A gas-solid free boundary problem for compressible viscous gas

Feimin Huang^† Akitaka Matsumura^†, Xiaoding Shi^{†,††} †Department of Mathematics, Graduate School of Science, Osaka University,Osaka 560-0045,Japan ††Department of Mathematics,Graduate School of Science, Beijing University of Technology and Chemical, Beijing,100029,China

Abstract In this paper we propose a gas-solid free boundary problem for a onedimensional model system of compressible viscous gas associated with the inflow problem where the solid constantly transits into the gas and produces the inflow of the gas on the free boundary. We first show the existence of the travelling wave solution and its asymptotic stability. We further discuss the case the asymptotic state of the solution is given by a combination of the travelling wave solution and rarefaction wave.

1 Introduction

We consider the one-dimensional barotropic motion of compressible viscous gas, and study the situation where the gas is adjacent to the solid by the free boundary x̃ = X(t). In what follows we use the Eulerian coordinates (x̃, t) to represent the spacial and time variables. We assume that the part x̃ < X(t) is filled by the solid whose density ρ̄ is a given positive constant, velocity ū is zero, and the part x̃ > X(t) is filled by the gas with the density ρ̃(x̃, t) and velocity ũ(x̃, t) satisfying the conservation of mass

ρ̃_t + (ρ̃ũ)_{x̃} = 0, (1.1)

and the conservation of momentum

(ρ̃ũ)_t + (ρ̃ũ^2 + p̃ − μũ_{x̃})_{x̃} = 0, (1.2)

where the pressure p̃ is a given function of ρ̃, the viscosity coefficient μ is a given positive constant. Here we should note that in the solid part ρ̃ = ρ̄ and ũ = ū = 0 also satisfy the equations (1.1) and (1.2). On the free boundary, so that the conservation of mass holds, we assume the Rankine-Hugoniot condition − dX(t) dt (ρ̃ − ρ̄) + (ρ̃ũ − ρ̄ū) = 0 on x̃ = X(t) which implies dX(t) dt = ρ̃ũ ρ̃ − ρ̄ . (1.3)

Depending on the sign of X^′(t) and also whether ρ̃ is more or less than ρ̄, we can consider various situations. Among them we here study the situation ρ̃ < ρ̄, dX(t) dt < 0. (1.4)

It is noted that the first condition is physically natural because the density of the gas transited in phase from the solid is usually much less than that of the solid, and the second condition makes us to focus on the phase transition process from the solid to the gas. In this situation, since the density in front of the free boundary is more than that in back of the boundary, the discontinuity of the solution at the boundary is not a classical shock, but a detonation type discontinuity. By (1.3) we also know the velocity ũ on the boundary is positive, which means the gas constantly flows in from the free boundary, so this situation is closely related to the inflow problem on the half space for (1.1),(1.2)(cf. [3][16]). We discuss on this matter more later. Since we need another boundary condition on the density in this inflow situation, we assume

ρ̃ = ρ_b on x̃ = X(t), p̃(ρ_b) = p̄ := p̃(ρ̄), (1.5)

where ρ_b (< ρ̄) is a given positive constant, and the second assumption means the phase transition occurs along the equi-pressure level like Maxwell line in van der Waals isotherm (cf. [1,2]). We also assume

p̃(ρ̃) > 0, p̃^′(ρ̃) > 0, p̃^{′′}(ρ̃) ≥ 0, in a neibourhood of ρ̃ = ρ_b (1.6)

which means that once the solid changes to the gas it follows the standard property of pressure-density relation as barotropic gas. Since we need another boundary condition to determine the movement of the free boundary and the data of the density and momentum on the boundary, we also assume another Rankin-Hugoniot condition for the conservation of momentum − dX dt ρ̃ũ + ρ̃ũ^2 + p̃ − μũ_{x̃} − p̄ = 0 on x̃ = X(t). (1.7)

By (1.3),(1.5) and (1.7), we have a nonlinear Neumann condition for the velocity

μũ_{x̃} = ρ̄ρ_b ρ̄ − ρ_b ũ^2. (1.8)

We know that to be more physical, especially to unify the arguments of fluid dynamical aspects and that of Stephan problems, we should further take into account the conservation of energy and its Rankin-Hugoniot condition with a jump of energy structure. However even for 2×2 systems as (1.1)(1.2) there have been no mathematical results under the free boundary condition as (1.3) because of various difficulties. In all previous works (e.g. Kazhikhov [8], Nagasawa [17]) they assume dX(t) dt = ũ (1.9)

which means the particles on the free boundary always stay on the boundary. In this case, if we introduce the Lagrangian mass coordinates, we can reformulate the problem to that with the fixed boundary. On the other hand in our case (1.3) we can not do it, which gives us a main difficulty. We believe that to investigate a simple mathematical model as (1.1)(1.2) under the conditions (1.3)(1.8) is a quite meaningful one-step to overcome mathematical difficulties and proceed to more general problems. We should note that Kaliev and Kazhikhov [5] showed the existence and uniqueness of the local solution for a free boundary value problem which does not satisfy (1.9). But in their case they assumed that there is no discontinuity of the density. That is ρ̃ = ρ_b on the boundary. Thus we propose and concentrate on the following system in the Eulerian coordinates

ρ̃_t + (ρ̃ũ)_{x̃} = 0, in x̃ > X(t), (ρ̃ũ)_t + (ρ̃ũ^2 + p̃)_{x̃} = μũ_{x̃x̃}, in x̃ > X(t), ρ̃(X(t), t) = ρ_b, μũ_{x̃}(X(t), t) = ρ_bρ̄ ρ̄ − ρ_b ũ^2(X(t), t), dX(t) dt = ρ_b ρ_b − ρ̄ ũ(X(t), t), X(0) = 0, (ρ̃, ũ)|_{(+∞,t)} = (ρ_+, u_+), (ρ̃, ũ)|_{t=0} = (ρ_0, u_0).

(1.10)

In this paper we first investigate the existence of the travelling wave solution of (1.10), and establish its asymptotic stability. We further discuss the case the asymptotic state of the solution is expected to consist of the travelling wave solution and rarefaction wave.

We now state the relations of (1.10) to the inflow problem with the fixed boundary and recall the results on it. We consider the case X(t) = s̄t(s̄ < 0) is given. Let y = x̃ − s̄t, z(y, t) = ũ(x̃, t) − s̄, ρ(y, t) = ρ̃(x̃, t), then (1.3) and (1.5) yield the following boundary condition

ρ|_{y=0} = ρ_b > 0, z|_{y=0} = − ρ̄s̄ ρ_b =: u_b > 0.

Thus (1.10) is changed into

ρ_t + (ρz)_y = 0, in y > 0, (ρz)_t + (ρz^2 + p)_y = μz_{yy}, in y > 0, ρ(0, t) = ρ_b > 0, z(0, t) = u_b > 0, (ρ, z)|_{(+∞,t)} = (ρ_+, u_+ − s̄), (ρ, z)|_{t=0} = (ρ_0, u_0 − s̄),

(1.11) where p = p̃(ρ(y, t)).

The problem (1.11) is called the inflow problem with the fixed boundary. In this situation, a new wave, denoted by the boundary layer solution, or BLsolution simply, appears in the solutions due to the presence of boundary. Matsumura [10] classified all possible large time behaviors of the solutions in terms of the boundary values. Matsumura and Nishihara [16] and we [3] have proved, if the boundary values are in the subsonic region, the solution tends to the superposition of a BL-solution and a rarefaction wave as t tends to infinity, and the superposition of a BL-solution and a viscous shock wave under some smallness conditions. Shi [18] studied the rarefaction wave case when the boundary values are in the supersonic region. We refer the readers to [3,10,16,18].

