NONLINEAR STABILITY OF SULICIU MODEL FOR DYNAMIC PHASE TRANSITIONS^∗

SHAOQIANG TANG^† AND HUIJIANG ZHAO^‡

Abstract. We study the nonlinear stability of subsonic phase boundary solutions in the Suliciu model for dynamic phase transitions under tri-linear structural relation. This is established through energy estimates with the help of Laplace transform to resolve the boundary terms. Furthermore, nonlinear stability is obtained for the relaxed system.

Key words. dynamic phase transition, nonlinear stability, Laplace transform

AMS subject classifications. 74N20, 35B35, 35M10, 44A10

1. Introduction. Phase transition is a challenging topic of great importance, arising widely in sciences and engineering. For instance, in a viscoelasticity system

u_t + v_x = 0, v_t + σ(u)_x = 0,

(1.1)

with u, v the strain and velocity, instability occurs when the stress tensor σ(u) becomes non-monotone. Similarly, the dynamics of a van der Waals fluid is governed by

v_t − u_x = 0, u_t + p(v)_x = 0,

(1.2)

in Lagrangian coordinates, with v and u the specific volume and velocity, respectively. At a subcritical temperature, the pressure p(v) is non-monotone, leading to instability of ellipticity [8]. A closely related difficulty is the non-uniqueness. Given a specific structural relation or pressure law, multiple solutions may appear in general. It was therefore proposed that the material should further supply a kinetic relation for subsonic phase boundaries, and a nucleation criterion [1]. While materials behave differently due to different micro-structures, a big variety of kinetic relations and nucleation criteria are expected. A fundamental concern then is to clarify which kind of kinetic relations and nucleation criteria may yield stable solutions, in particular, stable subsonic phase boundaries.

During the past two decades, quite some efforts have been put on resolving the instability and nonuniqueness. There are mainly two type of approaches. One is to add dissipations, high order or low order [13, 12]. The other is to specify a Riemann solver with a generalized entropy condition [7, 5]. For the latter approach, there are some interesting results on stability, typically applied to phase transitions near the Maxwellian states of equal area law [3, 6]. Yet not many generalized entropy conditions have been constructed. On the other hand, the dissipation approach, particularly the low order discrete BGK approximations, suits better the physical intuitions, and has a great potential in providing kinetic relations and nucleation criteria that may be physically relevant [12]. However, the nonlinear stability is even more involved. Most energy estimate techniques fail, due to the ’wrong’ sign in the stress gradient σ^′(u) [11].

∗This research is support partially by Chinese Special Funds for Major State Basic Research Project ’Nonlinear Science’, and NSFC under contract number 10002002.

†Department of Mechanics and Engineering Science, Peking University, Beijing 100871, China. (maotang@pku.edu.cn).

‡Wuhan Institute of Physics and Mathematics, Academia Sinica, Wuhan, China. 1

2 S. TANG AND H. ZHAO

While linear stability has been investigated in the literature, the nonlinear stability results are quite limited [2][4].

In this paper, we shall discuss the Suliciu model [14], which is a special case of discrete BGK approximations. More precisely, we study a system that approximates (1.1)

u_t + v_x = 0, v_t + w_x = 0,

w_t + λ^2v_x = σ(u) − w ε . (1.3)

Under a rescaling (t, x; u, v, w) =⇒ (εt, ελx; u, λv, λ^2w), it becomes

u_t + v_x = 0, v_t + w_x = 0,

w_t + v_x = σ(u) λ^2 − w. (1.4)

We assume a standard tri-linear structural relation σ(u) λ^2 = α_1u, for u < u_1, α_2u_2 − α_1u_1

u_2 − u_1 u + α_2 + α_1 u_2 − u_1 u_1u_2, for u_1 < u < u_2,

α_2u, for u > u_2,

(1.5)

with α_1 > α_2 > 0. Moreover, λ is selected big enough to keep linear stability in the stable phases, i.e. a subcharacteristic condition holds [10]

α_1 < 1, α_2 < 1.

(1.6)

It is known that a subsonic phase boundary must be stationary [12], namely, up to a translation, (u_s, v_s, w_s)(x, t) = { (u_+, v̄, w̄), for x < 0, (u_−, v̄, w̄), for x > 0. (1.7)

Here u_+, u_−, v̄ and w̄ are constant, with σ(u_+) = σ(u_−) = w̄ for u_+ and u_− in different stable phases, i.e. either u_+ < u_1 < u_2 < u_−, or u_− < u_1 < u_2 < u_+.

We perturb the phase boundary by a continuous function (u_0(x), v_0(x), w_0(x)). The resulting deviation (~u, ~v, ~w) evolves according to

~u_t + ~v_x = 0, ~v_t + ~w_x = 0, ~w_t + ~v_x = α~u − ~w, (1.8)

provided that ~u(x, t) keeps of moderate amplitude to maintain the system in the stable phases. Here α = α_± takes the value of α_1 at one side of x = 0, and α_2 at the other. We shall prove that the deviation keeps to be small under certain restrictions on initial perturbation.

