CONTINUOUS DEPENDENCE ESTIMATES FOR VISCOSITY SOLUTIONS OF FULLY NONLINEAR DEGENERATE PARABOLIC EQUATIONS

ESPEN R. JAKOBSEN AND KENNETH H. KARLSEN

Abstract. Using the maximum principle for semicontinuous functions [2, 3], we establish here a general “continuous dependence on the nonlinearities” estimate for viscosity solutions of fully nonlinear degenerate parabolic equations with time and space dependent nonlinearities. Our result generalizes a result by Souganidis [10] for first order Hamilton-Jacobi equations and a recent result by Cockburn, Gripenperg, and Londen [1] for a class of degenerate parabolic second order equations. We apply this result to a rather general class of equations and obtain: (i) Explicit continuous dependence estimates. (ii) L^∞ and Hölder regularity estimates. (iii) A rate of convergence for the vanishing viscosity method. Finally, we illustrate the results (i) – (iii) on the Hamilton-Jacobi-Bellman partial differential equation associated with optimal control of a degenerate diffusion process over a finite horizon. For this equation such results are usually derived via probabilistic arguments, which we avoid entirely here. In [8], the basic result given herein is used to derive an explicit rate of convergence for certain numerical approximations.

1. Introduction

Fully nonlinear degenerate parabolic partial differential equations arise in a variety of applications, ranging from image processing, via optimal stochastic control theory, to the description of evolving interfaces (front propagation problems). Due to a possibly degenerate second order operator, such nonlinear partial differential equations do not in general possess classical solutions and it becomes necessary to interpret them in the sense of viscosity solutions. Here we study viscosity solutions of fully nonlinear degenerate parabolic equations of the type

u_t + F (t, x, u, Du, D^2u) = 0 in Q_T := (0, T ) × R^N , (1.1)

where u : Q_T → R is the scalar function that is sought; D denotes the gradient with respect to x = (x_1, . . . , x_N ) ∈ R^N ; D^2 denotes the Hessian with respect to x; and the nonlinearity F = F (t, x, r, p, X) is a function that is nonincreasing in its last (matrix) argument X.

Since the introduction [4] of the theory of viscosity solutions for first order Hamilton-Jacobi equations in the early eighties, the theory (existence, uniqueness, stability, regularity, etc.) has by now been intensively studied and extended to a large class of fully nonlinear second order partial differential equations. A part of this theory is an impressive uniqueness (comparison) machinery based on the so-called maximum principle for semicontinuous functions [2, 3]. The uniqueness machinery applies to (1.1) under rather general assumptions on F . We refer to Crandall, Ishii, and Lions [3] for an overview of the viscosity solution theory.

In this paper, we are concerned with the problem of finding an upper bound on the difference between a viscosity subsolution u of (1.1) and a viscosity supersolution v of u_t + G(t, x, u, Du, D^2u) = 0 in Q_T , where G = G(t, x, r, p, X) is another nonlinearity that is nonincreasing in its last argument. The sought upper bound for u(t, ·) − v(t, ·) should in one way or another be expressed in terms of the difference between the initial data u(0, ·) − v(0, ·) and the difference between the nonlinearities “F − G”. A continuous dependence estimate of the type sought here was obtained by Souganidis in [10, Proposition 1.4] for first order Hamilton-Jacobi equations. For degenerate parabolic second

Date: February 6, 2001.

Key words and phrases. nonlinear degenerate parabolic equation, Hamilton-Jacobi-Bellman equation, viscosity solution, continuous dependence estimate, vanishing viscosity method, convergence rate, Hölder estimate. 1

order equations, a straightforward applications of the comparison principle [3, p. 50] gives for any 0 ≤ t < T the estimate sup_{x∈RN} ( u(t, x) − v(t, x) ) ≤ sup_{x∈RN} ( u(0, x) − v(0, x) )_+

+ ∫_t 0 sup (x,r,p,X)∈R^N×R×R^N×S(N) ( G(s, x, r, p, X) − F (s, x, r, p, X) )_+ ds, (1.2)

where S(N) denotes the set of symmetric N × N matrices and a^+ = max(a, 0). This estimate can be applied, for example, when G is of the form F + h for some function h = h(x). In general, this estimate is not particularly useful since the set over which the supremum inside the integral is taken is unbounded. For example, it cannot be used to obtain a convergence rate for viscous approximations v_t + F (t, x, v, Dv, D^2v) − νΔv = 0.

Recently, Cockburn, Gripenperg, and Londen [1] showed how one can improve the continuous dependence estimate in (1.2) for simplified equations of the type

(1.3) u_t + f(u, Du, D^2u) − k(Du)Δu = 0 in Q_T ,

where the nonlinearity f = f(r, p, X) is nondecreasing in its first argument and nonincreasing in its last argument while the “diffusion coefficient” k = k(p) is nonnegative. Note that equation (1.3) can be viewed as a special case of u_t + f(u, Du, D^2u) = 0. However, as observed in [1], sharper results are obtained by not doing so. Let u be a viscosity subsolution of (1.3) and let v be a viscosity supersolution of (1.3) with f, k replaced by g, l respectively. Roughly speaking, the result in [1] states that for any 0 ≤ t < T and α > 0 sup x∈R^N ( u(t, x) − v(t, x) ) ≤ sup_{x∈RN} ( u(0, x) − v(0, x) )_+

+ sup (x,y)∈R^N×R^N ( |u(0, x) − u(0, y)| ∧ |v(0, x) − v(0, y)| − α 2 |x − y|^2 )

+ t sup (r,p,X)∈D^α ( g(r, p, X) − f(r, p, X) + 3αN (√ k(p) − √ l(p) )_2)+ , (1.4)

where a ∧ b = min(a, b). The second term on the right-hand side in (1.4) measures the “amount of continuity” that the initial values u(0, ·), v(0, ·) possess. In third term on the right-hand side in (1.4), the supremum is taken over a bounded set D^α ⊂ R × R^N × S(N) that depends on the free parameter α. The set D^α becomes unbounded as α → ∞. The idea is that in each particular case one can choose the parameter α in (1.4) so as to obtain optimal results. The proof of (1.4) (as well as (1.6) below) is very similar to the proof of the comparison principle [3] and uses the maximum principle for semicontinuous functions [2, 3].

Motivated by applications, we seek in this paper to generalize the continuous dependence result in [1] to more general equations of the form (1.5) u_t + f(t, x, u, Du, D^2u) − tr [ A(t, x, Du)D^2u ] = 0 in Q_T ,

where the nonlinearity f = f(t, x, r, p, X) is nonincreasing in its last argument, the N × N matrix A = A(t, x, p) is of the type a(t, x, p)a(t, x, p)^T for some N × P matrix a = a(t, x, p), and tr denotes the trace operator. Equation (1.5) generalizes (1.3) in three ways: (i) The nonlinearities are allowed to depend explicitly on the temporal and spatial variables. (ii) The second order operator tr [ A(t, x, Du)D^2u ] is rather general and contains the operator k(Du)Δu in (1.3) as a simple special case. (iii) f = f(t, x, r, p, X) is not restricted to be monotone in the r variable.

Our main result (Theorem 3.1) is an upper bound on u − v where u is a viscosity subsolution of (1.5) and v is a viscosity supersolution of (1.5) with f, A replaced by g, B respectively, where B(t, x, p) = b(t, x, p)b(t, x, p)^T for another N × P matrix b = b(t, x, p). Assume for simplicity of notation that f = f(t, x, r, p, X) is nondecreasing in the r variable and that the viscosity sub- and supersolutions are merely semicontinuous (see Section 3 for the general case). Roughly speaking, our main result (Theorem 3.1) then states that for any 0 ≤ t < T and α > 0

sup (x,y)∈R^N×R^N |x−y|≤C √_{1α} ( u(t, x) − v(t, y) − α 2 |x − y|^2 ) ≤ sup (x,y)∈R^N×R^N |x−y|≤C √_{1α} ( u(0, x) − v(0, y) − α 2 |x − y|^2 )_+

+ t sup (τ,x,y)∈[0,t)×R^N×R^N |x−y|≤C √_{1α , (r,p,X)∈Dα} ( g(τ, y, r, p, X) − f(τ, x, r, p, X) + 3αc^2 |a(τ, x, p) − b(τ, y, p)|^2 )_+ ,

(1.6)

where D^α ⊂ R × R^N × S(N) is again a bounded subset for each fixed α but becomes unbounded as α → ∞, C > 0 is a constant independent of α, and c = N ∧ P . We note that (1.6) is different from (1.4) in that a quadratic penalization term also occur on the left-hand side of the inequality. In view of their respective proofs, we feel that (1.6) is a more natural statement than (1.4). One can, however, quite easily derive from (1.6) an upper bound that resembles (1.4). Estimate (1.6) can be viewed as a direct generalization to second order equations of Proposition 1.4 in Souganidis [10] for first order equations. The main technical tool that makes this extension possible is of course the maximum principle for semicontinuous functions [2, 3].

