A BGK Approximation to Nonlinear Parabolic Initial-Boundary Value Problems^∗

F. R. Guarguaglini^† and A. Terracina^‡

Abstract

We present a relaxation semilinear system of conservation laws with source which approximates nonlinear parabolic equations with initial and boundary conditions. We prove the well-posedness of the model, a priori estimates and we obtain the convergence towards the solution of the parabolic problem. Moreover we prove a similar result for a weakly degenerate problem.

Key-words: Parabolic nonlinear conservation laws – degenerate parabolic equations – singular perturbation problems – BGK models

1 Introduction

In this paper we deal with a hyperbolic relaxation approximation for the following parabolic equation

∂_tu + ∂_xA(u) = ∂_{xx}[B(u)], (x, t) ∈ R^+ ×]0, ∞[, (1.1)

with initial data u(x, 0) = u_0(x), x ∈ R^+ , (1.2) and boundary condition

u(0, t) = a_0(t) t ∈ (0, T ) , (1.3)

where A, B are locally lipschitz functions, u_0 and a_0 are BV functions and

B^′(u) ≥ ν > 0 . (1.4)

∗Work partially supported by European TMR project HCL # ERBFMRXCT960033 and by TMR Programme NPE # FMRX-CT98-0201

†Dipartimento di Matematica Pura e Applicata, Universitá degli Studi di L’Aquila, Via Vetoio, I-67100 Coppito (L’Aquila), Italy. E–mail: guarguag@univaq.it.

‡Dipartimento di Matematica Universitá di Roma ”La Sapienza”, Piazzale Aldo Moro n. 5, I-00185 Roma, Italy. E-mail:terracin@mat.uniroma1.it.

A solution of problem (1.1)-(1.3) is a function u ∈ C([0, T ]; L^1_{loc}(R^+ )) ∩ L^∞([0, T ]; BV (R^+ )) satisfying the equation in the weak sense and assuming the data in the sense of the traces.

We are interested in the approximation of the above problem by means of a sequence of semilinear systems of conservation laws with source and initial-boundary conditions.

To this aim we introduce the following BGK model ∂_tf^ϵ_1 +^{θ1√}_ϵ ∂_xf^ϵ_1 =^1_ϵ (M_1(u^ϵ, ϵ)) − f^ϵ_1 ), ∂_tf^ϵ_2 =^1_ϵ (M_2(u^ϵ, ϵ)) − f^ϵ_2 ), ∂_tf^ϵ_3 +^{θ3√}_ϵ ∂_xf^ϵ_3 =^1_ϵ (M_3(u^ϵ, ϵ)) − f^ϵ_3 ) ,

(1.5)

with θ_1 < 0, θ_3 > 0 and u^ϵ(x, t) = 3∑ i=1 f^ϵ_i (x, t) ; (1.6) the functions M_i (called maxwellian functions) are given by the following expressions M_1(u, ϵ) =^{√ϵ}_{θ1−θ3} A(u) +^{B(u)}_{(θ1−θ3)θ1} , M_2(u, ϵ) = u +^{B(u)}_{θ1θ3} M_3(u, ϵ) = −^{√ϵ}_{θ1−θ3} A(u) −^{B(u)}_{(θ1−θ3)θ3} . (1.7)

We complement the system by the initial conditions f^ϵ_i (x, 0) = M_i(u_0(x), 0) , i = 1, 2, 3 (1.8) and the boundary condition, only for the function satisfying the unique equation in (1.5) with positive transport velocity, f^ϵ_3 (0, t) = M_3(a_0(t), 0) . (1.9) For uniformity of notations in the following we set θ_2 = 0.

We have the following definition for the weak solution to the relaxation system (1.5).

Definition 1.1 Let u_0 ∈ BV (R^+ ) , a_0 ∈ BV ((0, T )). The tern of functions (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) ∈ (BV (R^+ × (0, T )) ∩ L^∞(R^+ × (0, T )))^3 is a weak solution to problem (1.5) - (1.9) if i) for every ϕ ∈ C^1_0 (R^+ × (0, T )) ∫_T 0 ∫ R^+ f^ϵ_i ( ϕ_t + θ_i √ ϵ ϕ_x ) + 1 ϵ (M_i(u^ϵ, ϵ) − f^ϵ_i ) dxdt = 0 , i = 1, 2, 3 ;

ii) f^ϵ_i (x, 0) = M_i(u_0(x), 0) for almost every x ∈ R^+ , i = 1, 2, 3 ;

iii) f^ϵ_3 (0, t) = M_3(a_0(t), 0) for almost every t ∈ (0, T ) .

In this paper we prove comparison and stability results with respect to the data for the weak solutions of problem (1.5)-(1.9), under a further condition on the coefficients θ_1, θ_3 (see (1.10)).

Then we prove the main result of the paper: for the relaxation parameter ϵ going to zero the sequence {u^ϵ} converges strongly in C([0, T ]; L^1_{loc}(R^+ )) to the unique solution of the parabolic problem (1.1)-(1.4).

The last aim of the paper is to extend the convergence result to a weakly degenerate parabolic initial-boundary value problem. We consider nonnegative solutions of equation (1.1), where we assume that the function B^′(u) can be zero when u = 0, and we derive a BGK approximation in the case of no degeneracy on the boundary.

It is well known, no matter how smooth A, B and the data are, that in presence of the above degeneration, the equation (1.1) needs not have classical solutions [9, 22]. Generalizations of the notion of solution and existence and uniqueness results can be found in [22, 7, 8, 3, 5] under different assumptions on the functions A, B and on the data.

