ASYMPTOTIC STABILITY OF RIEMANN SOLUTIONS FOR A CLASS OF MULTI-D VISCOUS SYSTEMS OF CONSERVATION LAWS

HERMANO FRID

Abstract. We prove the asymptotic stability of two-states nonplanar Riemann solutions under initial and viscous perturbations for a class of multidimensional systems of conservation laws. The class of systems to which our result applies is constituted by those systems whose flux-functions in different directions share a common complete system of Riemann invariants, the level surfaces of which are hyperplanes. In particular, we obtain the uniqueness of the self-similar L^∞ entropy solution of the two-states nonplanar Riemann problem. The asymptotic stability to which the main result refers is in the sense of the convergence as t → ∞ in L^1_{loc} of the space of directions ξ = x/t. That is, the solution u(t, x) of the perturbed problem satisfies u(t, tξ) → R(ξ) as t → ∞, in L^1_{loc}(R^n), where R(ξ) is the self-similar entropy solution of the corresponding two-states nonplanar Riemann problem.

1. Introduction

We consider solutions of initial-value problems for multidimensional viscous systems of conservation laws given by

∂_tu + ∂_{xi} f^i(u) = Δu, (t, x) ∈ (0, ∞) × R^n ,

(1.1)

where x = (x_1, . . . , x_n), u ∈ R^m , f^i(u) ∈ R^m , is a smooth vector field, i = 1, . . . , n, Δ = ∂^2_{x1} + · · · + ∂^2_{xn} is the Laplacian operator, and we adopt the convention of summation for repeated indices.

We form the initial value problem for (1.1) by prescribing an initial condition of the form

u(t, x)|_{t=0} = u_0(x), x ∈ R^n ,

(1.2)

where, here, we will assume u_0 ∈ L^∞(R^n ).

In this paper we are concerned with the asymptotic behavior of the solution of (1.1), (1.2), u(t, x), when the initial condition is a perturbation of a nonplanar two-states Riemann data. Namely, we assume that u_0 satisfies

u_0(x) = R_0(x) + ψ(x),

(1.3)

where

R_0(x) = { u_L, if x_i < 0, for some i ∈ {1, . . . , n} u_R, if x_i > 0, for all i ∈ {1, . . . , n} , (1.4)

1991 Mathematics Subject Classification. Primary:35B40,35B35;Secondary:35L65,35K55. Key words and phrases. Conservation laws, Riemann problems, asymptotic stability, multidimensional systems. 1

and ψ ∈ L^∞(R^n ) with

lim_{T →∞} ψ(T x) = 0 in L^1_{loc}(R^n ).

(1.5)

We will consider systems (1.1) where the f^i(u) are in the class of what we call Temple fields, after [27], and we further impose some additional conditions over the f^i. Namely, we will assume that the fields f^i satisfy the following conditions on a region O of the phase space where the solutions of (1.1)-(1.2) take values: (H1) There exists a system of smooth functions {w_j (u)}^m_{j=1}, Riemann invariants, satisfying ∇w_j (u)∇f^i(u) = λ^i_j (u)∇w_i(u), u ∈ O, i = 1, . . . , n, j = 1, . . . , m, (1.6)

where the λ^i_j are then the eigenvalues of ∇f^i, i = 1, . . . , n, j = 1, . . . , m; (H2) For each u ∈ O, {∇w_j (u)}^m_{j=1} is a linearly independent set and the level surfaces {w_i = constant} are hyperplanes;

(H3) For each i ∈ {1, . . . , n}, there exist constants κ^i_1 < κ^i_2 < · · · < κ^i_{m+1}, such that

κ^i_1 < λ^i_1(u) < κ^i_2 < · · · < κ^i_m < λ^i_m(u) < κ^i_{m+1}, for all u ∈ O.

(1.7)

(H4) There exists a common system of unit right-eigenvectors {r_j (u)}^m_{j=1} for ∇f^i(u), i = 1, . . . , n, such that ∇λ^i_j (u) · r_j (u) > 0, u ∈ O, i = 1, . . . , n, j = 1, . . . , m. (1.8)

An example of Temple field is given by f(u) =^1_{D(u)} (k_1u_1, . . . , k_mu_m)^⊤, 0 < k_1 < · · · < k_m, D(u) = 1 + u_1 + · · · + u_m, which is found in a model system in chromatography (see [1]). One-dimensional systems in which the flux functions are Temple fields have been studied by many authors after the first analysis carried out in [27], followed by [22, 24]. The class of systems for which our result applies clearly includes the case where f^i(u) = a^if(u), a^i ∈ R, i = 1, . . . , n, and f is any Temple field in R^m . For m = 2, it was proved in [27] (see also [24]) that the Temple fields whose Riemann invariants are w_1(u), w_2(u), are given by

f_1(u) = h_1(w_1) − h_2(w_2)

w_1 − w_2

, f_2(u) = w_2h_1(w_1) − w_1h_2(w_2) w_2 − w_1 , (1.9)

where h_1 and h_2 are arbitrary smooth functions of one variable. This shows that, at least for m = 2, it is possible to give examples of systems (1.1) with flux functions satisfying our assumptions, beyond the simplest case when all of them are multiples of one only field.

In analyzing the asymptotic behavior of the solution u(t, x) of (1.1), (1.2) we will prove the existence of a piecewise continuous self-similar solution of the multi-D Riemann problem for

∂_tu + ∂_{xi} f^i(u) = 0, (t, x) ∈ (0, ∞) × R^n ,

(1.10)

with Riemann data given by (1.4), v(t, x) = R(ξ), with ξ = x/t, for which we have

u(t, tξ) −→ R(ξ), as t → ∞, in L^1_{loc}(R^n ).

(1.11)

The result for planar Riemann data was announced in [16]; in that case, conditions (H3) and (H4) need only to be imposed on the first field f^1, which corresponds to the direction of propagation of the waves.

We recall that a pair (η(u), q(u)) is an entropy-entropy flux pair for (1.10) if ∇q(u) = ∇η(u)∇f(u), (1.12)

where we denote f = (f^1, . . . , f^n).

As usual, by an entropy solution of (1.10), (1.2), we mean a bounded measurable function u(t, x) satisfying the integral inequality ∫ R^{n+1}_+

η(u)ϕ_t + q(u) · ∇_xϕ dx dt + ∫ R^n η(u_0)ϕ(0, x) dx ≥ 0,

(1.13)

for all entropy-entropy flux pair for (1.10), (η(u), q(u)), with η(u) convex, and for any nonnegative ϕ ∈ C^∞_0 (R^{n+1} ). For an account on the basic concepts and recent developments of the theory of conservation laws we refer to [9, 23].

We remark that our hypotheses (H1)-(H4) imply, in particular, that the system (1.10) is hyperbolic, in the sense that given any ζ = (ζ_1, . . . ζ_n) ∈ R^n the matrix ζ_1∇f^1(u)+· · ·+ζ_n∇f^n(u) is diagonalizable (cf., [9, 24]). Moreover, it is well known that Temple systems admit strictly convex smooth entropies (cf., [24]), and (1.12) implies that the matrices ∇^2η(u)∇f^i(u) are symmetric, i = 1, . . . , n. In particular, (1.10) is symmetrizable (cf., [18, 17, 2]). For a discussion about the relation between entropies and the stability of classical solutions of systems of conservation laws in several space variables (1.10) we refer to [10, 11].

We now state our main theorem.

Theorem 1.1. Let f^i, i = 1, . . . , n, satisfy hypotheses (H1)-(H4). Then, there exists one and only one self-similar entropy solution R(ξ) of the two-states nonplanar multi-D Riemann problem (1.10), (1.4). Moreover, if u_0 ∈ L^∞(R^n ) satisfies (1.3), (1.4), (1.5), the only solution of (1.1), (1.2) verifies (1.11).

We remark that no smallness condition is needed, neither for the initial data nor for the perturbation. For the latter the only requirement is the one given by (1.5). The main feature of Theorem 1.1, of course, is not the existence of R(ξ), which due to the assumptions could be easily constructed directly, but rather its uniqueness and the property (1.11).

