On the Optimization of a Conservation Law

Rinaldo M. Colombo and Alessandro Groli Department of Mathematics

University of Brescia Via Valotti 9 25133 Brescia Italy

rinaldo@ing.unibs.it, groli@ing.unibs.it

April 22, 2002

To appear on Calculus of Variations and Partial Differential Equations

Abstract Consider the Cauchy problem for a conservation law and assume that an integral functional on its solution is defined. In this note we obtain an Euler-Lagrange equation for the stationary points of this functional. An application to the optimal management of traffic flows is considered.

2000 Mathematics Subject Classification: 35L65, 49K20, 90B20 Key words: Conservation Laws, Euler-Lagrange equation, Traffic flow.

1 Introduction

Aim of this note is the study of optimization problems related to conservation laws. More precisely, we consider the Cauchy problem { ∂_tu + ∂_x [ f(u) ] = 0 u(0, x) = u_o(x)

(t, x) ∈ [0, +∞[ × R , (1.1)

where the flow f: R → R is smooth while u_o is in L^1 (R)∩BV (R). Denote by u(t, x) = S_t(u_o)(x) the Kružkhov [6] solution to (1.1), S being the L^1 contractive solution operator, see also [3, 5] as general references. For a fixed Lipschitzean ψ: R → R, consider an integral functional J: L^1 (R) ∩ BV (R) → R of the form

J(u_o) = ∫_b a ∫_{+∞} −∞ ψ ( S_tu_o(x) ) dx dt or J_φ(u_o) = ∫ R ∫_{+∞} −∞ φ(t, x) ψ ( S_tu_o(x) ) dx dt , with 0 ⩽ a < b < +∞ and φ ∈ C^1_c ([a, b] × R) being a suitable weight. In this note we obtain an Euler-Lagrange equation satisfied from the stationary points of this functional.

A major difficulty in the optimization of J lies in the fact that S is generally not differentiable with respect to the usual linear differential structure of L^1, see [1, 4] for explicit examples. Therefore, a new differential structure on L^1 ∩BV was recently introduced and studied in [1, 4]: shift differentiability. Within this framework, S turns out to be differentiable at all times at which neither interactions between shocks nor centers of compression waves occur. According to this differential structure, the tangent space at u to L^1 ∩ BV is identified with L^1(Du), i.e. the space of absolutely integrable functions with respect to the Radon measure Du, Du being the weak derivative of u. Below we exploit this structure to obtain an equation satisfied by the points of minima and maxima of J.

As a first step, we slightly extend the theory of shift differentiability to comprehend the time dependent case and apply it to S to obtain the first order term in the “shift expansion” of J.

In the case of the management of traffic lights, shift differentiability is particularly suitable. Indeed, shifting the initial data corresponds to modifying the time that the light shows green or red. Below, we consider the problem of optimizing the flow of cars on a segment of a road. This application is motivated by a real problem in the Lyon (France) area [7], where the inflow on a mountain road needs to be regulated to prevent high car densities in areas dangerous due to landslides.

The Euler-Lagrange equation is derived in the next section. Then, Section 3 deals with the application to traffic flow management.

2 Main Result

Let X = L^1 (R) ∩ BV (R) with the Lebesgue measure (wherever the Lebesgue measure is used, it is not explicitly mentioned). An abstract approach to shift differentiability referred to an operator Φ: [0, T ] × X → X (for some T > 0) is possible. Nevertheless, we prefer here to avoid formal complications and stick to the most interesting case Φ = S related to (1.1), although the results below can be stated in more general frameworks.

The next lemmas are slight extensions of analogous results in [4], to which we refer for further details. Fix an initial datum u ∈ X and set T_uX = L^1 (|Du|). Here, Du denotes the Radon measure defined as the distributional space derivative of u and |Du| stands for the total variation of Du, see [10, Chapter 2]. A vector field along the curve t → S_tu, for t ∈ [0, T ], is a map v: [0, T ] × R → R such that for all t ∈ [0, T ], v(t, ·) ∈ T_{Stu}X. Aiming at a differential structure on X, we start introducing a relation between families of curves and vector fields along the orbits of S.

