Asymptotic Stability of Traveling Waves for Viscous Conservation Laws with Dispersion

Jun Pan^∗ Gerald Warnecke^† May 30, 2001

Abstract This work is concerned with the asymptotic stability of traveling waves for scalar viscous conservation laws with a convex flux function and a dispersion term. First we prove the existence of solutions locally in time of the initial value problem for initial data near a constant solution by Fourier analysis. Using the semigroup method the local existence for initial data that are an L^2-perturbation of a traveling wave profile is proved. We also obtain a regularity property of these solutions. The solution operator generated by the linearized equation plays a crucial role. Using the energy method we estabilish a priori estimates. These estimates, when combined with the local existence, lead to the desired global in time existence as well as the time-asymptotic decay of solutions with initial data close to a monotone traveling wave.

Key words: Traveling waves, asymptotic stability, regularity, existence. AMS Classification: 35Q53, 35G25, 76E15.

1 Introduction

Consider viscous conservation laws with dispersion u_t + f(u)_x + u_{xxx} − μu_{xx} = 0, x ∈ R, t > 0 (1.1)

∗Institute of Analysis and Numerics, Otto-von-Guericke-University Magdeburg, PSF 4120, D–39016 Magdeburg, Germany. Email:panjun666@hotmail.com

†Institute of Analysis and Numerics, Otto-von-Guericke-University Magdeburg, PSF 4120, D–39016 Magdeburg, Germany. Email:gerald.warnecke@mathematik.uni-magdeburg.de

where the flux function f ∈ C^3(R) is convex. The constant μ > 0 is the viscosity parameter. The initial data u(0, x) = u_0(x) (1.2) are assumed to satisfy u_0(x) → u_± as x → ±∞.

We consider monotone traveling wave solutions ϕ(x − st) to the equation (1.1). Such a profile ϕ is easily seen to satisfy the following ordinary differential equation ϕ_{zzz} − μϕ_{zz} + (f(ϕ) − sϕ)_z = 0, z = x − st. (1.3) The far-field states u_± ∈ R and the wave speed s ∈ R satisfy the Rankine-Hugoniot condition f(u_+) − f(u_−) − s(u_+ − u_−) = 0 (1.4) and the Oleinik shock condition [12] f(u) − f(u_−) − s(u − u_−) { < 0 if u_+ < u < u_− > 0 if u_− < u < u_+,

(1.5)

for details see Pan [13, Chap. 2]. If f^{′′} > 0 then (1.5) implies the Lax shock condition

f^′(u_+) < s < f^′(u_−). (1.6)

For the special case f(u) =^{u2}_2 , the equation (1.1) reduces to the Korteweg-de Vries- Burgers equation u_t + uu_x + u_{xxx} − μu_{xx} = 0. (1.7) Grad and Hu [7], as well as Bona and Schonbek [1] showed that (1.7) admits traveling wave solutions ϕ(x − st) connecting u_− to u_+, which are monotone if μ >> 1. Moreover, in obtaining solutions to this problem one can look for solutions which are the sum of a traveling wave and a perturbation. It has been shown that this traveling wave is asymptotically stable for small perturbations by Bona et al. [2]. Another proof of the stability was given by Pego [15] based on the energy method due to Goodman [6]. For the case f(u) = u^3, Dodd [5] showed that certain traveling wave solutions are asymptotically stable with respect to a weighted norm as perturbations convect away from the wave profile in the direction indicated by the group velocity associated with the linearized perturbation equation. Recently pointwise methods were also developed to investigate the stability of the traveling waves for the equations of type (1.1) by Howard and Zumbrun [8].

In this work we consider a more general equation of the form (1.1). Due to the presence of dispersion, the arguments are much more involved when we replace^{u2}_2 by a general convex flux function f(u). This paper is organized as follows: In Section 2, we establish local existence for the initial value problem with initial data in L^∞ + H^2, which is the basis for our stability analysis. To our knowledge, there is no suitable reference containing a direct proof. In Section 3, the asymptotic behavior of the solution is investigated in detail.

2 Existence of local solutions

In this section we discuss the existence of solutions locally in time of the initial value problem (1.1) and (1.2). We denote a generic positive constant by C. Moreover, in the inequalities that follow, the value of the constant C can change from one line to the next. For function spaces, L^2(R) denotes the space of square integrable functions on R with the norm ‖u‖ = (∫ R |u(x)|^2dx ) 1_2 . By H^l(R) for l ∈ N_0 we denote the usual l^{th} order Sobolev space with the norm

‖u‖_l = (_l ∑ j=0 ‖∂^j_xu‖^2 ) 1_2 . Using the Fourier transform these spaces are defined for arbitrary l ∈ R, see e.g. Pazy [14, Section 8.5]. This will used in some formulations but is not explicitly needed in the paper. We also note that for l ≥ 0 one has the dual spaces H^{−l}(R) = [H^l(R)]^′ .

Let T be a positive constant and (B, ‖ · ‖_B) a Banach space. Here C^k([0, T ]; B) for any natural number k ≥ 0 denotes the space of B-valued k-times continuously differentiable functions on [0, T ]. The space of B-valued L^2 functions on [0, T ] is denoted by L^2([0, T ]; B). The corresponding spaces of B-valued functions on [0, ∞[ are denoted by C^k([0, ∞[; B) and L^2([0, ∞[; B), respectively. The following Sobolev Lemma will be often used in the paper.

Lemma 2.1. (Sobolev Lemma) (i) For t ≥ s, H^s(R) ⊃ H^t(R) and ‖u‖_t ≥ ‖u‖_s for any u ∈ H^t(R).

(ii) For s >^1_2 , H^s(R) ⊂ C(R) and for any u ∈ H^s(R) ‖u‖_∞ ≤ C‖u‖_s where ‖u‖_∞ = ess sup{|u(x)| : x ∈ R}.

Proof. For a proof see e.g. Pazy [14, Lemma 8.5.1]).

Without loss of generality, we assume that the viscosity parameter μ = 1 and consider for initial data u_0 with u_0(x) → u_± as x → ±∞ the initial value problem

u_t + f(u)_x − u_{xx} + u_{xxx} = 0, u(0, x) = u_0(x). (2.1)

Let ϕ be a steady solution of (2.1) satisfying f(ϕ)_x = ϕ_{xx} − ϕ_{xxx}, ϕ(±∞) = u_±. (2.2) Taking ϖ = u − ϕ from (2.1) and (2.2) we study the perturbed problem { ϖ_t + [ f(ϖ + ϕ) − f(ϕ) ] x = ϖ_{xx} − ϖ_{xxx}, ϖ|_{t=0} = ϖ_0.

(2.3)

2.1 The case: ϕ = constant

In this subsection our main idea is to first establish an equivalent integral equation using the Fourier transform. Next we prove that there exists the unique fixed point for this integral equation by using the contraction mapping principle. Finally, this yields the main theorem.

If the steady solution ϕ is a constant, i.e., ϕ(x) ≡ u^0 the problem (2.3) reduces to { ϖ_t + [ f(ϖ + u^0) − f(u^0) ] x = ϖ_{xx} − ϖ_{xxx}, ϖ|_{t=0} = ϖ_0.

(2.4)

Let ρ = f^′(u^0) and we set {f(ϖ)} := f(ϖ + u^0) − f(u^0) − ρϖ, then (2.4) can be rewritten as { ϖ_t + ρϖ_x + {f(ϖ)}_x = ϖ_{xx} − ϖ_{xxx}, ϖ|_{t=0} = ϖ_0.

(2.5)

We assume that ϖ_0 ∈ H^1(R). Then trivially ϖ_0 ∈ L^2(R) and by the Sobolev Lemma 2.1 we have ϖ_0 ∈ L^∞(R). Note that the latter implies {f(ϖ_0)} ∈ L^2(R) for any smooth function f. In fact, we have using Taylor expansion

{f(ϖ_0)} = f(ϖ_0 + u^0) − f(u^0) − f^′(u^0)ϖ_0 = f^{′′}(u^0 + θϖ_0) ϖ^2_0 2 , where 0 < θ(x) < 1. So

‖{f(ϖ_0)}‖^2 = 1 4 ∫ R [f^{′′}(u^0 + θϖ_0)]^2ϖ^4_0dx = 1 4 ∫ R |f^{′′}(u^0 + θϖ_0)|^2|ϖ_0|^2ϖ^2_0dx.

