ON THE PIECEWISELY SMOOTH SOLUTIONS TO NON-HOMOGENEOUS SCALAR CONSERVATION LAWS*

YAN-XIANG KAN^†, TAO TANG^‡ AND ZHEN-HUAN TENG^†

Abstract. We study the structure and smoothness of non-homogeneous convex conservation laws. The question regarding the number of smoothness pieces is addressed. It is shown that under certain conditions on the initial data the entropy solution has only finite number of discontinuous curves. We also obtain some global estimates on derivatives of the piecewisely smooth entropy solution along the generalized characteristics. These estimates play important roles in obtaining the optimal rate of convergence for various approximation methods to conservation laws.

1. Introduction

We consider the initial value problem for the non-homogeneous scalar conservation law

∂_tu + ∂_xf(u) + g(u) = 0 (x, t) ∈ R × R^+

(1.1)

subject to the piecewise smooth initial condition

u(x, 0) = u_0(x) x ∈ R,

(1.2)

where f and g are smooth, the flux f is strictly convex f^{′′} ≥ γ > 0 (1.3)

and g satisfies g(0) = 0 and a Lipschitz condition with a Lipschitz constant L (L > 0), i.e., |g(u) − g(v)| ≤ L|u − v|. (1.4)

In general, the problem (1.1)-(1.2) does not possess a global smooth solution even if the initial value is C^∞ smooth. The structure of entropy solutions has been studied by many authors, e.g. Dafermos [2], Lax [7], Oleinik [10] and Schaeffer [13]. The entropy solutions consisting of finite number of shock or rarefaction discontinuities form an important solution class. They are the only solutions that can be computed numerically. Therefore, it is useful to study the solution structure, and in particular to identify the initial conditions for which

1991 Mathematics Subject Classification. 35L65, 49M25, 34A65.

Key words and phrases. non-homogeneous conservation laws, piecewise smooth solution, shock, generalized characteristic.

† School of Mathematical Sciences, Peking University, Beijing 100871, China. E-mail address:

tengzh@sxx0.math.pku.edu.cn. The research of the third author was supported by the China State Ma-

jor Key Project for Basic Research.

‡ Department of Mathematics, Hong Kong Baptist University, Kowloon Tong, Hong Kong. E-mail address:

ttang@math.hkbu.edu.hk. The research of this author was supported by the Research Grants Council of Hong

Kong and Hong Kong Baptist University. 1

a finite number of shock curves is generated. The first result concerning the size of the shock set was due to Oleinik. In the special case g ≡ 0, there is a connection between (1.1) and the Hamilton-Jacobi equation which induces an explicit representation of solutions. Using this representation, Oleinik [10, 11] shows that solutions of (1.1) with g ≡ 0 are continuous except on the union of an at most countable shock set. Analogous results were subsequently established by DiPerna [3] for solutions of homogeneous, genuinely nonlinear, systems of hyperbolic conservation laws constructed by Glimm’s scheme [4]. These results, however, still allows a very complicated structure such as an everywhere dense shock set. Dafermos [2] has shown that in case that both the (convex) flux and the initial condition are infinitely smooth the solution is C^∞ almost everywhere apart from the shock set which must be closed. Thus, the shock set cannot be everywhere dense but shocks may still accumulate. Schaeffer [13] proved that if f ∈ C^∞ satisfies (1.3) and u_0 satisfies certain conditions, then the shock set is finite. However, the conditions for the initial data are so abstract that in practice we are unable to verify them.

For homogeneous scalar conservation laws, Tadmor and Tassa [14] and Li and Wang [8] addressed the matter regarding the number of shock curves. It was shown in [14] that if the initial speed has a finite number of decreasing inflection points then it bounds the number of future shock discontinuities. This gives a simple method to bound the shock set. In this work, we will address the same question for the non-homogeneous conservation laws. We first study the mechanism of shock generation for non-homogeneous conservation laws. Then we obtain a formulation to determine the size of the shock set. The proof of our results is based on two ingredients: (i) the generalized characteristics and (ii) the envelope of the characteristic curves.

The second objective of this work is to study the global properties of the piecewisely smooth solutions to the non-homogeneous conservation laws. These properties play important role in obtaining the optimal rate of L^1-convergence for several approximation methods, such as monotone schemes, relaxation approximations [9, 5] and viscosity methods. In the homogeneous case, Tang and Teng [15] obtained similar global properties which enable them to obtain the first-order L^1-convergence rate for the viscosity method. Generally speaking, the L^1-convergence rate of order O( √ ϵ) for the several approximation methods is the best possible for u_0 ∈ BV , see e.g. [6, 16, 12], but for convex conservation laws whose entropy solution consists of finitely many discontinuities the L^1-error is bounded by O(ϵ) or O(ϵ| ln ϵ|), see e.g. [15, 17, 18]. In obtaining the latter result, some global estimates on derivatives of the piecewise smooth solutions are essential. Teng [17] extended the main ideas of [15] to treat the relaxation approximations [5] and established similar results on the optimal convergence rate. In this work, we will establish corresponding global properties for non-homogeneous conservation law (1.1). The first-order L^1-convergence rate for various approximations to the non-homogeneous conservation laws will be reported elsewhere. We noticed that the extension is not trivial due to the non-constant property of u along classical characteristics. Roughly speaking, the results we will prove are that along the generalized characteristic x = X(t) ∫ [0,T ]\I(δ) |u_x(X(t) ± 0, t)|dt ≤ C| ln δ| ∫ [0,T ]\I(δ) ‖u_{xx}(·, τ)‖_L1_(R_)dτ ≤ C| ln δ| ∫ [0,T ]\I(δ) ‖u_x(·, τ)‖^2_L1_(R_)dτ ≤ C| ln δ|

provided δ > 0 is sufficiently small, where I(δ) consists of finitely many subintervals in [0, T ] and satisfies meas(I(δ)) = O(δ). The above estimates, together with the standard L^1- contraction lemma and the traveling wave results, may lead to the first-order L^1-convergence rate for various approximations to conservation laws.