Definition 2.1 Fix u ∈ X and a vector field v along t → S_tu. A family v^ϑ, (ϑ ∈ [0, ϑ^∗]) of curves along t → S_tu hat-converges to v, v^{ϑ ∧−→} v, if for a.e. t ∈ [0, T ]

1. lim_{ϑ→0} ‖ ‖v^ϑ(t, ·) − v(t, ·) ‖ ‖_{L1} (|DStu|) = 0;

2. lim_{ϑ→0} ‖ ‖ϑv^ϑ(t, ·) ‖ ‖_{L∞(R)} = 0;

3. lim sup ϑ→0 Lip ( ϑv^ϑ(t, ·) ) < 1.

The next lemma is technically very useful: it ensures that in the sequel it is possible to work with families of curves v^ϑ that have more regularity than that required above.

Lemma 2.2 Fix u ∈ X and a vector field v along t → S_tu such that ‖ v(t, ·) ‖ L^1(|DS_tu|) ⩽ η(t) for a.e. t ∈ [0, T ] (2.1)

with η ∈ L^1 ([0, T ]). Then, there exists a family v^ϑ of curves along t → S_tu such that (a) v^{ϑ ∧−→} v; (b) v^ϑ(t, ·) ∈ C^∞_c (R) for t ∈ [0, T ]; (c) ‖ ‖v_ϑ(t, ·) ‖ ‖ L^1(|DS_tu|) ⩽ η(t) for all ϑ.

Proof. For any fixed t ∈ [0, T ], there exists a sequence w_n(t, ·) ∈ C^∞_c (R) such that lim n→+∞ ‖ w_n(t, ·) − v(t, ·) ‖ L^1(|DS_tu|) = 0 , (2.2) ‖ w_n(t, ·) ‖ L^1(|DS_tu|) ⩽ ‖ v(t, ·) ‖ L^1(|DS_tu|) for all n . (2.3)

As in [4, Lemma 1], define ζ_n(t) = ( n + max_{i=1,...,n} { Lip(w_i(t, ·)) , ‖ w_i(t, ·) ‖ L^∞ })−2 and

v^ϑ(t, x) = ϑ − ζ_{n+1}(t) ζ_n(t) − ζ_{n+1}(t) w_{n−1}(t, x) + ζ_n(t) − ϑ ζ_n(t) − ζ_{n+1}(t) w_n(t, x) if ϑ ∈ ] ζ_{n+1}(t), ζ_n(t) ] , v(t, x) if ϑ = 0. v^ϑ satisfies the requirements (a), (b) and (c). Indeed, (a) holds since for ϑ ∈ ] ζ_{n+1}(t), ζ_n(t) ] , referring to Definition 2.1, we have 1. ‖ ‖v^ϑ(t, ·) − v(t, ·) ‖ ‖_{L1(|DStu|)} ⩽ ‖ v(t, ·) − w_{n−1}(t, ·) ‖ L^1(|DS_tu|) + ‖ v(t, ·) − w_n(t, ·) ‖ L^1(|DS_tu|) and both addendum tend to 0 due to (2.2); 2. | |v^ϑ(t, ·) | | ⩽ max i=n−1,n | |w_i(t, ·) | | ⩽ 1√ ζ_n(t) ⩽ 1 √ ϑ ;

3. | |v_ϑ(t, x) − v_ϑ(t, y) | | ⩽ max i=n−1,n { Lip(w_i(t, ·)) } |x − y| ⩽ 1 √ ζ_n(t) |x − y| ⩽ 1 √ ϑ |x − y|.

(b) is immediate, while (c) follows from (2.3) and (2.1).

Using the above Definition 2.1, we now introduce a special class of curves in X.

Definition 2.3 Fix u ∈ X and a family of curves v^ϑ along t → S_tu with Lip(ϑv^ϑ(t, ·)) ⩽ α < 1. v^ϑ ⋆ u is the function implicitly defined by ( v^ϑ ⋆ u ) (t, x + ϑv^ϑ(t, x)) = S_tu(x) . The curve ϑ → (v^ϑ ⋆ u)(t, ·) is indeed a continuous curve exiting S_tu. In fact, for all u ∈ X and all vector fields v along t → S_tu, if v^ϑ is a family of curves along t → S_tu such that v^{ϑ ∧−→} v, then lim_{ϑ→0} ‖ ‖(v_ϑ ⋆ u)(t, ·) − S_tu ‖ ‖ L^1 = 0 as will directly follow from Proposition 2.5 below.

The next definition essentially induces an equivalence relation on the curves in X, classifying as equivalent those curves that generate the same vector field, see [2].