Since we have that ϖ_0 ∈ L^2(R), ϖ_0 ∈ L^∞(R), f is smooth, and

|u^0 + θϖ_0| ≤ |u^0| + sup_{x∈R} |ϖ_0(x)|,

we get {f(ϖ_0)} ∈ L^2(R).

Using the L^2-extension of the Fourier transform ^ϖ(t, ξ) = (Fϖ)(t, ξ) = 1 √ 2π ∫ R e^{−ixξ}ϖ(t, x)dx, for details see Reed and Simon [16], we get from (2.5) the problem { ^ϖ_t + iρξ ^ϖ + iξ ^{f(ϖ)} = −(ξ^2 − iξ^3) ^ϖ, ^ϖ|_{t=0} = ^ϖ_0. This initial value problem for an ordinary differential equation leads to the equivalent integral equation ^ϖ(t, ξ) = e^{−(ξ2−iξ3−iρξ)t} ^ϖ_0 + ∫_t 0 ( − iξ ^ {f(ϖ)} ) e^{−(ξ2−iξ3−iρξ)(t−τ )}dτ. After applying the inverse Fourier transform we obtain the following integral equation for ϖ itself ϖ(t, x) = K(t, x) ∗ ϖ_0(x) + ∫_t 0 K_x(t − τ, x) ∗ {f(ϖ)}dτ, (2.6) where the kernel K is given as K(t, x) = 1 √ 2π F^{−1} ( e^{−(ξ2−iξ3−iρξ)t} ) (2.7)

and the convolution is defined as (h ∗ g)(x) = ∫_{+∞} −∞ h(x − y)g(y)dy. The kernel K(t) has the following properties.

Lemma 2.2. For any t > 0, the kernel K decays in time with the following rates i) ‖K(t)‖ =^1_2 t^{−1/4}, ii) ‖K_x(t)‖ =^1_4 t^{−3/4}.

Proof. We use the Plancherel identity ‖g‖ = ‖^g‖ for any g ∈ L^2(R), see e.g. Reed and Simon [16, page 4, Corollary]. Then we have

‖K(t)‖^2 = ∫ R |K(t, x)|^2dx = ∫ R |F[K(t, x)]|^2dx = 1 √ 2π ∫ R |e^{−(ξ2−iξ3−iρξ)t}|^2dξ = 1 √ 2π ∫ R e^{−2ξ2t}dξ = 1 2 √ πt ∫ R e^{−(√2tξ)2} d( √ 2tξ) = 1 2 t^{−1/2} and ‖K_x(t)‖^2 = ∫ R |K_x(t, x)|^2dx = ∫ R |F[K_x(t, x)]|^2dx = 1 √ 2π ∫ R |iξe^{−(ξ2−iξ3−iρξ)t}|^2dξ = 1 √ 2π ∫ R ξ^2e^{−2ξ2t}dξ = (2t)^{−3/2} √ 2π ∫ R y^2e^{−y2} dy = 1 4 t^{−3/2}. This proves the lemma.

We will look for the solution of the initial value problem (2.5) in the convex set X = { ϖ ∈ C([0, T ], H^1(R)) : sup_{t∈[0,T ]} ‖ϖ(t)‖_1 ≤ 2‖ϖ_0‖_1 := 2M < ∞ } . Here X = X(T ) and T depends on the H^1 norm of the initial data and bounds of f^{′′}. We consider the operator Φ defined on X by Φv(t, x) = K(t, x) ∗ ϖ_0(x) + ∫_t 0 K_x(t − τ, x) ∗ {f(v)}dτ, (2.8) where {f(v)} = f(v + u^0) − f(u^0) − ρv. Now the integral equation (2.6) is equivalent to the fixed point problem ϖ(t, x) = Φϖ(t, x). We have

Lemma 2.3. The operator Φ maps X into itself and is contracting.

Proof. First we claim that Φ maps X into itself. To see this, let v ∈ X, i.e., ‖v(t)‖_1 ≤ 2M for t ∈ [0, T ]. From (2.8) one gets ‖Φv(t)‖ ≤ ‖K(t, x) ∗ ϖ_0(x)‖ + ∫_t 0 ‖K_x(t − τ, x) ∗ {f(v(τ))}‖dτ. (2.9)

Using the Plancherel identity, (2.7), and the multiplicative property of the Fourier transform F(g ∗ h) = √ 2π^g^h, see Reed and Simon [16, Theorem IX.3], we have ‖K(t, x) ∗ ϖ_0(x)‖ = ‖F(K(t, x) ∗ ϖ_0(x))‖ = ‖ √ 2πF(K(t, x)) · F(ϖ_0(x))‖ = ‖e^{−(ξ2−iξ3−iρξ)t}F(ϖ_0(x))‖ = e^{−ξ2t}‖F(ϖ_0(x))‖ ≤ ‖ϖ_0‖. (2.10) In order to estimate the second term of the right hand side in (2.9) we first estimate ‖{f(v)}‖_L1_{(R)} = ‖f(v + u^0) − f(u^0) − ρv]‖_L1_{(R)}. Noting that ρ = f^′(u^0), f is smooth, defining the constants r_1 = |u^0| + 6CM and s = sup_{|u|≤r1} |f^{′′}(u)| one has ‖{f(v)}‖_L1_{(R)} = ∫ R |f(v + u^0) − f(u^0) − ρv|dx ≤ ∫ R |f^′(u^0 + θv) − f^′(u^0)||v|dx = ∫ R |f^{′′}(u^0 + θ^∗v)|θ · |v|^2dx ≤ s‖v(t)‖^2 ≤ 4M^2s, (2.11) where 0 < θ(t, x), θ^∗(t, x) < 1. Combining (2.10), (2.11) with (2.9), using the Young inequality ‖g ∗ h‖ ≤ ‖g‖‖h‖_L1_{(R)} and Lemma 2.2 (ii), we have ‖Φv(t)‖ ≤ ‖ϖ_0‖ + ∫_t 0 ‖K_x(t − τ, x)‖ · ‖{f(v)}‖_L1_{(R)}dτ ≤ ‖ϖ_0‖ + 4M^2s ∫_t 0 ‖K_x(t − τ, x)‖dτ ≤ ‖ϖ_0‖ + 4M^2s ∫_t 0 1 4 (t − τ)^{−3/4}dτ ≤ ‖ϖ_0‖ + 4M^2st^{14} . (2.12) Similarly, because (Φv)_x(t, x) = K(t, x) ∗ ϖ_{0x}(x) + ∫_t 0 K_x(t − τ, x) ∗ {f(v(τ))}_xdτ, we can estimate ‖K(t, ·) ∗ ϖ_{0x}‖ ≤ ‖ϖ_{0x}‖ and ‖{f(v(τ))}_x‖_L1_{(R)} = ‖[f(v + u^0) − f(u^0) − ρv]_x‖_L1_{(R)} = ∫ |f^′(v + u^0) − f^′(u^0)| · |v_x|dx = ∫ |f^{′′}(u^0 + θ̄v)| · |vv_x|dx ≤ s ∫ |vv_x|dx ≤ s‖v(τ)‖ · ‖v_x(τ)‖ ≤ 4M^2s.

Therefore we obtain ‖(Φv)_x(t)‖ ≤ ‖ϖ_{0x}‖ + ∫_t 0 ‖K_x(t − τ, x)‖ · ‖{f(v)}_x‖_L1_{(R)}dτ ≤ ‖ϖ_{0x}‖ + 4M^2s ∫_t 0 1 4 (t − τ)^{−3/4}dτ ≤ ‖ϖ_{0x}‖ + 4M^2st^{14} . (2.13) For T = (8Ms)^{−4} and 0 < t ≤ T , combining (2.12) with (2.13) we have ‖Φv(t)‖_1 ≤ ‖ϖ_0‖_1 + 8M^2st^{14} ≤ 2M.

