Entropy satisfying flux vector splittings and kinetic BGK models

F. Bouchut

Département de Mathématiques et Applications Ecole Normale Supérieure et CNRS, UMR 8553 45, rue d’Ulm 75230 Paris cedex 05, France e-mail: Francois.Bouchut@ens.fr

Abstract We establish forward and backward relations between entropy satisfying BGK models such as those introduced previously by the author and the first order flux vector splitting numerical methods for systems of conservation laws. Classically, to a kinetic BGK model that is compatible with some family of entropies we can associate an entropy flux vector splitting. We prove that the converse is true: any entropy flux vector splitting can be interpreted by a kinetic model, and we obtain an explicit characterization of entropy satisfying flux vector splitting schemes. We deduce a new proof of discrete entropy inequalities under a sharp CFL condition that generalizes the monotonicity criterion in the scalar case. In particular, this gives a stability condition for numerical kinetic methods with noncompact velocity support. A new interpretation of general kinetic schemes is also provided via approximate Riemann solvers. We deduce the construction of finite velocity relaxation systems for gas dynamics.

Key-words: conservation laws – kinetic BGK model – flux vector splitting – discrete entropy inequality – approximate Riemann solver Mathematics Subject Classification: 65M12, 35L65, 76N99

Work partially supported by European TMR network projects Hyperbolic Conservation Laws contract # ERBFMRXCT960033 Kinetic theory contract # ERBFMRXCT970157

Contents

1 Introduction and BGK framework 2 1.1 Continuous BGK models . . . . . . . . . . . . . . . . . . . . . . 3 1.2 Entropy variable . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 The transport-projection method 6 2.1 Accuracy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Entropy dissipation analysis . . . . . . . . . . . . . . . . . . . . 8

3 Space discretization and flux vector splitting 12

4 Kinetic interpretation of flux vector splitting methods 16 4.1 A direct proof of discrete entropy inequalities . . . . . . . . . . 20 4.2 Interpretation as an approximate Riemann solver . . . . . . . . 21

5 Applications 24 5.1 The p-system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 5.2 Full gas dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 30

6 Parabolic problems 40

1 Introduction and BGK framework

Relaxation models such as in [11] have been used by many authors ([8], [9], [38], [25], [33], [1], [13]) to build numerical methods for hyperbolic systems of conservation laws. Kinetic BGK equations have been used especially in gas dynamics equations ([40], [24], [7], [31], [35], [36], [28], [50], [32], [27], [18], [3]), they give the so called kinetic or Boltzmann schemes. This approach has the advantage to provide a rigorous way to justify the good stability properties of the scheme: positivity of density and internal energy, and entropy consistency. This is obtained quite directly in the case of a compactly supported maxwellian equilibrium such as those introduced in [35], [36]. However, it is more delicate for noncompact distributions, and this has been studied in [23], [45], [30]. The problem of finding positive or/and entropy satisfying schemes for gas dynamics has been advised in [37], [29], [18], [4], [14], [17], [39], [12], [19], [20]. General entropy satisfying semi-discrete schemes have been studied in [34] and [44]. Concerning entropy schemes for scalar equations, we refer to [21].

Classically, kinetic methods lead, when discretized at first order, to particular flux vector splitting methods. An entropy condition was introduced in [10] for such flux vector splitting methods. A general framework for entropy compatible BGK models was introduced in [5] (see also [41] and [1]), and it was shown that flux vector splitting methods obtained via kinetic methods satisfy the entropy condition of [10]. The main result of this paper is that a flux vector splitting method is entropy satisfying if and only if it satisfies a refined entropy dissipativity property which is slightly stronger than that of [10], but equivalent to it locally. Moreover, such scheme can be obtained via a kinetic BGK model, with three velocities. Thus in particular, any kinetic scheme is equivalent, in the sense that it has the same first order numerical flux, to a three velocity relaxation model, and this gives a stability condition for numerical kinetic methods with noncompact velocity support. We obtain an explicit proof of discrete entropy inequalities, under a sharp CFL condition that generalizes the monotonicity criterion in the scalar case. Indeed the entropy dissipation can be expressed as a linear combination with nonnegative coefficients of elementary dissipation terms which have a generic form. We obtain also an interpretation of kinetic schemes and flux vector splitting methods as Godunov-type schemes defined by approximate Riemann solvers, in the sense of [24]. We apply the construction of three velocity relaxation models to gas dynamics.

The paper is organized as follows. After recalling the BGK framework introduced in [5], we explain the transport-projection method in Section 2, and its relation with flux vector splitting methods in Section 3. We establish the characterization of entropy satisfying flux vector splitting schemes and the converse relation from flux vector splitting methods to kinetic models in Section 4, and Section 5 is devoted to the application of our construction to gas dynamics. Finally, in Section 6 we give an extension to some parabolic problems.

In all the paper, all the nonlinearities are assumed implicitly to be sufficiently smooth, except the kinetic entropies H_η. The domains (such as U and U_{stab}) are always supposed to have piecewise smooth boundary, and trivial topology, so that closed differential forms are always exact.

1.1 Continuous BGK models

Let us here recall the structure of time continuous BGK models as introduced in [5] (see also [41]). A BGK model is an equation ∂_tf + a(ξ) · ∇_xf = M_f − f ε , (1.1)

where t > 0, x ∈ R^N ,

ξ ∈ Ξ, a measure space with measure dξ, (1.2)

f(t, x, ξ) ∈ R^p is the unknown,

a : Ξ → R^N (1.3)

is the velocity, M_f (t, x, ξ) = M(u(t, x), ξ), u(t, x) = ∫ f(t, x, ξ) dξ − k, (1.4) and the equilibrium M : U × Ξ → R^p satisfies the moment equations ∫ M(u, ξ) dξ = u + k, u ∈ U, (1.5) ∫ a_j(ξ)M(u, ξ) dξ = F_j(u) + k^′_j, u ∈ U, j = 1, . . . , N. (1.6)

The BGK equation (1.1) is consistent, in the limit ε → 0, with the system of conservation laws ∂_tu + N∑ j=1 ∂ ∂x_j F_j(u) = 0, (1.7)

with u(t, x) ∈ U a convex subset of R^p . In (1.1), we ask that f(t, x, ξ) ∈ D_ξ, (1.8) where D_ξ are convex subsets of R^p such that a.e. ξ ∀u ∈ U M(u, ξ) ∈ D_ξ. (1.9) Condition (1.8) is natural because it is easy to see, by integration of (1.1) along characteristics with M_f as right-hand side, that under assumption (1.9), this property is preserved by the BGK equation.

We are also given a non empty family E of convex entropies for (1.7). We recall that an entropy for (1.7) is a scalar function η(u) such that there exist scalar functions ϑ_j(u), called entropy fluxes, such that ϑ^′_j = η^′F^′_j, (1.10) where prime denotes differentiation with respect to u. It can be characterized by the property that the (F^′_j)^tη^{′′} are symmetric. We look for weak solutions to (1.7) that satisfy the entropy inequalities ∂_tη(u) + N∑ j=1 ∂ ∂x_j ϑ_j(u) ≤ 0, η ∈ E. (1.11)

For compatibility of the BGK model with (1.11), we ask that there exist kinetic entropies H_η(f, ξ), η ∈ E, satisfying a.e. ξ H_η(., ξ) : D_ξ → R is convex, (1.12) ∫ H_η(M(u, ξ), ξ) dξ = η(u) + c_η, u ∈ U, (1.13) for any f : Ξ → R^p such that a.e. ξ f(ξ) ∈ D_ξ and u_f ≡ ∫ f(ξ)dξ − k ∈ U, ∫ H_η(M(u_f , ξ), ξ) dξ ≤ ∫ H_η(f(ξ), ξ) dξ. (1.14) An important result of [5] is that, under technical assumptions, we can characterize the existence of kinetic entropies (H_η)_{η∈E} satisfying (1.12)-(1.14) by the reduced stability conditions a.e. ξ ∈ Ξ M(., ξ) ∈ M^E_+, (1.15) where the vector space of maxwellians and the convex cone of nondecreasing maxwellians are defined by

M^E = { M : U → R^p ; ∀η ∈ E (M^′)^tη^{′′} is symmetric in U } , (1.16)

M^E_+ = { M ∈ M^E ; ∀η ∈ E (M^′)^tη^{′′} ≥ 0 in U } . (1.17)

Then the functions H_η can be obtained via the relations H_η(M(u, ξ), ξ) = G_η(u, ξ), G^′_η(u, ξ) = η^′(u)M^′(u, ξ), (1.18) and by H^′_η(M(u, ξ), ξ) ∋ η^′(u) (1.19)

in the sense of subdifferentials (i.e. H_η(f, ξ) ≥ H_η(M(u, ξ), ξ) + η^′(u)(f − M(u, ξ)) for any f ∈ D_ξ). Indeed, relation (1.13) can be derived from (1.18) by differentiation with respect to u and by using (1.5), while (1.14) is obtained directly from (1.19) by integration with respect to ξ.

Remark 1.1 If E contains at least one strictly convex entroy, a function M ∈ M^E lies in M^E_+ if and only if M^′ has nonnegative eigenvalues (Proposition 2.2 in [5]).

1.2 Entropy variable

In the case of a single entropy, the sets M^E and M^E_+ can be described precisely by using the so called entropy variable.

Assume that η is a strictly convex function, and take E = {η}. Denote by v = η^′(u) the entropy variable, and M^η = M^E . Then

M^η = {M = ∂_vψ, ψ scalar function} , (1.20)

M^η_+ = {M = ∂_vψ, ψ locally convex with respect to v} . (1.21)

This is easily seen because (η^{′′})^{−1}(η^{′′}M^′)(η^{′′})^{−1} = M^′(η^{′′})^{−1} = ∂_vM, thus this is symmetric if and only if M = ∂_vψ for some ψ. Then ∂_vM = ∂^2_{vv} ψ, and the characterization of M^η_+ follows.

Moreover, if M = ∂_vψ ∈ M^η, we have

ψ^′ = η^{′′}M, (1.22)

and the entropy flux G associated with M (defined by G^′ = η^′M^′) is given by

G = η^′M − ψ. (1.23)

For example, if we take ψ = η^′(u) · u − η(u) (= η^∗(v) with η^∗ the dual convex function of η), we get M = u, and G = η.

The two following properties can be useful also. The first is that M is colinear to a given constant vector K if and only if ψ is a function of v · K only. The second is that G = a · M for some given constant a if and only if ψ(v = a + δv) is homogeneous of degree one in δv.

Finally, with the above results, if we take E = {η} with η a strictly convex entropy for (1.7), then a BGK model associated to (1.7) is always given through a scalar function ψ(u, ξ), u ∈ U, ξ ∈ Ξ, by M(u, ξ) = ∂_vψ(u, ξ), (1.24) with v = η^′(u), ψ must be locally convex with respect to v, and the moment relations (1.5)-(1.6) write ∫ ψ(u, ξ) dξ = η^′(u) · (u + k) − η(u) + cst, (1.25) ∫ a_j(ξ)ψ(u, ξ) dξ = ψ_j(u) + η^′(u) · k^′_j + cst, j = 1, . . . , N, (1.26) where the functions ψ_j(u) are defined through ∂_vψ_j(u) = F_j(u). (1.27) The models of [7] were presented in this setting.

Remark 1.2 The property for M to be maxwellian is characterized by the existence of some flux G such that G^′ = η^′M^′. By defining ψ by (1.23), we get that it is also equivalent to the existence of some ψ such that (1.22) holds. This characterization is also valid for non strictly convex η.

2 The transport-projection method

The aim of this section is to provide, in the context of a time-discrete equation, a more precise analysis of entropy dissipation and stability than was possible in [5] in the time-continuous case.

The transport-projection method, introduced in [8], [9], [40], [24] (see [48], [49] for an analysis), consists in replacing ε by a timestep Δt > 0, and the BGK equation (1.1) by a time-discrete equation ∂_tf + a(ξ) · ∇_xf = ∞∑ n=1 δ(t − t_n)(f^n − f^{n−}), (2.1) with t_n = nΔt, f^{n−}(x, ξ) = lim_{t→tn,t<tn} f(t, x, ξ), and f^n = M_f n�. (2.2) Note that ∑∞ n=1 δ(t − t_n) ∼ 1/Δt. Obviously it is equivalent to perform a transport step ∂_tf + a(ξ) · ∇_xf = 0 in ]t_n, t_{n+1}[×R^N × Ξ, f(t_n, .) = f^n, (2.3)

which gives f(t, x, ξ) = f^n(x − (t − t_n)a(ξ), ξ) for t_n ≤ t < t_{n+1}, and the projection step (2.2), or equivalently u^{n−}(x) = ∫ f^{n−}(x, ξ) dξ − k, (2.4) f^n(x, ξ) = M(u^n(x), ξ), (2.5) and u^n = u^{n−}. (2.6) Extra projection operators can also be involved in a more complex relation u^n = P u^{n−}, see Section 3.

From the above formulas we obtain an operator which to a function u^n(x) associates a new function u^{n+1}(x), giving an approximate solution to (1.7), u^n ≃ u(t_n). We have to notice that at this level, we have to assume as in the continuous case that u^n from (2.6) remains in U, it is is not necessarily true in general. For further reference, we also define the function u for all times by u(t, x) = ∫ f(t, x, ξ) dξ − k. (2.7) As in the continuous case, we can obtain consistency with entropy inequalities, because for any η ∈ E, we have ∂_t[H_η(f, ξ)]+a(ξ)·∇_x[H_η(f, ξ)] = ∞∑ n=1 δ(t−t_n) ( H_η(f^n, ξ)−H_η(f^{n−}, ξ) ) , (2.8)

and after integration with respect to ξ, ∂_t ∫ H_η(f, ξ) dξ + div_x ∫ a(ξ)H_η(f, ξ) dξ = ∞∑ n=1 δ(t − t_n)S^n_η (x), (2.9)

where the entropy production takes the form

S^n_η (x) = ∫ H_η(f^n, ξ) dξ − ∫ H_η(f^{n−}, ξ) dξ = ∫ [ H_η(M(u^n, ξ), ξ) − H_η(f^{n−}, ξ) + η^′(u^n)(f^{n−} − M(u^n, ξ)) ] dξ, (2.10) and the integrand is nonpositive since H_η is convex and because of (1.19). The integration of (2.9) on a time interval leads finally to time discrete entropy inequalities.