In the following sections, we shall establish nonlinear stability through energy estimates. For resolving the boundary terms, we apply Laplace transform to the deviation equations (1.8) and make necessary estimates. Finally we describe the nonlinear stability of the relaxed scheme, i.e. ε = 0.

STABILITY OF PHASE TRANSITIONS 3

2. Two functionals. The Riemann variables p = ~w + ~v, q = ~w − ~v, r = ~w − ~u, (2.1)

solve a diagonal system

p_t + p_x = − 1 − α 2 (p + q) − αr, q_t − q_x = − 1 − α 2 (p + q) − αr, r_t = − 1 − α 2 (p + q) − αr. (2.2)

There exists a Lyapunov functional E(t) = ∫ IR p^2 + q^2 + 2α 1 − α r^2 dx.

(2.3)

Across the stationary phase boundary x = 0, the Rankine-Hugoniot condition for (1.4) yields [|v|] = 0, [|w|] = 0. (2.4)

Here [|η|] = η(0+) − η(0−) denotes the jump across x = 0. From (1.7), this means that ~w and ~v, therefore p and q, are continuous across the phase boundary. Noticing that the discontinuous term α appears only in the coefficient of r, whose evolution is independent of its x-derivative, we may integrate by parts to get dE dt = − ∫ IR (1 − α) ( p + q + 2αr 1 − α )_2 dx ≤ 0. (2.5)

Due to the linearity, the derivatives (P, Q, R) = (p_x, q_x, q_x) solve, in IR^− ∪ IR^+,

P_t + P_x = − 1 − α 2 (P + Q) − αR, Q_t − Q_x = − 1 − α 2 (P + Q) − αR, R_t = − 1 − α 2 (P + Q) − αR. (2.6)

We may define a similar functional

E_1(t) = ∫ IR P^2 + Q^2 + 2α 1 − α R^2 dx.

(2.7)

In general, P and Q are discontinuous across the phase boundary x = 0. As ~w and ~v are continuous, the last two equations in (1.8) imply [| ~w_x|] = 0, [|~v_x|] = [|α~u|]. (2.8)

A direct computation shows

dE_1 dt = − ∫ IR (1 − α) ( P + Q + 2αR 1 − α )_2 dx + [| |P^2 − Q^2 | | ] ≤ 4 ~w_x(0, t)[|α~u|]. (2.9)

In the next two sections, we shall find the expressions of the Laplace transforms for ~w_x(0, t) and [|α~u|], and make estimates.

4 S. TANG AND H. ZHAO

3. Exact solution via Laplace transform. The Laplace transform of ~u(x, t) is defined by U(x, s) = ∫_{+∞} 0 ~u(x, t)e^{−st} dt, and similar for other variables. The time derivative u_t is transformed to −u_0(x) + sU. Denoting^′ = ∂ ∂x , we have ordinary differential equations on (U, V, W ) for x < 0 and x > 0 respectively,

−u_0 + sU + V^′ = 0, −v_0 + sV + W^′ = 0, −w_0 + sW + V^′ = α_±U − W.

(3.1)

The Rankine-Hugoniot relation at the phase boundary requires V and W to be continuous across x = 0. Moreover, we shall consider initial perturbations with E(0) bounded, therefore E(t) bounded. The conditions stated later will keep E_1(t) bounded as well. These together ensure lim x→±∞ p = lim_{x→±∞} q = lim_{x→±∞} r = 0.

Accordingly, at given s > 0, lim x→±∞ U = lim_{x→±∞} V = lim_{x→±∞} W = 0.

Reformulation of (3.1) gives U = s + 1 s + α_± W + u_0 − w_0 s + α_± , W^{′′} − s^2(s + 1) s + α_± W = v^′_0 − s^2w_0 + sα_±u_0 s + α_± . (3.2)

We deduce from the first equation [|αU|] = s[|α|] (s + α_+)(s + α_−)

[(s + 1)W (0, s) + u_0(0) − w_0(0)] .

(3.3)

Now let

a_± = √ s + 1 s + α_± , f(x, s) = v^′_0 s − sw_0 + α_±u_0 s + α_± = v^′_0 s − a^2_±(sw_0 + α_±u_0) s + 1 . First, for x > 0, the general solution of the homogeneous equation takes the form of C_1e^{−sa+x} + ~C_1e^{sa+x}. Together with a specific solution, we know W = C_1e^{−sa+x} + ~C_1e^{sa+x} − 1 2a_+ ∫_{+∞} 0 e^{−sa+|x−y|}f(y, s) dy. To make W bounded at x → +∞, ~C_1 has to be zero. Then

W^′ = −sa_+C_1e^{−sa+x} + s 2 [∫_x 0 e^{−sa+(x−y)}f(y, s) dy − ∫_{+∞} x e^{−sa+(y−x)}f(y, s) dy ] .

