UNDERCOMPRESSIVE SHOCK WAVES AND THE DAFERMOS REGULARIZATION

STEPHEN SCHECTER

Abstract. For a system of conservation laws in one space dimension, we identify all structurally stable Riemann solutions that include only shock waves. Shock waves are required to satisfy the viscous profile criterion for a given viscosity (B(u)ux)x. Undercompressive shock waves are allowed. We also show that all such Riemann solutions have nearby smooth solutions of the Dafermos regularization with the given viscosity.

1. Introduction

A system of conservation laws in one space dimension is a partial differential equation of the form

u_t + f(u)_x = 0,

(1.1)

with t ≥ 0, x ∈ R, u(x, t) ∈ R^n , and f : R^n → R^n a smooth map. The simplest discontinuous solutions of (1.1) are the centered, piecewise constant shock waves defined by u(x, t) = { u_− for x < st, u_+ for x > st.

(1.2)

The question arises which such discontinuous functions should be admitted as solutions of (1.1). An easy necessary condition is that the triple (u_−, s, u_+) should satisfy the Rankine- Hougoniot condition

R(u_−, s, u_+) := f(u_+) − f(u_−) − s(u_+ − u_−) = 0.

(1.3)

This condition follows from the requirement that (1.2) be a weak solution of (1.1) [18].

To obtain a stronger condition, Courant and Friedrichs [4] and Gelfand [7] proposed that (1.1) be regularized by adding a small parabolic term. The differential equation becomes

u_t + f(u)_x = ϵ(B(u)u_x)_x,

(1.4)

where for all u ∈ R^n , all eigenvalues of the matrix B(u) have positive real part. The shock wave (1.2) is to be admitted as a solution of (1.1) provided (1.4) has traveling wave solutions u^ϵ(x − st) that satisfy the boundary conditions u(−∞) = u_−, u^′(−∞) = 0, (1.5) u(+∞) = u_+, u^′(+∞) = 0,

(1.6)

and that converge to (1.2) in the L^1 sense as ϵ → 0.

Date: January 4, 2001.

1991 Mathematics Subject Classification. 35L65, 35L67, 34C37, 34E15.

Key words and phrases. conservation law, Riemann problem, viscous profile, undercompressive shock wave, self-similar viscosity, Exchange Lemma.

This work was supported in part by the National Science Foundation under Grant DMS-9973105. 1

Now the scaling x →^x_ϵ , t →^t_ϵ removes ϵ from (1.4). Thus, if

u_t + f(u)_x = (B(u)u_x)_x,

(1.7)

has a traveling wave solution u(x − st) that satisfies the boundary conditions (1.5)–(1.6), then we can set u^ϵ(x − st) = u(^{x−st}_ϵ ).

A traveling wave solution u(x − st) of (1.7) that satisfies (1.5)–(1.6) exists if and only if the ODE

u̇ = B(u)^{−1}(f(u) − f(u_−) − s(u − u_−))

(1.8)

has an equilibrium at u_+ (it automatically has one at u_−) and a connecting orbit from u_− to u_+. The condition that (1.8) have an equilibrium at u_+ is just the Rankine-Hougoniot condition (1.3). A shock wave (1.2) that has a corresponding connecting orbit for (1.8) is said to satisfy the viscous profile criterion for B(u).

In what follows, and throughout this paper, whenever we consider a shock wave (1.2), we shall assume that for both u_0 = u_− and u_0 = u_+, (1) Df(u_0) is strictly hyperbolic (eigenvalues real and distinct), (2) s is not an eigenvalue of Df(u_0), and (3) B(u_0) is strictly stable with respect to Df(u_0). Strict stability means the following. Let Df(u_0) have right eigenvectors r_1, . . . , r_n, and corresponding left eigenvectors ℓ_1, . . . , ℓ_n. Then B(u_0) is strictly stable with respect to Df(u_0) provided (a) ℓ_kB(u_0)r_k > 0 for k = 1, . . . , n; and (b) the symbol P (ζ) = −ζ^2B(u_0) − iζDf(u_0) has no pure imaginary eigenvalues for ζ ≠ 0. Majda and Pego [15] show that these conditions imply stability of the linearization of (1.7) at the constant state u = u_0.

The question of whether (1.8) has an equilibrium at u_0 is independent of B(u). If u_0 is an equilibrium of (1.8), then (1), (2), and (3) imply that the dimensions of the stable and unstable manifolds of u_0 are also independent of the choice of B(u) [15].

Suppose Df(u_−) is strictly hyperbolic, B(u_−) is strictly stable with respect to Df(u_−), the genuine nonlinearity condition [18] is satisfied at u_−, s is close to an eigenvalue of u_−, and the triple (u_−, s, u_+) satisfies the Rankine-Hougoniot condition. Then Majda and Pego [15] show that there is a connection of (1.8) from u_− to u_+ if and only if the dimensions of W^u(u_−) and W^s(u_+) sum to n+1. Such shock waves are termed compressive. Thus, roughly speaking, the existence of the connection is independent of the choice of B(u). However, if we consider u_+ far from u_−, and especially if we consider undercompressive shock waves (the dimensions of W^u(u_−) and W^s(u_+) sum to at most n), then the existence of a connection depends strongly on the choice of B(u).

Instead of thinking of (1.7) as an auxilliary equation intended to aid in the study of (1.1), one can think of (1.1) as an auxilliary equation intended to aid in the study of (1.7). Then B(u) should represent physically realistic diffusive terms that are ignored in (1.1). In this context, and in others, the important initial value problem for (1.1) is the Riemann problem.

A Riemann problem for (1.1) is (1.1) together with the initial condition u(x, 0) = { u_L for x < 0, u_R for x > 0.

(1.9)

One seeks piecewise continuous weak solutions of Riemann problems in the scale-invariant form u(x, t) = û(ξ), ξ =^x_t . Usually one requires that the solution consist of a finite number of constant parts, continuously changing parts (rarefaction waves), and jump discontinuities (shock waves). Shock waves occur when

lim_{ξ→s−} û(ξ) = u_− ≠ u_+ = lim_{ξ→s+} û(ξ).

The triple (u_−, s, u_+) is required to satisfy the viscous profile admissibility criterion with respect to a given B(u).

Riemann problems for (1.1) are believed to be related to asymptotic states of (1.7). More precisely, let u(x, t) be a solution of (1.7) together with the boundary conditions u(−∞, t) = u_L, u(+∞, t) = u_R, (1.10)

and some initial condition u(x, 0) = u_0(x). Let ũ(ξ, t) = u(ξt, t). (1.11)

Then it is believed that as t → ∞, ũ(ξ, t) approaches a solution of the Riemann problem (1.1), (1.9), with shock waves that satisfy the viscous profile criterion with respect to B(u). This is commonly seen in computations [2], and is proved in some situations [16], [11], [8], [13], [14] [20], [12], [22]. In particular, multiple solutions of the Riemann problem should correspond to multiple asymptotic solutions of (1.7), (1.10), which should be approached for different initial conditions u_0(x). This phenomenon has been shown to occur in careful numerical simulations [1].

The relationship between Riemann solutions of (1.1) and asymptotic states of (1.7) is one motivation for attempting to compute Riemann solutions of (1.1). Unfortunately, one cannot rely on numerical methods for (1.1) to accurately locate large or undercompressive shock waves. The reason is that the location and speed of such a wave can depend strongly on the viscous term in (1.7) [3]. However, a numerical method for (1.1) substitutes a numerical viscosity for this term.