This proves our claim.

Next, we prove that Φ is a contraction on X. If v_1, v_2 ∈ X, using again the Young inequality ‖g ∗ h‖ ≤ ‖g‖‖h‖_L1_{(R)} and Lemma 2.2, one has ‖Φv_1(t) − Φv_2(t)‖ ≤ ∫_t 0 ‖K_x(t − τ, ·)‖ · ‖f(v_1 + u^0) − f(v_2 + u^0) − ρ(v_1 − v_2)‖_L1_{(R)}dτ ≤ 1 4 ∫_t 0 (t − τ)^{− 34} ‖ ‖[f^′(u^0 + v2 + θ̄(v1 − v2)) − ρ](v1 − v2)(τ) ‖ ‖_{L1(R)}dτ. Similar to (2.11), using the Cauchy-Schwarz inequality we have ‖ ‖[f_′(u_0 + v_2 + θ̄(v_1 − v_2)) − ρ](v_1 − v_2) ‖ ‖ L^1(R) ≤ 2s ( ‖v_1‖ + ‖v_2‖ ) ‖v_1 − v_2‖ ≤ 8Ms‖v_1(τ) − v_2(τ)‖. Choose 0 < α < 1 and take T > 0 such that 8MsT^{1/4} = α < 1, we have T = (^α_{8Ms} )^4 and ‖Φv_1(t) − Φv_2(t)‖ ≤ 8Ms sup_{t∈[0,T ]} ‖v_1(t) − v_2(t)‖ ∫_t 0 1 4 (t − τ)^{− 34} dτ ≤ 8Mt^{1/4} sup_{t∈[0,T ]} ‖v_1(t) − v_2(t)‖ ≤ α sup_{t∈[0,T ]} ‖v_1(t) − v_2(t)‖.

Thereby Φ is a contraction on X. This proves the lemma.

By the Lemma 2.3, applying contracting mapping principle one can immediately conclude

Lemma 2.4. The operator Φ has a unique fixed point in X. Therefore the integral equation (2.6) has a unique solution in X.

Now we obtain the following theorem of existence locally in time for (2.1): Theorem 2.5. We consider the constant solution u^0 and a perturbation u_0 such that u_0 − u^0 ∈ H^1(R), then there exists T > 0, where T depends only on f and ‖u_0 − u^0‖_1, such that (2.1) has a unique solution u satisfying u − u^0 ∈ C([0, T ]; H^1(R)) and ‖u − u^0‖_1 ≤ 2‖u_0 − u^0‖_1.

Moreover, if the flux function f is sufficiently smooth, then u − u^0 ∈ C(]τ, T [; H^l(R)) for any τ > 0 and any integer l > 0.

Proof. The existence part of this theorem is directly implied by Lemma 2.4. Next, we prove the regularity part of the theorem. Here we only assume that ϖ_0 ∈ H^1(R) and the existence part gives us that ϖ(t, ·) ∈ H^1(R) for all t ∈ [0, T ].

Consider the solution of (2.5) for any fixed τ with 0 < τ < t < T ϖ(t, x) = K(t − τ, x) ∗ ϖ(τ, x) + ∫_t τ K_x(t − s, x) ∗ {f(v)}ds. We have ϖ_{xx}(t, x) = K_x(t − τ, x) ∗ ϖ_x(τ, x) + ∫_t τ K_x(t − s, x) ∗ {f(v)}_{xx}ds. Thus, ‖ϖ_{xx}(t)‖ ≤ ‖K_x(t, x) ∗ ϖ_x(τ, x)‖ + ∫_t τ ‖K_x(t − s, x) ∗ {f(v)}_{xx}‖ds. (2.14) In order to obtain the desired result, we estimate the two terms on the right hand side separately.

First, since ξ^2e^{−2ξ2(t−τ )} ≤ C(t − τ)^{−1/2} for any ξ ∈ R we have ‖K_x(t, x) ∗ ϖ_x(τ, x)‖ = ‖ √ 2π ^K_x(t, x) ^ϖ_x(τ, x)‖ = ( ∫ R |iξe^{−(ξ2−iξ3)(t−τ )} ^ϖ_x(τ, x)|^2dξ ) 1_2

= ( ∫ R ξ^2e^{−2ξ2(t−τ )}| ^ϖ_x(τ, x)|^2dξ ) 1_2 ≤ C(t − τ)^{− 12} ( ∫ R | ^ϖ_x(τ, x)|^2dξ ) 1_2

= C(t − τ)^{− 12} ‖ϖ_x(τ)‖ ≤ 2MC(t − τ)^{− 12} . (2.15)

Next, using Lemma 2.2 (ii) we get ∫_t τ ‖K_x(t − s, x) ∗ {f(v)}_{xx}‖ds ≤ ∫_t τ ‖K_x(t − s, x)‖ · ‖{f(v)}_{xx}‖_L1_{(R)}ds ≤ ∫_t τ 1 4 (t − s)^{− 34} ‖{f(v)}_{xx}‖_L1_{(R)}ds. Similarly to (2.11), we can show that ‖{f(v)}_{xx}‖_L1_{(R)} ≤ C ( 1 + ‖ϖ_{xx}(t)‖ ) . Therefore, ∫_t τ ‖K_x(t − s, x) ∗ {f(v)}_{xx}‖ds ≤ C(t − τ)^{14} + C ∫_t τ 1 4 (t − s)^{− 34} ‖ϖ_{xx}(s)‖ds. (2.16) Combining (2.15), (2.16) with (2.14) we have using a generic constant C ‖ϖ_{xx}(t)‖ ≤ C { (t − τ)^{− 12} + (t − τ)^{14} + ∫_t τ (t − s)^{− 34} ‖ϖ_{xx}(s)‖ds } . (2.17) From (2.17) we can get the following estimate, which will be proven in Lemma 2.7 below, ‖ϖ_{xx}(t)‖ ≤ C(t − τ)^{− 12} for τ < t < T. This proves ϖ(t, ·) ∈ H^2(R) for 0 < τ < t ≤ T .

Repeating this procedure we get by a bootstrapping argument ϖ(t, ·) ∈ H^l(R) for any l ∈ N on ]0, T ]. This finishes the proof of the theorem.

The inequality (2.17) is a weakly singular Gronwall-type inequality. In order to estimate ‖w_{xx}(t)‖ from this inequality we cite the following lemma by Dixon and McKee [4, Theorem 3.1 and inequality (3.6)].

Lemma 2.6. Let g be continuous and non-negative on [0, T ]. Suppose that g(t) ≤ ψ(t) + M ∫_t 0 (t − s)^{−α}g(s)ds, 0 ≤ t ≤ T, where 0 ≤ α < 1and M is a positive constant.

(1) If ψ is a non-negative, monotonic increasing function on [0, T ], then using the Γfunction we have the estimate g(t) ≤ ψ(t)E_{1−α} ( MΓ(1 − α)t^{1−α} ) , 0 ≤ t ≤ T, where E_{1−α}(z) is the Mittag-Leffler function defined for all α < 1 by

E_{1−α}(z) := ∞∑ n=0 z^n Γ (n(1 − α) + 1) .

(2) For an integrable function ψ, the sharp estimate is given by g(t) ≤ d dt ∫_t 0 ψ(s)E_{1−α} ( MΓ(1 − α)(t − s)^{1−α} ) ds, 0 ≤ t ≤ T. Lemma 2.7. For 0 < τ < t < T we have that the inequality (2.17) implies ‖ϖ_{xx}(t)‖ ≤ C(t − τ)^{− 12} . Proof. Set g(t) := ‖w_{xx}(t + τ)‖ for τ < t ≤ T , then the inequality (2.17) can be written as g(t) ≤ Ct^{−1/2} + ∫_t 0 (t − s)^{−3/4}g(s)ds. Using (2) of the Lemma 2.6 we obtain g(t) ≤ d dt ∫_t 0 Cs^{−1/2}E_{1/4} ( CΓ(1/4)(t − s)^{1/4} ) ds which gives g(t) ≤ Ct^{−1/2} + C 4 Γ(1/4) ∫_t 0 s^{−1/2}(t − s)^{−3/4}E^′_{1/4} ( CΓ(1/4)(t − s)^{1/4} ) ds. Using the fact that t ≤ T and the definition of E_{1/4}(z) we have that the second term on the right side is bounded by a constant depending on T . Thus g(t) is bounded from above by Ct^{−1/2} for any 0 < t ≤ T , here C may depend on T . This completes the lemma.