The method for obtaining (1.11) is motivated by the general approach in [3]. The main point in the strategy is to prove the relation lim_{T →∞} 1 T ∫_T 0 |u(t, tξ) − R(ξ)| dt = 0, in L^1_{loc}(R^n ). (1.14)

An important aspect of (1.14) is its equivalence to the convergence in L^1_{loc}(R^{n+1}_+ ) of the scaling sequence {u^T }, given by u^T (t, x) = u(T t, T x), to R(x/t), when T → +∞. This fact is frequently useful when trying to prove (1.14). Once (1.14) is proved, a standard procedure established in [3] is then used to strengthen (1.14) into (1.11). This strengthening is similar to the ones encountered in [4, 21].

The remaining of this paper is organized in the following way. In Section 2 we state some results concerning more general systems (1.1). The goal of the section is to establish Lemma 2.1 which enables us to reduce the proof of (1.14) to a problem of analysing the supports of certain probability measures and showing that they consist of just one point. The latter is similar in spirit to the usual procedure in the theory of compensated compactness, since the pioneering papers of Tartar [26] and DiPerna [12], although here the probability measures have nothing to do with Young measures. In Section 3 we then specify our discussion to systems (1.1) in which the flux functions satisfy (H1)-(H4). We prove (1.14) which requires to recall some results valid for Temple fields. We also recall through a brief outline the procedures to pass from the time asymptotics given by (1.14) to the stronger one given by (1.11). Finally, we finish the proof of Theorem 1.1 by discussing the uniqueness of the self-similar Riemann solution.

2. Results for general systems (1.1) In this section we state some results which are valid for more general systems of the form (1.1). We start with a result concerning the regularity in the large of solutions of (1.1) which are uniformly bounded in the half-space R^{n+1}_+ . Proposition 2.1. Suppose that u(t, x) is a solution of (1.1), (1.2), uniformly bounded in R^{n+1}_+ , with u_0 ∈ W^{N−1,∞} (R^n ; R^m ) , for some N ∈ Z^+. Then, u ∈ L^1 ( 0, T ; W^{N,∞} (R^n ; R^m ) ) , for any T > 0. More precisely, we have for |α| ≤ N − 1 ‖∂^α_x u‖_L∞_{(R}n+1_{+ )} < +∞,

(2.1) and, if |α| = N, for t_0 > 0 sufficiently small, there exists C = C(t_0) > 0 such that ‖∂^α_x u(t)‖_∞ ≤ C, for t > t_0, (2.2) and ‖∂^α_x u(t)‖_∞ ≤ C √ t , for 0 < t ≤ t_0,

(2.3) where we adopt the multi-indice notation |α| = α_1 + · · · + α_n, ∂^α_x = ∂^{α1}_{x1} . . . ∂^{αn}_{xn} . Proof. The proof is based on an integral representation valid for smooth solutions of (1.1)-(1.2), and properties of the heat kernel (cf., e.g.,[20]). Let K(t, x) be the fundamental solution of the heat operator ∂_t − Δ, K(t, x) = (4πt)^{−n/2} exp(−|x|^2/4t). The important fact to keep in mind about K, in the present discussion, is the following estimate for the L^1 norm of its derivatives in the space variables ‖∂^α_x K(t)‖_1 ≤ C(α) t^{|α|/2} , (2.4) for any α ∈ N^n , where C(α) > 0 is a constant depending only on α. The solution of (1.1), (1.2) is a fixed point of the operator

L(v)(t) = K(t) ∗ u_0 − n∑ i=1 ∫_t 0 K_{xi} (t − s) ∗ f^i(v(s)) ds. (2.5)

We assume the operator L defined on G_T = { v : [0, T ] → L^∞ ( R^n ; R^m ) | ‖v(t)‖_∞ ≤ r }, for some r > ‖u‖_{L∞}(_{Rn+1+} ). It is then easy to show that L is a contraction in G_T , for T sufficiently small, so that the solution of (1.1), (1.2), u(t, x), is the only fixed point of L in G_T . For u_0 ∈ W^{N−1,∞} (R^n ; R^m ) one can easily show that, for T > 0 sufficiently small, there exists a constant C > 0 such that if v ∈ G_T satisfies

‖∂^α_x v(t)‖_∞ ≤ C‖∂^α_x u_0‖_∞,

(2.6)

then L(v) also satisfies (2.6), for |α| ≤ N − 1. From this and the fact that u(t, x) is the only fixed point of L one easily obtains that ∂^α_x u is uniformly bounded in [0, T ] × R^n , for |α| ≤ N − 1, for T > 0 sufficiently small. Since the argument for proving the above assertions is similar to the one for proving (2.2), (2.3) we content ourselves in sketching the procedure for the proof of these last estimates. We now prove the estimates (2.2), (2.3). We first consider the case N = 1. We begin by showing that, for T > 0 sufficiently small, there exists C > 0 such that if v ∈ G_T satisfies ‖∂_{xi} v(t)‖_∞ ≤ C √ t ‖u_0‖_∞, 0 < t < T, (2.7)

for any i ∈ {1, . . . , n}, then L(v) also satisfies (2.7). So, assume v ∈ G_T satisfies (2.7). Differentiating (2.5) with respect to x_i, for any i ∈ {1, . . . , n}, and using (2.4) one obtains ‖L(v)_{xi} (t)‖_∞ ≤ C_0 √ t ‖u_0‖_∞ + C_1C‖u_0‖_∞ ∫_t 0 1 √ t − s 1 √ s ds ≤ (C_0 + C_2C √ T ) ‖u_0‖_∞ √ t , where C_0, C_1, C_2 are constants depending only on r, f and K. In order to have that L(v) satisfies the same estimate for v in (2.7), it suffices then to choose C ≥ C_0 1 − C_2 √ T , which is possible if T is small enough. Now, the solution u is the limit in G_T , with the L^∞ topology, of the sequence u^k given by u^0 = 0, u^k = L(u^{k−1}), k = 1, . . . . We conclude by standard arguments in the theory of distributions that u satisfies (2.7), and this gives (1.2), for N = 1. To get the uniform bound given in (1.1), for ∂_{xi} u(t), for t > t_0, and any i ∈ {1, . . . , n}, we argue as follows. For a given t_∗ > 0, we consider the operator L(v)(t) = K(t − t_∗) ∗ u(t_∗) − n∑ i=1 ∫_t t_∗ K_{xi} (t − s) ∗ f^i(u(s)) ds, defined on G_{t∗,T} = { v : [t_∗, t_∗ + T ] → L^∞(R^n ; R^m ) | ‖v(t)‖ ≤ r }. Then, arguing exactly as above, we obtain that ‖∂_{xi} u(t)‖_∞ ≤ C √ t − t_∗ ‖u(t_∗)‖_∞, t_∗ < t < t_∗ + T, (2.8)

with the same C and T as in (2.7). Thus, making successively t_∗ = T/3, 2T/3, . . . , kT/3, . . . , and taking t_0 = 2T/3, using the fact that u is uniformly bounded by r, since the intervals [t_∗, t_∗ + T ] are overlapping, given any t ∈ (t_0, ∞) one can find t_∗ in that sequence such that t_∗ + (T/3) ≤ t ≤ t_∗ + (2T/3) and so, from (2.8) we get ‖∂_{xi} u(t)‖_∞ ≤ C √ 3 √ T ‖u_0‖_∞, for all t ∈ (t_0, ∞). This gives (2.2) in the case N = 1. The proof of (2.1), (2.2), (2.3), for an arbitrary N ∈ Z^+ now follows easily by induction applying the above arguments.

For the next results we shall need to assume that (1.1) is endowed with a strictly convex entropy η with associated entropy flux q = (q_1, . . . , q_n).