STABILITY OF PHASE TRANSITIONS 5

Similarly, we have for x < 0, W = C_2e^{sa−x} − 1 2a_− ∫_0 −∞ e^{−sa−|x−y|}f(y, s) dy, W^′ = sa_−C_2e^{sa−x} + s 2 [∫_x −∞ e^{−sa−(x−y)}f(y, s) dy − ∫_0 x e^{−sa−(y−x)}f(y, s) dy ] . The continuity of V across x = 0 is equivalent to the continuity in W^′. The matching conditions require

C_1 − 1 2a_+ ∫_{+∞} 0 e^{−sa+y}f(y, s) dy = C_2 − 1 2a_− ∫_0 −∞ e^{sa−y}f(y, s) dy, −sa_+C_1 − s 2 ∫_{+∞} 0 e^{−sa+y}f(y, s) dy = sa_−C_2 + s 2 ∫_0 −∞ e^{sa−y}f(y, s) dy. They are solved by

C_1 = −1 a_+ + a_−

∫_0 −∞ e^{sa−y}f(y, s) dy + a_− − a_+ 2a_+(a_+ + a_−) ∫_{+∞} 0 e^{−sa+y}f(y, s) dy, C_2 = a_+ − a_− 2a_−(a_+ + a_−)

∫_0 −∞ e^{sa−y}f(y, s) dy − 1 a_+ + a_− ∫_{+∞} 0 e^{−sa+y}f(y, s) dy. Therefore, we obtain an explicit expression of W . Other variables can be derived accordingly. W (x, s) = − 1 2a_+ ∫_{+∞} 0 e^{−sa+|x−y|}f(y, s) dy − 1 a_+ + a_−

∫_0 −∞ e^{s(a−y−a+x)}f(y, s) dy + a_− − a_+ 2a_+(a_+ + a_−) ∫_{+∞} 0 e^{−sa+(x+y)}f(y, s) dy, for x > 0, (3.4)

W (x, s) = − 1 2a_− ∫_0 −∞ e^{−sa−|x−y|}f(y, s) dy − 1 a_+ + a_− ∫_{+∞} 0 e^{s(a−x−a+y)}f(y, s) dy, + a_+ − a_− 2a_−(a_+ + a_−)

∫_0 −∞ e^{sa−(x+y)}f(y, s) dy, for x < 0. (3.5)

These expressions have clear physical meanings. For instance, in (3.4), the first term −^1_{2a+} ∫_{+∞} 0 e^{−sa+|x−y|}f(y, s) dy describes the wave propagating in the domain x > 0, with both diffusive and dispersive effects. The second term −^1_{a++a−} ∫_0 −∞ e^{s(a−y−a+x)}f(y, s) dy stands for the wave transmitted from x < 0 across the phase boundary. The last term^{a−−a+}_{2a+(a++a−)} ∫_{+∞} 0 e^{−sa+(x+y)}f(y, s) dy is the wave reflected from the phase boundary.

Therefore, we have W (0, s) = − 1 a_+ + a_− [∫_0 −∞ e^{sa−y}f(y, s) dy + ∫_{+∞} 0 e^{−sa+y}f(y, s) dy ] , (3.6)

6 S. TANG AND H. ZHAO

W^′(0, s) = sa_+ a_+ + a_−

∫_0 −∞ e^{sa− y}f(y, s) dy − sa_− a_+ + a_− ∫_{+∞} 0 e^{−sa+y}f(y, s) dy. (3.7)

Substitute (3.6) into (3.3), we have [|αU|] [|α|] = s (s + α_+)(s + α_−)

(u_0(0) − w_0(0)) − s + 1 (s + α_+)(s + α_−)(a_+ + a_−)

∫_0 −∞ e^{sa−y}v^′_0(y)dy − s + 1 (s + α_+)(s + α_−)(a_+ + a_−) ∫_{+∞} 0 e^{−sa+y}v^′_0(y)dy + s^2(s + 1) (s + α_+)(s + α_−)^2(a_+ + a_−)

∫_0 −∞ e^{sa−y}w_0(y) dy + s^2(s + 1) (s + α_+)^2(s + α_−)(a_+ + a_−) ∫_∞ 0 e^{−sa+y}w_0(y) dy + α_−s(s + 1) (s + α_+)(s + α_−)^2(a_+ + a_−)

∫_0 −∞ e^{sa−y}u_0(y) dy + α_+s(s + 1) (s + α_+)^2(s + α_−)(a_+ + a_−) ∫_∞ 0 e^{−sa+y}u_0(y) dy.