2. Generation of shock wave

We discuss the generation of shock waves for non-homogeneous scalar conservation laws ∂_tu + ∂_xf(u) + g(u) = 0 (x, t) ∈ R × R^+

(2.1) u(x, 0) = u_0(x) x ∈ R ,

(2.2) with convex flux f and Lipschitz continuous source term g. Let X(t; ζ) be (classical) characteristic, i.e. the solution of following equation: dX(t; ζ) dt = a(U(t; u_0(ζ))) X(0; ζ) = ζ, (2.3)

where a(u) = f^′(u) and U(t; ξ) is the solution of the following equation dU(t; ξ) dt = −g(U(t; ξ)) U(0; ξ) = ξ. (2.4)

Since g(u) is a Lipschitz continuous function, U(·; ξ) exists on [0, ∞) for any ξ ∈ (−∞, ∞). Therefore, it follows from (2.3) that X(·; ζ) also exists on [0, ∞). It is known that X(t; ζ) is the characteristic drawn from (ζ, 0), and along this characteristic the solution to the nonhomogeneous problem (2.1)-(2.2) satisfies u(X(t; ζ), t) = U(t; u_0(ζ)) as long as u(x, t) is continuous on x = X(t; ζ).

It follows from (2.4) that

U(t; u_0(ζ)) = u_0(ζ) + ∫_t 0 −g(U(τ; u_0(ζ)))dτ . Differentiating the above equation with respect to ζ gives dU(t; u_0(ζ)) dζ = u^′_0(ζ) + ∫_t 0 −g^′(U(τ; u_0(ζ))) dU(τ; u_0(ζ)) dζ dτ which leads to dU(t; u_0(ζ)) dζ = u^′_0(ζ) exp {∫_t 0 −g^′(U(τ; u_0(ζ)))dτ } . (2.5)

On the other hand, it follows from (2.3) that

X(t; ζ) = ζ + ∫_t 0 a(U(τ; u_0(ζ)))dτ (2.6)

which yields ∂X(t; ζ) ∂ζ = 1 + ∫_t 0 a^′(U(τ; u_0(ζ))) dU(τ; u_0(ζ)) dζ dτ. (2.7)

Remark 2.1. Throughout this paper the derivatives of u_0(ζ) are refereed to smooth points of u_0.

The following definitions are due to Dafermos in [2].

Definition 2.1. A Lipschitz continuous curve x = ξ(t), defined on an interval of [0, ∞), is called a generalized characteristic if for almost all t in the interval ξ^′(t) ∈ [a(u(ξ(t)+, t)), a(u(ξ(t)−, t))]. (2.8) Definition 2.2. A Lipschitz continuous curve x = η(t) defined on [t̄, ∞) is called a shock if a(u(η(t)−, t)) > a(u(η(t)+, t)) (2.9) η^′(t) = f(u(η(t)+, t)) − f(u(η(t)−, t)) u(η(t)+, t) − u(η(t)−, t) . (2.10)

It is shown in [2] that the generalized characteristics must propagate either at classical characteristic speed or at shock speed. More precisely, let x = ξ(t) be a characteristic. Then for t > 0

ξ̇(t) = a(u(ξ(t)±, t)) if u(ξ(t)+, t) = u(ξ(t)−, t) f(u(ξ(t)+, t)) − f(u(ξ(t)−, t)) u(ξ(t)+, t) − u(ξ(t)−, t) if u(ξ(t)+, t) > u(ξ(t)−, t). (2.11)

Definition 2.3. A point (x̄, t̄) ∈ (−∞, ∞)×(0, ∞) with x̄ = η(t̄) is called a shock generation point if the (unique) forward generalized characteristic through (x̄, t̄) is a shock, while every backward generalized characteristic through (x̄, t̄) is classical characteristic.

A typical case of the shock generation point is shown in Fig. 1.

Let (x(ζ), t(ζ)) be the envelope of the characteristic curves x = X(t; ζ). From the theory of geometry we know that (x(ζ), t(ζ)) must satisfy x = X(t; ζ) ∂X(t; ζ) ∂ζ = 0.

(2.12)

Therefore, t(ζ) satisfies X_ζ (t; ζ) = 0. Using (2.7) gives 1 + ∫_{t(ζ)} 0 a^′(U(τ; u_0(ζ))) dU(τ; u_0(ζ)) dζ dτ = 0. (2.13)

We further use (2.5) to obtain

1 + u^′_0(ζ) ∫_{t(ζ)} 0 a^′(U(τ; u_0(ζ))) exp {∫_τ 0 −g^′(U(s; u_0(ζ)))ds } dτ = 0. (2.14)

Figure 1. Illustration of shock generation: Thin lines are classical characteristics x = X(t, ζ), thick solid line is shock curve and (x̄, t̄) is shock generation point.

Notice that a^′ is always positive and hence the integrand above is always positive. Therefore a necessary condition for (2.14) is u^′_0(ζ) < 0.

2.1. Size of the shock set. We now state a theorem concerning the number of shock curves in the entropy solution of (1.1) and (1.2); its proof mainly follows the work of Dafermos [2].

Theorem 2.1. Let u be the entropy solution of the non-homogeneous convex conservation laws, subject to the bounded and piecewise C^1 initial data u_0. Let (x(ζ), t(ζ)) be the envelope of the characteristic curves x = X(t; ζ) defined by (2.3)-(2.4). Then the number of disjoint shock curves is equal to or less than the number of critical points of t(ζ) plus the number of negative jumps of u_0(ζ).