Our treatment actually allows us to consider a fully nonlinear version of (1.5). In fact, later we shall state and prove our main result (Theorem 3.1) for the fully nonlinear equation

(P) u_t + sup_{ϑ∈Θ} { f^ϑ(t, x, u, Du, D^2u) − tr [ A^ϑ(t, x, Du)D^2u ]} = 0 in Q_T ,

where Θ is a given index set and f^ϑ, A^ϑ are of the same type as f, A respectively for each ϑ ∈ Θ (see Section 3 for the precise conditions on f^ϑ, A^ϑ). To illustrate our main result (Theorem 3.1), we apply it to a rather general class of equations and obtain: (i) Explicit continuous dependence estimates for continuous viscosity solutions of (P). (ii) A priori L^∞ and x - Hölder regularity estimates for continuous viscosity solutions of (P). (iii) An explicit rate of convergence for vanishing viscosity approximations of x - Hölder continuous viscosity solutions of (P). Using the results mentioned in (ii) we prove also uniform (in the small artifical diffusion parameter) L^∞ and x - Hölder regularity estimates for the vanishing viscosity approximations.

The general form of (P) implies that many well known partial differential equations drop out as special cases. Quasilinear examples include the equation for mean curvature flow of graphs and the p - Laplace diffusion equation with p ∈ [2, ∞). One significant fully nonlinear example is the dynamic programming (or Hamilton-Jacobi-Bellman) equation of optimal stochastic control theory. In Section 4, we discuss this equation in particular and present a result about the continuity of the value function (viscosity solution) with respect to the coefficients in the Hamilton-Jacobi- Bellman equations. To best of our knowledge, results of this type have up to now only been available through probabilistic arguments (see, e.g., [5, 9]).

Finally, we mention that our main result (Theorem 3.1) has been used by Jakobsen, Karlsen, and Risebro in [8] to establish a rate of convergence for certain numerical approximations for a class of degenerate parabolic second order equations.

The rest of this paper is organized as follows: In Section 2, we introduce the notation that will be used throughout this paper. Moreover, we recall the notion of viscosity solutions along with the maximum principle for semicontinuous functions. In Section 3, we state our results. In Section 4, we illustrate (apply) our results to the Hamilton-Jacobi-Bellman equation. Finally, the detailed proofs of our results are given in Section 5.

Acknowledgment. E. R. Jakobsen is supported by Norwegian Research Council (NFR), grant no. 121531/410. This work was partially done while E. R. Jakobsen was visiting Laboratoire de Mathematiques et Physique Theorique, Université de Tours, and K. H. Karlsen was visiting the Department of Mathematics and the Institute for Pure and Applied Mathematics (IPAM), University of California, Los Angeles (UCLA). We are grateful to Professor Guy Barles for his comments on this paper.

2. Preliminaries

In this section we introduce some notation (spaces, norms, etc.) that will be used frequently in this paper. We also recall the notions of viscosity solutions as well as the so-called maximum principle for semicontinuous functions.

Let | · | denote the 2-norm in R^m with m ∈ N. We also let | · | denote the matrix norm defined by |C| = sup_{e∈R}p^{|Ce|}_{|e|} , where C ∈ R^{m×p} is an m × p matrix and m, p ∈ N. The Frobenius norm is defined as |C|^2_F = tr[C^T C] = tr[CC^T ]. We recall that there is a constant c = min(m, p) such that |C|_F ≤ c|C|. The ball with center in 0 ∈ R^{m×p} and radius R > 0 is the following set, B_{m×p}(0, R) := {x ∈ R^{m×p} : |x| < R}. If p = 0, we write B_m(0, R). Let S(m) denote the space of m × m symmetric matrices. On this spaces we have the usual partial ordering ≤, that is, X ≤ Y whenever eXe ≤ eY e for every e ∈ R^m . By e_1, . . . , e_m we denote the usual unit vectors in R^m .

In what follows, let U be some set. If f : U → R^{m×p} , then ‖f‖ = sup_{x∈U} |f(x)|. Note that we allow for ‖f‖ = ∞. For a locally bounded function f : U → R^{m×p} , the upper and lower semicontinuous envelopes of f are defined respectively as f^∗(x) = lim sup_{y→x} y∈U f(y), f_∗(x) = lim inf_{y→x} y∈U f(y).

We let USC(U; R^{m×p} ), LSC(U; R^{m×p} ), and C(U; R^{m×p} ) denote the usual spaces of upper semicontinuous, lower semicontinuous, and continuous functions from U to R^{m×p} respectively. If p, m = 1, we write USC(U), LSC(U), and C(U). Let f → I × R^N , I ⊂ [0, ∞). Then, for μ ∈ (0, 1], we define the following Hölder seminorms: [f(t, ·)]_μ = sup_{x,y∈RN} x≠y |f(t, x) − f(t, y)| |x − y|^μ ,

[f]_μ = sup_{τ ∈I} sup_{x,y∈RN} x≠y |f(τ, x) − f(τ, y)| |x − y|^μ .

By C^μ(I × R^N ) we denote the set of functions f : I × R^N → R for which the norm ‖f‖ + [f]_μ is finite. We shall also need the usual Hölder space C^μ(R^N ) of functions g : R^N → R such that ‖g‖ + [g]_μ is finite.

There are several equivalent ways to define viscosity solutions. We will need only one of these definitions in this paper. Consider the following general equation (2.1) u_t + H(t, x, u, Du, D^2u) = 0 in Q_T .

Since the purpose here is only to introduce the notion of viscosity solutions, we only need to assume that H : [0, T ] × R^N × R × R^N × S(N) → R is locally bounded and nonincreasing in its last argument. We start by introducing the notion of semijets:

Definition 2.1 (Semijets). For a locally bounded function u ∈ USC(Q_T ) (LSC(Q_T )), the second order parabolic superjet (subjet) of u at (t, x) ∈ Q_T , which is denoted by P^{2,+(−)}u(t, x), is defined as the set of (a, p, X) ∈ R × R^N × S(N) such that u(s, y) ≤ (≥) u(t, x) + a(s − t) + ⟨p, y − x⟩ +^1_2 ⟨X(y − x), y − x⟩ + o(|s − t| + |y − x|^2), as Q_T ∋ (s, y) → (t, x). We define the closure P^{2,+(−)}u(t, x) as the set of (a, p, X) ∈ R×R^N ×S(N) for which there exists (t_n, x_n, p_n, X_n) ∈ R×R^N ×R^N ×S(N) such that (t_n, x_n, u(x_n, t_n), p_n, X_n) → (t, x, u(t, x), p, X) as n → ∞ and (a_n, p_n, X_n) ∈ P^{2,+(−)}u(t_n, x_n) for all n. Following [3, 6], we state the following general definition of a viscosity solution:

Definition 2.2 (Viscosity Solution). (i) A locally bounded function u : Q_T → R is a viscosity subsolution of (2.1) if (2.2) a + H_∗(t, x, u^∗(t, x), p, X) ≤ 0, ∀(t, x) ∈ Q_T , ∀(a, p, X) ∈ P^{2,+}u^∗(t, x).

(ii) A locally bounded function u : Q_T → R is a viscosity supersolution of (2.1) if (2.3) a + H^∗(t, x, u_∗(t, x), p, X) ≥ 0, ∀(t, x) ∈ Q_T , ∀(a, p, X) ∈ P^{2,−}u_∗(t, x). (iii) A function u : Q_T → R is a viscosity solution of (2.1) if it is simultaneously a viscosity sub- and supersolution of (2.1).

Remark 2.1. Observe that because H_∗ and H^∗ are lower and upper semicontinuous respectively, (2.2) and (2.3) remain true with P^{2,+} and P^{2,−} replaced by P^{2,+} and P^{2,−} respectively. Remark 2.2. In a typical situation, H and the viscosity solution u of (2.1) are continuous functions so that H_∗ = H^∗ = H and u_∗ = u^∗ = u.

For the reader’s convenience, we restate here the parabolic version of the maximum principle for semicontinuous functions [2, 3]:

Theorem 2.3 (Crandall, Ishii, and Lions [2, 3]). Let u_1(t, x), −u_2(t, x) belong to USC(Q_T ). Let ϕ(t, x, y) be once continuously differentiable in t ∈ (0, T ) and twice continuously differentiable in (x, y) ∈ R^N × R^N . Suppose (t_ϕ, x_ϕ, y_ϕ) ∈ (0, T ) × R^N × R^N is a local maximum of the function (t, x, y) −→ u_1(t, x) − u_2(t, y) − ϕ(t, x, y). Suppose that there is an r > 0 such that for every M > 0 there is a C such that { a ≤ C whenever (a, p, X) ∈ P^{2,+}u_1(t, x), |x − x_φ| + |t − t_φ| ≤ r, |u_1(t, x)| + |p| + |X| ≤ M, b ≥ C whenever (b, q, Y ) ∈ P^{2,−}u_2(t, x), |x − x_φ| + |t − t_φ| ≤ r, |u_2(t, x)| + |q| + |Y | ≤ M. Then for any κ > 0 there exist two numbers a, b ∈ R and two matrices X, Y ∈ S(N) such that ( a, D_xϕ(t_ϕ, x_ϕ, y_ϕ), X ) ∈ P^{2,+}u_1(x_ϕ, t_ϕ), ( b, −D_yϕ(t_ϕ, x_ϕ, y_ϕ), Y ) ∈ P^{2,−}u_2(y_ϕ, t_ϕ), − ( 1 κ + | |D^2ϕ(t_ϕ, x_ϕ, y_ϕ) | | ) I ≤ ( X 0 0 −Y ) ≤ D^2ϕ(t_ϕ, x_ϕ, y_ϕ) + κ [ D^2ϕ(t_ϕ, x_ϕ, y_ϕ)

]_2 , (2.4)

and a − b = ϕ_t(t_ϕ, x_ϕ, y_ϕ).