Definition 2.4 Fix u ∈ X and consider a family of curves ϑ → u^ϑ along t → S_tu, for ϑ ∈ [0, ϑ_∗]. We say that u^ϑ generates the vector field v along t → S_tu if there exists v^ϑ hat-converging to v such that

lim_{ϑ→0} 1 ϑ ‖ ‖u^ϑ(t) − (v^ϑ ⋆ u)(t) ‖ ‖_{L1(|DStu|)} = 0 for all t ∈ [0, T ].

We need to prove that the vector field generated by ϑ → u^ϑ, if it exists, is uniquely determined in the space T_uX and that the previous definition does not depend on the choice of v^ϑ. For any t ∈ [0, T ] both these facts are ensured by [4, Theorem 1], which we state here for completeness together with a bound proved therein that will be of use below.

Proposition 2.5 If u ∈ X, v, w are vector fields along t → S_tu and v^{ϑ ∧−→} v, w^{ϑ ∧−→} w, then for all t ∈ [0, T ]

lim_{ϑ→0} 1 ϑ ‖ ‖(v_ϑ ⋆ u)(t, ·) − (w_ϑ ⋆ u)(t, ·) ‖ ‖ L^1 = ‖ ‖v(t, ·) − w(t, ·) ‖ ‖_{L1(|DStu|)}, 1 ϑ ∫ R | | |(v^ϑ ⋆ u)(t, x) − (w^ϑ ⋆ u)(t, x) | | | dx ⩽ ∫ R | | |v^ϑ(t, x) − w^ϑ(t, x) | | ||DStu|. (2.4) Lemma 2.6 Let φ ∈ C^1_c ([a, b]×R ). If u ∈ X, v is a vector field along t → S_tu satisfying (2.1) and v^{ϑ ∧−→} v, then

lim_{ϑ→0} 1 ϑ ∫_b a ∫ R φ(t, x) [ (v^ϑ ⋆ u)(t, x) − S_tu(x) ] dx dt = − ∫_b a ∫ R φ(t, x) v(t, x) DS_tu dt . Proof. By [4, Corollary 1], for all t ∈ [0, T ]

lim_{ϑ→0} 1 ϑ ∫ R φ(t, x) [ (v^ϑ ⋆ u)(t, x) − S_tu(x) ] dx = − ∫ R φ(t, x) v(t, x) DS_t u . By (2.4) and Lemma 2.2, an application of the Lebesgue Dominated Convergence Theorem completes the proof.

An entirely similar procedure leads to prove the following lemma.

Lemma 2.7 If u ∈ X, v ∈ T_uX and v^{ϑ ∧−→} v satisfies (2.1), then

lim_{ϑ→0} 1 ϑ ∫_b a ∫ R [ (v^ϑ ⋆ u)(t, x) − S_tu(x) ] dx dt = − ∫_b a ∫ R v(t, x) DS_tu dt . Definition 2.8 Let S be the solution operator generated by (1.1). Fix t ∈ [0, T ], the map S_t: X → X is shift differentiable at the point u ∈ X, if there exists a continuous linear map Λ_{t,u}: T_uX → T_{Stu}X such that the following holds. For all v ∈ T_uX there exist v^{ϑ ∧−→} v and w^{ϑ ∧−→} Λ_{t,u}v satisfying

lim_{ϑ→0} 1 ϑ ‖ ‖(w_ϑ ⋆ S_tu) − S_t(v_ϑ ⋆ u) ‖ ‖ L^1

= 0 .

The shift differentiability of S at any time at which neither shocks interact nor compression waves center was proved in [4]. Here we add a bound on the operator norm of the shift differential. From the standard theory of scalar conservation laws [3, 5], it is well known that S is Lipschitzean in L^1 with constant 1. Hence we expect also the norm of the shift differential to be bounded by 1. This is the content of the next theorem.

Theorem 2.9 Fix a and b so that 0 ⩽ a < b < +∞. Let f: R → R be C^2 and strictly convex. Call S the semigroup generated by (1.1). Then, the map S_t is shift differentiable at all u in X such that no interaction between shocks in S_tu takes place at time t. Moreover, the operator norm of the shift differential Λ_{t,u}, where defined, satisfies ‖ ‖Λ_{t,u} ‖ ‖ ⩽ 1 . (2.5)

The bound (2.5) is obviously optimal, for equality holds in the case of a Riemann problem solved by a single shock.