Here we will prove that the sequence of solutions of the BGK model proposed for the weakly degenerate problem converge strongly to its unique weak solution.

The paper takes ispiration from the results in [4] and [19]. In the first paper it is shown that the same BGK model with a general number of equations approximates a parabolic, eventually degenerate, initial value problem in R^d × [0, T ], T > 0; in the second one the authors prove the convergence of a similar relaxation system, with transport coefficients independent from ϵ, towards an initial-boundary value problem for a conservation law.

We recall that this kind of discrete velocities approximations was introduced in [18] for conservation laws in R^d × [0, T ]. For diffusive limit of Cauchy problems for discrete velocities hyperbolic systems we refer to [12, 16, 15, 14] and to [10, 17, 6] for numerical results. Finally, relaxation approximations for boundary value problems are studied in [21, 20, 25, 24] (besides [19]) in the setting of hyperbolic equations.

Some properties of the Maxwellian functions (1.7) will be crucial in all the proofs of the paper.

It is easily seen that they verify the following compatibility conditions

(M_1)

∑_3 i=1 M_i(w, ϵ) = w for all ϵ ∈]0, 1] and for all w ∈ I;

(M_2) ∑ i=1,3 θ_i√ ϵ M_i(w, ϵ) = A(w) for all ϵ ∈]0, 1] and for all w ∈ I;

(M_3) ∑ i=1,3 θ 2 i M_i(w, 0) = B(w) for all w ∈ I,

which are the link between (1.1) and (1.5) and ensure the consistence of the approximation. In fact it is easy to see, formally, that if the sequence {u^ϵ} converges to some limit function u strongly in C([0, T ]; L^1_{loc}(R^+ )), the function u is a weak solution to equation (1.1) [4].

Moreover we have to impose the following stability condition on the transport velocities of the system

max{B^′(u) : u ∈ I} < −θ_1θ_3 for u ∈ I ; (1.10)

This ensures that the maxwellian functions (1.7) are monotone increasing on the interval I for small ϵ. This property is crucial in proving the comparison result for the solutions of the system (1.5) and compactness properties for the sequence {f^ϵ_i }. In fact we will show that, under the stability condition (1.10), our approximation (1.5)- (1.9) keeps the monotonicity properties which are tipical of equation (1.1).

We remark that from a numerical point of view our approximation has some good features; in fact it is simple to implement numerical schemes by using high order algorithms, also in more complicate situations (source terms, variable coefficients).

The paper is organized in three further sections: Section 2 is devoted to the comparison and stability results and compactness estimates for the solutions of problem (1.5)-(1.10) and Section 3 to the statement and the proof of our convergence result in the parabolic case. We deal with the weakly degenerate case in the last section where we introduce a relaxation system like (1.5), with slightly modified Maxwellian functions in order to keep the monotonicity properties also in the degeneration regions (under a new stability condition which involves the values of the function A, too); then we prove that solutions of the weakly degenerate problem can be approximated, in C([0, T ]; L^1_{loc}(R^+ )) by solutions of the system.

2 A priori estimates

The goal of this section is to establish stability, comparison, existence and uniqueness results and some a priori estimates for the solutions of the system (1.5). Some of the proofs follow from ideas in [19].

We will make use of the following lemma [11].

Lemma 2.1 Let u be a weak solution to the linear Cauchy problem { ∂_tu + θ∂_xu = g(x, t) , u(x, 0) = u_0(x) ,

for x ∈ R^+ and t ∈ (0, T ) (T > 0), and v the solution of the above problem with a function h in place of g and the initial data v_0 in place of u_0. Then for every ϕ ∈ C^1_0 (R^+ × (0, T )) , with ϕ ≥ 0, there holds ∫_T 0 ∫ R^+ [u − v]_+∂_tϕ + θ[u − v]_+∂_xϕ dx dt ≥ − ∫_T 0 ∫ R^+ H(u − v)(g − h)ϕ dx dt , (2.1) where H is the Heaviside function.

In the following f^ϵ_i (0, t), u^ϵ(0, t) denote the traces of the functions f^ϵ_i (x, t), u^ϵ(x, t) on the boundary x = 0.

Set ϵ a suitable value such that the maxwellian functions are increasing in u for ϵ ∈ (0, ϵ). In the following we assume ϵ ∈ (0, ϵ).

Proposition 2.1 Assume that u_0, u_0 ∈ BV (R^+ ) , a_0, a_0 ∈ BV ((0, T )) and that condition (1.10) is satisfied on a given interval I. Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be a solution of problem (1.5)-(1.9) and u^ϵ ∈ I for almost every (x, t) ∈ R^+ × (0, T ). Let (f^ϵ_1, f^ϵ_2, f^ϵ_3) be another solution corresponding to the initial-boundary conditions (u_0, a_0) and u^ϵ = ∑_3

i=1 f^ϵ_i ∈ I for almost every (x, t) ∈ R^+ × (0, T ) . Then for every K ∈ R^+ and for almost every t ∈ (0, T ) the following inequalities hold ∫_K 0 3∑ i=1 [f^ϵ_i (x, t)−f^ϵ_i (x, t)]_+dx ≤ ∫_{K+} |θ1|_{√ϵ t} 0 [u_0(x)−u_0(x)]_+dx+ θ_3 √ ϵ ∫_t 0 [a_0(s)−a_0(s)]_+ds ,

(2.2)

|θ_1| √ ϵ ∫_t 0 [f^ϵ_1 (0, s) − f^ϵ_1 (0, s)]_+ds ≤ ∫ |θ1|_{√ϵ t} 0 [u_0(x) − u_0(x)]_+dx + θ_3 √ ϵ ∫_t 0 [a_0(s) − a_0(s)]_+ds .