At present there are two ways around this difficulty. One is to construct Riemann solutions geometrically, using wave curves. This is the subject of a large literature, and is implemented for n = 2 in the interactive Riemann Problem Package of Isaacson, Marchesin, Plohr, et. al. (available at www.ams.sunysb.edu/~plohr). The other is to solve (1.7) numerically, rescale using (1.11), and observe the limit.

In [5], Dafermos proposed a different regularization of (1.1) whose relation to Riemann solutions is more transparent: u_t + f(u)_x = ϵtu_{xx}. (1.12)

Like the Riemann problem, but unlike (1.7), (1.12) has many scale-invariant solutions u(x, t) = û(ξ), ξ =^x_t . They satisfy the nonautonomous boundary value problem (Df(u) − ξI) du dξ = ϵ d^2u dξ^2 , (1.13)

where we have written u instead of û. Corresponding to the initial condition (1.9), we use the boundary conditions u(−∞) = u_L, u^′(−∞) = 0, (1.14) u(+∞) = u_R, u^′(+∞) = 0,

(1.15) where the dot represents differentiation with respect to ξ. Dafermos conjectured that solutions of this problem should converge to Riemann solutions in the L^1 sense as ϵ → 0. This has been proved for u_R close to u_L by Tzavaras [21].

Recently Szmolyan [19] has taken the opposite point of view. He regards (1.13)–(1.15) as a singular perturbation problem that has a given Riemann solution û(^x_t ) of (1.1), (1.9) as a singular solution when ϵ = 0. Shock waves are assumed to satisfy the viscous profile criterion for B(u) = I. If û(^x_t ) is a Riemann solution that consists of compressive shock waves and rarefactions, Szmolyan uses geometric singular perturbation theory to show that for small ϵ > 0, (1.13)–(1.15) has a solution near û(ξ). A novel aspect of the singular perturbation problem is that normal hyperbolicity is lost along rarefactions. Szmolyan deals with this difficulty by a blowing-up construction.

In fact, the Dafermos regularization can be used with a more general viscosity. In place of (1.13), one uses

u_t + f(u)_x = ϵt(B(u)u_x)_x.

(1.16)

A scale-invariant solution u(x, t) = û(ξ), ξ =^x_t , satisfies the nonautonomous boundary value problem (Df(u) − ξI)u^′ = ϵ(B(u)u^′)^′. (1.17)

We use the boundary conditions (1.14)–(1.15). If û(^x_t ) is a Riemann solution of (1.1), (1.9) that consists of compressive shock waves and rarefactions, and whose shock waves satisfy the viscous profile criterion for B(u), then Szmolyan’s argument shows that for small ϵ > 0, (1.17), (1.14)–(1.15) has a solution near û(ξ).

The correspondence between solutions of the boundary value problem (1.17), (1.14)–(1.15), and Riemann solutions of (1.1), (1.9) whose shock waves satisfy the viscous profile criterion with respect to B(u), suggests that one can compute Riemann solutions by numerically solving the boundary value problem (1.17), (1.14)–(1.15) for a small ϵ > 0. In order to justify such an approach to interesting Riemann problems, one must show in greater generality that Riemann solutions of (1.1), (1.9), are close to solutions of (1.17), (1.14)–(1.15).

In [17], Schecter, Marchesin, and Plohr studied structurally stable Riemann solutions. These are Riemann solutions that are stable to perturbation of u_L, u_R, and f: the nearby Riemann problem has a solution with the same number of waves, of the same types. Although this work was done for n = 2 and B(u) = I, the notions extend to more general n and B(u).

Peter Szmolyan and I conjecture that for any structurally stable Riemann solution û(^x_t ), the Dafermos regularization has a solution near û(ξ) for small ϵ > 0.

In this paper we take a step toward verifying this conjecture. For arbitrary n, we consider Riemann solutions with no rarefactions, consisting of a finite number of constant states and discontinuities. The discontinuities are required to satisfy the viscous profile criterion for a given B(u), but they are not assumed to be compressive. Thus undercompressive shock waves are explicitly allowed. We first show which such solutions are structurally stable. We then show, using the Exchange Lemma of geometric singular perturbation theory, that all the structurally stable Riemann solutions have solutions of the Dafermos regularization nearby.

Throughout the paper we consider (1.1) and a fixed parabolic regularization (1.4), where all eigenvalues of B(u) have positive real part.

The rest of the paper is organized as follows Sections 2, 3, and 4 give definitions and lemmas. In Section 5 we characterize structurally stable Riemann solutions that contain only shock waves. In Section 6 we show that these Riemann solutions have solutions of the Dafermos regularization nearby.

2. Regular Shock Waves

In this paper we will consider only regular shock waves. This means that that the connecting orbits of (1.8) are required to connect equilibria at which all eigenvalues have nonzero real part, and the unstable and stable manifolds of these equilibria are required to intersect in a regular manner.

In order to define regular shock waves more precisely, we first define an equilibrium u_0 of a differential equation u̇ = g(u) on R^n to have type k if Dg(u_0) has k eigenvalues with negative real part and n−k eigenvalues with positive real part. (We will not need to consider equilibria at which some eigenvalue has zero real part.)

Consider (1.8), a family of ordinary differential equations on R^n with parameters (u_−, s). The following result is proved in [15].

Proposition 2.1. Let u_0 be an equilibrium of (1.8) with (u_−, s) fixed. Assume that Df(u_0) is strictly hyperbolic, with eigenvalues λ_1 < . . . < λ_n, and assume that B(u_0) is strictly stable with respect to Df(u_0). Then:

(1) The equilibrium u_0 has type 0 if and only if s < λ_1. (2) For k = 1, . . . , n − 1, u_0 has type k if and only if λ_k < s < λ_{k+1}. (3) The equilibrium u_0 has type n if and only if λ_n < s.

Let w = (u_−, s, u_+, Γ) with u_± ∈ R^n , s ∈ R, and Γ ⊂ R^n . Asume that (u_−, s, u_+) satisfies the Rankine-Hougoniot condition (1.3), that Df(u_±) is strictly hyperbolic, and that B(u_±) is strictly stable with respect to Df(u_±). Then w is a shock wave of type (k_−, k_+) if the ODE (1.8) has equilibria of type k_± at u_±, and Γ is a connecting orbit from u_− to u_+.

Let w = (u_−, s, u_+, Γ) be a shock wave of type (k_−, k_+). Let W^u(u_−, (u_−, s)) denote the unstable manifold of u_− for (1.8), which has dimension n − k_−, and let W^s(u_+, (u_−, s)) denote the stable manifold of u_+ for (1.8), which has dimension k_+. W^u(u_−, (u_−, s)) and W^s(u_+, (u_−, s)) have regular intersection along Γ if at any point of Γ, the dimension of the intersection of the tangent spaces to W^u(u_−, (u_−, s)) and W^s(u_+, (u_−, s)) is max(1, k_+ − k_−). Equivalently, the sum of these tangent spaces has dimension min(n + k_+ − k_− − 1, n).

A regular shock wave is a shock wave w = (u_−, s, u_+, Γ) of one of the types (k_−, k_+) defined above, such that W^u(u_−, (u_−, s)) and W^s(u_+, (u_−, s)) have regular intersection along Γ.