2.1 Accuracy

Let us prove that (2.3)-(2.2) gives a consistent method for solving (1.7). We recall that for (1.1), the Chapman-Enskog expansion gives ∂_tu + N∑ j=1 ∂ ∂x_j F_j(u) = ε ∑ 1≤i,j≤N ∂ ∂x_j [ D_{ji}(u) ∂u ∂x_i ] (2.11)

up to terms in ε^2, with

D_{ji}(u) = Q^′_{ji}(u) − F^′_j(u)F^′_i (u), Q_{ij}(u) = ∫ a_i(ξ)a_j(ξ)M(u, ξ) dξ, (2.12) and that (2.11) is entropy compatible as soon as (1.15) holds. For the time discrete method, we have the same behavior, with ε replaced by Δt/2.

Proposition 2.1 As Δt → 0, the time discrete method (2.3)-(2.2) is consistent with (1.7), and the equivalent equation is ∂_tu + N∑ j=1 ∂ ∂x_j F_j(u) = Δt 2 ∑ 1≤i,j≤N ∂ ∂x_j [ D_{ji}(u) ∂u ∂x_i ] . (2.13)

Proof. From the transport step (2.3), we get obviously

f^{n+1−} = f^n − Δt a(ξ) · ∇_xf^n +

Δt^2 2 (a(ξ) · ∇_x)^2f^n + O(Δt^3). (2.14)

Integrating this with respect to ξ and using (2.5) we get

u^{n+1}(x)

= u^n(x) − Δt ∑ j ∂ ∂x_j [∫ a_j(ξ)M(u^n(x), ξ)dξ − Δt 2 ∑ i ∂ ∂x_i ∫ a_j(ξ)a_i(ξ)M(u^n(x), ξ)dξ ] + O(Δt^3)

= u^n(x) − Δt ∑ j ∂ ∂x_j [ F_j(u^n(x)) − Δt 2 ∑ i Q^′_{ij}(u^n(x)) ∂u^n ∂x_i (x) ] + O(Δt^3).

(2.15) Since for the exact solution u_{ex} to (1.7) we have obviously u_{ex}(t_{n+1}, x) = u^n(x) − Δt N∑ j=1 ∂ ∂x_j F_j(u^n(x)) +

Δt^2 2 ∑ i,j ∂ ∂x_j [ F^′_j(u^n)F^′_i (u^n) ∂u^n ∂x_i ] + O(Δt^3),

(2.16) we get

u^{n+1}(x) = u_{ex}(t_{n+1}, x) +

Δt^2 2 ∑ i,j ∂ ∂x_j [ D_{ji}(u^n) ∂u^n ∂x_i ] + O(Δt^3), (2.17)

which yields (2.13).

We have to notice that as in the time continuous case, the scheme cannot be second-order in time unless D_{ji} ≡ 0, which implies that the system (1.7) satisfies the very exceptional property that all components of the F_j are entropies of (1.7). More relations need to be satisfied for higher order methods, see [26].

2.2 Entropy dissipation analysis

As we have seen in (2.10), the entropy production S^n_η (x) is nonpositive as soon as H_η is convex with respect to f and satisfies (1.19). According to [5], the reduced stability condition (1.15) implies the existence of a convex H_η, defined through (1.18) and (1.19). However, this result needs some technical assumptions, such as for example the invertibility of M, and moreover the reduced condition (1.15) may not be satisfied for all states u ∈ U, but only in a subdomain u ∈ U_{stab}. This is the case for the models of Section 5. Therefore, we are going to introduce here an alternate way to write entropy dissipation, which does not involve the function H_η, and for which we have a precise information about for which states (1.15) should be checked. This analysis involves the notion of η-dissipative functions, which is more precise than the notion of maxwellian functions.

The idea is to use a very particular property of the transport projection algorithm, which is that f(t, x, ξ) ∈ D_ξ is preserved in the transport step (2.3) for any family of sets D_ξ, which do not need to be convex (it is necessary for the continuous model (1.1)). Therefore, the algorithm (2.3), (2.4), (2.5) can be reformulated via a function w(t, x, ξ),

∂_tw + a(ξ) · ∇_xw = 0 in ]t_n, t_{n+1}[×R^N × Ξ, w(t_n, x, ξ) = u^n(x), (2.18)

u^{n−}(x) = ∫ M(w^{n−}(x, ξ), ξ) dξ − k, (2.19) because we have of course f(t, x, ξ) = M(w(t, x, ξ), ξ). (2.20) Then, one can define G_η(u, ξ) by

G^′_η(u, ξ) = η^′(u)M^′(u, ξ), (2.21)

and we obtain the entropy equation ∂_t[G_η(w, ξ)]+a(ξ)·∇_x[G_η(w, ξ)] = ∞∑ n=1 δ(t−t_n)[G_η(w^n, ξ)−G_η(w^{n−}, ξ)]. (2.22) After integration with respect to ξ we get ∂_t ∫ G_η(w, ξ) dξ + div_x ∫ a(ξ)G_η(w, ξ) dξ = ∞∑ n=1 δ(t − t_n)S^n_η (x), (2.23)

S^n_η (x) = ∫ [ G_η(w^n(x, ξ), ξ) − G_η(w^{n−}(x, ξ), ξ) ] dξ = ∫ [ G_η(u^n(x), ξ) − G_η(w^{n−}(x, ξ), ξ) +η^′(u^n(x)) ( M(w^{n−}(x, ξ), ξ) − M(u^n(x), ξ) )] dξ. (2.24) Now we have an alternate formula replacing (2.10) which does not involve H_η, and we can deduce an entropy consistency result as follows.

Definition 2.2 i) Let η(u) be a convex function, and consider a vector function W (u) such that W^′(u)^tη^{′′}(u) is symmetric. (2.25)

We define G_η[W ](u) by G_η[W ]^′(u) = η^′(u)W^′(u), (2.26) and the elementary entropy dissipation

D_η[W ](u, v) = G_η[W ](u) − G_η[W ](v) + η^′(u)(W (v) − W (u)). (2.27) ii) We shall say that W is η-dissipative in U_{stab} if W satisfies i) and D_η[W ](u, v) ≤ 0 for all u, v ∈ U_{stab}. (2.28)

Proposition 2.3 Let U_{stab} be a (not necessarily convex) subset of U such that for a.e. ξ ∈ Ξ and all η ∈ E, M(., ξ) is η-dissipative in U_{stab}. (2.29) If u^n(x) ∈ U_{stab}, x ∈ R^N is such that u^{n+1}(x) ∈ U_{stab}, x ∈ R^N , then S^{n+1}_η from the right-hand side of (2.23) is nonpositive for any η ∈ E (and we do not need to check the existence of H_η satisfying (1.12)-(1.14)). Proof. It is straightforward, because by (2.24), S^{n+1}_η (x) = ∫ D_η[M(., ξ)](u^{n+1}(x), w^{n+1−}(x, ξ)) dξ, (2.30) and the integrand is nonpositive since w^{n+1−}(x, ξ) = u^n(x − Δta(ξ)).

As was shown in [5], (2.29) is very close to the reduced condition (1.15). In order to make the paper complete, let us however recall more precisely why the η-dissipativity of W is almost equivalent to W ∈ M^η_+ (and is therefore also related to the fact that W^′ has nonnegative eigenvalues according to Remark 1.1).

Lemma 2.4 If W is η-dissipative in U_{stab}, then W ∈ M^η_+ in U_{stab}. Proof. If W satisfies (2.28), then for u in the interior of U_{stab}, D_η[W ](u, .) admits a maximum at u. Differentiating with respect to v, we get ∂_v (D_η[W ](u, v)) = (η^′(u) − η^′(v)) W^′(v). (2.31) We deduce that the second derivative of D_η[W ](u, .) at u is −W^′(u)^tη^{′′}(u), and it must be symmetric nonpositive. This gives the result since U_{stab} has dense interior.

Conversely, we have the following lemma.

Lemma 2.5 Assume that η is a strictly convex function, and that W is as in Definition 2.2 (i). If U_{stab} is such that η^′(U_{stab}) is convex (2.32) and (W^′)^tη^{′′} ≥ 0 in U_{stab}, (2.33) then W is η-dissipative in U_{stab}.

Proof. Since η is strictly convex, η^′ is a diffeomorphism. Thus for given u, v ∈ U_{stab}, because of (2.32), we can define v(t) ∈ U_{stab}, 0 ≤ t ≤ 1 by

η^′(v(t)) = (1 − t)η^′(u) + tη^′(v), (2.34) and φ(t) = D_η[W ](u, v(t)). Then, with (2.33),

φ^′(t) = − ( η^′(v(t)) − η^′(u) ) W^′(v(t))v^′(t) = −t ( η^{′′}(v(t))v^′(t) ) W^′(v(t))v^′(t) ≤ 0, (2.35)

and therefore φ(1) ≤ φ(0), which yields (2.28).

Remark 2.1 Let η be a convex function. Another way of stating that a vector function W is η-dissipative in U_{stab} is to ask that there exists some scalar function G such that

G(u) − G(v) + η^′(u)(W (v) − W (u)) ≤ 0 for all u, v ∈ U_{stab}. (2.36) This is easily obtained because if (2.36) is satisfied, then the left-hand side of (2.36), seen as a function of v, admits a maximum at u. Writing that its derivative must vanish there, we obtain G^′(u) = η^′(u)W^′(u), which implies that (2.25) holds and that G_η[W ] = G + cst.

Remark 2.2 If W is η-dissipative in U_{stab}, then we can solve formally the problem of finding the kinetic entropy H_η(f) such that H_η is convex, and

H_η(W (u)) = G_η[W ](u), (2.37)

H^′_η(W (u)) ∋ η^′(u). (2.38) One can easily check that the formula H_η(f) = sup_{u∈Ustab} ( G_η[W ](u) + η^′(u) ( f − W (u) )) ≤ ∞ (2.39)

gives a convex solution to (2.37)-(2.38).

Remark 2.3 In practice, in order to verify the η-dissipativity assumption (2.29) of Proposition 2.3, several strategies can be used. The most obvious is to use Lemma 2.5. But the convexity assumption (2.32) can be rather restrictive. Another important case is if we are able to find directly a convex function H such that η^′(u) = H^′(W (u)). Then G_η[W ](u) = H(W (u)), and D_η[W ](u, v) = H(W (u)) − H(W (v)) + H^′(W (u))(W (v) − W (u)) ≤ 0 by convexity of H. If H is not given, one can also obtain it under the condition W ∈ M^η_+ and if W is a diffeomorphism and W (U_{stab}) is convex, as was proved in [5]. Finally if these three methods fail, one can try to check (2.28) directly, by an explicit computation.

Remark 2.4 According the the above analysis, the reduced condition (1.15) is not fully sufficient, the η-dissipativity (2.29) is more precise, but is equivalent to it for a strictly convex entropy η and if the states are sufficiently close, because then we can apply Lemma 2.5. An example where they are not globally equivalent is provided in Subsection 5.2, Remark 5.9. However, (1.15) is easier to check, this is the reason why we call it reduced stability condition. Remark 2.5 The function D_η[W ] also appears in the weak formulation of boundary conditions, see [39].

3 Space discretization and flux vector splitting

From now on, we only deal with the one-dimensional case N = 1. We consider a uniform spatial grid (x_{i+1/2})_{i∈}Z of size Δx > 0, x_{i+1/2} − x_{i−1/2} = Δx. (3.1) In order to obtain a fully discrete method for solving (1.7), the usual Godunov approach is to consider a function u^n(x) that is piecewise constant, u^n(x) = u^n_i , x_{i−1/2} < x < x_{i+1/2}. (3.2) Then, in order to recover a piecewise constant function at step n + 1, one has to perform a piecewise constant projection u^{n+1} = P^0u^{n+1−}, (3.3) or more explicitly u^{n+1}_i = 1 Δx ∫ x_{i+1/2} x_i�1_/2

u^{n+1−}(x) dx, (3.4) where u^{n+1−} is obtained by an exact or approximate resolution of (1.7) in ]t_n, t_{n+1}[ with initial data u^n.

In our case, u^{n+1−} is obtained by the transport-projection method of Section 2, and we get the so called kinetic scheme ∂_tf + a(ξ) · ∇_xf = 0 in ]t_n, t_{n+1}[×R^N × Ξ, f(t_n, x, ξ) = f^n(x, ξ) = M(u^n(x), ξ), (3.5)

u^{n−}(x) = ∫ f^{n−}(x, ξ) dξ − k, u^n = P^0u^{n−}. (3.6) We can extend the definition of u to all times by (2.7). As in Subsection 2.2, we have f(t, x, ξ) = M(w(t, x, ξ), ξ), and we obtain ∂_tw + a(ξ) · ∇_xw = 0 in ]t_n, t_{n+1}[×R^N × Ξ, w(t_n, x, ξ) = u^n(x), (3.7)

u^{n−}(x) = ∫ M(w^{n−}(x, ξ), ξ) dξ − k, u^n = P^0u^{n−}. (3.8) Next, in order to obtain entropy consistency, we define G_η(u, ξ) by (2.21), and we write (2.22) and (2.23), with S^n_η (x) = ∫ [ G_η(w^n(x, ξ), ξ) − G_η(w^{n−}(x, ξ), ξ) ] dξ. (3.9)

We then integrate (2.23) over ]t_n, t_{n+1}]×]x_{i−1/2}, x_{i+1/2}[, and get

η(u^{n+1}_i ) − η(u^n_i ) + Δt Δx (ϑ^n_{η,i+1/2} − ϑ^n_{η,i−1/2}) = S^{n+1}_{ηi} , (3.10) with ϑ^n_{η,i+1/2} = 1 Δt ∫ t_{n+1} tn ∫ ξ a(ξ)G_η(w(t, x_{i+1/2}, ξ), ξ) dξdt, (3.11) and S^{n+1}_{ηi} = 1 Δx ∫ x_{i+1/2} x_i�1_/2