3. Statements of results

In this section we state our main result and several applications of this. The proofs of these results are given in Section 5. We start by specifying the class of equations we consider and then introduce some more notation which is needed for our main result. So in what follows, N, P ∈ N are fixed and ϑ always belong to some index set Θ. We will consider equations of the form (P) that satisfy the following conditions:

For every R > 0, f^ϑ ∈ C([0, T ] × R^N × R × R^N × S(N)) is uniformly continuous on [0, T ] × R^N × [−R, R] × B_N (0, R) × B_{N×N} (0, R) uniformly in ϑ.

(C1) For every t, x, r, p, ϑ, if X, Y ∈ S(N), X ≤ Y then f^ϑ(t, x, r, p, X) ≥ f^ϑ(t, x, r, p, Y ). For every t, x, p, X, ϑ and for R > 0, there is γ_R ∈ R such that f^ϑ(t, x, r, p, X) − f^ϑ(t, x, s, p, X) ≥ γ_R(r − s), for − R ≤ s ≤ r ≤ R. (C2)

For every t, x, p, ϑ, A^ϑ(t, x, p) ≥ 0 and A^ϑ(t, x, p) = a^ϑ(t, x, p)a^ϑ(t, x, p)^T for some matrix a^ϑ ∈ C([0, T ] × R^N × R^N ; R^{N×P} ). Furthermore for every R > 0, a^ϑ is uniformly continuous on [0, T ] × R^N × B_N (0, R) uniformly in ϑ.

(C3)

In what follows, let u^1 and u^2 be bounded sub- and supersolutions respectively of the following two equations:

u^i_t + sup_{ϑ∈Θ} { f^ϑ_i (t, x, u^i, Du^i, D^2u^i) − tr[A^ϑ_i (t, x, Du^i)D^2u^i] } = 0, i = 1, 2.

(EQ_i)

Before presenting our main continuous dependence result (Theorem 3.1), we shall need to introduce two sets over which “continuous dependence” is “measured”:

(3.1) E^α_{s,t} := { (τ, x, y) : s ≤ τ < t, (x, y) ∈ Δ^α } and D^α_{γ,s,t} := { (τ, x, y, r, p, X, ϑ) : p = α(x − y)e^{(γ̄−γ)(τ −s)}, (τ, x, y) ∈ E^α_{s,t}, |r| ≤ e^{−γ(t−s)} min ( ‖u^1‖, ‖u^2‖ ) , |X| ≤ 3αe^{(γ̄−γ)(t−s)}, ϑ ∈ Θ } , (3.2)

where α > 0 is a free parameter, γ and γ̄ are constants to be specified in Theorem 3.1 below, and 0 ≤ s ≤ t ≤ T . The set Δ^α appearing in definitions of the set E^α_{s,t} depend on the regularity of u^1 and u^2. We give the definition in the different relevant cases.

Case (i): Assume u^1, −u^2 ∈ USC(Q̄_T ). We then define

Δ^α := { (x, y) ∈ R^{2N} : |x − y| ≤ √ 2 sup_{Q̄} T (u^1 − u^2)^+ α^{− 12} } . Case (ii): Assume u^1, u^2 ∈ C(Q̄_T ) in the sense that there exist moduli of continuity ω_1, ω_2 such that (3.3) |u^i(t, x) − u^i(t, y)| ≤ ω_i(|x − y|), ∀t ∈ [0, T ], i = 1, 2. We then define

Δ^α := { (x, y) ∈ R^{2N} : α|x − y|^2 − ω_1(|x − y|) − ω_2(|x − y|) ≤ 0 } . Case (iii): Assume u^1, −u^2 ∈ USC(Q̄_T ) and that either u^1 or u^2 lies in C^1(Q̄_T ). We then define

Δ^α := { (x, y) ∈ R^{2N} : |x − y| ≤ N min ( [u^1]_1, [u^2]_1 ) α^{−1} } . We can now state our main result:

Theorem 3.1. Assume that conditions (C1) – (C3) hold for f^ϑ_i and A^ϑ_i with constants γ^i_R, for i = 1, 2. Let u^1 and u^2 be bounded viscosity sub- and supersolutions of (EQ_1) and (EQ_2) respectively. Assume that u^1 and u^2 have regularity as stated in one of the Cases (i) – (iii). Set R := max ( ‖u^1‖, ‖u^2‖ ) and γ = min ( γ^1_R, γ^2_R ) . Then for 0 ≤ s ≤ t ≤ T , γ̄ ≥ 0, and α > 0

sup_{Eα} s,t ( e^{γ(τ −s)} ( u^1(τ, x) − u^2(τ, y) ) − α 2 e^{γ̄(τ −s)}|x − y|^2 )

≤ sup_{Eα} s,s ( u^1(s, x) − u^2(s, y) − α 2 |x − y|^2 )_+

+ (t − s) sup_{Dα} γ,s,t { e^{γ(τ −s)} { f^ϑ_2 (τ, y, r, p, X) − f^ϑ_1 (τ, x, r, p, X) }

+ 3αc^2e^{γ̄(τ −s)} | a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, y, p) |_2 − α 2 γ̄e^{γ̄(τ −s)}|x − y|^2 }_+ , where the sets E^α_{s,t} and D^α_{γ,s,t} are defined in (3.1) and (3.2) respectively via the set Δ^α defined in Case (i) – Case (iii).

Remark 3.2. Note that we have introduced an exponential factor in the quadratic penalization term on the left hand side in the above inequality. As a consequence of this, we get a quadratic penalization term on the right hand side also. By appropriately choosing the exponent γ̄ ≥ 0, we will see that in most of the following applications we do not need to make any a priori regularity assumptions on the solutions. In such cases the set Δ^α does not play any role. However this is not the case when for example a^ϑ(t, x, p) is only Hölder continuous in x with exponent β < 1. For certain values of β, we can still obtain results, but only when we use the extra information provided by Δ^α. We will not consider this case in this paper.

In the remaining part of this section, we shall see examples of how Theorem 3.1 can be applied. We state some rather general results conserning i) explicit continuous dependence estimates, ii) L^∞ and Hölder estimates for viscosity solutions, and finally iii) a convergence rate for the vanishing viscosity method. In order to obtain these results, we must have stronger assumptions on the data. We shall consider the following conditions:

There is a constant C^f > 0 such that C^f := sup_{Θ×}¯_{QT} |f^ϑ(t, x, 0, 0, 0)| < ∞. (C4) Let μ ∈ (0, 1] and f^ϑ(t, x, r, p, X) = g^ϑ(t, x, r, p, X) + b^ϑ(t, x, p) p. For each R > 0 there are constants C^g_R, C^b > 0 such that |g^ϑ(t, x, r, p, X) − g^ϑ(t, y, r, p, X)| ≤ C^g_R|x − y|^μ, |b^ϑ(t, x, p) − b^ϑ(t, y, p)| ≤ C^b|x − y| for ϑ ∈ Θ, t ∈ [0, T ], |r| ≤ R, x, y, p ∈ R^N , X ∈ S(N). (C5)

Let μ ∈ (0, 1]. For each R > 0 there is a constant C^f_R > 0 such that |f^ϑ(t, x, r, p, X) − f^ϑ(t, y, r, p, X)| ≤ C^f_R (|p||x − y| + |x − y|^μ) , for ϑ ∈ Θ, t ∈ [0, T ], |r| ≤ R, x, y, p ∈ R^N , X ∈ S(N). (C6)

For each R > 0 there is a constant C^f_R > 0 such that |f^ϑ(t, x, r, p, X) − f^ϑ(t, y, r, p, X)| ≤ C^f_R|x − y|, for ϑ ∈ Θ, t ∈ [0, T ], |r|, |p| ≤ R, x, y ∈ R^N , X ∈ S(N). (C7)

For each R > 0 there is a constant C^a_R > 0 such that |a^ϑ(t, x, p) − a^ϑ(t, y, p)| ≤ C^a_R|x − y|, for ϑ ∈ Θ, t ∈ [0, T ], x, y ∈ R^N , |p| ≤ R. (C8)

Let us explain why we need assumptions (C1) – (C8). First of all, there are three different assumptions on the x - regularity of f^ϑ. We use the least general (but most explicit) assumption (C5) to derive an explicit continuous dependence estimate without assuming any a priori regularity on the solutions, see Theorem 3.3 a). We do not know how to make such an explicit estimate more general the way we choose to present this theory. However, if we were only interested in regularity estimates as in Theorem 3.4 b), the more general assumption (C6) is sufficient and is probably more or less optimal in our presentation. When we assume a priori that solutions are Lipschitz continuous, we get an explicit comparison theorem using assumption (C7), see Theorem 3.3 b). This assumption implies some sort of local Lipschitz continuity in p and is therefore more general than an assumption like (C6). Note that if we were interested in a priori regularity estimates in this case, then (C7) is too general. In fact, then we need to consider assumption (C6) with μ = 1. We will not prove this here, but just remark that assumption (C6) is the “correct” assumption for first order Hamilton-Jacobi equations, see Souganidis [10].