(2.3)

Proof. Setting w_i = f^ϵ_i − f^ϵ_i and using inequality (2.1) we obtain ∫_T 0 ∫ R^+ 3∑ i=1 [w_i]_+ ( ϕ_t + θ_i √ ϵ ϕ_x ) dxdt

≥ − 1 ϵ ∫_T 0 ∫ R^+ 3∑ i=1 H(w_i)(M_i(u^ϵ, ϵ) − M_i(u^ϵ, ϵ) − w_i) ϕ dxdt , for every ϕ ∈ C^1_0 (R^+ × (0, T )) , ϕ ≥ 0 . If H(w_i) = 1 for i = 1, 2, 3 or H(w_i) = 0 for i = 1, 2, 3 then the right hand side of the above inequality is zero. In order to prove that it is always nonnegative set J_+ = {i : H(w_i) = 1} ; then, thanks to (M_1) and (1.10) ∑ J_+ (M_i(u^ϵ, ϵ) − M_i(u^ϵ, ϵ) − w_i) ≤ ∑ J_+ M^′_j (η, ϵ) − 1 ∑ J_+ w_j ≤ 0 , where η is a suitable intermediate value.

Hence ∫_T 0 ∫ R^+ 3∑ i=1 [f^ϵ_i − f^ϵ_i ]_+ ( ϕ_t + θ_i √ ϵ ϕ_x ) dxdt ≥ 0 . Now, choosing a sequence of test functions approximating the characteristic function of the set {(x, s) ∈ R^+ × (0, t) : 0 ≤ x ≤ K +^{|θ1|√}_ϵ (t − s)} we obtain ∫_K 0 3∑ i=1 [f^ϵ_i (x, t) − f^ϵ_i (x, t)]_+dx ≤ ∫_{K+} |θ1|_{√ϵ t} 0 [M_i(u_0, ϵ) − M_i(u_0, ϵ)]_+dx + ∫_t 0 3∑ i=1 θ_i √ ϵ [f^ϵ_i (0, s) − f^ϵ_i (0, s)]_+ds

+ ∫_t 0 3∑ i=1 ( −| θ_1 √ ϵ | − θ_i √ ϵ ) [f^ϵ_i (K + |θ_1| √ ϵ (t − s), s) − f^ϵ_i (K + |θ_1| √ ϵ (t − s), s)]_+ds and (2.2) follows since θ_1 < 0 and θ_3 > 0 .

In order to prove inequality (2.3) we introduce a sequence of test functions approximating the characteristic function of the set {(x, s) ∈ R^+ × (0, t) : 0 ≤ x ≤ |θ_1|√ ϵ (t − s)} and, with the same technique used in the first part of the proof, we obtain the claim. ⊓⊔

As a consequence of the previous proposition we have the following two results.

Corollary 2.1 Assume that u_0, u_0 ∈ BV (R^+ ) , a_0, a_0 ∈ BV ((0, T )) and that condition (1.10) is satisfied on a given interval I. Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be a solution of problem (1.5)-(1.9) and u^ϵ ∈ I for almost every (x, t) ∈ R^+ × (0, T ). Let (f^ϵ_1, f^ϵ_2, f^ϵ_3) be another solution corresponding to the initial-boundary conditions (u_0, a_0) and u^ϵ = ∑_3

i=1 f^ϵ_i ∈ I for almost every (x, t) ∈ R^+ × (0, T ). Assume that

u_0 ≤ u_0 almost everywhere in R^+ ;

a_0 ≤ a_0 almost everywhere in (0, T ) .

Then f^ϵ_i ≤ f^ϵ_i almost everywhere in R^+ × (0, T ) for i = 1, 2, 3.

Corollary 2.2 Assume that condition (1.10) is satisfied on a given interval I, that u_0 ∈ BV (R^+ ) , a_0 ∈ BV ((0, T )) and u_0, a_0 ∈ I. Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be a solution of problem (1.5)-(1.9) and u^ϵ ∈ I for almost every (x, t) ∈ R^+ × (0, T ). Then for almost every (x, t) ∈ R^+ × (0, T )

M_i(min{ess inf(u_0), ess inf(a_0)}) ≤ f^ϵ_i ≤ M_i(max{ess sup(u_0), ess sup(a_0)})

for i = 1, 2, 3.

Proof. Observe that for every p ∈ R the vector (M_1(p, ϵ), M_2(p, ϵ), M_3(p, ϵ)) is a weak solution to system (1.5)-(1.7) with initial and boundary data identically equal to p. Then the claim follows by Corollary 2.1.⊓⊔

In the following we set I := {u ∈ R; min{ess inf(u_0), ess inf(a_0)} ≤ u ≤ max{ess sup(u_0), ess sup(a_0)}.

By using standard regularity properties, the continuation principle, Corollary 2.2 and proceeding as in [18] we obtain the following result for the solutions of problem (1.5)-(1.9) (see [23]).