Proof. It easy to show that if the initial u_0(x) has a negative jump at a point x̄ (i.e. u_0(x̄−0) > u_0(x̄ + 0)), then a shock curve starts from (x̄, 0). Therefore the number of initial shock equals to the number of negative jumps of u_0.

We next consider the number of shock generation points. Assume (x̄, t̄) be a shock generation point as indicated in Fig. 1. It follows from Lemmas 5.2, 5.6 and 5.7 of Dafermos [2] that (x̄, t̄) is located on an envelope (x(ζ), t(ζ)) of the (classical) characteristics x = X(t; ζ) and the shock generation point t̄ is a critical point of t(ζ). Therefore the number of newly generated shock curves is less or equal to the number of critical points of t(ζ). This completes the proof of this theorem.

It is known that a necessary condition for a critical point of t(ζ) is dt(ζ) dζ = 0.

(2.15)

Also, it follows from (2.13) that dt(ζ) dζ da(U(τ; u_0(ζ))) dζ + ∫_{t(ζ)} 0 d^2a(U(τ; u_0(ζ))) dζ^2 dτ = 0. (2.16)

Combining (2.15), (2.16) and Theorem 2.1 gives the following result.

Corollary 2.1. Let t(ζ) be defined implicitly by 1 + ∫_{t(ζ)} 0 da(U(τ; u_0(ζ))) dζ dτ = 0 . (2.17)

If the following equation ∫_{t(ζ)} 0 d^2a(U(τ; u_0(ζ))) dζ^2 dτ = 0 (2.18)

has finite number of zero points for ζ, then the entropy solution u has only a finite number of disjoint shock curves.

2.2. An application of Theorem 2.1. We consider a special case where the source term is linear, namely g(u) = Lu. In this case, (2.5) yields

U(t; u_0(ζ)) = u_0(ζ) exp{−Lt}.

Using this result, we obtain from (2.17) that 1 − u^′_0(ζ) Lu_0(ζ) [ a ( u_0(ζ)e^{−Lt(ζ)} ) − a(u_0(ζ)) ] = 0.

(2.19)

Similarly, we obtain from (2.18) that 1 L u^′_0(ζ) [ e^{−Lt(ζ)}a^′ ( u_0(ζ)e^{−Lt(ζ)} ) − a^′(u_0(ζ)) ] + u_0(ζ)u^{′′}_0(ζ) u^′_0(ζ)^2

− 1 = 0.

(2.20)

Corollary 2.2. Consider the nonhomogeneous conservation law (2.1)-(2.2) with linear source, i.e. g(u) = Lu. If (2.20) has finite number of zero points for ζ, then the entropy solution of (2.1)-(2.2) has only a finite number of disjoint shock curves.

Taking limit of (2.20) as L → 0 yields u_0(ζ) a^′(u_0(ζ))u^′_0(ζ)^2 d^2 dζ^2 a(u_0(ζ)) = 0.

Thus for the case of L = 0, i.e., homogeneous conservation laws, we have derived the results similar to those obtained by Tadmor and Tassa [14] and by Li and Wang [8]. Namely, if the initial speed has a finite number of decreasing inflection points then it bounds the number of future shock discontinuities.

3. Solution structure

As indicated in Theorem 2.1 if t(ζ) has finitely many critical points then the entropy solution of (2.1)-(2.2) consists of a finite number of smooth pieces and the number of disjoint shock curves is less than or equals to the number of critical points of t(ζ). More precisely, we assume that there exists 0 = t_0 < t_1 < · · · < t_P < ∞ such that in each time interval (t_{p−1}, t_p), there are finite number of smooth curves x = X^{(p−1)}_m (t), m = 1, 2, . . . , M_{p−1} satisfying

(P_1). For t ∈ (t_{p−1}, t_p), X^{(p−1)} m (t) < X^{(p−1)}_{m+1} (t), m = 1, . . . , M_{p−1} − 1; In other words, these curves do not cross each other in the interval t ∈ (t_{p−1}, t_p).

(P_2). At time t = t_p, there are two possibilities. The first one is that at least two curves will meet each other. Namely, there exists an m such that X^{(p−1)} m (t_p + 0) = X^{(p−1)}_{m+1} (t_p − 0)

see Figure 2c. The second possibility is that a new shock X^{(p)}_l (t) is generated starting from t = t_p, see Figure 2d.

(P_3). The solution u(x, t) is smooth everywhere except on the finitely many smooth curves x = X^{(p−1)}_m (t).

(P_4). Let u^±_{p,m} := u(X^{(p−1)}_m (t) ± 0, t) be the right-hand and left-hand limits along x = X^{(p−1)} m (t). Then u^±_{p,m} satisfy either shock wave conditions: u^−_{p,m} > u^+_{p,m} Ẋ^{(p−1)} m (t) = f(u^+_{p,m}) − f(u^−_{p,m}) u^+_{p,m} − u^−_{p,m} or weak discontinuous conditions: u^−_{p,m} = u^+_{p,m} =: u_{p,m} , Ẋ^{(p−1)}_m (t) = f^′(u_{p,m}) u_x(X^{(p−1)}_m (t) − 0, t) ≠ u_x(X^{(p−1)}_m (t) + 0, t)

where Ẋ(t) = dX(t)/dt. In the first case, x = X^{(p−1)}_m (t) is called a shock curve (Figure 2b), and in the second case it is called a weak discontinuous curve (Figure 2a);

(P_5). Each shock X^{(p−1)}_m (t) continues to the next time interval (t_p, t_{p+1}), with a possibility that it collides with another shock curve (Figure 2c), and at the time interval (t_P , ∞) there exists at most one shock curve X^{(P )}_1 (t).

The piecewise smooth entropy solution is a finite combination of the cases discussed above. In obtaining global estimates, we only need to consider the cases (a)-(d) plotted in Figure 2.