In the next theorem we state two explicit continuous dependence estimates. In the first one we consider the case with no a priori regularity on the solutions, while in the second one we consider Lipschitz solutions. Note well that in order to get the explicit continuous dependence estimates, it suffices to require that assumptions like (C5) – (C8) hold for only one of the two problems being compared. This is the meaning of the assumption “if there are i, j, k ∈ {0, 1} . . . ” below. Theorem 3.3 (Continuous Dependence Estimate). Assume (C1) – (C3) hold for f^ϑ_i and A^ϑ_i with constants γ^i_R for i = 1, 2. Furthermore assume that u^1, u^2 ∈ C(Q̄_T ) are bounded viscosity solutions of (EQ_1), (EQ_2) respectively. Let R_0 = max(‖u^1‖, ‖u^2‖), γ = min ( γ^1_{R0} , γ^2_{R0} ) , and D_t be the following set

D_t := { (τ, x, r, p, ϑ) : τ ∈ [0, t], x ∈ R^N , |r| ≤ e^{−γt} min ( ‖u^1‖, ‖u^2‖ ) , p ∈ R^N , X ∈ S(N), ϑ ∈ Θ } . a) If there are i, j, k ∈ {0, 1} such that u^i(0, ·) ∈ C^μ(R^N ) and f^ϑ_j and a^ϑ_k satisfies (C5) and (C8) respectively, with constants C^{gj}_R , C^{bj} , and C^{ak} . Note that C^{ak} does not depend on R! Then for 0 ≤ t ≤ T there exists a constant M depending only on T, γ, C^{gj}_R , C^{bj} , C^{ak} and [u^i(0, ·)]_μ such that e^{γt}‖u^1(t, ·) − u^2(t, ·)‖ ≤ ‖u^1(0, ·) − u^2(0, ·)‖ + sup_{Dt} { te^{γτ} | g^ϑ_1 (τ, x, r, p, X) − g^ϑ_2 (τ, x, r, p, X) |

+ Mt^{μ/2} (| |b^ϑ_1 (τ, x, p) − b^ϑ_2 (τ, x, p) | |^μ + | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, x, p) | |^μ ) } .

b) Define D̄_t := {(τ, x, r, p, ϑ) ∈ D_t : |p| ≤ e^{−γt} min([u^1]_1, [u^2]_1)}. If there are i, j, k ∈ {0, 1} such that u^i ∈ C^1(Q̄_T ), f^ϑ_j and a^ϑ_k satisfies (C7) and (C8) respectively, with constants C^{fj}_R and C^{ak}_R . Then for 0 ≤ t ≤ T there exists a constant M depending only on T, γ, C^{fj}_R , C^{ak}_R , and [u^i]_1 such that e^{γt}‖u^1(t, ·) − u^2(t, ·)‖ ≤ ‖u^1(0, ·) − u^2(0, ·)‖ + sup_{D̄} t { te^{γτ} | |f^ϑ_1 (τ, x, r, p, X) − f^ϑ_2 (τ, x, r, p, X) | | + Mt^{1/2} | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, x, p) | | } . We next state the regularity and a priori results.

Theorem 3.4 (Regularity Estimates). Assume (C1) – (C3) hold. In addition, let u ∈ C(Q̄_T ) be a bounded viscosity solution of (P) with initial data u_0. Define R := ‖u‖ and γ := γ_R. Then the following statements are true for every t ∈ [0, T ]:

a) If f^ϑ satisfies (C4), then ‖u(t, ·)‖ ≤ e^{−γt} ( ‖u_0‖ + te^{γ+t}C^f ) . b) Assume that f^ϑ and a^ϑ satisfy (C6) and (C8) respectively, and the constant in (C8) is independent of R. Moreover if u_0 ∈ C^μ(R^N ), then [u(t, ·)]_μ ≤ Ke^{γ̃t} { [u(0, ·)]_μ + t^{1−μ/2}e^{γ+t}C^f_R } , where K ≤ 4 and γ̃ = 2 ( C^f_R + 3c^2(C^a)^2 + 1 ) + |γ|. Finally we turn to the problem of finding a convergence rate for the vanishing viscosity method.

The vanishing viscosity method considers the following equation as an approximation to (P):

u^ν_t + sup_{ϑ∈Θ} { f^ϑ(t, x, u^ν , Du^ν , D^2u^ν ) − tr[A^ϑ(t, x, Du^ν )D^2u^ν ] } = νΔu^ν . (P_ν )

We are interested in the L^∞ convergence of u^ν to the unique viscosity solution u of (P) as ν → 0. By now it is classical to use the Barles-Perthame weak limit method (see, e.g., [3]) to prove convergence of the viscous approximations u^ν . The idea is that so-called upper weak limit u and the lower weak limit u, defined by

u(t, x) = lim sup^∗ ν→0 u^ν (t, x), u(t, x) = lim inf_{∗ν→0} u^ν (t, x), are respectively viscosity sub- and supersolutions of (P). On one hand, we always have u ≤ u in Q_T . On the other hand, the (strong) comparison principle [3] implies that u ≤ u in Q_T and thus u = v in Q_T . Finally, it is easy to see that this equality implies local L^∞ convergence of u^ν to the function u := u = u as ν → 0, which turns out to be the unique bounded continuous viscosity solutions of (1.1).

The advantage of the method of weak limits is that it allows passages to the limits with only an L^∞ estimate on u^ν . The disadvantage is that the method does not say anything about the rate of convergence, which is the content of the next theorem.

Theorem 3.5 (Viscous Approximations). Assume that (C1) – (C4), (C6) and (C8) hold, and that the constant in (C8) is independent of R. Furthermore assume that there exists a bounded viscosity solution u^ν ∈ C(Q̄_T ) of (P_ν ) for each ν > 0. Then there exists a viscosity solution u ∈ C^μ(Q̄_T ) of (P) such that for every 0 ≤ t ≤ T ‖u(t, ·) − u^ν (t, ·)‖ ≤ K ( ‖u(0, ·) − u^ν (0, ·)‖ + ν^{μ2} ) , for some constant K independent of ν.

A special case worth mentioning for which the results of this section apply, is the Hamilton- Jacobi-Bellmann equation. The results for this equation will be detailed in the next section.

4. Hamilton-Jacobi-Bellman Equation Let ( Ω, F, {F_t}_{t≥0}, P ) be a filtered complete probability space satisfying the usual hypotheses.

Let Θ be a closed subset of Euclidian space. On Θ×[0, ∞)×R^N , we are given a N ×P matrix-valued function σ^ϑ(t, x), an R^N - valued function b^ϑ(t, x), and R - valued functions c^ϑ(t, x) ≥ γ ∈ R, f^ϑ(t, x), g(x). We assume that σ^ϑ(t, x), b^ϑ(t, x), c^ϑ(t, x), f^ϑ(t, x) are bounded and continuous in t, x and θ. Furthermore, we assume that h = σ^ϑ and h = b^ϑ possess the following Hölder regularity condition with δ = 1: |h(t, x) − h(s, y)| ≤ Const ( |x − y|^δ + |t − s|^{δ/2} ) , (4.1)

where the constant should be independent of ϑ. Similarly, we assume that h = c^ϑ and h = f^ϑ satisfy (4.1) with δ = μ. Finally we assume g ∈ C^μ(R^N ). Let W_t be P - dimensional Wiener process with respect to {F_t}_{t≥0} and let ϑ = {ϑ_t}_{t≥0} be an adapted control process taking values in Θ. Consider then the (controlled) stochastic differential equation (4.2) dX_s = b^{ϑs} (s, X_s) ds + σ^{ϑs} (s, X_s) dW_s, s > t. Under the assumptions given above, there exists a unique solution X_s = X^{ϑs,t,x}_s of (4.2) with initial condition X_t = x. For a given (t, x) ∈ (0, T ) × R^N and an adapted control process ϑ = {ϑ_t}_{t≥0}, the finite horizon optimal stochastic control problems is to maximize the functional J (t, x; ϑ) = E^{t,x,ϑ} [∫_T t f^{ϑs} (s, X_s) exp ( − ∫_s t c^{ϑr} (r, X_r) dr ) ds + g(X_T ) exp ( − ∫_T t c^{ϑr} (r, X_r) dr )] . (4.3)

As usual, to solve this optimization problem we introduce the value function

(4.4) V (t, x) = sup_ϑ J (t, x; ϑ), (t, x) ∈ [0, T ] × R^N .

It is well known that the value function V (t, x) is bounded, and satisfies (4.1) with h = V and δ = μ (see, e.g., Krylov [9]).

As a consequence of the dynamic programming principle (see, e.g., Fleming and Soner [5]), the value function (4.4) is the unique viscosity solution of the Hamilton-Jacobi-Bellman partial differential equation

(4.5) u_t + sup_{ϑ∈Θ} { tr [ A^ϑ(t, x)D^2u ] + b^ϑ(t, x)Du − c^ϑ(t, x)u + f^ϑ(t, x) } = 0, u(T, x) = g(x), where A^ϑ(t, x) = σ^ϑ(t, x)σ^ϑ(t, x)^T .

Remark 4.1. Note that (4.5) is a terminal value problem. To convert this to an initial value problem of the type studied in this paper, one has to introduce the change of variable t → T − t.