We now concentrate on the free boundary problem (1.10). We here transform (1.10) to the problem in the Lagrangian coordinate: v_t − u_x = 0, x > x(t), t > 0, u_t + p(v)_x = μ( u_x v )_x, x > x(t), t > 0, v(x(t), t) = v_b, μu_x(x(t), t) = v_b v_b − v̄ u^2(x(t), t), dx(t) dt = 1 v̄ − v_b u(x(t), t), x(0) = 0, (v, u)|_{(+∞,t)} = (v_+, u_+) = ( 1 ρ_+

, u_+), (v, u)|_{t=0} = (v_0, u_0), v_0(0) = v_b,

(1.12)

where v = 1/ρ. The transformation (x̃, t) → (x, t) is given by { ∂x̃(x, t) ∂t = ũ(x̃(x, t), t), t > 0, x > 0 x̃(x, 0) = x̃_0(x),

with ∫_{x̃0(x)} 0 ρ̃(r, 0)dr = x, where (x̃, t) ∈ ∑ 1 = {(x̃, t); x̃ > x̃(0, t)}, and by { ∂x̃(x, t) ∂t = ũ(x̃(x, t), t), t > t_0(x), x > 0 x̃(x, t_0(x)) = X(t_0(x)),

with x = ∫_{X(t0(x))} 0 ρ_bdr − ∫_{t0(x)} 0 ρ_bũ(X(t), t)dt = ρ̄X(t_0(x)), where (x̃, t) ∈ ∑ 2 = {(x̃, t); X(t) < x̃ < x̃(0, t)}. From the definition, we have x ≥ x(t) = ρ̄X(t), and ∫_{x̃(x,t)} x̃(0,t) ρ̃(r, t)dr = x, for (x̃, t) ∈ ∑ i(i = 1, 2). Hence, for f(x, t) = f̃(x̃(x, t), t), ∂ ∂t f(x, t) = ( ∂ ∂t + u ∂ ∂x̃ )f̃(x̃(x, t), t), ∂ ∂x f(x, t) = v ∂ ∂x̃ f̃(x̃(x, t), t), which gives (1.12).

We now seek a travelling wave solution of (1.12). The argument of Section 2 shows that for any given 0 < v̄ < v_b < v_+, there exists a travelling wave solution (V, U)(ξ), ξ = x − s̄t, satisfying { −s̄V^′ − U^′ = 0, −s̄U^′ + p(V )^′ = μ( U^′ V )^′,

(1.13)

with { V (0) = v_b, U(0) = u_b, μU^′(0) = v_b(v_b − v̄)s̄^2, V (+∞) = v_+, U(+∞) = u_+, (1.14) provided that u^2_+ < (v_+ − v̄)^2|p^′(v_+)|, where

s̄ = u_b v̄ − v_b , u_b = v̄ − v_b v̄ − v_+ u_+, u_+ = (v_+ − v̄)^{12} (p(v_b) − p(v_+))^{12} . (1.15)

We call (V, U) the travelling wave solution. For any 0 < v̄ < v_b < +∞, the travelling wave solution curve with the parameter v̄ through the point (v_b, 0) in the phase plane, is defined by

T W_{v̄}(v_b, 0) = { (v, u); u = (v − v̄)^{12} (p(v_b) − p(v))^{12} , u^2 < (v − v̄)^2|p^′(v)|, v > v_b } . (1.16) When (v_+, u_+) ∈ T W_{v̄}(v_b, 0), the solution of (1.12) is expected to the travelling wave solution satisfying (1.13)-(1.15) as t tends to infinity.

On the other hand, it is known that the 2-rarefaction curve R_2(v_b, 0) through the point (v_b, 0) is

R_2(v_b, 0) = { (v, u); u = − ∫_v v_b λ_2(s)ds, v < v_b } (1.17)

and R_2(v_p, u_p) through the point (v_p, u_p) is

R_2(v_p, u_p) = { (v, u); u = u_p − ∫_v v_p λ_2(s)ds, v < v_p } , (1.18)

where λ_2 = √ −p^′(v) is the second characteristic speed of the corresponding hyperbolic system without viscosity and

u_p = (v_p − v̄)^{12} (p(v_b) − p(v_p))^{12} , u^2_p = (v_p − v̄)^2|p^′(v_p)|.

Then let us define R_2T W_{v̄}(v_b, 0) the domain surrounded by curves T W_{v̄}(v_b, 0), R_2(v_b, 0), R_2(v_p, u_p) and u-axis. When (v_+, u_+) is in R_2T W_{v̄}(v_b, 0), the solution of (1.12) is expected to tend to the superposition of a travelling wave solution and a 2-rarefaction wave as t tends to infinity.

Our aim is to investigate the stability of the travelling wave solution or a superposition of the travelling wave solution and the 2-rarefaction wave. Our results are, roughly speaking, as follows.

I) If (v_+, u_+) ∈ T W_{v̄}(v_b, 0), then the travelling wave solution is stable provided that |v_+ − v_b| is small.

II) If (v_+, u_+) ∈ R_2T W_{v̄}(v_b, 0), then there exists (v_∗, u_∗) ∈ T W_{v̄}(v_b, 0) such that (v_+, u_+) ∈ R_2(v_∗, u_∗), and the superposition of the travelling wave solution connecting (v_b, u_b) with (v_∗, u_∗) and the 2-rarefaction wave connecting (v_∗, u_∗) with (v_+, u_+) is stable provided that |v_∗ − v_b| is small. That is, the travelling wave solution is necessary to be weak, however, the 2-rarefaction wave is not necessarily weak.

Our method is based on the energy estimates and a new approximation to the rarefaction wave. It is noted that the new approximation could be applied to extend the results of [16], where a stability theorem for the superposition of a BL-solution and a weak rarefaction wave with the fixed boundary was obtained by Matsumura and Nishihara, to the strong rarefaction wave.

Our plan of this paper is as follows. In Sections 2-4, we focus on the case I). Precisely speaking, in Section 2, we study the existence of the travelling wave solution. In Section 3, we reformulate the original problem to a new initial boundary value problem and prove the local existence of the solution. In Section 4, we establish the a priori estimates and then prove the stability of the travelling wave solution. In Section 5, the case II) is treated.

Notations. Throughout this paper, several positive generic constants are denoted by c, C without confusions. For function spaces, L^p(Ω), 1 ≤ p ≤ ∞ denotes a usual Lebesgue space on Ω ⊂ R = (−∞, ∞) with its norm

‖f‖_Lp_{(Ω)} = ( ∫ Ω |f(x)|^pdx)^{1p} , 1 ≤ p < ∞, ‖f‖_L∞_{(Ω)} = sup_Ω |f(x)|. (1.19)

H^l(Ω) denotes the l-th order Sobolev space with its norm ‖f‖_l = ( l∑ j=0 ‖∂^j_xf‖^2)^{12} , when ‖ · ‖ := ‖ · ‖_L2_{(Ω)}. (1.20)

The domain Ω will be often abbreviated without confusions.

2 Existence of the travelling wave solution

In this section we investigate the existence of the travelling wave solution (V, U)(ξ), ξ = x − s̄t satisfying −s̄V^′ − U^′ = 0,^′ = d/dξ, ξ = x − s̄t, −s̄U^′ + p(V )^′ = μ ( U^′ V )_′ , V (0) = v_b, U(0) = u_b, μU^′(0) = v_b(v_b − v̄)s̄^2, V (+∞) = v_+, U(+∞) = u_+,

(2.1)

where s̄ = u_b v̄ − v_b < 0. (2.2)

We have the following existence result.

Lemma 2.1. For any given v̄, v_b and v_+ with 0 < v̄ < v_b < v_+, when

u_b = v̄ − v_b v̄ − v_+ u_+, u_+ = (v_+ − v̄)^{12} (p(v_b) − p(v_+))^{12} , (2.3)

there exists a unique solution (V, U)(ξ) to (2.1) and (2.2) satisfying 0 < v_b < V (ξ) < v_+, V^′ > 0, provided that u^2_+ < (v_+ − v̄)^2|p^′(v_+)|. Furthermore, fix v̄ and v_b, let v_+ − v_b = δ, then there exists a positive constant δ_0 > 0 such that, for any δ ≤ δ_0, |V (ξ) − v_+| = O(δ)e^{− c√δ ξ} , (2.4) and u_+, s̄, u_b = O(δ^{12} ), V^′ = O(δ^{12} )e^{− c√δ ξ}. (2.5)

Proof. When (V, U) exists, the integration of (2.1) with respect to ξ yields { s̄V + U = s̄v_b + u_b = s̄v_+ + u_+, μ U^′ V = p(V ) + s̄^2(V − v_+) − p(v_+).

(2.6)

Let ξ = 0, then (2.3) holds. By (2.6) we have the ordinary equation { −s̄μ V^′ V = F(V ) := p(V ) + s̄^2(V − v_+) − p(v_+), V (0) = v_b, V (+∞) = v_+.

(2.7)

To the contrary, since

u^2_+ < (v_+ − v̄)^2|p^′(v_+)| (2.8)

infers F(V ) > 0 for v_b < V < v_+, it is easy to see there exists a unique solution (V, U) of (2.1). Furthermore, (2.3) and (2.7) infer the solution satisfies (2.4) and (2.5) if v_+ − v_b is suitably small. Thus Lemma 2.1 is proved.