2.2 The case: ϕ non-constant

If the traveling wave solution ϕ is non-constant, the above argument does not work any more. To establish the desired local existence let us first recall the local existence theory of the abstract quasilinear initial value problem for the evolution equation du dt + A(u)u = 0, u(0) = ϕ (2.18)

in which A(u) is a linear operator in a Hilbert space X with inner product ⟨·, ·⟩ and norm ‖ · ‖_X for any u belonging to a subset of X to be defined below.

Let X and Y be real, Hilbert spaces such that Y is continuously and densely imbedded in X; and S : Y → X be a linear isomorphism.

Take the open ball B_r := {y ∈ Y : ‖y‖_Y ≤ r, r > 0} ⊂ Y ; and suppose we are given constants β ∈ R, C_1, C_2, C_3 > 0 depending only on r.

We define the following conditions:

(H1) For every y ∈ Y the operator −A(y) − λI is the infinitesimal generator of a C^0 semigroup of contractions on X for λ > β.

(H2) For all y, z, v ∈ Y with y, z ∈ B_r, ‖ ‖ ‖ ( A(y) − A(z) ) v ‖ ‖ ‖_X ≤ C1‖y − z‖X ‖v‖Y . We denote by B(X) the space of bounded linear operators on X. Now we assume that

(H3) There is a mapping C : B_r → B(X) such that for every y ∈ B_r, SA(y)S^{−1} = A(y) + C(y) and ‖C(y)‖_{B(X)} ≤ C_2.

(H4) For all y, z, v ∈ Y with y, z ∈ B_r, ‖ ‖ ( C(y) − C(z) ) v ‖ ‖_X ≤ C3‖y − z‖Y ‖v‖X . Remarks:

1) The assumption (H1) can be replaced by the following equivalent conditions:

(a) The operator −A(y) is the infinitesimal generator of a C^0 semigroup e^{−tA} on X satisfying ‖e^{−tA(y)}‖ ≤ e^{βt}. (b) For every y ∈ B_r the operator A(y) satisfies

(i) the range of A(y) + λI is X for some λ > β, (ii) for all v ∈ D(A(y)), ⟨A(y)v, v⟩_X ≥ −β‖v‖^2_X .

(c) For every y ∈ B_r, −A(y) is stable in the sense that, ‖ ‖ ‖ ( λ + A(y) )_{−1}‖ ‖ ≤ (λ − β)^{−1}, ∀λ > β. It is easy to see that (H1) is equivalent to (a). By the Hille-Yosida Theorem, see Pazy [14, Theorem 1.3.1], (c) is equivalent to (a). By the Lumer-Phillips Theorem, see Pazy [14, Theorem 1.4.3 and Corollary 3.3.3], (H1) is equivalent to (b).

2) For hyperbolic-type equations, (H1) can be replaced by the following condition, see e.g. Okazawa [11],

(H̃_1) For every y ∈ B_r and v ∈ Y |⟨A(y)v, v⟩| ≤ β‖v‖^2. The operator A(y) associated with our problem does not satisfy this inequality due to the presence of the diffusion term.

3) The assumptions (H1)-(H3) will suffice to guarantee the existence of a local solution of (2.18), see e.g. Pazy [14]. Condition (H4) was used by Kato in [9] to establish stronger results concerning the dependence of the solution of (2.18) on A and ϕ, and the role of (H4) in Crandall and Souganidis [3] is also related to this. We will show that the operator A(y) associated with our problem also satisfies (H4), see Lemma 2.16. □

Using the assumptions introduced above one may formulate the following theorem due to Kato.

Theorem 2.8 (Abstract Existence Theorem). Suppose that for any r > 0, there exist constants β ∈ R, C_1, C_2, C_3 > 0 depending only on r such that the conditions (H1)-(H3) are satisfied. Given any ϕ ∈ Y with ϕ ∈ B_r, there exists a time T > 0 such that the abstract Cauchy problem (2.18) has a unique solution u ∈ C([0, T ], Y ) ∩ C^1([0, T ], X). Moreover, if (H4) is also satisfied, then u depends continuously on u(0) = ϕ in the Y −norm.

Proof. This theorem was shown by Kato in [9] with (H1) replaced by 1)-(b) in the remark above. Also it was proved by Crandall and Souganidis [3, Theorem 1] by using difference methods with (H1) replaced by 1)-(c).

To apply Theorem 2.8 we rewrite (2.3) as an abstract quasi-linear evolution equation of the form dϖ dt + A(ϖ)ϖ = 0, ϖ|_{t=0} = ϖ_0. (2.19) The operator A(y) is given by A(y) := A_0 + B(y), where using the mean value theorem for appropriate θ(t, x) ∈]0, 1[ A_0 := ∂^3_x − ∂^2_x, B(y) := A_1(y) + A_2(y), A_1(y) := f^{′′}(ϕ + θy)ϕ_x, A_2(y) := f^′(ϕ + y)∂_x.

Let X = L^2(R) and Y = H^3(R). Our theorem of local existence is: Theorem 2.9. Fix a constant r > 0. Then there exists some time T > 0 depending only on r such that whenever ‖ϖ_0‖_3 < r, the initial value problem (2.19) has a unique solution ϖ ∈ C([0, T ], H^3(R)) ∩ C^1([0, T ], L^2(R)), and ϖ(t, ·) depends continuously on ϖ_0 in the space H^3(R).

The proof of this theorem is broken into several basic lemmas and will be given as a summary of these lemmas after Lemma 2.16.

Lemma 2.10. Let T_0 be the infinitesimal generator of a C_0 semigroup of contractions on X. Let T be a dissipative operator on X, i.e. ⟨T v, v⟩_X ≤ 0 and satisfy D(T ) ⊃ D(T_0) and ‖T v‖_X ≤ a‖T_0v‖_X + b‖v‖_X for v ∈ D(T_0) where 0 ≤ a < 1 and b ≥ 0. Then T_0 + T is the infinitesimal generator of a C_0 semigroup of contractions.

Proof. See Pazy [14, Corollary 3.3.3].

We define the commutator [A, B] = AB − BA and the operators Λ^s = (I − ∂^2_x)^{s/2} using the Fourier transform. Then for any s ∈ R we have that u ∈ H^s(R) iff

Λ^su = F^{−1} ( [1 + ξ^2]^{s2} û ) ∈ L^2(R). We have

Lemma 2.11. For any l > 3/2, if b ∈ L^∞(R) and ∂_xb ∈ H^{l−1}(R), then ‖[Λ^l, b]u‖ ≤ C‖∂_xb‖_{l−1} · ‖u‖_{l−1} for any u ∈ H^{l−1}(R).

Proof. See Kato [10].

We remind that X = L^2(R), Y = H^3(R) and take S = Λ^3. To prove Theorem 2.9 by using Theorem 2.8, we need only to check that the conditions (H1)-(H4) hold for the initial value problem (2.19). First we show the following

Lemma 2.12. The operator −A_0 is the generator of a C_0 contractions on L^2(R) with domain D(−A_0) = H^3(R).

Proof. Note that A_0 = ∂^3_x − ∂^2_x. According to the remark 1)(b) after the introduction of conditions (H1-4), it suffices to show that A_0 satisfies for β = 0

i) The range of A_0 + λI is L^2(R) for some λ > 0. ii) For all v ∈ H^3(R), ⟨A_0v, v⟩_L2_{(R)} ≥ 0. To show i) we need to prove (1) For any v ∈ H^3(R), we have (A_0 + λI)v ∈ L^2(R). This is obvious. (2) For any u ∈ L^2(R) there exists a v ∈ H^3(R) such that u = (A_0 + λI)v. This fact can be ensured by the invertibility of the operator B_0 := A_0 + λI on L^2(R) and the fact v = B^{−1}_0 u ∈ H^3(R).

