Godunov–type approximation for a general resonant balance law with large data^∗

Debora Amadori^† Laurent Gosse^‡ Graziano Guerra^§

Abstract

We consider the Cauchy problem for the 2 × 2 nonstrictly hyperbolic system { a_t = 0 u_t + f(a, u)_x − g(a, u)a_x = 0 (a, u)(0, ·) = (a_o, u_o). For possibly large, discontinuous and resonant data, the generalized solution to the Riemann problem is introduced, interaction estimates are carried out using a new change of variables and the convergence of Godunov approximations is shown. Uniqueness is addressed relying on a suitable extension of Kružkov’s techniques.

1 Introduction

The main concern of the present paper is with the Cauchy problem in R for the following 2 × 2 nonstrictly hyperbolic system of balance laws: { a_t = 0 u_t + f(a, u)_x − g(a, u)a_x = 0, (1.1)

completed with the initial data

a(0, ·) = a_o, u(0, ·) = u_o, (1.2)

under the forthcoming assumptions (P_1)–(P_4). Like the authors of [13, 14, 18, 26], we are especially interested in nonlinear resonance, that is, when wave speeds coalesce. Since this is equivalent to the existence of points where f_u vanishes, let T denote their set: T = {(a, u) : f_u(a, u) = 0}. We shall work in the sequel under some rather general assumptions which read:

∗Partially supported by HYKE – EU financed network # HPRN-CT-2002-00282 †Dip. di Matematica Pura e Applicata, Università degli Studi di L’Aquila, Italy amadori@univaq.it ‡IAC–CNR, sezione di Bari, Italy l.gosse@area.ba.cnr.it §Dip. di Matematica e Applicazioni, Università Milano–Bicocca, Italy graziano.guerra@unimib.it

(P_1) f, g are smooth functions; f is strictly convex w.r.t. u;

(P_2) T is a graph: there exists a C^1 map τ : R → R such that f_u(a, τ(a)) = 0 for all a ∈ R;

(P_3) f_a − g ≠ 0 for all (a, u) ∈ T ;

(P_4) for any (a_o, u_o) ∉ T , the solution to Cauchy problem du(a) da = g − f_a f_u , u(a_o) = u_o , (1.3)

does not blow up to infinity on bounded intervals.

Let us pause to state a few comments. System (1.1) can be viewed either as a 2 × 2 hyperbolic system, not in conservation form, or as a different way to write a general scalar balance laws with source term,

u_t + f(a(x), u)_x = a^′(x)g(a(x), u), (1.4)

as advocated for instance in [4] to derive a simple model of shallow-water flow. Another case of special interest for (1.1) lies in the modeling of one–dimensional flow in a nozzle as pointed out in [18]; in this context, f, g do not depend on a:

u_t + f(u)_x = k(x)g(u), k(x) = a^′(x) ≥ 0. (1.5)

We shall develop this case first in Section 2.1: as in [11], we can consider (1.5) within a limiting process when a^′(x) concentrates onto a Dirac comb. The classical Compensated Compactness results, [25], imply strong compactness of the entropy solutions u but the lack of BV estimates prevents us from defining rigorously the product g(a, u)a_x within the framework of [16]. Hence taking advantage of the linear degeneracy of the nonconservative field, we shall interpret it following integral curves of the associated eigenvector, see e.g. [3, 5].

These equations are endowed with a source term g(a, u)a_x. Of course, in the case it vanishes, g ≡ 0, one recovers a conservation law with the flux function being space dependent as in [2, 8, 14, 17, 20], this dependence being possibly discontinuous. Concerning our assumptions, we stress that (P_1) is but a genuine nonlinearity requirement: it excludes the linear cases already investigated in e.g. [6, 12, 22] for which the theory is quite different, see also [20]. (P_2)–(P_4) will allow to define and study the integral curves of the steady-state problem for (1.1) in Section 2.2. We notice that if a(x) = x, a very general framework is achieved:

u_t + f(x, u)_x = g(x, u), (1.6)

but at the price of dealing with an unbounded variable.

We aim at first establishing the existence of global solutions to (1.1)-(1.2). This will be carried out by extending and simplifying former studies, [13, 18, 26]. In [13] (see also [26]), the Cauchy problem for (1.1) has been solved for small data, that is to say, in a neighborhood of some given point U^∗ = (a^∗, u^∗) ∈ T . We shall consider in Section 3 global solutions of the Riemann problem (3.1) for (1.1) when the initial data are allowed to be discontinuous, see (5.1). This raises the problem of interpreting the nonconservative term a^′g. This will be tackled as previously indicated for the special case (1.5).

Interaction estimates are to be carefully derived in Section 4 by means of an original change of variables; it sheds light on some computations already present in [13, 18]. Relying on these stepping stones, a Godunov scheme is applied to build approximate solutions in Section 5; compactness and entropy consistency are established in Theorems 5.1. The delicate question of uniqueness is finally to be raised (and partly solved) by means of Kružkov’s techniques under a refined condition that a(x) is absolutely continuous (a^′ ∈ L^1 (R)). In this case, the classical weak formulation for (1.1) does make sense and the limit is found to be a generalized solution in the sense of Kružkov [15]. When started with a suitable discretization of the initial data, this scheme has the property of preserving the stationary solutions: this is the so–called Well-Balanced property, see [4, 9, 10, 21].

Let us finally mention an alternative approach to the treatment of resonance inside balance laws relying on their kinetic formulations: consult [4, 21].