S^{n+1}_η (x) dx. (3.12) In particular, if we take for η the components of u, we get u^{n+1}_i − u^n_i + Δt Δx (F^n_{i+1/2} − F^n_{i−1/2}) = 0 (3.13) because u^n − u^{n−} has vanishing average in the cells, with F^n_{i+1/2} = 1 Δt ∫ t_{n+1} tn ∫ ξ a(ξ)M(w(t, x_{i+1/2}, ξ), ξ) dξdt. (3.14) In order to explicit the numerical fluxes, we use the CFL condition Δt ess sup ξ∈suppM0(U_{stab},.) |a(ξ)| ≤ Δx, (3.15) where ξ ∈ suppM^′(U_{stab}, .) means that there exists some u ∈ U_{stab} such that M^′(u, ξ) ≠ 0. Obviously, for ξ /∈ suppM^′(U_{stab}, .), M(u, ξ) = C(ξ), u ∈ U_{stab}. We observe that for t_n < t < t_{n+1}, w(t, x_{i+1/2}, ξ) = u^n(x_{i+1/2} − (t − t_n)a(ξ)) (3.16) remains in U_{stab} if u^n(x) ∈ U_{stab}. Then, since for ξ ∈ suppM^′(U_{stab}, .) we have Δt|a(ξ)| ≤ Δx by (3.15), we obtain w(t, x_{i+1/2}, ξ) = { u^n_i if a(ξ) > 0, u^n_{i+1} if a(ξ) < 0, ξ ∈ suppM^′(U_{stab}, .). (3.17)

Thus M ( w(t, x_{i+1/2}, ξ), ξ ) = { M(u^n_i , ξ) if a(ξ) > 0, M(u^n_{i+1}, ξ) if a(ξ) < 0, (3.18) and this remains true also for ξ /∈ suppM^′(U_{stab}, .). Therefore, by splitting the integral in two domains according to the sign of a(ξ) in (3.14), we get F^n_{i+1/2} = F^+(u^n_i ) + F^−(u^n_{i+1}), (3.19) with F^±(u) = ∫ ±a(ξ)>0 a(ξ)M(u, ξ) dξ. (3.20)

Similarly, ϑ^n_{η,i+1/2} = ϑ^+_η (u^n_i ) + ϑ^−_η (u^n_{i+1}), (3.21) with ϑ^±_η (u) = ∫ ±a(ξ)>0 a(ξ)G_η(u, ξ) dξ. (3.22) We remark that with (2.21), (ϑ^±_η )^′ = η^′(F^±)^′, (3.23) therefore F^+, F^− ∈ M^E , and that by (1.6), F^+ + F^− = F + k^′. (3.24) Also, from (3.20) and by linearity, if M(., ξ) is η-dissipative in U_{stab}, then F^+, −F^− are η-dissipative in U_{stab}.

As in Subsection 2.2, we obtain entropy consistency.

Theorem 3.1 Let U_{stab} be a (not necessarily convex) subset of U such that for a.e. ξ ∈ Ξ and all η ∈ E, M(., ξ) is η-dissipative in U_{stab}, (3.25) and assume that the CFL condition (3.15) holds. Define the fully discrete kinetic scheme by (3.13), (3.19), and (3.20). If u^n_i ∈ U_{stab}, i ∈ Z, is such that u^{n+1}_i ∈ U_{stab}, i ∈ Z, then S^{n+1}_{ηi} in the right-hand side of (3.10) is nonpositive for any η ∈ E, and the scheme is entropy satisfying.

Proof. From (3.12) and (3.9), and the fact that u^{n+1−}(x) has average u^{n+1}_i over ]x_{i−1/2}, x_{i+1/2}[, we get

S^{n+1}_{ηi} = 1 Δx ∫ x_{i+1/2} x_i�1_/2 ∫ [ G_η(u^{n+1}_i , ξ) − G_η(w^{n+1−}(x, ξ), ξ) ] dξdx = 1 Δx ∫ x_{i+1/2} x_i�1_/2 ∫ [ G_η(u^{n+1}_i , ξ) − G_η(w^{n+1−}(x, ξ), ξ) + η^′(u^{n+1}_i ) ( M(w^{n+1−}(x, ξ), ξ) − M(u^{n+1}_i , ξ) )] dξdx = 1 Δx ∫ x_{i+1/2} x_i�1_/2 ∫ D_η[M(., ξ)](u^{n+1}_i , w^{n+1−}(x, ξ)) dξdx,

(3.26)

which is obviously nonpositive by (3.25), since w^{n+1−}(x, ξ) = u^n(x−Δta(ξ)).

Remark 3.1 The assumption that u^{n+1}_i ∈ U_{stab} is used only in (3.26). In the CFL condition (3.15), the property u^n_i ∈ U_{stab} is sufficient.

Remark 3.2 Another proof is by using the decomposition

S^{n+1}_{ηi} = η(u^{n+1}_i ) − 1 Δx ∫ x_{i+1/2} x_i�1_/2 η(u^{n+1−}(x)) dx + 1 Δx ∫ x_{i+1/2} x_i�1_/2 ∫ D_η[M(., ξ)](u^{n+1−}(x), w^{n+1−}(x, ξ)) dξdx. (3.27)

The first term is nonpositive according to Jensen’s inequality, but for the second we need to assume that u^{n+1−}(x) ∈ U_{stab}, x ∈ R instead of u^{n+1}_i ∈ U_{stab}, which is somehow more natural.

Remark 3.3 Instead of assumption (3.25), a weaker form of stability condition for (3.27) to be nonpositive is ∫ D_η[M(., ξ)] ( u^{n+1−}(x), u^n(x − Δta(ξ)) ) dξ ≤ 0, x_{i−1/2} < x < x_{i+1/2}. (3.28)

Remark 3.4 We have

F^+(u) − F^−(u) = ∫ |a(ξ)|M(u, ξ) dξ, (3.29) and under assumptions (3.15) and (3.25),

Id − Δt Δx (F^+ − F^−) is η-dissipative in U_{stab}. (3.30)

It is shown in Section 4 that this CFL condition is sufficient for the scheme to be entropy satisfying. This condition is weaker than (3.15) since it does not need a(ξ) to be bounded in the support of M, only the integrals in ξ of M are involved.

Remark 3.5 There is another interpretation of the scheme (3.13), (3.19), and (3.20), which is to write an upwind scheme for the kinetic equation (3.5), f^{n+1−} i (ξ) − f^n_i (ξ) + Δt Δx a(ξ) ( f^n_i (ξ) − f^n_{i−1}(ξ) ) = 0 if a(ξ) ≥ 0, f^{n+1−} i (ξ) − f^n_i (ξ) + Δt Δx a(ξ) ( f^n_{i+1}(ξ) − f^n_i (ξ) ) = 0 if a(ξ) ≤ 0,

(3.31)

with f^n_i (ξ) = M(u^n_i , ξ), (3.32) and u^{n+1}_i = ∫ f^{n+1−} i (ξ) dξ − k. (3.33) Indeed, under the CFL condition (3.15), this is exactly satisfied by the space averages f_i(t, ξ) = 1 Δx ∫ x_{i+1/2} x_i�1_/2 f(t, x, ξ) dx, (3.34) with as usual f^n_i (ξ) = f_i(t_n, ξ) and f^{n+1−}_i (ξ) = f_i(t_{n+1}−, ξ). It is not possible to perform the above analysis for this formulation, because here f^{n+1−}_i (ξ) cannot be written easily as M(w^{n+1−}_i (ξ), ξ) for some w^{n+1−}_i (ξ). We have to use discrete analogues of (2.8)-(2.10), and we really need the function H_η. However, this formulation has the advantage to extend to multidimensional settings, by replacing (3.31) by a suitable multidimensional scheme for the advection problem (2.3).

4 Kinetic interpretation of flux vector splitting methods

In this section, we establish the characterization of entropy satisfying flux vector splitting methods, and we prove that any such method for solving the system of conservation laws (1.7) in dimension N = 1 can be interpreted as a kinetic method as described in Section 2, with three velocities. Moreover we are able to write explicitly the entropy dissipation as a linear combination of elementary entropy dissipation terms as defined in (2.27). We also obtain an interpretation of the scheme as a Godunov-type scheme associated to an approximate Riemann solver.

Classically, a flux vector splitting method for the one-dimensional system

∂_tu + ∂_xF (u) = 0, (4.1)

with u(t, x) ∈ U a convex subset of R^p , is a scheme

u^{n+1}_i − u^n_i + Δt Δx (F^n_{i+1/2} − F^n_{i−1/2}) = 0, (4.2)

where Δt > 0 is the timestep, Δx > 0 the size of the uniform spatial grid (x_{i+1/2})_{i∈}Z, and F^n_{i+1/2} = F^+(u^n_i ) + F^−(u^n_{i+1}). (4.3)

Consistency with (4.1) writes as

F^+ + F^− = F, (4.4)

eventually up to an additive constant.

Let E be a non empty family of convex entropies for (4.1). An entropy compatibility condition with E was proposed in [10],

F^+, −F^− ∈ M^E_+, (4.5)

where M^E_+ is defined in (1.17). With this assumption and under a CFL condition, it was proved in [10] that if the nonlinearities F^+, F^− lead to well-posed Riemann problems satisfying entropy conditions, the scheme (4.2)-(4.3) satisfies discrete entropy inequalities. Here we are going to obtain this result, but without any assumption on these Riemann problems. In order to do so, we introduce a refined entropy compatibility condition,

F^+, −F^− are η-dissipative in U_{stab}, η ∈ E, (4.6) in the sense of Definition 2.2, which is more precise than (4.5) according to the analysis of Subsection 2.2. Notice that (4.5) and (4.6) are closely related to the classical condition that (F^+)^′ and −(F^−)^′ have nonnegative eigenvalues, see Remark 1.1. In the same spirit, we introduce the CFL-1 condition

Id − Δt Δx (F^+ − F^−) is η-dissipative in U_{stab}, η ∈ E, (4.7)

which is a refined way to state that the eigenvalues of (F^+ − F^−)^′ are less than Δx/Δt. According to Section 3, the fully discrete scheme derived from any kinetic transport-projection method takes the form (4.2)-(4.3), and the assumptions in Theorem 3.1 imply that (4.4)-(4.7) are satisfied.

These conditions alone are indeed sufficient for the scheme (4.2)-(4.3) to be entropy satisfying.

Theorem 4.1 Let U_{stab} be a (not necessarily convex) subset of U, and F^+, F^− verify (4.4), such that the stability condition (4.6) holds, and assume the CFL- 1 condition (4.7). Then the flux vector splitting scheme (4.2)-(4.3) verifies the discrete entropy inequalities

η(u^{n+1}_i ) − η(u^n_i ) + Δt Δx (ϑ^n_{η,i+1/2} − ϑ^n_{η,i−1/2}) ≡ S^{n+1}_{ηi} ≤ 0, η ∈ E, (4.8) for any sequence u^n_i ∈ U_{stab}, i ∈ Z, such that u^{n+1}_i ∈ U_{stab}, i ∈ Z, where ϑ^n_{η,i+1/2} = ϑ^+_η (u^n_i ) + ϑ^−_η (u^n_{i+1}), (4.9)

(ϑ^±_η )^′ = η^′(F^±)^′. (4.10)

Proof. Let us define a kinetic BGK model by Ξ = {−1, 0, 1} (4.11) with the counting measure, a(ξ) = ξc (4.12) for some parameter c > 0, and M(u, 1) = F^+(u)/c, M(u, −1) = −F^−(u)/c, (4.13) M(u, 0) = u − ( F^+(u) − F^−(u) ) /c. (4.14) Then with (4.4) we get the moment relations ∫ M(u, ξ) dξ = u, ∫ a(ξ)M(u, ξ) dξ = F (u), (4.15) where of course the integral in ξ means only the sum over ξ ∈ Ξ. We observe also that by construction ∫ ±a(ξ)>0 a(ξ)M(u, ξ) dξ = F^±(u). (4.16) In order to verify the CFL condition (3.15), we need that c ≤ Δx/Δt. Then, (4.6), (4.7) give that (3.25) is verified for any ξ ∈ Ξ and η ∈ E, under the condition c ≥ Δx/Δt. Therefore, we obtain the result by taking c = Δx/Δt and by applying Theorem 3.1.

Remark 4.1 The scheme (4.2)-(4.3) can also be written

u^{n+1}_i = Δt Δx F^+(u^n_{i−1}) + u^n_i − Δt Δx ( F^+(u^n_i ) − F^−(u^n_i ) ) − Δt Δx F^−(u^n_{i+1}), (4.17)

and conditions (4.6)-(4.7) exactly say that this expression is monotone (in a generalized sense) with respect to each argument, which is a well-known sufficient condition for entropy consistency in the scalar case. This indicates that the CFL condition (4.7) should be optimal.

Proposition 4.2 Let U_{stab} be a (not necessarily convex) subset of U, and F^+, F^− verify (4.4), such that the stability condition (4.6) holds, and assume the CFL conditions c ≤ Δx/Δt, (4.18) Id −(F^+ − F^−)/c is η-dissipative in U_{stab}, η ∈ E, (4.19) for some c > 0, which obviously imply (4.7). Then the flux vector splitting scheme (4.2)-(4.3) can be interpreted as the transport-projection method with piecewise constant data and piecewise constant projection associated to the entropy satisfying relaxation system

∂_tu + ∂_xv = 0, ∂_tv + ∂_xz = (F (u) − v)/ε, ∂_tz + c^2∂_xv = ( c(F^+(u) − F^−(u)) − z ) /ε. (4.20)

Proof. Obviously, in the proof of Theorem 4.1, one can use the interpretation (4.11)-(4.14) with c different from Δx/Δt, but satisfying (4.18)-(4.19). This allows for example to treat non uniform grids, then (4.18) is replaced by c ≤ Δx_i/Δt for all i.

Then, the continuous BGK model associated to (4.11)-(4.14) can be written ∂_tf(t, x, 1) + c∂_xf(t, x, 1) = (M(u(t, x), 1) − f(t, x, 1))/ε, ∂_tf(t, x, −1) − c∂_xf(t, x, −1) = (M(u(t, x), −1) − f(t, x, −1))/ε, ∂_tf(t, x, 0) = (M(u(t, x), 0) − f(t, x, 0))/ε. (4.21)

We define as in (2.7) u(t, x) = ∫ f(t, x, ξ) dξ = f(t, x, 1) + f(t, x, −1) + f(t, x, 0), (4.22) v(t, x) = ∫ a(ξ)f(t, x, ξ) dξ = cf(t, x, 1) − cf(t, x, −1), (4.23) z(t, x) = ∫ a(ξ)^2f(t, x, ξ) dξ = c^2(f(t, x, 1) + f(t, x, −1)), (4.24) and we easily obtain (4.20) by taking the moments of (4.21), since (4.15) holds and ∫ a(ξ)^2M(u, ξ) dξ = c(F^+(u) − F^−(u)). (4.25)

Indeed, (4.21) is the diagonal form of (4.20).

