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ABSTRACT. A class of extended vector fields, called extended divergence-measure
fields, is analyzed. These fields include vector fields in LP and vector-valued
Radon measures, whose divergences are Radon measures. Such extended vec-
tor fields arise naturally in the study of the behavior of entropy solutions to
the Euler equations for gas dynamics and other nonlinear systems of conserva-
tion laws. A new notion of normal traces over Lipschitz deformable surfaces is
developed under which a generalized Gauss-Green theorem is established even
for these extended fields. An explicit formula is obtained to calculate the nor-
mal traces over any Lipschitz deformable surface, suitable for applications, by
using the neighborhood information of the fields near the surface and the level
set function of the Lipschitz deformation surfaces. As an application, we prove
the uniqueness and stability of Riemann solutions that may contain vacuum
in the class of entropy solutions of the Euler equations for gas dynamics.

1. INTRODUCTION

We are concerned with a class of extended vector fields, called extended divergence-
measure fields, or DM-fields for short. These fields include vector fields in LP,1 <
p < 0o, and vector-valued Radon measures, whose divergences are Radon measures.
The DM-fields arise naturally in the study of the behavior of entropy solutions of
nonlinear hyperbolic systems of conservation laws, which take the form

ug + Vg - f(u) =0, ucR™ zcR",

where f : R™ — (R™)" is a nonlinear map. One of its most important prototypes
is the Euler equations for gas dynamics in Lagrangian coordinates:

(1.1) T — vy = 0,
(12) Ut + Pr = 07
U2
(1.3 (e D+ () = 0,

where 7 = 1/p is the specific volume with the density p, and v, p, e are the velocity,
the pressure, the internal energy, respectively; the other two gas dynamical variables
are the temperature 6 and the entropy S. For ideal polytropic gases, the system
(1.1)—(1.3) is closed by the following constitutive relations:

(14) pT = Ra’ €= Cvev p(Ty S) = /QTifyes/cv7
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where ¢,, R, and £ are positive constants, and v = 1+ ¢,/R > 1. For isentropic
gases, the Euler equations become

(1.5) Ty — Uy = 0,
(1.6) vp +p(7)e =0,

where p(7) = k77 7,y > 1.

The main feature of nonlinear hyperbolic conservation laws, especially (1.1)-
(1.3), is that, no matter how smooth the initial data are, solutions may develop
singularities and form shock waves in finite time. One may expect solutions in the
space of functions of bounded variation. This is indeed the case by the Glimm
theorem [15] which establishes that, when the initial data have sufficiently small
total variation and stay away from vacuum for (1.1)—(1.3), there exists a global
entropy solution in BV satisfying the Clausius inequality:

(1.7) S, >0

in the sense of distributions. However, when the initial data are large, still away
from vacuum, the solutions may develop vacuum in finite time, even instantaneously
as t > 0. In this case, the specific volume 7 = 1/p may then become a Radon
measure or an L' function, rather than a function of bounded variation. This indi-
cates that solutions of nonlinear hyperbolic conservation laws are generally either in
M(R4 xR™), the space of signed Radon measures, or in LP(R; x R™), 1 < p < 0.
On the other hand, the fact that (1.1)—(1.3), and (1.7) hold in the sense of dis-
tributions implies, in particular, that the divergences of the fields (7, —v), (v,p),
(e +v%/2,pv), (S,0), in the (¢, z) variables, are Radon measures, in which the first
three are the trivial null measure and the last one is a nonnegative measure as a
consequence of the Schwartz Lemma [21]. This motivates our study of the extended
divergence-measure fields (see Definition 1.1 below).

In this connection, we recall that Wagner [25] has proved that the well known La-
grangian transformation carries entropy solutions of the Euler equations in Eulerian
coordinates to entropy solutions of (1.1)-(1.3), in a one-to-one and onto manner.
However, since solutions of the first which contain vacuum are carried into solutions
of (1.1)-(1.3) which are vector-valued measures, the concept of entropy solutions
for the latter has to be strengthened. We will return to this point in Section 4.

Understanding more properties of D M-fields can advance our understanding of
the behavior of entropy solutions (cf. [5, 6, 7]). One of the fundamental questions
is whether the normal traces can still be defined and the Gauss-Green formula, i.e.,
integration by parts, still works for these extended fields, which are very weak.

We begin with the definition of DM-fields. For open sets A, B C R, by the
relation A € B we mean that the closure of A, A, is a compact subset of B.

Definition 1.1. Let D C RY be open. For F € LP(D;RY), 1 < p < o0, or
F € M(D;RY), set
|div F|(D) := sup{/ Vo -F : ¢cCyD), |p(x)| <1, z€ D}.
D

For 1 < p < oo, we say that F' is an LP-divergence-measure field over D, i.e.,
F € DMP(D), if F € LP(D;RY) and

(1.8) [Elpae Dy = |Fll LoDy + |div F|(D) < oo.
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We say that F is an extended divergence-measure field over D, i.e., F € DM (D),
if F € M(D;RY) and

(1.9) | Fllpatest(py = |F|(D) + |div F|(D) < oo.
If F € DMP(D) for any open set D € RY | then we say F' € DM (RY); and, if

loc

F € DM®**(D) for any open set D € RV, we say F' € DM§=(RY).

loc

It is easy to check that these spaces under the norms (1.8) and (1.9), respectively,
are Banach spaces. These spaces are larger than the BV -space. The establishment
of the Gauss-Green theorem, traces, and other properties of BV functions in the
middle of last century (see Federer [13]) has advanced significantly our understand-
ing of solutions of nonlinear partial differential equations and nonlinear problems
in calculus of variations, differential geometry, and other areas. A natural question
is whether the DM-fields have similar properties, especially the normal traces and
the Gauss-Green formula. At a first glance, it seems unclear.

ExamMPLE 1.1: The field F(z,y) = (52752, ;21,2) belongs to DM}, (R?). As
remarked in Whitney [26], for Q@ = (0,1) x (0, 1),

/diszO;«é Fovdi' =T,
Q o0 2

if one understands F - v in the classical sense, which implies that the classical
Gauss-Green theorem fails. In this paper, we succeed in using the neighborhood
information via the Lipschitz deformation to develop a natural notion of normal
traces, under which our generalized Gauss-Green theorem holds, even for F €

DMe:ct (D)
EXAMPLE 1.2: For any pu € M(R) with finite total variation,
F(z,y) = (dx x u(y),0) € DMH(I x R),

for any bounded open interval I C R. A non-trivial example of such fields is pro-
vided by the Riemann solutions of the Euler equations (1.1)—(1.3) for gas dynamics,
which develop vacuum. See (4.12) below.

Some efforts have been made in generalizing the Gauss-Green Theorem. Some
results for several situations can be found in Anzellotti [1] for an abstract formula-
tion for F' € L>, Rodrigues [20] for F' € L? and Ziemer [28] for a related problem
for divF € L' (see also Baiocchi-Capelo [2], Brezzi-Fortin [4], and Ziemer [29]).
In Chen-Frid [6], we observed an explicit way to calculate the normal traces for
F € DM® by the neighborhood information, under which a generalized Gauss-
Green theorem holds.

In this paper, motivated by various nonlinear problems from conservation laws,
we propose a natural notion of normal traces by the neighborhood information via
Lipschitz deformation under which a generalized Gauss-Green theorem is estab-
lished for F' € DM®(D) in Section 3, where our main results concerning extended
divergence-measure fields are stated and proved, after establishing some auxiliary
results in Section 2. In particular, we show an explicit way to calculate the normal
traces over any deformable Lipschitz surface, suitable for applications, by using the
neighborhood information of the fields near the surface and the level set function of
the Lipschitz deformation surfaces. We also show a product rule for these extended
fields. Their proofs require some refined properties of Radon measures and the
Whitney extension theory, among others.
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In Section 4, we give an important application of the theory of DM-fields to
the Euler equations (1.1)—(1.3) for gas dynamics and establish the uniqueness and
stability of Riemann solutions of large oscillation that may contain two rarefaction
waves and one contact discontinuity or vacuum states (i.e. measure solutions)
in the class of entropy solutions, which may not belong to either BVj,. or L,
without specific reference on the method of construction of the solutions. The
proof, motivated by [11] and [7]-[9], is heavily based on our explicit approach to
calculate normal traces over Lipschitz deformable surfaces, in the generalized Gauss-
Green theorem, and the product rule for DM-fields. The same arguments clearly
also yield the uniqueness and stability of Riemann solutions in the class of entropy
solutions for the Euler equations (1.5) and (1.6) for isentropic gas dynamics.