Proof. The first assertion follows from [4, Theorem 4]. Consider (2.5). Let v, w ∈ T_uX and v^{ϑ ∧−→} v, w^{ϑ ∧−→} w. With a slight abuse of notation, introduce two families of curves such that (Λ_{t,u}v)^{ϑ ∧−→} Λ_{t,u}v and (Λ_{t,u}w)^{ϑ ∧−→} Λ_{t,u}w. Recalling that the semigroup S_t is contractive in the L^1 (R) norm, by Proposition 2.5 and Definition 2.8, ‖ Λ_{t,u}v − Λ_{t,u}w ‖ L^1(|DS_tu|) = limϑ→0 1 ϑ ‖ ‖ ‖ ( (Λ_{t,u}v)^ϑ ⋆ S_tu ) − ( (Λ_{t,u}w)^ϑ ⋆ S_tu )‖ ‖ ‖_{L1}

⩽ lim_{ϑ→0} 1 ϑ ‖ ‖ ( (Λ_{t,u}v)^ϑ ⋆ S_tu ) − S_t(v^ϑ ⋆ u) ‖ ‖ L^1

+ lim_{ϑ→0} 1 ϑ ‖ ‖St(v^ϑ ⋆ u) − St(w^ϑ ⋆ u) ‖ ‖_{L1}

+ lim_{ϑ→0} 1 ϑ ‖ ‖S_t(w^ϑ ⋆ u) − ( (Λ_{t,u}w)^ϑ ⋆ S_tu )‖ ‖ L^1

⩽ lim_{ϑ→0} 1 ϑ ‖ ‖(v^ϑ ⋆ u) − (w^ϑ ⋆ u) ‖ ‖_{L1} = ‖v − w‖_L1_{(|Du|)} .

As was to be expected, in the previous proof we used only the Lipschitzeanity of S_t and Definition 2.8, but not the explicit expression Λ_{t,u}, which we recall here from [4] for later use. Λ_{t,u}v(x) = { v ( ξ^+(u; x) ) if S_tu(x−) = S_tu(x+), Ψ_{t,u}(x) if S_tu(x−) ≠ S_tu(x+), where S_tu(x±) = lim_{ξ→x±} S_tu(ξ), and

Ψ_{t,u}(x) = 1 S_tu(x+) − S_tu(x−) { ∫ ]ξ^−(u;t,x),ξ^+(u;t,x)[ v(ζ)Du(ζ) +v ( ξ^+(u; t, x) ) [ u ( ξ^−(u; t, x)+ ) − S_tu(x−) ] +v ( ξ^+(u; t, x) ) [ S_tu(x+) − u ( ξ^+(u; t, x)− )] } . The points ξ^+(u; t, x) and ξ^−(u; t, x) are respectively the intersections with the x-axis of the maximal and minimal generalized backward characteristics [5, Chapter X] from the point (t, x) in the solution u(t, x) = S_tu(x).

We are now ready to state the main result of this note.

Theorem 2.10 Let f: R → R be C^2 and strictly convex, ψ: R → R be locally Lipschitzean and φ: [a, b] × R → R be C^1_c , with 0 ⩽ a < b < +∞. Consider the functionals J, J_φ: X → R defined by J(u) = ∫_b a ∫ R ψ ( S_tu(x) ) dx dt and J_φ(u) = ∫_b a ∫ R φ(t, x) ψ ( S_tu(x) ) dx dt (2.6) S_t being the semigroup generated by (1.1). Then, for all v ∈ L^1 (|Du|) and for any family of curves v^ϑ such that v^{ϑ ∧−→} v, the following first order “shift-expansions” hold:

lim_{ϑ→0} 1 ϑ [ J(v^ϑ ⋆ u) − J(u) ] = − ∫_b a ∫ R (Λ_{t,u}v)(x) D ( ψ(S_tu) ) dt , lim_{ϑ→0} 1 ϑ [ J_φ(v^ϑ ⋆ u) − J_φ(u) ] = − ∫_b a ∫ R φ(t, x) (Λ_{t,u}v)(x) D ( ψ(S_tu) ) dt . Above, by “ψ locally Lipschitzean” we mean that on every compact K ⊂ R, the restriction of ψ to K is Lipschitzean. Note that the integral on the right hand side is well defined. In fact, the map x → ψ ( S_tu(x) ) is of bounded variation and, due to the local Lipschitzeanity of ψ, L^1 (|DS_tu|) ⊆ L^1 ( | Dψ(S_tu) | ). Proof. We consider the functional J_φ, since the case of J is entirely similar.