The stability condition (4.6) is indeed necessary for the flux vector splitting scheme (4.2)-(4.3) to satisfy the discrete entropy inequalities (4.8). This can be seen by looking at the semidiscrete method obtained by letting Δt → 0 in (4.2)-(4.3), as in [34], [44].

Theorem 4.3 The semidiscrete method du_i dt + 1 Δx ( F_{i+1/2} − F_{i−1/2} ) = 0, F_{i+1/2} = F^+(u_i) + F^−(u_{i+1}) (4.26)

satisfies entropy inequalities of the form d dt η(u_i) + 1 Δx ( ϑ_{η,i+1/2} − ϑ_{η,i−1/2} ) ≤ 0, ϑ_{η,i+1/2} = ϑ^+_η (u_i) + ϑ^−_η (u_{i+1}) (4.27)

for some functions ϑ^+_η , ϑ^−_η , if and only if (4.6) holds.

Proof. Expressing d(η(u_i))/dt from (4.26) by multiplying by η^′(u_i), we get that (4.27) is equivalent to ϑ_{η,i+1/2} − ϑ_{η,i−1/2} − η^′(u_i) ( F_{i+1/2} − F_{i−1/2} ) ≤ 0, (4.28)

and this must be true for any u_{i−1}, u_i, u_{i+1}. By taking successively u_{i+1} = u_i and u_{i−1} = u_i, we obtain

ϑ^+_η (u_i) − ϑ^+_η (u_{i−1}) − η^′(u_i) ( F^+(u_i) − F^+(u_{i−1}) ) ≤ 0, (4.29)

ϑ^−_η (u_{i+1}) − ϑ^−_η (u_i) − η^′(u_i) ( F^−(u_{i+1}) − F^−(u_i) ) ≤ 0, (4.30)

and this is obviously sufficient since by summing up (4.29) and (4.30) we recover (4.28). Now, according to Remark 2.1, the properties (4.29) and (4.30) exactly mean that F^+, −F^− are η-dissipative, and we have necessarily the relations (ϑ^±_η )^′ = η^′(F^±)^′.

Remark 4.2 In order to determine an entropy flux vector splitting method, one has only to find a decomposition of F as (4.4), (4.6), or (4.4)-(4.5) as a first approach. In the case of a single strictly convex entropy E = {η}, we can define ψ by ∂_vψ = F, (4.31) with v = η^′(u) the entropy variable, and according to Section 1.2, a decomposition (4.4)-(4.5) is equivalent to a decomposition

ψ = ψ^+ + ψ^−, ψ^+, −ψ^− locally convex with respect to v, (4.32)

via the relations F^± = ∂_vψ^±. (4.33)

4.1 A direct proof of discrete entropy inequalities

In order to make Theorem 4.1 more clear, Let us finally give a quite explicit proof of it. We notice that with the BGK model (4.11)-(4.14), formula (3.26) can be written as S^{n+1}_{ηi} = ∑ ξ∈Ξ S^{n+1}_{ηi} (ξ), (4.34)

with

S^{n+1}_{ηi} (ξ) = 1 Δx ∫ x_{i+1/2} x_i�1_/2 D_η[M(., ξ)] ( u^{n+1}_i , u^n(x − Δta(ξ)) ) dx. (4.35)

Since cΔt = Δx, the value of u^n(x − Δta(ξ)) in (4.35) is respectively u^n_{i+1}, u^n_i , u^n_{i−1} if ξ = −1, 0, 1, and the integral in x disappears. We observe that

G_η(u, 1) = ϑ^+_η (u)/c, G_η(u, −1) = −ϑ^−_η (u)/c, (4.36)

G_η(u, 0) = η(u) − ϑ^+_η (u)/c + ϑ^−_η (u)/c, (4.37)

therefore

S^{n+1}_{ηi} (1) = ϑ^+_η (u^{n+1}_i )/c − ϑ^+_η (u^n_{i−1})/c + η^′(u^{n+1}_i ) ( F^+(u^n_{i−1}) − F^+(u^{n+1}_i ) ) /c, (4.38) S^{n+1}_{ηi} (−1) = −ϑ^−_η (u^{n+1}_i )/c + ϑ^−_η (u^n_{i+1})/c − η^′(u^{n+1}_i ) ( F^−(u^n_{i+1}) − F^−(u^{n+1}_i ) ) /c, (4.39) S^{n+1}_{ηi} (0) = η(u^{n+1}_i ) − ϑ^+_η (u^{n+1}_i )/c + ϑ^−_η (u^{n+1}_i )/c − [ η(u^n_i ) − ϑ^+_η (u^n_i )/c + ϑ^−_η (u^n_i )/c ]

+ η^′(u^{n+1}_i ) ( u^n_i − F^+(u^n_i )/c + F^−(u^n_i )/c − [ u^{n+1}_i − F^+(u^{n+1}_i )/c + F^−(u^{n+1}_i )/c ]) . (4.40)

With these formulas and by using (4.2)-(4.3), one can check directly that S^{n+1}_{ηi} from (4.8) is the sum of (4.38)-(4.40), as stated in (4.34). This is just an algebraic identity. Then obviously S^{n+1}_{ηi} ≤ 0, since each term S^{n+1}_{ηi} (ξ), ξ = −1, 0, 1 has the form (2.27) of an elementary entropy dissipation associated to M(., ξ). Remark 4.3 If we take c ≠ Δx/Δt satisfying (4.18)-(4.19) as in Proposition 4.2, the integral in (4.35) has to be split over subintervals, this is a bit more complicate. With the decomposition (3.27) instead of (3.26), the computation is even more tedious, but in the case of a half CFL condition cΔt ≤ Δx/2, this can be done, see Proposition 4.4 and Remark 4.5.

4.2 Interpretation as an approximate Riemann solver

In this subsection, we give an interpretation of the flux vector splitting scheme (4.2)-(4.3) via an approximate Riemann solver. Then we give also the interpretation for general kinetic schemes.

According to Proposition 4.2, the scheme can be interpreted as the transportprojection method with piecewise constant data described in Section 3 associated to the BGK model (4.11)-(4.14). We can write obviously the explicit value of the kinetic function f(t, x, ξ), t_n < t < t_{n+1}, solving (3.5), f(t, x, 1) = F^+(u^n_i )/c, x_{i−1/2} < x − c(t − t_n) < x_{i+1/2}, (4.41) f(t, x, −1) = −F^−(u^n_i )/c, x_{i−1/2} < x + c(t − t_n) < x_{i+1/2}, (4.42) f(t, x, 0) = u^n_i − F^+(u^n_i )/c + F^−(u^n_i )/c, x_{i−1/2} < x < x_{i+1/2}. (4.43) Therefore, for x_{i−1/2} < x < x_{i+1/2}, we obtain with the CFL condition (4.18) f(t, x, 1) = F^+(u^n_i )/c − 1I_{x<xi}�_{1/2+c(t−tn)} [ F^+(u^n_i ) − F^+(u^n_{i−1}) ] /c, (4.44) f(t, x, −1) = −F^−(u^n_i )/c − 1I_{x>xi+1/2−c(t−tn)} [ F^−(u^n_{i+1}) − F^−(u^n_i ) ] /c, (4.45) and f(t, x, 0) is given by (4.43). Then we define u(t, x) = ∫ f(t, x, ξ) dξ = f(t, x, 1) + f(t, x, −1) + f(t, x, 0), (4.46) and we obtain for t_n < t < t_{n+1} and x_{i−1/2} < x < x_{i+1/2} u(t, x) = u^n_i − 1I_{x<xi}�_{1/2+c(t−tn)} [ F^+(u^n_i ) − F^+(u^n_{i−1}) ] /c − 1I_{x>xi+1/2−c(t−tn)} [ F^−(u^n_{i+1}) − F^−(u^n_i ) ] /c. (4.47)

The value of u^{n+1−}(x) is obtained for t − t_n = Δt in (4.47). Now, in order to simplify, let us assume the half CFL condition cΔt ≤ Δx/2, (4.48) so that the two intervals in (4.47) do not overlap. We get

u(t, x) = u^n_i − [F^+(u^n_i ) − F^+(u^n_{i−1})]/c if x_{i−1/2} < x < x_{i−1/2} + c(t − t_n), u^n_i if x_{i−1/2} + c(t − t_n) < x < x_{i+1/2} − c(t − t_n), u^n_i − [F^−(u^n_{i+1}) − F^−(u^n_i )]/c if x_{i+1/2} − c(t − t_n) < x < x_{i+1/2}. (4.49) This formula is indeed an approximate Riemann solver formula.

Let us recall (see [24]) that an approximate Riemann solver for (4.1) is a function R(x/t, u_l, u_r) satisfying the consistency relations R(x/t, u, u) = u, (4.50)

1 Δt ∫ Δx/2 −Δx/2 R(x/Δt, u_l, u_r) dx − Δx 2Δt (u_l + u_r) = −[F (u_r) − F (u_l)]. (4.51)

It is called compatible with the family of convex entropies E if for any η ∈ E, 1 Δt ∫ Δx/2 −Δx/2 η ( R(x/Δt, u_l, u_r) ) dx − Δx 2Δt (η(u_l) + η(u_r)) ≤ −[ϑ(u_r) − ϑ(u_l)], (4.52) where ϑ is the entropy flux associated to η, ϑ^′ = η^′F^′. A CFL condition 1/2 has to be assumed (in the sense that R(x/t, u_l, u_r) = u_l if x/t < −Δx/2Δt, and R(x/t, u_l, u_r) = u_r if x/t > Δx/2Δt), in order that (4.51) and (4.52) make sense. To the approximate Riemann solver we can associate a Godunov-type scheme by

u^{n+1}_i = 1 Δx ∫ Δx/2 0 R(x/Δt, u^n_{i−1}, u^n_i ) dx + 1 Δx ∫ 0 −Δx/2 R(x/Δt, u^n_i , u^n_{i+1}) dx = u^n_i − Δt Δx [F (u^n_i , u^n_{i+1}) − F (u^n_{i−1}, u^n_i )], (4.53) with

F (u_l, u_r) = F (u_r) + 1 Δt ∫ Δx/2 0 ( R(x/Δt, u_l, u_r) − u_r ) dx = F (u_l) − 1 Δt ∫ 0 −Δx/2 ( R(x/Δt, u_l, u_r) − u_l ) dx. (4.54)

Because of Jensen’s inequality, the scheme satisfies discrete entropy inequalities

η(u^{n+1}_i ) − η(u^n_i ) + Δt Δx [ϑ_l(u^n_i , u^n_{i+1}) − ϑ_r(u^n_{i−1}, u^n_i )] ≤ 0, (4.55)

where

ϑ_r(u_l, u_r) = ϑ(u_r) + 1 Δt ∫ Δx/2 0 ( η ( R(x/Δt, u_l, u_r) ) − η(u_r) ) dx, ϑ_l(u_l, u_r) = ϑ(u_l) − 1 Δt ∫ 0 −Δx/2 ( η ( R(x/Δt, u_l, u_r) ) − η(u_l) ) dx. (4.56)

Under assumption (4.52), we have ϑ_r(u_l, u_r) ≤ ϑ_l(u_l, u_r), and the inequality (4.55) becomes conservative, with numerical flux equal either to ϑ_r or to ϑ_l.

Remark 4.4 The same formalism works with a space dependent approximate Riemann solver R_{i+1/2}(x/t, u_l, u_r).

Proposition 4.4 Let U_{stab} be a (not necessarily convex) subset of U, and F^+, F^− verify (4.4), such that the stability condition (4.6) holds, and assume the CFL conditions cΔt ≤ Δx/2, (4.57) Id −F^+/c, Id +F^−/c are η-dissipative in U_{stab}, η ∈ E, (4.58) for some c > 0. Then the flux vector splitting scheme (4.2)-(4.3) is the Godunov-type scheme associated to the approximate Riemann solver

R(x/t, u_l, u_r) = u_l if x t < −c, u_l − [F^−(u_r) − F^−(u_l)]/c if − c < x t < 0, u_r − [F^+(u_r) − F^+(u_l)]/c if 0 < x t < c, u_r if c < x t , (4.59)

which is entropy satisfying under the assumption that the four states in (4.59) lie in U_{stab}.

Proof. Using the half CFL condition (4.57), one can easily check that (4.50)- (4.51) hold, and that the numerical flux in (4.54) is given by F (u_l, u_r) = F^+(u_l) + F^−(u_r), which matches (4.2)-(4.3). Next, we have to check that (4.52) holds, or equivalently that ϑ_r ≤ ϑ_l. Indeed, in order to prove that (4.55) becomes the inequality (4.8), we are going to prove more precisely that ϑ_r(u_l, u_r) ≤ ϑ^+_η (u_l) + ϑ^−_η (u_r) ≤ ϑ_l(u_l, u_r). (4.60) One can check that

ϑ_r(u_l, u_r) = c η ( u_r − F^+(u_r)/c + F^+(u_l)/c ) − c η(u_r) + ϑ(u_r), ϑ_l(u_l, u_r) = −c η ( u_l − F^−(u_r)/c + F^−(u_l)/c ) + c η(u_l) + ϑ(u_l).

(4.61)

Therefore, since ϑ^+_η + ϑ^−_η = ϑ and with the notation (2.27), a computation gives [ ϑ_r(u_l, u_r) − ϑ^+_η (u_l) − ϑ^−_η (u_r) ] /c = η ( u_r − F^+(u_r)/c + F^+(u_l)/c ) − η(u_r) + [ ϑ^+_η (u_r) − ϑ^+_η (u_l) ] /c = D_η[F^+/c] ( u_r − F^+(u_r)/c + F^+(u_l)/c, u_l ) + D_η[Id −F^+/c] ( u_r − F^+(u_r)/c + F^+(u_l)/c, u_r ) ≤ 0, (4.62)

because of (4.6) and (4.58). Similarly, [ ϑ^+_η (u_l) + ϑ^−_η (u_r) − ϑ_l(u_l, u_r) ] /c = η ( u_l − F^−(u_r)/c + F^−(u_l)/c ) − η(u_l) + [ ϑ^−_η (u_r) − ϑ^−_η (u_l) ] /c = D_η[−F^−/c] ( u_l − F^−(u_r)/c + F^−(u_l)/c, u_r ) + D_η[Id +F^−/c] ( u_l − F^−(u_r)/c + F^−(u_l)/c, u_l ) ≤ 0, (4.63)

which yields (4.60).