2 Motivation and preliminaries

2.1 A localization process for the a variable

As announced in the introduction, we first restrict ourselves to the special case (1.5) (the source term could also read g(x, u)). We assume furthermore that there exists a constant M ∈ R^+ such that ug(u) ≤ 0 for |u| ≥ M. This guarantees that blow-up cannot occur for the weak solutions of (1.5). Following the ideas of [11], we aim at deriving a meaning for g(u)a_x when a is discontinuous relying on [16], i.e. within a limiting process.

Let K ∈ C^2(R) stand for an antiderivative of k and, given a parameter h > 0, the nondecreasing function a^ε(x) belongs to W^{1,1}_{loc} (R) for ε > 0 and is defined as follows:

a^ε(x) = K(jh), x ∈ [ jh, ( j +^1_2 −^ε_2 ) h [

K (( j +^1_2 ) h ( 1 −^1_ε ) +^x_ε ) , x ∈ [( j +^1_2 −^ε_2 ) h, ( j +^1_2 +^ε_2 ) h [

K((j + 1)h), x ∈ [( j +^1_2 +^ε_2 ) h, (j + 1)h [ (2.1)

The Kružkov’s theory (see Theorem 5.4 in this paper) ensures that for each ε > 0, there exists a unique entropy solution u^ε of (1.5), (2.1). But since a^{ε ε→0}→ a^{h def}= ∑ j K(jh)1_{x∈[(j−} 1_{2 )h,(j+} 1_{2 )h[},

the term lying at the right-hand-side of (1.5) becomes ambiguous in the limit ε → 0. As formerly done, one could establish that for u_o, a^ε ∈ BV (R), the total variation in space of the Riemann invariants for (1.1) a; w(u, a) = ϕ^{−1}(ϕ(u) − a), ϕ^′ = f^′/g, decays as time increases. However, as a consequence of resonance (f_u = 0), this implies no estimate on u^ε. Thus we turn to a weaker compactness framework based on L^∞ estimates. As a special case of (5.6), Kružkov’s entropy inequalities hold for any ε > 0, k ∈ R. We select k = max(M, ‖u_o‖_L∞_{(R)}) and by integration, we obtain d dt ∫ R max(u^ε(x, t) − k, 0).dx ≤ ∫ R max(sgn(u^ε − k), 0)g(u^ε)(x, t)a^ε_x.dx ≤ 0, together with d dt ∫ R min(0, u^ε(x, t) − k).dx ≥ ∫ R min(0, sgn(u^ε − k))g(u^ε)(x, t)a^ε_x.dx ≥ 0. This gives a maximum principle which is uniform in ε and reads: ‖u^ε‖_L∞ ≤ max(M, ‖u_o‖_L∞_{(R)}).

At this level, we observe that under our hypotheses, g(u^ε)a^ε_x is a bounded measure; hence we get, following [25], for all entropy-entropy flux pairs η, q satisfying q^′ = η^′f_u, η(u^ε)_t + q(u^ε)_x compact in H^{−1}_{loc} (R × R^+ ).

We deduce by the strict convexity of the function u → f(u) that the sequence of entropy solutions u^ε is relatively compact in all L^p for p < +∞. Since a^ε is constant in time, it is in BV (R) and compact in L^1_{loc} (R). This is enough to pass to the limit in (5.6) and get the limit problem in the sense of measures: η(u)_t + q(u)_x ≤ η^′ga^h_x, η^′(u^ε)g(u^ε)a^ε_x ⇀ η^′ga^h_x. Since this holds for Kružkov’s entropies η(u) = |u − k|, k ∈ R, the weak formulation follows. Unfortunately, we cannot follow the results of [16] to deduce also the meaning of the right-hand side term.

2.2 The stationary solutions

For smooth solutions, (1.1) corresponds to the quasilinear system

U_t + A(U)U_x = 0, U = (a, u), A(U) = ( 0 0 f_a − g f_u ) . (2.2)

The eigenvalues of A are λ_1 = 0, λ_2 = f_u ; the corresponding eigenvectors are r_1 = (f_u , g−f_a), r_2 = (0, 1). Observe that one of the characteristic fields is linearly degenerate, while the other one is genuinely nonlinear. The strict hyperbolicity is lost along the transonic curve T , and there the corresponding eigenvectors become parallel to each other. In the case a = ā constant, the system reduces to the scalar homogeneous conservation law with parameter ā:

u_t + f(ā, u)_x = 0.

Let us introduce some notation. Denote by Ω_+ and Ω_− the following regions:

Ω^+ = {(a, u) : f_u(a, u) > 0}, Ω^− = {(a, u) : f_u(a, u) < 0}. (2.3)

We shall consider the case of a positive source along resonant states: g − f_a | | T > 0, the other case being symmetric under the transformation a → −a.

Let us introduce some special solutions of the system (1.1): the stationary ones, which correspond to the integral curves of the linearly degenerate field, f(a, u)_x = a_xg(a, u). Regular solutions satisfy f_uu_x = (g − f_a)a_x , which is locally equivalent either to du da = g − f_a f_u (2.4)

or to da du = f_u g − f_a (2.5)

(Observe that, by hypotheses, the two quantities f_u and g − f_a do not vanish at the same points). Denote by ϕ(a; a_o, u_o) the solution to (2.4) with Cauchy data u(a_o) = u_o: du da = g − f_a f_u , u(a_o) = u_o , (a_o, u_o) ∉ T , (2.6)

and denote by (α, β) its maximal interval of existence, we will also use the notation ϕ^±(a; a_o, u_o) for (a_o, u_o) ∈ Ω^±. It is clear that −∞ ≤ α(a_o, u_o) < a_o < β(a_o, u_o) ≤ +∞.