3 Local Existence of the solution

In this section, we first reformulate (1.12) to a new initial-boundary value problem and then prove the local existence of the solution.

Assume that (v_+, u_+) ∈ T W_{v̄}(v_b, 0), then Lemma 2.1 gives a unique solution (V, U)(ξ), ξ = x − s̄t ≥ 0 satisfying

−s̄V^′ − U^′ = 0, −s̄U^′ + p(V )^′ = μ( U^′ V )^′, V (0) = v_b, U(0) = u_b, μU^′(0) = v_b(v_b − v̄)s̄^2, (V, U)|_{(+∞)} = (v_+, u_+),

(3.1)

where s̄ =^{ub}_{v̄−vb} < 0 and u_b, u_+ satisfies (2.3). To investigate the free boundary problem (1.12), we consider the coordinate transformation t = t, y = x − x(t), (3.2) where x(t) = s̄t + γ(t). By (3.2), we rewrite (1.12) as

v_t − (s̄ + γ^′(t))v_y − u_y = 0, y > 0, t > 0, u_t − (s̄ + γ^′(t))u_y + p(v)_y = μ( u_y v )_y , y > 0, t > 0, v(0, t) = v_b, μu_y(0, t) = v_b v_b − v̄ u^2(0, t), dγ(t) dt = 1 v̄ − v_b u(0, t) − s̄, γ(0) = 0, (v, u)|_{(+∞,t)} = (v_+, u_+), (v, u)(y, 0) = (v_0, u_0)(y), y > 0.

(3.3)

On the other hand, we take the travelling wave solution as the form (V, U)(y). Thus, by (3.1) (V, U) satisfies −s̄V_y − U_y = 0, y > 0, −s̄U_y + p(V )_y = μ( U_y V )_y, y > 0, V (0) = v_b, U(0) = u_b, μU_y(0) = v_b(v_b − v̄)s̄^2, (V, U)|_{(+∞)} = (v_+, u_+).

(3.4)

We now put the perturbation (ϕ, ψ)(y, t) by (v, u)(y, t) = (V, U)(y) + (ϕ, ψ)(y, t), (3.5) so that the reformulated problem is

ϕ_t − (s̄ + γ^′(t))ϕ_y − ψ_y = γ^′(t)V^′(y), y > 0, t > 0, ψ_t − (s̄ + γ^′(t))ψ_y + (p(V + ϕ) − p(V ))_y −μ ( ψ_y V + ϕ + s̄V^′(y)ϕ V (V + ϕ) ) y= −s̄γ^′(t)V^′(y), y > 0, t > 0, ϕ(0, t) = 0, μψ_y(0, t) = 2v_bu_b v_b − v̄ ψ(0, t) + v_b v_b − v̄ ψ^2(0, t),

γ^′(t) = 1 v̄ − v_b ψ(0, t), γ(0) = 0, (ϕ, ψ)|_{(+∞,t)} = (0, 0), (ϕ, ψ)(y, 0) = (ϕ_0, ψ_0) = (v_0 − V, u_0 − U)(y).

(3.6)

We shall combine the local existence and the a priori estimates to investigate the stability of the travelling wave solution. The a priori estimates will be treated in the next section. Here we only study the problem of the local existence.

The solution space is X_{m,M} (0, T ) = { ϕ ∈ C(0, T ; H^1_0 ), ψ ∈ C(0, T ; H^1)|ϕ_y ∈ L^2(0, T ; L^2), ψ_y ∈ L^2(0, T ; H^1), with sup_{[0,T ]} ‖(ϕ, ψ)(t)‖_1 ≤ M, inf R_+×[0,T ] (V + ϕ)(y, t) ≥ m } , (3.7)

for some positive constants m, M.

Proposition 3.1.(Local Existence) For any given 0 < v̄ < v_b < +∞, there exist positive constants δ_0 and M_0 such that if v_+ − v_b = δ ≤ δ_0, ϕ_0 ∈ H^1_0 , ψ_0 ∈ H^1, ‖(ϕ_0, ψ_0)‖_1 ≤ M(≤^{M0}_b ) and inf_{R+}(V + ϕ_0) ≥ m, then there exists a positive constant T_0 = T (m, M_0) such that there exists a unique solution (ϕ(y, t), ψ(y, t), γ(t)) to (3.6) satisfying

ϕ(y, t), ψ(y, t) ∈ X^m_{2 ,bM} (0, T_0), γ(t) ∈ C^1([0, T_0])

where b = 3(1 + 2 √_{vb} μ + √_{2vb} v_b−v̄ ). Proof. We first consider the characteristic equation of (3.6)_1. When y ≥ −x(t)(x(t) = s̄t + γ(t)), the characteristic starts from the y-axis. That is, for any x̄_0 ≥ 0, the characteristic y(x̄_0, t) from (x̄_0, 0) satisfies { dy(x̄_0, t) dt = −s̄ − γ^′(t), y(x̄_0, 0) = x̄_0,

(3.8)

which yields y(x̄_0, t) = −x(t) + x̄_0. (3.9)

Thus, ϕ has the explicit form

ϕ(y, t) = ϕ_0(x̄_0) + ∫_t 0 ψ_y(x̄_0 − x(τ), τ)dτ + ∫_t 0 γ^′(τ)V^′(x̄_0 − x(τ))dτ, x̄_0 = y + x(t).

(3.10)

In the same way, when 0 ≤ y ≤ −x(t), the characteristic starts from the taxis. It is noted that the inverse function of x(t) exists if |γ^′(t)| = |^1_{v̄−vb} ψ(0, t)| ≤ c‖ψ(t)‖_1 is small. Thus, by (3.6)_1 and the boundary condition ϕ(0, t) = 0, we have ϕ(y, t) = ∫_t t̄_0 ψ_y(x(t̄_0) − x(τ), τ)dτ + ∫_t t̄_0

γ^′(τ)V^′(x(t̄_0) − x(τ))dτ, t̄_0 = x^{−1}(y + x(t)).

(3.11)

On the other hand, the equation (3.6)_2 is regarded as the initial-boundary value problem for the parabolic equation of ψ: ψ_t − μ( ψ_y V + ϕ )_y = g := g(ϕ, ϕ_y , ψ(0, t), ψ_y) μψ_y(0, t) = 2v_bu_b v_b − v̄ ψ(0, t) + v_b v_b − v̄ ψ^2(0, t), ψ|_{t=0} = ψ_0,

(3.12)

where g(ϕ, ϕ_y , ψ(0, t), ψ_y) = −(p(V + ϕ) − p(V ))_y + ( s̄ + 1 v̄ − v_b ψ(0, t) ) ψ_y +μ ( U_y V + ϕ − U_y V ) y − s̄ v̄ − v_b ψ(0, t)V^′(y). By virtue of the boundary condition of (3.6), γ(t) has the explicit form γ(t) = ∫_t 0 1 v̄ − v_b ψ(0, τ)dτ. (3.13) We now approximate ϕ_0 ∈ H^1_0 , ψ_0 ∈ H^1 by ϕ_{0k} ∈ H^3 ∩ H^1_0 , ψ_{0k} ∈ H^3 such that (ϕ_{0k} , ψ_{0k}) → (ϕ_0, ψ_0), strongly in H^1, (3.14) as k → ∞ and ‖(ϕ_{0k}, ψ_{0k}‖_1 ≤^3_2 M, inf_{R+} (V + ϕ_{0k}) ≥^2_3 m hold for any k.