Before closing this introduction, we recall some correlated results. In DiPerna
[11], a uniqueness theorem of Riemann solutions was first established for 2 x 2 sys-
tems in the class of entropy solutions in L>° N BV, with small oscillation. We also
refer to Dafermos [10] for the stability of Lipschitz solutions for hyperbolic systems
of conservation laws. In [8, 9], the uniqueness and stability of Riemann solutions
of large oscillation without vacuum (possibly containing shocks) was proved for
the 3 x 3 Euler equations, in the class of entropy solutions in L* N BV,. which
stay away from vacuum. Another related connection is the recent results on the
L!-stability of the solutions in L> N BV obtained either by the Glimm scheme [15],
the wave front-tracking method, the vanishing viscosity method, or more generally
satisfying an additional regularity, with small total variation in x uniformly for all
t > 0 (see the recent references cited in Bianchini-Bressan [3] and Dafermos [10]).

2. RADON MEASURES AND THE WHITNEY EXTENSION

In this section, we establish some auxiliary properties about Radon measures
and the Whitney extension of Lipschitz continuous functions, which are required
for our analysis on the extended divergence-measure vector fields in Section 3. We
begin with some properties about Radon measures. Let Q, D C RY be open. For
us 1 € M(Q), we denote u® — u the weak convergence of € to pin M(2). The
next three lemmas are standard, but we include their proofs for completeness

Lemma 2.1. Let u°,u € M(Q) be signed Radon measures over Q with u® — p.
Then

() < limin 17](2).
This can be seen as follows: For any ¢ € Co(9), |¢| < 1,
(1, ¢) = lim(p®, ¢) < lim inf |17 (€2).
Lemma 2.2. Let puf, p € M(Q) be such that
P T () = [l (@),
Then, for every open set A C (Q,
ul(ANQ) > lim sup [u* (AN Q).
In particular, if |p|(0ANQ) =0, then
l(4) = lim | (A).
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Proof. Set B = — A, which is open. Then
ul(A) < liminf |4°](4),  |ul(B) < limin |u°|(B).
On the other hand,
ul(ANQ) + [ul(B) = [p|(Q) = lim |1°|(2)
> limsup |[p®|(A N Q) + liminf |p°|(B)
> limsup [p°|(AN Q) + [ul(B),
which yields the desired result. O

Lemma 2.3. Let w® be a sequence of positive symmetric mollifiers in RY and
w € M(Q). Set uf = pxwe, the mollified measures. Then, for any open set A € )
with |u|(0A) =0,
|1l (A) = lim |p=[(A).
e—0
Proof. Since p® — p, Lemma 2.1 implies
|1l(A) < lim inf [17|(A).

Notice that, for any g € Co(A), |g| < 1,

(1,9) = (9%,
where g° = g *w®. Since |¢°| < 1 and spt (¢°) C Az = {z : dist(z,A4) <e} C N
for e <« 1, then

(1% 9)] < |ul(Ae),
which implies

[1e1(A) < [ul(Ae).
Hence, -

lin sup |7(A) < lim [l (Ae) = [ul(4),
E—
which yields
lim sup |7[(4) < |l (A),
e—
since |u|(0A) = 0. O
In particular, Lemma 2.3 indicates that, if g > 0 and p(0A) = 0, then
p(A) = lim p*(A).
e—0

Proposition 2.1. Let D C RN be open, u € M(D), and p° = pu*w®. Let Q € D
be open and |p|(02) = 0. Then, for any ¢ € C(D),

Eli_r%<lu’87 ¢XQ> = <Ma ¢XQ>
Proof. Write
’ue — ’ua—i- _ ’ua—
where ;i°F = p* x w® are nonnegative measures. The condition |u|(9§2) = 0 implies

p*(09Q) = 0.
From Lemma 2.3, we have
lim 1**(Q) = p*(Q).

e—0
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Hence
lim p#(Q) = lim p=¥(Q) = lim 5= (Q) = p™(Q) = ™ (2) = ().
Let A be open with Q@ € A € D. Then, for ¢ € C(D) and § > 0, we may
construct a partition of RY by means of parallelepipeds:
Qo = [0, 25T x o x (24N, 20N, a=(ay, - ,ay) ez,

such that
Ug.noxo Qo C A,
|| (0Q4 N D) =0, acZV,

and
[6(x) —d(y)l <6, 2,y € Qa-
Let aq = ¢(z}) for some ¥, € Qq if Qo NQ # 0, and a, = 0, otherwise. Then

(1, dxa) = (15,)  aaXqane) + (15, (6 — Y aaXq.)Xa):

and
lim sup {4, xe) < (u, Y daxqune) +8lul(A)
< (1, dxa) + 26|pl(A).
Analogously,
lim inf (4%, dxa) > (p, oxa) — 20|u|(A).
Since § > 0 is arbitrary, we complete the proof. [

We now discuss some concepts and facts about the extension of Lipschitz con-
tinuous functions defined on a closed set C C R to R¥, following the theory set
forth by Whitney [27] (see also [23]), which play an important role in Section 3.

Let k be a nonnegative integer and v € (k,k + 1]. We say that a function f,
defined on C, belongs to Lip (y, C) if there exist functions fU), 0 < |j| < k, defined
on C, with f(©) = f. such that, if

) (G+0)
9w =Y Y6y mye),

l7+I<k
then

o) £ @) < M,
. |R;(z,y)| < M|z —y|"~Vl,  for any =,y € C, |j| < k.

Here j and ! denote multi-indices j = (41, ,jn) and I = (Iy,-- ,Ix) with j! =
gl N 13l = jitjot- - 4N, and 2 = zlialz zi{," By an element of Lip (v, C)
we mean the collection {f)(2)}jj<;. The norm of an element in Lip (v,C) is
defined as the smallest M for which the inequality (2.1) holds. We notice that
Lip (y,C) with this norm is a Banach space. For the case C = R since the
functions f) are determined by f(?), this collection is then identified with f(©).
The Whitney extension of order k is defined as follows. Let {f (j)}‘ jl<k be an
element of Lip (y,C). The linear mapping & : Lip (y,C) — Lip (7, RY) assigns
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to any such collection a function £, (f)) defined on RY which is an extension of
f© = f to RN. The definition of & is the following:

E(f)(x) = f(z), reC,
Eo(N)(x) =22, f(pi)pilw), zreRN -C,
and, for k£ > 0,

E(fI) () = fOz), zeC,
E(fD) (@) = X5 P(a,pi)pi(x),  x€RN —C.

Here P(z,y) denotes the polynomial in x, which is the Taylor expansion of f about
the point y € C":

O} —_ )l
P(z,y) = Z —f (y)l('x v) , z e RV, y e C.
<k '

The functions ¢; form a partition of unity of RN — C with the following properties:

(i) spt(p;) C Q; where Q; is a cube with edges parallel to the coordinate axes
and

¢y diam (Q;) < dist (Q;, C) < co diam (Q;),
for certain positive constants ¢; and ¢y independent of C;
(ii) each point of RY — (' is contained in at most Ny cubes Q;, for certain
number Ny depending only on the dimension N;
(iii) the derivatives of ¢; satisfy

(2.2) |021 - 90N, ()| < Aq(diam @;) ™12

Here p; € C is such that dist (Q;,C) = dist (p;, Q;), |a] = a1 + -+ + an, and
the symbol Z’ indicates that the summation is taken only over those cubes whose
distances to C are not greater than one.

The following theorem, whose proof can also be found in [23], is due to Whit-
ney [27].

Theorem 2.1. Suppose that k is a nonnegative integer, v € (k,k + 1], and C is a
closed set. Then the mapping & is a continuous linear mapping from Lip (v, C) to
Lip (v, RN) which defines an extension of f°) to RN, and the norm of this mapping
has a bound independent of C'.

We will need the following proposition, which seems to be of interest in itself
and is useful in establishing the generalized Gauss-Green theorem in Section 3.
Proposition 2.2. Let C be a closed set in RN and

Cs:={xcRY : dist(x,C) <5}, for 6 > 0.