Proposition 2.1 For any (a_o, u_o) ∉ T , the maximal interval of existence of ϕ(a) = ϕ(a; a_o, u_o) is unbounded to the right: β(a_o, u_o) = +∞.

Proof. Assume that (a_o, u_o) ∈ Ω^+, the other case being similar. Since we are in Ω^+, ϕ(a) > τ(a) holds where the solution ϕ exists. If, by contradiction β(a_o, u_o) = a^∗ < +∞, then standard o.d.e. theorems ensure that ( a, ϕ(a) ) approaches the boundary of Ω^+ as a approaches a^∗ to the left. But (P_4) prevents that ϕ(a)^{a→a∗}−→ +∞, hence we necessarily have ϕ(a)^{a→a∗}−→ τ(a^∗). Since (g − f_a) ( a^∗, τ(a^∗) ) > 0, (2.4) implies ϕ^′(a)^{a→a∗}−→ +∞. Therefore take a_o < a^′ < a^{′′} < a^∗ and, using Lagrange theorem, compute inf a∈(a^′,a^∗) ϕ^′(a) ≤ ϕ(a^{′′}) − ϕ(a^′) a^{′′} − a^′ ≤ ϕ(a^{′′}) − τ(a^′) a^{′′} − a^′ a^{′′}→a^∗−→ τ(a ∗) − τ(a^′) a^∗ − a^′ (2.7)

which, when a^′ → a^∗, gives the desired contradiction since τ is C^1.

On the contrary, the maximal solutions to (2.4) may not be defined as a → −∞:

Proposition 2.2 For any (a_o, u_o = τ(a_o)) ∈ T , there exist two unique solutions ϕ^+(a) = ϕ^+(a; a_o, u_o), ϕ^−(a) = ϕ^−(a; a_o, u_o) of (2.4) with the following properties: ϕ^+, ϕ^− are maximally defined on (a_o, +∞); ϕ^+(a) ∈ Ω^+, ϕ^−(a) ∈ Ω^−, lim a→a_o+ ϕ ±(a) = u_o, | | | dϕ^± da (a) | | | → +∞ as a → ao . (2.8) Proof. Indeed, denote by a(u) = a(u; u_o, a_o) the solution to the Cauchy problem for (2.5) with data a(u_o) = a_o. Due to (P_3), a(u) is locally defined in a neighborhood of u_o with a^′(u_o) = 0.

Then the curves a(u) and τ(a) are transverse at the point (a_o, u_o) and a(u) ∈ Ω^+ with a^′(u) > 0 for u > u_o. As a consequence, a(u) is invertible on [u_o, u_o + δ], for some δ > 0.

Denote by ϕ^+(a) the inverse function, which is defined on the right of a_o, [a_o, a_o + γ]. It is clear that ϕ^+(a) is a solution to (2.4) for a > a_o and satisfies (2.8); by Prop. 2.1 it can be prolonged on (a_o, +∞). A totally similar procedure leads to the definition of ϕ^−(a).

Let us introduce the following sets:

Ω^+_1 = {(a, u) ∈ Ω^+ : α(a, u) > −∞}, Ω^−_1 = {(a, u) ∈ Ω^− : α(a, u) > −∞} (2.9)

D^+_2 = {(a, u) ∈ Ω^+ : α(a, u) = −∞}, D^−_2 = {(a, u) ∈ Ω^− : α(a, u) = −∞}. (2.10)

It is clear that Ω^+_1 ∪ D^+_2 = Ω^+ and Ω^−_1 ∪ D^−_2 = Ω^−.

The region Ω^+_1 contains all those integral curves of (2.4), inside the supersonic region Ω^+, which are not globally defined on R. On the other hand, D^+_2 contains the globally defined solutions, and it may be empty, depending on the system under consideration.

Lemma 2.3 The following holds: either the set D^+_2 (the set D^−_2 ) is empty, or there exists a C^1 curve, τ^+(a) (τ^−(a)), which is a global solution to (2.4) and satisfies

Ω^+_1 = {(a, u) : τ(a) < u < τ^+(a)}, D^+_2 = {(a, u) : u ≥ τ^+(a)} ( Ω^−_1 = {(a, u) : τ^−(a) < u < τ(a)}, D^−_2 = {(a, u) : u ≤ τ^−(a)} ) . Proof. For any u close to τ(0), u > τ(0), one has that α(0, u) is finite: α(0, u) > −∞. Indeed, take any a_o < 0 and consider the solution ϕ^+(a) = ϕ^+(a; a_o, τ(a_o)) introduced by Prop. 2.2, which tends to τ(a_o) as a → a_o+. Since ϕ^+(0) > τ(0), by uniqueness, the trajectories passing through the points (0, ū), with τ(0) < ū < ϕ^+(0), must lie below ϕ^+(a); then α(0, ū) must be finite (greater then a_o).

Arguing in the same way, one can observe that α(0, u) is monotone decreasing as u increases, u > τ(0). Let us set ~u ˙= sup{u = ϕ^+(0; a_o, τ(a_o)), a_o < 0} = sup{u; α(0, u) > −∞}. If ~u = +∞, then D^+_2 = ∅. On the other hand, if ~u < +∞, the trajectory of (2.4) passing through the point (0, ~u) is globally defined on R and satisfies the required properties. A completely similar procedure works for Ω^−.