Remark 4.5 The function u in (4.49) is exactly obtained by putting together the approximate solutions (4.59) at each cell interface, and the above proof of entropy consistency corresponds to the decomposition (3.27). Indeed, the expressions computed in (4.62) and (4.63) are exactly the integral in (3.28), for each intermediate value in (4.59). Notice that the stability conditions (4.6) and (4.19) imply (4.58) by addition.

General kinetic scheme

The general kinetic scheme (3.5)-(3.6) can also be interpreted as an approximate Riemann solver. One can check that under a CFL condition 1/2 in (3.15), the function u(t, x) defined for all times by (2.7) is built locally through the approximate Riemann solver R(x/t, u_l, u_r) = ∫ x/t<a(ξ) M(u_l, ξ) dξ + ∫ x/t>a(ξ) M(u_r, ξ) dξ − k. (4.64) The consistency relation (4.51) follows from the moment relations (1.5)-(1.6), and the entropy consistency can be obtained easily since by (1.13) and (3.25) η ( R(x/t, u_l, u_r) ) = ∫ G_η ( R(x/t, u_l, u_r), ξ ) dξ − c_η = ∫ [ G_η ( R(x/t, u_l, u_r), ξ ) + η^′ ( R(x/t, u_l, u_r) )

× ( M ( u_l1I_{x/t<a(ξ)} + u_r1I_{x/t>a(ξ)}, ξ ) − M ( R(x/t, u_l, u_r), ξ ))] dξ − c_η ≤ ∫ G_η ( u_l1I_{x/t<a(ξ)} + u_r1I_{x/t>a(ξ)}, ξ ) dξ − c_η = ∫ x/t<a(ξ) G_η(u_l, ξ) dξ + ∫ x/t>a(ξ) G_η(u_r, ξ) dξ − c_η. (4.65)

Remark 4.6 This subsection is an illustration of a general procedure to get an approximate Riemann solver: we just take the u-component of an exact Riemann solution to an entropy compatible relaxation model in time-discrete form.

5 Applications

In this section we apply the results of Section 4 to the construction of entropy satisfying relaxation models for the one-dimensional system of conservation laws ∂_tu + ∂_xF (u) = 0, (5.1)

with u(t, x) ∈ U a convex subset of R^p , that is endowed with a non empty family E of convex entropies. A very precise analysis will be given for the gas dynamics system.

The general principle is the following. At first, we have to select an entropy flux vector splitting F = F^+ + F^−, (5.2)

with F^+, −F^− ∈ M^E_+, (5.3) where M^E_+ is defined in (1.17). This can be done easily if E is a single strictly convex entropy by using the entropy variable, see Remark 4.2. In general, we have to determine the set M^E_+. To be rigorous, we have indeed to check more precisely the stability condition F^+, −F^− are η-dissipative in U_{stab}, η ∈ E, (5.4) for some domain U_{stab} ⊂ U. Then, we apply our interpretation of flux vector splitting schemes, Proposition 4.2, and obtain the finite velocity relaxation system (4.20), which is entropy satisfying under the condition Id −(F^+ − F^−)/c is η-dissipative in U_{stab}, η ∈ E. (5.5) For numerical purposes, we are indeed more interested in its time discrete transport-projection version

∂_tu + ∂_xv = 0, ∂_tv + ∂_xz = ∞∑ n=1 δ(t − t_n)(F (u^{n−}) − v^{n−}), ∂_tz + c^2∂_xv = ∞∑ n=1 δ(t − t_n) ( c(F^+(u^{n−}) − F^−(u^{n−})) − z^{n−} ) . (5.6)

Remark 5.1 Before verifying (5.4)-(5.5), a preliminary step is to check the necessary reduced stability conditions F^+, −F^−, Id −(F^+ − F^−)/c ∈ M^E_+, (5.7) see Subsection 2.2.

Remark 5.2 Because of (4.25), the time numerical diffusion matrix D in (2.13) is given here by

D(u) = Q^′(u) − F^′(u)^2, Q(u) = c(F^+(u) − F^−(u)). (5.8) If E contains a strictly convex entropy, its eigenvalues are nonnegative according to [5], and for best precision, one should make them as small as possible.

Example 5.1 Let us consider the Lax-Friedrichs flux vector splitting given by F^+(u) = ( F (u) + cu ) /2, F^−(u) = ( F (u) − cu ) /2. (5.9) We can take for E the set of all convex entropies of (5.1), and if we assume that there is at least one that is strictly convex, (5.3) is equivalent to the fact that the eigenvalues of F^′ are less than c in absolute value by Remark 1.1, and (5.5) is empty. We get c(F^+(u)−F^−(u)) = c^2u, and we observe that obviously, z = c^2u in (4.20), thus it only remains ∂_tu + ∂_xv = 0, ∂_tv + c^2∂_xu = ( F (u) − v ) /ε, (5.10) which is the relaxation system of [25].

5.1 The p-system

In this section we consider the p-system { ∂_tτ − ∂_xu = 0, ∂_tu + ∂_x p(τ) = 0,

(5.11)

where τ, u ∈ R, and the nonlinearity p(τ) satisfies dp/dτ < 0. (5.12) By applying the general strategy described above, we are going to obtain the relaxation model of Suliciu [42], [43], ∂_tτ − ∂_xu = 0, ∂_tu + ∂_x π = 0, ∂_tπ + c^2∂_xu = ( p(τ) − π ) /ε, (5.13)

thus giving a new interpretation of it. This model has been proved to converge to (5.11) in [47] (see also [22]). Here we take for E the single entropy η(τ, u) = u^2/2 + e(τ), de/dτ = −p. (5.14) Then η^′ = (−p, u), η^{′′} = ( −p^′ 0 0 1 ) , (5.15)

and η is strictly convex according to (5.12). Therefore, we are able to use the results of Subsection 1.2 to characterize the maxwellians. According to Remark 4.2, in order to derive an entropy flux vector splitting, we have to write a decomposition ψ ≡ pu = ψ^+ + ψ^−, (5.16) where ψ^+, −ψ^− are locally convex with respect to (−p, u), and then F^± = (−∂_pψ^±, ∂_uψ^±). (5.17) Let us make the following choice, for which the previous convexity is obvious, pu = (p + cu)^2/4c − (p − cu)^2/4c. (5.18) This gives F^+ = p + cu 2c (−1, c), F^− = p − cu 2c (1, c), F^+ − F^− = (−p/c, cu). (5.19)

Then, in order to verify (5.7), we need the eigenvalues of (Id −F^+/c + F^−/c)^′ to be nonnegative. Since Id −F^+/c + F^−/c = ( τ + p(τ)/c^2, 0 ) , (5.20) this gives the necessary reduced stability condition −p^′ ≤ c^2. This is indeed sufficient.

Proposition 5.1 Let I be an interval such that

−p^′(τ) ≤ c^2, τ ∈ I, (5.21)

and define U_{stab} = I × R. (5.22) Then the entropy compatibility conditions (5.4)-(5.5) are satisfied.

Proof. We can apply Lemma 2.5, but we prefer here to give an explicit proof. According to Definition 2.2, we need to prove that D_η[F^+], D_η[−F^−], D_η[Id −F^+/c + F^−/c] are nonpositive in U_{stab} × U_{stab}. The fluxes ϑ^±_η defined by (4.10) are given here (see (1.23)) by

ϑ^+_η (τ, u) = (p + cu)^2/4c, ϑ^−_η (τ, u) = −(p − cu)^2/4c. (5.23)

Therefore, for any couple of states (τ_1, u_1), (τ_2, u_2) in U_{stab}, denoting p_1 = p(τ_1) and p_2 = p(τ_2),

D_η[F^+] ( (τ_1, u_1), (τ_2, u_2) ) = ϑ^+_η (τ_1, u_1) − ϑ^+_η (τ_2, u_2) + η^′(τ_1, u_1) [ F^+(τ_2, u_2) − F^+(τ_1, u_1) ] = (p_1 + cu_1)^2/4c − (p_2 + cu_2)^2/4c

+ (−p_1, u_1) [(p_1 + cu_1)/2c − (p_2 + cu_2)/2c, −(p_1 + cu_1)/2 + (p_2 + cu_2)/2] = −(p_1 + cu_1)^2/4c − (p_2 + cu_2)^2/4c + (p_1 + cu_1)(p_2 + cu_2)/2c = −(p_1 + cu_1 − p_2 − cu_2)^2/4c ≤ 0. (5.24) Similarly,

D_η[−F^−] ( (τ_1, u_1), (τ_2, u_2) ) = −(p_1 − cu_1 − p_2 + cu_2)^2/4c ≤ 0. (5.25)

Finally,

D_η[Id −F^+/c + F^−/c] ( (τ_1, u_1), (τ_2, u_2) ) = e_1 − p^2_1/2c^2 − e_2 + p^2/2c^2 − p_1 [τ_2 + p_2/c^2 − τ_1 − p_1/c^2] ≤ 0. (5.26)

Indeed, the derivative of the expression in (5.26) with respect to τ_2 is given by (p_2 − p_1)(1 + p^′(τ_2)/c^2), which has the sign of τ_1 − τ_2 because of (5.12) and (5.21), and this gives the inequality.

Now, we can apply Proposition 4.2, and it only remains to identify the system (4.20), or equivalently (4.21). We notice that according to (5.19)- (5.20), each maxwellian M(., ξ), ξ = −1, 0, 1 given by (4.13)-(4.14) is colinear to a constant vector K(ξ) = (1, −c ξ). Therefore, the functions f(t, x, −1), f(t, x, 0) and f(t, x, 1) in (4.21) also satisfy this property (see (1.8)-(1.9)), and we can write f(t, x, 1) = −g_1(t, x)(1, −c), f(t, x, −1) = −g_{−1}(t, x)(1, c), (5.27) f(t, x, 0) = g_0(t, x)(1, 0). (5.28) Then, the scalars g_{−1}, g_0, g_1 satisfy

∂_tg_1 + c∂_xg_1 = ( (p(τ) + cu)/2c^2 − g_1 ) /ε, ∂_tg_{−1} − c∂_xg_{−1} = ( (p(τ) − cu)/2c^2 − g_{−1} ) /ε, ∂_tg_0 = ( τ + p(τ)/c^2 − g_0 ) /ε, (5.29)

and as in (4.22), τ = g_0 − g_1 − g_{−1}, u = cg_1 − cg_{−1}. (5.30) By defining π = c^2g_1 + c^2g_{−1}, (5.31) we see that (5.29) can be rewritten as (5.13). Also, another way to write (5.29) is ∂_t(π + cu) + c∂_x(π + cu) = (p(τ) + cu − (π + cu)) /ε, ∂_t(π − cu) − c∂_x(π − cu) = (p(τ) − cu − (π − cu)) /ε, ∂_t(τ + π/c^2) = ( τ + p(τ)/c^2 − (τ + π/c^2) ) /ε. (5.32)

Finally, we are able to express the global entropy H for (5.13) (or (5.32)), which is defined as H(τ, u, π) = ∫ H(f(ξ), ξ) dξ, (5.33) where f(−1), f(0), f(1) are related to τ, u, π via (5.27), (5.28), (5.30) and (5.31). We use the formula (2.39). Here the set D_{ξ=0} of (1.8)-(1.9) is just D_{ξ=0} = {g_0 (1, 0)}_{g0∈J} , J = {τ + p(τ)/c^2}_{τ∈I} , and we obtain

H(τ, u, π) = φ(τ + π/c^2) + (π + cu)^2/4c^2 + (π − cu)^2/4c^2, (5.34) where φ is given for any g_0 ∈ J by

φ(g_0) = sup_{τ∈I} { e(τ) − p(τ)^2/2c^2 − p(τ) [ g_0 − (τ + p(τ)/c^2) ]} , (5.35)

or equivalently by

φ(τ + p(τ)/c^2) = e(τ) − p(τ)^2/2c^2, τ ∈ I. (5.36) The entropy flux of H is ∫ a(ξ)H(f(ξ), ξ)dξ = πu. Euler coordinates The relaxation system (5.13) can be used to provide a numerical method when (5.11) is transformed into Euler coordinates to the system of isentropic gas dynamics { ∂_tρ + ∂_x(ρu) = 0, ∂_t(ρu) + ∂_x(ρu^2 + p(ρ)) = 0,

(5.37) where ρ > 0, u ∈ R and dp/dρ > 0. The variables ρ and τ are related through ρ = 1/τ, the entropy is now ρ(u^2/2 + e), and e satisfies de/dρ = p/ρ^2.

In order to obtain an entropy satisfying relaxation system for (5.37), as in [12] we just transform (5.13) in Euler coordinates, which yields

∂_tρ + ∂_x(ρu) = 0, ∂_t(ρu) + ∂_x(ρu^2 + π) = 0, ∂_t(ρπ) + ∂_x(ρπu + c^2u) = (ρp(ρ) − ρπ ) /ε. (5.38)

The global entropy is now ρH, with entropy flux ρHu+πu. We have to observe that (5.38) can be diagonalized, as ∂_t(π + cu) + (u + c/ρ)∂_x(π + cu) = (p(ρ) + cu − (π + cu)) /ε, ∂_t(π − cu) + (u − c/ρ)∂_x(π − cu) = (p(ρ) − cu − (π − cu)) /ε, ∂_t(1/ρ + π/c^2) + u∂_x(1/ρ + π/c^2) = ( 1/ρ + p(ρ)/c^2 − (1/ρ + π/c^2) ) /ε. (5.39) Even if the principal part is nonlinear, we see under this form that all the eigenvalues are linearly degenerate, and this enables to solve the Riemann problem easily.