(3.8)

Meanwhile, we rewrite W^′(0, s) in terms of u_0, v_0, w_0 as

W^′(0, s) = a_+ a_+ + a_−

∫_0 −∞ e^{sa−y}v^′_0(y) dy − a_− a_+ + a_− ∫_{+∞} 0 e^{−sa+y}v^′_0(y) dy + sa_+a_− (s + 1)(a_+ + a_−) [∫_0 −∞ e^{sa−y}w^′_0(y) dy + ∫_{+∞} 0 e^{−sa+y}w^′_0(y) dy ]

− α_−sa_+ (s + α_−)(a_+ + a_−)

∫_0 −∞ e^{sa−y}u_0(y) dy + α_+sa_− (s + α_+)(a_+ + a_−) ∫_{+∞} 0 e^{−sa+y}u_0(y) dy.

(3.9)

4. Main estimates. Most following estimates hold for both a_+, α_+ and a_−, α_−, so we shall not distinguish them unless necessary.

We recall some rules which will be used extensively in the estimates.

L^{−1}(F (s + s_0)) = e^{−s0t}L^{−1}(F (s)),

(4.1)

L^{−1}(sF (s)) = lim_{t→0} L^{−1}(F (s))δ(t) + d dt L^{−1}(F (s)), (4.2) L^{−1}(F (ps)) = p^{−1}L^{−1}_{t/p}(F (s)), (4.3) L^{−1}(e^{−ps}F (ps)) = H(t − p)L^{−1}_{t−p}(F (s)), for p > 0, (4.4) |f(t) ∗ g(t)| ≤ F (t) ∗ G(t), if |f(t)| ≤ F (t), |g(t)| ≤ G(t), (4.5)

where H(t) is the Heaviside function, the time variable corresponding to s is t/p for L^{−1}_{t/p}, and that to s is t − p for L^{−1}_{t−p}.

First, for two non-negative constants s_1 and s_2, it holds L^{−1} (√ s + s_1 s + s_2 ) = e^{−s1 t} π L^{−1} ( s √ π s √ π s + s_2 − s_1 ) .

STABILITY OF PHASE TRANSITIONS 7

Using the fact L(t^{−1/2}) = π/ √ s, we compute convolution as L^{−1} (√ π s √ π s + s_2 − s_1 ) = ∫_t 0 1 √ t − τ ( e^{−(s2−s1 )τ} 1 √ τ ) dτ = 2 ∫_{π/2} 0 e^{−(s2−s1 )t sin2 θ} dθ. After some calculations, we reach at L^{−1} (√ s + s_1 s + s_2 )

= e^{−s1 t} π ( 2 ∫_{π/2} 0 1 dθδ(t) + 2 d dt ∫_{π/2} 0 e^{−(s2−s1 )t sin2 θ} dθ )

= δ(t) +

2(s_1 − s_2) π ∫_{π/2} 0 e^{−(s1 cos2 θ+s2 sin2 θ)t} sin^2 θ dθ.

(4.6)

We denote K(θ; s_1, s_2) = s_1 cos^2 θ + s_2 sin^2 θ. A rough estimate holds π 4 e^{− max(s1,s2 )t} ≤ ∫_{π/2} 0 e^{−K(θ;s1,s2)t} sin^2 θ dθ ≤ π 4 e^{− min(s1 ,s2)t}. (4.7)

There are two special cases

L^{−1}(a) − δ(t) =

2(1 − α) π ∫_{π/2} 0 e^{−K(θ;1,α)t} sin^2 θ dθ ∈ [ 1 − α 2 e^{−t}, 1 − α 2 e^{−αt} ] , (4.8)

and L^{−1} ( 1 a ) − δ(t) = 2(α − 1) π ∫_{π/2} 0 e^{−K(θ;α,1)t} sin^2 θ dθ ∈ [ α − 1 2 e^{−αt}, α − 1 2 e^{−t} ] . (4.9)

Secondly, it is observed that 1 a_+ + a_− = 1 α_+ − α_− [ s ( 1 a_− − 1 a_+ ) + α_+ a_− − α_− a_+ ] . To avoid lengthy expressions, we let K_+ = K(θ; α_+, 1), K_− = K(θ; α_−, 1).

From (4.9), we have L^{−1} ( 1 a_− − 1 a_+ ) = 2 π ∫_{π/2} 0 [ (α_− − 1)e^{−K−t} − (α_+ − 1)e^{−K+t} ] sin^2 θ dθ,

and then L^{−1} [ s ( 1 a_− − 1 a_+ )] = α_− − α_+ 2 δ(t) + 2 π [ (α_+ − 1) ∫_{π/2} 0 e^{−K+t} sin^2 θ(α_+ cos^2 θ + sin^2 θ) dθ

−(α_− − 1) ∫_{π/2} 0 e^{−K−t} sin^2 θ(α_− cos^2 θ + sin^2 θ) dθ ] .

8 S. TANG AND H. ZHAO

This leads to L^{−1} ( 1 a_+ + a_− ) − 1 2 δ(t) = 2 π {∫_{π/2} 0 [ (α_+ − 1)e^{−K+t} + (α_− − 1)e^{−K−t} ] sin^2 θ dθ + 1 α_+ − α_− ∫_{π/2} 0 [ −(1 − α_+)^2e^{−K+t} + (1 − α_−)^2e^{−K−t} ] sin^4 θ dθ } . (4.10)

To get an estimate, we let

α_0 = α_+ + α_− 2 , k = α_+ − α_− α_+ + α_− . Or, α_+ = (1 + k)α_0, α_− = (1 − k)α_0.