Theorem 2.1 Let u_0 ∈ BV (R^+ ), a_0 ∈ BV ((0, T )) and assume that condition (1.10) is satisfied on the interval I. Then there exists a unique global weak solution (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) to problem (1.5)-(1.9) and u^ϵ ∈ I. Moreover, when the data u_0, a_0 are in the class C^k with u_0(0) = a_0(0), then f^ϵ_i ∈ Lip(R^+ × [0, T )) ∪ C^k(R^+ × (0, T ) \ γ_3), i = 1, 2, 3, where γ_3 := {(x, t) ∈ R^+ × [0, T ) : x =^{θ3√}_ϵ t}

Now we prove some estimates for the solutions of problem (1.5) - (1.10) in the case of smooth data, which can be extended to the general BV case thanks to Proposition 2.1.

Proposition 2.2 Let u_0 ∈ C^2(R^+ ) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )) with u_0(0) = a_0(0). Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5) - (1.10). Then for every t ∈ [0, T ) the following estimate holds for i = 1, 2, 3 ∫ R^+ |∂_tf^ϵ_i (x, t)|dx ≤ max{|θ_1|, θ_3}T V (u_0) + θ_3T V (a_0) √ ϵ . (2.4)

Proof. We fix L, t ∈ R^+ and we set p_i = ∂_tf^ϵ_i . Now we first differentiate the three equations with respect to t and multipy each equation by the corresponding sgn(p_i), then taking the sum for i = 1, 2, 3 and integrating on the domain D = {(x, s) ∈ R^+ × (0, t) : 0 ≤ x ≤ L +^{|θ1|√}_ϵ (t − s)}, we have ∫ ∫ D ∂_t (_3 ∑ i=1 |p_i(x, t)| ) + ∂_x (_3 ∑ i=1 θ_i √ ϵ |p_i(x, t)| ) dxdt = 1 ϵ ∫ ∫ D F (x, t)dxdt where F (x, t) := 3∑ i=1 (_3 ∑ j=1 M^′_j (u^ϵ(x, t))sgn(p_j ) − sgn(p_i) ) p_i(x, t) . Since F (x, t) ≤ 0 (thanks to condition (M_1) and (1.10)), using the divergence theorem on the domain D we obtain ∫_L 0 3∑ i=1 |p_i(x, s)|dx ≤ ∫_{L+} |θ1|_{√ϵ} 0 3∑ i=1 |p_i(x, 0)|dx + ∫_t 0 3∑ i=1 θ_i √ ϵ |p_i(0, s)|ds ; then, using the initial and the boundary conditions, we have the claim.⊓⊔

The estimate proved in the above proposition is not uniform in ϵ, however it allows to obtain the following uniform estimate for the BV norm of the traces of f^ϵ_1 and f^ϵ_2 on the boundary. We remark that the assumption of parabolicity for equation (1.1) is crucial in the proof of inequality (2.6) in the next proposition.

Proposition 2.3 Let u_0 ∈ C^2(R^+ ) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )) with u_0(0) = a_0(0). Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5) - (1.10). Then there exists a constant K_1 = K_1(ν, θ_1, θ_3, T V (a_0), T V (u_0)), not depending on ϵ, such that for every h > 0 small enough ∫_{T −h} 0 |f^ϵ_1 (0, t + h) − f^ϵ_1 (0, t)|dt ≤ K_1h , (2.5) ∫_{T −h} 0 |f^ϵ_2 (0, t + h) − f^ϵ_2 (0, t)|dt ≤ ϵ|f^ϵ_2 (0, h) − f^ϵ_2 (0, 0)| + K_1h . (2.6)

Proof. For i = 1, 2, 3 we set w_i(x, t) = f^ϵ_i (x, t + h) − f^ϵ_i (x, t) and C_i(x, t) := M_i(u^ϵ(x, t + h)) − M_i(u^ϵ(x, t)) u^ϵ(x, t + h) − u^ϵ(x, t) . We consider now the equations verified by the functions w_i

∂_tw_i(x, t)+ θ_i √ ϵ ∂_xw_i(x, t) = 1 ϵ ( (C_i(x, t) − 1)w_i(x, t) + C_i(x, t) ∑ j≠i w_j(x, t) ) , i = 1, 3

∂_tw_2(x, t) = 1 ϵ ( (C_2(x, t) − 1)w_2(x, t) + C_2(x, t) ∑ j≠2 w_j (x, t) ) , and we multiply each of them by the correspondig sgn(w_i); summing up the equations and integrating on the domain D := {(x, t) ∈ R^+ × (0, T ) : 0 < x <^{|θ1|√}_ϵ (T − t)} we obtain the equality ∫ ∫ D ∂_t (_3 ∑ i=1 |w_i| ) + ∂_x (_3 ∑ i=1 θ_i √ ϵ |w_i| ) dxdt = 1 ϵ ∫ ∫ D F dxdt where F (x, t) := 3∑ i=1 (_3 ∑ j=1 C_j(x, t)sgn(w_j) − sgn(w_i) ) w_i(x, t) . We observe that the conditions (M_1) and (1.10) imply that 0 ≤ C_i(x, t) ≤ 1 for i = 1, 2, 3 and

∑_3

i=1 C_i(x, t) = 1 and then that F (x, t) ≤ 0; therefore, using the divergence theorem on the domain D we obtain ∫_t 0 |f^ϵ_1 (0, t + h) − f^ϵ_1 (0, t)|dt ≤ √ ϵ |θ_1| ∫ |θ1|_{√ϵ t} 0 3∑ i=1 |f^ϵ_i (x, h) − f^ϵ_i (x, 0)|dx + ∫_t 0 θ_3 |θ_1| |M_3(a_0(t + h)) − M_3(a_0(t))|dt ,

and the first claim follows using (2.4).