Practical implementation

In practical calculations for solving either (5.11) or (5.37), we use the time discrete forms of the relaxation systems (5.13) or (5.38) (similarly to (5.6)), and we proceed as follows. We start with initial data piecewise constant over a mesh of size Δx, and we complete the data by setting π to equilibrium π = p(τ) (or π = p(ρ)). We then solve local Riemann problems for (5.13) or (5.38) without right-hand side, and determine c such that the initial data and the intermediate states in the approximate Riemann solution remain in U_{stab}. For (5.38), we have also to take c large enough so that these Riemann problems have a classical piecewise constant Riemann solution, which is exactly equivalent to the property that τ in (5.13) remains positive. Finally we determine the timestep Δt by a CFL 1/2 condition determined by the maximum and minimum speeds in the Riemann problems (for (5.13) it is just cΔt ≤ Δx/2). At the end of the timestep the value of π is just forgotten, while the conservative variables are averaged over a cell. Since the local approximate Riemann solvers are entropy satisfying and do not interact, the final scheme will be entropy satisfying. We refer to Proposition 5.4 for an explicit computation of the intermediate states.

Remark 5.3 In the above procedure, our analysis does not ensure that the timestep will not tend to 0.

Remark 5.4 In (5.38), the density remains automatically nonnegative. However, in order to get τ > 0 in (5.13), one has to take c large enough (but this is commonly obtained once τ satisfies (5.21)).

Remark 5.5 For better precision, one uses variable speeds c_{i+1/2}, one at each cell interface. Since the local approximate Riemann solvers do not interact, this still gives an entropy satisfying scheme (see Remark 4.4).

5.2 Full gas dynamics

We now consider the full gas dynamics system in lagrangian coordinates ∂_tτ − ∂_xu = 0, ∂_tu + ∂_x p = 0, ∂_t(u^2/2 + e) + ∂_x(pu) = 0,

(5.40)

with τ > 0, u ∈ R, e, p > 0. The convex set of states (τ, u, u^2/2 + e) satisfying these constraints will be denoted by U. We only consider the gamma law p = (γ − 1)e/τ, γ > 1, (5.41) but general state laws should work also. By applying our abstract construction (5.2)-(5.6), we are going to recover the scheme of [14], [12] (see also [19]). Its basic properties are that specific volume τ and internal energy e remain nonnegative, it is compatible with all entropy inequalities (which ensures the maximum principle on the specific entropy), and it preserves contact discontinuities. It means more explicitly that if initial data are such that the velocity u and the pressure p are constant, then the whole solution is kept to its initial value exactly. Moreover, it does not need the costly computations involved in the Godunov solver. Such schemes have been recently designed by different authors in [14], [4], [12], [19], [20]. We refer to [46] for an introduction to schemes for fluid dynamics. It is now quite well understood, see [23], [16], that flux vector splitting schemes in Euler variable cannot satisfy all the above properties. However, as our construction shows it is possible for flux vector splitting schemes in Lagrange coordinates. The scheme can then be converted into an Euler scheme, but it is no longer in flux vector splitting form. A general conversion procedure from a Lagrange approximate Riemann solver to an Euler one is provided in [17], [19].

Let us define the variable w by

w = τp^{1/γ} . (5.42)

As is well known, the function

η_ϕ = ϕ(w) (5.43)

is an entropy of (5.40) (with vanishing entropy flux) for any nonlinearity ϕ, and it is convex in the conservative variables if and only if

ϕ^′ ≤ 0 and ϕ^{′′} ≥ 0. (5.44)

We choose for E the family of all η_ϕ with ϕ satisfying (5.44).

Let us now explain why the positivity of the specific volume τ (or of the density ρ = 1/τ in Euler variables) and the whole family of entropy inequalities imply the minimum principle on w and the nonnegativity of the internal energy. This is quite easy in Lagrange coordinates, hence let us rather explain it for Euler coordinates. Assume that

∂_tρϕ(w) + ∂_xϑ_ϕ ≤ 0 (5.45) for some flux ϑ_ϕ, for any ϕ satisfying (5.44). Integrating over all x gives d dt ∫ ρϕ(w) dx ≤ 0. (5.46) Then, by taking ϕ(w) = (k − w)_+, we get since ρ > 0 that

w^0(x) ≥ k for all x ⇒ w(t, x) ≥ k for all x, (5.47) which is the minimum principle. The limit case k = 0 gives that w remains nonnegative, and thus e also. For numerical schemes this needs to be justified more precisely, but the argument indicates that it should hold. This will be checked in our particular scheme.

In order to proceed with (5.2)-(5.6), we need to determine the sets M^E and M^E_+. We express them in the variables (p, u, w).

Theorem 5.2 The space M^E consists of all functions M = (M_0, M_1, M_2) of the form M_0 = −∂_pψ(p, u) + ι(w)p^{−1/γ}, M_1 = ∂_uψ(p, u), M_2 = p ∂_pψ(p, u) + u ∂_uψ(p, u) − ψ(p, u) + ι(w)p^{1−1/γ} /(γ − 1), (5.48)

where ψ(p, u) and ι(w) are arbitrary functions, and (ψ, ι) is defined up to a constant times (p^{1−1/γ} , 1−1/γ). The associated flux G_ϕ, defined by G^′_ϕ = η^′_ϕM^′, is given by G_ϕ = Υ(w), Υ^′(w) = ϕ^′(w)ι^′(w). (5.49) The identity Id is obtained for ψ(p, u) = u^2/2, ι(w) = w, and the flux F is obtained for ψ(p, u) = pu, ι(w) = 0.

Moreover, the function M lies in M^E_+ if and only if ι^′(w) ≥ 0, ( ∂^2_{pp}ψ + ι(w)p^{−(1+1/γ)}/γ ∂^2_{pu}ψ ∂^2_{pu}ψ ∂^2_{uu}ψ ) ≥ 0. (5.50)

Proof. We have to write that the bilinear forms (M^′)^tη^{′′}_ϕ are symmetric for all η_ϕ ∈ E (respectively symmetric nonnegative for M^E_+). We recall that prime denotes differentiation with respect to the conservative variables, (τ, u, u^2/2+e) here. Denoting by v = (p, u, w) the new variable, we use as in [5] the formula giving the matrix of the bilinear form in the new basis,

matrix ( (M^′)^tη^{′′}_ϕ ) = ( ∂_vM )t( ∂_vη^′_ϕ ) = ∂_v ( η^′_ϕ∂_vM ) − η^′_ϕ∂^2_{vv}M. (5.51)

In order to compute the last expression, we just need to differentiate with respect to v the product η^′_ϕ∂_vM, and to drop the second order derivatives of M. Since dp = −^p_τ dτ − (γ − 1)^u_τ du +^{γ−1}_τ d(u^2/2 + e), we have

η^′_ϕ = (1 − 1/γ) ϕ^′(w) p^{1−1/γ} (p, −u, 1), (5.52) η^′_ϕ∂_vM = (1 − 1/γ) ϕ^′(w) p^{1−1/γ} ( p ∂_vM_0 − u ∂_vM_1 + ∂_vM_2 ) , (5.53)

and according to (5.51), we get

(M^′)^tη^{′′}_ϕ = (1 − 1/γ) ϕ^{′′}(w) p^{1−1/γ} { p dM_0 − u dM_1 + dM_2 } ⊗ dw + (1 − 1/γ) ϕ^′(w) p^{2−1/γ} { p γ dM_0 ⊗ dp + (1 − 1/γ) u dM_1 ⊗ dp − (1 − 1/γ) dM_2 ⊗ dp − p dM_1 ⊗ du } . (5.54)

Let us define M_3 = pM_0 − uM_1 + M_2. (5.55) Then dM_3 = p dM_0 − u dM_1 + dM_2 + M_0 dp − M_1 du, (5.56) and we obtain

(M^′)^tη^{′′}_ϕ = (1 − 1/γ) ϕ^{′′}(w) p^{1−1/γ} { dM_3 − M_0 dp + M_1 du } ⊗ dw + (1 − 1/γ) ϕ^′(w) p^{2−1/γ} { p dM_0 ⊗ dp − (1 − 1/γ) dM_3 ⊗ dp − (1 − 1/γ)(M_1 du − M_0 dp) ⊗ dp − p dM_1 ⊗ du } . (5.57)

In order that (5.57) be symmetric for all ϕ, we need the first expression between braces to be colinear to dw, and the second to be symmetric. The first condition gives ∂_pM_3 = M_0, ∂_uM_3 = −M_1, (5.58) and the second gives p ∂_wM_0 − (1 − 1/γ) ∂_wM_3 = 0, ∂_wM_1 = 0, p ∂_uM_0 − (1 − 1/γ) ( ∂_uM_3 + M_1 ) = −p ∂_pM_1. (5.59)

Now, obviously, the second line in (5.59) is a consequence of (5.58), and we can forget about it. Thus we can take (5.58) as a definition of M_0 and M_1, and the first line in (5.59) gives two equations on M_3, namely

∂^2_{uw}M_3 = 0, p ∂^2_{pw}M_3 = (1 − 1/γ) ∂_wM_3. (5.60)

The general solution ∂_wM_3 to (5.60) is obviously

∂_wM_3 = γ γ − 1 p^{1−1/γ} ι^′(w), (5.61) for an arbitrary function ι^′(w). Integrating with respect to w, we obtain

M_3 = γ γ − 1 p^{1−1/γ} ι(w) − ψ(p, u), (5.62) for an arbitrary function ψ(p, u). We finally get M_0, M_1 by (5.58) and M_2 by (5.55), which leads to (5.48). In order to write the nonnegativity conditions, one can compute with (5.48) (M^′)^tη^{′′}_ϕ = ϕ^{′′}(w)ι^′(w) dw ⊗ dw − (1 − 1/γ) ϕ^′(w) p^{1−1/γ} {( ∂^2_{pp}ψ + ι(w) γp^{1+1/γ} ) dp ⊗ dp + ∂^2_{pu}ψ (du ⊗ dp + dp ⊗ du) + ∂^2_{uu}ψ du ⊗ du } , (5.63)

and this gives obviously condition (5.50). In order to obtain G_ϕ, just write ∂_vG_ϕ = η^′_ϕ∂_vM, and with (5.53) one easily gets (5.49). The remaining assertions of the theorem are left to the reader.

Remark 5.6 By taking ψ(p, u) = u^2/2, ι(w) = w, we get M = Id, and formula (5.63) gives the value of η^{′′}_ϕ. This enables to prove that η^{′′}_ϕ ≥ 0 if and only if (5.44) holds.

Remark 5.7 The formula (5.48) says that the space M^E of maxwellians corresponding to the whole set of entropies η_ϕ contains two families. The first, obtained for general ψ(p, u), and ι(w) = 0, corresponds exactly to the space of maxwellians for the isentropic gas dynamics, but with a single entropy given by the energy. The last component, M_2 in (5.48), is nothing but the isentropic flux (see (1.20) and (1.23)). This family is also the space of maxwellians which have vanishing fluxes G_ϕ. They are fully characterized by the equation η^′_ϕM^′ = 0. The second family, generated by ι, is almost trivial, and gives essentially Id. This very special structure, which is related to the results of [15], does not occur in Euler coordinates, for which the space of maxwellians was obtained in [5].

Remark 5.8 By comparing (5.48) to the formula for Euler coordinates obtained in [5], we see that there is a one to one correspondence between the Lagrange maxwellians and the Euler ones. If M = (M_0, M_1, M_2) is a Lagrange maxwellian, its Euler version is given by ( −ρM_0 , −ρuM_0 + M_1 , −ρ(u^2/2 + e)M_0 + M_2 ) . (5.64)

Now, in order to obtain a flux vector splitting (5.2)-(5.3), it is enough to consider maxwellians M in Theorem 5.2 with ι = 0, hence we need a decomposition ψ ≡ pu = ψ^+ + ψ^−, with ψ^+, −ψ^− locally convex in (p, u). Therefore, we can make the same choice (5.18) as in the isentropic case (see Remark 5.7), and we obtain with (5.19) and (5.23)

F^+ = p + cu 2c ( −1, c, p + cu 2 ) , F^− = p − cu 2c ( 1, c, − p − cu 2 ) , (5.65) which is the flux vector splitting of [14]. According to (5.49), the fluxes ϑ^±_ϕ vanish identically. Now the conservation of contact discontinuities is obvious since F^± only depend on p and u. In order to write the stability conditions we compute the maxwellian associated to ξ = 0, M(0) = Id −(F^+ − F^−)/c = (τ + p/c^2, 0, e − p^2/2c^2). (5.66) We need that M(0) lies in M^E_+, and since E contains strictly convex entropies, this is equivalent to check the sign of the eigenvalues of M(0)^′, which are given by 0, 1, 1 − γp/τc^2. Thus we obtain the reduced stability condition γ p/τ ≤ c^2. (5.67) We are now able to prove the entropy dissipation conditions (5.4)-(5.5). Proposition 5.3 Let κ > 0, and define U_{stab} = { (τ, u, u^2/2 + e) ∈ U ; w^γ = τ^γ p ≤ κ, γκ τ^{γ+1} ≤ c^2 } . (5.68)

Then F^+, −F^−, Id −(F^+ − F^−)/c are η_ϕ-dissipative in U_{stab} for any η_ϕ ∈ E. Proof. Let us denote U_1 = (τ_1, u_1, u^2_1/2 + e_1), and U_2 = (τ_2, u_2, u^2/2 + e_2). Since ϑ^±_ϕ vanish, we have according to (5.52)

D_{ηϕ} [F^+](U_1, U_2) = η^′_ϕ(U_1) ( F^+(U_2) − F^+(U_1) ) = −(1 − 1/γ) ϕ^′(w_1) p^{1−1/γ} 1 (−p_1, u_1, −1) ( F^+(U_2) − F^+(U_1) )

= (1 − 1/γ) ϕ^′(w_1) p^{1−1/γ} 1 (p_1 + cu_1 − p_2 − cu_2)^2/4c ≤ 0,

(5.69)

indeed the computation is the same as in (5.24). Similarly,

D_{ηϕ} [−F^−](U_1, U_2) = (1 − 1/γ) ϕ^′(w_1) p^{1−1/γ} 1 (p_1 − cu_1 − p_2 + cu_2)^2/4c ≤ 0, (5.70)

and in these computations, U_{stab} was not necessary. Next, we have D_{ηϕ} [M(0)](U_1, U_2) = ϕ(w_1) − ϕ(w_2) + η^′_ϕ(U_1) ( M(U_2, 0) − M(U_1, 0) ) = ϕ(w_1) − ϕ(w_2) − (1 − 1/γ) ϕ^′(w_1) p^{1−1/γ} 1 ( −p_1(τ_2 + p_2/c^2 − τ_1 − p_1/c^2) +e_1 − p^2_1/2c^2 − e_2 + p^2/2c^2 ) . (5.71)

Since ϕ is convex, we can use the inequality ϕ(w_1) − ϕ(w_2) ≤ ϕ^′(w_1)(w_1 − w_2), which yields after some computations

D_{ηϕ} [M(0)](U_1, U_2) ≤ (1 − 1/γ) ϕ^′(w_1) p^{1−1/γ} 1 { p_1τ_2 + τ_2p_2 γ − 1 − γ γ − 1 p^{1−1/γ} 1 τ_2p^{1/γ}_2 − (p_2 − p_1)^2/2c^2 } . (5.72) Let us define an auxiliary function

ζ(p) = p_1τ_2 + τ_2p γ − 1 − γ γ − 1 p^{1−1/γ} 1 τ_2p^{1/γ} − (p − p_1)^2/2c^2. (5.73)

We want to prove that ζ(p_2) ≥ 0 (so that (5.72) becomes nonpositive), and we have ζ(p_1) = 0. Thus it is sufficient to prove that

(p_2 − p_1)ζ^′(p) ≥ 0 for any p ∈ [p_1, p_2]. (5.74)

We have

ζ^′(p) = τ_2 γ − 1 − τ_2 γ − 1 p^{1−1/γ} 1 p^{1−1/γ} − (p − p_1)/c^2 = τ_2 γp^{1−1/γ} p^{1−1/γ} 1 − 1/γ − p^{1−1/γ} 1 1 − 1/γ − (p − p_1) γ c^2 p^{1−1/γ} τ_2 = τ_2 γp^{1−1/γ} (p − p_1) { ~p^{−1/γ} − γ c^2 p^{1−1/γ} τ_2 } , (5.75)

for some ~p ∈ [p_1, p]. Therefore, it is enough for (5.74) to hold that the last expression between braces in (5.75) be nonnegative, or γ p^{1−1/γ} ~p^{1/γ} τ_2

≤ c^2. (5.76)

This is a consequence of the inequality γ max(p_1, p_2) τ_2

≤ c^2, (5.77)

which obviously holds true whenever U_1, U_2 ∈ U_{stab}, since p_1 = w^γ_1 /τ^γ_1 .