Throughout this proof, t is a time at which neither shocks interact nor compression waves center in S_tu. Recall that the set of times at which two or more shocks collide is at most a countable, see [4, Corollary 2].

First, using Lemma 2.2, we introduce a family of curves w^ϑ ∈ C^∞_c such that w^{ϑ ∧−→} v and ‖ ‖w^ϑ ‖ ‖_{L1(|Du|)} ⩽ ‖v‖_L1_{(|Du|)}. Moreover, in view of (2.5), we have ‖ ‖Λ_{t,u}v ‖ ‖_{L1(|DStu|)} ⩽ ‖v‖_{L1(|Du|)}. Apply Lemma 2.2 and introduce a family of curves (Λ_{t,u}w)^ϑ such that (Λ_{t,u}w)^{ϑ ∧−→} Λ_{t,u}v and ‖ ‖(Λt,uw)^ϑ ‖ ‖_{L1(|DStu|)} ⩽ ‖v‖_L1_{(|Du|)} . (2.7) We have 1 ϑ [ J(v^ϑ ⋆ u) − J(u) ]

= 1 ϑ ∫_b a ∫ R φ(t, x) [ ψ ( S_t(v^ϑ ⋆ u) ) − ψ(S_tu) ] dx dt = 1 ϑ ∫_b a ∫ R φ(t, x) [ ψ ( S_t(v^ϑ ⋆ u) ) − ψ ( S_t(w^ϑ ⋆ u) )] dx dt (2.8)

+ 1 ϑ ∫_b a ∫ R φ(t, x) [ ψ ( S_t(w^ϑ ⋆ u) ) − ψ ( (Λ_{t,u}w)^ϑ ⋆ S_tu )] dx dt (2.9) + 1 ϑ ∫_b a ∫ R φ(t, x) [ ψ ( (Λ_{t,u}w)^ϑ ⋆ S_tu ) − (Λ_{t,u}w)^ϑ ⋆ ψ(S_tu) ] dx dt(2.10) + 1 ϑ ∫_b a ∫ R φ(t, x) [ (Λ_{t,u}w)^ϑ ⋆ ψ(S_tu) − ψ(S_tu) ] dx dt . (2.11) First we prove that (2.8) tends to 0 as ϑ → 0. By the boundedness of φ and the local Lipschitzeanity of ψ, it is sufficient to prove that

lim_{ϑ→0} 1 ϑ ∫_b a ∫ R [ (v^ϑ ⋆ u_o) − (w^ϑ ⋆ u_o) ] dx dt = 0 . The above follows from an application of the Lebesgue Theorem, which is possible thanks to Proposition 2.5 and (2.7).

Consider (2.9). The shift differentiability of S_t at t implies that

lim_{ϑ→0} 1 ϑ ∫ R [( S_t(w^ϑ ⋆ u_o) ) − ( (Λ_{t,u}w)^ϑ ⋆ S_tu_o )] dx = 0 and, reasoning as in the case above, one gets that (2.9) tends to 0 as ϑ → 0.

Finally, (2.10) is identically 0, since by Definition 2.3, ψ ( (Λ_{t,u}w)^ϑ ⋆ S_tu ) = (Λ_{t,u}w)^ϑ ⋆ ψ(S_tu). As ϑ → 0, the limit of the last term (2.11) is computed by Lemma 2.6. It is now straightforward to obtain the Euler-Lagrange equation for the functionals (2.6).

Corollary 2.11 In the same assumptions of Theorem 2.10, if u ∈ X is a point of extremum of the functional J_φ, resp. J, then the equality ∫_b a ∫ R φ(t, x) (Λ_{t,u}v)(x) D ( ψ(S_tu) ) dt = 0 , resp. ∫_b a ∫ R (Λ_{t,u}v)(x) D ( ψ(S_tu) ) dt = 0 , (2.12)

holds for all v ∈ L^1 (|Du|).