4. Global estimates

In this section, we will establish some global estimate for the derivatives of the piecewisesmooth entropy solution along generalized characteristics, especially along shock waves. Theses estimates play important role in theoretical and numerical analysis for conservation laws with source terms. For homogeneous conservation laws the corresponding estimates were a b

c d (x̄,t̄)

ζ̄ Figure 2. Structures of piecewise smooth solution: (a)–central rarefaction wave; (b)–shock curve; (c)–interacting shock curves; (d)–new formed shock curve.

obtained in [15] and [17]. In this section, they will be extended to the non-homogeneous case. The applications of these global estimates will be reported elsewhere.

In order to obtain the main results in this section, we need the following lemma which gives some estimates on U(t; ζ) defined by (2.4).

Lemma 4.1. Let U(t; ξ) be the solution of (2.4). Then the following estimates hold: |ξ| exp{−Lt} ≤ |U(t; ξ)| ≤ |ξ| exp{Lt}; (4.1) exp{−Lt} ≤ ∂U(t; ξ) ∂ξ ≤ exp{Lt}; (4.2) | | ∂^2U(t; ξ) ∂ξ^2 | | ≤ G_2t exp{2Lt}; (4.3) exp{−L(t − τ)} ≤ | | | U(τ; ξ_1) − U(τ; ξ_2) U(t; ξ_1) − U(t; ξ_2) | | | ≤ exp{L(t − τ)} , τ ∈ [0, t] (4.4)

where L is the Lipschitz constant for g.

The lemma follows easily from (2.4) and the Lipschitz continuity assumption on g.

Theorem 4.1. Let u be the entropy solution of the non-homogeneous convex conservation laws, subject to the bounded and piecewise C^2 initial data u_0, and x = X(t) be a generalized characteristic. If t(ζ) defined by (2.17) has finite number of critical points, then for sufficiently small δ > 0,

1. If (X(t̄), t̄) is a shock generation point with t̄ > 0, then for any T > t̄ ∫ [0,T ]\[t̄−δ,t̄+δ] |u_x(X(t) ± 0, t)| dt ≤ C(T )| ln δ| + C(T ) ; (4.5)

2. If X(0) is a discontinuous point of u_0(x) with positive jump, then for any T > 0 ∫ [δ,T ] |u_x(X(t) ± 0, t)| dt ≤ C(T )| ln δ| + C(T ); (4.6)

3. Otherwise ∫ [0,T ] |u_x(X(t) ± 0, t)| dt ≤ C(T ). (4.7)

Proof. It follows from the assumptions above and Theorem 2.1 that the entropy solution u is piecewise smooth with finitely many discontinuities. In the first case, if (X(t̄), t̄) is a shock generation point, then the generalized characteristic x = X(t) defined on (t̄, ∞) is a shock curve. Thus we can trace two classical characteristic lines from each side of X(t) for t ∈ (t̄, T ) backward to t = 0. The intersection points of two characteristic lines with t = 0 are ζ^−(X(t), t) and ζ^+(X(t), t), which satisfy: For t̄ < t ≤ T

ζ^+(X(t), t) > ζ^−(X(t), t) , X(t) = X(t; ζ^±(X(t), t)) .

(4.8)

The characteristic relation gives

u(X(t) ± 0, t) = u(X(t; ζ^±) ± 0, t) = U(t; u_0(ζ^±)),

(4.9)

where (X, U) are the solution of (2.3) and (2.4). Differentiating both side of (4.8) with respect to t gives

ζ̇^± = X^′(t) − a(U(t; u^0(ζ^±))) X_ζ (t; ζ^±)

, ζ̇^± := dζ^±(X(t), t) dt , or equivalently 0 < 1 X_ζ (t; ζ^±) = ζ̇± X^′(t) − a(u(X(t) ± 0, t)) , (4.10)

where the first inequality is due to the facts that (i) ζ^−(t) is decreasing and ζ^+(t) is increasing and (ii) the entropy condition a(u(X − 0, t)) > X^′(t) > a(u(X + 0, t)). Observe that

X^′(t) − a(u(X(t) ± 0, t)) =

∫_1 0 a(θu^+ + (1 − θ)u^−) dθ − a(u^±) = ± ∫_1 0 f^{′′}(u^∗_±)θ dθ(u^− − u^+), (4.11)

where u^± = u(X(t) ± 0, t) and u^∗_± denote some intermediate value. Therefore, we have |X^′(t) − a(u(X(t) ± 0, t))| ≥ γ 2 |u^+ − u^−|. (4.12)

where γ given by (1.3) is the constant related to the convexity of the flux function. On the other hand, it follows from (2.3) that

X(t; ζ_1) − X(t; ζ_2) − ( ζ_1 − ζ_2 ) = ∫_t 0 f^{′′}(u^∗) ( U(τ; u_0(ζ_1)) − U(τ; u_0(ζ_2)) ) dτ.