First, we prove the invertibility of B_0, i.e., for any v ∈ H^3(R), v ≠ 0, ⟨B_0v, v⟩ > 0. Actually, noting that A_0 = ∂^3_x − ∂^2_x, integration by parts leads to ⟨B_0v, v⟩ = ⟨v_{xxx} − v_{xx} + λv, v⟩ = ⟨v_x, v_x⟩ + λ⟨v, v⟩ > 0.

Next, we prove for any u ∈ L^2(R), v = B^{−1}_0 u ∈ H^3(R). By the definition of general Sobolev spaces on R using the Fourier transform, in order to prove that v ∈ H^3(R) it suffices to show (iξ)^α^v ∈ L^2(R) for 0 ≤ α ≤ 3 and ξ ∈ R. Noting that

^B_0 = (iξ)^3 − (iξ)^2 + λ = −iξ^3 + ξ^2 + λ we then have

(iξ)^α^v = (iξ)^α ^B^{−1}_0 u = (iξ)^αB̂^{−1}_0 û.

Since û ∈ L^2(R), by the Plancherel theorem ‖u‖ = ‖û‖, and for 0 ≤ α ≤ 3 the following rational function is uniformly bounded in ξ |(iξ)^αB̂^{−1}_0 | = | (iξ)^α −iξ^3 + ξ^2 + λ | ≤ C we have (iξ)^αv̂ ∈ L^2(R) thereby v ∈ H^3(R).

It’s easy to prove ii). In fact, we have ⟨A_0v, v⟩ = ⟨v_{xxx} − v_{xx}, v⟩ = ⟨v_x, v_x⟩ ≥ 0.

Now we check (H1) for A(y) = A_0 + B(y) in the following lemma.

Lemma 2.13. Choose r > 0. Then for every y ∈ B_r the operator −A(y) − λI is the infinitesimal generator of a C^0 semigroup of contractions on L^2(R) for any λ ≥ β = ( 3 2 ‖ϕ_x‖_∞ + Cr ) sup |u|≤‖ϕ‖_∞+r |f^{′′}(u)|. Proof. We note first that for y ∈ H^3(R) it follows from Lemma 2.1 that ‖y‖_∞ ≤ C‖y‖_3, ‖y_x‖_∞ ≤ C‖y‖_3. (2.20) Now, for every v ∈ H^3(R) using integration by parts we have ⟨B(y)v, v⟩ = ⟨f^{′′}(ϕ + θy)ϕ_xv + f^′(ϕ + y)v_x, v⟩ = ⟨f^{′′}(ϕ + θy)ϕ_x, v^2⟩ − ⟨f^′(ϕ + y)_x, v^2 2 ⟩.

Take r_2 = ‖ϕ‖_∞ + 3Cr, and set s̄ = sup_{|u|≤r2} |f^{′′}(u)|. For every y ∈ H^3(R) with ‖y‖_3 ≤ r, noting that f ∈ C^3(R) and using (2.20) we have f^{′′}(ϕ + θy)ϕ_x ≥ −s̄‖ϕ_x‖_∞ and −f^′(ϕ + y)_x = −f^{′′}(ϕ + y)(ϕ_x + y_x) ≥ −s̄(‖ϕ_x‖_∞ + ‖y_x‖_∞) ≥ −s̄(‖ϕ_x‖_∞ + Cr). Setting β =

(_3 2 ‖ϕ_x‖_∞ + Cr ) s̄, we have ⟨B(y)v, v⟩ ≥ −β‖v‖^2. (2.21) From (2.21) we know that −(B(y) + λI) is dissipative for all λ ≥ β. Moreover, setting C_1(r) = s̄‖ϕ_x‖_∞ + λ, and C_2(r) = sup_{|u|≤r2} |f^′(u)| one gets ‖ ‖ ‖ ( B(y) + λI ) v ‖ ‖ ‖ ≤ ‖f^{′′}(ϕ + θy)ϕxv‖ + ‖f^′(ϕ + y)vx‖ + λ‖v‖ ≤ C_1(r)‖v‖ + C_2(r)‖v_x‖. (2.22)

On the other hand, for any v ∈ H^3(R) we have the following interpolation inequalities ‖∂^j_xv‖ ≤ ϵ‖∂^3_xv‖ + C(ϵ)‖v‖ for j = 0, 1, 2. (2.23) Since ∂^3_x = A_0 + ∂^2_x we get ‖∂^3_xv‖ ≤ ‖A_0v‖ + ϵ‖∂^3_xv‖ + C(ϵ)‖v‖. Hence ‖∂^3_xv‖ ≤ 1 1 − ϵ ‖A_0v‖ + C(ϵ) 1 − ϵ ‖v‖. (2.24) Combining (2.24) with ‖v_x‖ ≤ ϵ‖∂^3_xv‖ + C(ϵ)‖v‖, taking j = 1 in (2.23), gives ‖v_x‖ ≤ ϵ 1 − ϵ ‖A_0v‖ + C(ϵ) 1 − ϵ ‖v‖. (2.25) Substituting (2.25) into (2.22) yields ‖ ‖ ‖ ( B(y) + λI ) v ‖ ‖ ‖ ≤ ϵC_2(r) 1 − ϵ ‖A_0v‖ + ( C_1(r) +

C(ϵ)C_2(r) 1 − ϵ ) ‖v‖. Choosing 0 < ϵ <^1_{1+C2(r)} and letting a =^{ϵC2(r)}_{1−ϵ} < 1, b = C_1(r) +^{C(ϵ)C2 (r)}_{1−ϵ} , we have ‖ ‖(B(y) + λI)v ‖ ‖ ≤ a‖A_0v‖ + b‖v‖ for v ∈ H_3(R). By Lemma 2.12 and Lemma 2.10, −A_0 − B(y) − λI = −A(y) − λI is the infinitesimal generator of a C_0 semigroup of contractions of L^2(R) for every λ ≥ β.

Lemma 2.14. Choose r > 0. The operator A(y) satisfies the condition (H2), i.e. for all

y, z, v ∈ H^3(R) with ‖y‖_3, ‖z‖_3 ≤ r, we have ‖ ‖ ‖ ( A(y) − A(z) ) v ‖ ‖ ‖ ≤ C1‖y − z‖ · ‖v‖3. (2.26) Proof. From the definition of A(y), we have ( A(y) − A(z) ) v = [ f^{′′}(ϕ + θy) − f^{′′}(ϕ + θz) ] ϕ_xv + [ f^′(ϕ + y) − f^′(ϕ + z) ] v_x. So ‖ ‖ ‖ ( A(t, y) − A(t, z) ) v ‖ ‖ ‖ ≤ ‖ ‖[f^{′′}(ϕ + θy) − f^{′′}(ϕ + θz)]ϕ_xv ‖ ‖ + ‖[ f^′(ϕ + y) − f^′(ϕ + z) ] v_x ‖ . Next, we estimate respectively the two terms on the right side of the above inequality. We

again consider r_2 = ‖ϕ‖_∞ + 3Cr as in the proof of Lemma 2.13. Set ~s = sup_{|u|<r2} |f^{′′′}(u)|.

Note that for all y, z, v ∈ H^3(R) with ‖y‖_3, ‖z‖_3 ≤ r using that ‖v‖_∞, ‖v_x‖_∞ ≤ C‖v‖_3 by

Lemma 2.1 and that ϕ, ϕ_x are bounded, see Pan [13, Corollary 2.3.2], we obtain ‖ ‖[f^{′′}(ϕ + θy) − f^{′′}(ϕ + θz)]ϕ_xv ‖ ‖ = ‖ ‖f^{′′′}(ϕ + θz + θθ_1(y − z))(y − z)ϕ_xv ‖ ‖ ≤ ~s‖v‖_∞‖y − z‖‖ϕ_x‖_∞ ≤ C~s‖y − z‖‖v‖_3. The second term can be handled similarly. In fact, ‖ ‖[f^′(ϕ + y) − f^′(ϕ + z)]v_x ‖ ‖ = ‖ ‖f^{′′}(ϕ + z + θ_2(y − z))(y − z)v_x ‖ ‖ ≤ s̄‖v_x‖_∞‖y − z‖ ≤ Cs̄‖y − z‖‖v‖_3. Therefore, we have (2.26) with C_1 = C(s̄ + ~s).