3 Traffic Flow Management

According to the Lighthill-Whitham [8] and Richards [9] (LWR) model the car density ρ along a road with neither entries nor exits satisfies the scalar conservation law { ∂_tρ + ∂_x [ ρ v(ρ) ] = 0, ρ(0, x) = ρ_o(x), (3.1)

where t ∈ [0, +∞[ is time, x ∈ R is the coordinate along the road and v = v(ρ) is the average traffic speed at density ρ, with ρ ∈ [0, R]. R is the maximal car density sustained by the road, i.e. when ρ = R cars are lined up bumper to bumper in a queue. A typical speed law v = v(ρ) leads to a flow q = ρ · v(ρ) of the form in Figure 1, which is the one we assume here: q is smooth, strictly concave down with zeros at ρ = 0 and ρ = R. Ř denotes the unique point of maximum, with q(Ř) = Q̌.

From the point of view of traffic flow management, it is often more reasonable to consider the flow as unknown, which essentially leads to exchange the roles of t and x, yielding { ∂_xq + ∂_t [ ρ(q) ] = 0 , q(t, 0) = q_o(t) , (3.2)

PSfrag replacements

Figure 1: A typical flow for the LWR model (3.1).

where q ∈ [0, Q̌] and, equivalently, ρ ∈ [0, Ř].

At x = 0 a traffic light regulates the inflow of cars. The aim of this control is to have a given flow. We are thus lead to consider a cost functional of the type

J(q_o) = ∫_b a ∫ R ψ ( S_xq_o(t) ) dt dx (3.3) where ψ ∈ Lip ([0, +∞[) is a nonnegative function such that ψ(q_∗) = 0 as in Figure 2. Here, a and b are the beginning and the end of the dangerous portion of the road. Aiming at an

PSfrag replacements

PSfrag replacements

Figure 2: Two possible cost functions for (3.3). Left, a generic situation and, right, a possible choice for the threshold problem.

analytical treatment, we assume that the inflow q_o of cars is periodic and constant throughout the green light. In a numerical framework, this assumption can easily be abandoned. Thus, we set q_o(t) = { q if (t − t_o)/(t_r + t_g) ∈ [ 0, t_g/(t_r + t_g) [ mod Z , 0 if (t − t_o)/(t_r + t_g) ∈ [ t_g/(t_r + t_g), 1 [ mod Z .

(3.4)

Above, t_r (resp. t_g) is the time the traffic light shows red (resp. green), so that q_o is (t_r + t_g)- periodic, while t_o is the first time at which the light turns green, see Figure 3. Two qualitatively different behaviors in the solution to (3.2)-(3.4) may appear, depending on whether each shock hits first the rarefaction wave in front of it (Case A) or the one behind it (Case B), see Figure 4. In both cases, at x = x_∗ the shock starts to bend due to the interaction and at some x^∗ a second interaction takes place, between the curved shock and a rarefaction, see Figure 4.

The periodic structure of the solution allows us to restrict the optimization procedure to a single period.

Denote by 1/c the characteristic speed of (3.2), so that c is the usual characteristic speed of the LWR model (3.1). It is easy to see that Case A holds if and only if t_g t_r < c(0) ( q − ρ(q)c(q) ) c(q) ( ρ(q)c(0) − q ) .

PSfrag replacements

Figure 3: Left, the initial data (3.4) in the (q_o, t)−plane and, right, the corresponding solution to (3.2) in the (x, t) plane.

In both cases, let x_∗ be the point where the interaction begins and call t = σ(x), for x > x_∗ the support of the shock during the interaction. Note that σ(x) is smooth and can be found by means of the conservation of q, see (3.6) below.

Due to the periodicity and the form of q_o, any shift in L^1 (Dq_o) is essentially of the form w(t) = { α if t = t_o , β if t = t_o + t_g .