In order to prove the estimate for f^ϵ_2 we consider the equation verified by w_2; then we have

w_2(0, t) = e^− ∫ t 0 (1−M ′ 2(ηh(τ ),ϵ))dτ ϵ w_2(0, 0) + 1 ϵ ∫_t 0 e^− ∫ t s (1−M ′ 2(ηh(τ ),ϵ))dτ ϵ M^′_2(η_h(t), ϵ)(w_1(0, s) + w_3(0, s))ds ,

where η_h(t) is a suitable intermediate value; then it follows that ∫_T 0 |w_2(0, t)|dt ≤ |w_2(0, 0)| ∫_T 0 e^− ∫ t 0 (1−M ′ 2(ηh(τ ),ϵ))dτ ϵ dt

+ 1 ϵ ∫_T 0 ( (|w_1(0, s)| + |w_3(0, s)|) ∫_T s e^− ∫ t s (1−M ′ 2(ηh(τ ),ϵ))dτ ϵ M^′_2(η_h(t), ϵ) dt ) ds and in view of the expression of M_2 we deduce that ∫_T 0 |w_2(0, t)|dt ≤ ϵ ν ( 1 − e^{− νTϵ} ) |w_2(0, 0)| + ∫_T 0 1 − e^{− ν(T −s)}ϵ ν (|w_1(0, s)| + |w_3(0, s)|)ds and thanks to estimate (2.5) we can conclude the proof.⊓⊔

In the following proposition we shall prove a further uniform estimate holding for the sequence {f^ϵ_i } which will be useful to derive compactness properties.

Proposition 2.4 Let u_0 ∈ C^2(R^+ ) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )) with u_0(0) = a_0(0). Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5) - (1.10). Then there exists a constant K_2 = K_2(ν, θ_1, θ_3, T V (a_0), T V (u_0)), not depending on ϵ, such that for every L > 0 and for every h > 0 small enough ∫_L 0 |∂_xf^ϵ_i (x, t)|dx ≤ K_2 , for i = 1, 2, 3 . (2.7)

Proof. We fix L, t > 0 and we set m_i = ∂_xf^ϵ_i ; applying the technique of the previous proofs we establish that ∫_L 0 3∑ i=1 |m_i(x, t)|dx ≤ ∫_{L+} |θ1|_{√ϵ} 0 3∑ i=1 |m_i(x, 0)|dx + ∫_t 0 3∑ i=1 θ_i √ ϵ |m_i(0, s)|ds .

The last integral can be estimate using (2.5) and (2.6) since

θ_1 √ ϵ |m_1(0, s)| + θ_3 √ ϵ |m_3(0, s)| ≤ | | | | θ_1 √ ϵ m_1(0, s) + θ_3 √ ϵ m_3(0, s) | | | | = |u^ϵt(0, s)| and the proof is complete.⊓⊔

Now we state a proposition which gives an estimate of the deviation from the equilibrium in the L^1 norm (see [4] for the proof). The result will be crucial in the proof of the last uniform estimate in this section and in the proof of consistency of our relaxation approximation in the next section.

Proposition 2.5 Let u_0 ∈ C^2(R^+ ) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )) with u_0(0) = a_0(0). Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5) - (1.10). Then there exists a constant K_3 = K_3(ν, θ_1, θ_3, T V (a_0), T V (u_0)), not depending on ϵ, such that for every L > 0_3 ∑ i=1 ∫_L 0 |f^ϵ_i (x, t) − M_i(u^ϵ, ϵ)|dx ≤ √ ϵK_3 .

The following proposition completes the set of estimates necessary to prove the convergence result in the next section.

Proposition 2.6 Let u_0 ∈ C^2(R^+ ) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )) with u_0(0) = a_0(0). Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5) - (1.10). Then for every L > 0 there exist a positive constant h_0 and a continuous nondecreasing function w : [0, h_0] → R, not depending on ϵ, with w(0) = 0, such that, for t ∈ (0, T − h) and h ∈ (0, h_0) ∫_L 0 |u^ϵ(x, t + h) − u^ϵ(x, t)|dx ≤ w(h) . Proof. We use Lemma 5 in [11]; in view of Proposition 2.4 we must only prove that there exists a constant C_L such that | | | ∫_L 0 ∂_tu^ϵ(x, t)φ(x)dx | | | ≤ C^L‖φ‖^{C1} for every function φ ∈ C^10 ((0, L)) .

Using the equations for f^ϵ_i and the condition (M_2) we establish that | | | ∫_t 0 ∂_tu^ϵ(x, t)φ(x)dx | | | ≤ ‖φ‖^{C1}√ ϵ ∫_L 0 max{|θ_i|} 3∑ i=1 |f^ϵ_i (x, t) − M_i(u^ϵ, ϵ)|dx

+‖φ‖_C1 ∫_L 0 |A(u^ϵ)|dx and using Proposition 2.5 we conclude the proof.⊓⊔

Now the above propositions in combination with the comparison results (2.2)-(2.3) imply the following theorem.