Let & : Lip(v,C) — Lip (v, RY) with v € (k,k + 1] be the Whitney extension of
order k. Then, for any ¢ € Lip (v,RY) and any ' € (k,7),

(2.3) 1EK(DIC) = Bl Lip (v,c5) — 0, as § — 0.

Proof. We will prove the proposition in detail only for the cases k =0 and k =1
since the case k > 1 can then be obtained by induction.
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For k =0, & is given by & (f)(x) = f(z) if z € C, and
2.9 SN@ =Y fpe@), i zeRY -0,

=

—

where p; and ¢; are as above. Now, for any ¢ € Lip (v, RY), we have

oo

E(0|C)(z) — p(z) =D (d(pi) — d(x))i(2).

i=1

Clearly,
(2.5) sup [€(¢C)(z) — ¢(z)] <c  sup [o(y) — ¢(z)| — 0, as 6 — 0.
zeCls T;EC7|JU<€C;;§
T—Y|=Co

Here and in what follows in this proof ¢y and ¢ are positive constants, which do not
depend on either § > 0 or C', whose values may change at each appearance.
Set g = E(¢|C) — ¢. We now show that
(2.6) l9(x) = g()| < M@)lw =y, @,y € Cs,
where M (§) — 0 as § — 0. Indeed,
g(@) = g(y) = Y _ (¢(p:) — d(@)pi(x) = D> (6(pi) — (1)) (v)-
zE€Q; YEQ:

We split each of these sums into two, respectively:

IIEDIEDINDIE DD

z€Q; T€Q; z€Q; YEQR; YEQ; T€Q;
yEQ; yeEQ; T€Q; YEQR;
and denote
D DR S DD D
z€EQ; z€Q; YyEQ;
YEQ; Yy Qi r€Q;
‘We have

S ((6(p1) — d(2) (@) — (Bps) — b))
=5 6() - o@)wil@) + 3 (00) — 6() (i) — 2i(y)-

Since, if z,y € Q; N Cs, |z — y| < cod, for a given constant ¢y > 0, we obtain, for
the first sum,
0

Y (6(2) = o(y))pilx)

and, for the second sum,

S e’ "1: - y|’)/ )

0

5" 0000 6 i) = a0 < <X s = ol o @) e —

<cle—y[" <ed |z -y

1
Now, for > ", we have

S (0m) — 6@)ei(@) = 3 (9(pi) — (@) (ws(a) — wila)),
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with ¢; = 0Q; N [z, y], where [z,y] is the straight line segment connecting x to y.
Therefore,

S o) — o@)llei@) — pila)l < ¢S Ipi — 2l (diam Q) "z — gl
< czl|x — g <& |z -yl

The sum 3.7 is treated similarly. We have then proved (2.6) which, together with
(2.5), gives (2.3) for k = 0.

For k =1, we have & (f)(z) = f(z) for z € C, and

E(f)(@) =) Prla,pi)pi(x),  for 2 € RV - C,
i=1
where
N
Py(z,y) = F(y) + ) 0, fW) (25 = v),
j=1
and the functions ¢;, conveniently renumbered together with the ); containing

spt (¢;), satisfy dist (Q;, C) < 1. Since ¢ € Lip (v, RY), v > 1, we clearly have
(@lC) (y) = 0u;8(y),  for yeC.

Hence
oo

£1(¢|C) (2) — d(x) = Z(qu(l’,pi) = 0(2))pi().

Setting g1 = £1(¢|C) — ¢, we have
91(2)] < 1Ps(x,pi) — d(@)|| i)
i=1

<c Z |z —pi|"|pi(z)| < cd” — 0, asd— 0.

z€Q;
Also,
Or1(@) = 3 Do (Poa,pi) = @))ei(@) + Y (Polap) = () Or i)
TEQ; T€Q;

= hi(z) + ha(z),
where
hi(a) =Y (On,$(pi) =0, 6(2)) i), ha(@) = Y (Ps(w,pi)—¢(x)) Oy pi(x).

r€Q; TEQ;

Hence,

0n,01(2)| < Y i =™ e D fo— pif"diam (Q;) !
TEQ; z€Q;
<c¢dt =0, as 6 — 0.

‘We now show
102, 91.(x) — 0o, 01 ()] < M(8) | —y["' 7",
with M (§) — 0 as 6 — 0. First we obtain
lhy(z) — hy(y)| < M(8)|z —y[?' ', with M(6) -0, asd— 0,
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exactly as in the case k = 0. Now,

ha(x) = ha(y) = Y (Psla,pi) = ¢(2))0u,pi(x) = Y (Po(,p1) = 6(4)) 0, 0i(y)

T€Q; T€Q;
= Y R(z,p)0u,0i(x) = Y R(y, i), 0i(y),
T€EQ; YyEQ;

where we put R(z,y) = Py(x,y) — ¢(z). Again, we split each of the last two sums
above into two, respectively:

0 1 0 2
PIEDIEDIEEEDIED DD IS
TEQ; yEQ;
as in the first part of the proof, and compute

0
’Z J} pz zsz(l‘) - Z R(y pi)azvk@i(y)’
< |Z $ pz - (y p1 zk(pz | + |Z R y pz mkﬁpi(y) - 8mk<;02(x))|
< CZ |z — y|7( dlamQ +CZ ly — ps|? (diam Q;) 2|z — y|

< s |lx — yW -

For the remaining sums, we have

|Z m pz xk@z ’ = |Z ,13 pz xk(pi(l‘) - 6xk<pz(Q1))|
< CZ |z — p;|7 (diam Q;) |z — ¢
< 657_7/|x — y|’7l_17

where ¢; is as that in the first part of the proof; and the sum ZQR(y,pi)aa:k(pi(y) is
treated similarly. This concludes the proof in the case k = 1. As indicated above,
the case k > 1 follows similarly by induction. O

3. NORMAL TRACES AND GENERALIZED GAUSS-GREEN THEOREM

In this section, we prove our main results concerning extended DM-fields, in-
cluding a generalized Gauss-Green theorem, a new notion of normal traces, and a
product rule for DM-fields. We begin with the definition of deformable Lipschitz
boundaries.

Definition 3.1. Let Q C RY be an open bounded subset. We say that 9 is a
deformable Lipschitz boundary, provided that

(i) Yz € 09, 37 > 0 and a Lipschitz map v : RV~ — R such that, after rotating
and relabeling coordinates if necessary,

QQQ($7T):{yERN : ’Y(yl,"',yN_1)<yN}mQ(l',T),
where Q(z,7) = {y € RY : |z — g <71, i =1+, N }
(if) 3T : 9Q x [0, 1] — € such that ¥ is a homeomorphism bi-Lipschitz over its

image and ¥(w,0) = w for all w € Q. The map ¥ is called a Lipschitz deformation
of the boundary 0f2.

The following lemma is a direct corollary of the boundedness of F' and div F over
Q2 as Radon measures. Since the theory of DM*-fields has been addressed in [5],
henceforth we focus on DM*-fields, where * stands for either p € [1,00) or ext.
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Lemma 3.1. Let F € DM*(Q) with Q an open set whose boundary O has a Lip-
schitz deformation W with Qs = ¥4(0N), s € [0,1]. Then there exists a countable
set T C (0,1) such that

|F|(0%2) = |div F|(0€2s) = 0, for any s € (0,1) —T.

We now establish the generalized Gauss-Green theorem for DM*-fields, by in-
troducing a suitable definition of normal traces over the boundary 92 of a bounded
open set ) with Lipschitz deformable boundary.

Theorem 3.1 (Generalized Gauss-Green Theorem for DM*-fields). Assume F €
DM*(). Let Q C RN is a bounded open set with Lipschitz deformable boundary.
Then there exists a continuous linear functional F - v|gq over Lip (v,09), v > 1,
such that, for any ¢ € Lip (7,RY),

(3.1) <F-1/|ag,¢>:/g¢divF+/gv¢~F.

Let h : RN — R be the level set function of 0, that is,

0, for x e RN —Q,
h(z) := 1, for z € Q—¥(90 x [0,1]),
s, for x € 0Q,,0<s<1.