We next introduce several notations defining sets which will play a role in the forthcoming developments. So, let K, M, T_0 be given fixed positive numbers. We denote:

Ω^+(ξ) = {(t, x) : x_1 > ξ_1t, . . . , x_n > ξ_nt}, Ω^−(ξ) = {(t, x) : x_i < ξ_it, for some i ∈ {1, . . . , n}}, |x|_∞ = max{|x_i| : i = 1, . . . , n}, Ω(T ) = {(t, x) : |x|_∞ ≤ MT_0T + K(T_0T − t), 0 ≤ t ≤ T_0T },

Ω^±(ξ, T ) = Ω^±(ξ) ∩ Ω(T ), ν^i[ξ] = (ξ_i, 0, . . . , −1 (i + 1)-th , 0, . . . , 0), ∂Ω^+(ξ) = ∪^n_{i=1}S_i(ξ), where ν^i[ξ] ⊥ S_i(ξ) S_i(ξ, T ) = S_i(ξ) ∩ Ω(T ),

∂^0Ω^+(ξ, T ) = ∪^n_{i=1}S_i(ξ, T ), S^τ_i (ξ, T ) = S_i(ξ, T ) ∩ {(t, x) : t = τ}, Ω_τ (T ) = Ω(T ) ∩ {(t, x) : t = τ},

Ω^±_τ (ξ, T ) = Ω^±(ξ, T ) ∩ {(t, x) : t = τ}.

An important feature of our method for obtaining (1.14), for the systems (1.1) satisfying the hypotheses of Theorem 1.1, is the use of the Gauss-Green formula after an integration of the entropy inequality ∂_tη(u) + ∇ · q(u) ≤ Δη(u), (2.9)

over domains laterally bounded by surfaces whose intersections with the hyperplanes t = τ are unions of hypersurfaces in R^n of the form S^τ_i (ξ, T ), i = 1, . . . , n, together with a surface of the form Ω^+_τ (ξ)∩∂Ω_τ (T ). As usual, the entropy inequality (2.9) is obtained by multiplying (1.1) by ∇η(u), using (1.12) and the convexity of η. The integration procedure is intended to produce boundary terms, the interesting ones being those involving the integration of the normal trace of the entropy vector (η, q) over hypersurfaces whose sections by t = τ are of the type S^τ_i (ξ, T ). The two following propositions are used to show that we may discard the uninteresting boundary terms resulting from the integration process.

Proposition 2.2. Suppose that there is a strictly convex entropy associated with (1.1) and u ∈ L^∞ ( R^{n+1}_+ ) is solution of (1.1), (1.2). Then, for a.e. ξ ∈ R^n , we have lim_{T →∞} 1 T ∫_T 0 |∇_xu(t, ξt)| dt = 0. (2.10)

In particular, for a.e. ξ ∈ R^n , M, K, T_0 > 0, lim_{T →∞} 1 T^n ∫_T 0 dt ∫ S^t_i (ξ,T ) | ∇_xu(t, x) | dH^{n−1} = 0, i = 1, . . . , n. (2.11)

Proof. For x ∈ R^n and i ∈ {1, . . . , n} we denote x^i = (x_1, . . . , x_{i−1}), if i ≥ 2, and ix = (x_{i+1}, . . . , x_n), if i ≤ n − 1. For i = 1 (resp., i = n) we simply ignore x^i (resp., ix) wherever it appears. Let (η, q) be an entropy-entropy flux pair for (1.1), with η strictly convex. Multiplying (1.1) by ∇η one obtains

∂_tη(u) + ∇ · q(u) = Δη(u) − ∇^2η(∇_xu, ∇_xu).

(2.12)

Let θ satisfy 0 < θ < 1. Following [15], we divide (2.12) by (1 + t)^{n+θ} and integrate over Ω_T = { (t, x) | |x|_∞ ≤ Mt, 0 ≤ t ≤ T }. One obtains ∫ |x|_∞≤MT η(u(T, x)) (1 + T )^{n+θ} dx + ∫∫ Ω_T η(u) (1 + t)^{n+θ+1} dxdt

+ n∑ i=1 ∫_T 0 dt ∫ |(x^i ,^ix)|_∞≤Mt [ −ξ_iη(u) + q^i(u) − ∂_{xi} η(u) (1 + t)^{n+θ} ]_{ξi =M} ξ_i =−M dx^id^ix = − ∫∫ Ω_T ∇^2η(u)(∇_xu, ∇_xu) dxdt.

From Proposition 2.1 it follows that the left-hand side of the above equation is bounded independently of T > 0. We then deduce that the right-hand side is also bounded independently of T > 0, and, so, from the strict convexity of η we get ∫_∞ 0 dt ∫ |x|_∞≤Mt |∇_xu|^2 (1 + t)^{n+θ} dx < ∞. Therefore, changing coordinates and using (1.2), one has ∫_∞ 0 dt ∫ |ξ|_∞≤M |∇_xu|^2 (1 + t)^θ dξ < ∞. Hence, for a.e. ξ ∈ R^n , with |ξ| ≤ M, we have ∫_∞ 0 |∇_xu|^2(t, ξt) (1 + t)^θ dt < ∞. (2.13)

But, given ξ satisfying (2.13), one obtains, for T > 1, 1 T ∫_T 0 |∇_xu|^2(t, ξt) dt ≤ 2^θ T^{1−θ} ∫_∞ 0 |∇_xu|^2(t, ξt) (1 + t)^θ dt, and then, using (2.13), we get lim_{T →∞} 1 T ∫_T 0 |∇_xu|^2(t, ξt) dt = 0, which by Jensen’s inequality implies (2.10). To conclude the proof we observe that (2.10) and Fubini’s theorem imply that for a.e. ξ ∈ R, we have, for all M > 0,

lim_{T →∞} 1 T ∫_T 0 dt ∫ |(ξ^i ,^iξ)|_∞≤M | |∇_xu(t, ξ^it, ξt,^iξt) | | dξ^id^iξ = 0, i = 1, . . . , n. (2.14)

But, due to Proposition 2.1, given ε > 0, we can take M_0 > 0 large enough so that,

lim_{T →∞} 1 T ∫_T ε dt ∫ {|(x^i,^ix)|_∞>M_0t}∩S^t_i (ξ,T ) | |∇_xu(t, x) | | 1 t^{n−1} dH^{n−1} < ε, i = 1, . . . , n, (2.15)

and since ε > 0 is arbitrary (2.11) follows.

Proposition 2.3. Suppose the hypotheses of Proposition 2.2 hold. Then^1_T ∇_xu^T → 0 as T → ∞ in L^1_{loc} ( R^{n+1}_+ ) . In particular, for fixed K, T_0 > 0, and M_0 > 0 sufficiently large, given any subsequence T_k → ∞, there exists a further subsequence T_l = T_{kl} → ∞, such that, for a.e. ξ ∈ R^n and M > M_0 > 0, we have lim T_l→∞ 1 T^n_l ∫_{Tl} 0 dt ∫ ∂Ω_t (ξ,T_l) | |∇_xu(t, x) | | dH^{n−1} = 0. (2.16)

Proof. We notice that if v ∈ L^1 ((0, T ); L^∞(R^n )), for any T > 0, then the selfsimilar scaling sequence v^T converges to 0 in L^1_{loc} ( R^{n+1}_+ ) if and only if lim_{T →∞} 1 T ∫_T 0 |v(t, ξ)| dt = 0, in L^1_{loc}(R^n_ξ ),

as observed in [15]. Now, setting v(t, x) = ∇_xu(t, x), it is easy to see that

v^T (t, x) = 1 T ∇_xu^T (t, x), (t, x) ∈ R^{n+1}_+ .

Therefore, the fact that^1_T ∇_xu^T → 0 as T → ∞ in L^1_{loc} ( R^{n+1}_+ ) follows immediately from Proposition 2.2. Hence, given any subsequence T_k → ∞, we can then extract a further subsequence T_l = T_{kl} → ∞, such that v^{Tl} (t, x) → 0 a.e. in R^{n+1}_+ . By Fubini’s theorem we then have that v^{Tl} → 0 a.e. in ∂Ω^+(ξ) for a.e. ξ ∈ R^n , and also v^{Tl} → 0 a.e. in ∂Ω(1) for a.e. M > M_0, which imply that v^{Tl} → 0 a.e. in ∂Ω(ξ, 1) for a.e. ξ ∈ R^n and M > M_0. Since (2.16) may be rewriten as lim T_l→∞ ∫_{T0} 0 dt ∫ ∂Ω_t (ξ,1) | v^{Tl} (t, x) | dH^{n−1} = 0, the result follows.

