ≤ ‖b^4‖_L∞_{(Ξ)} ‖M_f ε − f^ε‖^2_{L2(R×[0,T ]×Ξ)} = O( √ ε), which concludes the proof.

4. Justification of the limit In this section we analyze the limit, as ε ↓ 0, of (1.3). Our aim is to prove a rigorous result of convergence of the (weak) solutions of this model toward the solution (in the sense of distributions) of the parabolic system (1.1). In particular, we shall prove the strong convergence in L^p_{loc}(R × R^+ ) of the mean variable u^ε(x, t) = ∫ Ξ f^ε(x, t; ξ)dξ, (4.1) by using the uniform estimates of the previous section (Proposition 3.5) and the compensated compactness techniques.

Our main theorem states as follows.

Theorem 4.1. Let hypotheses (H_1) and (H_2) hold and assume f_0(x; ξ) verifies the finite-energy condition (3.10). Then u^ε → u strongly in L^p_{loc}(R × R^+ ) for any p < +∞, (4.2) where u(x, t) verifies u_t + A(u)_x = B(u)_{xx}, in the sense of distributions.

Proof. We consider again the approximation system (3.13)

u^ε_t + v^ε_x = 0

v^ε_t + z^ε_x + 1 √ ε w^ε_x + 1 ε ~B^ε_x = 1 ε (A(u^ε) − v^ε), with the same notations of Section 2. From (3.14) and (3.15), it follows that

v^ε − A(u^ε) + B(u^ε)_x = − √ εw^ε_x − ε (v^ε_t + z^ε_x) + B(u^ε)_x − ~B^ε_x

tends to zero in H^{−1}_{loc} , namely, in the sense of distributions. Thus it remains to prove the strong convergence (4.2). The uniform estimates (3.14) and (3.15) yield also the following differential constraints ( u^ε_t + v^ε_x B(u^ε)_x ) ∈ comp H^{−1}_{loc} (R × R^+ ). (4.3)

Let us consider the sequence (u^ε, v^ε, B(u^ε)) ∈ R^{3N} . From (3.15) and from the bound on u^ε, we know that v^ε = v^ε − A(u^ε) + A(u^ε) is uniformly bounded in L^2_{loc}(R × R^+ ). Hence, the sequence (u^ε, v^ε, B(u^ε)) converges to (u, v, B), weakly in L^2_{loc}(R × R^+ ). Moreover, let us consider the quadratic function Q : R^{3N} → R defined by Q(λ, μ, ν) = λ · ν, for any (λ, μ, ν) ∈ R^{3N} . From the compensated compactness techniques [23, 8], it follows Q(u^ε, v^ε, B(u^ε))^∗⇀ Q(u, v, B) in L^∞(R × R^+ ), if Q(λ, μ, ν) = 0, for any (λ, μ, ν) ∈ Λ, where the characteristic manifold Λ is defined by Λ = { (λ, μ, ν) ∈ R^{3N} : ∃γ ∈ R^2 − {0} with L(λ, μ, ν, γ) = 0 } and, due to (4.3), the matrix L(λ, μ, ν, γ) is given by L(λ, μ, ν, γ) = ( γ_1λ + γ_2μ γ_2ν ) . Let (λ, μ, ν) ∈ Λ and let assume ν ≠ 0. Thus we must have γ_2 = 0 and λγ_1 = 0, which implies λ = 0, since γ = (γ_1, γ_2) ≠ 0. Hence Q|_Λ ≡ 0 and the compensated compactness yield the following convergence result

u^ε · B(u^ε)^∗⇀ u · B, in L^∞(R × R^+ ). (4.4)

The matrix B is continuous and, due to the condition (1.2), it verifies ⟨B(u) − B(v), u − v⟩ ≥ α ‖u − v‖^2 . Therefore, B defines a maximal monotone operator in L^p_{loc}(R×R^+ ). Thus, thanks to (4.4), the Minty arguments imply B = B(u). Let ν_{(x,t)}(y) be the (vectorial) Young measure associated with the sequence u^ε(x, t). We know that supp ν_{(x,t)}(y) ⊂ U and moreover 0 = ∫ U (y − u(x, t)) · (B(y) − B(u(x, t)))dν_{(x,t)}(y) ≥ α ∫ U ‖y − u(x, t)‖^2dν_{(x,t)}(y). Finally, supp ν_{(x,t)}(y) ⊂ {y = u(x, t)}, namely ν(y) = δ_{u(x,t)}, which implies (4.2).