We distinguish three kinds of regular shock waves:

1. Overcompressive: k_+ > 1 + k_−. W^u(u_−, (u_−, s)) and W^s(u_+, (u_−, s)) intersect transversally along Γ in a manifold of connecting orbits of dimension k_+ − k_− > 1. This manifold of connecting orbits persists when (u_−, s) varies. Example: n = 2, k_− = 0 (repeller), k_+ = 2 (attractor).

2. Compressive: k_+ = 1 + k_−. W^u(u_−, (u_−, s)) and W^s(u_+, (u_−, s)) intersect transversally along Γ in a manifold of dimension 1, namely Γ. The connecting orbit persists when (u_−, s) varies. Examples: n = 2, k_− = 0 (repeller), k_+ = 1 (saddle)—a Lax one-shock; n = 2, k_− = 1 (saddle), k_+ = 2 (attractor)—a Lax two-shock.

3. Undercompressive: k_+ < 1 + k_−. Existence of the connecting orbit is a phenomenon of codimension 1 + k_− − k_+ > 0. Example: n = 2, k_− = 1 (saddle), k_+ = 1 (saddle). Existence of the connection is a codimension-one phenomenon.

Let w^∗ = (u^∗_−, s^∗, u^∗_+, Γ^∗) be a regular shock wave of type T = (k_−, k_+). A point (u_−, s, u_+) near (u^∗_−, s^∗, u^∗_+) also represents a regular shock wave of type T , with connecting orbit Γ near Γ^∗, provided a system of e_T equations in the variables (u_−, s, u_+) is satisfied, where

e_T : = n + max(0, 1 + k_− − k_+) = { n if T is an overcompressive or compressive type, n + 1 + k_− − k_+ if T is an undercompressive type.

The equations are the Rankine-Hugoniot condition (1.3), R(u_−, s, u_+) = 0 (all cases), plus 1 + k_− − k_+ additional equations in the undercompressive case. We denote these equations S_1(u_−, s) = 0, . . . , S_ℓ(u_−, s) = 0, ℓ = 1 + k_− − k_+, and we define the separation function S(u_−, s) := (S_1(u_−, s), . . . , S_ℓ(u_−, s)). (The separation function is discussed in more detail in the next section.) We define G_T (u_−, s, u_+) to be R(u_−, s, u_+) if T is an overcompressive or compressive type, and to be (R(u_−, s, u_+), S(u_−, s)) if T is an undercompressive type. Then (u_−, s, u_+) near (u^∗_−, s^∗, u^∗_+) also represents a shock wave of type T , with connecting orbit Γ near Γ^∗, provided the system G_T (u_−, s, u_+) = 0 is satisfied.

(Γ^∗ and Γ are considered close provided there are corresponding solutions of u ∗ (t) of u̇ = H(u, λ^∗) and u(t) of u̇ = H(u, λ) that are close in the sup norm on C^0(R, R^n ).)

In the remainder of the paper, all shock waves are assumed to be regular.

3. Separation Function

Let us explain the separation function S, and its relation to transversality of unstable and stable manifolds, in more detail. Let (u^∗_−, s^∗, u^∗_+, Γ^∗) be an undercompressive shock wave of type T = (k_−, k_+). We shall write (1.8) as u̇ = H(u, λ), (3.1)

where λ lies in a p-dimensional submanifold Λ of u_−s-space that contains λ^∗ = (u^∗_−, s^∗). (This generality will be needed later.) Near u^∗_− and u^∗_+ are equilibria u_−(λ) and u_+(λ) of (3.1). Let Σ be an (n − 1)-dimensional submanifold of u-space that is transverse to Γ at a point u^∗. The unstable manifold of u_−(λ) for (3.1) meets Σ in a surface of dimension n − k_− − 1 that depends on λ. We parametrize this family of surfaces as u^u(ϕ, λ), where

ϕ ∈ R^{n−k� −1} and u^u(0, λ^∗) = u^∗. Similarly, the stable manifold of u_+(λ) for (3.1) meets Σ

in a surface of dimension k_+ − 1 that depends on λ. We parametrize this family of surfaces as u^s(ψ, λ), where ψ ∈ R^k+^{−1} and u^s(0, λ^∗) = u^∗. See Figure 3.1.

Without loss of generality we may assume that D_ϕu^u(0, λ^∗) and D_ψu^s(0, λ^∗) are injective. Then, since we are considering an undercompressive shock wave, the regular intersection assumption is equivalent to

Range D_ϕu^u(0, λ^∗) ∩ Range D_ψu^s(0, λ^∗) = {0}.

Proposition 3.1. There is a map S from Λ to R^{1+k}�^{−k}+ such that (3.1) has a connecting orbit from u_−(λ) to u_+(λ) near Γ^∗ if and only if S(λ) = 0.

Proof. There is such a connection if and only if there is a triple (ϕ, ψ, λ) such that L(ϕ, ψ, λ) := u^u(ϕ, λ) − u^s(ψ, λ) = 0. (3.2)

We may choose coordinates (x, y, z) on Σ, x ∈ R^{n−k}�^{−1}, y ∈ R^k+^{−1}, z ∈ R^{1+k}�^{−k}+, such that W^u(u_−(λ^∗), λ^∗) is the set y = z = 0, and W^s(u_+(λ^∗), λ^∗) is the set x = z = 0. In terms

Figure 3.1. Geometry of the separation function. In (a), u-space is shown for λ = λ^∗, with n = 3 and (k_−, k_+) = (1, 2). The two-dimensional unstable manifold of u^∗_− meets Σ in a curve, and the one-dimensional stable manifold of u^∗_+ meets Σ in a point. In (b), Σ is shown for a λ near λ^∗, with n = 4 and (k_−, k_+) = (2, 2). The unstable manifold of u_−(λ) and the stable manifold of u_+(λ) meet Σ in curves. In the xyz-coordinates used in the proof of Proposition 3.1, the former is near the x-axis, the latter near the y-axis. The signed length of the dotted line is S(λ).

of these coordinates, L(ϕ, ψ, λ) = (x^u(ϕ, λ) − x^s(ψ, λ), y^u(ϕ, λ) − y^s(ψ, λ), z^u(ϕ, λ) − z^s(ψ, λ)), with y^u(ϕ, λ^∗) = 0, x^s(ψ, λ^∗) = 0, and z^u(ϕ, λ^∗) = z^s(ψ, λ^∗) = 0. Then DL(0, 0, λ^∗) = D_ϕx^u(0, λ^∗) 0 D_λx^u(0, λ^∗) − D_λx^s(0, λ^∗) 0 −D_ψy^s(0, λ^∗) D_λy^u(0, λ^∗) − D_λy^s(0, λ^∗) 0 0 D_λz^u(0, λ^∗) − D_λz^s(0, λ^∗) . Since the matrix ( D_ϕx^u(0, λ^∗) 0 0 −D_ψy^s(0, λ^∗) )

is invertible, the Implicit Function Theorem implies that the system x^u(ϕ, λ) − x^s(ψ, λ) = 0, y^u(ϕ, λ) − y^s(ψ, λ) = 0 can be solved for (ϕ, ψ) in terms of λ. Then L(ϕ, ψ, λ) = 0 if and only if S(λ) := z^u(ϕ(λ), λ) − z^s(ψ(λ), λ) = 0.