Proposition 2.4. Assume again that the hypotheses of Proposition 2.2 are valid, and that u_0 satisfies (1.3), (1.5). Then, for M_0 > 0 large enough, we have u^T → u_L in L^1_{loc} ( Ω^−(−M_0) ) , and u^T → u_R in L^1_{loc} ( Ω^+(M_0) ) , as T → ∞, where M_0 = (M_0, . . . , M_0).

Proof. We prove the assertion for Ω^−(−M_0); the proof for Ω^+(M_0) is completely analogous. We consider the entropy formed by the quadratic part of the strictly convex entropy η around u_L. That is, we take η_∗(u) = η(u) − η(u_L) − ∇η(u_L)(u − u_L), for which the corresponding entropy-flux is q_∗(u) = q(u) − q(u_L) − ∇η(u_L)(f(u) − f(u_L)).

For simplicity of notation we denote (η_∗, q_∗) also by (η, q). The strict convexity guarantees the existence of M_0 such that |q(u)|_∞ ≤ M_0 n η(u). (2.17)

Since u^T is uniformly bounded, it suffices to prove that u^T (t, ·), for any fixed t > 0, corverges to u_L as T → ∞ in L^1_{loc} ( Ω^−_t (−M_0) ) , where Ω^−_τ (−M_0) = Ω^−(−M_0) ∩ {(t, x) : t = τ}.

Equivalently, we shall prove that, given any subsequence T_k → ∞, we can find a further subsequence T_{kl} = T_l such that, for any fixed t > 0, u^{Tl} (t, ·) converges to u_L in L^1_{loc} ( Ω^−_t (−M_0) ) . So, let a subsequence T_k → ∞ be given. By Proposition 2.3, we can choose a further subsequence T_{kl} = T_l such that^1_{Tl} ∇_xu^{Tl} converges a.e. to zero in R^{n+1}_+ . So, we take this subsequence and fix an arbitrary t̃ > 0. Given any point (t̃, x̃) ∈ Ω^−_{t̃} (M_0), we take r > 0 such that { (t̃, x) | |x − x̃| < r } ⊆ Ω^−_{t̃} (−M_0). Actually, we can choose r > 0 in such a way that^1_{T l}∇_xu^{Tl} converges to zero H^n-a.e. over the hypersurface S_r = { (t, x) | |x − x̃| = r + M_0(t̃ − t), 0 < t < t̃ }, as follows easily from Fubini’s Theorem. Set T_r = { (t, x) | |x − x̃| < r + M_0(t̃ − t), 0 < t < t̃ }. Now, for T > 0 fixed, u^T satisfies

∂_tη(u^T ) + ∇_x · q(u^T ) = 1 T Δη(u^T ) − 1 T ∇^2η(u^T )(∇_xu^T , ∇_xu^T ).

(2.18)

Integrating (2.18) over T_r and applying Green’s formula (where we use the fact that u^T (t, ·) → u^T_0 (·) as t → 0) we obtain ∫ |x−x̃|≤r η(u^T (t̃, x)) dx − ∫ |x−x̃|≤r+M_0t̃ η(u^T_0 (x)) dx

(2.19) + ∫ S_r {ν_tη(u^T ) + ν_x · q(u^T )} dH^n ≤ 1 T ∫ S_r ν_x · ∇_xη(u^T ) dH^n − 1 T ∫∫ T_r ∇^2η(u^T )(∇_xu^T , ∇_xu^T ) dxdt,

where (ν_t, ν_x) represents an outward unity vector normal to S_r. Now, to get rid of the third term in (2.19), we use the fact that |ν_{xi} | ≤ M_0ν_t, i = 1, . . . , n, together with (2.17). It follows that ∫ |x−x̃|≤r η(u^T (t, x)) dx ≤ ∫ |x−x̃|≤r+M_0t̃ η(u^T_0 (x)) dx + C T ∫ S_r |∇_xu^T | dH^n. (2.20)

Now, since η(u) ≤ c|u−u_L|^2, for some c > 0, u^T_0 → u_L in L^1 ( {x | |x−x̃| < r+M_0t̃} ) and^1_{Tl} ∇_xu^{Tl} converges to 0 H^n-a.e. on S_r, we conclude that lim T_l →∞ ∫ |x−x̃|≤r |u^{Tl} (t̃, x) − u_L| dx = 0. (2.21)

From (2.21) one readily gets that u^{Tl} converges to u_L in L^1_{loc} ( Ω^−_{t̃} (−M_0) ) , which, by the arbitrariness of t̃ > 0, implies the convergence of u^{Tl} in L^1_{loc} ( Ω^−(−M_0) ) , and, then, by the arbitrariness of the subsequence T_k from which we departed, we arrived at the desired conclusion.

The following lemma is an important tool which allows to reduce the study of the asymptotic behavior of the solution to a question of proving that the supports of certain probability measures are concentrated in the state corresponding to the exact value of the Riemann solution.

Lemma 2.1. Suppose η is a nonnegative convex entropy for (1.1), with associated entropy flux q, and and u ∈ L^∞ ( R^{n+1}_+ ) is solution of (1.1), (1.2). Let T_l be a subsequence as in Proposition 2.3 and M_0 as in Proposition 2.4 such that u^{Tl} → u_L a.e. in Ω^−(−M_0), and u^{Tl} → u_R a.e. in Ω^+(M_0). Then, for a.e. ξ ∈ R^n , and K > 0 such that |q(u)|_∞ ≤ Kη(u), (2.22)

and any M > 0 we have: (a) if η(u_L) = 0,

lim sup T_l →∞ 1 T^n_l n∑ i=1 ∫_{Tl} 0 ∫ S^t_i (ξ,T_l) (−ξ_iη + q_i) (u(t, x)) dH^{n−1}dt ≤ 0; (2.23)

(b) if η(u_R) = 0,

lim sup T_l →∞ n∑ i=1 1 T^n_l ∫_{Tl} 0 ∫ S^t_i (ξ,T_l) (ξ_iη − q_i) (u(t, x)) dH^{n−1}dt ≤ 0. (2.24)

Proof. We consider first the domain Ω^−(ξ, T ) where K is as in the statement of the lemma, M and ξ are choosen so that (2.11) and (2.16) hold. The choice of such ξ and M is possible due to Propositions 2.2-2.3. So, integrating (2.12) over Ω^−(ξ, T_l) one obtains ∫ Ω^−_{Tl} (ξ,T_l) η(u) dx + n∑ i=1 ∫_{Tl} 0 ∫ S^t_i (ξ,T_l) (−ξ_iη + q_i) ∘ u(t, x) dH^{n−1}

+ ∫_{Tl} 0 ∫ ∂Ω^−_t (ξ,T_l)∩∂Ω_t (T_l)

(ν_tη + ν_x · q) ∘ u(t, x) dH^{n−1}

= ∫ Ω^−_0 (ξ,T_l) η(u) dx + ∫_{Tl} 0 ∫ ∂Ω^−_t (ξ,T_l) ∇η(u) · ν_x dH^{n−1} − ∫ Ω^−(ξ,T_l) ∇^2η(u)(∇_xu, ∇_xu) dxdt.

From the above equation we obtain n∑ i=1 ∫_{Tl} 0 ∫ S^t_i (ξ,T_l) (−ξ_iη + q_i) ∘ u(t, x) dH^{n−1}

≤ ∫ Ω^−_0 (ξ,T_l) η(u) dx + ∫_{Tl} 0 ∫ ∂Ω^−_t (ξ,T_l) ∇η(u) · ν_x dH^{n−1}.

Then, we divide the above inequality by T^n_l and take lim sup when T_l → ∞. So, from our choice of ξ, M and (1.3), (1.5), we get (2.23). The relation (2.24) is proved by an entirely analogous procedure, this time integrating (2.12) over Ω^+(ξ, T_l). This concludes the proof of the lemma.