The above result, with the aid of (4.4), leads to | X(t; ζ_1) − X(t; ζ_2) − ( ζ_1 − ζ_2 )| ≤ F_2 | U(t; u_0(ζ_1)) − U(t; u_0(ζ_2)) | e^{Lt} − 1 L , or equivalently | |U(t; u_0(ζ_1)) − U(t; u_0(ζ_2)) | | ≥ | |X(t; ζ_1) − X(t; ζ_2) − (ζ_1 − ζ_2) | | L (e^{Lt} − 1)F_2 , where F_2 = max |u|≤‖u0‖∞e^{LT} f^{′′}(u) > 0. Substituting ζ^+ and ζ^− into the above inequality, on account of (4.8) and (4.9), gives | u^+ − u^− | ≥ | ζ^+ − ζ^− | L (e^{Lt} − 1)F_2 . (4.13)

Combining (4.10), (4.12) and (4.13) gives 0 ≤ 1 X_ζ (t; ζ^±) ≤ C(T ) |ζ̇^±| |ζ^+ − ζ^−| . Since ζ^− is decreasing and ζ^+ is increasing, we have |ζ̇^±| = ±ζ̇^± ≤ ζ̇^+ − ζ̇^− and therefore 0 ≤ 1 X_ζ (t; ζ^±) ≤ C(T ) ζ̇+ − ζ̇− ζ^+ − ζ^− for t̄ ≤ t ≤ T. (4.14)

Differentiating both side of the second identity in (4.9) with respect to ζ^± gives

u_x(X(t) ± 0, t) =

U_ξ(t; u_0(ζ^±))u^′_0(ζ^±) X_ζ (t; ζ^±) for t̄ ≤ t ≤ T. It follows from (4.2), an estimate for U_ξ, that |u_x(X(t) ± 0, t)| ≤ ‖u^′_0‖_∞ exp{Lt} X_ζ (t; ζ^±) for t̄ ≤ t ≤ T, (4.15)

where ‖u^′_0‖_∞ := max_{l=0,1,...,L} { sup x∈(γ_l,γ_l+1) |u^′_0(x)| } . Here γ_l (l = 1, . . . , L) are discontinuous points of u_0, γ_0 = −∞ and γ_{L+1} = ∞. It follows from (4.14) and (4.15) that ∫_T t̄+δ |u_x(X(t) ± 0, t)| dt ≤ C(T ) ln ( ζ^+(T ) − ζ^−(T ) ζ^+(t̄ + δ) − ζ^−(t̄ + δ) ) , (4.16)

where ζ^±(t) := ζ^±(X(t), t). Now let us estimate ζ^+(t) − ζ^−(t). We need to show that ζ^+(t) − ζ^−(t) ≥ c(T )(t − t̄) for t ∈ [t̄, T ], (4.17)

where c(T ) is a positive constant. Since (X(t̄), t̄) is a shock generation point, as indicated by Theorem 2.1 that ∂X(t̄; ζ̄) ∂ζ = 0 for ζ̄ ∈ [ζ^−(t̄ + 0), ζ^+(t̄ + 0)].

(4.18)

Here, we only consider the case when ζ̄ ≡ ζ^−(t̄ + 0) = ζ^+(t̄ + 0). For the case of ζ^−(t̄ + 0) < ζ^+(t̄ + 0), a centered compression wave, the proof is similar to the center rarefaction wave, cf. the proof of (4.6). Using the Mean value theorem and the equality (4.18) gives 0 < ∂X(t; ζ^±) ∂ζ = ∂X(t; ζ^±) ∂ζ − ∂X(t̄; ζ̄) ∂ζ = ∂X(t; ζ^±) ∂ζ − ∂X(t; ζ̄) ∂ζ + ∂X(t; ζ̄) ∂ζ − ∂X(t̄; ζ̄) ∂ζ = ∂^2X(t̄; ζ̄^∗_±) ∂ζ^2 (ζ^± − ζ̄) +

∂^2X(t̄^∗; ζ̄) ∂ζ∂t (t − t̄), (4.19)

where t̄^∗ and ζ̄^∗_± denote some intermediate values. It follows from (2.13) that 0 = ∂X(t̄, ζ̄) ∂ζ = 1 + ∫_{t̄} 0 a^′(U(τ, u_0(ζ̄))) dU(τ, u_0(ζ̄)) dζ dτ. (4.20)

Since a^′(u) = f^{′′}(u) > 0 and dU(τ, u_0(ζ̄)) dζ = u^′_0(ζ̄) exp { − ∫_τ 0 g^′(U(s, u_0(ζ̄)))ds } for τ ∈ [0, t̄], we conclude from (4.20) that

u^′_0(ζ̄) < 0.

(4.21)

It follows from (2.7) , an expression for X_ζ , and the above inequality that

∂^2X(t̄^∗; ζ̄) ∂ζ∂t = a^′(U(t̄^∗, u_0(ζ̄)))u^′_0(ζ̄) exp { − ∫_{t̄}∗ 0 g^′(U(s, u_0(ζ̄)))ds }

≤ γu^′_0(ζ̄) exp{−LT } (4.22) ∂^2X(t̄; ζ̄^∗) ∂ζ^2 = ∫_{t̄} 0 { a^{′′}(U(τ; u_0(ζ̄^∗))) [ dU(τ, u_0(ζ̄^∗)) dζ ]_2

+a^′(U(τ, u_0(ζ̄^∗))) d^2U(τ, u_0(ζ̄^∗)) dζ^2 } dτ. (4.23)

Substituting dU(τ, u_0(ζ)) dζ = ∂U(τ, u_0(ζ)) ∂ξ u^′_0(ζ)

d^2U(τ, u_0(ζ̄)) dζ^2 = ∂^2U(τ, u_0(ζ)) ∂ζ^2 u^′_0(ζ)^2 + ∂U(τ, u_0(ζ)) ∂ζ u^{′′}_0(ζ)

into the equation (4.23) and using estimates (4.2) and (4.3) give | | | ∂^2X(t̄; ζ̄^∗) ∂ζ^2 | | | ≤ C(T ). (4.24)

This, together with (4.19) and (4.22), yield C(T )|ζ^±(t) − ζ̄| ≥ −γu^′_0(ζ̄)(t − t̄) exp{−LT } > 0 for t ∈ (t̄, T ].

The above estimate is (4.17), with c(T ) == −γu^′_0(ζ̄) exp{−LT }/C(T ) > 0. Substituting (4.17) into (4.16) yields ∫_T t̄+δ |u_x(X(t) ± 0, t)| dt ≤ C(T ) ln ( T − t̄ δ ) for 0 < δ ≪ 1.