In order to state the following result, we add to the differential equation (3.1) the differential equation λ̇ = 0, (3.3) thus obtaining a system on R^n × Λ. This system has the normally hyperbolic manifolds of equilibria

P_− = {(u, λ) : u = u_−(λ)} and P_+ = {(u, λ) : u = u_+(λ)}.

W^u(P_−) consists of all pairs (u, λ) such that u is in the unstable manifold of u_−(λ) for (3.1); W^s(P_−), W^u(P_+), and W^s(P_+) are defined analagously. W^u(P_−) intersects W^s(P_+) along Γ^∗ × {λ^∗}. Proposition 3.2. The following are equivalent.

(1) Range D_ϕu^u(0, λ^∗) + Range D_ψu^s(0, λ^∗) + Range (D_λu^u(0, λ^∗) − D_λu^s(0, λ^∗)) = T_u�Σ. (2) DS(λ^∗) is surjective.

(3) W^u(P_−) intersects W^s(P_+) transversally along Γ^∗ × {λ^∗}.

Proof. For simplicity, we assume in the proof that Λ is u_−s-space.

Now DS(λ^∗) = D_λz^u(0, λ^∗) − D_λz^s(0, λ^∗). Therefore DS(λ^∗) is surjective if and only if (1) holds, so (1) and (2) are equivalent.

Statement (3) holds if and only if W^u(P_−) ∩ Σ×Λ and W^s(P_+) ∩ Σ×Λ meet transversally within Σ × Λ at (u^∗, λ^∗). W^u(P_−) ∩ Σ × Λ and W^s(P_+) ∩ Σ × Λ are parameterized by (u^u(ϕ, λ), λ) and (u^s(ψ, λ), λ) respectively. Their tangent spaces at (u^∗, λ^∗) are the ranges of ( D_ϕu^u(0, λ^∗) D_λu^u(0, λ^∗) 0 I ) and ( D_ψu^s(0, λ^∗) D_λu^s(0, λ^∗) 0 I )

respectively. The sum of these tangent spaces can be written as the span of the column vectors in the matrix ( D_ϕu^u(0, λ^∗) D_λu^u(0, λ^∗) − D_λu^s(0, λ^∗) D_ψu^s(0, λ^∗) D_λu^s(0, λ^∗) 0 0 0 I ) . (3.4)

This span is T_u�Σ × T_λ�Λ if and only if (1) holds.

4. Lemmas About Shock Waves

In this section we gather several lemmas.

Lemma 4.1. Let (u^∗_−, s^∗, u^∗_+, Γ^∗) be a regular shock wave. Let V be a k-dimensional subspace of u̇_−-space with k < n. Then DR(u^∗_−, s^∗, u^∗_+), restricted to {(u̇_−, ṡ, u̇_+) : u̇_− ∈ V }, is surjective. Moreover, let K denote the kernel of DR(u^∗_−, s^∗, u^∗_+) restricted to {(u̇_−, ṡ, u̇_+) : u̇_− ∈ V }, which has dimension k + 1. Then the following are equivalent: (1) (Df(u^∗_−) − s^∗I)^{−1}(u^∗_+ − u^∗_−) /∈ V . (2) K projects regularly to u̇_+-space.

Proof. We have

DR(u^∗_−, s^∗, u^∗_+)(u̇_−, ṡ, u̇_+) = (Df(u^∗_+) − s^∗I)u̇_+ − (Df(u^∗_−) − s^∗I)u̇_− − ṡ(u^∗_+ − u^∗_−).

(4.1)

The first conclusion follows from invertibility of Df(u^∗_+) − s^∗I.

The vector (u̇_−, ṡ, u̇_+) ∈ K if and only if u̇_− ∈ V and

u̇_+ = (Df(u^∗_+) − s^∗I)^{−1}((Df(u^∗_−) − s^∗I)u̇_− + ṡ(u^∗_+ − u^∗_−)).

(4.2)

The second conclusion follows from this formula.

Lemma 4.2. Let (u^∗_−, s^∗, u^∗_+, Γ^∗) be an undercompressive shock wave of type (k_−, k_+). Let ℓ = 1 + k_− − k_+ > 0. Let V be a k-dimensional subspace of u̇_−-space with k < n. Then the following are equivalent:

(1) DS(u^∗_−, s^∗) is surjective, and V × ṡ-space is transverse to the kernel of DS(u^∗_−, s^∗). (2) DG_T (u^∗_−, s^∗, u^∗_+), restricted to {(u̇_−, ṡ, u̇_+) : u̇_− ∈ V }, is surjective. Moreover, if one of the above conditions holds, let K denote the kernel of DG_T (u^∗_−, s^∗, u^∗_+) restricted to {(u̇_−, ṡ, u̇_+) : u̇_− ∈ V }, which has dimension k + 1 − ℓ. Then the following are equivalent:

(3) If (u̇_−, ṡ) is a nonzero vector such that u̇_− ∈ V and DS(u^∗_−, s^∗)(u̇_−, ṡ) = 0, then

(Df(u^∗_−) − s^∗I)u̇_− + ṡ(u^∗_+ − u^∗_−) ≠ 0.

(4) K projects regularly to u̇_+-space.

Proof. Let K_1 be the set of (u̇_−, ṡ) such that u̇_− ∈ V and DS(u^∗_−, s^∗)(u̇_−, ṡ) = 0. Statements (1) and (2) are each equivalent to the assertion that K_1 has dimension k + 1 − ℓ. The equivalence of statements (3) and (4) follows from (4.2).

The following proposition follows from Lemmas 4.1 and 4.2 and an application of the Implicit Function Theorem to the equation G_T (u_−, s, u_+) = 0.

Proposition 4.3. Let (u^∗_−, s^∗, u^∗_+, Γ^∗) be a compressive or undercompressive shock wave of type T = (k_−, k_+). Let M be a k-dimensional submanifold of u_−-space through u^∗_− with k < n. Let V = T_u�M. If T is a compressive type, assume that V satisfies condition (1) of Lemma 4.1; if T is an undercompressive type, assume that V satisfies conditions (1) and (3) of Lemma 4.2. Let ℓ = 1 + k_− − k_+ ≥ 0. Let K denote the kernel of DG_T (u^∗_−, s^∗, u^∗_+) restricted to {(u̇_−, ṡ, u̇_+) : u̇_− ∈ V }; K has dimension k + 1 − ℓ. Let K̃ denote the projection of K onto u̇_+-space. Then there is a (k + 1 − ℓ)-dimensional submanifold M̃ of u_+-space through u^∗_+ such that (1) K̃ = T_u�M̃, and (2) for u_− ∈ M, there is a shock wave (u_−, s, u_+, Γ) of type T near (u^∗_−, s^∗, u^∗_+, Γ^∗) if and only if u_+ ∈ M̃. Moreover, there is a smooth function (u_−(u_+), s(u_+)) defined on M̃ that gives the other end and speed of the connection.

5. Structurally Stable Riemann Solutions

Recall that we are considering (1.1) with a fixed parabolic regularization (1.7). Let σ = (u_0, s_1, u_1, . . . , u_{m−1}, s_m, u_m) (the u’s and s’s alternate), with each u_i ∈ R^n , each s_i ∈ R, and s_1 < s_2 < . . . < s_m. Let σ̂ = (Γ_1, . . . , Γ_m) with each Γ_i ⊂ R^n . Assume that each 4-tuple w_i = (u_{i−1}, s_i, u_i, Γ_i), i = 1 . . . m, is a regular shock wave. Then the pair of sequences (σ, σ̂) define a solution of the Riemann problem (1.1), (1.9), with u_L = u_0 and and u_R = u_m, that consists of m shock waves. We shall refer to (σ, σ̂) as a Riemann solution. Of course, there are other sorts of Riemann solutions, but we will not discuss them in this paper.