This amounts to consider variations of the initial data in which the time the traffic light shows green passes from t_g to t_g + βϑ and the red time from t_r to t_r + αϑ. Direct computations yield, in Case A: ∫_b a ∫ R (Λ_{x,qo} w)(t) D ( ψ(S_xq_o) ) dx = (β − α)(b − a) [ ψ(q) − ψ(0) ] if a < b < x_∗ < x^∗ , (β − α) [ (ψ(q) − ψ(0))(x_∗ − a) + ∫_b x_∗ { ψ ( S_xq_o(σ(x)−) ) − ψ(0) } dx ] if a < x_∗ < b < x^∗ , (β − α) ∫_b a { ψ ( S_xq_o(σ(x)−) ) − ψ(0) } dx if x_∗ < a < b < x^∗ . While in Case B we have ∫_b a ∫ R (Λ_{x,qo} w)(t) D ( ψ(S_xq_o) ) dx = (β − α)(b − a) [ ψ(q) − ψ(0) ] if a < b < x_∗ < x^∗ , (β − α) [ (ψ(q) − ψ(0))(x_∗ − a) + ∫_b x_∗ { ψ(q) − ψ ( S_xq_o(σ(x)+) )} dx ] if a < x_∗ < b < x^∗ , (β − α) ∫_b a { ψ ( S_xq_o(σ(x)+) ) − ψ(q) } dx if x_∗ < a < b < x^∗ . In both cases, for a > x^∗, we have: ∫_b a ∫ R (Λ_{x,qo} w)(t) D ( ψ(S_xq_o) ) dx = = (β − α) ∫_b a [ ψ ( S_xq ( σ(x) + (t_r + t_g)− )) − ψ ( S_xq ( σ(x)+ )) ] dx while the remaining possibilities are similar to the enoes considered above.

If ψ has the form displayed on the right in Figure 2, then the Euler-Lagrange equation (2.12) can be explicitly solved.

PSfrag replacements

PSfrag replacements

Figure 4: Behaviors of the solution to (3.2)-(3.4). Left Case A, right Case B.

Case A is straightforward if a ⩽ x^∗, namely whenever the dangerous stretch is near to the road entry : as is to be expected the solution is q ⩽ q_∗. Indeed, as Figure 4, left, shows, on any space interval there exist times at which the flow attains the inflow value q.

If the dangerous stretch is far from the road entry, i.e. a > x_∗, then it is possible to allow an inflow q higher than the threshold q_∗. Due to the interaction between shocks and rarefactions, J attains an absolute minimum as soon as S_aq_o ( σ(a)+ ) ⩽ q_∗ . (3.5)

Case B is similar. If a ⩽ x^∗ the solution is q ⩽ q_∗, while, if a > x^∗ is possible to allow an inflow q higher than the threshold q_∗ as in the previous case.

Consider the standard assumption of an affine speed law v(ρ) = V · ( 1 − ρ R ) , where V is the maximal possible speed. In this case Ř = R/2 and Q̌ = RV/4. The function σ(x), for x ⩾ x_∗, is given by

σ(x) = x V + 2 qt_g RV + 2 √ qt_gx RV^2 + ( qt_g RV )_2 . (3.6)

while the above optimality condition (3.5) reads q ⩽ 1 4 · R V t_g · [ (RV − 4q_∗)V t_o + 4aq_∗ ]_2 (RV − 4q_∗) · [ (RV − 4q_∗)t_o + Ra ] . Note that the longer the time t_g of the green light, the lower becomes the right hand side above.

The other cases are entirely similar.

Acknowledgment. The authors thank Stefano Bianchini for useful discussions.

References

[1] S. Bianchini. On the shift differentiability of the flow generated by a hyperbolic system of conservation laws. Discrete Contin. Dynam. Systems, 6(2):329–350, 2000.

[2] A. Bressan. On the Cauchy problem for systems of conservation laws. In Actes du 29ème Congrès d’Analyse Numérique: CANum’97 (Larnas, 1997), pages 23–36 (electronic). Soc. Math. Appl. Indust., Paris, 1998.

[3] A. Bressan. Hyperbolic Systems of Conservation Laws. Oxford University Press, 2000. [4] A. Bressan and G. Guerra. Shift-differentiability of the flow generated by a conservation law. Discrete Contin. Dynam. Systems, 3(1):35–58, 1997.

[5] C. M. Dafermos. Hyperbolic conservation laws in continuum physics. Springer-Verlag, New York, first edition, 2000.

[6] S. N. Kružkov. First order quasilinear equations with several independent variables. Mat.

Sb. (N.S.), 81 (123):228–255, 1970.

[7] J. B. Lesort. Private communications, 2000.

[8] M. J. Lighthill and G. B. Whitham. On kinematic waves. II. A theory of traffic flow on long crowded roads. Proc. Roy. Soc. London. Ser. A., 229:317–345, 1955.

[9] P. I. Richards. Shock waves on the highway. Operations Res., 4:42–51, 1956. [10] A. I. Vol^′pert and S. I. Hudjaev. Analysis in classes of discontinuous functions and equations of mathematical physics. Martinus Nijhoff Publishers, Dordrecht, 1985.