Lemma 2.4 The map (a, u) → α(a, u) defined on the set Ω_1 ˙=Ω^+_1 ∪ T ∪ Ω^−_1 has the following properties:

• it is a C^1 map;

• if D^+_2 is not empty, then as (a, u) → ( a_o, τ^+(a_o) ) with (a, u) ∈ Ω_1, one has α(a, u) → −∞;

the analogous holds if D^−_2 ≠ ∅;

• u → α(a, u) is a strictly decreasing map for (a, u) ∈ Ω^+_1 and a strictly increasing map for (a, u) ∈ Ω^+_1 , α(a, u) = a for (a, u) ∈ T .

Proof. The graphs of ϕ^+ and ϕ^− are the integral curves of the degenerate characteristic field which can be written in a normalized form as: h ˙= 1 √ f^2_u + (g − f_a)^2 ( f_u g − f_a ) . (2.11)

Hypotheses (P_2) and (P_3) ensure that h is a smooth vector field with norm 1. Fix U_o = (a_o, u_o) ∈ Ω_1 and define U(t; U_o) = (U_1(t; U_o), U_2(t; U_o)) as the solution of the autonomous Cauchy problem { U̇ = h(U) U(0) = U_o.

(2.12)

The curve t → U(t; U_o) describes the integral curve of the linearly degenerate field passing through the point U_o. Standard results of the o.d.e. theory ensure that the map (t; U_o) → U(t; U_o) is C^1. Since U_o is in Ω_1, the integral curve crosses the graph of τ in one and only one point, hence we can define the implicit function t̄(a_o, u_o) as G ( t̄(a_o, u_o); a_o, u_o ) ˙=U_2 ( t̄(a_o, u_o); a_o, u_o ) − τ [ U_1 ( t̄(a_o, u_o); a_o, u_o )] = 0. (2.13)

But (t; a_o, u_o) → G(t; a_o, u_o) is C^1, moreover ∂G ∂t ( t(a_o, u_o); a_o, u_o ) = ( h_2 − τ^′h_1 ) ( U ( t(a_o, u_o); a_o, u_o )) = 1, (2.14)

since h_1 = 0 on T . Therefore the implicit function theorem ensures that t̄(·, ·) is C^1 and consequently also the function (a_o, u_o) → U_1 ( t(a_o, u_o); a_o, u_o ) = α(a_o, u_o) (2.15)

is C^1. As regards the other assertions, they follow directly from definition (2.9) and standard considerations based on the uniqueness of the solutions to (2.6).

2.3 A new set of variables

It will be convenient to recast system (1.1) into the following set of coordinates:

θ = θ(a), z = 2 + [ ϕ(0; a, u) − τ^+(0) ] if (a, u) ∈ D^+_2 ± [ 1 − θ ( α(a, u) )] if (a, u) ∈ Ω^±_1

−2 + [ ϕ(0; a, u) − τ^−(0) ] if (a, u) ∈ D^−_2

(2.16)

where θ is a fixed function that satisfies

θ : R → (−1, 1), C^1, increasing, surjective. (2.17)

For instance, convenient choices are given by:

θ(a) = tanh(a) or θ(a) = 2 π atan(a). Observe that the quantities ϕ(0; a, u), α(a, u) are constant along integral curves of (2.4).

Lemma 2.5 The variables (z, θ) are continuous Riemann coordinates for the system (1.1) on the set Ω^+ and on Ω^− (defined at (2.3)); the map u → z(a, u) is strictly increasing for all a ∈ R and is discontinuous on T .

Proof. First we observe that ∇_{(a,u)}θ · r_2 = θ_u = 0. Concerning z, observe that z is constant along integral curves of the stationary equation. By Lemma 2.4 and standard arguments for o.d.e.’s, it turns out that z is continuous on Ω^±_1 , D^±_2 .

Assume that D^+_2 ≠ ∅; the following holds:

as (a, u) → (a_o, τ^+(a_o)), (a, u) ∈ Ω^+_1 =⇒ z → 2.

On the other hand, as (a, u) → (a_o, τ^+(a_o)) from “above”:

ϕ(0; a, u) → ϕ(0; a_o, τ^+(a_o)) = ϕ(0; 0, τ^+(0)) = τ^+(0).

This gives the continuity of z across the graph of τ^+ and then on Ω^+. With similar arguments, one can deduce the continuity of z on Ω^−. Then, it is easy to check that z cannot be continuously extended across the transonic curve T . Indeed, lim (a,u)→(a_o,u_o), (a,u)∈Ω^± z(a, u) = ± ( 1 − θ(a_o) ) . (2.18)

Finally, the uniqueness of the solution to (2.6) and Lemma 2.4 imply that u → z(a, u) is strictly increasing for a ∈ R fixed. Hence the map (z, θ) : Ω^+ ∪ Ω^− → R^2 is injective and consequently (z, θ) is a coordinate system on Ω^+ ∪ Ω^−.

In the following, a key role will be played by the function

w(a, u) ˙= z(a, u) + θ(a) − 1 = z + θ − 1 if (a, u) ∈ Ω^+ 0 if (a, u) ∈ T z(a, u) − θ(a) + 1 = z − θ + 1 if (a, u) ∈ Ω^−.

(2.19)

More explicitly, using (2.16) we get

w(a, u) = 1 + θ(a) + [ ϕ(0; a, u) − τ^+(0) ] if (a, u) ∈ D^+_2 ± [ θ(a) − θ ( α(a, u) )] if (a, u) ∈ Ω^±_1 ∪ T −1 − θ(a) + [ ϕ(0; a, u) − τ^−(0) ] if (a, u) ∈ D^−_2 .

(2.20)

Let us now introduce the two maps Φ, Ψ defined as follows: { Φ : R^2 → R^2 Φ(a, u) = (w, θ), { Ψ : R^2 \ T → R^2 Ψ(a, u) = (z, θ). (2.21)

Lemma 2.6 Let w(a, u), z(a, u) the maps defined at (2.19), (2.16) respectively.