Let the type of w_i be T_i. Then the type of the Riemann solution is (T_1, T_2, . . . , T_m). The condition s_1 < s_2 < . . . < s_m and Proposition 2.1 imply that if T_i = (k^i_−, k^i_+) and T_{i+1} = (k^{i+1}_− , k^{i+1}_+ ), then

k^i_+ ≤ k^{i+1}_− .

(5.1)

Let σ^∗ = (u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{m−1}, s^∗_m, u^∗_m), let σ̂^∗ = (Γ^∗_1, . . . , Γ^∗_m), and let (σ^∗, σ̂^∗) be a Riemann solution of type (T_1, T_2, . . . , T_m). Let (u_0, s_1, u_1, . . . , u_{m−1}, s_m, u_m) be a point near (u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{m−1}, s^∗_m, u^∗_m) in R^{mn+m+n} . There is a corresponding m-tuple of connections

(Γ_1, . . . , Γ_m) near (Γ^∗_1, . . . , Γ^∗_m) provided a system of e_T1 + . . . + e_{Tm} equations is satisfied. The system is

G(u_0, s_1, u_1, . . . , u_{m−1}, s_m, u_m) := (G_T1(u_0, s_1, u_1), . . . , G_{Tm} (u_{m−1}, s_m, u_m)) = 0.

(5.2)

The map G goes from R^{mn+m+n} to R^{eT}1^{+···+eTm} .

We shall say that the Riemann solution (σ^∗, σ̂^∗) is structurally stable provided DG(u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{m−1}, s^∗_m, u^∗_m), restricted to the (mn + m − n)-dimensional space of vectors (u̇_0, ṡ_1, u̇_1, . . . , u̇_{m−1}, ṡ_m, u̇_m) with u̇_0 = u̇_m = 0, is invertible. When this condition holds, the Implicit Function Theorem implies that the equation G = 0 can be solved for (s_1, u_1, . . . , u_{m−1}, s_m) in terms of (u_0, u_m) near (u^∗_0, u^∗_m). Thus, for each (u_0, u_m) near (u^∗_0, u^∗_m) there is a Riemann solution (σ, σ̂) near (σ^∗, σ̂^∗). The two Riemann solutions have the same type, and (s_1, u_1, . . . , u_{m−1}, s_m) depends smoothly on (u_0, u_m).

An obvious necessary condition for structural stability is that m∑ i=1 e_{Ti} = mn + m − n. (5.3)

If T = (k_−, k_+) is a shock wave type, define

ρ(T ) = n + 1 − e_T = { 1 if T is an overcompressive or compressive type, k_+ − k_− < 1 if T is an undercompressive type.

Then ρ(T ) = min(1, k_+ − k_−),

(5.4)

and Eq. (5.3) holds if and only if m∑ i=1 ρ(T_i) = n. (5.5)

Theorem 5.1. Let (σ^∗, σ̂^∗) be a Riemann solution of type (T_1, T_2, . . . , T_m) with T_i = (k^i_−, k^i_+). Then (1) ∑_m i=1 ρ(T_i) ≤ n. (2) ∑_m i=1 ρ(T_i) = n if and only if (a) k^1_− = 0; (b) k^m_+ = n;

(c) no waves are overcompressive;

(d) if T_i = (k^i_−, k^i_+) and T_{i+1} = (k^{i+1}_− , k^{i+1}_+ ), then k^i_+ = k^{i+1}_− .

Proof. From (5.4) and (5.1), m∑ i=1 ρ(T_i) ≤ m∑ i=1 (k^i_+ − k^i_−) = −k^1_− + m−1∑ i=1 (k^i_+ − k^{i+1}_− ) + k^m_+ ≤ k^m_+ − k^1_− ≤ n.

(5.6)

Thus (1) is proved. ∑_m i=1 ρ(T_i) = n if and only if all inequalities in (5.6) are equalities. The first inequality is an equality if and only if ρ(T_i) = k^i_+ − k^i_− for all i, i. e., no waves are overcompressive. The second inequality is an equality if and only if k^i_+ = k^{i+1}_− for all i. The third inequality is an equality if and only if k^m_+ = n and k^1_− = 0. Thus (2) is proved.

Corollary 5.2. Let (σ^∗, σ̂^∗) be a Riemann solution of type (T_1, T_2, . . . , T_m). Then ∑_m i=1 ρ(T_i) = n if and only if there is a sequence k_0, . . . , k_m such that k_0 = 0, 0 < k_i < n for i = 1, . . . , m−1, k_m = n, k_i ≤ k_{i−1} +1 for i = 1, . . . , m, and T_i = (k_{i−1}, k_i) for i = 1, . . . , m.

In other words: k_0 is 0; at each stage, either k_i increases by one (compressive shock wave), or it stays the same or decreases (undercompressive shock wave); k_i never decreases to 0 (since no orbit can end at an equilibrium at which all eigenvalues have positive real part); when k_i reaches n, the sequence ends.

Assuming that the Riemann solution (σ^∗, σ̂^∗) satisfies the necessary condition (5.5) for structural stability, let us investigate when DG(u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{m−1}, s^∗_m, u^∗_m), restricted to the appropriate subspace, is invertible.

Let (σ^∗, σ̂^∗) be a Riemann solution of type (T_1, T_2, . . . , T_m) with ∑_m i=1 ρ(T_i) = n. Let (k_0, . . . , k_m) be the sequence given by Corollary 5.2. We shall inductively construct a sequence V_i, i = 0, . . . , m − 1, such that each V_i is a k_i-dimensional subspace of u_i-space. Since k_0 = 0, let V_0 = 0. Suppose V_{i−1} is a k_{i−1}-dimensional subspace of u_{i−1}-space that satisfies condition (1) of Lemma 4.1 when T_i is a compressive type, and conditions (1) and (3) of Lemma 4.2 when T_i is an undercompressive type. Then the projection of the kernel of DG_{Ti} (u^∗_{i−1}, s^∗_i , u^∗_i ), restricted to {(u̇_{i−1}, ṡ_i, u̇_i) : u̇_{i−1} ∈ V_{i−1}}, onto u̇_i-space has dimension k_{i−1} + 1 = k_i in the compressive case, and dimension k_{i−1} + 1 − ℓ = k_i in the undercompressive case. We define the projection to be V_i. If V_i satisfies the appropriate transversality conditions, we can continue the construction. This motivates the hypotheses of the following theorem.

In order to state the theorem we first define a one-dimensional subspace Ṽ_{m−1} of u̇_{m−1}- space: Ṽ_{m−1} is the projection onto u̇_{m−1}-space ofkernel of DR(u^∗_{m−1}, s^∗_m, u^∗_m) restricted to {(u̇_{m−1}, ṡ_m, u̇_m) : u̇_m = 0}.