3. Proof of Theorem 1.1 In this section we give the proof of Theorem 1.1. So, we specify our discussion to systems (1.1) whose flux functions f^i satisfy hypotheses (H1)-(H4).

A crucial step in the proof of Theorem 1.1 is as follows. Let an increasing sequence T_k → ∞ be given. We consider the probability measures defined for all g ∈ C(O) by

⟨μ^ξ_{i,T} , g(u)⟩ ≡ c^{−1}_i (ξ, K, M, T_0) 1 T^n ∫_T 0 ∫ S^t_i (ξ,T ) g (u(t, x)) dH^{n−1}dt, i = 1, . . . , n, (3.1)

where c_i(ξ, K, M, T_0) is a normalizing positive constant such that ⟨μ^ξ_{i,T} , 1⟩ = 1.

We prove the existence of a piecewise continuous function R̃ : R → R^m and a function h : R → R^n , h(ξ) = (h_1(ξ), . . . , h_n(ξ)), such that each h_i : R → R is a strictly increasing bi-Lipschitz homeomorphism of R, independent of K, M, T_0 and of the sequence T_k → ∞, for which, we have

μ^{h(ξ)}_{i,Tk} ⇀ δ_{R̃(ξ)}, as T_k → ∞, for a.e. ξ ∈ R, i = 1, . . . , n.

(3.2) Here and in what follows δ_v denotes the Dirac measure with unit mass concentrated at v. We then define R(ξ) = R̃(ξ), if (t, tξ) ∈ ∂Ω^+(h(ξ)).

We observe that 1 T^n ∫ ∂^0Ω^+(h(ξ),T ) g (u(t, x)) dH^{n−1} = n∑ i=1 c_i(ξ)⟨μ^{h(ξ)}_{i,T} , g(u)⟩, (3.3)

where we omit the dependence of c_i on K, M, T_0, as will be frequently done henceforth. Hence, (3.2) implies, in particular, that lim T_k →∞ 1 T^n_k ∫ ∂^0Ω^+ (h(ξ),T_k ) |u(t, x) − R(ξ)| dH^n = 0, for a.e. ξ ∈ R. (3.4)

The point is that (3.4) implies that u^{Tk} (t, x) converges to R(ξ) in L^1_{loc}(R^{n+1}_+ ), and since the increasing sequence T_k is arbitrary, we obtain that u^T (t, x) converges to R(ξ) in L^1_{loc}(R^{n+1}_+ ). Indeed, let Ψ : R^{n+1}_+ → R be defined by Ψ(t, x) = ξ, if (t, x) ∈ ∂Ω^+(h(ξ)).

One can easily see that

|∇_xΨ| = t^{−1}(h^{−1}_j )^′(h_j (ξ)), if (t, x) ∈ S_j (h(ξ)).

Now, let a compact set K ⊆ R^{n+1}_+ be given. For K, M, T_0 sufficiently large, we have K ⊆ Q, where Q = Ω^+(h(−K)) ∩ Ω^−(h(K)) ∩ Ω(1).

Hence, using the coarea formula (see, eg., [14]), we have ∫ K |u^{Tk} (t, x) − R(ξ)| dx dt ≤ ∫ Q |u^{Tk} (t, x) − R(ξ)| dx dt = ∫_{T0} 0 dt ∫_K −K dξ ∫ ∂^0 Ω^+_t (h(ξ),1) |u^{Tk} (t, x) − R(ξ)||∇_xΨ|^{−1} dH^{n−1}

≤ C ∫_{T0} 0 t dt ∫_K −K dξ (∫ ∂^0 Ω^+_t (h(ξ),1) |u^{Tk} (t, x) − R(ξ)| dH^{n−1} )

≤ C 1 T^n_k ∫_{T0 Tk} 0 dt ∫_K −K dξ (∫ ∂^0Ω^+_t (h(ξ),T_k ) |u(t, x) − R(ξ)| dH^{n−1} )

≤ C ∫_K −K ( 1 T^n_k ∫ ∂^0Ω^+(h(ξ),T_k ) |u(t, x) − R(ξ)| dH^n ) dξ → 0, as k → ∞, which proves de assertion.

We will need the following three lemmas concerning fields in the Temple class, that is, fields satisfying hypotheses (H1) and (H2) in Section 1. The first is due to D. Serre [24], the second to A. Heibig [19] and the third to Chen-Frid [3]; we refer to the corresponding cited papers for the proofs.

Lemma 3.1. (D. Serre [24]) For a Temple field f : O ⊆ R^m → R^m , defined in a in a convex domain O ⊆ R^m convex, let l_j (u) be the vector with the same direction as ∇w_j (u), satisfying l_j (u) · r_j (u) = 1. We have l_j (v) · (u − v) = 0 =⇒ l_j (v) · (f(u) − f(v)) = 0, j = 1, . . . , m, (u, v) ∈ O × O. In particular, if (1.1) satisfies the hypotheses of Theorem 1.1 for u ∈ O, then, for any v ∈ O, the following are entropy-entropy flux pairs for (1.1): ( η^e_j , q^e_j ) ≡ ((l_j (v) · (u − v))_+ , H(l_j (v) · (u − v))l_j (v) · (f(u) − f(v))) ,

(3.5) ( η^w_j , q^w_j ) ≡ ((l_j (v) · (v − u))_+ , H(l_j (v) · (v − u))l_j (v) · (f(v) − f(u))) ,

(3.6) ( η^∗_j , q^∗_j ) ≡ (|l_i(v) · (u − v)| , sgn(l_j (v) · (u − v))l_j (v) · (f(u) − f(v))) ,

(3.7)

for j = 1, . . . , m. Here, H(s) is the well-known Heaviside function and we use the notation (s)_+ = sH(s).

Lemma 3.2. (A. Heibig [19]) If f : O ⊆ R^m → R^m is a Temple field, defined in a O ⊆ R^m convex, then there exists an unique map Ā: O × O → M_{m×m}(R) such that (i) For all (u, v) ∈ O × O, f(u) − f(v) = Ā(u, v)(u − v),

Ā(u, u) = A(u), where A(u) = ∇f(u); is the Jacobian matrix of f; (ii) for all (u, v) ∈ O × O, A(v) and Ā(u, v) have the same (left and right) eigenvectors;

(iii) Ā is a smooth function.

Lemma 3.3. (Chen-Frid [3]) Let λ̄_j (u, v) be the j-th eigenvalue of the matrix Ā(u, v), given by Lemma 3.2 and suppose O has the form O = m⋂ j=1 { u ∈ R^m : |w_j (u) − w_j (ū)| ≤ M_j }, (3.8)

for certain M_j > 0, j = 1, . . . , m. Then, min_{u∈O} λ_j (u) ≤ λ̄_j (u, v) ≤ max_{u∈O} λ_j (u), (u, v) ∈ O × O. (3.9)

We begin now the proof of Theorem 1.1, properly said. Let O be as in Lemma 3.3 and assume that u_0(x) ∈ O for all x ∈ R^n . Since, as is well known, (H1) and (H2) imply that O is positively invariant under the flow of (1.1) (cf. [8]), the solution of (1.1)-(1.2), u(t, x), can be defined for all t > 0 and we have u(t, x) ∈ O, for (t, x) ∈ R^{n+1}_+ . We then assume that f^i, i = 1, . . . , n, in (1.1) satisfy (H1)-(H4) of Section 1 over a bounded region containing O.

We start the definition of h by setting h_1(ξ) = ξ, ξ ∈ R, and h_i(ξ) = ξ, i = 2, . . . , n, for |ξ| > M_0, where M_0 is as in Proposition 2.4. We will complete the definition of h_i, i = 2, . . . , n, along the proof, in such a way that h_i([−M_0, κ^1]) = [−M_0, κ^i_1], h_i([κ^1_{m+1}, M_0]) = [κ^i_{m+1}, M_0], and h_i([κ^1_j , κ^1_{j+1}]) = [κ^i_j , κ^i_{j+1}], j = 1, . . . , m. So, we next define h_i in the intervals [−M_0, κ^1] and [κ^1_{m+1}, M_0] as the only affine map preserving orientation such that h_i([−M_0, κ^1]) = [−M_0, κ^i_1] and h_i([κ^1_{m+1}, M_0]) = [κ^i_{m+1}, M_0]. Observe that Proposition 2.4 implies that (3.1) holds for |ξ| > M_0. In what follows we split the remaining of the proof into several steps.