Remark 5.9 The reduced condition (5.67) alone is not sufficient to get the entropy dissipation. Indeed, if ϕ(w) = −w, (5.72) becomes an equality, the term between braces depends only on p_1 (not on τ_1), and tends to −∞ as p_1 → ∞. Therefore, we need a bound on p in U_{stab}, which is not ensured by (5.67) alone. This situation can occur because the image of η^′_ϕ and of M(0) are not convex (see Remark 2.3).

We are now going to give explicitly the relaxation system built in Proposition 4.2. We start from the diagonal form (4.21). We have to give some sets

D_ξ, ξ = −1, 0, 1, where f(−1), f(0), f(1) lie respectively, as stated in (1.8)- (1.9). These sets have to be convex and contain the image of the maxwellians M(−1) = −F^−/c, M(0) = Id −(F^+ − F^−)/c, M(1) = F^+/c respectively. According to the expressions (5.65)-(5.66), we can take

f(−1) = (−g_{−1}, −cg_{−1}, h_{−1}), h_{−1} − c^2g^2_{−1} ≥ 0, f(1) = (−g_1, cg_1, h_1), h_1 − c^2g^2_1 ≥ 0, f(0) = (g_0, 0, h_0), g_0 ≥ 0, h_0 ≥ 0.

(5.78)

The last condition h_0 ≥ 0 is put because the last component e − p^2/2c^2 in (5.66) is nonnegative for states satisfying (5.67). Then, we define the conserved quantities by the sum over ξ of f(ξ) in (5.78),

τ = g_0 − g_1 − g_{−1}, u = cg_1 − cg_{−1}, u^2/2 + e = h_0 + h_1 + h_{−1}. (5.79) As in the isentropic case, we define also

π = c^2g_1 + c^2g_{−1}, (5.80) and the variables g_0, g_1, g_{−1} can be replaced by τ, u, π since we have the inverse relations

g_0 = τ + π/c^2, g_1 = π + cu 2c^2

, g_{−1} = π − cu 2c^2

. (5.81)

This gives ∂_tτ − ∂_xu = 0, ∂_tu + ∂_xπ = 0, ∂_tπ + c^2∂_xu = (p − π)/ε, (5.82)

where p stands for p(τ, e). The system is completed by the equations on h_0, h_1, and h_{−1}

∂_th_1 + c∂_xh_1 = ( (p + cu)^2/4c^2 − h_1 ) /ε ∂_th_{−1} − c∂_xh_{−1} = ( (p − cu)^2/4c^2 − h_{−1} ) /ε ∂_th_0 = ( e − p^2/2c^2 − h_0 ) /ε. (5.83)

We can replace the last equation of (5.83) by that on the energy

∂_t(u^2/2 + e) + ∂_x(ch_1 − ch_{−1}) = 0. (5.84) On this system one can check easily that if initially p and u are constant, there is no evolution. We can prove the nonnegativity of e with (5.78),

e = h_0 + h_1 + h_{−1} − u^2/2 ≥ h_0 + c^2g^2_1 + c^2g^2_{−1} − u^2/2 = h_0 + π^2/2c^2 ≥ 0. (5.85)

For the kinetic entropies, we can take H_ϕ(f, ±1) = 0 for any f ∈ D_{±1}, this is enough for (1.18)-(1.19) to be satisfied, because G_ϕ(U, ±1) = 0 (see (4.36)) and for any f ∈ D_{±1}, η^′_ϕ(U)(f − M(U, ±1)) ≤ 0, the computation is very close to (5.69)-(5.70). However, there is no simple formula for H_ϕ(f, 0), f ∈ D_0, except (2.39). Thus we obtain the global entropy H_ϕ = ∫ H_ϕ(f(ξ), ξ) dξ = φ_ϕ(g_0, h_0) for some nonlinear function φ_ϕ. Its flux is ∫ a(ξ)H_ϕ(f(ξ), ξ) dξ = 0. An important simplification occurs for the time discrete transport-projection model. In this case, as was used in Sections 2 and 3, even nonconvex sets are preserved during the transport step. This implies that

h_1 = c^2g^2_1 = (π + cu)^2/4c^2, h_{−1} = c^2g^2_{−1} = (π − cu)^2/4c^2, (5.86)

and therefore h_0 = e − π^2/2c^2, ch_1 − ch_{−1} = πu. (5.87) Thus we obtain the system ∂_tτ − ∂_xu = 0, ∂_tu + ∂_xπ = 0, ∂_t(u^2/2 + e) + ∂_x(πu) = 0,

∂_tπ + c^2∂_xu = ∞∑ n=1 δ(t − t_n) ( p(τ^{n−}, e^{n−}) − π^{n−} ) . (5.88)

We can observe that the energy equation is nonlinear, but it can be replaced by the linear one on h_0,

∂_t(e − π^2/2c^2) = ∞∑ n=1 δ(t − t_n) ( e^{n−} − (p^{n−})^2/2c^2 − (e^{n−} − (π^{n−})^2/2c^2) ) . (5.89)

The system can be transformed into Euler variables, which gives

∂_tρ + ∂_x(ρu) = 0, ∂_t(ρu) + ∂_x(ρu^2 + π) = 0, ∂_t(ρ(u^2/2 + e)) + ∂_x(ρ(u^2/2 + e)u + πu) = 0,

∂_t(ρπ) + ∂_x(ρπu + c^2u) = ∞∑ n=1 δ(t − t_n)ρ^{n−} ( p(τ^{n−}, e^{n−}) − π^{n−} ) . (5.90)

Again the energy equation can be replaced by one on ρ(e−π^2/2c^2) that we shall not write. We can write the diagonal form of (5.90) (without the right-hand sides to simplify), ∂_t(π + cu) + (u + c/ρ)∂_x(π + cu) = 0, ∂_t(π − cu) + (u − c/ρ)∂_x(π − cu) = 0, ∂_t(τ + π/c^2) + u ∂_x(τ + π/c^2) = 0, ∂_t(e − π^2/2c^2) + u ∂_x(e − π^2/2c^2) = 0.

(5.91)

It is again a linearly degenerate system since u − cτ = (π + cu)/c − c(τ + π/c^2), u = (π + cu)/2c − (π − cu)/2c, u + cτ = −(π − cu)/c + c(τ + π/c^2). The final implementation goes the same as in the isentropic case. We can give the explicit solution of the Riemann problems.

Proposition 5.4 The solution to the Riemann problem for the Lagrange system (5.88) without right-hand side has two intermediate states U^∗_l , U^∗_r between the speeds −c, 0 and 0, c respectively, given with obvious notations by

τ^∗_l = τ_l + (u_r − u_l)/2c − (π_r − π_l)/2c^2, τ^∗_r = τ_r + (u_r − u_l)/2c + (π_r − π_l)/2c^2, u^∗_l = u^∗_r = (u_l + u_r)/2 − (π_r − π_l)/2c, π^∗_l = π^∗_r = (π_l + π_r)/2 − c(u_r − u_l)/2,

e^∗_l = e_l + [( (π_l + π_r)/2 − c(u_r − u_l)/2 )2 − π^2_l ] /2c^2, e^∗_r = e_r + [( (π_l + π_r)/2 − c(u_r − u_l)/2 )2 − π^2_r ] /2c^2.

(5.92)

The solution to the Riemann problem for the Euler system (5.90) without righthand side has the same two intermediate states under the assumption that τ_l > 0, τ_r > 0, τ^∗_l > 0 and τ^∗_r > 0, but the speeds are

λ_1 = u_l − c/ρ_l, λ_2 = u^∗_l = u^∗_r, λ_3 = u_r + c/ρ_r. (5.93)

Proof. The energy equation in (5.88) can be replaced by ∂_t(e − π^2/2c^2) = 0, thus we have a linear system. Denoting by τ^0(x), u^0(x), π^0(x), e^0(x) the initial data, we get obviously the value of the Riemann invariants, π(t, x) + cu(t, x) = π^0(x − ct) + cu^0(x − ct), π(t, x) − cu(t, x) = π^0(x + ct) − cu^0(x + ct), τ(t, x) + π(t, x)/c^2 = τ^0(x) + π^0(x)/c^2, e(t, x) − π(t, x)^2/2c^2 = e^0(x) − π^0(x)^2/2c^2,

(5.94)

and this gives easily (5.92). For the Euler system, since we have a full set of Riemann invariants in (5.91) and the system is linearly degenerate, we write that while crossing a discontinuity at speed λ_i, only the i^{th} Riemann invariant can jump. This yields

π^∗_l + cu^∗_l = π^∗_r + cu^∗_r = π_l + cu_l, π^∗_l − cu^∗_l = π^∗_r − cu^∗_r = π_r − cu_r, τ^∗_l + π^∗_l /c^2 = τ_l + π_l/c^2, τ^∗_r + π^∗_r /c^2 = τ_r + π_r/c^2, e^∗_l − π^{∗2}_l /2c^2 = e_l − π^2_l /2c^2, e^∗_r − π^{∗2}_r /2c^2 = e_r − π^2_r /2c^2.

(5.95)

We deduce the intermediate states (5.92), and the eigenvalues λ_1 = u_l − cτ_l = u^∗_l − cτ^∗_l , λ_2 = u^∗_l = u^∗_r, λ_3 = u^∗_r + cτ^∗_r = u_r + cτ_r, which gives (5.93). In order that the solution is valid we need to check that λ_1 < λ_2 < λ_3, and this is the case since λ_2 − λ_1 = cτ^∗_l , λ_3 − λ_2 = cτ^∗_r , (5.96) which are assumed to be positive.

Remark 5.10 In the final scheme, the value of π is unnecessary, while the intermediate values of the conserved quantities can be computed via (4.59), which match (5.92) by construction.

Remark 5.11 From the last line of (5.94) we can again deduce the nonnegativity of e, since e(t, x) ≥ e^0(x) − π^0(x)^2/2c^2 which is nonnegative when π^0(x) = p(τ^0(x), e^0(x)) and the initial state U^0(x) satisfies (5.67). On the contrary, there is no reason for the pseudo pressure π to remain nonnegative.

Remark 5.12 If we do not assume τ^∗_l and τ^∗_r to be positive for the Euler Riemann problem, one should look for a delta-wave solution instead of a piecewise constant one. However, then there is no reason for (5.86) to hold, and we have to go back to the Euler version of (5.82)-(5.83). We could also use a piecewise constant approximate Riemann solver instead of the exact solution in this case.

Finally, we wish to explicit the conditions that need to be enforced, via the choice of c in the Riemann problem between two cells, so that the scheme is entropy satisfying. Theoretically, according to Proposition 4.4, we should find some κ and c in such a way that the intermediate values remain in U_{stab} defined in (5.68). However, we can use a condition that is a bit less restrictive, and simpler to deal with.

Proposition 5.5 The solution to the Riemann problem of Proposition 5.4 with initial data π_l = p_l ≡ p(τ_l, e_l), π_r = p_r ≡ p(τ_r, e_r) gives an entropy satisfying approximate Riemann solver for (5.40)-(5.41) if c is chosen such that γ p_l/τ_l ≤ c^2, γ p_r/τ_r ≤ c^2, γ τ^γ_l p_l/τ^{∗γ+1}_l ≤ c^2, γ τ^γ_r p_r/τ^{∗γ+1}_r ≤ c^2.

(5.97)

Proof. In (5.97), we implicitly assume that τ_l, τ_r, τ^∗_l , τ^∗_r are all positive. According to Remark 5.11, this implies that the intermediate states have nonnegative internal energy. In proving inequalities (4.62) and (4.63), it is not necessary that all terms are nonpositive, only the sum needs to be (see Remarks 3.3 and 4.5). Since here ϑ^±_{ηϕ} = 0 and η_ϕ = ϕ(w) with ϕ nonincreasing, we need only to prove that

w^∗_l ≥ w_l, w^∗_r ≥ w_r, (5.98)

the minimum principle. Assume by contradiction that w^∗_l < w_l. Then we can define κ = w^γ_l , and (5.97) ensures that U_l and U^∗_l lie in U_{stab} defined in (5.68). Therefore, according to Proposition 5.3, D_{ηϕ} [M(0)](U^∗_l , U_l) ≤ 0, and since D_{ηϕ} [M(−1)] ≤ 0, D_{ηϕ} [M(1)] ≤ 0 everywhere according to (5.69)-(5.70), we conclude by addition in (4.63) that η_ϕ(U^∗_l ) − η_ϕ(U_l) ≤ 0, i.e. w^∗_l ≥ w_l, giving a contradiction. The argument goes the same for U^∗_r and U_r.