Theorem 5.3. Let (σ^∗, σ̂^∗) be a Riemann solution of type (T_1, T_2, . . . , T_m) where ∑_m i=1 ρ(T_i) = n. Let (k_0, . . . , k_m) be the sequence given by Corollary 5.2. Assume that there are k_i-dimensional subspaces V_i of u̇_i-space, i = 0, . . . , m − 1, such that: (1) V_0 = 0.

(2) For i = 1, . . . , m−1, V_{i−1} satisfies condition (1) of Lemma 4.1 when T_i is a compressive type, and conditions (1) and (3) of Lemma 4.2 when T_i is an undercompressive type.

(3) For i = 1, . . . , m − 1, V_i is the projection of the kernel of DG_{Ti} (u^∗_{i−1}, s^∗_i , u^∗_i ), restricted to {(u̇_{i−1}, ṡ_i, u̇_i) : u̇_{i−1} ∈ V_{i−1}}, onto u̇_i-space.

(4) V_{m−1} is transverse to Ṽ_{m−1}.

Then the Riemann solution (σ^∗, σ̂^∗) is structurally stable. Such a sequence V_0, . . . , V_{m−1}, if it exists, is unique and can be constructed inductively. Moreover, if such a sequence V_0, . . . , V_{m−1} does not exist, then (σ^∗, σ̂^∗) is not structurally stable.

Proof. If such a sequence V_0, . . . , V_{m−1} exists, then there are no nonzero vectors in the kernel of DG(u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{m−1}, s^∗_m, u^∗_m) restricted to the space of vectors (u̇_0, ṡ_1, u̇_1, . . . , u̇_{m−1}, ṡ_m, u̇_m) with u̇_0 = u̇_m = 0.

The spaces V_i are constructed inductively. We must have k_1 = 1, and V_0 automatically satisfies condition (1) of Lemma 4.1 for waves of type (0,1). Therefore V_1 can be constructed. If at any stage i = 2, . . . , m − 1, V_{i−1} fails to satisfy the appropriate conditions, we easily obtain a nonzero vector in the kernel of DG(u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{m−1}, s^∗_m, u^∗_m) restricted to the space of vectors (u̇_0, ṡ_1, u̇_1, . . . , u̇_{m−1}, ṡ_m, u̇_m) with u̇_0 = u̇_m = 0. If all V_i can be constructed but condition (4) fails, we again obtain such a vector.

Corollary 5.4. Assume the hypothesis of Theorem 5.3. Then for each j = 1, . . . , m − 1, there is a k_j-dimensional manifold M_j through u^∗_j in u_j-space, tangent there to V_j, and a mapping (s_1, u_1, . . . , u_{j−2}, s_{j−1})(u_j) defined on M_j, such that there is an admissible wave sequence (u^∗_0, s_1, u_1, . . . , u_{j−1}, s_j, u_j) of type (T_1, . . . , T_j) near (u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{j−1}, s^∗_j , u^∗_j ), with connecting orbits (Γ_1, . . . , Γ_j) near (Γ^∗_1, . . . , Γ^∗_j ), if and only if u_j ∈ M_j and

(s_1, u_1, . . . , u_{j−2}, s_{j−1}) = (s_1, u_1, . . . , u_{j−2}, s_{j−1})(u_j).

The proof is by induction using Proposition 4.3. To start the induction, let M_0 = {u^∗_0} and use Proposition 4.3 to define M_1.

Theorem 5.3 and Corollary 5.4 are illustrated in Figure 5.1.

Figure 5.1. An example illustrating Theorem 5.3 and Corollary 5.4 with n = 2 and m = 3. In this example, (k_0, k_1, k_2, k_3) = (0, 1, 1, 2). The Riemann solution consists of a Lax 1-shock from u^∗_0 to u^∗_1, an undercompressive shock wave from u^∗_1 to u^∗_2, and a Lax 2-shock from u^∗_2 to u^∗_3. M_1 is the curve of points u_1 near u^∗_1 for which there is a Lax 1-shock from u^∗_0 to u_1. For each u_1 ∈ M_1 there is a unique speed for which there is an undercompressive shock wave from u_1 to some u_2 near u^∗_2. M_2 is the curve of all such u_2. For each u_2 ∈ M_2 there is a curve of points u_3 near u^∗_3 such that there is a Lax 2-shock from u_2 to u_3. M_3 is the surface of all such u_3. M̃_3 is the curve of u_3 near u^∗_3 for which there is a Lax 2-shock from u_3 to u^∗_4. The V_i are the tangent spaces to the M_i.

6. Dafermos Regularization

Following [19], we convert the nonautonomous second-order ODE (1.17) into an autonomous first-order ODE by letting v = ϵB(u)u^′ and treating ξ as a state variable: ϵu^′ = B(u)^{−1}v, (6.1) ϵv^′ = (Df(u) − ξI)B(u)^{−1}v, (6.2) ξ^′ = 1.

(6.3)

As an autonomous ODE, the system (6.1)–(6.3) is a singular perturbation problem written in the slow time η, with^{dξ}_{dη} = 1 (i.e., ξ = η + ξ_0). Here the prime symbol denotes derivative with respect to η.

We let η = ϵτ, and we use a dot to denote differentiation with respect to τ. System (6.1)–(6.3) becomes u̇ = B(u)^{−1}v, (6.4) v̇ = (Df(u) − ξI)B(u)^{−1}v, (6.5) ξ̇ = ϵ. (6.6) System (6.4)–(6.6) is system (6.1)–(6.3) written in the fast time τ. The boundary conditions (1.14)–(1.15) become (u, v, ξ)(−∞) = (u_L, 0, −∞), (u, v, ξ)(∞) = (u_R, 0, ∞). (6.7)

Setting ϵ = 0 in (6.4)–(6.6) yields the fast limit system u̇ = B(u)^{−1}v, (6.8) v̇ = (Df(u) − ξI)B(u)^{−1}v, (6.9) ξ̇ = 0.

(6.10)

The set v = 0 is invariant under (6.4)–(6.6) for every ϵ. For a small δ > 0, let S_0 = {(u, v, ξ) : ‖u‖ ≤ 1 δ , v = 0, and ξ ≤ λ_1(u) − δ}, S_k = {(u, v, ξ) : ‖u‖ ≤ 1 δ , v = 0, and λ_k(u) + δ ≤ ξ ≤ λ_{k+1}(u) − δ}, k = 1, . . . , n − 1, S_n = {(u, v, ξ) : ‖u‖ ≤ 1 δ , v = 0, and λ_n(u) + δ ≤ ξ}. For the system (6.8)–(6.10), each S_k, k = 1, . . . , n − 1, is a compact (n + 1)-dimensional normally hyperbolic manifold of equilibria [6], [9]. S_0 and S_n can be compactified at ξ = −∞ and ξ = ∞ respectively to produce compact (n + 1)-dimensional normally hyperbolic manifold of equilibria [19]. For each k = 0, . . . , n, every point of S_k has a stable manifold of dimension k and an unstable manifold of dimension n − k. Thus, for each k = 0, . . . , n, the stable manifold of S_k for (6.8)–(6.10), which is the union of the stable manifolds of the equilibria that comprise S_k, has dimension n + 1 + k.

For ϵ > 0, each S_k remains a locally normally hyperbolic invariant manifold [6]. It no longer consists of equilibria; in fact, the system (6.4)–(6.6) on the invariant manifold v = 0 is u̇ = 0, ξ̇ = ϵ Rewriting this system in the slow time η yields u^′ = 0,

(6.11) ξ^′ = 1.