#1. ξ ∈ (−M_0, κ^1) ∪ (κ^1_{m+1}, M_0). Let us consider first ξ ∈ (−M_0, κ^1). From the weak compactness of the probability measures with support in O, we have that μ^{h(ξ)}_{i,Tk} ⇀ μ^ξ_i , for some probability measure μ^ξ_i , with support in O, by passing to a subsequence if necessary, for i = 1, . . . , n. We apply (a) of Lemma 2.1 to the (η^∗_j (u, u_L), q^∗_j (u, u_L)), given by (3.7). We then get

(3.10) n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , −h_i(ξ)|l_j (u_L) · (u − u_L)| + sgn(l_j (u_L) · (u − u_L))l_j (u_L) · (f^i(u) − f^i(u_L))⟩ ≤ 0,

for j = 1, . . . , m. Using Lemma 3.2, we may write (3.10) in the form n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , |l_j (u_L) · (u − u_L)|(−h_i(ξ) + λ̄^i_j (u, u_L))⟩ ≤ 0, j = 1, . . . , m, where λ̄^i_j (u, u_L) is as in Lemma 3.3. Thus, since h_i(ξ) < κ^i_1 ≤ λ̄^i_j (u, v), i = 1, . . . , n, j = 1, . . . , m, u, v ∈ O, we get n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , |l_j (u_L) · (u − u_L)|(−h_i(ξ) + λ̄^i_j (u, u_L))⟩ = 0, j = 1, . . . , m. Therefore, we must have supp μ^ξ_i ⊆ {u ∈ O : l_j (u_L) · (u − u_L) = 0, j = 1, . . . , m} = {u_L}. We then conclude μ^ξ_i = δ_{uL} . Since this holds for all weakly convergent subsequence of μ^{h(ξ)}_{i,Tk} , we conclude μ^{h(ξ)}_{i,Tk} ⇀ δ_{uL} , for ξ ∈ (−M_0, κ^1). So, we define R̄(ξ) = u_L, for ξ < κ^1). The case ξ ∈ (k^1_{m+1}, M_0) is analogous from (b) of Lemma 2.1 applied to (η^∗_i (u, u_R), q^∗_i (u, u_R)), i = 1, . . . , n. We then define R̄(ξ) = u_R, for ξ > κ^1_{m+1}.

Now we consider the more difficult cases when ξ ∈ (k^1_j , k^1_{j+1}), j = 1, . . . , m. Let w = (w_1, . . . , w_m), where the w_j ’s are the Riemann invariants of hypothesis (H2). In the Cartesian space of the w-coordinates, we set w^{(1)} = w(u_L), w^{(m+1)} = w(u_R), and w^{(j)} = (w_1(u_L), . . . , w_{j−1}(u_L), w_j (u_R), . . . , w_m(u_R)), j = 2, . . . , m. We then let u^{(j)} = u(w^{(j)}), j = 1, . . . , m + 1.

For a function h with the properties described above and ξ ∈ (k^1_j , k^1_{j+1}), with j ∈ {1, . . . , m}, we again consider the probability measures μ^{h(ξ)}_{i,Tk} which, after a passage to a subsequence, satisfy μ^{h(ξ)}_{i,Tk} ⇀ μ^ξ_i , for a certain probability measure μ^ξ_i .

#2. We claim that

supp μ^ξ_i ⊆ L_j ≡ {u ∈ O : u = u^{(j)} + sr_j (u^{(j)}), s ∈ R}.

(3.11) Indeed, we have

L_j = j−1⋂ α=1 {u ∈ O : l_α(u_R) · (u − u_R) = 0} ∩ m⋂ α=j+1 {u ∈ O : l_α(u_L) · (u − u_L) = 0}. Thus we apply again (2.24) with (η, q) = (η^∗_α(u, u_R), q^∗_α(u, u_R)), α = 1, . . . , j − 1, and (2.23) with (η, q) = (η^∗_α(u, u_L), q^∗_α(u, u_L)), α = j + 1, . . . , m. As above, the application of (2.24) gives

(3.12) n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , |l_α(u_R) · (u − u_R)|(h_i(ξ) − λ̄^i_α(u, u_R))⟩ ≤ 0, α = 1, . . . , j − 1, while the application of (2.23) gives

(3.13) n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , |l_α(u_L) · (u − u_L)|(−h_i(ξ) + λ̄^i_α(u, u_L))⟩ ≤ 0, α = j + 1, . . . , m. Since h_i([k^1_j , k^1_{j+1}]) = [k^i_j , k^i_{j+1}], we have h_i(ξ) > κ^i_{α+1} > λ̄^i_α(u, u_R), for α = 1, . . . , j − 1, and h_i(ξ) < κ^i_α < λ̄^i_α(u, u_L)), for α = j + 1, . . . , m. Hence, the equality holds in both (3.12) and (3.13), and this is possible only if (3.11) holds.

Next we give a precise definition of h in the intervals (k^1_j , k^1_{j+1}), j = 1, . . . , m, and verify (3.2) in these intervals.

#3. Let ξ ∈ (κ^1_j , m^1_j ) ∪ (M^1_j , κ^1_{j+1}), where m^i_j = min{λ^i_j (u^{(j)}), λ^i_j (u^{(j+1)})} and M^i_j = max{λ^i_j (u^{(j)}), λ^i_j (u^{(j+1)})}. We also denote m^i_{∗j} = inf_{u∈O} λ^i_j (u) and M^i_{∗j} = sup_{u∈O} λ^i_j (u). Let us first address the case ξ ∈ (κ^1_j , m^1_j ). We define h_i in the interval [κ^1_j , m^1_{∗j} ] as the only affine function which applies this interval onto the interval [κ^i_j , m^i_{∗j} ] preserving the orientation. For ξ ∈ (κ^1_j , m^1_{∗j} ), again μ^{h(ξ)}_{i,Tk} ⇀ μ^ξ_i for some probability measure μ^ξ_i , by passing to a subsequence if necessary. We take the entropy pair (η^∗(u, u^{(j)}), q^∗(u, u^{(j)})), observing that η^∗(u_L, u^{(j)}) because w_j (u_L) = w_j (u^{(j)}). We then apply (2.23) to obtain n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , |l_j (u^{(j)}) · (u − u^{(j)})|(−h_i(ξ) + λ^i_j (u, u^{(j)}))⟩ ≤ 0,

(3.14)

where λ^i_j (u, v) = ∫_1 0 λ^i_j (θu + (1 − θ)v) dθ is the j-th eigenvalue of

∫_1 0 ∇f^i(θu + (1 − θ)v) dθ if u, v ∈ L_j . Now, for u ∈ L_j ∩ O inequality (3.14) is possible only if equality holds, which implies μ^ξ_i = δ_u(j) . Hence, μ^{h(ξ)}_{i,Tk} ⇀ δ_u(j) in this case.

For ξ ∈ (m^1_{∗j} , m^1_j ) we proceed as follows. Let u_ξ be such that λ^1_j (u_ξ) = ξ. Define h_i(ξ) = λ^i_j (u_ξ), i = 2, . . . , n. We first take the entropy pair (η^w(u, u_ξ), q^w(u, u_ξ)) and observe that η^w(u_R, u_ξ) = 0, which holds because l_j (u_ξ) and u_R − u_ξ point inward the same half-space determined by the hyperplane w_j = w_j (u_ξ). The latter holds since w_j (u_R) = w_j (u^{(j+1)}) > w_j (u_ξ) and λ^1_j is an increasing function of w_j over L_j . Considering again probability measures μ^ξ_i obtained as above and applying (2.24), we get n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , (l_j (u_ξ) · (u_ξ − u))_+(h_i(ξ) − λ^i_j (u, u_ξ))⟩ ≤ 0.