(4.25)

The proof for ∫_{t̄−δ} 0 |u_x(X(t) ± 0, t)| dt is similar to that of ∫_T t̄+δ |ux(X(t) ± 0, t)| dt. The only difference is that X(t) for t ∈ [0, t̄) is a classical characteristic and u(x, t) is a classical solution at the neighborhood of X(t). The estimate takes the following form ∫_{t̄−δ} 0 |u_x(X(t) ± 0, t)| dt ≤ C(T ) ln (¯ t δ ) for 0 < δ ≪ 1.

(4.26)

We omit the detail proof here. Combining (4.25) and (4.26) leads to the conclusion (4.5).

We now consider the second case, i.e. X(0) is a discontinuous point of u_0(x), with u_0(X(0)− 0) < u_0(X(0) + 0). In this case there is no shock generation point along X(t) for t ∈ [0, ∞) and thus u_x(X(t) ± 0, t) is a continuous function of t for t ∈ (0, ∞). Therefore we only need to prove (4.6) for some small T > 0. Since the entropy solution u(x, t) is piecewise smooth with only finitely many discontinuous curves, the following classical characteristic relationship holds for 0 < t < T , with some T > 0:

X(t) = X(t; u(X(+0), +0)) u(X(t), t) = U(t; u(X(+0), +0)),

where u(X(+0), +0) ∈ [u_0(X(0) − 0), u_0(X(0) + 0)] and (X, U) satisfy dX(t; ξ) dt = a(U(t; ξ)) X(0; ξ) = X(0)

(4.27) and dU(t; ξ) dt = −g(U(t; ξ)) U(0; ξ) = ξ, ξ ∈ [u_0(X(0) − 0), u_0(X(0) + 0)].

(4.28)

Therefore, we have

u_x(X(t), t) = U_ξ(t; ξ) X_ξ(t; ξ) | | | ξ=u(X(+0),+0) for 0 < t < T. (4.29)

It is known from (4.27) and (4.28) that

U_ξ(t; ξ) = exp { − ∫_t 0 g^′(U(τ, ξ))dτ } , X_ξ(t; ξ) = ∫_t 0 a^′(U(τ, ξ))U_ξ(τ; ξ)dτ. Therefore we obtain |U_ξ(t; ξ)| ≤ exp{LT }, |X_ξ(t; ξ)| ≥ γt exp{−LT } .

The above estimates, together with (4.29), yield |u_x(X(t), t)| ≤ exp{2LT } γt for 0 < t ≤ T. The desired result (4.6) follows from the above inequality.

In the rest cases, u_x(X(t) ± 0, t) are continuous with respect to t on [0, ∞). Therefore (4.7) is established directly. Hence the proof of Theorem 4.1 is complete.

In what follows we will use L^1-norm for the derivatives of u, for example ‖u_{xx}(·, t)‖_L1_(R_), ‖u_x(·, t)^2‖_L1_(R_) and so on, where the integration in the norm is to be understood as piecewise integration excluding the discontinuous points of the derivatives.

Theorem 4.2. Let {(x̄_j, t̄_j)}^J_1 with t̄_j < t̄_{j+1} be the shock generation points and assume that u_0(x) has compact support.

1. If at t = 0 there are some starting center rarefaction points for the entropy solution u(x, t), then for any T > t̄_J ∫ [δ,T ]\S(δ) ‖u_{xx}(·, τ)‖_L1_(R_)dτ ≤ C| ln δ| (4.30) ∫ [δ,T ]\S(δ) ‖u_x(·, τ)^2‖_L1_(R_)dτ ≤ C| ln δ|

(4.31)

provided that δ is sufficiently small, where

S(δ) := J⋃ j=1 [t̄_j − δ, t̄_j + δ]. If an interval [κ, T ] does not include any t̄_j (j = 1, . . . , J) and 0, then ∫ [κ,T ] ‖u_{xx}(·, τ)‖_L1_(R_)dτ ≤ C (4.32) ∫ [κ,T ] ‖u_x(·, τ)^2‖_L1_(R_)dτ ≤ C.

(4.33)

2. If at t = 0 there is no center rarefaction point for the entropy solution u(x, t), then for any T > t̄_J ∫ [0,T ]\S(δ) ‖u_{xx}(·, τ)‖_L1_(R_)dτ ≤ C| ln δ| (4.34) ∫ [0,T ]\S(δ) ‖u_x(·, τ)^2‖_L1_(R_)dτ ≤ C| ln δ|

(4.35)

provided that δ is sufficiently small. If an interval [0, T ] does not include any t̄_j (j = 1, . . . , J), then ∫ [0,T ] ‖u_{xx}(·, τ)‖_L1_(R_)dτ ≤ C (4.36) ∫ [0,T ] ‖u_x(·, τ)^2‖_L1_(R_)dτ ≤ C.

(4.37)

Proof. Here we only prove (4.30)-(4.33); the estimates (4.34)-(4.37) can be proved in a similar way. Let x = X_j(t) for t ∈ [0, ∞) be generalized characteristic passing through (x̄_j, t̄_j) for j = 1, . . . , J, respectively. From each point (x, t) we can draw a characteristic line backward to t = 0 and the intersection point is ζ(x, t), which satisfies x = X(t, ζ) and u(x, t) = U(t, u_0(ζ)). Since ζ(x, t) is an increasing function of x, we have from the above equations ζ_x(x, t) = 1 X_ζ (t; ζ) ≥ 0, ζ_{xx} = − X_{ζζ}ζ_x X_ζ^2 , (4.38)

u_x(x, t) = U_ξ(t; u_0(ζ))u^′_0(ζ) 1 X_ζ (t; ζ) u_{xx}(x, t) = U_{ξξ}(t; u_0(ζ)) ( u^′_0(ζ)ζ_x