Then we rewrite 2 (α_+ − α_−)π ∫_{π/2} 0 [ −(1 − α_+)^2e^{−K+t} + (1 − α_−)^2e^{−K−t} ] sin^4 θ dθ = 1 πα_0k ∫_{π/2} 0 [ − (1 − (1 + k)α_0)^2e^{−K(θ;(1+k)α0,1)t}

+(1 − (1 − k)α_0)^2e^{−K(θ;(1−k)α0,1)t} ] sin^4 θ dθ.

Because the integral is zero at k = 0, and K_± = (1 ± k)α_0 cos^2 θ + sin^2 θ, there exists k̃ ∈ [k, 0] ∪ [0, k], such that 2 (α_+ − α_−)π ∫_{π/2} 0 [ −(1 − α_+)^2e^{−K+t} + (1 − α_−)^2e^{−K−t} ] sin^4 θ dθ = 1 π ∫_{π/2} 0 { [2(1 − (1 + k̃)α_0) + (1 − (1 + k̃)α_0)^2t cos^2 θ]e^{−K(θ;(1+k̃)α0 ,1)t}

+[2(1 − (1 − k̃)α_0) + (1 − (1 − k̃)α_0)^2t cos^2 θ]e^{−K(θ;(1−k̃)α0 ,1)t} } sin^4 θ dθ ∈ [ e^{−t} ( 3(1 − α_1) 4 + (1 − α_1)^2t 16 ) , e^{−α2t} ( 3(1 − α_2) 4 + (1 − α_2)^2t 16 )] . Here we have used the facts that (1 ± k̃)α_0 ∈ [α_2, α_1], and ∫_{π/2} 0 sin^4 θ dθ = 3π/16, ∫_{π/2} 0 sin^4 θ cos^2 θ dθ = π/32. Be reminded that α_1, α_2 come from the structural relation (1.5).

We end up with the following estimate L^{−1} ( 1 a_+ + a_− ) − 1 2 δ(t) ∈ [ e^{−t} ( 3(1 − α_1) 4 + (1 − α_1)^2t 16 ) − e^{−α2t}(1 − α_2), e^{−α2t} ( 3(1 − α_2) 4 + (1 − α_2)^2t 16 ) − e^{−t}(1 − α_1) ] . (4.11)

Next, we consider e^{−sap} for p ≥ 0 independent of s. For this purpose, (4.8) is recast into

L^{−1}(1 − a) = −

2(1 − α) π ∫_{π/2} 0 e^{−K(θ;1,α)t} sin^2 θ dθ.

STABILITY OF PHASE TRANSITIONS 9

This implies L^{−1}(ps(1 − a)) = − (1 − α)p 2 δ(t) − p d dt [ 2(1 − α) π ∫_{π/2} 0 e^{−K(θ;1,α)t} sin^2 θ dθ ]

= − (1 − α)p 2 { δ(t) − 1 π ∫_{π/2} 0 e^{−K(θ;1,α)t}[sin^2(2θ) + α(1 − cos(2θ))^2] dθ } . Under the subcharacteristic condition α ≤ 1, it is readily shown that L^{−1} ( ps(1 − a) + (1 − α)p 2 ) ∈ (1 − α)(1 + 3α)p 8 [ e^{−t}, e^{−αt} ] . Here we use the notation A[l, L] = [Al, AL] for A ≥ 0. As all terms involved are non-negative, it may be proven through convolutions that L^{−1} [( ps(1 − a) + (1 − α)p 2 )_n] ∈ ( (1 − α)(1 + 3α)p 8 )_n t^{n−1} (n − 1)! [ e^{−t}, e^{−αt} ] . This results in L^{−1} ( e^{ps(1−a)+ (1−α)p2} ) − δ(t)

= ∞∑ n=1 L^{−1} [( ps(1 − a) + (1 − α)p 2 )_n]

n!

∈ (1 − α)(1 + 3α)p 8 ∞∑ n=0

[ (1 − α)(1 + 3α)pt 8 ]_n

(n + 1)!n! [ e^{−t}, e^{−αt} ] . For k_1, k_2 > 0 satisfying k_1k_2 = (1 − α)(1 + 3α)/8, multiplication of Taylor series shows