Then, if F € DMP(Q), 1 <p < oo,

1
(3.2) (F-vlpa, ) = —lim —/ E(4)Vh- Fdx
5—0 8 Jw(8ax(0,s))
1
(3.3) = —lim —/ E(W)|Vh|F - vda
50 8 Jg(80x(0,s))

for any ¢ € Lip (0S)), where E(¢) is any Lipschitz extension of ¢ to all RN and
v W(00x[0,1]) — RN is such that v(z) is the unit outer normal to 0Q at x € 0Q,
defined for a.e. x € W(ON x [0,1]). Formula (3.2) also holds if F € DM (Q),
for any ¢ € Lip(v,09Q), v > 1, and E(Y) € Lip(v,0RN) any extension of 1 to
RY, provided that the set of non-Lebesgue points of Vh(z) on ¥(9Q x (0,1)) has
|F'|-measure zero. Finally, for F € DMP(Q) with 1 < p < oo, F - v]pa can be
extended to a continuous linear functional over W'=1/P:P(9Q) N C(9N).

Proof. We divide the proof into four steps.

Step 1. We first treat the more general case F' € DM®**(Q2). For ¢ € Lip (v, 99),
let £(¢) be the Whitney extension of ¢ of order k& = 1. Then, by the classical
Gauss-Green formula, we have

(3.4) FevpdHN 1 = / E(y) div F© +/ VEW) - F©.
2Q Q Q

where F© = F % w. with the standard mollified sequence w,.

To begin with, we first focus on F € DM (D), for Q € D € RV, satisfying

(3.5) |F|(09Q) = |div F|(92) = 0.

The right-hand side of (3.4) defines a uniformly bounded family of continuous
linear operators (¢ over Lip (v, 92). Moreover, for each ¢ € Lip (v, 9), the limit
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lim. ¢ I%(¢)) exists and equals

/st) divF+/QV5(w)~F

as a consequence of (3.5) and Proposition 2.1. Hence, we may define
(F-vlpa,v) = im I°(¥), V¢ € Lip (y,00).
Now, for any ¢ € Lip (7, RY), we let ¢ — 0 in the Gauss-Green formula:
/ FevpdHNL = | ¢pdivFe+ [ V¢ F®,
o0 Q Q

and obtain the identity (3.1).

For the general case that F' € DM®**(Q) without the assumption (3.5), we consider
a Lipschitz deformation of 9Q, ¥ : 9Q x [0,1] — Q. Let s € (0,1) be such that

(3.6) |F|(092,) = |div F|(99) = 0

Since we have HN ~1(9€;) < +00, Federer’s extension of the Gauss-Green formula
(see [13]) holds for ¢F* over Q. Thus, we know from the previous analysis that
F - v)pq, is defined as a continuous linear functional over Lip (vy, 9€5), whose norm
is bounded, independent of s € (0,1). Now, for ¢ € Lip (v, 912), we have

(3.7) (F - v]aq,, (E()|092%s)) / E( d1vF+/ VEW

Again, the right-hand side of (3.7) defines a uniformly bounded family of continuous
linear functionals I* over Lip (y, 9Q), for s € (0,1)—7, where 7 is defined in Lemma
3.1. Furthermore, lim,_,q {*(¢) exists for any ¢ € Lip (v, 9Q), as a consequence of
the Dominated Convergence Theorem applied to both integrals on the right-hand
side of (3.7). Hence, we may define

<F . V|E)S271/J> = 1%ls(¢)7

which is then a continuous linear functional over Lip (v,9€). Finally, for any ¢ €
Lip (7, RY), we obtain (3.1) by taking the limit as s — 0 in the formula:

<F . l/|aQ ¢|6Q / (bleF—i—/ Vo¢- F

observing that

I(F - v]oq, , (91052s) — (£(]09)|052))]
< ¢|[(¢]9€2) — (E(B10)|0) ||Lip (,00.,)
<cll¢ = E(OQ)|ILip (v w(@ax[0.5))) — 0, as s =0,
for 1 <~ <+, as a consequence of Proposition 2.2.
Step 2. We now consider the more regular case that F' € DMP(Q), 1 < p < 0.
Let F€ be as above. Again, for any ¢ € Lip (RY), we have

(3.8) ¢Fc - vdHN ! :/ (bdivFEd:c—k/ V- F©dz.
O Qs Qs
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Now we integrate (3.8) in s € (0,9), 0 < § < 1, and use the coarea formula (see,
e.g. [12, 13]) in the left-hand side to obtain
(3.9)

4 )
—/ ¢F5~Vhdz:/ {/ ¢diVF€dI} der/ {/
T(Q2x(0,5)) o Wa, o Ua

Let € — 0. Observing that, by Proposition 2.1, the integrand of the first integral
converges for a.e. s € (0,9) to the corresponding integral for F', we obtain

(3.10) —[P(QX(O76))¢F-Vhda::/: {/qubdivF} ds—&—/: {/Q V¢-Fdx} ds.

We then divide (3.10) by 4, let § — 0, and observe that both terms in the right-
hand side converge to the corresponding integrals inside the brackets over 2, by the
dominated convergence theorem. Hence, the left-hand side also converges, which
yields

V- F¢ daz} ds.

s

1
(3.11) — lim = qu-Vhdx:/qbdivF—i—/V(/)-Fd:c.
3—0 90 Jy(ax(0,5)) Q Q
Now, for 1 € Lip (952), let £(z)) € Lip (RY) be a Lipschitz extension of  preserving
the norm || - ||Lip = - |loo + Lip (+) (see, e.g., [12, 13]). We then define
1
(3.12) (F - v]og, ¥)) = — lim - E(¥) Vh- F dz.

5—0 8 Jw(5ax(0,s))
Because the right-hand side of (3.11) does not depend on the particular deformation
U for 0f), we see that the normal trace defined by (3.12) is also independent of the
deformation.

We still have to prove that the normal trace as defined by (3.12) also does not
depend on the specific Lipschitz extension £(1) of 1. This will be accomplished
if we prove that the right-hand side of (3.11) vanishes for ¢|sq = 0. Denote it by
[F, ¢]QQ, that is,

[F, dloq = (div F, ¢)o + (F, Vd)q.
We claim that [F, ¢]aq = 0 if ¢|sgq = 0. In fact, we may approximate such ¢ by a
sequence ¢/ € C§°(Q), with [|¢? | < ||¢]leo, such that ¢/ — ¢ locally uniformly in
Q and V¢ — Vo in LI(Q)N, with % + % = 1. Hence, [F, ¢loq = limj_o[F, /] =
0, as asserted. In particular, for 1 < p < oo, the values of the normal trace,
(F - v|gq, ¢|loq), depend only on the values of ¢ over 9N2.

Step 3. The fact that formula (3.2) also holds if F € DM (Q), for any ¥ €
Lip (v,09), v > 1, provided that the set of non-Lebesgue points of Vh(z) on
T (02 x (0,1)) has |F|-measure zero, is clear from the above proof for DMP-fields,
1<p<oo.

Step 4. As for the last assertion, we recall a well-known result of Gagliardo [14]
which indicates, in particular, that, if 9 is Lipschitz (that is, satisfies (i) of Def-
inition 3.1) and ¢ € W'~1/7.P(9Q), then it can be extended into Q to a function
E(Y) € WHP(Q), and

(3.13) €W lwrr) < cll¥llwi-1/vp00),

for some positive constant ¢ independent of 1. {From the definition of £(¢) given
in [14], it is easy to verify that, when ¢ € C(9€2), £() € C(Q2) and || E(Y)| L= () <
19| Lo (902)- Hence, using these facts and (3.11), we easily deduce the last assertion.
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O

Remark 3.1. When F' € DM (D), the normal trace F-v|sq is in fact in L>(9Q, HNY 1)
as the weak-star limit of (F-vs)oW, in L>(9Q, HN 1) for any Lipschitz deformation
W,

Fv|gpg=w* —lim (F -v) oW, L0, HNY,
which is independent of Wy; and the weak-star topology for this limit is optimal
to define F - v|pq in general (see Chen-Frid [5]). However, for F' € DM*(D), the

normal traces F - v|gg may no longer be functions in general. This can be seen in
Example 1.1 for F € DM, (R?) with © = (0,1) x (0,1), for which

T
F-vlpg = 5000 ~ dH o0,
where H! is the one-dimensional Hausdorff measure on 92.