(a) w is continuous w.r.t. (a, u). The map u → w(a, u) is monotone increasing, for all a.

(b) The map Φ(a, u) is bijective and bi–continuous from R^2 to Im Φ.

(c) For a suitable choice of θ, the maps Φ and θ^{−1} are locally Lipschitz.

Proof. Concerning (a), the first property follows from Lemma 2.5 and (2.18); the second holds because of the analogous property of z, and implies that Φ is injective on R^2 . Concerning (b), we have to prove that the inverse of Φ is continuous. Assume that Φ(a_n, u_n) = (w_n, θ_n) → (w̄, θ̄) = Φ(ā, ū), then a_n → ā as n → ∞, since θ is continuous and depends only on a.

Let us prove that also u_n → ū; this necessarily follows from the continuity of Φ if u_n is bounded. On the other hand, assume that, possibly passing to a sub-sequence, u_n → +∞. If (a_n, u_n) ∈ Ω^+_1 (because D^+_2 is empty), then α(a_n, u_n) → −∞, which implies the contradiction (w_n, θ_n) → (1 + θ̄, θ̄) ∉ Im Φ. On the other hand, if D^+_2 is not empty, then ϕ(0; a_n, u_n) → +∞, which again is impossible because it implies w_n → +∞.

(c) Lemma 2.4 ensures that the map A(u) ˙= { α(0, u) for u ∈ ( τ^−(0), τ(0) ] −α(0, u) for u ∈ [ τ(0), τ^+(0)

) (2.22)

is C^1, strictly increasing and surjective on R. In (2.22) we have posed τ^−(0) = −∞ if D^−_2 = ∅ and τ^+(0) = +∞ if D^+_2 = ∅. Observe that A^′ ( τ(0) ) = 0. Now define

θ(a) = −1 + c ∫_a −∞ dξ A^′ [ A^{−1}(−ξ) ] + A^′ [ A^{−1}(ξ) ] + ξ^2 + 1

(2.23)

where c > 0 is a normalization constant which makes θ satisfy (2.17). Definition (2.20), Lemma 2.4 and standard results on o.d.e. ensure that w is C^1 when restricted to the closed set D^+_2 ∪D^−_2 or to the open set Ω_1 = Ω^+_1 ∪ T ∪ Ω^−_1 . Since w is also continuous on all R^2 , to have local Lipschitz continuity we have only to show that its derivatives are bounded near the boundary of Ω_1. Therefore suppose D^+_2 ≠ ∅ and take ( a_o, τ^+(a_o) ) ∈ ∂Ω_1, if δ > 0 is sufficiently small, the map (a, u) → ϕ(0; a, u) is well defined and C^1 on B_δ ( a_o, τ^+(a_o) ) , the closed neighborhood of the point ( a_o, τ^+(a_o) ) with radius δ. Hence the map (a, u) → ϕ(0; a, u) has bounded first derivatives on the set Ω_1 ∩ B_δ ( a_o, τ^+(a_o) ) . The conclusion follows from the identity θ [ α(a, u ) ] = θ [ α ( 0, ϕ(0; a, u) )] (2.24)

since by construction, the map u → θ [ α(0, u) ] has bounded first derivative. Finally from θ^′ > 0 it follows that θ^{−1} is locally Lipschitz continuous.

Now assume that the sets D^+_2 , D^−_2 are both non–empty (see Lemma 2.3). As a consequence, w and z are unbounded from above and below, then Im Φ = R × (−1, 1). Let us define R = { (z, θ) ∈ R^2 : θ ∈ (−1, 1) , |z| ≥ 1 − θ } (2.25) where, in order to have a unique representation for T , we identify the points

(−1 + θ, θ) ∼ (1 − θ, θ) , θ ∈ (−1, 1) , (2.26)

moreover we define Ψ(a, u) = ( −1 + θ(a), θ(a) ) ∼ ( 1 − θ(a), θ(a) ) for any (a, u) ∈ T .

We have then R = Ψ(R^2 \ T ) ∪ ~T = Ψ(R^2 ), ~T ˙= {(z, θ) ∈ R, |z| = 1 − θ}. If ψ ∈ ~T , we will denote by ψ^+ the representative with z positive and by ψ^− the one with z negative. The representatives of points ψ ∈ R\ ~T are unique. Moreover, we will use the notation R^+ = Ψ(Ω^+) ∪ ~T , R^− = Ψ(Ω^−) ∪ ~T .

Finally observe that, if either D^+_2 or D^−_2 is empty, or both are empty, w and z become bounded from above, below or both, respectively. For instance D^+_2 = D^−_2 = ∅ ⇒ R = {(z, θ) : θ ∈ (−1, 1) , |z| ≥ 1 − θ, |z| < 2}. Remark 2.7 In the special case of (1.5) already considered in [11, 18], with f(0) = f^′(0) = 0, assume that g(u) never vanishes (note that we require only g(0) ≠ 0, (P_3)). If Ψ denotes the anti-derivative of f^′/g with Ψ(0) = 0, it easy to see that α(a, u) = a − Ψ(u) = const. along the integral curves of the stationary equation.

3 The Riemann Problem

3.1 The general self-similar solution

Let us consider the Riemann problem for (1.1), U(x, 0) = { U_1 = (a_1, u_1), x < 0 U_2 = (a_2, u_2), x > 0,

(3.1)

for any U_1, U_2 ∈ R^2 . It will be solved, as usual, connecting them with waves of increasing speed. We will focus on the (z, θ) coordinates since in these variables the characteristic curves of the 1^{st} (standing waves) and 2^{nd} family (homogeneous waves) are straight lines with the variable z and θ constant, respectively. We will denote by ψ = (z, θ) the points of the set R.