(6.12) Thus the orbits of the slow system on the invariant manifold v = 0 are the lines u = constant.

Fix k, let M be a submanifold of u-space, and let N = {(u, 0, ξ) ∈ S_k : u ∈ M}. The set N is a locally invariant subset of S_k for each ϵ. Hence it has unstable and stable manifolds that depend smoothly on ϵ [6], [9]. We denote them W^u(N, ϵ) and W^s(N, ϵ). For ϵ = 0, N consists of equilibria, and W^u(N, 0) and W^s(N, 0) are the unions of the unstable and stable manifolds of these equilibria.

Let (σ^∗, σ̂^∗) be a solution of the Riemann problem (1.1), (1.9) that satisfies the hypotheses of Theorem 5.3. We have σ^∗ = (u^∗_0, s^∗_1, u^∗_1, . . . , u^∗_{m−1}, s^∗_m, u^∗_m) with u^∗_0 = u_L and u^∗_m = u_R, and σ̂^∗ = (Γ^∗_1, . . . , Γ^∗_m). Let the type be (T_1, T_2, . . . , T_m), and let (k(0), . . . , k(m)) be the sequence given by Corollary 5.2. We assume δ > 0 is chosen small enough that for each i = 1, . . . , m, u^∗_{i−1}, s^∗_i ) ∈ S_{k(i−1)} and (u^∗_i , s^∗_i ) ∈ S_{k(i)}. For i = 0, . . . , m, if we set M = {u^∗_i } and k = k(i) in the above construction, we obtain the sets A_i = {(u, 0, ξ) ∈ S_{k(i)} : u = u^∗_i }. Let Ã_0 = {(u^∗_0, 0, ξ) : ξ ≤ s^∗_1}, Ã_i = {(u^∗_i , 0, ξ) : s^∗_i ≤ ξ ≤ s^∗_{i+1}}, i = 1, . . . , m − 1; Ã_m = {(u^∗_m, 0, ξ) : s^∗_m ≤ ξ}, Because of the choice of δ, for each i = 0, . . . , m, Ã_i ⊂ A_i ⊂ S_{k(i)}.

Let (u_−, s, u_+, Γ) be a regular shock wave of type (k_−, k_+). Corresponding to Γ is a connecting orbit Γ̃ of (6.8)–(6.10). For small δ, Γ̃ goes from (u_−, 0, s) ∈ S_k� to (u_+, 0, s) ∈ S_k+, and Γ̃ = {(u, v, ξ) : u ∈ Γ, v = f(u) − f(u_−) − s(u − u_−), and ξ = s}. The singularly perturbed boundary value problem (6.4)–(6.7) has the singular solution Ã_0 ∪ Γ̃^∗_1 ∪ Ã_1 ∪ . . . ∪ Ã_{m−1} ∪ Γ̃^∗_m ∪ Ã_m, (6.13)

a union of orbits of the reduced slow system (6.11)–(6.12) and the limit fast system (6.8)– (6.10). See Figure 6.1. Notice that Γ̃^∗_i goes from (u^∗_{i−1}, 0, s^∗_i ) in S_{k(i−1)} to (u^∗_i , 0, s^∗_i ) in S_{k(i)}.

For ϵ > 0 we seek a solution of the boundary value problem (6.4)–(6.7) that is near this singular solution. To find it, we shall seek a solution that lies in W^u(A_0, ϵ) ∩ W^s(A_m, ϵ). Such a solution satisfies the boundary conditions (6.7). Both W^u(A_0, ϵ) and W^s(A_m, ϵ) have dimension n + 1. Thus they are expected to intersect in isolated curves, which are orbits of (6.4)–(6.6).

Let M_0 = {u^∗_0} and let M_i, i = 1, . . . , m − 1, be the manifolds given by Corollary 5.4. For i = 0, . . . , m − 1, let N_i = {(u, 0, ξ) ∈ S_{k(i)} : u ∈ M_i}. N_i has dimension k(i) + 1, and W^u(N_i, ϵ) has dimension (k(i) + 1) + (n − k(i)) = n + 1 for every i. Notice that N_0 = A_0.

Proposition 6.1. For each i = 1, . . . , m − 1: (1) W^u(N_{i−1}, 0) is transverse to W^s(S_{k(i)}, 0) along Γ̃^∗_i .

(2) W^u(N_{i−1}, 0)∩W^s(S_{k(i)}, 0) consists of one orbit to each point (u, 0, s(u)) such that u ∈ M_i and s(u) is the speed of the corresponding connection.

Proof. In (6.8)–(6.10) we let w = f(u) − ξu − v, i. e., we make the invertible coordinate transformation (u, v, ξ) → (u, w, ξ) = (u, f(u) − ξu − v, ξ). (6.14)

Figure 6.1. A singular solution with n = 2 and m = 3; u-space and v-space are pictured as one-dimensional, although they are of course two-dimensional. As in Figure 5.1, (k(0), k(1), k(2), k(3)) = (0, 1, 1, 2). The Riemann solution consists of a Lax 1-shock, an undercompressive shock wave, and a Lax 2-shock.

Then in uwξ coordinates, the system becomes u̇ = B(u)^{−1}(f(u) − ξu − w), (6.15) ẇ = 0,

(6.16) ξ̇ = 0.

(6.17) We may regard (6.15)–(6.17) as a family of differential equations on u-space, with (w, ξ) as a vector of parameters. We compare (6.15)–(6.17) to the system u̇ = B(u)^{−1}(f(u) − f(u_−) − s(u − u_−)), (6.18) u̇_− = 0,

(6.19) ṡ = 0,

(6.20) which was studied in Sections 3 and 4. As in those sections, we regard (6.18)–(6.20) as a family of differential equations on u-space, with (u_−, s) as a vector of parameters. The two systems are related by the parameter transformation w = f(u_−) − su_−, (6.21) ξ = s. (6.22) This transformation is locally invertible near any (u^∗_−, s^∗) where Df(u^∗_−) − s^∗I is invertible.

We consider (6.18)–(6.20) with Λ = {(u_−, s) : (u_−, 0, s) ∈ N_i}.

We let U denote an open neighborhood of (u^∗_{i−1}, s^∗_i ) in u_−s-space. For each (u_−, s) ∈ U, there is an equilibrium u_+(u_−, s) of (6.18) near u^∗_i . In uu_−s-space, let P_− = {(u_−, u_−, s) : (u_−, s) ∈ Λ}, P_+ = {(u_+, u_−, s) : (u_−, s) ∈ Λ and u_+ = u_+(u_−, s)}, P̃_+ = {(u_+, u_−, s) : (u_−, s) ∈ U and u_+ = u_+(u_−, s)}.

The transformation (u, u_−, s) → (u, w, ξ) = (u, f(u_−) − su_−, s), (6.23)

followed by the inverse of (6.14), takes P_− to N_{i−1}, and it takes P̃_+ to a neighborhood of (u^∗_i , 0, s^∗_i ) in S_{k(i)}.

In the compressive case, the tangent spaces to W^u(u^∗_{i−1}, u^∗_{i−1}, s^∗_i ) and W^s(u^∗_i , u^∗_{i−1}, s^∗_i ) are transverse within u-space along Γ^∗_i . Therefore W^u(u^∗_{i−1}, u^∗_{i−1}, s^∗_i ) × {(u^∗_{i−1}, s^∗_i )} is transverse to W^s(P̃_+) along Γ^∗ ×{(u^∗_{i−1}, s^∗_i )} in uu_−s-space, and hence W^u(P_−) is transverse to W^s(P̃_+). Using the parameter transformations (6.23) and the inverse of (6.14), we see that (1) holds.