We are interesting in estimating the change in the the value function (4.4) (hence the viscosity solution of (4.5)) when the coefficients in (4.2) and (4.3) (hence in (4.5)) are changed. From Theorem 3.3 a), we immediately get the following result:

Theorem 4.2 (Continuous Dependence Estimate). Let V be the value function defined in (4.5). Let V denote the value function obtained by replacing the coefficients σ^ϑ, b^ϑ, c^ϑ, f^ϑ, g in (4.2) and (4.3) by σ^ϑ, b^ϑ, c^ϑ, f^ϑ, g respectively. Then there exists a constant K > 0 such that the following estimate holds for 0 < t ≤ T : ‖ V (t, ·) − V (t, ·) ‖ ≤ ‖ g − g ‖ + K sup τ ∈[T −t,T ],x,ϑ { (T − t) (| |c^ϑ(τ, x) − c^ϑ(τ, x)| + |f^ϑ(τ, x) − f^ϑ(τ, x)| )

+ (T − t)^{μ/2} (| |b^ϑ(τ, x) − b^ϑ(τ, x)|^μ + |σ^ϑ(τ, x) − σ^ϑ(τ, x)|^μ )} . A similar continuous dependence estimate can be proved by means of probabilistic arguments, see, e.g., Fleming and Soner [5, p. 181]. From Theorem 3.5, we also get the following rate of convergence for the vanishing viscosity method:

Theorem 4.3. Let V be the value function defined in (4.5). Let V^ν be the solution of (4.5) with a viscosity term νΔu added on the right-hand side of the equation. Then there exists a constant K independent of ν such that ‖V (t, ·) − V^ν (t, ·)‖ ≤ Kν^{μ/2}. Also this result is well-known (see, e.g., [5]). Its proof, however, usually relies on probabilistic arguments, which we avoid entirely here.

5. Proofs of Results 5.1. Proof of Theorem 3.1. We begin with giving a lemma that will be needed in the proof. Lemma 5.1. Let f : R^n → R be a bounded function and define m, m_ε ≥ 0 and x_ε, y_ε ∈ R^n as follows: m_ε = max_{x∈R}n{f(x) − ε|x|^2} = f(x_ε) − ε|x_ε|^2 and m = sup_{x∈R}n f(x). Then as ε → 0, m_ε → m and ε|x_ε|^2 → 0.

Proof. Choose an η > 0. By the definition of supremum there is an x^′ ∈ R^N such that f(x^′) ≥ m − η. Pick an ε^′ so small that ε^′|x^′|^2 < η, then the first part follows since m ≥ m_ε′ = f(x_ε′ ) − ε^′|x_ε′ |^2 ≥ f(x^′) − ε^′|x^′|^2 ≥ m − 2η. Now define k_ε = ε|x_ε|^2. This quantity is bounded by the above calculations since f is bounded. Pick a converging subsequence {k_ε}_ε and call the limit k (≥ 0). Note that f(x_ε) − k_ε ≤ m − k_ε, so going to the limit yields m ≤ m − k. This means that k ≤ 0, that is k = 0. Now we are done since if every subsequence converges to 0, the sequence has to converge to 0 as well. □

Case γ = 0. Now f^ϑ_i (τ, x, r, p, X) is nondecreasing in r for i = 1, 2. We let M := sup¯_{QT} ( u^1 − u^2

)_+ , F^ϑ_1 (τ, x, r, p, X) := f^ϑ_1 (τ, x, r, p, X) − tr[A^ϑ_1 (τ, x, p)X] and F^ϑ_2 (τ, x, r, p, X) := f^ϑ_2 (τ, x, r, p, X) − tr[A^ϑ_2 (τ, x, p)X]. For ε > 0, define

E_0 := sup_{Eα} s,s ( u^1(s, x) − u^2(s, y) − α 2 |x − y|^2 )_+

, and

(5.1)

σ := sup_{Eα} s,t { u^1(τ, x) − u^2(τ, y) − { α 2 e^{γ̄(τ −s)}|x − y|^2 + ε 2 ( |x|^2 + |y|^2 ) + ε t − τ }} − E_0. (5.2)

We shall derive an (positive) upper bound on σ, so we may assume that σ > 0. Let δ ∈ (0, 1), choose e^{γ̄(t−s)}α > 5ε, and define ψ(τ, x, y) := u^1(τ, x) − u^2(τ, y) − δ(τ − s) t − s σ − { α 2 e^{γ̄(τ −s)}|x − y|^2 + ε 2 ( |x|^2 + |y|^2 ) + ε t − τ } . Note that if f, g : U → R are functions on some set U and sup_U f < ∞, then sup_U (f − g) ≥ sup_U f − sup_U g. Let g :=^{δ(τ −s)}_{t−s} σ, f := ψ + g, and U := E^α_{s,t}. Then we get (5.3) sup_{Eα} s,t ψ(τ, x, y) ≥ σ + E_0 − δσ = (1 − δ)σ + E_0. Since u^1 and u^2 are bounded, and since ψ tends to −∞ as τ tends to t and |x|, |y| tend to ∞, sup ψ is obtained on a compact in [s, t) × R^N × R^N . It follows that there is a point (τ_0, x_0, y_0) ∈ [s, t) × R^N × R^N such that ψ(τ_0, x_0, y_0) ≥ ψ(τ, x, y), ∀(τ, x, y) ∈ [s, t) × R^N × R^N . On the other hand, we have by (5.3) since E_0 ≥ 0 and σ > 0 that

0 ≤ ψ(τ_0, x_0, y_0) ≤ sup_{Q̄} T ( u^1 − u^2

)_+ − { α 2 e^{γ̄(τ0−s)}|x_0 − y_0|^2 + ε 2 ( |x_0|^2 + |y_0|^2 )} , so with M := sup¯_{QT} ( u^1 − u^2

)_+

it follows that

(5.4) |x_0 − y_0| ≤ ( 2M α )_{1/2} , |x_0|, |y_0| ≤ ( 2M ε )_{1/2} , which corresponds to Case (i). If u^1, u^2 are more regular, we can get better estimates. By considering the inequality 2ψ(τ_0, x_0, y_0) ≥ ψ(τ_0, x_0, x_0) + ψ(τ_0, y_0, y_0), we find

αe^{γ̄(τ0−s)}|x_0 − y_0|^2 ≤ u^1(τ_0, x_0) − u^1(τ_0, y_0) + u^2(τ_0, x_0) − u^2(τ_0, y_0).

Using (3.3), we get

(5.5) α|x_0 − y_0|^2 − ω_1(|x_0 − y_0|) − ω_2(|x_0 − y_0|) ≤ 0,

which corresponds to Case (ii). Finally, let u^1 or u^2 belong to C^1(Q̄_T ). Since ψ(τ_0, x, y_0) has its maximum in x_0, there is a δ̄ > 0 such that ψ(τ_0, x, y_0) ≤ ψ(τ_0, x_0, y_0) for x ∈ B_R(x_0, δ̄). Using this and letting e_i ∈ R^N be a basis vector and h a real number, we find that ε 2 (|x_0|^2 − |x_0 + e_ih|^2) + α 2 e^{γ̄(τ0−s)}(|x_0 − y_0|^2 − |x_0 + e_ih − y_0|^2)

≤ u^1(τ_0, x_0) − u^1(x_0 + e_ih, τ_0) ≤ [u^1]_1|h|.

Taking the limits as h → 0^±, we get |εx_{0i} + αe^{γ̄(τ0−s)}(x_{0i} − y_{0i})| ≤ [u^1]_1. Similarly we use ψ(τ_0, x_0, y) to get |εy_{0i} − αe^{γ̄(τ0−s)}(x_{0i} − y_{0i})| ≤ [u^2]_1. Summing up, we have shown that

(5.6) |p| = |αe^{γ̄(τ0−s)}(x_0 − y_0)| ≤ N min{[u^1]_1, [u^2]_1} + N (2Mε)^{1/2} ,

which corresponds to Case (iii) plus an error term of order ε^{1/2}/α.

Note that the bounds on x_0 and y_0 in (5.4) can be improved using Lemma 5.1. Because by this Lemma there is a continuous nondecreasing function m : [0, ∞) → [0, ∞) satisfying m(0) = 0, such that |x_0|, |y_0| ≤ ε^{−1/2}m(ε). (5.7)

Now we prove that τ_0 > s. Suppose τ_0 = s, then by (5.3), (5.4), and (5.1)

E_0 + (1 − δ)σ ≤ ψ(s, x_0, y_0) ≤ sup_{Eα} s,s ( u^1(s, x) − u^2(s, y) − α 2 |x − y|^2 )_+

= E_0.

This means that σ ≤ 0, which contradicts the assumption that σ > 0. So we have τ_0 > s.