Remark 5.13 In the eulerian case, the CFL condition writes Δt max(|u_l − c/ρ_l|, |u^∗_l |, |u_r +c/ρ_r|) ≤ Δx, thus the scheme is not able to treat the expansion into vacuum, this would give Δt = 0.

6 Parabolic problems

In this section we wish to give some extensions of the interpretation of flux vector splitting methods by three velocity BGK models to some one-dimensional parabolic/hyperbolic problems

∂_tu + ∂_xF (u) − ∂^2_{xx}B(u) = 0, (6.1) with u(t, x) ∈ U, a convex subset of R^p . We assume that the system has a nonempty family E of convex entropies η, in the sense that there exists an entropy flux ϑ satisfying ϑ^′ = η^′F^′, (6.2) and (B^′)^tη^{′′} is symmetric nonnegative. (6.3) We define B_η by B^′_η = η^′B^′, (6.4) and we look for weak solutions to (6.1) that satisfy the entropy inequalities

∂_tη(u) + ∂_xϑ(u) − ∂^2_{xx}B_η(u) ≤ 0. (6.5)

Following [6] and [2], a scheme for (6.1) can be derived from a transportprojection method with piecewise constant data over a mesh of size Δx as described in Section 3, except that a_{Δx}(ξ), M_{Δx}(u, ξ) depend on Δx, (6.6) but the assumptions (such as the moment relations (1.5)-(1.6)) remain unchanged. The scheme thus takes the flux vector splitting form

u^{n+1}_i − u^n_i + Δt Δx (F^n_{i+1/2} − F^n_{i−1/2}) = 0, (6.7)

F^n_{i+1/2} = F^+_{Δx}(u^n_i ) + F^−_{Δx}(u^n_{i+1}), (6.8) where F^+_{Δx}(u) = ∫ ( a_{Δx}(ξ) ) +M_{Δx}(u, ξ) dξ, F^−_{Δx}(u) = − ∫ ( −a_{Δx}(ξ) ) +M_{Δx}(u, ξ) dξ (6.9)

satisfy F^+_{Δx} + F^−_{Δx} = F. (6.10) In order to get consistency with (6.1), we can ask that as Δx → 0, Δx a_{Δx}(ξ) −→ b(ξ), M_{Δx}(u, ξ) −→ M_0(u, ξ), (6.11) with ∫ b(ξ)M_0(u, ξ) dξ = 0, ∫ 1 2 |b(ξ)|M_0(u, ξ) dξ = B(u), (6.12) or equivalently ∫ b(ξ)_+M_0(u, ξ) dξ = B(u), ∫ ( −b(ξ) ) +M_0(u, ξ) dξ = B(u). (6.13)

Obviously, (6.9), (6.11), (6.13) imply that ΔxF^+_{Δx}(u) −→ B(u) as Δx → 0, ΔxF^−_{Δx}(u) −→ −B(u) as Δx → 0, (6.14)

and therefore, with (6.10), F^+_{Δx}(u^n_i ) + F^−_{Δx}(u^n_{i+1}) = F (u^n_{i+1}) − ( Δx F^+_{Δx}(u^n_{i+1}) − Δx F^+_{Δx}(u^n_i ) ) /Δx, (6.15) which gives that the flux F^n_{i+1/2} is weakly consistent with F (u) − ∂_xB(u). By directly applying Theorem 3.1 at fixed Δx, we get the discrete entropy inequalities η(u^{n+1}_i ) − η(u^n_i ) + Δt Δx (ϑ^n_{i+1/2} − ϑ^n_{i−1/2}) ≤ 0, (6.16) with ϑ^n_{i+1/2} = ϑ^+_{Δx}(u^n_i ) + ϑ^−_{Δx}(u^n_{i+1}), (6.17) (ϑ^±_{Δx})^′ = η^′(F^±_{Δx})^′. (6.18) Of course, we have to assume the dissipativity condition (3.25), and the CFL condition (3.15).

Conversely, if we are given a scheme (6.7)-(6.8) where F^±_{Δx} satisfy (6.10) and (6.14), then it is consistent with (6.1), and discrete entropy inequalities (6.16)- (6.18) can be obtained via the three velocity kinetic interpretation of Theorem 4.1, Propositions 4.2 and 4.4. We need to assume the entropy dissipativity F^+_{Δx}, −F^−_{Δx} are η-dissipative in U_{stab}, η ∈ E, (6.19) and the CFL condition c ≤ Δx/Δt, (6.20) Id −(F^+_{Δx} − F^−_{Δx})/c is η-dissipative in U_{stab}, η ∈ E, (6.21) for some c > 0.

Indeed there is a natural choice of such F^±_{Δx}. Starting from purely hyperbolic entropy flux vector splitting F = F^+ + F^−, (6.22) F^+, −F^− η-dissipative in U_{stab}, η ∈ E, (6.23) we can take F^+_{Δx} = F^+ + B/Δx, F^−_{Δx} = F^− − B/Δx, (6.24) under the assumption that B is η-dissipative in U_{stab}, η ∈ E, (6.25) which is natural in view of (6.3). Condition (6.21) becomes then Id −(F^+ − F^−)/c − 2B/cΔx is η-dissipative in U_{stab}, η ∈ E, (6.26) and since c is of the order of Δx/Δt, this is a parabolic type CFL condition. Remark 6.1 The conditions (6.11)-(6.13) are not really necessary, only (6.14) is needed for consistency.

Acknowledgements

The author is indebted to Frédéric Coquel, Roberto Natalini and Denise Aregba- Driollet for fruitful discussions that gave rise to this work.

References

[1] D. Aregba-Driollet, R. Natalini, Discrete kinetic schemes for multidimensional systems of conservation laws, SIAM J. Numer. Anal. 37 (2000), 1973-2004.

[2] D. Aregba-Driollet, R. Natalini, S. Tang, Numerical study of diffusive BGK approximations for nonlinear multidimensional parabolic equations, preprint (2000).

[3] C. Berthon, F. Coquel, Un formalisme cinétique abstrait pour le modèle (k, ϵ) compressible et applications, preprint (1997).

[4] F. Bezard, B. Després, An entropic solver for ideal Lagrangian magnetohydrodynamics, J. Comput. Phys. 154 (1999), 65-89.

[5] F. Bouchut, Construction of BGK models with a family of kinetic entropies for a given system of conservation law, J. Stat. Phys. 95 (1999), 113-170.

[6] F. Bouchut, F. R. Guarguaglini, R. Natalini, Diffusive BGK approximations for nonlinear multidimensional parabolic equations, to appear in Indiana Univ. Math. J. 49 (2000).

[7] F. Bourdel, J.-P. Croisille, P. Delorme, P.-A. Mazet, On the approximation of K-diagonalizable hyperbolic systems by finite elements. Applications to the Euler equations and to gaseous mixtures, Rech. Aérospat. (English Edition) 1989, no. 5, 15-34 (1990); translated from Rech. Aérospat. 1989, no. 5, 15-34.

[8] Y. Brenier, Résolution d’équations d’évolution quasilinéaires en dimension N d’espace à l’aide d’équations linéaires en dimension N +1, J. Diff. Eq. 50 (1983), 375-390.

[9] Y. Brenier, Averaged multivalued solutions for scalar conservation laws, SIAM J. Numer. Anal. 21 (1984), 1013-1037.

[10] G.Q. Chen, P.G. LeFloch, Entropy flux-splittings for hyperbolic conservation laws part I: general framework, Comm. Pure Appl. Math. 48 (1995), 691-729.

[11] G.Q. Chen, C.D. Levermore, T.-P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math. 47 (1994), 787-830.

[12] F. Coquel, to appear.

[13] F. Coquel, B. Perthame, Relaxation of energy and approximate Riemann solvers for general pressure laws in fluid dynamics, SIAM J. Num. Anal. 35 (1998), 2223-2249.

[14] B. Després, Inégalité entropique pour un solveur conservatif du système de la dynamique des gaz en coordonnées de Lagrange, C. R. Acad. Sci. Paris Sér. I Math. 324 (1997), 1301-1306.

[15] B. Després, Structure des systèmes de lois de conservation en variables lagrangiennes, C. R. Acad. Sci. Paris Sér. I Math. 328 (1999), 721-724.

[16] F. Dubois, Décomposition de flux et discontinuité de contact stationnaire, C.

R. Acad. Sci. Paris Sér. I Math. 330 (2000), 847-850.

[17] B. Dubroca, Solveur de Roe positivement conservatif, C. R. Acad. Sci. Paris Sér. I Math. 329 (1999), 827-832.

[18] J.L. Estivalezes, P. Villedieu, High-order positivity-preserving kinetic schemes for the compressible Euler equations, SIAM J. Numer. Anal. 33 (1996), 2050- 2067.

[19] G. Gallice, Schémas de type Godunov entropiques et positifs préservant les discontinuités de contact, C. R. Acad. Sci. Paris Sér. I Math. 331 (2000), 149- 152.

[20] G. Gallice, Schémas de Type Godunov entropiques et positifs pour la dynamique des gaz et la magnétohydrodynamique lagrangiennes, to appear in C. R. Acad. Sci. Paris.

[21] E. Godlewski, P.-A. Raviart, Hyperbolic systems of conservation laws, Mathématiques & Applications 3/4, Ellipses, Paris, 1991.

[22] L. Gosse, A. Tzavaras, Convergence of relaxation schemes to the equations of elastodynamics, to appear in Math. Comp.

[23] J. Gressier, P. Villedieu, J.-M. Moschetta, Positivity of flux vector splitting schemes, J. Comput. Phys. 155 (1999), 199-220.

[24] A. Harten, P.D. Lax, B. Van Leer, On upstream differencing and Godunov-type schemes for hyperbolic conservation laws, SIAM Review 25 (1983), 35-61.

[25] S. Jin, Z.-P. Xin, The relaxation schemes for systems of conservation laws in arbitrary space dimensions, Comm. Pure Appl. Math. 48 (1995), 235-276.

[26] M. Junk, Exponentially exact hyperbolic systems, preprint Univ. Kaiserslautern (2000).

[27] R. Khanfir, G. Chanteur, J.-P. Croisille, Resolution of the system of equations of ideal magnetohydrodynamics by a finite-volume kinetic-type method, Comp. Phys. Comm. 98 (1996), 301-316.

[28] B. Khobalatte, B. Perthame, Maximum principle on the entropy and secondorder kinetic schemes, Math. Comp. 62 (1994), 119-131.

[29] X.-D. Liu, P.D. Lax, Positive schemes for solving multi-dimensional hyperbolic systems of conservation laws, Proceedings of the VIII International Conference on Waves and Stability in Continuous Media, Part I (Palermo, 1995), Rend. Circ. Mat. Palermo (2) Suppl. No. 45, part I (1996), 367-375.

[30] S.H. Lui, K. Xu, Entropy analysis of kinetic flux vector splitting schemes for the compressible Euler equations, Preprint (1999).

[31] J.C. Mandal, S.M. Deshpand, Higher order accurate kinetic flux vector splitting method for Euler equations, Notes on Num. Fluid Mech. 24 (1989).

[32] J.-M. Moschetta, D.I. Pullin, A robust low diffusive kinetic scheme for the Navier-Stokes/Euler equations, J. Comput. Phys. 133 (1997), 193-204.

[33] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws, J. Diff. Eq. 148 (1998), 292-317.

[34] S. Osher, Riemann solvers, the entropy condition, and difference approximations, SIAM J. Numer. Anal. 21 (1984), 217-235.

[35] B. Perthame, Boltzmann type schemes for gas dynamics and the entropy property, SIAM J. Numer. Anal. 27 (1990), 1405-1421.

[36] B. Perthame, Second-order Boltzmann schemes for compressible Euler equations in one and two space dimensions, SIAM J. Numer. Anal. 29 (1992), 1-19.

[37] B. Perthame, C.-W. Shu, On positivity preserving finite volume schemes for Euler equations, Numer. Math. 73 (1996), 119-130.

[38] B. Perthame, E. Tadmor, A kinetic equation with kinetic entropy functions for scalar conservation laws, Comm. Math. Phys. 136 (1991), 501-517.

[39] P. Quell, Nonlinear stability of entropy flux splitting schemes on bounded domains, IMA J. Numer. Anal. 20 (2000), 441-459.

[40] R.D. Reitz, One-dimensional compressible gas dynamics calculations using the Boltzmann equations, J. Comput. Phys. 42 (1981), 108-123.

[41] D. Serre, Relaxation semi-linéaire et cinétique des systèmes de lois de conservation, Ann. Inst. H. Poincaré Anal. non linéaire 17 (2000), 169-192.

[42] I. Suliciu, On modelling phase transitions by means of rate-type constitutive equations, shock wave structure, Internat. J. Engrg. Sci. 28 (1990), 829-841.

[43] I. Suliciu, Some stability-instability problems in phase transitions modelled by piecewise linear elastic or viscoelastic constitutive equations, Internat. J. Engrg. Sci. 30 (1992), 483-494.

[44] E. Tadmor, The numerical viscosity of entropy stable schemes for systems of conservation laws. I, Math. Comp. 49 (1987), 91-103.

[45] T. Tang, K. Xu, Gas-kinetic schemes for the compressible Euler equations:

positivity-preserving analysis, Z. Angew. Math. Phys. 50 (1999), 258-281.

[46] E.F. Toro, Riemann solvers and numerical methods for fluid dynamics: a practical introduction, Springer-Verlag, 1999.

[47] A. Tzavaras, Materials with internal variables and relaxation to conservation laws, Arch. Rational Mech. Anal. 146 (1999), 129-155.

[48] A. Vasseur, Kinetic semidiscretization of scalar conservation laws and convergence by using averaging lemmas, SIAM J. Numer. Anal. 36 (1999), 465-474.

[49] A. Vasseur, Convergence of a semi-discrete kinetic scheme for the system of isentropic gas dynamics with γ = 3, Indiana Univ. Math. J. 48 (1999), 347- 364.

[50] P. Villedieu, P.-A. Mazet, Schémas cinétiques pour les équations d’Euler hors équilibre thermochimique, Rech. Aérospat. 1995, no. 2, 85-102.