In the undercompressive case, DS(u^∗_{i−1}, s^∗_i ), restricted to the tangent space to Λ there, is surjective by statement (1) of Lemma 4.2. Then by Proposition 3.2, W^u(P_−) is transverse to W^s(P_+) within R^n × Λ × R. Therefore W^u(P_−) is transverse to W^s(P̃_+) in uu_−s-space, so again (1) holds.

Conclusion (2) follows from Proposition 4.3 and the parameter transformations.

Theorem 6.2. Let (σ^∗, σ̂^∗) be a solution of the Riemann problem (1.1), (1.9) that satisfies the hypotheses of Theorem 5.3. Then for each small ϵ > 0, there is a solution of the boundary value problem (6.4)–(6.7) near the singular solution (6.13).

Proof. Let ϵ > 0 be small. We seek a solution in W^u(A_0, ϵ) ∩ W^s(A_m, ϵ). We will follow W^u(A_0, ϵ) along the flow. We will show by induction that for i = 0, . . . , m − 1, W^u(A_0, ϵ) passes near (u^∗_i , 0, s^∗_{i+1}) C^1-close to W^u(N_i, 0). This is true for i = 0, since A_0 = N_0 and W^u(A_0, ϵ) is C^1-close to W^u(A_0, 0) [6], [9].

Let i be a number between 1 and m − 1. Assume that W^u(A_0, ϵ) passes near (u^∗_{i−1}, 0, s^∗_i ) C^1-close to W^u(N_{i−1}, 0). By Proposition 6.1, W^u(N_{i−1}, 0) is transverse to W^s(S_{k(i)}, 0) along Γ̃∗_i , which connects (u∗_{i−1}, 0, s∗_i ) to (u∗_i , 0, s∗_i ). According to Proposition 6.1, the projection of W^u(N_{i−1}, 0) ∩ W^s(S_{k(i)}, 0) to S_{k(i)} along its stable foliation is

{(u, 0, s(u)) : u ∈ M_i and s(u) is the speed of the connection}.

This manifold is not parallel to the orbit of the fast flow through (u^∗_i , 0, s^∗_i ), which is the line A_i. By the Exchange Lemma [10] (see Figure 6.2), W^u(A_0, ϵ) arrives at (u^∗_i , 0, s^∗_{i+1}) C^1-close to W^u(N_i, 0).

We conclude that W^u(A_0, ϵ) passes near (u^∗_{m−1}, 0, s^∗_m) C^1-close to W^u(N_{m−1}, 0). Now the Exchange Lemma applied to W^s(A_m, ϵ) flowing backward shows that it passes near (u^∗_{m−1}, 0, s^∗_m) C^1-close to W^s(Ñ_{m−1}, 0), where the tangent space to Ñ_{m−1} at (u^∗_{m−1}, 0, s^∗_m) is Ṽ_{m−1} × {0} × R. Since W u(N_{m−1}, 0) and W s(Ñ_{m−1}, 0) meet transversally at (u∗_{m−1}, 0, s∗_m) (the intersection is A_{m−1}), W^u(A_0, ϵ) and W^s(A_m, ϵ) meet transversally near there. The intersection is the desired solution.

Figure 6.2. Geometry of the Exchange Lemma.

References

[1] A. Azevedo, D. Marchesin, B. J. Plohr, and K. Zumbrun, Nonuniqueness of solutions of Riemann problems, Zeit. angew. Math. Phys., 47 (1996), 977–998.

[2] A.L. Bertozz, A. Munch, and M. Shearer, Undercompressive shocks in thin film flows, Physica D 134 (1999), 431-464.

[3] S. Čanić, On the influence of viscosity on Riemann solutions, J. Dyn. Diff. Eqns. 9 (1997), 977–998. [4] R. Courant and K. Friedrichs, Supersonic flow and shock waves, Interscience, New York, 1948. [5] C. M. Dafermos, Solution of the Riemann problem for a class of hyperbolic systems of conservation laws by the viscosity method, Arch. Rational Mech. Anal. 52 (1973), 1–9.

[6] N. Fenichel, Geometric singular perturbation theory for ordinary differential equations, J. Differential Eqs. 31 (1979), 53–98.

[7] I. Gelfand, Some problems in the theory of quasi-linear equations, Uspehi Mat. Nauk. 14 (1959), 87–158;

Amer. Math. Soc. Transl. (2) 29 (1963), 295-381.

[8] J. Goodman, Nonlinear asymptotic stability of viscous shock profiles for conservation laws, Arch. Rational Mech. Anal. 95 (1986), 325–344.

[9] C.K.R.T. Jones, Geometric singular perturbation theory. In Dynamical systems (Montecatini Terme, 1994), 44–118, Lecture Notes in Math. 1609, Springer, Berlin, 1995.

[10] C.K.R.T. Jones and T. Kapper, A primer on the exchange lemma for fast-slow systems, in “Multiple Time-Scale Dynamical Systems,” C.K.R.T. Jones and A. Khibnik, editors, IMA Volumes in Mathematics and its Applications 122 (2000), 85-132.

[11] T.-P. Liu, Nonlinear stability of shock waves for viscous conservation laws, Mem. Amer. Math. Soc. 56 (1985) no. 328, 1–108.

[12] T.-P. Liu, Pointwise convergence to shock waves for viscous conservation laws, Comm. Pure Appl. Math.

50 (1997), 1113–1182.

[13] T.-P. Liu and K. Zumbrun, Nonlinear stability of an undercompressive shock for complex Burgers equation, Comm. Math. Phys. 168 (1995), 163–186.

[14] T.-P. Liu and K. Zumbrun, On nonlinear stability of general undercompressive viscous shock waves, Comm. Math. Phys. 174 (1995), 319–345.

[15] A. Majda and R. Pego, Stable viscosity matrices for systems of conservation laws, J. Differential Eqs.

56 (1985), 229–262.

[16] A. Matsumura and K. Nishihara, On the stability of travelling wave solutions of a one-dimensional model system for compressible viscous gas, Japan J. Appl. Math. 2 (1985), 17–25.

[17] S. Schecter, D. Marchesin, and B. J. Plohr (1996), Structurally stable Riemann solutions, J. Differential Equations 126, 303–354.

[18] J. Smoller, “Shock Waves and Reaction-Diffusion Equations,” Springer-Verlag, New York, 1983. [19] P. Szmolyan, in preparation.

[20] A. Szepessy and K. Zumbrun, Stability of rarefaction waves in viscous media, Arch. Rational Mech.

Anal. 133 (1996), 249–298.

[21] A. E. Tzavaras, Wave interactions and variation estimates for self-similar zero-viscosity limits in systems of conservation laws, Arch. Rational Mech. Anal. 135 (1996), 1–60.

[22] K. Zumbrun and P. Howard, Pointwise semigroup methods and stability of viscous shock waves, Indiana Univ. Math. J. 47 (1998), 741–871.

Mathematics Department, North Carolina State University, Box 8205 Raleigh, NC 27695 USA 919-515-6533

E-mail address: schecter@math.ncsu.edu