In this section, our goal is to find at least one solution of the Riemann problem. However, in general the solution is not unique and one may have multiple solutions depending on the shape of the graphs of the functions z and z̃ defined below. In [13], some assumptions on f, g are discussed concerning uniqueness/non–uniqueness of the solution.

Anyway, in the case when a is absolutely continuous, we will prove, in section 5, the uniqueness and continuous dependence of the exact solution of the Cauchy problem, even if the approximate solutions (constructed with the Riemann problem as building block) are not unique, under some additional assumptions on the source term a^′g.

We consider a number of cases, which cover all the possible situations, depending on the relative location of the left and right states ψ_1 = (z_1, θ_1) and ψ_2 = (z_2, θ_2). Homogeneous waves with positive, zero and negative velocity will be denoted respectively by O^+, O^0 and O^−, while the standing waves, which always have velocity zero, will be denoted by s if subsonic (z < 0) and by S if supersonic (z > 0).

ψ_1 ∈ R^+ The hypotheses on f imply that there exists a continuous function z(θ) such that z(θ) < 0, θ > max {1 − z_1, −1} ( f ∘ Ψ^{−1} ) ( z(θ), θ ) = ( f ∘ Ψ^{−1} ) (z_1, θ)

This function describes what in [13] is called the 0-speed shock curve corresponding to the standing wave θ → (z_1, θ). A homogeneous shock connecting the point (z_1, θ) to the point (z, θ) with z < z_1 has positive, zero or negative speed if respectively z > z(θ), z = z(θ) or z < z(θ). We now consider five regions, which depend on the state ψ_1:

R_1(ψ_1) = { (z, θ) ∈ R^+ : θ ≥ 1 − z_1 } , R_2(ψ_1) = { (z, θ) ∈ R^− : z ≤ z(θ_1) } , R_3(ψ_1) = { (z, θ) ∈ R^− : z ≥ z(θ), θ > max {1 − z_1, −1} } , R_4(ψ_1) = [ R^− ] \ [ R_2(ψ_1) ∪ R_3(ψ_1) ] , R_5(ψ_1) = [ R^+ ] \R_1(ψ_1).

(3.2)

The Riemann problem has qualitatively different solutions depending on which region ψ_2 lies. The five cases are discussed referring to Figure 1.

• ψ_2 ∈ R_1(ψ_1) ∪ R_3(ψ_1): (z_1, θ_1)^S−→ (z_1, θ_2)^{O+}−−→ (z_2, θ_2).

• ψ_2 ∈ R_2(ψ_1):

(z_1, θ_1)^{O−}−−→ (z_2, θ_1)^s−→ (z_2, θ_2).

Figure 1: The Riemann problem for a supersonic left state ψ_1

• ψ_2 ∈ R_4(ψ_1):

In this case one has z_2 > z(θ_1), and either z_2 < z(θ_2) or θ_2 ≤ 1 − z_1. Hence there exists θ^∗ between θ_1 and θ_2 such that z_2 = z(θ^∗). So the solution of the Riemann problem is given by:

(z_1, θ_1)^S−→ (z_1, θ^∗)^{O0}−→ (z_2, θ^∗)^s−→ (z_2, θ_2).

• ψ_2 ∈ R_5(ψ_1) = {(z, θ) ∈ R^+ : θ < 1 − z_1}.

If z_1 ≥ 2, this region is empty. If not, note that (−1 + θ_2, θ_2) ∉ R_3(ψ_1). Then the waves, in the solution of the Riemann problem, that connect ψ_1 to the state (−1 + θ_2, θ_2) have non positive velocity. Hence we have only to add a homogeneous wave with positive velocity connecting (−1 + θ_2, θ_2) ∼ (1 − θ_2, θ_2) to (z_2, θ_2).

ψ_1 ∈ R^− The hypotheses on f imply that there exists a continuous function z̃(θ) such that z̃(θ) < 0, θ ≥ θ_1 ( f ∘ Ψ^{−1} ) ( z̃(θ), θ ) = ( f ∘ Ψ^{−1} ) (1 − θ_1, θ)

it describes the 0-speed shock curve corresponding to the standing wave θ → (1 − θ_1, θ). A homogeneous shock connecting the point (1 − θ_1, θ) to the point (z, θ) with z < 1 − θ_1 has positive, zero or negative speed if respectively z > z̃(θ), z = z̃(θ) or z < z̃(θ). We now consider six regions depending on the state ψ_1:

R_1(ψ_1) = { (z, θ) ∈ R^− : z ≤ θ_1 − 1 } , R_2(ψ_1) = { (z, θ) ∈ R^+ : θ ≤ θ_1 } , R_3(ψ_1) = { (z, θ) ∈ R^+ : θ ≥ θ_1, z ≥ 1 − θ_1 } , R_4(ψ_1) = { (z, θ) ∈ R^+ : θ ≥ θ_1, z ≤ 1 − θ_1 } , R_5(ψ_1) = { (z, θ) ∈ R^− : θ ≥ θ_1, z ≥ max ( z̃(θ), θ_1 − 1 )} , R_6(ψ_1) = [ R^− ] \ [ R_1(ψ_1) ∪ R_5(ψ_1) ] .

(3.3)

The Riemann problem has qualitatively different solutions depending on which region ψ_2 lies. The five cases are discussed referring to Figure 2.