5. Examples In this section we present some examples of BGK models for parabolic systems of the form (1.1). As we pointed out in the previous sections, in order to obtain the strong convergence of our BGK model, we have to verify conditions (H_1) and (H_2). In the first two examples, instead of assuming (H_1), we rewrite explicitly the conditions (A_1) and (A_2) of Section 2, which guarantee the corresponding BGK models verify (H_1). We are allowed to consider those sufficient conditions because, for these examples, we will utilize only Maxwellians independent from ε. We recall once again that if we know a priori that condition (H_1) is fulfilled, we have to check only condition (H_2) on the Maxwellians to conclude our BGK approximation converges strongly to the parabolic equilibrium system.

Example 5.1. Given a general system of the form (1.1), we consider a BGK approximation for that system with a finite number of velocities, namely

f^ε_{it} + ( a_i + b_i √ ε ) f^ε_{ix} = 1 ε (M_f ε_i − f^ε_i ), i = 1, . . . , N. Then, the compatibility condition for the Maxwellian functions read [5] N∑ i=1 M_i(u) = u; N∑ i=1 a_iM_i(u) = A(u); N∑ i=1 b^2_i M_i(u) = B(u); N∑ i=1 b_iM_i(u) = 0.

For this model, we choose N = 4 and we fix the coefficient to be a_1 = −λ; a_2 = λ; a_3 = a_4 = 0; b_1 = b_2 = 0; b_3 = −θ; b_4 = θ.

Hence, the Maxwellian functions are given by

M_1(u) = 1 2 ( u − A(u) λ − B(u) θ^2 ) ; M_2(u) = 1 2 ( u + A(u) λ − B(u) θ^2 ) ; M_3(u) = M_4(u) = 1 2 B(u) θ^2 . Let us assume that the equilibrium system (1.1) admits a convex, compact, invariant region U (with T_u∂U stable with respect to ∇A(u) and ∇B(u) for u ∈ U), so that condition (A_1) is satisfied. Moreover, if we require [∇A(u), ∇B(u)] = 0, then [∇A(u), ∇M_i(u)] = [∇B(u), ∇M_i(u)] = 0, i = 1, . . . , 4, because any matrix ∇M_i(u), i = 1, . . . , 4, is a linear combination of the matrices I, ∇A(u) and ∇B(u). Moreover, if ρ(∇B(u)) > 0, then ρ(∇M_i(u)) > 0, i = 1, . . . , 4, provided ‖∇A(u)‖ λ + ‖∇B(u)‖ θ^2 < 1 and therefore condition (A_2) is fulfilled (concerning the condition above on the parameter λ and θ, see also the discussion of [3]). We already know (Example 3.2) that if ∇A(u) has real and distinct eigenvalues and if we assume the system u_t + A(u)_x = 0 is endowed with a strictly convex entropy, condition (H_2) is easily satisfied and therefore we obtain, for this particular BGK model, the convergence result of Theorem 4.1, provided the initial data f_{0i}(x) = M_i(u_0(x)) verifies the finite-energy condition (3.10).

Example 5.2. Let us consider a parabolic system without convection part u_t = B(u)_{xx} verifying condition (A_1) and let us consider again a finite-velocity BGK model for that system, namely

f^ε_{it} + ( a_i + b_i √ ε ) f^ε_{ix} = 1 ε (M_f ε_i − f^ε_i ), i = 1, . . . , N. (5.1)

In particular, for N = 4, the constants a_i, b_i and the Maxwellians in this case take the form

a_1 = a_2 = a_3 = a_4 = 0;

b_1 = b_2 = 0; b_3 = −θ; b_4 = θ;