We define our test function ϕ(τ, x, y) := δ(τ − s) t − s σ + { α 2 e^{γ̄(τ −s)}|x − y|^2 + ε 2 ( |x|^2 + |y|^2 ) + ε t − τ } . We can now apply Theorem 2.3 to conclude that there are numbers a, b and symmetric matrices X, Y such that

(a, D_xϕ(τ_0, x_0, y_0), X) ∈ P^{2,+}u^1(τ_0, x_0), (b, −D_yϕ(τ_0, x_0, y_0), Y ) ∈ P^{2,−}u^2(τ_0, y_0)

such that a − b = ϕ_t(τ_0, x_0, y_0) and for A = ( D^2_{xx}ϕ D^2_{xy}ϕ D^2_{yx}ϕ D^2_{yy}ϕ ) (τ_0,x_0,y_0)

and ν > 0, the following

holds − ( 1 ν + |A| ) (I 0 0 I ) ≤ ( X 0 0 −Y ) ≤ A + νA^2. Let ᾱ := e^{γ̄(τ0−s)}α and ν = ᾱ^{−1}. Then, after some calculations, we get

−(3ᾱ + ε) ( I 0 0 I ) ≤ ( X 0 0 −Y ) ≤ { (3ᾱ + 2ε) ( I −I −I I ) + ((_{ε2} ᾱ + ε ) I 0 0 (_ε2 ᾱ + ε ) I ) } . (5.8)

By the definition of viscosity sub- and supersolutions,

a + sup_Θ F^ϑ_1 (τ_0, x_0, u^1(τ_0, x_0), D_xϕ(τ_0, x_0, y_0), X) ≤ 0,

b + sup_Θ F^ϑ_2 (τ_0, y_0, u^2(τ_0, y_0), −D_yϕ(τ_0, x_0, y_0), Y ) ≥ 0.

Subtracting the above two inequalities gives us

ϕ_t(τ_0, x_0, y_0) ≤ sup_Θ { F^ϑ_2 (τ_0, y_0, u^2(τ_0, y_0), −D_yϕ(τ_0, x_0, y_0), Y )

− F^ϑ_1 (τ_0, x_0, u^1(τ_0, x_0), D_xϕ(τ_0, x_0, y_0), X) } . (5.9)

By (5.3) we must have u^1(τ_0, x_0) ≥ u^2(τ_0, y_0). We can now use (C2) to rewrite (5.9) in terms of either u^1(τ_0, x_0) or u^2(τ_0, y_0). The argument is symmetric, and we rewrite the inequality in terms of the quantity with smallest norm. Assuming ‖u^1‖ ≤ ‖u^2‖, we get

f^ϑ_2 (τ, x, u^2(τ_0, y_0), p, X) ≤ f^ϑ_2 (τ, x, u^1(τ_0, x_0), p, X).

We use this expression to rewrite inequality (5.9) in the following way:

ϕ_t(τ_0, x_0, y_0) ≤ sup_Θ { F^ϑ_2 (τ_0, y_0, u^1(τ_0, x_0), −D_yϕ(τ_0, x_0, y_0), Y )

− F^ϑ_1 (τ_0, x_0, u^1(τ_0, x_0), D_xϕ(τ_0, x_0, y_0), X) } . (5.10)

Then we estimate the left hand side:

(5.11) ϕ_t(τ_0, x_0, y_0) = δσ t − s + α 2 γ̄e^{γ̄(τ0−s)}|x_0 − y_0|^2 + ε (t − τ_0)^2 ≥ δσ t − s + α 2 γ̄e^{γ̄(τ0−s)}|x_0 − y_0|^2.

Let (τ, x, y, r, p, p̄) ∈ [s, t) × R^N × R^N × R × R^N × R^N . From (5.8) it follows that (5.12) X ≤ Y + 4εI, |Y |, |X| ≤ 3αe^{γ̄(τ0−s)} + 4ε. Using this and (C2) and get (5.13) f^ϑ_2 (τ, x, r, p, Y ) ≤ f^ϑ_2 (τ, x, r, p, X − 4εI). Following Ishii [7], let C, D ∈ R^{N×P} be two matrices and note that the following 2N × 2N matrix is symmetric and positive semidefinite: B = ( CC^T DC^T CD^T DD^T ) .

Consider B ( X 0 0 −Y ) and use inequality (5.8) to obtain the following estimate tr[CC^T X − DD^T Y ] ≤ (3αe^{γ̄(τ0−s)} + 2ε)|C − D|^2_F + 2ε ( |C|^2_F + |D|^2_F ) . Recall that there is a constant c such that | · |_F ≤ c| · |, see Section 2. If we let C = a^ϑ_1 (τ, x, p) and D = a^ϑ_2 (τ, y, p̄), then we get tr[A^ϑ_1 (τ, x, p)X] − tr[A^ϑ_2 (τ, y, p̄)Y ] ≤ (3αe^{γ̄(τ0−s)} + 2ε)c^2|a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, y, p̄)|^2 + 2εc^2 ( |a^ϑ_1 (τ, x, p)|^2 + |a^ϑ_2 (τ, y, p̄)|^2 ) . (5.14)

Let p := αe^{γ̄(τ0−s)}(x_0 − y_0), p^x := εx_0, and p^y := εy_0. Then we define the following set F^{α,ε}_{s,t} := { (τ, x, y, z^x, z^y, r, p, p^x, p^y, X, ϑ) : (τ, x, y, r, p, X, ϑ) ∈ D^α_{0,s,t}, ε^{1/2}|x|, ε^{1/2}|y| ≤ m(ε), α|z^x|, α|z^y|, |p^x|, |p^y| ≤ (N + 1) (2Mε)^{1/2} } , (5.15) where D^α_{0,s,t} is defined in (3.2) via (3.1) and Δ^α as defined in Cases (i) – (iii). Now from (5.4) – (5.7), (5.11) – (5.14) using (5.10) we obtain the upper bound on σ δσ t − s ≤ sup_{F α,ε} s,t { f^ϑ_2 (τ, y + z^y, r, p − p^y, X − 4εI) − f^ϑ_1 (τ, x + z^x, r, p + p^x, X) + (3αe^{γ̄(τ −s)} + 2ε)c^2 | a^ϑ_1 (τ, x + z^x, p + p^x) − a^ϑ_2 (τ, y + z^y, p − p^y) |_2 − γ̄e^{γ̄(τ −s)} α 2 |x − y + z^x − z^y|^2 + 2εc^2 (| |a^ϑ_1 (τ, x + z^x, p + p^x) | |^2 + | |a^ϑ_2 (τ, y + z^y, p − p^y) | |^2 ) }_+ . By the definition of F^{α,ε}_{s,t} (5.15) and by the uniform continuity assumed in (C1) and (C3), there exists a modulus of continuity ω such that δσ t − s ≤ sup_{F α,ε} s,t { f^ϑ_2 (τ, y, r, p, X) − f^ϑ_1 (τ, x, r, p, X) + 3αe^{γ̄(τ −s)}c^2 | a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, y, p) |_2

− γ̄e^{γ̄(τ −s)} α 2 |x − y|^2 + ω(|z^x| + |z^y| + |p^x| + |p^y| + ε) + εConst (| |a^ϑ_1 (τ, x + z^x, p + p^x)|^2 + |a^ϑ_2 (τ, y + z^y, p − p^y)|^2 ) }_+ .

Let (τ, x, y) ∈ E^α_{s,t}. By the definition of σ (see (5.2)), we have u^1(τ, x) − u^2(τ, y) − α 2 e^{γ̄(τ −s)}|x − y|^2 ≤ σ + E_0 + ε { 1 t − τ + 1 2 ( |x|^2 + |y|^2 ) } . Combining the two previous inequalities gives (5.16) u^1(τ, x) − u^2(τ, y) − α 2 e^{γ̄(τ −s)}|x − y|^2 ≤ E_0 + t − s δ sup_{F α,ε} s,t { · · · }_+ + ε { 1 t − τ + 1 2 ( |x|^2 + |y|^2 ) } . Sending ε → 0 in (5.16), the only questionable terms are those of the form ε|a^ϑ_1 (τ, x+z^x, p+p^x)|^2, where (τ, x, z^x, p, p^x) comes from F^{α,ε}_{s,t} . But uniform continuity (C3) and (5.15) implies a linear growth condition in the x-variable, so with ε ≤ 1 we get

ε|a^ϑ_1 (τ, x + z^x, p + p^x)|^2 ≤ εConst (1 + |x + z^x|)^2 ≤ Const ε(1 + ε^{−1}m^2(ε)) ≤ Const m^2(ε). Since m is continuous and m(0) = 0 these terms tend to 0 as ε → 0. So by first letting ε → 0 and then letting δ → 1 in (5.16), we have proved:

Lemma 5.2. Assume that conditions (C1) – (C3) holds for f^ϑ_i and A^ϑ_i with constants γ^i_R = 0 for i = 1, 2. Let u^1 and u^2 be bounded viscosity sub- and supersolutions of (EQ_1) and (EQ_2) respectively. Assume that u^1 and u^2 have regularity as stated in one of the Cases (i)–(iii). Then for 0 ≤ s ≤ t ≤ T , γ̄ ≥ 0 and α > 0

sup_{Eα} s,t ( u^1(τ, x) − u^2(τ, y) − α 2 e^{γ̄(τ −s)}|x − y|^2 )

≤ sup_{Eα} s,s ( u^1(s, x) − u^2(s, y) − α 2 |x − y|^2 )_+

+ (t − s) sup_{Dα} 0,s,t { f^ϑ_2 (τ, y, r, p, X) − f^ϑ_1 (τ, x, r, p, X) + 3αc^2e^{γ̄(τ −s)} | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, y, p) | |^2 − γ̄e^{γ̄(τ −s)} α 2 |x − y|^2 } .

Case γ ≠ 0. Let v^i(τ, x) = e^{γ(τ −s)}u^i(τ, x), i = 1, 2. Then v^i, i = 1, 2 are viscosity sub- and supersolutions respectivly of the following equations:

v^i_t − γv^i + e^{γ(τ −s)} sup_{ϑ∈Θ} { f^ϑ_i (τ, x, e^{−γ(τ −s)}v^i, e^{−γ(τ −s)}Dv^i, e^{−γ(τ −s)}D^2v^i) − e^{−γ(τ −s)}tr[A^ϑ(τ, x, e^{−γ(τ −s)}Dv^i)D^2v^i] } = 0, i = 1, 2.