Remark 3.2. As mentioned in the proof of Theorem 3.1, if FF € DMP(Q), for
1 < p < o0, the values of the normal trace, (F - v|aq, ¢|0€?), depend only on the
values of ¢ over dQ. In contrast, for F' € DM**(Q), the values of (F - v|sq, ¢|00Q)
also depend, in principle, on the values of the first derivatives of ¢ over 0f, since
|0 must be viewed as elements of Lip (v, 9Q), for some v > 1.

Finally, we establish the following useful product rule.

Theorem 3.2 (Product Rule). Let F = (Fy, -+ ,Fy) € DM*(D). Let g € C(D)
be such that 0., g(x) is |Fj|-integrable, for each j = 1,--- ,N, and the set of non-
Lebesgue points of 9y, 9(x) has |Fj|-measure zero. Then gF € DM*(D) and

(3.14) div (gF) =gdivF + Vg - F.
Proof. For any ¢ € C}(D), we have
Therefore, it suffices to show that
(3.16) (F.V(99)) = —(div F.g).
Set g = g * w®. We have
N
(3.17) —(div F, g°¢) = (F, (Fj,04,(g
j=1

J7¢aa:J < j7geazj¢>}'

uMz

Let € — 0. Then the right-hand s1de converges to

N
D _{(F),60,9) + (Fj, 90:,0)} = (F, V(99),

by the assumption on the set of non-Lebesgue points of d,,g, while the left-hand
side of (3.17) converges to —(div F, g¢) by the Dominated Convergence Theorem,
which implies (3.16). Then (3.14) follows. O
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Remark 3.3. The continuity assumption of g(z) in Theorem 3.3 can be relaxed.
In particular, when F € DM® (D), it requires only that ¢ € BV (D;R) to have
gF € DM>(D).

Remark 3.4. The results in this section for the extended vector fields over RV
extend to a general context over Riemannian manifolds. In particular, if a;;(x)
are smooth functions on the open set D C RY and the N x N matrix (a;;)(z) is
symmetric, positive definite, the results can easily be generalized to the extended
vector fields F' = (Fy,---, Fy) in LP(D;RY), 1 < p < oo, or M(D;RY), satisfying

the condition:

ZaijaiFj c M(D)

i,j
This is clear from the fact that no specific property of the Euclidean metric has
been used in our analysis.

4. APPLICATIONS TO THE EULER EQUATIONS FOR GAS DYNAMICS

In this section, as a direct application of the theory developed in Section 3,
we establish the uniqueness and stability of Riemann solutions that may contain
vacuum for the Euler equations for gas dynamics in Lagrangian coordinates. We
will address more applications of the theory in forthcoming papers.

Denote R? = (0,00) x R and R2 = [0,00) x R. We consider 7 € MT(R%)
satisfying 7 > ¢ £? for some ¢ > 0, where £ is the k-dimensional Lebesgue measure.
Let v € L*(R%) and 79 € M*(R) with 7o > ¢£'. We assume that 7, v, and 79
satisfy

(4.1) //R (G — v by dt d) + /Rgb((),a:) o(z) = 0,

for any ¢ € C}(R?).

Definition 4.1. Let 7 and 79 be as above. We say that a function ¢(¢,x) defined
on R? is a 7-test function if it satisfies the following:

(1) spt(¢) is a compact subset of @ and ¢ is continuous on R? ;
(2) ¢: and ¢, are T-measurable; and ¢, is T-integrable over Ri, that is, the
integrals [ [ (¢¢)+7 exist and at least one of them is finite;
T
(3) tliII(l) o(t,z) = ¢(0,a) for p—a.e. a € R.
Theorem 4.1. Let 7, v, and 79 be as above. Then

(1) the nonnegative measure T admits a slicing of the form T = dt @ ps(x) with
pwe € MT(R) for L'-a.e. t > 0. More precisely, for all ¢ € Co(RZ),

//¢(t,x)7= / (/ o(t, x) ut(x)) dt.

(2) the points (t,z) € R2 such that p,(x) > 0, with the exception of a set of
H!-measure zero, form a countable union of vertical line segments, called
vacuum lines. In particular, 7(I) = 0 for any non-vertical straight line
segment [.

(3) the identity (4.1) holds for any T-test function ¢(t,x).

The proof of Theorem 4.1 is given in Section 5. As a corollary, we have
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Corollary 4.1. Let 7, v, and 1o be as above. Let p(t, ) be a nonnegative function
over R2, continuous on RZ., such that ¢ p is a T-test function for any ¢ € C§(R?),
pr <0, T-a.e., and py € L}, .(R%). Then, for any nonnegative function ¢ € C}(R),

(4.2) limsup/C P(t, ) pe(x /C (0, z) 7o(x).
t—0+

Proof. First we have from Theorem 4.1 that (4.1) holds for ¢ = pyp with ¢ €

C}(R?). Then we choose 1) = 1°(t,x) := o°(t — to)((z) with ((z) >0, to > 0, and

0 <o € C}(R),
o°(t —t0) = X(—oco.t)(t),
d
0 (t—tg) = fﬁas(t —to) = 0y, as € — 0,

where 6§, is the Dirac measure concentrated at ¢y, and the convergences are in
LY(R) and M(R), respectively. We obtain from (4.1) that

0_//>0 P)pe dt — (V°P)x Udtdx)"‘/(lﬁeﬁo)m
- (/Cput) drt [ [ et [ [ pvdeds+ [ (@ ).

Now, using that p; < 0, 7-a.e., we obtain

/6€</Cput> dt + Co // \px|—|—|C\dtdx+/( €po) 10 > 0.

<t<to
Iw\<\spt Ol

Assuming that ¢ is a Lebesgue point of g(t) = [ (pu and letting £ — 0 yield

(43) [eom=c [ nl+ |<'\>dtdx+/<po

0<t<to
lz[<|spt (¢)]

Now, taking the limsup as ¢ty — 0 in both sides of (4.3), we finally arrive at
(4.2). O

We now consider the solutions of the Euler equations (1.1)—(1.3) for gas dy-
namics in the sense of distributions such that 7 is a nonnegative Radon measure,
with 7 > ¢£? for some ¢ > 0, and v(t,z) and S(¢,z) are bounded T-measurable
functions, along with our understanding that the constitutive relations (1.4) for
(7, p, e, 0,8)(t,r) hold L2-almost everywhere out of the vacuum lines, in the set
where 7 is absolutely continuous with respect to £2, and both p(t,z) and e(t,z)
are defined as zero on the remaining set with measure zero in Ri, including the
vacuum lines.

We consider the Cauchy problem for (1.1)—(1.3):

(44) (T,’U,S)|t:0 = (T(),’l}0750)($),

where 7o(x) is a nonnegative Radon measure over R, 79 > cL! for some ¢ > 0, vo(x)
and Sp(z) are bounded 7p-measurable functions, and eg(z) = e(ro(x), So(z)) a.e.
out of the countable points {x} such that 7o(xx) > 0, the initial vacuum set.
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Set Iy = (0,7) x R and II}, = (—00,T) X R for T' > 0. Let D and F be
functions or measures over Ilp. Let Dy be a function or a measure over R. By weak
formulation on Il for the Cauchy problem:

(4.5) D+ F, =0,
(4.6) Dli—o = Dy,
we mean that, for a suitable set of test functions ¢(¢,z) defined on IT%.,
(4.7) / (6D + ¢ F) /¢01D0f0
IIr
Analogously, if the identity “ = ” in (4.5) is replaced by “ > 7 or “ < 7, the

weak formulation of the correspondlng problem (4.5) and (4.6) is (4.7) with “="
replaced by “ < 7 or “ > 7, respectively, for a suitable set of nonnegative test
functions defined on IT7}.

Denote W = (7,v,5), f(W) = (—v,p(7,5),0), n(W) = e(r,5) + §7 qW) =
vp(t,S), and

a(W, W) =n(W) —n(W) = Va(W) - (W — W),
BW, W) = q(W) — q(W) = V(W) - (f(W) = f(W)).
Observe that Vn(W) = (—p, —9,0).

Definition 4.2. We say that W (t, z) is a distributional entropy solution of (1.1)-
(1.3), and (4.4) in Iz if 7 is a Radon measure on Iy with 7 > ¢£? for some
¢ > 0, v and S are bounded T-measurable functions such that the weak formulation
of (1.1)-(1.3), (1.7), and (4.4) is satisfied for all test functions in C{(I%), and
S(t, -) = So(-), as t — 0, in the weak-star topology of L>(R).