M_1(u) = M_2(u) = 1 2 ( u − B(u) θ^2 ) ; M_3(u) = M_4(u) = 1 2 B(u) θ^2 . Therefore, condition (A_2) is satisfied provided ρ(∇B(u)) > 0 and θ^2 > ‖B(u)‖, without any further restriction. Moreover, in order to verify (H_2), we have to assume the existence of a function F (u) such that the matrices (∇M_i(u))^∗∇F (u) are symmetric and they verify (∇M_i(u))^∗∇F (u) ≥ α > 0, for a given constant α and for any i = 1, . . . , 4 (in order to fulfill this condition, it is possible to assume the existence of a scalar function g(u) such that (∇B(u))^∗∇^2g(u) is symmetric and it verifies (∇B(u))^∗∇^2g(u) ≥ α > 0). However, we want to show how it is possible to construct directly strictly convex functions e_i(f), i = 1, . . . , 4, verifying the dissipativity condition (3.1) in the particular case when ∇B(u) is symmetric. The strategy is to define the functions G_i(u), i = 1, . . . , 4, from (3.2) and hence we recover, as in (3.3), the expression for e_i(f), i = 1, . . . , 4, because our the Maxwellians M_i(u), i = 1, . . . , 4, are invertible. Since ∇B(u) is symmetric, rot B = 0 and therefore there exists a function Ψ = Ψ(u) such that B(u) = ∇Ψ(u). Then, with the notation B(u) = b_1(u) . . b_n(u) , the functions G_i(u), i = 1, . . . , 4, are given by

G_1(u) = G_2(u) = 1 2 [ 1 2 |u|^2 − 1 θ^2 (_n ∑ i=1 u_ib_i(u) − Ψ(u) )] ;

G_3(u) = G_4(u) = 1 2 [ 1 θ^2 (_n ∑ i=1 u_ib_i(u) − Ψ(u) )] .

In other words, if ∇B(u) is symmetric, the Maxwellians M_i(u), i = 1, . . . , 4, are symmetric and therefore (H_2) is fulfilled with the choice F (u) = u, thanks to (1.2) and provided ‖∇B(u)‖ θ^2

< 1, for any u ∈ U. (5.2)

In the linear case, namely, if B(u) = Bu with B constant and symmetric, the potential Ψ is given by

Ψ(u) = 1 2 n∑ i,j=1 b_{ij} u_iu_j . At this point, we want to determine an explicit formula for e in the diagonal case, to show that this function is simply a classical quadratic energy function. To this aim, let us assume B(u) = Bu, where B is a positive, constant, diagonal matrix, namely

B = b_1 · · · 0 . . .. . . . 0 · · · b_n .

The Maxwellians M_i(u), i = 1, . . . , 4, become linear, that is

M_1(u) = M_2(u) = 1 2 ( u − Bu θ^2 ) ; M_3(u) = M_4(u) = 1 2 Bu θ^2 and the condition (5.2) becomes |b_i| θ^2

< 1, for any i = 1, . . . , n. (5.3)

Thus, the relation (3.2) can be rewritten as ∇G_i(u) = u∇M_i(u) = uM_i = (m^i_1u_1, . . . , m^i_nu_n), i = 1, . . . , 4, where the diagonal matrices

M_i = m^i_1 · · · 0 . . .. . . . 0 · · · m^i_n , i = 1, . . . , 4, are M_1 = M_2 = 1 2 ( I − B θ^2 ) ; M_3 = M_4 = 1 2 B θ^2 and m^i_j ≠ 0 for any i = 1, . . . , 4, j = 1, . . . , n, in view of (5.3) and the positivity of B. Hence, the functions G_i(u), i = 1, . . . , 4, are given by

G_i(u) = 1 2 n∑ j=1 m^i_j u^2_j , i = 1, . . . , 4.

At this point, in order to determine the functions e_i(f), i = 1, . . . , 4, we invert the relations f = M_i(u) = M_iu, i = 1, . . . , 4, and we obtain u_j = ( m^i_j )_{−1} f_j , i = 1, . . . , 4, j = 1, . . . , n. Therefore, the functions e_i(f), i = 1, . . . , 4, are quadratic functions in f with a wedge depending on the Maxwellians M_i, i = 1, . . . , 4, that is

e_i(f) = 1 2 n∑ j=1 m^i_j ( m^i_j )_{−2} f^2_j = n∑ j=1 1 m^i_j f^2_j , i = 1, . . . , 4. It is clear that the above functions are strictly convex and, moreover, the relation (3.1) can be checked directly. Indeed, we compute A = 1 2 n∑ j=1 1 m^i_j f^2_j − 1 2 n∑ j=1 m^i_j u^2_j − n∑ j=1 u_j (f_j − m^i_j u_j ) − c n∑ j=1 (f_j − m^i_j u_j )^2