(5.17)

The idea is now to apply Lemma 5.2 to v^i, i = 1, 2. If we introduce the functions f̄^ϑ_i (τ, x, r, p, X) = −γr+e^{γ(τ −s)}f^ϑ_i (τ, x, e^{−γ(τ −s)}r, e^{−γ(τ −s)}p, e^{−γ(τ −s)}X) and Ā^ϑ_i (τ, x, p) = A^ϑ(τ, x, e^{−γ(τ −s)}p), then we can write (5.17) in the following way

v^i_t + sup_{ϑ∈Θ} { f̄^ϑ_i (τ, x, v^i, Dv^i, D^2v^i) − tr[Ā^ϑ(τ, x, Dv^i)D^2v^i] } = 0, i = 1, 2.

Note that f̄^ϑ_i and Ā^ϑ_i satisfy conditions (C2) and (C3) respectively, with constants γ̄^i_R = 0 and Q̄^i_R ≤ Q^i_{e−γ(t−s) R}, for i = 1, 2. So by using Lemma 5.2 we get

sup_{Eα} s,t ( v^1(τ, x) − v^2(τ, y) − α 2 e^{γ̄(τ −s)}|x − y|^2 )

≤ sup_{Eα} s,s ( v^1(s, x) − v^2(s, y) − α 2 |x − y|^2 )_+

+ (t − s) sup_{Dα} 0,s,t { f̄^ϑ_2 (τ, y, r, p, X) − f̄^ϑ_1 (τ, x, r, p, X)

+ 3αc^2e^{γ̄(τ −s)} | |ā^ϑ_1 (τ, x, p) − ā^ϑ_2 (τ, y, p) | |^2 − γ̄e^{γ̄(τ −s)} α 2 |x − y|^2 } . Back-substitution now yields

sup_{Eα} s,t ( e^{γ(τ −s)}u^1(τ, x) − e^{γ(τ −s)}u^2(τ, y) − α 2 e^{γ̄(τ −s)}|x − y|^2 )

≤ sup_{Eα} s,s ( u^1(s, x) − u^2(s, y) − α 2 |x − y|^2 )_+

+ (t − s) sup_{Dα} 0,s,t { e^{γ(τ −s)} { f^ϑ_2 (τ, y, e^{−γ(τ −s)}r, e^{−γ(τ −s)}p, e^{−γ(τ −s)}X) − f^ϑ_1 (τ, x, e^{−γ(τ −s)}r, e^{−γ(τ −s)}p, e^{−γ(τ −s)}X) }

+ 3αc^2e^{γ̄(τ −s)} | | |a^ϑ_1 (τ, x, e^{−γ(τ −s)}p) − a^ϑ_2 (τ, y, e^{−γ(τ −s)}p) | | |^2 − γ̄e^{γ̄(τ −s)} α 2 |x − y|^2 }

≤ sup_{Eα} s,s ( u^1(s, x) − u^2(s, y) − α 2 |x − y|^2 )_+

+ (t − s) sup_{Dα} γ,s,t { e^{γ(τ −s)} { f^ϑ_2 (τ, y, r, p, X) − f^ϑ_1 (τ, x, r, p, X) }

+ 3αc^2e^{γ̄(τ −s)} | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, y, p) | |^2 − γ̄e^{γ̄(τ −s)} α 2 |x − y|^2 } , which completes the proof of Theorem 3.1.

5.2. Proof of Theorem 3.3. a) Note well that in this proof the indices i, j, k are fixed as defined in the statement of the result. Let us start by using Theorem 3.1 to compare u^1 and u^2. To this end, notice that e^{γt} sup_{RN} ( u^1(t, x) − u^2(t, x) ) ≤ sup_{Eα} 0,t ( e^{γτ} u^1(τ, x) − e^{γτ} u^2(τ, y) − α 2 e^{γ̄τ} |x − y|^2 ) , sup_{Eα} 0,0 ( u^1(0, x) − u^2(0, y) − α 2 |x − y|^2 )_+ ≤ ‖u^1(0, ·) − u^2(0, ·)‖ + 1 2 α^{− μ2−μ} [u^i(0, ·)]^{22−μ}μ .

The first inequality is obvious, while the second inequality follows from maximizing the function h(r) = [u^i(0, ·)]_μr^μ −^α_2 r^2 with r = |x−y|. An application of Theorem 3.1 together with conditions (C5) and (C8) (with constant independent of R) now yields for every 0 ≤ t ≤ T e^{γt} sup_{RN} ( u^1(t, ·) − u^2(t, ·) ) ≤ ‖u^1(0, ·) − u^2(0, ·)‖ + 1 2 α^{− μ2−μ} [u^i(0, ·)]^{22−μ}_μ + t sup_{Dα} γ,0,t { e^{γτ} |f^ϑ_1 (τ, x, r, p, X) − f^ϑ_2 (τ, x, r, p, X)| + e^{γτ} C^{gj}_{R0} |x − y|^μ + 2αe^{γ̄τ} | |b^ϑ_1 (τ, x, p) − b^ϑ_2 (τ, x, p) | |^2 + 2αe^{γ̄τ} |x − y|^2 + αe^{γ̄τ} C^bj |x − y|^2 + 6αc^2e^{γ̄τ} | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, x, p) | |^2 + 6αc^2e^{γ̄τ} C^ak^2|x − y|^2 − γ̄ α 2 e^{γ̄τ} |x − y|^2 }_+ ,

(5.18)

where p := α(x − y)e^{(γ̄−γ)τ} and we have used the following estimates: |x − y||b^ϑ_1 (τ, x, p) − b^ϑ_2 (τ, x, p)| ≤ 2|x − y|^2 + 2|b^ϑ_1 (τ, x, p) − b^ϑ_2 (τ, x, p)|^2, |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, y, p)|^2 ≤ 2|a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, x, p)|^2 + 2|a^ϑ_2 (τ, x, p) − a^ϑ_2 (τ, y, p)|^2. In (5.18), we collect all terms involving α|x − y|^2e^{γ̄τ} . Then by choosing γ̄ appropriately, we see that α|x − y|^2e^{γ̄τ} ( C^{gj}_{R0} + (2 + C^{bj} ) + 6c^2(C^{ak} )^2 − 1 2 γ̄ ) = − α 2 |x − y|^2e^{γ̄τ} . The remaining “unwanted” terms inside the supremum we treat in a similar way as we treated the initial data: e^{γτ} C^{fj}_{R0} |x − y|^μ − α 2 |x − y|^2e^{γ̄τ} ≤ 1 2 α^{− μ2−μ} e^{γ̄τ} ( e^{(γ−γ̄)τ} C^{fj}_{R0} ) 2_{2−μ} . Summing up what we have done with (5.18) so far, the terms with explicit dependence in α read

Const α^{− μ2−μ} + αt Const sup_{Dα} γ,0,t e^{γ̄τ} ( | |b^ϑ_1 (τ, x, p) − b^ϑ_2 (τ, x, p) | |^2 + | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, x, p) | |^2).

Note that the minimum of h(r) = C_1r^{μ/(2−μ)} + C_2r is less than or equal to 2C^{(2−μ)/2}_1 C^{μ/2}_2 . So let r = α, C_1 = Const, and

C_2 = t Const sup_{Dα} γ,0,t e^{γ̄τ} ( | |b^ϑ_1 (τ, x, p) − b^ϑ_2 (τ, x, p) | |^2 + | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, x, p) | |^2).

Then we obtain e^{γt} sup_{RN} ( u^1(t, ·) − u^2(t, ·) ) ≤ ‖u^1(0, ·) − u^2(0, ·)‖ + t sup_{Dγ,0,t} e^{γτ} |f_2 − f_1| + 2C^{(2−μ)/2}_1 C^{μ/2}_2 .

After an application of the following inequality in R, (a^2 +b^2)^{μ/2} ≤ |a|^μ +|b|^μ, this proves Theorem 3.3 a) since the argument is symmetric in u^1 and u^2.

b) Note that the indices i, j, k are predefined and fixed, see the statement of this result. Now let γ̄ = 0, L = e^{−γT} [u^i]_1, and R = max(R_0, L). As in Case (i), we use Theorem 3.1 and estimate the different terms. After an application of conditions (C7) – (C8) and substitution of the bounds for |x − y| (in Case (iii)), we get e^{γt} sup_{RN} ( u^1(t, ·) − u^2(t, ·) ) ≤ ‖u^1(0, ·) − u^2(0, ·)‖ + 1 2α [u^i(0, ·)]^2_1 + t sup_{Dγ,0,t} { e^{γτ} |f^ϑ_1 (τ, x, r, p, X) − f^ϑ_2 (τ, x, r, p, X)| + C^{fj}_R N[u^i]_1 α + 6αc^2 | |a^ϑ_1 (τ, x, p) − a^ϑ_2 (τ, x, p) | |^2 + 6c^2 1 α (C^{ak}_R )^2N^2[u^i]^2_1, } . Note that all the terms which explicitly depends on α can be written as Const α + Const α^{−1}. This can be minimized with respect to α as in a). We thus obtain a constant M such that the result holds.