Figure 2: The Riemann problem for a subsonic left state ψ_1

• ψ_2 ∈ R_1(ψ_1):

(z_1, θ_1)^{O−}−−→ (z_2, θ_1)^s−→ (z_2, θ_2).

• ψ_2 ∈ R_2(ψ_1):

(z_1, θ_1)^{O−}−−→ (θ_2 − 1, θ_1)^s−→ (θ_2 − 1, θ_2) ∼ (1 − θ_2, θ_2)^{O+}−−→ (z_2, θ_2).

• ψ_2 ∈ R_3(ψ_1) ∪ R_4(ψ_1) ∪ R_5(ψ_1):

(z_1, θ_1)^{O−}−−→ (θ_1 − 1, θ_1) ∼ (1 − θ_1, θ_1)^S−→ (1 − θ_1, θ_2)^{O+}−−→ (z_2, θ_2).

• ψ_2 ∈ R_6(ψ_1):

In this case one has z_2 > θ_1 − 1 = z̃(θ_1), and z_2 < z̃(θ_2), hence there exists θ^∗ between θ_1 and θ_2 such that z_2 = z̃(θ^∗). So the solution of the Riemann problem is given by:

(z_1, θ_1)^{O−}−−→ (θ_1 − 1, θ_1) ∼ (1 − θ_1, θ_1)^S−→ (1 − θ_1, θ^∗)^{O0}−→ (z_2, θ^∗)^s−→ (z_2, θ_2).

Remark 3.1 Concerning invariant domains, it is easy to note the following property. For any pair of states ψ_1, ψ_2, consider the closed rectangle D, in the z–θ plan, that has the two states as vertices and each edge parallel to one of the axes. If all vertices of D belong to R, then D is invariant w.r.t. the solution of the Riemann problem; if not, it can happen that D is not invariant (for instance if ψ_1 ∈ R^+, ψ_2 ∈ R_5(ψ_1)).

In this second case, an invariant domain is given by the smallest rectangle ~D, with each edge parallel to one of the axes, which contains ψ_1 and ψ_2 and has all four vertices in R. This larger rectangle ~D does not increase the sup–norm: if (z, θ) ∈ ~D, then min{θ_1, θ_2} ≤ θ ≤ max{θ_1, θ_2}, |z| ≤ max{|z_1|, |z_2|}. In the original variables a, u, the invariant domains are described by the regions bounded by the graphs of two standing waves, see Figure 3. Such domains are not necessarily convex w.r.t. both variables, but their sections for a fixed are intervals. Observe that there are invariant domains which are not bounded in the original variables (a, u); this corresponds to allow the vertices belong to {θ = ±1}. In particular, the domains

I_{z1,z2} = {(a, u); z_1 ≤ z(a, u) ≤ z_2}, z_1, z_2 ∈ R (3.4)

are invariant if and only if: either |z_1|, |z_2| ≥ 2, or |z_1| < 2 and z_2 = −z_1.

Figure 3: Some invariant domains in the original variables (a, u)

3.2 Entropy dissipation across the standing wave

Going back to the original variables, let us focus on the jump relation on the fluxes at x = 0. For any U_1, U_2, let U(x, t) = W (x/t) the self–similar solution solving the Riemann problem. Denote by U_− = W (0−) and U_+ = W (0+) the left and right trace at x = 0, respectively. In the simplest case, a single standing wave connects U_− to U_+, and

f(U_+) − f(U_−) = ∫_{a+} a_− g(a, ϕ(a; U_−)) da.

(ϕ was defined in Section 2.2). More generally, there exist two intermediate states U^∗_± = (a^∗, u^∗_±), with a_∗ possibly coinciding with a_− or a_+, such that

U_−^S−→ (a_∗, u^∗_−)^{O0}−→ (a_∗, u^∗_+)^s−→ U_+.

Since f(U^∗_+) = f(U^∗_−), the jump relation becomes

f(U_+) − f(U_−) = f(U_+) − f(U^∗_+) + f(U^∗_−) − f(U_−) = ∫_{a+} a_− g(a, ~ϕ(a; U_−, U_+)) da (3.5) where ~ϕ is the function, possibly discontinuous at one point, defined by (assume a_− < a_+, the definition for a_− > a_+ is similar)

~ϕ(a; U_−, U_+) = ϕ(a_−; U_−) = U_− a ≤ a_− ϕ(a; U_−) a_− ≤ a ≤ a^∗ ϕ(a; U_+) a^∗ < a ≤ a_+ ϕ(a_+; U_+) = U_+ a ≥ a_+,

(3.6)

We stress that such a function ~ϕ matches the ”asymptotic profiles” computed by the authors of [19] as the long-time behaviour of a scalar conservation law of the type (1.5) in a bounded domain. The jump relation (3.5) is closely related to the ones derived in [16] relying on the ”families of locally Lipschitz paths”. However this theory does not apply directly to our resonant problem because of the discontinuities appearing in ~ϕ.

We end this section with a result about the entropy dissipation along the zero waves, as we call the discontinuities located at {x = 0}. This generalizes a previous work (see Remark 3.1 in [9]) where convenient hypotheses forbid resonance.

Proposition 3.2 Let η(u) be a smooth convex function and q(a, u) the corresponding entropy flux: q(a, u) = ∫_u k η^′(ū)f_u(a, ū) dū, where k ∈ R is arbitrary. Then, along {x = 0}, we have the inequality:

q (U_+) − q (U_−) ≤

∫_a+ a_− [ q_a + η^′(g − f_a) ]( a, ~ϕ(a; U_−, U_+) ) da. (3.7) Proof. Following [9], we compute the jump of the entropy flux:

q (U_+) − q (U_−) =

∫_a+ a_− [ q_a + q_u g − f_a f_u ]( a, ~ϕ(a; U_−, U_+) ) da + q ( U^∗_+ ) − q ( U^∗_− )

= ∫_a+ a_− [ q_a + η^′(g − f_a) ]( a, ~ϕ(a; U_−, U_+) ) da + q ( U^∗_+ ) − q ( U^∗_− ) .