1 ≤ ∞∑ n=0

[ (1 − α)(1 + 3α)pt 8 ]_n

(n + 1)!n! ≤ 1 k_2p (e^{k2p} − 1)e^{k1t}. It then follows that L^{−1} ( e^{ps(1−a)+ (1−α)p2} ) − δ(t) ∈ [ (1 − α)(1 + 3α)p 8 e^{−t}, k_1e^{(k1−α)t+k2 p} ] . Noticing L^{−1} ( e^{−psa} ) = e^{− (1−α)p2} H(t − p)L^{−1}_{t−p} ( e^{ps(1−a)+ (1−α)p2} ) , we obtain an estimate L^{−1} (e^{−psa}) − e^{− (1−α)p2} H(t − p)δ(t − p) ∈ H(t − p) [ (1 − α)(1 + 3α)p 8 e^{−t+ (1+α)2 p}, k_1e^{(k1 −α)t+(k2−k1 − 1+α2 )p} ] . (4.12)

10 S. TANG AND H. ZHAO

For a function η(p) decaying fast enough at infinity, e.g. |η(p)| ≤ Me^{−k0p}, for p ∈ IR, with k_0 > k_2 − k_1 − (1 + α)/2, we may easily derive | |L^{−1} (∫_{+∞} 0 e^{−psa}η(p) dp ) − e^− 1 − α 2 t η(t) | | ≤ k_1 ∫_t 0 e^{(k1 −α)t+(k2−k1 − 1+α2 )p}|η(p)| dp ≤ CMe^{(k1−α)t}, with C independent of η(p).

So, if we specify k_1 ∈ (0, α_2), and take correspondingly

k_2 =

(1 − α)(1 + 3α)

8k_1 , then there exists a constant

k^∗ = k_2 − k_1 − (1 + α_2)/2,

such that if the initial perturbation satisfies the following decay condition |u_0(x)|, |u^′_0(x)|, |v^′_0(x)|, |w_0(x)|, |w^′_0(x)| ≤ Me^{−k0|x|}, for x ∈ IR, (4.13)

with k_0 > k^∗, then the absolute value for Laplace inverse transform of each integral in (3.8) and (3.9) is bounded by CMe^{(k1−α)t} for certain C independent of initial data.

Inverse transform for other terms in (3.8) and (3.9) can be put as following, with coefficients C_i determined purely by α_±. L^{−1} ( s (s + α_+)(s + α_−) ) = α_−e^{−α+t} − α_+e^{−α−t} α_− − α_+ , L^{−1} ( s + 1 (s + α_+)(s + α_−) ) = (1 − α_+)e^{−α+t} − (1 − α_−)e^{−α−t} α_− − α_+ , L^{−1} ( s^2(s + 1) (s + α_+)(s + α_−)^2 ) = δ(t) + (C_1 + C_2t)e^{−α−t} + C_3e^{−α+t}, L^{−1} ( s^2(s + 1) (s + α_+)^2(s + α_−) ) = δ(t) + C_4e^{−α−t} + (C_5 + C_6t)e^{−α+t}, L^{−1} ( s(s + 1) (s + α_+)(s + α_−)^2 ) = (C_7 + C_8t)e^{−α−t} + C_9e^{−α+t}, L^{−1} ( s(s + 1) (s + α_+)^2(s + α_−) ) = C_{10}e^{−α−t} + (C_{11} + C_{12}t)e^{−α+t}, L^{−1} ( s s + 1 ) = δ(t) − e^{−t}, L^{−1} ( s s + α_− ) = δ(t) − α_−e^{−α−t}, L^{−1} ( s s + α_+ ) = δ(t) − α_+e^{−α+t}.

STABILITY OF PHASE TRANSITIONS 11

5. Nonlinear stability. Using the estimates in the previous section, we may estimate each term in (3.8) and (3.9) with the following results on convolution. δ(t) ∗ θ(t) = θ(t), [P_1(t)e^{−m1 t}] ∗ [P_2(t)e^{−m2 t}] = P_3(t)e^{−m1t} + P_4(t)e^{−m2t},

[P_5(t)e^{−mt}] ∗ [P_6(t)e^{−mt}] = P_7(t)e^{−mt}.

Here m, m_1 ≠ m_2 are constants, θ(t) is any function that has a Laplace transform, and each P_i(t) is a polynomial of degree d_i. These are proved readily by taking Laplace transform. Moreover, we have

d_3 = d_1, d_4 = d_2, d_7 = d_5 + d_6 + 1.

Now with k_1 < α_2, and under the decay condition (4.13), by convolutions we find that |[|αu|]|, | ~w(0, t)| ≤ C(t)Me^{(k1 −α)t}, with C(t) a polynomial independent of initial data. Integrate (2.9) on t, we have a bound on E_1(t)

E_1(t) ≤ E_1(0) + 4 ∫_t 0 | ~w_x(0, τ)| |[|α~u|]| dτ ≤ E_1(0) + CM^2. (5.1)

Up to this point, we have furnished the assumption that E_1 is bounded, and therefore the Laplace transforms make sense. We should furnish another important assumption made before, i.e. the perturbation maintains at a moderate amplitude to keep the system in the stable phases. In another word, the perturbation equations (1.8) hold. In fact, the boundedness of E(t) and E_1(t) ensures that the L^∞ norm of (~u(x, t), ~v(x, t), ~w(x, t)) are bounded. Due to the linearity, if the initial data (u_0(x), v_0(x), w_0(x)) decreases by a factor, so does the deviation at any time. Therefore, we conclude in the theorem as follows.