We will use the iteration method to prove Proposition 3.1. We define the sequence {(ϕ^{(n)}_k (y, t), ψ^{(n)}_k (y, t), γ^{(n)}_k (t))} for each k so that

(ϕ^{(0)}_k , ψ^{(0)}_k )(y, t) = (ϕ_{0k}, ψ_{0k})(y), γ^{(0)}_k (t) = ∫_t 0 1 v̄ − v_b ψ_{0k}(0)dτ (3.15) and for a given ((ϕ^{(n−1)}_k , ψ^{(n−1)}_k )(y, t), γ^{(n−1)}_k (t)), ψ^{(n)}_k is a solution to ψ^{(n)}_{kt} − μ( ψ^{(n)}_{ky} V + ϕ^{(n−1)}_k )_y = g^{(n−1)} = g(ϕ^{(n−1)}_k , ϕ^{(n−1)}_{ky} , ψ^{(n−1)}_k (0, t), ψ^{(n−1)}_{ky} )

μψ^{(n)}_{ky} (0, t) = 2v_bu_b v_b − v̄ ψ^{(n)}_k (0, t) + v_b v_b − v̄ [ψ^{(n)}_k (0, t)]^2, ψ^{(n)}_k |_{t=0} = ψ_{0k}, (3.16) γ^{(n)}_k (t) = ∫_t 0 1 v̄ − v_b ψ^{(n)}_k (0, τ)dτ (3.17) and

ϕ^{(n)}_k (y, t) =

∫_t t̄^{(n−1)} k ψ^{(n)}_{ky} (x^{(n−1)}_k (t̄^{(n−1)}_k ) − x^{(n−1)}_k (τ), τ)dτ + ∫_t t̄^{(n−1)} k [γ^{(n−1)} k (τ)]^′V^′(x^{(n−1)}_k (t̄^{(n−1)}_k ) − x^{(n−1)}_k (τ))dτ, if 0 ≤ y ≤ −x^{(n−1)}_k (t) ϕ_{0k}(x̄^{(n−1)}_k ) + ∫_t 0 ψ^{(n)}_{ky} (x̄^{(n−1)}_k − x^{(n−1)}_k (τ), τ)dτ + ∫_t 0 [γ^{(n−1)} k (τ)]^′V^′(x̄^{(n−1)}_k − x^{(n−1)}_k (τ))dτ, if y ≥ −x^{(n−1)}_k (t), (3.18) where x^{(n−1)} k (t) = s̄t + γ^{(n−1)}_k (t), t̄^{(n−1)} k = (x^{(n−1)}_k )^{−1}(y + x^{(n−1)}_k (t)), x̄^{(n−1)} k = y + x^{(n−1)}_k (t).

We now assume M_0 is small. By the principle of contraction mapping, it is easy to prove there exists a positive time t_0(m, M_0) << 1 such that, if g^{(n−1)} ∈ C(0, t_0; H^2) and ψ_{0k} ∈ H^3, there exists a unique-local solution ψ^{(n)}_k to (3.16) satisfying ψ^{(n)}_k ∈ C(0, t_0; H^3) ∩ C^1(0, t_0; H^1) ∩ L^2(0, t_0; H^4) and |ψ^{(n)}_k (y, t)| ≤ CM_0.

Thus, if (ϕ^{(n−1)}_k , ψ^{(n−1)}_k ) ∈ X 1_{2 m,bM} , multiplying (3.16) by ψ^{(n)}_k , and integrating it over R_+, we have

‖ψ^{(n)}_k (t)‖^2_t + μ v_+

‖ψ^{(n)}_{ky} ‖^2 + 4v_bu_b v_b − v̄ [ψ^{(n)}_k (0, t)]^2 ≤ 2 ∫_∞ 0 |g^{(n−1)}ψ^{(n)}_k |dy + C|ψ^{(n)}_k (0, t)|^3 ≤ C(m, M_0)(1 + ‖ψ^{(n)}_k (t)‖^2) + 2v_bu_b v_b − v̄ [ψ^{(n)}_k (0, t)]^2.

(3.19)

Thus, we have ‖ψ^{(n)}_k (t)‖^2 ≤ (2M)^2 due to t_0 = t_0(m, M_0) << 1 and ∫_{t0} 0 ‖ψ^{(n)}_{ky} ‖^2dt ≤ v_+ μ (2M)^2. (3.20)

Multiplying (3.16) by −ψ^{(n)}_{kyy} and integrating it over R_+ , one has, if δ_0 is suitably small,

(‖ψ^{(n)}_{ky} ‖^2 + 2v_bu_b v_b − v̄ [ψ^{(n)}_k (0, t)]^2 + 2v_b 3(v_b − v̄)

[ψ^{(n)}_k (0, t)]^3)_t + μ 2v_+

‖ψ^{(n)}_{kyy}(t)‖^2≤ C(m, M_0) + ‖ψ^{(n)}_{ky} ‖^2.

(3.21)

The integration of (3.21) over (0, t) gives

‖ψ^{(n)}_{ky} ‖^2 + 2v_bu_b v_b − v̄ [ψ^{(n)}_k (0, t)]^2 + 2v_b 3(v_b − v̄)

[ψ^{(n)}_k (0, t)]^3 + μ 2v_+ ∫_t 0 ‖ψ^{(n)}_{kyy}(τ)‖^2dτ ≤ ‖ψ_{0k}‖^2_1 + 2v_bu_b v_b − v̄ [ψ_{0k}(0)]^2 + 2v_b 3(v_b − v̄)

|ψ_{0k}(0)|^3

+C(m, M_0)t + ∫_t 0 ‖ψ^{(n)}_{ky} ‖^2dτ ≤ (2M)^2(1 +

2v_+ μ + 2v_bu_b v_b − v̄ ) ≤ (2M)^2(1 + 4v_b μ + 2v_b v_b − v̄ ).

(3.22)

Thus, we have

‖ψ^{(n)}_{ky} ‖^2 ≤ (3(1 + 2 √ v_b μ + √ 2v_b v_b − v̄ )M)^2 = (bM)^2, (3.23)

and ∫_{t0} 0 ‖ψ^{(n)}_{kyy}‖^2dt ≤ 2v_+ μ (bM)^2. (3.24)

On the other hand, direct estimate on (3.18) together with (3.20),(3.23) and (3.24) gives ‖ϕ^{(n)}_k (t)‖^2_1 ≤ (3M)^2, (3.25)

and inf_{R+×[0,T ]}(V + ϕ^{(n)}_k )(y, t) ≥^1_2 m.

Therefore, (ϕ^{(n)}_k , ψ^{(n)}_k ) ∈ X 1_{2 m,bM} (0, t_0). From (3.17), it is easy to see γ^{(n)}_k (t) ∈ C^1([0, t_0]). By a standard way, (ϕ^{(n)}_k , ψ^{(n)}_k ) is a Cauchy sequence in C(0, t_0; H^2). Thus we have a solution (ϕ_k (y, t), ψ_k(y, t), γ_k(t)) by letting n tends to infinity, where γ_k(t) = ∫_t 0 1 v̄−v_b ψk(0, τ)dτ. In the same way, letting k → ∞,

we obtain the desired unique-local solution (ϕ(y, t), ψ(y, t), γ(t)) to (3.6) which satisfies (ϕ, ψ) ∈ X 1_{2 m,bM} (0, T_0) and γ(t) ∈ C^1([0, T_0])(taking T_0 smaller than t_0 if necessary).

4 Stability of the travelling wave solution

This section is devoted to the stability of the travelling wave solution. Our stability theorem is

Theorem 4.1.(Stability theorem) For any given 0 < v̄ < v_b < +∞, there exist positive constants δ_1 and C_1. If (v_+, u_+) ∈ T W_{v̄}(v_b, 0), v_+ − v_b = δ ≤ δ_1, v_0 − V ∈ H^1_0 , u_0 − U ∈ H^1 and ‖v_0 − V, u_0 − U‖_1 ≤ C_1δ, then there exists a global solution (v(x, t), u(x, t), x(t)) to (1.12) satisfying (v − V, u − U)(x, t) ∈ C(0, +∞; H^1(x(t), +∞)), (v − V )_x(x, t) ∈ L^2(0, +∞; L^2(x(t), +∞)), (u − U)_x(x, t) ∈ L^2(0, +∞; H^1(x(t), +∞)), x(t) ∈ C^1([0, +∞)), x^′(t) − s̄ ∈ L^2(0, +∞), and sup x≥x(t) |(v, u)(x, t) − (V, U)(x − x(t))| → 0, as t → +∞.

Theorem 4.1 is derived directly from the local existence (Proposition 3.1) and the following a priori estimates.

Proposition 4.2.(A priori estimates) For any given v̄ and v_b, there exist positive constants δ_1 and C_0. If v_+ − v_b = δ ≤ δ_1(≤ δ_0), (ϕ, ψ) ∈ X 1_{4 vb,bM} (0, T ) with M ≤^{C0}_b δ is a solution to (3.6) for some positive constant T , then

‖(ϕ, ψ)(t)‖^2_1 + δ^{12} ∫_t 0 ψ^2(0, τ)dτ + δ^{12} ∫_t 0 ∫_∞ 0 ϕ^2V^′(y)dydτ + ∫_t 0 ‖ϕ_y(τ)‖^2dτ + ∫_t 0 ‖ψ_y(τ)‖^2_1dτ ≤ C‖(ϕ_0, ψ_0)‖^2_1

(4.1)

where C > 1 is a constant.