Lemma 2.15. Choose r > 0 and set S = Λ^3 = (I − ∂^2_x)^{3/2} and C(y) = SA(y)S^{−1} − A(y).

The operator A(y) satisfies the condition (H3), i.e. for ‖y‖_3 ≤ r the linear Operator C(y)

is bounded and ‖C(y)‖_{B(L}2_{(R))} ≤ C_2.

Proof. We need to estimate ‖SA(y)S^{−1}y^∗ − A(y)y^∗‖ ≤ K(r)‖y^∗‖ for all y^∗ ∈ H^3(R), here K(r) is a constant depending only on r. This can be rewritten as ‖SA(y)S^{−1}y^∗ − A(y)SS^{−1}y^∗‖ ≤ K(r)‖SS^{−1}y^∗‖ for all y^∗ ∈ H^3(R). Setting z = S^{−1}y^∗ and noting that [A, B] = AB − BA one has to show ‖[S, A(y)]z‖ ≤ K(r)‖Sz‖ ≤ CK(r)‖z‖_3 for all z ∈ S^{−1}Y = Λ^{−3}[H^3(R)] = H^6(R). Note that we can also choose the norm in H^3(R) as ‖z‖_3 := ‖Sz‖ such that S becomes an isometry. Since A(y) = A_0 + B(y) and the operator S commutes with A_0, we need only show ‖[S, B(y)]z‖ ≤ K(r)‖z‖_3. (2.27) From the definitions of S and B(y), we have

[S, B(y)] = [Λ^3, f^{′′}(ϕ + θy)ϕ_x] + [Λ^3, f^′(ϕ + y)∂_x].

Noting that ϕ_x ∈ H^l(R) for l ≥ 0, see Pan [13, Collary 2.3.2], and using Lemma 2.11 we have ‖[ Λ^3, f^{′′}(ϕ + θy)ϕ_x ] z ‖ ≤ C ‖ ∂_x ( f^{′′}(ϕ + θy)ϕ_x )‖ 2‖z‖_2. For y ∈ H^3(R) with ‖y‖_3 ≤ r, the term ‖∂_x(f^{′′}(ϕ + θy)ϕ_x)‖_2 can be bounded by some K(r) because of the smoothness of the flux function. Therefore we get ‖ ‖[Λ^3, f^{′′}(ϕ + θy)ϕ_x]z ‖ ‖ ≤ K(r)‖z‖_2 ≤ K(r)‖z‖_3. (2.28) Similarly, since [ Λ^3, f^′(ϕ + y)∂_x ] z = Λ^3f^′(ϕ + y)z_x − f^′(ϕ + y)∂_xΛ^3z = Λ^3f^′(ϕ + y)z_x − f^′(ϕ + y)Λ^3z_x = [Λ^3, f^′(ϕ + y)]z_x,

one has by Lemma 2.11

‖[Λ^3, f^′(ϕ + y)]z_x‖ ≤ C‖∂_xf^′(ϕ + y)‖_2‖z_x‖_2 ≤ K(r)‖z‖_3. (2.29)

Combining (2.28) with (2.29) we get (2.27). This proves the lemma.

Lemma 2.16. Choosing r > 0, the operator C(y) = SA(y)S^{−1} − A(y) satisfies the condition (H4): for all y, z, v ∈ H^3(R) with ‖y‖_3, ‖z‖_3 ≤ r, ‖ ‖ ‖ ( C(y) − C(z) ) v ‖ ‖ ‖ ≤ C3‖y − z‖3‖v‖.

Proof. Noting that C(y) = SA(y)S^{−1} − A(y) = [S, A(y)]S^{−1} we have ( C(y) − C(z) ) v = [ S, A(y) − A(z) ] S^{−1}v. It suffices to show that for any v ∈ H^3(R), ‖ ‖[S, A(y) − A(z)]S^{−1}v ‖ ‖ ≤ C_3‖y − z‖_3‖v‖ or equivalently that for w = S^{−1}v ∈ Λ^{−3}[H^3(R)] = H^6(R), ‖ ‖[Λ^3, A(y) − A(z)]w ‖ ‖ ≤ C_3‖y − z‖_3‖w‖_3. (2.30)

To prove this we write

[Λ^3, A(y) − A(z)]w = [ Λ^3 ( f^{′′}(ϕ + θy) − f^{′′}(ϕ + θz) ) ϕ_x − ( f^{′′}(ϕ + θy) − f^{′′}(ϕ + θz) ) ϕ_xΛ^3 ] w + [ Λ^3 ( f^′(ϕ + y) − f^′(ϕ + z) ) − (f^′(ϕ + y) − f^′(ϕ + z))Λ^3 ] w_x = [ Λ^3, (f^{′′}(ϕ + θy) − f^{′′}(ϕ + θz))ϕ_x ] w + [ Λ^3, f^′(ϕ + y) − f^′(ϕ + z) ] w_x. Similarly as in the proof of Lemma 2.15 we can then show (2.30).

Now we summarize the proof of Theorem 2.9 as follows:

Proof of Theorem 2.9. Combining Lemmas 2.13 - 2.16 to prove the assumptions of Theorem 2.8 we can immediately deduce the statement of Theorem 2.9. □

In an analogous manner one may weaken the assumption on ϖ_0 and the conclusions of Theorem 2.9 as follows.

Theorem 2.17. Fix r > 0. Then there exists some T > 0 depending only on r such that whenever ‖ϖ_0‖_2 < r, the initial value problem (2.19) has a unique solution

ϖ ∈ C([0, T ], H^2(R)) ∩ C^1([0, T ], H^{−1}(R)),

and ϖ(t, ·) depends continuously on ϖ_0 in the H^2(R).

Proof. To apply Theorem 2.8 we need to choose the spaces X = H^{−1}(R) and Y = H^2(R). Similarly as in the proof of Theorem 2.9 we can check the assumptions (H1)-(H4). The details are omitted.

Set w(t, x) = ∫_x −∞ ϖ(t, y)dy to be the primitive in space for any solution ϖ = u − ϕ obtained in Theorem 2.17, then (2.3) reduces to

w_t + [ f(ϕ + w_x) − f(ϕ) ] = w_{xx} − w_{xxx} (2.31)

with initial data w_0 = ∫_x −∞ ϖ_0(x)dx. This is a Hamilton-Jacobi type equation with diffusion and dispersion.

For later use in proving the stability theorem we proceed to establish the following theorem.

Theorem 2.18. (Local existence). For any ϵ_0 > 0, there exists a positive constant T_0, depending on ϵ_0 and f, such that if ‖w_0‖_3 ≤ ϵ_0/2, then the problem(2.31) with initial data w_0 has a unique solution w ∈ C^0([0, T_0], H^3(R)) satisfying

‖w(t)‖_3 ≤ 2‖w_0‖_3 ≤ ϵ_0 (2.32)

for 0 ≤ t ≤ T_0.

Proof. Because ϖ_0 = w_{0x} ∈ H^2(R) ⊂ H^{−1}(R), applying Theorem 2.17 we obtain that w_x(t) = ϖ(t) ∈ H^2(R). In order to conclude the theorem we need only to prove w(t) ∈ L^2(R) as well as the inequality (2.32).