Observe that the weak formulation implies that py — 79 in M(R), and v(¢, - ) —
vo(-), and E(t, -) — Ep(-) in the weak-star topology of L>°(R), as t — 0, where
E = e +v?/2. We also remark that these convergences can be strengthened to the
convergences in L}, (R) in the case that 7 is a bounded measurable function, as an
easy consequence of the DM theory (cf. [5]).

As shown by Wagner [25], by means of the transformation from Eulerian to La-
grangian coordinates, bounded measurable entropy solutions of the Euler equations
in Eulerian coordinates transform into distributional entropy solutions of (1.1)—(1.3)
and (4.4), satisfying the additional restriction that the weak formulation of (1.2),
(1.3), and (1.7) holds for test functions with compact support in IIy such that
¢+ = g, ¢x = h7, where g,h € L>®(Ily, 7). It is also shown through an example
in [25] that distributional entropy solutions without the additional restriction may
have no physical meaning.

Now we consider the Riemann solution W (¢, x) associated to the Riemann prob-
lem for (1.1)—(1.3) with initial condition

— Wy, x<0,
48 Wo(z) =
(48) ol) {WR, 2> 0,

where W, and W§ are two constant states in the physical domain {W = (7,v, 5) :
7 > 0}. First, we address the case that W (¢, ) is a bounded self-similar entropy
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solution of (1.1)—(1.3) which consists of at most two rarefaction waves, one corre-
sponding to the first characteristic family and another corresponding to the third
one, and possibly one contact discontinuity on the line = 0. Then, W (¢, ) has
the following general form:

WL7 Z‘/t <§17
Ri(z/t), & <a/t<é&,
— _ Wi, & S:E/t<0,
(4.9) Wiw,t) = Wy, 0<x/t<Es,
Rg(l‘/t), 53 S l‘/t < €47
VVR7 Qf/t254

In what follows we use the notation W? = (7, S), W’ = (7,5).

Theorem 4.2. Let W(t,z) be the Riemann solution (4.9), and let W (t,z) be any
distributional entropy solution of (1.1)—(1.3) and (4.4) with Wy € L*°(R;R?). Then
there exist positive constants C' and Ky, and a function w € L (Ily), positive a.e.
in Iy, such that, for any X > 0 and a.e. t > 0,

(4.10) /-|<x (Jot, z) — o(t, 2)” + (WP, (t,2) — WP(t, 2)Pwlt, ) du

<¢ [ (1@ - @ + W) - Wo@)Pu(0.2)) da.
|| <X+ Kot

Proof. We divide the proof into four steps.
Step 1. Consider the measure

@ = a(W, W) + B(W,W),.
Given any X > 0 and t > 0, let ¢y € (0,¢) and
Qo ={(0,2) : |z] < X+ Ko(t—0), to <o <t}

for Ky > 0 to be suitably chosen later.
First, by the Gauss-Green formula (Theorem 3.1), we have

@ (Qo 1) = (@, B) - V]oa, . 1)

Now, let (;, i = 1,--- , 4, be nonnegative functions in C§°(R?) such that

4
ZQ =1, over O, ¢,
i=1

C;: 1, over {(0,z) : |z| < X 4+ Ko(t —to) },
(=1, over {(t,z) : |z| < X},
(spt (¢s) Uspt (Ca)) N (({t} x R) U ({to} x R)) = 0.

We choose (3 and (4 so that spt ((3) intersects the left lateral side of €2, ; but not
the right, and spt ({4) intersects its right lateral side but not the left. We have

w(QtCUt) = <(a7ﬂ) : V|3Qt0,m <1 + CQ + <3 + C4>

In what follows, we will use the notations:

1 [—
Jg= / (1-0)g(loTr+ (1 —0)7,05 4+ (1 —0)S5) do,
0
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for any function g = ¢(7, 5), and

g= /0 glor+ (1 —0)7,08 + (1 —0)S) do.

Step 2. We now prove the following five estimates.

L. <(Oé,ﬁ) : V‘BQtO,t7C3> >0 and <(0[,ﬂ) ’ V|aQt0,t7<4> > 0.
Indeed, let z, = (t.,x.) be the center of €, ;. We consider the following defor-
mation of O, +:

U(z,s) =z +es(ze — 2), z € 01, s €10,1],
where ¢ is chosen so small that
(spt (C3)Uspt (Ca)N({(t —es(t —t«),z) : x € R}U{(to +es(ts —to),z) : x €R}) =0,
for s € [0,1]. Then

(e, B8) - v|oay, ., C3) = lim E // (Koo — B)|Vh| Csdodz > 0,
5708 JJw (994, % (0,))
by choosing K such that Koo > 3, which is possible by what follows.

2. Given ¢ > 0 and bounded sets By C Vs := {(1,v,S5) : 7>} and By C R?,
there exists a constant Ko = Ko (6, By, B2) > 0 such that Koa(W, W) > 8(W, W),
for any W € By and W € Vs with (v, S) € Bs.

In fact, we first have

a(W,TT) = %(v L2 4 e (r — 72 4 2ng(r — F)(S = 5) + 55(S — 5)2,
BW,W) = (v—1)(p— D).

If W (t, z) and W (t, z) belong to a bounded set B in Vs, we can find Ko depending
only on B such that Ko« > . Now, since (7, 7, S) € By and (v, S) € Ba, it suffices
to show that, for 7 sufficiently large, we have (W, W) < a(W, W). Notice that

1 1 — 1 —
B<Sw=0)"+ 5P (T = 7)* + peps(m = 7)(S = ) + 5p5(S - 5)?
1 _
< S0=0)?+p(r = 7)7 + (S = 9)*.
On the other hand,
1 é 1 K+1[e2g)
Sty m2 G o2t o AT [Eg _ )2
a_2(v ) +2(K—|—1)(T 7) +2(ess % (eTT>)(S S,
for any K > 0. Now, p2 decays faster than é,, = —p, as 7 — 00, ]3?9 decays faster

than éggs as 7 — oo, and, for K sufficiently large,

O OK+1/2.\ .
€ss — K(@i) > cégs,

for some ¢ > 0 sufficiently small, since v > 1, as one can easily check from (1.4).
Hence, 3(W, W) < a(W, W) for 7 larger than a certain .. Then the assertion
follows.
3. Similarly, we have ((c, 3) - v|aq,, ,,Ca) > 0.
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4. As for (5, we have

(e, B) - V]ogy, s C2) = lim — // (v, B) - Vh (adodz
T(94,¢%(0,5))

s—0 8§

> fim / do /{n(W)—U(W)—E(U—6)+]3(Ta,o—f)+§(5’—§)}dx

s—0e(t —ty)s
t—es(t—t«) |z|<X—cK1 T

- / (1(Wae) = n(T) — 5(v — 0) + p(rac. — 7) + B(S — B)} de

[ (Gl ok 4oz - W)

|z|<X—eK1 T
o=t

if ¢ is a Lebesgue point of

g(s) :/ a(Wac,W)(s,z)dz,
|[z|<X—eK) 5
where @ is the quadratic form associated with the symmetric matrice
A= (%TT ?TS ]
€rs €ss

5. For (3, we have

s—0 8§

(e, B) - V]ogy, > C1) = lim — // o, B) - v ¢1|Vh|do dx
(89,0 (0, 5))

1 to+es(te—to) o 1
> — lim — / a(W,W)——dodx
|| < X + Ko (t—to) (tx —to)

—— [ W) =)~ o0~ 0) + B, —7) - (S - 5
|z| <X +Ko(t—to)
o=to
where we have also used that p, — p, as 0 — ¢ + 0, for a.e. tg > 0, with y; as in
Theorem 4.1, and that p is continuous on [tg,t] x R.
Step 3. On the other hand,

4
w(Qto,t) = Z W(Zz n Qto,t) + W(l n Qto,t) + W(Ql N Qto,t)

=1

+ (D3 N Q) + & (Quge — (U1, UTUQ UQ)),

where € and )3 are the left and right rarefaction regions, l~i,1 < i < 4, are the
lines bounding the rarefaction regions 2; and g3, and [ is the line {x = 0} where
W (t,x) has a contact discontinuity.