Theorem 2.2 Let u_0 ∈ BV (R^+ ) and a_0 ∈ BV ((0, T )). Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5) - (1.10) in (R^+ × (0, T )). Then for every L, h > 0 there exist two positive constants h_0, C_1 = C_1(ν, θ_1, θ_3, T V (a_0), T V (u_0)) and a continuous nondecreasing function w : [0, h_0] → R, not depending on ϵ, with w(0) = 0, such that

T V (f^ϵ_i (·, t), (0, L)) ≤ C_1 for t ∈ (0, T ] ; ∫_L 0 |f^ϵ_i (x, t) − M_i(u^ϵ(x, t), ϵ)|dx ≤ C_1 √ ϵ for t ∈ (0, T ] ; ∫_{T −h} 0 |f^ϵ_1 (0, t + h) − f^ϵ_1 (0, t)|dt ≤ C_1h ; ∫_L 0 |u^ϵ(x, t + h) − u^ϵ(x, t)|dx ≤ w(h) for t ∈ (0, T − h) , h ∈ (0, h_0) .

3 Convergence theorem

Here we prove the convergence result of the sequence {u^ϵ} towards the unique solution of the problem (1.1)-(1.4).

Theorem 3.1 Let u_0 ∈ BV (R^+ ) and a_0 ∈ BV ((0, T )). Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5) - (1.10) in (R^+ × (0, T ]), u^ϵ =

∑_3

i=1 f^ϵ_i and let u be the solution of the problem (1.1) -(1.4) in (R^+ × (0, T ]). Then

lim_{ϵ→0} u^ϵ = u in C([0, T ]; L^1_{loc}(R^+ )) .

Proof. Thanks to results in the previous section, for every L > 0 we can establish that there exists a subsequence {u^{ϵn} } converging to some function u in C([0, T ]; L^1((0, L))); moreover {M_i(u^{ϵn} , ϵ_n)} converge to M_i(u, 0) in the same norm.

Since ‖M_i(u^ϵ(·, t)) − f^ϵ_i (·, t)‖_L1_{((0,L))} goes to zero as ϵ goes to zero, uniformly in t ∈ [0, T ] (see Theorem 2.2), we can conclude that also the subsequences {f^{ϵn}_i } converge to some limit functions f_i = M_i(u, 0) in C([0, T ]; L^1((0, L))).

The next step in the proof is to verify that u is the solution of problem (1.1)- (1.3). For i = 1, 2, 3, for every φ ∈ C^{2,1}_0 (R^+ × (0, T )) the functions f^ϵ_i satisfy ∫_T 0 ∫ R^+ ( f^ϵ_i (x, t)φ_t(x, t) + θ_i √ ϵ f^ϵ_i (x, t)φ_x(x, t) ) dxdt =

− 1 ϵ ∫_T 0 ∫ R^+ (M_i(u^ϵ(x, t) − f^ϵ_i (x, t))φ(x, t)dxdt . (3.1)

Now we consider ψ ∈ C^{2,1}_0 (R^+ × (0, T )) and we set φ = ψ_x; multiplying each of the above equalities by the corresponding √ ϵθ_i, and summing up for i = 1, 2, 3 we obtain ∫_T 0 ∫ R^+ 3∑ i=1 θ_i √ ϵ f^ϵ_i (x, t)ψ_x(x, t)dxdt

= ∫_T 0 ∫ R^+ ( A(u^ϵ(x, t))ψ_x(x, t) + 3∑ i=1 θ^2_i M_i(u^ϵ(x, t), ϵ)ψ_{xx} ) dxdt

+ √ ϵ ∫_T 0 ∫ R^+ 3∑ i=1 θ_if^ϵ_i (x, t)ψ_{xt}(x, t)dxdt

+ ∫_T 0 ∫ R^+ 3∑ i=1 θ^2_i (f^ϵ_i (x, t) − M_i(u^ϵ(x, t), ϵ))ψ_x(x, t)dxdt .

Summing the equalities (3.1) for the subsequences {f^{ϵn} } and using the above equality, letting ϵ_n go to zero we have ∫_T 0 ∫ R^+ (u(x, t)ψ_t(x, t) + A(u(x, t)ψ_x(x, t) + B(u(x, t))ψ_{xx}(x, t)) dxdt = 0 for every ψ ∈ C^{2,1}_0 (R^+ × (0, T )).

Therefore u is a weak solution to equation (1.1) verifying the initial condition (1.2). In view of uniqueness of weak solution of problem (1.1)-(1.4) [13], it remains only to prove that u satisfies the boundary condition (1.3), then the whole sequence {u^ϵ} will converge.

We recall that thanks to Theorem 2.2 there exists a subsequence of {f^{ϵn}_1 (0, t)} converging to some function w_1(t) in L^1((0, T )); moreover we set w_3(t) = M_3(a_0(t), 0).

For every φ ∈ C^{2,1}_0 ([0, +∞) × (0, T ]), proceeding as before, we can establish that ∫_T 0 ∫ R^+ (u(x, t)φ_t(x, t) + A(u(x, t))φ_x(x, t) + B(u(x, t))φ_{xx}(x, t)) dxdt

− ∫_T 0 ∑ i=1,3 θ^2_i w_i(t)φ_x(0, t)dt = lim_{ϵn→0} ∫_T 0 3∑ i=1 θ_i √ ϵ f^ϵ_i (0, t)φ(x, t)dt , (3.2)

where u(0, t) denotes the trace on the boundary of the function u(x, t).