= n∑ j=1 [( 1 2m^i_j − c ) f^2_j + m^i_j ( 1 2 − cm^i_j ) u^2_j + ( 2cm^i_j − 1 ) f_j u_j ] , and thus ( 1 2m^i_j − c ) A = n∑ j=1 ( 1 2m^i_j − c )_2 [ f^2_j + ( m^i_j )_2

u^2_j − 2m^i_j f_j u_j ) ]

= n∑ j=1 ( 1 2m^i_j − c )_2 [ f_j − m^i_j u_j ]_2 ≥ 0. Hence, if

c < min { 1 2m^i_j : i = 1, . . . , 4, j = 1, . . . , n } , we have proved A ≥ 0, namely 1 2 n∑ j=1 1 m^i_j f^2_j ≥ 1 2 n∑ j=1 m^i_j u^2_j + n∑ j=1 u_j (f_j − m^i_j u_j ) + c n∑ j=1 (f_j − m^i_j u_j )^2, (5.4)

which is exactly the relation (3.5) for our particular example. Finally, we get (3.1) by summing up (5.4) for any i = 1, . . . , 4 and using the properties of the Maxwellians M_i, namely, the explicit expressions for the constants m^i_j .

Example 5.3. Let us consider a parabolic system of the form u_t + A(u)_x = μu_{xx}, (5.5) where μ > 0 is a given constant. S. Jin and H.L. Liu proposed in [13] to approximate (5.5), in the scalar case, with the following system { u^ε_t + v^ε_x = 0 ε^2v^ε_t + μu^ε_x = A(u^ε) − v^ε.

(5.6)

As it was pointed out in [3] in the scalar case, we want to prove that this approximation can be viewed in terms of a BGK model of the form (5.1) actually in the general system case. Indeed, we set N = 2, a_1 = a_2 = 0; b_1 = √ μ; b_2 = − √ μ and M_1(u; ε) = u 2 + √ εA(u) 2 √ μ ; M_2(u; ε) = u 2 − √ εA(u) 2 √ μ . The functions M_1 and M_2 verify conditions (M_1)–(M_4) (they are local Maxwellian functions) and the BGK model takes the form

f^ε_{1t} + √ μ √ ε f^ε_{1x} = 1 ε ( u 2 + √ εA(u) 2 √ μ − f^ε_1 )

f^ε_{2t} − √ μ √ ε f^ε_{2x} = 1 ε ( u 2 − √ εA(u) 2 √ μ − f^ε_2 ) . (5.7)

Hence, we recover the system (5.6) with the choice

u^ε = f^ε_1 + f^ε_2 ; v^ε = √ μ √ ε (f^ε_1 − f^ε_2 ).

Finally, we have the strong convergence of u^ε toward the solution of (5.5), with initial data in L^∞, provided (5.7) has global-in-time, bounded, solutions and M_1, M_2 are global diffeomorphisms, verifying (H_2), from a compact, convex set U into compact, convex sets U_{1,ε}, U_{2,ε}. We recall that M_1 and M_2 verify the above conditions if there exists a compact, convex, invariant set U for (5.5) (see condition (A_1) of Section 2) and if, for instance, A(u) is symmetric, provided ε is sufficiently small to verify √ ε √ μ ‖∇A(u)‖ < 1, for any u ∈ U, so that condition (H_2) is clearly fulfilled for ε small enough.

References

[1] D. Aregba-Driollet and R. Natalini. Convergence of Relaxation Schemes for Conservation Laws. Appl. Anal., 61(1-2):163–193, 1996.

[2] D. Aregba-Driollet and R. Natalini. Discrete Kinetic Schemes for Multidimensional Conservation Laws. SIAM J. Numer. Anal., 37:1973–2004, 2000.

[3] D. Aregba-Driollet, R. Natalini, and S.Q. Tang. Numerical Study of Diffusive BGK Approximations for Nonlinear Systems of Parabolic Equations. in preparation.