)_2 + U_ξ(t; u_0(ζ)) ( u^{′′}_0(ζ)ζ_x^2 + u^′_0(ζ)ζ_{xx} ) = [ U_{ξξ}u^′_0^2 + U_ξ ( u^{′′}_0 − u^′_0 X_{ζζ} X_ζ )] 1 X_ζ^2 . (4.39)

Since {(x̄_j, t̄_j)}^J_1 are the shock generation points, X_ζ (t; ζ(x, t)) = 0 at these points. From (4.39) we know that u_{xx}(x, t) becomes infinity at {(x̄_j, t̄_j)}^J_1 . Therefore, u_{xx}(x, t) will not change its signs at some of their neighborhood, which are denoted by ω_j := {(x, t) | X_k(τ) − h ≤ x ≤ X_k(τ) + h, t̄_j − h ≤ τ ≤ t̄_j + h} with some h > 0, and then |u_{xx}(x, t)| ≤ C(T ) for (x, t) ∈ Ω(T )\ J⋃ j=1 ω_j, (4.40)

where Ω(T ) := (−∞, ∞) × [0, T ]. We first divide the integration into two parts ∫ [δ,T ]\S(δ) ‖u_{xx}(·, τ)‖_L1_(R_)dτ ≤ ∫∫ Ω(T )\ S^J_j=1 ω_j |u_{xx}|dxdt + ∫∫ S_{Jj=1{ωj \Δj (δ)}}^{|uxx|dxdt} ≤ ∫∫ Ω(T )\ S^J_j=1 ω_j |u_{xx}|dxdt + J∑ j=1 ∫∫ ω_j \Δ_j (δ) |u_{xx}|dxdt ≡ I + II, where Δ_j(δ) := {(x, t) | X_k(τ) − h ≤ x ≤ X_k(τ) + h, t̄_j − δ ≤ τ ≤ t̄_j + δ} and 0 < δ < h. From (4.40) we know that I ≤ C(T ). (4.41)

Since u_{xx} does not change its signs in ω_j, we have ∫∫ ω_j \Δ_j (δ) |u_{xx}|dxdt = | | | | ∫∫ ω_j \Δ_j (δ) u_{xx}dxdt | | | | ≤ ∫ [t̄_j −h,t̄_j +h]\[t̄_j −δ,t̄_j +δ] {|u_x(X_j(τ) + 0, τ)| + |u_x(X_j(τ) − 0, τ)|} dτ + C(T ). Substituting the estimate (4.5) into above inequality gives ∫∫ ω_j \Δ_j (δ) |u_{xx}|dxdt ≤ C(T )δ + C(T ), and thus II ≤ C(T )δ + C(T ). (4.42)

Summing up (4.41) and (4.42) yields (4.30). The estimates (4.32) is an easy conclusion from the fact that u_{xx} is bounded on the region of (−∞, ∞) × [κ, T ].

It remains to prove (4.31) and (4.33). The proof is based on the integration by parts: ∫ ∫ R^{u2xdxdt =} ∑ j ∫ uu_x | |Xj+1(t)−0 Xj (t)+0^{dt −} ∫ ∫ R^{uuxxdxdt} ≤ C ∑ j ∫ |u_x(X_j(t) ± 0, t)|dt + C ∫ ‖u_{xx}‖_L1_(R_)dt .

The above result, together with Theorem 4.1, (4.30) and (4.32), lead to the desired results (4.31) and (4.33).

5. The sharpness of the theoretical estimates

In this section we present an exact entropy solution to show that the global estimates given in the previous section are sharp. The example is of the form ∂_tu + ∂_x ( u^2/2 ) = Lu u(x, 0) = { −C_L(x − x^3), |x| ≤ 1 0, |x| > 1. (5.1)

where L is a constant and

C_L :=

1, L = 0 L e^L − 1 > 0, L ≠ 0. It follows from (2.3) and (2.4) that X(t; ζ) = { ζ − (ζ − ζ^3)(e^{Lt} − 1)/(e^L − 1), |ζ| ≤ 1 ζ, |ζ| > 1 u(X(t; ζ), t) = { −C_Le^{Lt}(ζ − ζ^3), |ζ| ≤ 1 0, |ζ| > 1, (5.2)

where the characteristics x = X(t; ζ) with L = 1 are drawn on Fig. 3 by using Mathematica.

Solving X_ζ (t; ζ) = 0 for t gives t(ζ) = 1 L ln ( −3ζ^2 + e^L −3ζ^2 + 1 ) for |ζ| ≤ min { e^{L/2} √ 3 , 1 √ 3 }

and t^′(ζ) = 6ζ C_L(1 − 3ζ^2)(e^L − 3ζ^2) for |ζ| ≤ min { e^{L/2} √ 3 , 1 √ 3 } . Therefore, ζ̄ = 0 is a critical point (more precisely a local minimum) of t(ζ) and its corresponding shock generation point is (x̄, t̄) = ( X ( t(ζ̄); ζ̄ ) , t(ζ̄) ) = (0, 1).

¿From the anti-symmetry of the initial date u_0(x) with respect to x = 0 one knows that the shock curve is x = 0 for 1 ≤ t < ∞.

Figure 3. Illustration of the characteristics: Thin lines are classical characteristics x = X(t, ζ), thick solid line is shock curve and (0, 1) is shock generation point.