Theorem 5.1. A subsonic phase boundary solution (1.7) of the Suliciu model (1.4) with tri-linear structure relation (1.5) is stable, in the sense that ∀Δ > 0 which may not necessarily be small, and select k_1 ∈ (0, α_2), there exist δ, M > 0, if 1. initial data is of moderate amplitude, i.e.

‖(u_0(x), v_0(x), w_0(x))‖_H1 ≤ δ;

(5.2)

2. initial data decay exponentially at infinity |u_0(x)|, |u^′_0(x)|, |v^′_0(x)|, |w_0(x)|, |w^′_0(x)| ≤ Me^{−k0|x|}, (5.3)

with k_0 < k^∗ =

(1 − α)(1 + 3α)

8k_1

− k_1 − (1 + α_2)/2, then we have ‖(~u(x, t), ~v(x, t), ~w(x, t))‖_H1 ≤ Δ; (5.4)

and in particular u(x, t) keeps in the same stable phases as it is initially.

Remark 5.1. The restriction on v_0(x) may be relaxed. Because only the derivatives of v appear in the Suliciu model, a translation of v or ~v does not affect the

12 S. TANG AND H. ZHAO

evolution of u and w. This corresponds to the change of the inertial reference coordinate.

Remark 5.2. In the special case α_+ = α_−, the boundary terms in (2.9) disappear. The decay of initial perturbation at infinity is then not necessary for the nonlinear stability.

Remark 5.3. If we go back to the original Suliciu model (1.3) with relaxation parameter ϵ, the restriction on H^1-norm and decay can be relaxed. The smallness of ‖(u_0(x), v_0(x), w_0(x))‖_L2 + ϵ‖(u^′_0(x), v^′_0(x), w^′_0(x))‖_L2 , and decay of |u_0(x)|, ϵ|u^′_0(x)|, ϵ|v^′_0(x)|, |w_0(x)|, ϵ|w^′_0(x)| ≤ Me^{−k0|x|} is enough. Remark 5.4. If either of u_+, u_− is closer to the stable-unstable transition points u_1, u_2, then the deviation ~u(x, t) should be smaller to maintain the system in the same stable phases, therefore the stability is weaker in the sense that the amplitude of perturbation must be smaller.

Remark 5.5. A special case that ensures exponential decay at infinity is that the initial perturbation has compact support.

6. Nonlinear stability of the relaxed Suliciu model. By relaxed Suliciu model, we mean to take ϵ → 0 in (1.3). In another word, one solves (1.1) by elementary waves that have profiles in Suliciu model. It has been proven that under the tri-linear structural relation, any Riemann problem is uniquely soluble [12].

We perturb a subsonic phase boundary solution (u_s, v_s)(x, t) = { (u_+, v̄), for x < 0, (u_−, v̄), for x > 0, (6.1)

with σ(u_+) = σ(u_−) by a bounded perturbation (u_0(x), v_0(x)). The perturbation evolves, for x > 0,

~u_t + ~v_x = 0, ~v_t + λ^2α_+ ~u_x = 0,

(6.2)

and for x < 0,

~u_t + ~v_x = 0, ~v_t + λ^2α_− ~u_x = 0,

(6.3)

provided that ~u(x, t) keeps of moderate amplitude to maintain the system in the same stable phases. The matching conditions across the boundary are [|α~u|] = [|~v|] = 0. (6.4)

Denoting sound speeds c_± = λ √ α_±, the Riemann variables (ϕ^±, ψ^±) = (~v + c_± ~u, ~v + c_± ~u) solve ϕ^±_t + c_±ϕ^±_x = 0, ψ^±_t − c_±ψ^±_x = 0.

(6.5)

The matching conditions now read

ϕ^+(0, t) + ψ^+(0, t) = ϕ^−(0, t) + ψ^−(0, t), c_+(ϕ^+(0, t) − ψ^+(0, t)) = c_−(ϕ^−(0, t) − ψ^−(0, t)).

We know that

ψ^+(0, t) = v_0(c_+t) − c_+u_0(c_+t), ϕ^−(0, t) = v_0(−c_−t) + c_−u_0(−c_−t).

STABILITY OF PHASE TRANSITIONS 13

Therefore, we have

ϕ^+(0, t) = 2c_− c_+ + c_− v_0(−c_−t) − 2c^2_− c_+ + c_− u_0(−c_−t) + c_+ − c_− c_+ + c_− v_0(c_+t) − c_+(c_+ − c_−) c_+ + c_− u_0(c_+t),

ψ^−(0, t) = c_− − c_+ c_+ + c_− v_0(−c_−t) + c_−(c_− − c_+) c_+ + c_− u_0(−c_−t) + 2c_+ c_+ + c_− v_0(c_+t) −

2c^2_+ c_+ + c_− u_0(c_+t).