[4] F. Bouchut. Construction of BGK models with a family of kinetic entropies for a given system of conservation law. J. Statist. Phys., 95:113–170, 1999.

[5] F. Bouchut, F. Guarguaglini, and R. Natalini. Discrete kinetic approximation to multidimensional parabolic equations. Indiana Univ. Math. J. to appear.

[6] J. Carrillo. Entropy solutions for nonlinear degenerate problems. Arch. Ration. Mech. Anal., 147:269–361, 1999.

[7] K.N. Chueh, C.C. Conley, and J.A. Smoller. Positively invariant regions for systems of non– linear diffusion equations. Indiana Univ. Math. J., 26:372–411, 1977.

[8] B. Dacorogna. Weak continuity and weak lower semicontinuity of nonlinear functional.

Springer–Verlag, 1982.

[9] P. D’Ancona and S. Spagnolo. The Cauchy problem for weakly parabolic systems. Math.

Ann., 309:307–330, 1997.

[10] A. De Masi, R. Esposito, and J.L. Lebowitz. Incompressible Navier-Stokes and Euler Limits of the Boltzmann Equation. Comm. Pure Appl. Math., 42:1189–1214, 1989.

[11] S.D. Eidel’man. Parabolic Systems. North-Holland Publishing Company, 1969. [12] F. Golse. The Boltzmann equation and its hydrodynamic limits. Ecole Thématique: Les modèles cinetiques non linéaires et leurs limites fluides. Université de Franche-Compté – CNRS – CEA. Besançon, 21-23 Avril 1997.

[13] S. Jin and H.L. Liu. Diffusion limit of a hyperbolic system with relaxation. Meth. and Appl.

Anal., 5:317–334, 1998.

[14] S. Jin, L. Pareschi, and G. Toscani. Diffusive relaxation schemes for multiscale discretevelocity kinetic equations. SIAM J. Numer. Anal., 35:2405–2439, 1998.

[15] T. Kurtz. Convergence of sequences of semigroups of nonlinear operators with an application to gas kinetics. Trans. Amer. Math. Soc., 186:259–272, 1973.

[16] C. Lattanzio and W.-A. Yong. Hyperbolic-parabolic singular limits for first-order nonlinear systems. Comm. Partial Differential Equations. to appear.

[17] P.L. Lions and G. Toscani. Diffusive limit for finite velicity boltzmann kinetic models. Rev.

Mat. Iberoam., 13:473–513, 1997.

[18] P. Marcati and B. Rubino. Hyperbolic to Parabolic Relaxation Theory for Quasilinear First Order Systems. J. Differential Equations, 162:359–399, 2000.

[19] H.P. McKean. The central limit theorem for Carleman’s equation. Israel J. Math., 21(1):54– 92, 1975.

[20] R. Natalini. A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws. J. Differential Equations, 148:292–317, 1998.

[21] D. Serre. Relaxation semi-linéaire et cinétique des systèmes de lois de conservation. Ann.

Inst. H. Poincaré Anal. Non Linéaire, 17:169–192, 2000.

[22] J.A. Smoller. Shock Waves and Reaction-Diffution Equations. Springer–Verlag, second edition, 1994.

[23] L. Tartar. Compensated compactnes and applications to partial differential equations, volume IV of Nonlinear Analysis and Mechanics: Heriot-Watt Symposium, pages 136–212. Res. Notes in Math. 39, Pitman, 1979.

[24] M.E. Taylor. Partial differential equations, III. Nonlinear equations, volume 117 of Applied Mathematical Sciences. Springer-Verlag, 1996.

[25] W.-A. Yong. Singular perturbations of first-order hyperbolic systems. PhD thesis, Universität Heidelberg, 1992.

[26] W.-A. Yong. Singular perturbations of firts-order hyperbolic systems with stiff source terms.

J. Differential Equations, 155:89–132, 1999.

Facoltà di Ingegneria, Università degli Studi di L’Aquila, 67100 L’Aquila, Italy E-mail address: corrado@univaq.it

Istituto per le Applicazioni del Calcolo “Mauro Picone”, Viale del Policlinico, 137, 00193 Roma, Italy

E-mail address: natalini@iac.rm.cnr.it