We first observe that, on €, + — (U?:lii Uluy UQjs), the measure w reduces
to —00,S which is nonpositive. Now, we have

w = —le(F1 +F2 —}—F’:g)7
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where

Fi=0(v—-9,p—p), Fo=-p(tr—70-v), F3=00S-S5,0),
and div := div4,. Applying the product rule (Theorem 3.2), we get

divFy = 5:(v —0) + Uy (p — p), divFy = —pi(7 — T) + pu(v — D).
Hence,

div Fy(Ij N Qi) =div (1N Qe ) =0,  j=1,--- 4,
since div F; is absolutely continuous with respect to £2. Also,
div F(l; N Q) >0,  j=1,---,4.
On the other hand, since F3 € DM> (£, +) and v|; = (0,1), we have
div F5(IN Q) = [(F5-v|;, 1)) =0,

where the square-bracket denotes the difference between the normal traces from the
right and the left, which make sense for F3 € DM because the normal traces of
DM fields are functions in L* over the boundaries.

Concerning F», we have

div FQ(ZJ M Qto,t) = O7 J = 17. .. 747

since p; is T-integrable and T(l}) =0,j=1,---,4. On the other hand, p; vanishes
on [ so that

div FQ(Z n Qt,tg) =0.
Finally, using the product rule (Theorem 3.2), the fact that W (¢,z) and W (¢, x)

are distributional solutions of (1.1)-(1.3) and (4.4), and S(¢,z); = 0, we obtain, for
J=13,

(4.11)
(00,0 = — / / {0 = D)) + (00— P))a — (B — )e + (Pw — 0))s + (B(S — F))1)
QN4
=- / {0:(v —0) + U (p — D) — Pe(T — 7) + Pa(v — D) + 0,(S — 5) + 05, }
QN0 ¢
s - / {02(p — D) — PrU (T — 7)dads + 0,0,(S — S)}
Q0,0
S - 'Ew (p - ﬁ - ﬁT(T{l.C. - 77—) - ﬁS(S - g)) dxds + ﬂxﬁTTsing
er‘ll[o,t Qjﬁ/ﬂ[o,t
<0

)

since p, < 0 and ¥, is bounded and o, (¢, z) > 0 everywhere over ; and 3, and
Vi, p>0.
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Step 4. Putting all these estimates together, we have

/ (Jo(t, 2) — 0(t,2) 2 + |Wa (t,2) — W(t,2) Pw(t, ) da

|| <X
<2 [ ") =) - oo )+ plous, — )~ 6(S - 5))
|z| <X +Ko(t—to)
0’=t0
Now, applying Corollary 4.1, we finally get (4.10). O

Corollary 4.2. Let W (t,x) and W (t,z) satisfy the conditions of Theorem 4.2 and
Wo(x) = Wo(z). Then 7(t,x) is absolutely continuous with respect to L£L? in I

and W (t,z) = W(t,x) a.e. in p.

Proof. From Theorem 4.2, we have

Wae(t,x) =WI(t, x), a.e. in Ilp.
Hence, Tying must satisfy the weak formulation of
7 =0, 7li=0 = 0,

for the test functions in C§(II%). In particular, there exists y € BVj,.(Il7) such
that

OxY = Tsings Oy = 0.
Therefore,
Toing = dt @ v¢(x),
where () = %(L -), a.e. t € (0,T). Since y does not depend on ¢, we have that
v also does not depend on ¢, say, v:(x) = vo(z) and
Tsing = dt ® 1.
Furthermore, since vy — 0 as t — 0, we conclude
vy =0.
|
We now consider the case that the Riemann solution, with the initial condition

(4.8), has a vacuum line at x = 0. In this case, the Riemann solution W (¢, ) has
the following form:

(4.12)
Wi, x/t <&r,
Ru(a/t), €L </t <0,

W (z,t) = (07 + 02)/2, (g — 0)tdt @ do(z), (S + Sr)/2), = =0,

Rs(x/t), 0<x/t <&n,
Whr, x/t > &R.

Here Ry (x/t) and Rg(x/t) are as above the rarefaction waves of the first and third

characteristic families, respectively, v1 = lime_o_ 9(§), U2 = lim¢_o, 0(§), and

(5_0(30) is the Dirac measure over R concentrated at 0. It is easy to check that
W (t,z) is a distributional solution of (1.1)—(1.3) and (4.4). The values of 7 and S

on the line z = 0 could be taken as any other constants instead of 2122 and SL ;gR,
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respectively, while the formula of 7 at © = 0, (U2 — 91)tdt ® do(x), is dictated by
the fact that (1.1) must hold in the sense of distributions.

Theorem 4.3. Let W (t,z) be a Riemann solution containing vacuum as described
in (4.12). Let W (t,z) be a distributional entropy solution of (1.1)—~(1.3) and (4.4)
in Il with Wy € L*®°(R;R3). Then there exist positive constants C and Ko, and a
function w € L>*(Ily), positive a.e. in Ir, such that, for all X >0 and a.e. t > 0,

(4.13) / (Jo(t, z) — 0(t, 2)* + WP . (t,2) — WP(t, 2)Pwlt, ) du
lz| <X
<c [ (ln@ - @l + W) - Wy@)Pu(0.2)) da.
|z| <X +Kot
Proof. Let Fy, F5, and F3 be as in the proof of Theorem 4.2. We observe that,
since p = 0 for x = 0, we have
F2 - —]5(7' - 77—(1.04717 - U)a

so that the analysis for Iy remains the same. Also, nothing needs to be changed
concerning F3. As for Fy = 9(v — 0,p — p), we have a new aspect which is the fact
that o(t, z) is discontinuous at [. Then we have

div Fiy (ltg,¢) = [(F1 - V1, 00 D]
where l;, , = 1Ny, and again v|; = (0,1). Let p_(¢,z) and p4 (¢, ) denote the
functions in L*°(1), given by the theory of DM fields developed in [5], such that
(p—, Q) = ((v,p) - v[1, O,
<p+7<> = <(U7p) ! (7V)|la<->lv for any C € C()(l)

Hence, we have
t

t
div Fi (I 1) = vg/ p+(8) ds—vl/ p—(s)ds.

to to
On the other hand,
p+(s) =p_(s), a.e. s>0, and vy > vy,

where the first follows from (1.2) and the second is a consequence of the construction
of the Riemann solution containing vacuum. Therefore, we conclude

div Fl(lto,t) Z 0.
The remaining of the proof follows exactly as in Theorem 4.2. U

Again, we have the following corollary.

Corollary 4.3. Let W (t,z) and W (t,x) satisfy the hypotheses of Theorem 4.3 and
Wo(z) = Wo(z). Then (v,9)(t,z) = (v,59)(t,x), L?-a.e. in Iy, and T = T in
M(I7).

Proof. From Theorem 4.3, we deduce that W, .(t,7) = W..(t,z), L?-a.e. in IIp.
Thus, as in the proof of Corollary 4.2, we deduce that 74,4 must be concentrated
at {x = 0}. Then 7,y must be equal to (U2 — v1)tdt ® do(x) as a consequence of
(1.1) in the sense of distributions. O
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5. PROOF OF THEOREM 4.1

In this section, we give a detailed proof of Theorem 4.1. The arguments are
strongly motivated by those in Wagner [25].

Proof. We divide the proof into ten steps.
Step 1. There exists y € BVj,.([0,00) x R) such that

(5.1) Ozy =T, Oy = v,

in the sense of distributions for ¢ > 0.
Indeed, let w® be a positive symmetric mollifier in R2, and set 7° = 7 * w® and
v® = v * w®, where we have extended 7 and v as zero for ¢ < 0. Define

(5.2) ye(t,z) = /Off T(t,s) ds —|—/O v°(0,0) do.

Then y* € BV N C(RZ). We easily check that y°(t,z) satisfies
Opy® =75, Opy® = v°, t>e.

Now, [ly°]lsv(a) < Maq, for any open set Q € R%, where My, is a positive constant
independent of e. Hence, by the compact embedding of BV (Q) into L(£2), there
exists y € BWOC(Ri) such that

yi(te) —y(to), i Ly (RY),

by passing to a subsequence if necessary. Clearly, y(¢, z) satisfies (5.1) in the sense
of distributions in R .

Step 2. The measure 7(t, ) admits a slicing of the form 7 = dt ® u;, where, for
Llae t >0,y € MT(R).