(3.15)

We notice that (l_j (u_ξ) · (u_ξ − u))_+ = (s_ξ − s)_+, where s_ξ is given by u_ξ = u^{(j)} + s_ξr_j (u^{(j)}). We also observe that λ^i_j (u, u_ξ) ≤ h_i(ξ) = λ^i_j (u_ξ) if u = u^{(j)} + sr_j (u^{(j)}) and s ≤ s_ξ. These observations lead to

supp μ^ξ_i ⊆ {u ∈ L_j : u = u^{(j)} + sr_j (u^{(j)}), s ≥ s_ξ}.

(3.16)

To complete the analysis for ξ ∈ (m^1_{∗j} , m^1_j ) we again take the pair (η^∗(u, u^{(j)}), q^∗(u, u^{(j)})) and apply (2.23) obtaining (3.14). Since λ^i_j (u, u^{(j)})) ≥ λ^i_j (u_ξ, u^{(j)})) ≥ λ^i_j (u_ξ) = h_i(ξ) if u = u^{(j)} + sr_j (u^{(j)}) and s ≥ s_ξ , we conclude μ^ξ_i = δ_u(j) , and so we get μ^{h(ξ)}_{i,Tk} ⇀ δ_u(j) for ξ ∈ (m^1_{∗j} , m^1_j ). Accordingly, we define R̄(ξ) = u^{(j)}, for ξ ∈ (κ^1_j , m^1_j ).

For ξ ∈ (M^1_j , κ^1_{j+1}) we follow analogous procedures to define h_i in this interval, i = 2, . . . , n, and obtain similarly μ^{h(ξ)}_{i,Tk} ⇀ δ_u(j+1) in this case. So, we define R̄(ξ) = u(j+1), for ξ ∈ (M 1_j , κ1_{j+1}).

#4. We now come to the most interesting case, which is when ξ ∈ (m^1_j , M^1_j ). Due to (H4) we have just two possibilities:

(i) λ^i_j (u^{(j)}) < λ^i_j (u^{(j+1)}), i = 1, . . . , n; (ii) λ^i_j (u^{(j)}) > λ^i_j (u^{(j+1)}), i = 1, . . . , n.

Let us analyze (i) first. As above, we let u_ξ be such that λ^1_j (u_ξ) = ξ, and define h_i(ξ) = λ^i_j (u_ξ), i = 2, . . . , n. We also define R̄(ξ) = u_ξ. In order to prove that μ^ξ_{i,Tk} ⇀ δ¯_{R(ξ)}, we consider the entropy pairs (η^w(u, u_ξ), q^w(u, u_ξ)) and (η^e(u, u_ξ), q^e(u, u_ξ)). We notice that η^w(u_R, u_ξ) = 0 and η^e(u_L, u_ξ) = 0, the first because u_R − u_ξ and l_j (u_ξ) point inward the same half-space determined by w_j = w_j (u_ξ), and the second because the same holds for u_ξ −u_L and l_j (u_ξ). Applying (2.24) to (η^w(u, u_ξ), q^w(u, u_ξ)) and (2.23) to (η^e(u, u_ξ), q^e(u, u_ξ)), we obtain, respectively, (3.15) and the analogous one n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , (l_j (u_ξ) · (u − u_ξ))_+(−h_i(ξ) + λ^i_j (u, u_ξ))⟩ ≤ 0.

(3.17)

From (3.15) it follows as above that (3.16) holds. Similarly, from (3.17) it follows supp μ^ξ_i ⊆ {u ∈ L_j : u = u^{(j)} + sr_j (u^{(j)}), s ≤ s_ξ}.

(3.18)

Hence, we conclude μ^ξ_i = δ¯_{R(ξ)} and so μ^ξ_{i,Tk} ⇀ δ¯_{R(ξ)}.

We finally consider the alternative (ii). Let λ^i_j (u, v) be as above, and set

σ^i_j := λ^i_j (u^{(j)}, u^{(j+1)}) = λ^i_j (u^{(j+1)}, u^{(j)}), i = 1, . . . , n.

We then define h_i(ξ) in the interval [λ^1_j (u^{(j+1)}), σ^1_j ] as the only affine map carrying this interval onto [λ^i_j (u^{(j+1)}), σ^i_j ], preserving the orientation; similarly, we define h_i(ξ) in the interval [σ^1_j , λ^1_j (u^{(j)})] as the only affine map carrying this interval onto [σ^i_j , λ^i_j (u^{(j)})], preserving the orientation. We also define R̄(ξ) = u^{(j)}, for λ^1_j (u^{(j+1)}) ≤ ξ ≤ σ^1_j and R̄(ξ) = u^{(j+1)}, for σ^1_j ≤ ξ ≤ λ^1_j (u^{(j)}). Let μ^ξ_i be obtained as above. We first show that supp μ^ξ_i ⊆ {u ∈ L_j : u = u^{(j)} + sr_j (u^{(j)}), s(u^{(j+1)}) ≤ s ≤ 0}.

(3.19) where s(u^{(j+1)}) is such that u^{(j+1)} = u^{(j)} + s(u^{(j+1)})r_j (u^{(j)}). To this, we consider the pairs (η^w(u, u^{(j+1)}), q^w(u, u^{(j+1)})) and (η^e(u, u^{(j)}), q^e(u, u^{(j)})), observing that η^w(u_R, u^{(j+1)}) = 0 and η^e(u_L, u^{(j)}) = 0. Applying (2.24) to (η^w(u, u^{(j+1)}), q^w(u, u^{(j+1)}) and (2.23) to (η^e(u, u^{(j)}), q^e(u, u^{(j)})), we obtain, respectively, n∑ i=1 c_i(h(ξ))⟨μ^ξ_i , (l_j (u^{(j+1)}) · (u^{(j+1)} − u))_+(h_i(ξ) − λ^i_j (u, u^{(j+1)}))⟩ ≤ 0,

(3.20)

and_n ∑ i=1 c_i(h(ξ))⟨μ^ξ_i , (l_j (u^{(j)}) · (u − u^{(j)}))_+(−h_i(ξ) + λ^i_j (u, u^{(j)}))⟩ ≤ 0.

(3.21)

Now, (l_j (u^{(j+1)}) · (u^{(j+1)} − u))_+ = (s(u^{(j+1)}) − s)_+ and (l_j (u^{(j)}) · (u − u^{(j)}))_+ = s_+. Hence, (3.20) implies supp μ^ξ_i ⊆ {u ∈ L_j : u = u^{(j)} + sr_j (u^{(j)}), s ≥ s(u^{(j+1)})}, and (3.21) implies supp μ^ξ_i ⊆ {u ∈ L_j : u = u^{(j)} + sr_j (u^{(j)}), s ≤ 0}, which together give (3.19).

Now, for λ^1_j (u^{(j+1)}) < ξ < σ^1_j , we take the entropy pair (η^e(u, u^{(j)}), q^e(u, u^{(j)})), apply (2.23) to get (3.21). Since h_i(ξ) < σ^i_j ≤ λ^i_j (u, u^{(j)}), for u = u^{(j)} + sr_j (u^{(j)}) and s ≥ s(u^{(j+1)}), we must have μ^ξ_i = δ_u(j) and then μ^{h(ξ)}_{i,Tk} ⇀ δ_u(j) . Similarly, for σ^1_j < ξ < λ^1_j (u^{(j)}), we take the entropy pair (η^w(u, u^{(j+1)}), q^w (u, u^{(j+1)})), apply (2.24) to obtain (3.20). Since h_i(ξ) > σ^i_j ≥ λ^i_j (u, u^{(j)}), for u = u^{(j)} + sr_j (u^{(j)}) and s ≤ 0, we must have μ^ξ_i = δ_u(j+1) and then μ^{h(ξ)}_{i,Tk} ⇀ δ_u(j+1) . This concludes the proof of (3.2).