Multiplying (2.31) by 2w and integrating the obtained result over R, we have d dt ∫ R w^2dx + 2 ∫ R w^2_xdx = −2 ∫ R w [ f(ϕ + w_x) − f(ϕ) ] dx. Since |f(ϕ + w_x) − f(ϕ)| = |f^′(ϕ + θw_x)w_x| ≤ C|w_x|, using the inequality 2|ab| ≤^{a2}_C + Cb^2 we have d dt ∫ R w^2dx + 2 ∫ R w^2_xdx ≤ 2C ∫ R |ww_x|dx ≤ ∫ R w^2_xdx + C^2 ∫ R w^2dx, i.e. d dt ∫ R w^2dx + ∫ R w^2_xdx ≤ C^2 ∫ R w^2dx. (2.33)

Multiplying (2.33) by e^{−C2t} and integrating over ]0, t[ one has

e^{−C2t}‖w(t)‖^2 − ‖w_0‖^2 + ∫_t 0 e^{−C2s}‖w_x(s)‖^2ds ≤ 0. It follows that ‖w(t)‖^2 ≤ e^{C2t}‖w_0‖^2 ≤ 4‖w_0‖^2 if e^{C2t} ≤ 4 or t ≤^{ln 4}_{C2} =: T_0. Then we have shown w(t) ∈ L^2(R) and ‖w(t)‖ ≤ 2‖w_0‖.

Similarly, for the higher order derivative we can also get ‖w(t)‖_3 ≤ 2‖w_0‖_3. This proves the theorem.

3 Asymptotic Stability of Traveling Waves

To investigate the stability of the traveling wave solution ϕ, we assume that the initial perturbation u_0 − ϕ is integrable over R. It is known that the solutions with the initial data near ϕ will typically approach a translate of ϕ rather than ϕ itself, but the shift can usually be determined by the mass carried by the initial perturbation. We define the point x_0 by ∫ R [ u_0(x) − ϕ(x) ] dx = x_0(u_+ − u_−), (3.1)

where u_0 are the initial data given in (1.2). Let us set

I(y) := ∫ R [ ϕ(x + y) − ϕ(x) ] dx. Then we have I(0) = 0 and due to the asymptotic behaviour of ϕ at infinity I^′(0) = u_+−u_− as well as I^{(k)}(0) = 0 for all k > 1 . This gives I(x_0) = x_0(u_+ − u_−). Therefore (3.1) is equivalent to ∫ R [ u_0(x) − ϕ(x + x_0) ] dx = 0. Without loss of generality let us assume that x_0 = 0, i.e., ∫ R [ u_0(x) − ϕ(x) ] dx = 0. (3.2)

Note that for given initial data u_0 condition (3.2) selects a unique traveling wave ϕ from the whole family of shifted traveling waves satisfying (1.3).

We use again the primitive of the the perturbation

w_0(x) = ∫_x −∞ [ u_0(y) − ϕ(y) ] dy. Then our stability results are given as follows.

Theorem 3.1. Assume that the Rankine-Hugoniot condition (1.4) and the Lax shock condition (1.6) hold. Let ϕ be a monotonically decreasing traveling wave solution of (1.1) uniquely determined by (3.2). Suppose u_0 − ϕ is integrable over R and w_0 ∈ H^3(R). Then there exists a constant ϵ > 0 such that if ‖w_0‖_3 < ϵ the Cauchy problem (1.1), (1.2) has a unique global solution u satisfying

u − ϕ ∈ C([0, ∞[; H^2(R)) ∩ L^2([0, ∞[; H^3(R)) and sup_{x∈R} |u(t, x) − ϕ(x − st)| → 0 as t → ∞. To prove this theorem, we set w(t, x) := ∫_x −∞ [ u(t, y + st) − ϕ(y) ] dy which satisfies lim_{x→±∞} w(t, x) = 0 by (3.2). Now we decompose the solution to equation (1.1) into the form u(t, x) = ϕ(z) + w_z(t, z), z = x − st where ϕ is a monotone traveling wave solution to (1.1) and w_z denotes the perturbation. Upon substitution into (1.1) the problem (1.1), (1.2) is reduced to

w_t − sw_z + f(ϕ + w_z) − f(ϕ) + w_{zzz} − μw_{zz} = 0, (3.3)

with w(0, z) = w_0(z) = ∫_z −∞ [ u_0(y) − ϕ(y) ] dy. (3.4) Using Q(u) = f(u) − f(u_−) − s(u − u_−), gives Q^′(ϕ) = f^′(ϕ) − s. Equation (3.3) may be rewritten as

w_t + Q^′(ϕ)w_z + w_{zzz} − μw_{zz} = F (ϕ, w_z) (3.5) with F (ϕ, w_z) = − [ f(ϕ + w_z) − f(ϕ) − f^′(ϕ)w_z ]

where s is the shock speed depending on u_+ and u_−, see (1.4). We note that F (ϕ, w_z) = − f^{′′}(ϕ + θw_z) 2 w^2_z

for suitable θ(t, z) ∈]0, 1[. This will be used later.

The existence of local solution to the Cauchy problem (3.5), (3.4) is guaranteed by the local existence Theorem 2.18 since the present case can be reduced to the case s = 0 by simply replacing f(u) by f(u) − su.

Theorem 3.1 is the immediate consequence of the following result for the primitive of the perturbation.

Theorem 3.2. (Global existence). Suppose w_0 ∈ H^3(R). Then there exists a positive constant ϵ such that if ‖w_0‖_3 < ϵ, we obtain a solution w ∈ C([0, ∞[, H^3(R)) to (3.5),(3.4) satisfying ‖w(t)‖^2_3 + ∫_t 0 ‖w_z(τ)‖^2_3dτ ≤ C‖w_0‖^2_3

and moreover ‖w_z(·, t)‖^2 → 0 as t → ∞. This global existence and decay for w will be derived from the local existence given by Theorem 2.18 for w combined with the following a priori estimate.

Lemma 3.3. Let T be a positive constant. Suppose that the problem (3.5),(3.4) has a solution w ∈ C([0, T ], H^3(R)). Then there exist positive constants ϵ_1 and C_1, which are independent of T , such that if sup_{0≤t≤T} ‖w(t)‖_3 ≤ ϵ_1 we have the estimate

‖w(t)‖^2_3 + ∫_t 0 ‖w_z(τ)‖^2_3dτ ≤ C_1‖w_0‖^2_3 for 0 ≤ t < T. (3.6)

Proof. Let N(T ) = sup_{0≤t≤T} ‖w(t)‖_3. One has by the Sobolev Lemma 2.1 sup_{z∈R} |w(t, z), w_z(t, z), w_{zz}(t, z)| ≤ CN(T ). (3.7)

We multiply (3.5) by 2w, integrate over R and integrate by parts to obtain ∫ R [ (w^2)_t − Q^{′′}(ϕ)ϕ^2_zw^2 − (w^2_z )_z + 2μw^2_z ] dz = 2 ∫ R F (ϕ, w_z)wdz = ∫ R f^{′′} ( ϕ + θw_z ) w^2_z wdz. Note that ϕ is bounded, see Pan [13, Corollary 2.3.2], that θ(t, z) ∈]0, 1[ and by (3.7) |w_z| ≤ CN(T ). Therefore, f^{′′} is bounded and (3.7) applied to w gives ∫ R f^{′′} ( ϕ + θw_z ) w^2_z wdz ≤ C_N N(T ) ∫ R w^2_z dz. Here the constant C_N = C · sup_{u∈[u+−CN(T ),u−+CN(T )]} f^{′′}(u) remains bounded when N(T ) becomes small. Also Q^{′′}(ϕ) = f^{′′}(ϕ) > 0 and ϕ_z < 0. This gives d dt ∫ R w^2dz + (2μ − CN(T )) ∫ R w^2_z dz < 0. (3.8)

Here we need to take ϵ_1 <^{2μ}_C such that 2μ − CN(T ) > 0 for N(T ) ≤ ϵ_1. Then (3.8) implies that ‖w(t)‖^2 is strictly decreasing in time. We now estimate higher derivatives. Let v = w_z, we have

v_t + Q^′(ϕ)v_z + v_{zzz} − μv_{zz} = F_z − Q^′(ϕ)_zv. (3.9)

Multiplying (3.9) by 2v and integrating over R by parts, we get d dt ∫ R w^2_z dz + 2μ ∫ R w^2_{zz}dz − C_ϕ ∫ R ϕ_zw^2_z dz = ∫ R F_zw_zdz − ∫ R Q^′(ϕ)_zw^2_z dz (3.10) ≤ CN(T ) [ ∫ R w^2_z dz + ∫ R w^2_{zz}dz ] + C_ϕ ∫ R w^2_z dz, where we have used the fact that |F_z| ≤ C(|w_z|^2 + |w_{zz}|^2). Similarly, we can obtain the following estimates d dt ∫ R w^2_{zz}dz + (2μ − CN(T )) ∫ R w^2_{zzz}dz ≤ CN(T ) ∫ R w^2_{zz}dz + C_ϕ ( ∫ R w^2_z dz + ∫ R w^2_{zz}dz ) (3.11) and d dt ∫ R w^2_{zzz}dz + (2μ−CN(T )) ∫ R w^2_{zzzz}dz (3.12) ≤ CN(T ) ∫ R w^2_{zzz}dz + C_ϕ ( ∫ R w^2_z dz + ∫ R w^2_{zz}dz + ∫ R w^2_{zzz}dz ) .