Now let us derive an explict expression for the entropy solution of (5.1) for t > 1. Since the entropy solution u(x, t) is anti-symmetry with respect to x = 0, we only consider the case of x > 0. Solving the equation X(t; ζ) = x or equivalently

x = ζ − (ζ − ζ^3) ( e^{Lt} − 1 e^L − 1 ) , 0 < ζ ≤ 1, t > 1 ζ, ζ > 1, t > 1 for positive ζ by using trigonometric solution of cubic [1] gives

ζ_+(x, t) = { 2^3 √ r cos θ, 0 < x ≤ 1, t > 1 x, x > 1, t > 1 (5.3) where r = √ − (p 3 )_3 , θ = 1 3 arccos ( − q 2r )

with p = e^L − e^{Lt} e^{Lt} − 1 , q = −x ( e^L − 1 e^{Lt} − 1 ) . Since t > 1 and x > 0, we have p < 0, q < 0, r > 0 and 0 ≤ θ < π/6. This shows that ζ_+(x, t) defined in (5.3) is positive. Therefore the explicit expression of u(x, t) for 0 < x ≤ 1 and t > 1 is u(x, t) = −C_Le^{Lt} ( ζ_+(x, t) − ζ_+(x, t)^3 ) . As a consequence we obtain u_x(x, t) = −C_Le^{Lt} ( 1 − 3(ζ_+)^2 ) (ζ_+)_x.

It follows from (5.3) that for t > 1

ζ_+(0+, t) = ( e^{Lt} − e^L e^{Lt} − 1 )_{1/2}

and (ζ_+)_x(0+, t) = 1 2 e^L − 1 e^{Lt} − e^L . Hence for t > 1 we have

u_x(0+, t) = − 1 2 3e^L − 2e^{Lt} − 1 e^{Lt} − 1 Le^{Lt} e^{Lt} − e^L . Straightforward calculation gives ∫_T 1+δ |u_x(0+, t)|dt ≥ | | ∫_T 1+δ u_x(0+, t)dt | |

= 1 2 | | | ln [( 1 − e^{LT} 1 − e^{(1+δ)L}

)_3 ( e^L − e^{(1+δ)L} e^L − e^{LT} )]| | | = 1 2 | | | ln ( e^{−3θ1LT} (−LT )^3e^{−θ2δL}(−δL) e^{−3θ3(1+δ)L}(−(1 + δ)L)^3e^{θ4(1−T )L}(1 − T )L )| | | (Mean-Value Theorem is used) = 1 2 | | ln ( e^{−3θ1LT} T^3e^{−θ2δL}δ e^{−3θ3(1+δ)L}(1 + δ)^3e^{θ4(1−T )L}(T − 1) )| | = 1 2 | | | O(T ) + ln δ | | |, where 0 < θ_1, θ_2, θ_3, θ_4 < 1, δ > 0 and T > 1 + δ. The last equality indicates that the estimate in (4.5) is sharp. The sharpness of the other estimates obtained in the last section can be verified in a similar way.

Acknowledgment. Part of this research was carried out while the third author was visiting Hong Kong Baptist University. He is grateful to Professor Hong-ci Huang for the warm hospitality and for many stimulating discussions. Thanks also to the referee for valuable suggestions which in particular led to a new section, Section 5.

References

[1] G. Birkhoff and S. Mac Lane, A Survey of Modern Algebra, Macmillan, New York, 1977. [2] C. M. Dafermos, Generalized characteristics and the structure of solutions of hyperbolic conservation laws, Indiana Univ. Math. J. 26, 1977, pp. 1097–1119.

[3] R. J. DiPerna, Singularities of solutions of nonlinear hyperbolic systems of conservation laws, Arch.

Rational Mech. Anal. 60, 1975, pp. 75-100.

[4] J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math.

18, 1965, pp. 697-715.

[5] S. Jin and Z. Xin, The relaxation schemes for system of conservation laws in arbitrary space dimensions, Comm. Pure Appl. Math., 48 (1995), 235-277.

[6] N. N. Kuznetsov, Accuracy of some approximate methods for computing the weak solutions of a first– order quasi–linear equation, USSR Comput. Math. and Math. Phys. 16, 1976, pp. 105–119.

[7] P. D. Lax Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math. 10, 1957, pp. 537–566. [8] B. Li and J. Wang, The global qualitative study of solutions to a conservation law, Science in China (Special Math. Issue), 1979, pp. 12–38.

[9] T. P. Liu, Hyperbolic conservation laws with relaxation, Comm. Math. Phys. 108 (1987), 153-175. [10] O. A. Oleinik, Discontinuous solutions of non–linear differential equations, Amer. Math. Soc. Transl.

26, 1963, pp. 95–172.

[11] O. A. Oleinik, The Cauchy problems for nonlinear equations in a class of discontinuous functions, Amer.

Math. Soc. Transl. 42, pp. 7-12.

[12] F. Sabac, The optimal convergence rate of monotone finite difference methods for hyperbolic conservation laws, SIAM J. Numer. Anal. 34, 1997, pp. 2306–2318.

[13] D. G. Schaeffer, A regularity theorem for conservation laws, Adv. in Math. 11, 1973, pp. 368–386. [14] E. Tadmor and T. Tassa, On the piecewise smoothness of entropy solutions to scalar conservation laws, Commun. P.D.E. 18, 1993, pp. 1631–1652.

[15] T. Tang and Z. H. Teng, Viscosity methods for piecewise smooth solutions to scalar conservation laws, Math. Comp. 66, 1997, pp. 495–526.

[16] T. Tang and Z. H. Teng, The sharpness of Kuznetsov’s O(pΔx) L^1-error estimate for monotone difference schemes, Math. Comp. 64, 1995, pp.581-589.

[17] Z. H. Teng, First-order L^1–convergence for relaxation approximations to conservation laws, Comm. Pure Appl. Math. 51, 1998, pp. 857–895.

[18] Z. H. Teng and P. Zhang, Optimal L^1–rate of convergence for the viscosity method and monotone scheme to piecewise constant solutions with shocks, SIAM J. Numer. Anal. 34, 1997, pp. 959–978.