5.3. Proof of Theorem 3.4. (a) This result is not a consequence of Theorem 3.1. But the proof is very similar. What we need to do is to go through the proof of Theorem 3.1 with 0 and u as sub- and supersolutions.

We assume first that γ = 0. In the first case, we get from (5.10) and (5.11) with u^1 = 0, s = 0, γ̄ = 0, and ε ∈ (0, 1] that δσ t ≤ sup_ϑ { f^ϑ(τ_0, y_0, 0, Const ε^{1/2}, X − Const εI) − tr[A^ϑ(τ_0, y_0, Const ε^{1/2})(X − Const εI)] } , where (0, X) ∈ P^{2,+}0. The gradient is Const ε^{1/2} by (5.6). By (C2) and (5.12), we have replaced Y by X − Const εI.

The fact that (0, X) ∈ P^{2,+}0 means X ≥ 0. If we use the monotonicity properties of f^ϑ(t, x, r, p, ·) and tr[A^ϑ(t, x, p)·], we get δσ t ≤ sup_ϑ { f^ϑ(τ_0, y_0, 0, Const ε^{1/2}, −Const εI) + Const m(ε) } . The last term follows from the growth condition in (C3) and (5.7). Now we continue as in the proof of Theorem 3.1. The result after having taken the limits ε → 0 and δ → 1 is the following − inf_{RN} u(t, ·) ≤ ‖u_0‖ + t sup_{Θ×Qt} |f^ϑ(τ, x, 0, 0, 0)|. In a similar way, by interchanging the roles of 0 and u, we get sup_{RN} u(t, ·) ≤ ‖u_0‖ + t sup_{Θ×Qt} |f^ϑ(τ, x, 0, 0, 0)|. This completes the proof of part (a) for the case γ = 0. The case γ ≠ 0 follows from the case γ = 0 as in the proof of Theorem 3.1.

(b) Let f^ϑ_1 = f^ϑ_2 = f^ϑ, a^ϑ_1 = a^ϑ_2 = a^ϑ, and u^1 = u^2 = u and apply Theorem 3.1. This proof consists of simplifying the resulting expression using assumptions (C6) and (C8). At the end there should appear an inequality like u(x) − u(y) ≤ k_1α^{− μ2−μ} + k_2|x − y|^2α, (5.19) for arbitrary x, y ∈ R^N . Then we are done since inf_α {k_1α^{− μ2−μ} + k_2|x − y|^2α} ≤ 2k^{1−μ/2}_1 k^{μ/2}_2 |x − y|^μ, (5.20)

and the argument is symmetric in x and y.

Now let us prove (5.19). First choose γ̄ = 2(C^f_R + 3c^2(C^a)^2 + 1) + γ^+. Then using (C6) and (C8), remembering that p = α(x − y)e^{(γ̄−γ)τ} , we get e^{γτ} (f(τ, x, r, p, X) − f(τ, y, r, p, X)) + 3c^2e^{γ̄τ} |a(τ, x, p) − a((τ, y, p)|^2 − α 2 γ̄|x − y|^2e^{γ̄τ} ≤ e^{γτ} C^f_R|x − y|^μ + α|x − y|^2e^{γ̄τ} ( C^f_R + 3c^2(C^a)^2 − γ̄ 2 ) ≤ e^{γτ} C^f_R|x − y|^μ − α|x − y|^2e^{γ̄τ} ≤ e^{γt}(C^f_R)^{22−μ} α^{− μ2−μ} . The last inequality follows from sup_{r≥0}{c_1r^μ − c_2r^2} ≤ c^{2/(2−μ)}_1 c^{−μ/(2−μ)}_2 for c_1, c_2 > 0. Using the same result on the initial data yields u(0, x) − u(0, y) − α 2 |x − y|^2 ≤ 2[u(0, ·)]^{22−μ}μ α^{− μ2−μ} . Now fix x, y ∈ R^N and 0 ≤ t ≤ T . An application of Theorem 3.1 now yields e^{−γ−t}(u(t, x) − u(t, y)) − e^{γ̄t} α 2 |x − y|^2 ≤ ( 2[u(0, ·)]^{22−μ}_μ + te^{γ+t}(C^f_R)^{22−μ} ) α^{− μ2−μ} . So we have an inequality like (5.19). Now the finial simplifications are ( e^{γ̄t} 2 )_{μ/2} ≤ e^{γ̄t} and ( 2[u(0, ·)]^{22−μ}_μ + te^{γ+t}(C^f_R)^{22−μ}

)^{2−μ}_2 ≤ 2[u(0, ·)]_μ + e^{γ+t}t^{1−μ/2}C^f_R.

5.4. Proof of Theorem 3.5. The existence of a bounded viscosity solution follow from Barles- Perthames weak limit procedure, as discussed after Theorem 3.3. Furthermore it follows from Theorem 3.4 that the functions u and u^ν are in C^μ(Q̄_T ) with bounds that are uniform in ν.

It remains to prove the convergence rate. This result is a consequence of the continuous dependence result in Theorem 3.1. Consider first u as a subsolution and u^ν as a supersolution. In this case f^ϑ_2 (τ, x, r, p, X) = f^ϑ(τ, x, r, p, X) − ν tr[X], f^ϑ_1 = f^ϑ, A^ϑ_i = A^ϑ, i = 1, 2. Let R = e^{−γT} max (‖u‖, sup_ν ‖u^ν ‖). We estimate the non zero terms after the application of Theorem 3.1. As in the proof of Theorem 3.3 we get e^{γt} sup_{RN} (u(t, ·) − u^ν (t, ·)) ≤ sup_{Eα} 0,t ( e^{γτ} u(τ, x) − e^{γτ} u^ν (τ, y) − α 2 |x − y|^2 ) , sup_{Eα} 0,0 ( u(0, x) − u^ν (0, y) − α 2 |x − y|^2 )_+ ≤ ‖u(0, ·) − u^ν (0, ·)‖ + Const α^{− μ2−μ} .

By Youngs inequality, |x − y|^μ ≤^{2−μ}_2 α^{−μ/(2−μ)} +^μ_2 α|x − y|^2. Moreover, using (C6), (C8), and p = Const α|x − y|^2, we obtain f_1(τ, x, r, p, X) − f_2(τ, y, r, p, X) ≤ C^f_R (|p||x − y| + |x − y|^μ) + ν|tr[X]| ≤ Const ( α^{− μ2−μ} + α|x − y|^2 + ν|tr[X]| ) .

Since |a^ϑ(τ, x, p) − a^ϑ(τ, y, p)| ≤ C^a|x − y| by (C8), this term contributes with a term of the form Const α|x − y|^2. Choosing γ̄ appropriately eliminates all terms of the form Const α|x − y|^2. Using the bounds X in D^α_{γ,0,t}, we see that ν|tr[X]| ≤ Const αν. Consequently, an application of Theorem 3.1 yields sup_{RN} (u(t, ·) − u^ν (t, ·)) ≤ e^{−γt}‖u(0, ·) − u^ν (0, ·)‖ + Const ( α^{− μ2−μ} + να ) .

The result now follows by setting α = ν^{− 2−μ2} and then reversing the roles of u and u^ν .

References

[1] B. Cockburn and G. Gripenberg. Continuous dependence on the nonlinearity of viscosity solutions of parabolic equations. J. Differential Equations. To appear.

[2] M. G. Crandall and H. Ishii. The maximum principle for semicontinuous functions. Differential Integral Equations, 3(6):1001–1014, 1990.

[3] M. G. Crandall, H. Ishii, and P.-L. Lions. User’s guide to viscosity solutions of second order partial differential equations. Bull. Amer. Math. Soc. (N.S.), 27(1):1–67, 1992.

[4] M. G. Crandall and P.-L. Lions. Viscosity solutions of Hamilton-Jacobi equations. Trans. Amer. Math. Soc., 277(1):1–42, 1983.

[5] W. H. Fleming and H. M. Soner. Controlled Markov processes and viscosity solutions. Springer-Verlag, New York, 1993.

[6] H. Ishii. A boundary value problem of the Dirichlet type for Hamilton-Jacobi equations. Ann. Scuola Norm.

Sup. Pisa Cl. Sci. (4), 16(1):105–135, 1989.

[7] H. Ishii. On uniqueness and existence of viscosity solutions of fully nonlinear second-order elliptic PDEs. Comm.

Pure Appl. Math., 42(1):15–45, 1989.

[8] E. R. Jakobsen, K. H. Karlsen, and N. H. Risebro. A convergence rate for semi-discrete splitting approximations of viscosity solutions of nonlinear degenerate parabolic equations with source terms. Preprint, 2001.

[9] N. V. Krylov. Controlled diffusion processes. Springer-Verlag, New York, 1980.

[10] P. E. Souganidis. Existence of viscosity solutions of Hamilton-Jacobi equations. J. Differential Equations, 56(3):345–390, 1985.

(Espen R. Jakobsen) Department of Mathematical Sciences Norwegian University of Science and Technology N–7491 Trondheim, Norway

E-mail address: erj@math.ntnu.no URL: http://www.math.ntnu.no/~erj/

(Kenneth H. Karlsen) Department of Mathematics University of Bergen Johs. Brunsgt. 12 N–5008 Bergen, Norway

E-mail address: kennethk@mi.uib.no URL: http://www.mi.uib.no/~kennethk/