Proof. By virtue of the previous section, (ϕ, ψ) satisfies ϕ_t − (s̄ + γ^′(t))ϕ_y − ψ_y = γ^′(t)V^′(y), y > 0, t > 0, ψ_t − (s̄ + γ^′(t))ψ_y + (p(V + ϕ) − p(V ))_y −μ ( ψ_y V + ϕ + s̄V^′(y)ϕ V (V + ϕ) ) y= −s̄γ^′(t)V^′(y), y > 0, t > 0, ϕ(0, t) = 0, μψ_y(0, t) = 2v_bu_b v_b − v̄ ψ(0, t) + v_b v_b − v̄ ψ^2(0, t), γ^′(t) = 1 v̄ − v_b ψ(0, t), γ(0) = 0, (ϕ, ψ)|_{(+∞,t)} = (0, 0), (ϕ, ψ)(y, 0) = (ϕ_0, ψ_0) = (v_0 − V, u_0 − U)(y).

(4.2)

Let Φ(v, V ) = p(V )ϕ − ∫_{V +ϕ} V p(s)ds. Multiplying the first equation of (4.2) by (p(V ) − p(V + ϕ)) and the second one by ψ, we have { [ 1 2 ψ^2 + Φ(v, V )] } t − (s̄ + γ^′)ΔϕV_y +{(p(V + ϕ) − p(V ))ψ − (s̄ + γ^′)(Φ(v, V ) + 1 2 ψ^2) −μ( ψ_y V + ϕ + s̄V_y ϕ V (V + ϕ) )ψ } y + μ ψ^2_y V + ϕ + μs̄V_yψ_yϕ V (V + ϕ) + (p(V + ϕ) − p(V ))γ^′V_y + s̄γ^′V_yψ = 0,

(4.3)

where Δϕ = p(V + ϕ) − p(V ) − p^′(V )ϕ satisfies cϕ^2 ≤ Δϕ ≤ Cϕ^2.

Let E = ∫_∞ 0 1 2 ψ^2 + Φ(v, V )dy. The integration of (4.3) over R_+ × [0, T ] gives E(t) − E(0) + μ ∫_t 0 ∫_∞ 0 ψ^2_y V + ϕ dydτ− ∫_t 0 ∫_∞ 0 (s̄ + γ^′)ΔϕV_y dydτ + ∫_t 0 [ 1 2 (s̄ + γ^′)ψ(0, τ) + μ ψ_y(0, τ) v_b ]ψ(0, τ)dτ + ∫_t 0 ∫_∞ 0 μs̄V_y ψ_yϕ V (V + ϕ) dydτ + ∫_t 0 ∫_∞ 0 (p(V + ϕ) − p(V ))γ^′V_ydydτ + ∫_t 0 ∫_∞ 0 s̄γ^′V_yψdydτ = 0. (4.4)

Since s̄ = O(δ^{12} ) is negative and |γ^′| = O(δ), we have

−(s̄ + γ^′)ΔϕV_y ≥ cδ^{12} ϕ^2V_y. (4.5)

On the other hand, the boundary conditions of (4.2) give μ ψ_y(0, τ) v_b ψ(0, τ) = 2u_b v_b − v̄ ψ^2(0, τ) + 1 v_b − v̄ ψ^3(0, τ) ≥ − 3 2 s̄ψ^2(0, τ), (4.6)

which infers [ 1 2 (s̄ + γ^′)ψ(0, τ) + μ ψ_y(0, τ) v_b ]ψ(0, τ) ≥ − 1 2 s̄ψ^2(0, τ) ≥ cδ^{12} ψ^2(0, τ). (4.7)

Thus, from (4.4)-(4.7), we have E(t) − E(0) + μ ∫_t 0 ∫_∞ 0 ψ^2_y V + ϕ dydτ + cδ^{12} ∫_t 0 ∫_∞ 0 ϕ^2V_y dydτ +cδ^{12} ∫_t 0 ψ^2(0, τ)dτ = − ∫_t 0 ∫_∞ 0 μs̄V_yψ_yϕ V (V + ϕ) dydτ − ∫_t 0 ∫_∞ 0 (p(V + ϕ) − p(V ))γ^′V_ydydτ − ∫_t 0 ∫_∞ 0 s̄γ^′V_y ψdydτ. (4.8)

We now estimate each term of the right hand side of (4.8). From Lemma 2.1 and cϕ^2 ≤ Φ(v, V ) ≤ Cϕ^2, (4.9) we have μs̄V_yψ_yϕ V (V + ϕ) ≤ λψ^2_y + Cs̄^2ϕ^2V^2_y ≤ λψ^2_y + Cδ^{32} ϕ^2V_y, (4.10) ∫_∞ 0 |(p(V + ϕ) − p(V ))γ^′V_y |dy ≤ C ∫_∞ 0 |γ^′V_y ϕ|dy ≤ C|γ^′|‖ϕ_y‖ ∫_∞ 0 y^{12} V_y dy ≤ Cδ^{54} |γ^′|‖ϕ_y‖ ≤ λδ^{12} |γ^′|^2 + Cδ^2‖ϕ_y‖^2,

(4.11)

and ∫_∞ 0 s̄γ^′V_yψdy = −s̄γ^′ ∫_∞ 0 (V − v_+)ψ_ydy −s̄(v_b − v_+)γ^′ψ(0, τ) ≤ λ‖ψ_y‖^2 + Cδ^{32} ψ^2(0, τ),

(4.12)

where we have used the fact that |ϕ(y, τ)| = | ∫_y 0 ϕ_ydy| ≤ y^{12} ‖ϕ_y‖, and λ is a suitably small positive constant.

Combining (4.8)-(4.12), we get the basic lemma.

Lemma 4.3. Let the conditions of Proposition 4.2 hold, then ‖(ϕ, ψ)(t)‖^2 + ∫_t 0 ‖ψ_y(τ)‖^2dτ + δ^{12} ∫_t 0 ψ^2(0, τ)dτ +δ^{12} ∫_t 0 ∫_{+∞} 0 V_yϕ^2dydτ ≤ C‖(ϕ, ψ)(0)‖^2 + Cδ^2 ∫_t 0 ‖ϕ_y(τ)‖^2dτ . (4.13)

Following [14], we adapt a new variable

ṽ = v V , (4.14)

to estimate ‖ϕ_y‖. Then the equation (4.2)_2 is rewritten as ( μ ṽ_y ṽ − ψ ) t − (s̄ + γ^′(t)) ( μ ṽ_y ṽ − ψ ) y − p^′(v)V ṽ_y + (p^′(V ) − p^′(v)ṽ)V_y = μ( V_y V )_yγ^′(t) − s̄γ^′(t)V_y . (4.15) Thus, we have

Lemma 4.4. It holds that ‖ ṽ_y ṽ (t)‖^2 + ∫_t 0 ∫_{+∞} 0 ṽ^2_y ṽ^{γ+2} dydτ ≤ C(‖ϕ_0‖^2_1 + ‖ψ_0‖^2).

(4.16)

Proof. Multiplying (4.15) by^{ṽy}_ṽ , one gets { μ 2 ( ṽ_y ṽ )^2 − ψ( ṽ_y ṽ ) } t − p^′(v)V ṽ^2_y ṽ + { ψ ṽ_t ṽ − μ(s̄ + γ^′(t)) 2 ( ṽ_y ṽ )^2 } y = ψ^2_y v + s̄ϕψ_yV_y vV + (p^′(V ) − p^′(v)ṽ)V_y ṽ_y ṽ +(μ( V_y V )_yγ^′ − s̄γ^′(t)V_y ) ṽ_y ṽ + γ^′(t)ψ_y V_y V .