The system then can be solved explicitly in terms of c_±, u_0(x) and v_0(x). A nonlinear stability then follows.

Theorem 6.1. The subsonic phase boundary solution (u_s, v_s) is stable for the relaxed Suliciu model. More precisely, let D_± = min{|u_± − u_1|, |u_± − u_2|}, if initial perturbation (u_0(x), v_0(x)) satisfies the following condition max x,y≥0 {| |v_0(x) + c_+u_0(x) − v_0(y) + c_+u_0(y) | |, | | 2c− c_+ + c_− v_0 ( − c_−x c_+ )

− 2c^2_− c_+ + c_− u_0 ( − c_−x c_+ ) + c_+ − c_− c_+ + c_− v_0(x) − c_+(c_+ − c_−) c_+ + c_− u_0(x)

−v_0(y) + c_+u_0(y) | | | } < 2c_+D_+, max x,y≤0 {| | |v0(x) + c+u0(x) − v0(y) + c+u0(y) | | |, | | |v0(x) + c+u0(x) − c_− − c_+ c_+ + c_− v_0(y) − c_−(c_− − c_+)

c_+ + c_− u_0(y) −

2c_+ c_+ + c_− v_0 ( − c_+y c_− )

+ 2c^2_+ c_+ + c_− u_0 ( − c_+y c_− ) | | | } < 2c_−D_−,

(6.6)

then ~v(x, t) keeps bounded, and the system lies in the same stable phases as it is at initial time, with |~u(x, t)| < D_+ for x > 0, and |~u(x, t)| < D_− for x < 0. Moreover, the bounds of |~u(x, t)|, |~v(x, t)| is proportional to that of the initial perturbation.

7. Conclusion. In this paper, we have established one of the first nonlinear stability results on dynamic phase transitions. This may shed an insight into this tough and striking topic. The technical novelty lies mainly in the reduction of a nonlinear problem to linear problems, and the combination of energy estimate with Laplace transform. Unfortunately, one of the major advantageous property of the Suliciu model lies in the fact the system is away from the unstable phase except at the transition point. Moreover, the Laplace transform relies on the linearity of the problem, therefore unlikely applies to more general structural relation, or other discrete BGK models, such as the Jin-Xin’s relaxation model [9]. Nevertheless, the success for the current model suggests that new techniques is essential to overcome difficulties of standard energy estimations.

Acknowledgments. We would like to thank Prof. Tao Luo and Prof. Hailiang Li for stimulating discussions, and to Prof. Roberto Natalini and Prof. Ling Hsiao for leading the authors into this topic.

14 S. TANG AND H. ZHAO

REFERENCES

[1] R. Abeyaratne, and J. K. Knowles, Kinetic relations and the propagation of phase boundaries in solids, Arch. Rational Mech. Anal. 114 (1991), pp. 119–154.

[2] S. Benzoni, Stability of multi-dimensional phase transitions in a van der Waals fluid, Nonlinear Analysis T.M.A. 31(1998), pp. 243–263.

[3] R. M. Colombo, and A. Corli, Continuous dependence in conservation laws with phase transitions, S IAM J. MAth. Anal. 31(1999), pp. 34–62.

[4] H. Fan, On a model of phase transitions in shock tubes, S IAM J. Appl Math. 60(2000), pp.

1270–1301.

[5] H. Hattori, The Riemann problem for a van der Waals fluid with entropy rate admissibility criterion — isothermal case, Arch. Rational Mech. Anal. 92(1986), pp. 247–263.

[6] B. Hayes, and P. LeFloch, Nonclassical shocks and kinetic relations: finite difference schemes, SIAM J. Numer. Anal. 35(1998), pp. 2169–2194.

[7] L. Hsiao, and P. de Mottoni, Existence and Uniqueness of Riemann Problem for Nonlinear System of Conservation Laws of Mixed Type, Trans. Amer. Math. Soc. 322(1990), pp. 121–158.

[8] D. Y. Hsieh, S. Q. Tang, and X. P. Wang, On hydrodynamic instability, chaos, and phase Transition, Acta Mechanica Sinica 12(1996), pp. 1–14.

[9] S. Jin and Z.P. Xin, The relaxation schemes for systems of conservation laws in arbitrary space dimensions, C omm. Pure Appl. Math.48(1995), pp. 235–278.

[10] T. P. Liu, Hyperbolic conservation laws with relaxation. C omm. Math. Phys., 108(1987), pp.

153–175.

[11] Private communications.

[12] R. Natalini, and S. Tang, Discrete kinetic models for dynamic phase transitions, C omm. Appl.

Nonlinear Anal., 7 (2000), pp. 1–32.

[13] M. Slemrod, Dynamical phase transitions in a van der Waals fluid, Arch. Rational Mech. Anal.

81(1983), pp. 301–315.

[14] I. Suliciu, A Maxwell model for pseudoelastic materials, Scripta Metallugica Materialia 31(1994), pp. 1399–1404.