Denoting D^jw =^{∂j w}_{∂zj} we rewrite (3.10),(3.11),(3.12) as

(E_j ) d dt ∫ R |D^jw|^2dz + (2μ − CN(T )) ∫ R |D^{j+1}w|^2dz ≤ CN(T ) ∫ R |D^jw|^2dz + C_ϕ j∑ k=1 ∫ R |D^kw|^2dz for j = 1, 2, 3. Take μ̄ ≤ 1, to be fixed in a moment. Multiply (E_j) by μ̄^j, j = 1, 2, 3, and add these inequalities to (3.8). We then obtain d dt 3∑ j=0 μ̄^j ∫ R |D^jw|^2dz + (2μ − CN(T )) 3∑ j=0 μ̄^j ∫ R |D^{j+1}w|^2dz (3.13)

≤ μ̄ ( CN(T ) + 3C_ϕ )^3∑ j=1 μ̄^{j−1} ∫ R |D^jw|^2dz. Now fix μ̄ <^μ_{3Cϕ} . As long as

CN(T )(1 + μ̄) ≤ μ − 3μ̄C_ϕ, (3.14)

we get from inequality (3.13) d dt 3∑ j=0 μ̄^j ∫ R |D^jw|^2dz + μ 3∑ j=0 μ̄^j ∫ R |D^{j+1}w|^2dz < 0. (3.15)

Inequality (3.14) is true if we take ϵ_1 =^{μ−3μ̄Cϕ}_{C(1+μ̄)} . Thus, integration of (3.15) in t establishes the a priori estimate (3.6).

Remark In the proof of a priori estimate we used the additional regularity of the form w_z ∈ L^2([0, T ], H^3(R)), which was already proved in the local existence Theorem 3.2.17 by the energy method. In the a priori estimate parts this regularity should be of course assumed. □

Proof of Theorem 3.2 Taking ϵ = min{^{ϵ1}_2 ,^{ϵ1}_2^√_{C1} } we obtain the global existence by combining the a priori estimate (3.6) with the local existence given by Theorem 2.18. In fact, for the initial data w_0 with ‖w_0‖_3 ≤ ϵ we have ‖w_0‖ ≤^{ϵ1}_2 . By Theorem 2.18 there exists a T (ϵ_1) such that the problem (3.5),(3.4) has a solution w in C^0([0, T (ϵ_1)], H^3(R)) satisfying ‖w(t)‖_3 ≤ 2‖w_0‖_3 ≤ ϵ_1 for 0 ≤ t ≤ T (ϵ_1).

Therefore the a priori estimate (3.6) gives ‖w(T (ϵ_1))‖_3 ≤ √ C_1‖w_0‖_3 ≤ ϵ_1 2 , where we have used ‖w_0‖_3 ≤ ϵ ≤^{ϵ1}_2^√_{C1} . Applying again Theorem 2.18 with initial time t = T (ϵ_1) we obtain a solution w in [T (ϵ_1), 2T (ϵ_1)] satisfying ‖w(t)‖_3 ≤ 2‖w(T (ϵ_1))‖_3 ≤ ϵ_1 for T (ϵ_1) ≤ t ≤ 2T (ϵ_1), thereby in C([0, 2T (ϵ_1)], H^3(R)) with sup_{0≤t≤2T (ϵ1)} ‖w(t)‖_3 ≤ ϵ_1. Hence we can use the a priori estimate Lemma 3.3.3 on [0, 2T (ϵ_1)] to get ‖w(2T (ϵ_1))‖_3 ≤ √ C_1‖w_0‖_3 ≤ ϵ_1/2.

In the same way we can extend the solution to the interval [0, nT (ϵ_1)] successively, n = 1, 2, · · · , and get a global solution.

Now we show that v = w_z decays to zero in H^2(R) as t → ∞. By the priori estimate (3.6) we know that ‖w(t)‖^2 and ‖w(t)‖^2 +

∑_3 j=1 ‖D^jw(t)‖^2 are strictly decreasing in time;

hence, they approach limits as t → ∞. Then

∑_3

1 ‖D^jw(t)‖^2 approaches a limit as t → ∞, and since this quantity is integrable over t ∈ [0, ∞[ by (3.6), it follows that the limit is zero, so ‖w_z‖^2 ≤ 3∑ j=1 ‖D^jw(t)‖^2 → 0 as t → ∞. □ Acknowledgements We gratefully acknowledge that the work of the authors was partially supported by the Deutsche Forschungsgemeinschaft (DFG) grant Wa 633/11-1 and the German-Israeli Science Foundation (GIF) grant I-318-195.06/93.

References

[1] J.L. Bona and M.E. Schonbek, Traveling-wave solutions to the Korteweg-de Vries-Burgers equation. Proc. Roy. Soc. Edinburgh 101A (1985), 207–226.

[2] J.L. Bona, S.V.Rajopadhye and M.E. Schonbek, Models for the propagation of bores I. Two-dimensional theory. Differential and Integral Equations 7(3) (1994), 699–734.

[3] M.G. Crandall and P.E. Souganidis, Convergence of difference approximations of quasilinear evolution equations. Nonlinear Analysis, Theory, Methods, and Applications 10 (1986), 425–445.

[4] J. Dixon, S. McKee, Weakly singular discrete Gronwall inequalities. Z. angew.

Math. Mech. 66 (1986), 535-544.

[5] J. Dodd, Convective stability of shock profile solutions of a modified KdV-Burgers equation. Ph.D. Thesis, University of Maryland at College Park, 1996.

[6] J. Goodman, Nonlinear asymptotic stability of viscous shock profiles for conservation laws. Arch. Rat. Mech. Anal. 95 (1986), 325–344.

[7] H. Grad and P.N. Hu, Unified shock profile in a plasma. Phys. Fluids (10) (1967), 2596–2602.

[8] P. Howard and K. Zumbrun, Pointwise estimates and stability for dispersivediffusive shock waves. Preprint, September 30, 1999.

[9] T. Kato, Quasilinear equations of evolution, with applications to partial differential equations. In Spectral Theory and Differential Equations. A. Dold and B. Eckmann, eds., Lecture Notes in Mathematics, Springer-Verlag, New York, 1974.

[10] T. Kato, On the Korteweg-de Vries equation. Manuscripta Mathematica 28 (1979), 89–99.

[11] N. Okazawa, Abstract quasilinear evolution equations of hyperbolic type with applications. GAKUTO International Series, Mathematical Sciences and Applications, Nonlinear Analysis and Applications 7 (1995), 303-317.

[12] O. Oleinik, Discontinuous solutions of nonlinear differential equations. Usp. Mat.

Nauk. (N.S.) 12 (1957), 3-73; English transl. in Amer. Math. Soc. Transl. Ser. 2 26, 95-172.

[13] J. Pan, Traveling waves for viscous conservation laws with dispersion. Ph.D. Thesis, Institute of Analysis and Numerics in the Department of Mathematics, Otto-von- Guericke-University Magdeburg, Germany, 1999.

[14] A. Pazy, Semigroups of linear operators and applications to partial differential equations. Applied Mathematical Sciences 44, Springer-Verlag, New York, 1983

[15] R.L. Pego, Remarks on the stability of shock profiles for conservation laws with dissipation., Trans. Amer. Math. Soc., 291(1) (1985), 353–361.

[16] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Part II, Fourier Analysis, Self-Adjointness. Academic Press, New York,1975.