Let y(t,z) be a solution of (5.1). Since y € BVj,(R2), then, for a.e. ¢t > 0,
y(t, -) € BVj,e(R). Hence,

dy
T=dt® dm(t, ).

Step 3. The points (¢, z) € R2 such that p(z) > 0, with the possible exception
of a set of H!-measure zero, form a countable union of vertical line segments.

Again, since y € BV,.(R3), then, for a.e. z € R, y(-, ) € BVjo.(R;). Hence,
Oyy admits a slicing as

dy

Oy = %(,x) ®@dr =wv(-, z)dt ® dz.

That is, for a.e. x € R, y(+, x) is a Lipschitz function on [0, c0) whose derivative is
v(+, ). On the other hand, the jump set of y(¢, x), with the possible exception of a
set of H'-measure zero, is a countable union of C! curves {li }ren, by the structure
theory of BV functions (see, e.g., [12, 13]). We then conclude that the lines I;; must
be vertical, because, otherwise, we would have a subset A C R of positive measure
such that, for x € A, Z—:Lt/(', x) would be a singular measure, rather than an L*°
function v(-, ), which proves the assertion.

Observe that uy — 79 as t — 0+, which follows from standard arguments by
choosing suitable test functions in (4.1).

Step 4. Let zp € R be such that 79(zg) = ue(zo) = 0, a.e. t > 0, and xg is

a Lebesgue point of fot v(o, +) do, for all rational ¢ > 0 and hence all fixed ¢ > 0.
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Then there exists a solution of (5.1) satisfying

x

(5.3) tl}& y(t,z) = / 70, for a.e. x € R.

Zo
Consider a mollifier w®, with ¢ = (e1,€2), of the form w®(t,z) = 0°1(t)d°2(x),
where 6%, = 1,2, are standard positive symmetric mollifiers in R. If y°(¢,z) is
defined by (5.2), with 0 replaced by z¢, then sending £; to 0 first and next letting
g9 — 0 yield

x t
lim lim °(t, 2) :/ Lt +/ v(o, z9) do, a.e. (t,z) € RY.
o 0

ea—0e1—0

Hence,

x t
y(t, x) :/ It +/ v(o, x0) do,
xo 0

provides the desired solution because of Step 4.

Now, since, for each t > 0, y(t,z) is a strictly increasing function of z, there
exists a well-defined monotone increasing continuous function z(t, y) such that

(5.4) z(t,y(t,z)) = x, (t,z) € Ri,

where we have defined y(, x) on the vacuum lines by, say, (y(¢,2+0)+y(¢,2—0))/2.
Let @ and T be the transformations of R%, Q(t,z) = (¢,y(t,x)) and T(t,y) =
(t,z(t,y)) so that T(Q(t,x)) = (¢t,z). Observe that, given an open rectangle R =
(t1,t2) % (a,b) C R%, if a and b are such that y(t,a) and y(t,b) are continuous
functions of ¢, then Q(R) is an open set in Rfu which implies that T is continuous
in R%. Let
TO(J:) = tE%ler(t’x)’ Qo(y) = tli>%l+ Jﬁ(t,y)

Step 5. TuL? = 7 and Tox L' = 79, with notation from [13].

In fact, for a.e. t > 0, y(¢, x) is a strictly increasing BV, function of the variable
x, and 7 = dt @ pe(z) with pe(x) = %(t, -). Now, T(t,y) = (t,x(t,y)) and, for any
open interval (a,b) and for each fixed ¢ > 0,

z(t, )" a,b) = (y(t,a+0),y(t,b —0)) = 7(a, b).
Hence, the measure Ty £? equals dt®fi;, where fi; is the Stieltjes measure associated
with y(t,x), that is, izt = p¢, which implies T4 £? = 7. Similarly, we obtain
To#ﬁl = 1T0-

Step 6. The map T is proper and onto.

The fact that T is onto follows from the fact that it is the inverse of @ which
is defined everywhere in Ri. Now, since Q(¢,z) is a continuous function of ¢, for
a.e. ¢ € R, given any compact K C R%, we may find a rectangle [t;,ts] X [a, D]
containing K such that Q(t,a) and Q(¢,b) are continuous functions of ¢. Hence,
the set

{(t,y) | y(tva) <y< y(t7b), t1 <t< t2}
is compact and contains 7~!(K), which is then also compact by the continuity of
T.

Let p = Q4L?%. Let p be the density of £ with respect to 7 in Ri and let 7 be
the density of 7,... with respect to £? so that p7 = 1, L?-a.e. in R2. The following
result was proved by Wagner ([25], p.132).

Step 7. p=0yx =poT.
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Indeed, p = QxL? admits a slicing of the form p = dt ® fir, where ji; is the
Stieltjes measure associated with the inverse of y(¢, -), which is x(¢,y), and hence
fir = Oyx. Furthermore, The Lipschitz continuity of x(¢,y) yields

p = 0yz,

where as usual we have identified absolutely continuous measures with their densi-
ties, with respect to the corresponding Lebesgue measure. Also, we have

Typ =TyQuLl? = L? = p7 = pr = pTyL>.
Now, for all ¢ € Cy((0,00) x R),
(p,d) = (Typ. 90 Q),

while
<p~ oT, ¢> = <ﬁT#£27 ¢o Q>7
which implies
p=poT,

where we have used that p = 0 a.e. over T~!(V) and V is the union of the vacuum
lines, because of the first part of the assertion.

Now, let pg = QoL and v(t,y) = v(T'(t,y)).

Step 8. For all ¢ € C}(R?), we have

(5.5) [ o poaray+ [ o0.0)000)dy o
t>0 t=0

Observe that p and py are uniformly bounded since p = poT, p7 =1,and 7 > ¢
for some ¢ > 0. The same holds for pg. Now, for any ¢ € C&(R?), we have

// (60 + Syu)pdt dy + / 6(0, 9)poly) dy

t>0 t=0

=// <¢toc2+¢yo@yo@)dtdz+/ 6(0, Qo(x)) do
t>0 t=0

=// (@o@ﬂ%o@)dtdm/ 6(0, Qo(x)) dx
t>0 t=0

:/ o(6oQ)dtdr+ [ 6(0,Q0(x))dz =0,
t>0

t=0
where we have used that v o () = v. In particular, we have

(5.6) pt + (pv)y =0,

in the sense of distributions. Now, let g € R be such that y(¢,z¢) is a Lipschitz
continuous function on [0, 00) and, for a.e. ¢, y(t,zp) is a Lebesgue point for both
p(t,y) and v(t,y).

Step 9. There exists a solution Z(¢,y) of

(5.7) Oyx = p, Ol = —pv,

such that Z(¢,y(t, z9)) = xo. In particular, Z(t,y) = z(t,y).
Indeed, let p° = p x w® and (pv)¢ = (pv) * w*, where w® is a standard mollifier.
Set

y
x®(t,y) = / p°(t, s)ds + xo.
y(t,zo)
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Then z°(¢,y) is a Lipschitz function satisfying
Oyt = p°(t,y),
9x® = —(pv)*(t,y) — p°(t, y(t, o)) (t, y(t, 20)) + (pv)* (¢, y(t, x0))-
Also,
[2°(t,y) — ol < Mly — y(t, 20)|-
Loe(R%) to a Lipschitz function Z(t,y) which satisfies

loc
2(t,y) — zol < Mly — y(t, zo)|.
Thus, we have Z(t, y(t, zo)) = zo. Since
‘pa(tvy(ta xO))Q(tay(tva)) - (py)a(t,y(t,xo))\ - 07 as € — Oa

for a.e. t > 0, we conclude that Z(t,y) satisfies (5.7). Now, since 0,z(t,y) = p(t,y)
and z(t,y(t,x0)) = xo, we must have x(t,y) = z(t,y).

Step 10. Equation (4.1) holds for any 7-test function ¢(¢, x).

Indeed, for any 7-test function ¢(t, ), we have

/ / (60— voodida) + [ 6(0,2)m0
t>0 t=0

=// (asto:r—%opr)dtdw/ 60Ty dy
t>0 t=0

Hence, z°(t,y) converges in L

0
:/ a—(¢oT)dtdy+ ¢ oTydy
t>0 Ot t=0

:—/limgboT(y,é)dy—i— ¢oTydy =0.
R5~>O =0

]
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