As a consequence of the above equality we obtain that ∑ i=1,3 θ_iw_i(t) = 0 . (3.3)

In (3.2) we can choose φ(x, t) = ∫_x 0 ξ(t)max{0, 1 −^y_η }dy, η ∈ R^+ , ξ ∈ C^1_0 (0, T ) and letting η go to zero we obtain the further condition on the boundary values of the function u B(u(0, t)) = ∑ i=1,3 θ^2_i w_i(t) . (3.4)

Finally, in view of the expression of the Maxwellian functions we also know that ∑ i=1,3 θ_iM_i(u(0, t), 0) = 0 . (3.5)

The combination of the three conditions (3.3)-(3.5) implies that

M_3(u(0, t), 0)(θ^2_3 − θ_3θ_1) = M_3(a_0(t), 0)(θ^2_3 − θ_3θ_1) ;

since θ_1 ≠ θ_3 and M_3(·, 0) is increasing, due to the positivity of B^′, we can conclude that u(0, t) = a_0(t) for t ∈ (0, T ). Then u is the unique solution of problem (1.1)-(1.3). ⊓⊔

4 Weakly degenerate problem

In this section we consider nonnegative solutions of the initial-boundary value problem ∂_tu + ∂_xA(u) = ∂_{xx}[B(u)], (x, t) ∈ R^+ ×]0, ∞[, u(x, 0) = u_0(x), x ∈ R^+ , u(0, t) = a_0(t), t ∈ (0, T ) ,

(4.1)

where u_0(x) ≥ 0 for x ∈ (0, +∞) , a_0(t) ≥ α > 0 for t ∈ (0, T ) , (4.2)

A, B are locally lipschitz functions, A(0) = B(0) = 0 and

B^′(u) ≥ 0 , B^′(u) > 0 for u ≠ 0. (4.3)

We intend to approximate the above problem by means of the BGK model (1.5), (1.6), (1.8), (1.9) where the Maxwellian functions are modified as follows

M_1(u, ϵ) = √ ϵ ( θ_3u +^{A(u)}_{θ1−θ3} ) +^{B(u)}

(θ_1−θ_3)θ_1 ,

M_2(u, ϵ) = [1 − √ ϵ(θ_3 − θ_1)] u +^{B(u)}_{θ1θ3} ,

M_3(u, ϵ) = √ ϵ ( −θ_1u −^{A(u)}_{θ1−θ3} ) −^{B(u)} (θ_1−θ_3)θ_3 .

(4.4)

In this way it is possible to introduce a condition on the coefficients θ_1, θ_3 which ensures the nondecreasing property for the functions M_i, i = 1, 2, 3, also in the degeneracy regions (this was not allowed for the functions (1.7) without assumptions on the function A).

So, in place of condition (1.10) in the parabolic case, now we ask that

max{B^′(u) : u ∈ I} < −θ_1θ_3 ,

θ_1(θ_3 − θ_1) ≤ A^′(u) ≤ θ_3(θ_3 − θ_1) for u ∈ I ,

(4.5)

where I = {u ∈ R; min{ess inf(u_0), ess inf(a_0)} ≤ u ≤ max{ess sup(u_0), ess sup(a_0)}.

Due to the above assumptions the maxwellian functions (4.4) are nondecreasing in u for ϵ ∈ (0, ϵ). Moreover they satisfy the compatibility conditions (M_1) − (M_3). Therefore comparison results of Proposition 2.1, Corollaries 2.1 and 2.2, and existence and uniqueness result of Theorem 2.1 hold also for system (1.5), (1.6), (4.4), (1.8), (1.9), (4.5), by the same proofs.

Obviously, in case of parabolic equations, the second condition in (4.5) can be removed.

In order to prove the convergence of the solutions of the relaxation system we would like to obtain compactness estimates as in Theorem 2.2. As we already remarked, in the previuos section the assumption B^′(u) ≥ ν > 0 came into play in the proof of the estimate (2.6); more precisely we used the bound B^′(u^ϵ(0, t)) ≥ ν > 0. Now, due to hypothesys (4.2) we can derive the following result.

Proposition 4.1 Let u_0 ∈ C^2(R^+ ) ∩ BV (R^+ ) and a_0 ∈ C^2([0, T )) ∩ BV ((0, T )) with u_0(0) = a_0(0). Assume that conditions (4.2) hold. Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5), (1.6), (4.4), (1.8), (1.9), (4.5). Then there exists a constant K_1 = K_1(α, θ_1, θ_3, T V (a_0), T V (u_0)), not depending on ϵ, such that for every h > 0 small enough ∫_{T −h} 0 |f^ϵ_2 (0, t + h) − f^ϵ_2 (0, t)|dt ≤ ϵ|f^ϵ_2 (0, h) − f^ϵ_2 (0, 0)| + K_1h . (4.6)

Proof. Observe that f^ϵ_3 (0, t) = M_3(a_0(t), ϵ) ≥ M_3(α, ϵ); moreover, by comparison result, f^ϵ_i (x, t) ≥ 0 for i = 1, 2, 3. Then we can conclude that there exists a constant ν_b, not depending on ϵ, such that B^′(u^ϵ(0, t) ≥ ν_b for t ∈ [0, T ]. Due to the last inequality, we obtain (4.6) proceeding as in Proposition 2.3. ⊓⊔

Thanks to the above proposition, the solutions of problem (1.5), (1.6), (4.4), (1.8), (1.9), (4.5) verify the estimates in Theorem 2.2, with the dependence on ν replaced by the dependence on α. Therefore we are able to prove the compactness of the sequences {f^ϵ_i } and {u^ϵ} proceeding as in Section 3.

Now we are going to introduce the set of hypothesys assumed in [8] to prove existence and uniqueness results for the weak solutions of problem (4.1)-(4.3). Thanks to this we are able to identify the limit function of the sequence {u^ϵ}.