(4.17)

Since |( ṽ_y ṽ )(0, t)|= ϕ_y v_b = γ^′(t)V^′(0) + ψ_y(0, t)

v_b(s̄ + γ^′(t)) ≤ C|ψ(0, t)|, (4.18) |(p^′(V ) − p^′(v)ṽ)V_y ṽ_y ṽ | ≤ λṽ^2_y + CV^2_y ϕ^2, (4.19)

and ∫_∞ 0 | |( V^y V )_y γ^′(τ) ṽ_y ṽ | | ≤ ∫_∞ 0 λṽ^2_y dy + C ∫_∞ 0 |( V_y V )_y|^2dy|γ^′(τ)|^2 ≤ ∫_∞ 0 λṽ^2_y dy + Cδ^{12} |γ^′(τ)|^2,

(4.20)

where we have used V^′(0) = O(δ^{12} ) and ψ_y(0, t) = O(δ^{12} )|ψ(0, t)|. It is noted that c_1ϕ^2_y − c_2V^2_y ϕ^2 ≤ | ṽ_y ṽ |^2 ≤ C_1ϕ^2_y + C_2V^2_y ϕ^2,

where c_i, C_i, i = 1, 2 are positive constants which only depend on v̄ and v_b. Integrating (4.17) over (0, +∞) × (0, t) and using Lemma 4.3, we get Lemma 4.4.

Lemma 4.5. It holds that

‖ψ_y(t)‖^2 + ∫_t 0 ‖ψ_{yy}(τ)‖^2dτ ≤ C‖ϕ_0, ψ_0‖^2_1. (4.21)

Proof. Multiplying (4.2)_2 by −ψ_{yy}, we have ( ψ_y 2 )^2_t + ( −ψ_tψ_y + s̄ + γ^′(t) 2 ψ^2_y ) y + μ ψ^2_{yy} v = { −μ ψ_y(V_y + ϕ_y)

(V + ϕ)^2

+ μ( s̄V_y ϕ (V + ϕ)V )_y − ( p(V + ϕ) − p(V ) ) y } (−ψ_{yy}) +s̄γ^′(t)V_y ψ_{yy}. (4.22)

Integrating (4.22) over (0, +∞) × (0, t), one has 1 2 ‖ψ_y(t)‖^2 + ∫_t 0 ψ_t(0, τ)ψ_y (0, τ)dτ − ∫_t 0 s̄ + γ^′(t) 2 ψ^2_y(0, τ)dτ + μ 2v_+ ∫_t 0 ‖ψ_{yy}(τ)‖^2dτ ≤ C(‖ϕ_0‖^2_1 + ‖ψ_0‖^2_1) + C ∫_t 0 ‖ϕ_y(τ)‖^2 + ‖ψ_y(τ)‖^2dτ +C ∫_t 0 ∫_∞ 0 s̄^2V^2_{yy} ϕ^2dydτ.

(4.23)

By the boundary conditions of (4.2), we have

ψ_t(0, t)ψ_y(0, t) = v_b v_b − v̄ {u_bψ^2(0, t) + 1 3 ψ^3(0, t)}_t. (4.24)

On the other hand, ∫_t 0 ∫_∞ 0 s̄^2V^2_{yy}ϕ^2dydτ ≤ Cδ ∫_t 0 ∫_∞ 0 |V_{yy}|ydy · ‖ϕ_y‖^2dτ ≤ Cδ^2 ∫_t 0 ‖ϕ_y‖^2dτ. Thus, combining (4.22)-(4.24) and the fact that s̄ < 0, we get Lemma 4.5.

Proposition 4.2 is obtained at once from Lemma 4.3-4.5.

Proof of Theorem 4.1. Let δ_1, C_0, C and M_0 are the constants in Proposition 3.1 and 4.2. We assume C_0δ_1 ≤ M_0. This is possible because we can choose δ_1 smaller if necessary. We now let v_+ − v_b = δ ≤ δ_1 and the initial data ‖(ϕ_0, ψ_0)‖_1 ≤ M ≤^{C0δ√}_{Cb} ≤ M_0/b. Then by Proposition 3.1, there exists a positive time t_0 = t_0(v_b, M_0) such that there is a unique-local solution (ϕ, ψ, γ) to (3.6) satisfying ϕ(y, t), ψ(y, t) ∈ X^vb_{4 ,bM} (0, t_0), γ(t) ∈ C^1([0, t_0]). It is noted that bM ≤ C_0δ. Thus, by virtue of Proposition 4.2, we have

‖(ϕ, ψ)(t_0)‖_1 ≤ √ C‖(ϕ_0, ψ_0)‖_1 ≤ C_0δ/b ≤ M_0/b

Which satisfies the conditions of Proposition 3.1. Hence, from the time t = t_0, again using Proposition 3.1 and 4.2, we know there exists a solution (ϕ, ψ, γ) to (3.6) in the interval [t_0, 2t_0] and

‖(ϕ, ψ)(2t_0)‖_1 ≤ √ C‖ϕ_0, ψ_0‖_1 ≤ C_0δ/b ≤ M_0/b. Repeating above procedure, we obtain the asymptotic stability theorem 4.1.

5 Superposition of a travelling wave solution and a rarefaction wave

This section is devoted to the superposition of a travelling wave solution and a rarefaction wave. Assume that

(v_+, u_+) ∈ R_2T W_{v̄}(v_b, 0), (5.1)

where 0 < v̄ < v_b.

In this case, there exists (v_∗, u_∗) ∈ T W_{v̄}(v_b, 0) such that (v_+, u_+) ∈ R_2(v_∗, u_∗), and the superposition of the travelling wave solution connecting (v_b, u_b) with (v_∗, u_∗) and the 2-rarefaction wave connecting (v_∗, u_∗) with (v_+, u_+).

We now consider the 2-rarefaction wave (v^R, u^R)(^x_t ) connecting (v_∗, u_∗) with (v_+, u_+), which is the weak solution of the Riemann problem v_t − u_x = 0, (x, t) ∈ ℜ × (0, +∞), v_t + p(v)_x = 0, (v, u) | |_{t=0}= (v^R_0 , u^R_0 )(x) = { (v_∗, u_∗), x < 0, (v_+, u_+), x > 0.

(5.2)

It is known that (v^R, u^R)(^x_t ) has the explicit form

(v^R, u^R)( x t )

= (v_∗, u_∗), −∞ ≤ x t ≤ λ_2(v_∗), ( λ^{−1}_2 ( x t ), u_∗ − ∫_λ−1_{2 (} x_{t )} v_∗ λ_2(s)ds ) , λ_2(v_∗) ≤ x t ≤ λ_2(v_+),

(v_+, u_+), λ_2(v_+) ≤ x t ≤ +∞, (5.3)

where λ_2(v) = √ −p^′(v). To study the large time behavior of solutions to (1.12), it is necessary to construct a smooth approximate rarefaction wave (Ṽ , Ũ)(x, t) of (v^R, u^R)(^x_t ) in ℜ × (0, +∞), and its restriction (V^R, U^R)(^x_t ) := (Ṽ , Ũ)(x, t) | x≥x(t). For this

reason, we investigate the Riemann problem on ℜ×(0, +∞) of Burgers equation

w^R_t + w^Rw^R_x = 0, (x, t) ∈ ℜ × ℜ_+,

w^R(x, 0) = w^R_0 (x) = { w_− = λ_2(v_∗), x < 0, w_+ = λ_2(v_+), x > 0.

(5.4)

Here 0 < w_− < w_+. The weak solution of (5.4) with the entropy condition is a rarefaction wave w^R(^x_t ) connecting w_− and w_+

w^R( x t ) = w_−, x ≤ w_−t, x t , w_−t < x < w_+t, w_+. w_+t ≤ x. (5.5)

We now approximate w^R(^x_t ) by w_t + ww_x = 0, (x, t) ∈ ℜ × (0, +∞), w | |_{t=0}= w_0(x) = w_−, x < 0, w_− + w̃κ_q ∫_{εx} 0 z^qe^{−z}dz, x ≥ 0. (5.6)

Here w̃ = w_+ − w_−, κ_q is a constant such that κ_q ∫_{+∞} 0 z^qe^{−z}dz = 1 for large constant q ≥ 8 and ε is a positive constant determined later. We have

Lemma 5.1 Let 0 < w_− < w_+, then the problem (5.6) has a unique smooth solution w(x, t) satisfying i. w_− ≤ w(x, t) < w_+, w_x ≥ 0, for x ≥ 0, t ≥ 0. ii. F or any p(1 ≤ p ≤ +∞), there exists a constant C_{p,q} such that for t ≥ 0 ‖w_x(·, t)‖_Lp ≤ C_{p,q} min ( w̃ε^{1− 1p} , w̃^{1p} t^{−1+ 1p} ) , ‖w_{xx}(·, t)‖_Lp ≤ C_{p,q} min ( w̃ε^{2− 1p} , w̃^{1q} ε^{1− 1p + 1q} t^{−1+ 1q} ) . iii. when x ≤ 0, w(x, t) − w_− = w_x(x, t) = w_{xx}(x, t) = 0. iv. lim sup t→+∞,x∈ℜ | |w(x, t) − w^R(x, t) | | = 0.