#5. As it was shown above, (3.2), holding for K > 0 sufficiently large, T_0 > 0, and almost all M > M_0, with M_0 sufficiently large, implies the convervence of u^T (t, x) to R(x/t) in L^1_{loc}(R^n_+ ). The latter, in turn, implies (1.14). As it was mentioned in Section 1, (1.14) can be improved to (1.11). The latter is achieved using a method established in [3], motivated by [21]. The strategy is similar to the one for obtaining the decay of periodic solutions in L^1_{loc}, from the decay in timeaverage along rays (see [4]), and is based on the existence of a strictly convex entropy for (1.10). Namely, we use the entropy inequalities, the convergence in time-average, and a result connecting both resembling a continuous version of Hardy’s convergence theorem (cf. [28], p.156), to get the usual convergence in time (1.11). The details of the one dimensional case are given in [3], while the the multidimensional case can be seen in [6]. The basic steps are as follows. Given a smooth strictly convex entropy η(u) for (1.10), we consider its quadratic part around v α(u, v) = η(u) − η(v) − ∇η(v)(u − v). In the space of the variables ξ, we take any ball B over which R(ξ) is Lipschitz. Using the equations (1.1), (1.10), for u(t, tξ) and R(ξ), respectively, we obtain, after integration over B, d dt ∫ B α(u(t, tξ), R(ξ)) dξ ≤ C t , for some constant C > 0, independent of t. Now, (1.14) implies lim_{T →∞} 1 T ∫_T 0 (∫ B α(u(t, tξ), R(ξ)) dξ ) dt = 0. Therefore, the nonnegative function Y (t) = ∫ B α(u(t, tξ), R(ξ)) dξ satisfies d dt Y (t) ≤ C t , (3.22) and lim_{T →∞} 1 T ∫_T 0 Y (t) dt = 0, (3.23)

and an easy argument shows that (3.22) and (3.23) imply lim_{t→∞} Y (t) = 0.

(3.24)

Now, by Besicovitch’s covering theorem, any compact set K ⊆ R^n can be covered by a finite number of disjoint countable families of balls B where R(ξ) is Lipschitz, and so (3.24) implies (1.11).

#6. It remains only to prove the uniqueness of the self-similar L^∞ entropy solution R(ξ) of the two-states Riemann problem (1.10), (1.4). To this we make the important remark that the methods developed above are also applicable to L^∞ entropy solutions of (1.10),(1.2), whose initial data satisfies (1.3)-(1.5), with fluxfunctions satisfying (H1)-(H4). The only nontrivial adaptation to be made is that the use of the classical Gauss-Green formula must now be justified by appealing to the theory of L^∞ divergence-measure fields developed in [7]. So, if R̃(ξ) is another self-similar L^∞ entropy solution of that problem, (1.11) holds with u(t, tξ) replaced by R̃(ξ). Since both R(ξ) and R̃(ξ) are independent of t, we conclude R̃(ξ) = R(ξ), a.e. in R^n .

Acknowledgements

This research was partially supported by CNPq through the grants 352871/96-2, 46.5714/00-5, 479416/2001-0, and FAPERJ through the grant E-26/151.890/2000. The author would like to thank Barbara Keyfitz and Philippe LeFloch for their valuable comments on a previous version of this paper.

References

[1] Aris, R., Amundson, N., “Mathematical Methods in Chemical Engineering,” Vol.2, Prentice- Hall, Englewood Cliffs, N. J., 1966.

[2] Boillat, G., Sur lxistence et la recherche d’équations de conservation supplémentaires pour les systèmes hyperboliques, C.R. Acad. Sc. Paris 278 A (1974), 909-912.

[3] Chen, G.-Q., Frid, H., Large-time behavior of entropy solutions of conservation laws, Journal of Differential Equations 152 (1999), 308-357.

[4] Chen, G.-Q., Frid, H., Asymptotic decay of solutions to conservation laws, C. R. Acad. Sci.

Paris, Serie I (1996), 257–262.

[5] Chen, G.-Q., Frid, H., Decay of entropy solutions of nonlinear conservation laws, Arch.

Rational Mech. Anal. 146 (1999), 95-127.

[6] Chen, G.-Q., Frid, H., Large-time behavior of entropy solutions in L^∞ for multidimensional conservation laws, Advances in Nonlinear Partial Differencial Equations and Related Areas, A volume in honor of Professor Xiaqi Ding, World Scientific, 1998, 28-44.

[7] Chen, G.-Q., and Frid, H., Divergence-measure fields and conservation laws, Arch. Rational Mech. Anal. 147 (1999), 89–118.

[8] Chueh, K., Conley, C., Smoller, J., Positively invariant regions for systems of nonlinear diffusion equations, Ind. Univ. Math. J. 26 (1977), 373-392.

[9] Dafermos, C. M., “Hyperbolic Conservation Laws in Continuum Physics”, Springer-Verlag:

Berlin, 1999.

[10] Dafermos, C. M., Entropy and the stability of classical solutions of hyperbolic conservation laws, Lecture Notes in Mathematics 1640, Springer Verlag, 1996, 48-69.

[11] Dafermos, C. M., Stability for systems of conservation laws in several space dimensions, SIAM Jr. Math. Anal. 26, No. 6 (1995), 1403-1414.

[12] DiPerna, R., Convergence of approximate solutions to conservation laws, Arch. Rational Mech. Anal. 82 (1983), 27-70.

[13] Evans, L. C. and Gariepy, R. F., “Lecture Notes on Measure Theory and Fine Properties of Functions”, CRC Press: Boca Raton, Florida, 1992.

[14] Federer, H., “Geometric Measure Theory”, Springer-Verlag: Berlin-Heidelberg-New York, 1969.

[15] Frid, H., On a new concept of asymptotic stability for Riemann solutions, Matemática Contemporânea 10 (1996), 99-121.

[16] Frid, H., On the asymptotic behavior of solutions of certain multi-D viscous systems of conservation laws, In: “Hyperbolic Problems: Theory, Numerics, Applications, Seventh International Conference in Zurich, February 1998”, International Series of Numerical Mathematics, Vol. 129 (1999), Birkhäuser Verlag, Basel, 343-352.

[17] Friedrichs, K.O., Lax, P.D., Systems of conservation laws with convex extension. Proc. Nat.

Acad. Sci. USA 68 (1971), 1686-1688.

[18] Godunov, S.K., An interesting class of quasilinear systems, Sov. Math. 2 (1961), 947-948. [19] Heibig, A., Existence and uniqueness of solutions for some hyperbolic systems of conservation laws, Arch. Rational Mech. Anal. 26 (1994), 79–101.

[20] Hoff, D., Smoller, J., Global existence for systems of parabolic conservation laws in several space variables, Journal of Differential Equations 68 (1987), 210-220.

[21] Hsiao, L., Serre, D., Asymptotic behavior of large weak entropy solutions of the damped p-system, J. Partial Diff. Eqs., 10 (1997), 355–368.

[22] Leveque, R. J. and Temple, B., Stability of Godunov’s method for a class of 2 × 2 systems of conservation laws, Trans. Amer. Math. Soc. 288 (1985), 115–123.

[23] Serre, D., Systems of Conservation Laws, Vols. 1,2, Cambridge University Press: Cambridge, 1999, 2000.

[24] Serre, D., Solutions à variations bornées pour certains systèmes hyperboliques de lois de conservations, J. Diff. Eqs. 68 (1987), 137–169.

[25] Serre, D., Richness and the classification of quasilinear hyperbolic systems, In: Multidimensional Hyperbolic Problems and Computations, ed. J. Glimm and A. Majda, IMA Vol. 29, Springer-Verlag, New York, 1991, 315–333.

[26] Tartar, L., Compensated compactness and applications to partial differential equations, In:

Research Notes in Mathematics, Nonlinear Analysis and Mechanics ed. R. J. Knops, 4(1979), Pitman Press, New York, 136–211.

[27] Temple, B., Systems of conservation laws with invariant submanifolds, Trans. Amer. Math.

Soc. 280 (1983), 781–795.

[28] Whittaker, E.T., Watson, G.N., “A Course of Modern Analysis”, Cambridge, New York, 1947.

Instituto de Matemática Pura e Aplicada - IMPA, Estrada Dona Castorina, 110, Rio de Janeiro, RJ, 22460-320, Brazil

E-mail address: hermano@impa.br