We assume that u_0 is a bounded and continuous function on [0, ∞) , a_0 is a continuous function on [0, T ] , u_0(0) = a_0(0) ;

(4.7)

A, B ∈ C([0, ∞)) ∩ C^2(0, ∞) , A^{′′}, B^{′′} are locally Holder continuous on (0, ∞) ; (4.8)

wB^{′′}(w), wB^′(w)A^′(w) ∈ L^1(0, δ) for any δ > 0 . (4.9)

Now we can state the convergence theorem; the proof is the same of the parabolic case.

Theorem 4.1 Let u_0 ∈ BV (R^+ ) and a_0 ∈ BV ((0, T )). Assume that conditions (4.2), (4.7)-(4.9) hold. Let (f^ϵ_1 , f^ϵ_2 , f^ϵ_3 ) be the solution of problem (1.5), (1.6), (4.4), (1.8), (1.9), (4.5) in (R^+ × (0, T ]), u^ϵ =

∑_3 i=1 f^ϵ_i and let u be the unique weak solution of problem (4.1)-(4.3) in (R^+ × (0, T ]). Then

lim_{ϵ→0} u^ϵ = u in C([0, T ]; L^1_{loc}(R^+ )) .

References

[1] D. Aregba-Driollet, R. Natalini, Convergence of relaxation schemes for conservation laws, Appl. Anal. 61 (1996), 163–193.

[2] D. Aregba-Driollet, R. Natalini, Discrete kinetic schemes for multidimensional conservation laws, preprint (1997).

[3] P. Benilan, H.Touré, Sur l’ équation génerale u_t = ϕ(u)_{xx} − ψ(u)_x + v, C.R. Acad.

Sci. Paris Sér. I Math. , 299 (1984), 919-922.

[4] F. Bouchut, F.R. Guarguaglini, R. Natalini, Diffusive BGK approximations for nonlinear multidimensional parabolic equations, to appear in Indiana Journal.

[5] J.I. Diaz, R. Kersner, On a nonlinear degenerate parabolic equation in infiltration or evaporation through a porous medium, J.Differential Equations, 69 (1987), 368-403.

[6] E. Gabetta, L. Pareschi and M.Ronconi, Central schemes for hydrodynamical limits of discrete-velocity kinetic equations, preprint Univ. Ferrara, 278, 1998.

[7] B.H. Gilding, A nonlinear degenerate parabolic equation, Ann. Scuola Norm. Sup.

Pisa Cl. Sci., 4 (1976), 103-106.

[8] B.H. Gilding, Improved theory for a nonlinear degenerate parabolic equation, Ann. Scuola Norm. Sup. Pisa Cl. Sci., 16 (1989), 165-224.

[9] B.H. Gilding, L.A. Peletier, The Couchy problem for an equation in the teory of infiltration, Arch. Rational Mech. Anal., 61 (1976), 127–140.

[10] S. Jin, L. Pareschi and G. Toscani, Diffusive relaxation schemes for multiscale discrete-velocity kinetic equations, SIAM J. Numer. Anal., 35 (1998), 2405–2439.

[11] S.N. Kružkov, First order quasilinear equations in several independent variables, Math. USSR Sb. 10 (1970), 217–243.

[12] T.G. Kurtz, Convergence of sequences of semigroups of nonlinear operators with an application to gas kinetic, Trans. Amer. Math. Soc. 186 (1973), 259–272.

[13] O.A. Ladyzhenskaya, V.A. Solonikov, N.N. Uralceva, Linear and quasilinear equations of parabolic type, Translations of the A.M.S. 23, Providence R.I. (1968).

[14] C. Lattanzio, R. Natalini, Convergence of diffusive BGK approximations for nonlinear strongly parabolic systems, Quad. IAC n. 18 (2000).

[15] P.L. Lions, G. Toscani, Diffusive limit for finite velocity Boltzmann kinetic models, Rev. Mat. Iberoamericana 13 (1997), 473–513.

[16] H.P. McKean, The central limit theorem for Carleman’s equation, Israel J. math., 21 (1975), 54-92.

[17] G. Naldi, L. Pareschi, Numerical schemes for kinetic equations in diffusive regimes, Applied Math. Letters, 11, (1998), 29-35.

[18] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws, J. Differential Equations 148 (1998), 292–317.

[19] R.Natalini, A. Terracina, Convergence of a relaxation approximation to a boundary value problem for conservation laws, to appear in Comm. Partial Differential Equations.

[20] S. Nishibata, The initial-boundary value problems for hyperbolic conservation laws with relaxation, J. Differential Equations,130(1) (1996), 100-126.

[21] A. Nouri, A. Omrane, J.P.Vila, Boundary conditions for scalar conservation laws from a kinetic point of view, J. Statist. Phis., 94(5-6) (1999), 779-804.

[22] O.A. Oleinik, A.S. Kalashnikov, Chzhou Yui-Lin, The Cauchy problrm and boundary problems for equations of the type of unsteady filtration, Izv. Akad. Nauk SSSR Ser. Mat., 22 (1958), 667–704.

[23] A. Terracina, Applicazioni di teoremi di confronto per leggi di conservazione con condizioni al bordo, Tesi di Dottorato (1998).

[24] W.C. Wang, Z. Xin, Asymptotic limit of initial-boundary value problems for conservation laws with relaxational extensions, Comm. Pure Appl. Math.,51(5) (1998), 505-535.

[25] W.A. Yong, Boundary conditions for hyperbolic systems with stiff source terms, Technical report, IWR, University of Heidelberg, 1997.