Proof. Since the solution w(x, t) of (5.6) has the explicit form

w(x, t) = w_0(x_0(x, t)), x = x_0(x, t) + w_0(x_0(x, t))t, and w^′_0(x_0) = { 0, x_0 ≤ 0 w̃k_q ε(εx_0)^q e^{−εx0} , x_0 > 0,

|w^{′′}_0 (x_0)| ≤ Cw̃^{1q} ε^{1+ 1q} |w^′_0(x_0)|^{1− 1q} e^{− εx02q} ,

it is not difficult to get Lemma 5.1 by virtue of the method of [14]. We omit the detail here.

Now we define the approximate solution (Ṽ , Ũ)(x, t) as follows

(Ṽ , Ũ)(x, t) = λ^{−1}_2 ( w(x, t) ) , u_∗ − ∫_λ−1_2 (_{w(x,t)}) v_∗ λ_2(s)ds . (5.7)

Setting (V^R, U^R)(y, t) := (Ṽ , Ũ) | |_{x≥x(t)}, y = x − x(t). (5.8) Since w(x, t) is the smooth solution of the problem (5.6), it is easy to see

V^R_t − (s̄ + γ^′(t))V^R_y − U^R_y = 0, U^R_t − (s̄ + γ^′(t))U^R_y + p(V^R)_y = 0, (y, t) ∈ R_+ × (0, +∞), (V^R, U^R) | |_{y=0}= (v_∗, u_∗),

(V^R, U^R) | |_{t=0}= ( λ^{−1}_2 (w_0(y)), u_∗ −

∫_λ−1_{2 (w0 (y))} v_∗ λ2(s)ds ) . (5.9)

Note that |V^R_{yy}| ≤ C(|w_{xx}| + |w_x|^2), one has from Lemma 5.1,

Lemma 5.2. Let δ_2 = |v_+ − v_∗| + |u_+ − u_∗|, then (V^R, U^R)(y, t) satisfies, if q ≥ p, i. U^R_y (y, t) ≥ 0, |U^R_y | ≤ Cεδ_2, for t ≥ 0, y ≥ 0, ii. F or any p(1 ≤ p ≤ +∞), there exist a constant C_{p,q} such that ‖V^R_y (·, t)‖_Lp_{({y≥0})} ≤ C_{p,q} min{δ_2ε^{1− 1p} , δ^{1p}_2 (1 + t)^{−1+ 1p} }, ‖V^R_{yy}(·, t)‖_Lp_{({y≥0})} ≤ C_{p,q} min{δ_2ε^{2− 1p} , δ^{1q}_2 (1 + t)^{−1+ 1q} }, t ≥ 0. iii. (V^R, U^R)|_{y≤−x(t)} = (v_∗, u_∗), (V^R_y , U^R_y , V^R_{yy}, U^R_{yy})|_{y≤−x(t)} = 0. iv. lim sup t→+∞,y∈{y≥0} |(V^R, U^R)(y, t) − (v^R, u^R)( y + x(t) t )| = 0.

On the other hand, the travelling wave solution (V_B , U_B)(y) connecting (v_b, u_b) with (v_∗, u_∗) satisfies, from Lemma 2.1, −s̄V_y − U_y = 0, y > 0, −s̄U_y + p(V )_y = μ( U_y V )_y, y > 0, V (0) = v_b, U(0) = u_b, μU_y(0) = v_b(v_b − v̄)s̄^2, (V, U)|_{(+∞)} = (v_∗, u_∗),

(5.10)

where

s̄ = u_b v̄ − v_b < 0, u_b = v̄ − v_b v̄ − v_∗ u_∗, u_∗ = (v_∗ − v̄)^{12} (p(v_b) − p(v_∗))^{12} . (5.11) Let V (y, t) = V_B (y) + V^R(y, t) − v_∗, U(y, t) = U_B(y) + U^R(y, t) − u_∗, (5.12)

we set the perturbation (ϕ, ψ)(y, t) by (v, u)(y, t) = (V + ϕ, U + ψ)(y, t). Then the reformulated equation is, from (1.12), (5.9) and (5.10), ϕ_t − (s̄ + γ^′(t))ϕ_y − ψ_y = γ^′(t)V_{By}, y > 0, t > 0, ψ_t − (s̄ + γ^′(t))ψ_y + (p(V + ϕ) − p(V ))_y −μ ( ψ_y V + ϕ − U_yϕ V (V + ϕ) ) y= −s̄γ^′(t)V_{By} + G(y), y > 0, t > 0, ϕ(0, t) = 0, μψ_y(0, t) = 2v_bu_b v_b − v̄ ψ(0, t) + v_b v_b − v̄ ψ^2(0, t),

γ^′(t) = 1 v̄ − v_b ψ(0, t), γ(0) = 0, (ϕ, ψ)|_{(+∞,t)} = (0, 0), (ϕ, ψ)(y, 0) = (ϕ_0, ψ_0) = (v_0 − V_0, u_0 − U_0)(y),

(5.13)

where

G = −(p(V ) − p(V_B ) − p(V^R) + p(v_∗)) + μ( U_y V − U_{By} V_B ) = −G_1 + G_2. (5.14)

We now derive the a priori estimates like Proposition 4.2. First we fix v̄ and v_b. Then we choose a suitably small constant δ_0 which will be given later. We assume that v_∗ − v_b = δ ≤ δ_0 and (ψ, ψ) ∈ X 1_{4 vb,M} (0, T ) is a solution to (5.13) with M ≤ C_0δ^{35} for some positive constants T and C_0.

Multiplying (5.13)_1 by p(V ) − p(V + ϕ) and (5.13)_2 by ψ, we have { [ 1 2 ψ^2 + Φ(v, V )] } t + ΔϕU^R_y − (s̄ + γ^′)ΔϕV_{By} +{(p(V + ϕ) − p(V ))ψ − (s̄ + γ^′)(Φ(v, V ) + 1 2 ψ^2) −μ( ψ_y V + ϕ − U_yϕ V (V + ϕ) )ψ } y + μ ψ^2_y V + ϕ − μ(U^R_y + U_{By})ψ_y ϕ V (V + ϕ) + (p(V + ϕ) − p(V ))γ^′V_{By} +s̄γ^′V_{By}ψ − G_yψ = 0.

(5.15)

Since p^{′′}(V ) > 0, one has

Δϕ = p(V + ϕ) − p(V ) − p^′(V )ϕ = f(v, V )ϕ^2 ≥ 0. (5.16)

We regard Q = ΔϕU^R_y − μU^R_y ψ_yϕ V (V + ϕ) + μ ψ^2_y v (5.17)

as the quadratic equation:

( √ μ ψ_y √ v )^2 − √ μU^R_y V √ vf(v, V ) · √ μ ψ_y √ v · √ U^R_y f(v, V )ϕ +( √ U^R_y f(v, V )ϕ)^2. (5.18)

By Lemma 5.2, if ε is suitably small, the discriminate of (5.18) satisfies D = μU^R_y V^2vf(v, V ) − 4 < 0. (5.19) It is noted that all terms including V_B (y) could be treated by the same methods of the previous section, thus if δ_0 is suitably small, then we have ‖(ϕ, ψ)(t)‖^2 + ∫_t 0 ‖ψ_y(τ)‖^2dτ + δ^{12} ∫_t 0 ψ^2(0, τ)dτ +δ^{12} ∫_t 0 ∫_{+∞} 0 V_{By} ϕ^2dydτ + ∫_t 0 ∫_{+∞} 0 U^R_y ϕ^2dydτ ≤ C‖(ϕ, ψ)(0)‖^2 + Cδ^2 ∫_t 0 ‖ϕ_y(τ)‖^2dτ + ∫_t 0 ∫_{+∞} 0 |G_y||ψ|dydτ . (5.20)

We now estimate the last term of (5.20). We compute |G_{1y}| = |p^′(V )(V_{By} + V^R_y ) − p^′(V_B )V_{By} − p^′(V^R)V^R_y | ≤ |V_{By} ||V^R − v_∗| + |V^R_y ||V_B − v_∗|. (5.21) It is observed that (V^R − v_∗, V^R_y )|_{y≤−s̄t−γ(t)} = 0, thus we have, from Lemma 2.1,

‖G_{1y}‖^2 = ∫_{+∞} − (_{s̄t+γ(t)}) |G1y |^2(y, t)dy ≤ C sup y≥− (_{s̄t+γ(t)}){|V^R(y, t) − v^∗|^2|V^{By}|} ∫_{+∞} − (_{s̄t+γ(t)}) |VBy |dy +C sup y≥− (_{s̄t+γ(t)}){|V^{Ry} (y, t)|^2|v^∗ − V^B |} ∫_{+∞} − (_{s̄t+γ(t)}) |v∗ − VB |dy ≤ Cδ^{32} δ^2 e^{−ct}.

(5.22)

This infers, by ‖ψ‖ ≤ C_0δ^{35} , ∫_t 0 ∫_∞ 0 |G_{1y}||ψ|dydτ ≤ C ∫_t 0 ‖G_{1y}‖‖ψ‖dτ ≤ Cδ^{2720} . (5.23)

On the other hand, we calculate, G_2 = μ( U_y V − U_{By} V_B ) = μ( U^R_y V − U_{By}(V^R − v_∗) V V_B ). (5.24) and |G_{2y}| ≤ C(|V^R_{yy}| + |V^R_y |^2 + |V^R_y ||V_{By} | +|U_{Byy}||V^R − v_∗| + |U_{By}||V^R − v_∗||V_{By} |). (5.25)

From Lemma 5.2 and (5.25), we have ∫_∞ 0 |G_{2y}|dy ≤ C(‖V^R_{yy}‖_L1 + δe^{−ct} + ε^{16} (1 + t)^{− 56} ). (5.26) Thus, ∫_t 0 ∫_∞ 0 |G_{2y}||ψ|dydτ ≤ C ∫_t 0 ‖ψ‖^{12} ‖ψ_y‖^{12} (‖V^R_{yy}‖_L1 + δe^{−ct} + ε^{16} (1 + t)^{− 56} )dτ ≤ λ ∫_t 0 ‖ψ_y‖^2 + C( ∫_t 0 δ^{25} ‖V^R_{yy}‖^{43}_{L1} + δ^{2615} e^{−ct} + ε^{29} δ^{25} (1 + τ)^{− 109} dτ) ≤ λ ∫_t 0 ‖ψ_y‖^2dτ + Cε^{16} δ^{25} + Cδ^{2615} ≤ λ ∫_t 0 ‖ψ_y‖^2dτ + Cδ^{75} ,

(5.27)

if ε = O(δ^6), where λ is a small positive constant. Therefore, we have the following estimate ‖(ϕ, ψ)(t)‖^2 + ∫_t 0 ‖ψ_y(τ)‖^2dτ + δ^{12} ∫_t 0 ψ^2(0, τ)dτ +δ^{12} ∫_t 0 ∫_{+∞} 0 V_{By} ϕ^2dydτ + ∫_t 0 ∫_{+∞} 0 U^R_y ϕ^2dydτ ≤ C‖(ϕ, ψ)(0)‖^2 + Cδ^2 ∫_t 0 ‖ϕ_y(τ)‖^2dτ + Cδ^{2720} .

(5.28)

Remark 5.3. If we choose the approximate waves (V^R, U^R) defined by (5.8) instead of the waves in [16], and let ε be suitably small, then it is not difficult to extend the stability theorem of [16] to the strong rarefaction wave by the same method.

The estimates of higher order derivatives are also obtained, though the calculations are rather tedious. Thus, we have the following theorem. Theorem 5.4.(the case (v_+, u_+) ∈ R_2T W_{v̄}(v_b, 0)) For any given 0 < v̄ < v_b < +∞, assume that (v_+, u_+) ∈ R_2T W_{v̄}(v_b, 0). Define (V, U)(y, t) by (5.12). Then there exist positive constants δ_0 and C_0. If v_∗−v_b = δ ≤ δ_0, v_0(y)−V (y, 0) ∈ H^1_0 , u_0(y) − U(y, 0) ∈ H^1 and ‖v_0 − V (y, 0), u_0 − U(y, 0)‖_1 ≤ C_0δ^{35} , then there exists a global solution (v(x, t), u(x, t), x(t)) to (1.12) satisfying (v − V, u − U)(x, t) ∈ C(0, +∞; H^1(x(t), +∞)), (v − V )_x(x, t) ∈ L^2(0, +∞; L^2(x(t), +∞)), (u − U)_x(x, t) ∈ L^2(0, +∞; H^1(x(t), +∞)), x(t) ∈ C^1([0, +∞)), x^′(t) − s̄ ∈ L^2(0, +∞), and sup x≥x(t) |(v, u)(x, t) − (V, U)(x − x(t))| → 0, as t → +∞.

Remark 5.5. Theorem 5.4 implies that the 2-rarefaction wave is not necessary to be weak, though the travelling wave solution is necessarily weak.

Acknowledgements. The work of F.Huang was supported in part by the JSPS Research Fellowship for foreign researchers and Grand-in-aid No.P-00269 for JSPS from the ministry of Education, Science, Sports and Culture of Japan.

References

[1] E. Fermi, Thermodynamics, New York: Dover books on Physics,1956.

[2] W. Grenier, L. Neise and H. Stocker, Thermodynamics and statistical mechanics, Springer-Verlag, New York, 1995.

[3] F.M. Huang, A. Matsumura and X.D. Shi, Viscous Shock Wave and Boundary Layer Solution to an Inflow Problem for Compressible Viscous Gas, Osaka University Preprint, OSAKAU-RRM01-7, 2001.

[4] A. Friedman, Partial differential equations of parabolic type, Prentice-Hall, Inc. Englewood Cliffs, N.J.1964.

[5] I.A. Kaliev and A.V. Kazhikhov, Well-posedness of a gas-solid phase transition problem, J.Math.Fluid Mech. 1(1999) 282-308.

[6] S. Kawashima and Y. Nikkuni, Stability of stationary solutions to the halfspace problem for the discrete Boltzmann equation with multiple collision, Kyushu J. Math., to appear.

[7] S. Kawashima and S. Nishibata, Stability of stationary waves for compressible Navier-Stokes equations in the half space, in preparation.

[8] A. Kazhikhov, To a theory of boundary value problems for equation of one dimensional nonstationary motion of viscous heat-conductive gases, boundary value problems for hydro-dynamical equations (in Russian), No.50,(1981),37-62, Inst. Hydro-Dynamics, Siberian Branch Akad., USSR.

[9] T.P. Liu, A. Matsumura and K. Nishihara, Behaviors of solutions for the Burgers equation with boundary corresponding to rarefaction waves, SIAM J. Math. Anal. 29, 1998, 293-308.

[10] A. Matsumura, Inflow and outflow problems in the half space for a onedimensional isentropic model system of compressible viscous gas, Proceedings of IMS conference on Differential Equations from Mechnics, Hong Kong, 1999, to appear.

[11] A. Matsumura and M. Mei, Convergence to travelling fronts of solutions of the p-system with viscosity in the presence of a boundary, Arch.Rat.Mech.Anal., 146, 1999, 1-22.

[12] A. Matsumura and K. Nishihara, On the stability of traveling wave solutions of a one-dimensional model system for compressible viscous gas, Japan J. Appl. Math., 2,1985,17-25.

[13] A. Matsumura and K. Nishihara, Asymptotics toward the rarefaction wave of the solutions of a one-dimensional model system for compressible viscous gas, Japan J.Appl.Math., 3,1986, 1-13.

[14] A. Matsumura and K. Nishihara, Global stability of the rarefaction wave of a one-dimensional model system for compressible viscous gas, Commun. Math. Phys., 144, 1992, 325-335.

[15] A. Matsumura and K. Nishihara, Global asymptotics toward the rarefaction wave for solutions of viscous p-system with boundary effect, Q.Appl.Math., Vol. LVIII 2000, 69-83.

[16] A. Matsumura and K. Nishihara, Large time behaviors of solutions to an inflow problem in the half space for a one-dimensional system of compressible viscous gas, Commun.Math.Phys.,222,449-474(2001).

[17] T. Nagasawa, On the one-dimensional free boundary problem for the heat-conductive compressible viscous gas, Lecture notes in Num.Appl.Anal.,10,83-99(1989), Recent topics in Nonlinear PDE IV, Kyoto, 1988.

[18] X.D. Shi, Asymptotic toward the rarefaction wave to an inflow problem for viscous p-system, supersonic case, Preprint, 2001.