The proposition is proved by the following inequality: q ( U^∗_+ ) − q ( U^∗_− ) = q(a^∗, u^∗_+) − q(a^∗, u^∗_−) ≤ 0,

which can be shown observing that u^∗_− and u^∗_+ are connected by an entropic shock with velocity zero and that u → q(a^∗, u) is an entropy flux for the scalar law u_t + f(a^∗, u)_x = 0.

4 Interaction estimates

In this section we introduce a suitable definition of wave–strength, which is equivalent to the total variation measured in the singular variables w, θ. Moreover we will prove that the sum of all the wave–strengths is non decreasing in time. These two properties guarantee that Helly’s compactness theorem can be applied to approximate solutions.

If the two states ψ_1 and ψ_2 are connected by a simple wave, we define its size σ in the following way

σ = |z_1 − z_2| for homogeneous waves with z_1z_2 > 0 |z_1 − z_2| − 2 + 2θ_1 for homogeneous waves with z_1z_2 < 0 |θ_1 − θ_2| for standing waves with z_1(θ_2 − θ_1) > 0 3|θ_1 − θ_2| for standing waves with z_1(θ_2 − θ_1) < 0

(4.1)

Recalling the definition of w, (2.19), we have that σ = |w(ψ_1) − w(ψ_2)| in the first three cases above, and σ = 3|w(ψ_1) − w(ψ_2)| in the last one.

Observe that the size of homogeneous waves is the variation of the z variable across R, while the size of the standing waves is given by the variation of the θ variable with a weight of 1 for supersonic waves with increasing θ and subsonic waves with decreasing θ and a weight of 3 in the other two cases. Temple (see for instance [26] and [13]) chooses respectively the weights 2 and 4. Here we follow Liu [18] and observe that in the choice of the weight the key point is that the second must be equal to the first increased by 2. This condition is easily understood

Figure 4: Explanation of the weights choice in the (z, θ) coordinates. For instance, referring to Figure 4, consider the four points in R: ψ_1 = (z_1, θ_1), ψ_2 = (z_2, θ_2), ψ^′ = (z_1, θ_2) and ψ^{′′} = (z_2, θ_1) with z_1 > 0, z_2 < 0 and θ_2 > θ_1. The size of the shock connecting ψ^′ to ψ_2 is equal to the size of the shock connecting ψ_1 to ψ^{′′} plus 2(θ_2 − θ_1) = Δθ. Hence if we want that the sum of the sizes of the waves connecting ψ_1 to ψ_2 does not depend on the path, the size of the standing wave connecting ψ^{′′} to ψ_2 has to be equal to the size of the standing wave connecting ψ_1 to ψ^′ plus 2Δθ. Obviously the same is not true if one wants to go from ψ_2 to ψ_1. But the entropy condition on the homogeneous conservation law implies that we cannot go with a single shock from a subsonic state to a supersonic one.

To get interaction estimates, the next step is now to show rigorously that three states ψ_1, ψ_m and ψ_2 being given, the sum of the sizes of the waves which solve the Riemann problem with left and right states ψ_1 and ψ_2 are less or equal to the sum of the sizes of the waves which solve the Riemann problem with left and right states ψ_1 and ψ_m plus the sum of the sizes of the waves which solve the Riemann problem with left and right states ψ_m and ψ_2. The rigorous proof involve the study of several cases and is carried out by Temple in [26]. However the introduction of the “Riemann coordinates” (z, θ) simplifies the proof and reduces the number of cases to be considered, hence we give here a new proof in this coordinate system.

We base our proof on the set G of continuous and piecewise C^1 oriented curves in R with at most a finite number of intersection with T . We denote these curves by using the Greek letter γ. Given two states ψ_1, ψ_2 ∈ R we denote by G(ψ_1, ψ_2) the set of curves in G which connect ψ_1 to ψ_2. Observe that the solutions of Riemann problems with left and right states ψ_1 and ψ_2 are elements of G(ψ_1, ψ_2).

In the (z, θ)–plane we define the two norms |ψ|_∗ = |z| + |θ|, |ψ|_† = |z| + 2|θ|. Then we give the following two definitions of curve length:

ℓ_∗(γ) = ∫_b a |ψ^′_γ (t)|_∗ dt, ℓ_†(γ) = ∫_b a |ψ^′_γ (t)|_† dt where ψ(t) is any regular (continuous and piecewise C^1) parameterization of γ. Finally we define the functional F(γ) = ℓ_†(γ) − ∫ γ sgn zdθ. Observe that if γ is a curve made of consecutive simple waves, then the sum of the sizes of all the waves is given by F(γ).

Given two states ψ_1, ψ_2 ∈ R we define the functional

Λ(ψ_1, ψ_2) = inf { F(γ) : γ ∈ G(ψ_1, ψ_2) } . (4.2)

If we are able to show that the sum of the sizes of the waves that solve the Riemann problem with left and right states ψ_1 and ψ_2 is given by Λ(ψ_1, ψ_2) then we are done since from (4.2) it follows directly that

Λ(ψ_1, ψ_2) ≤ Λ(ψ_1, ψ_m) + Λ(ψ_m, ψ_2), ∀ψ_m ∈ R. (4.3)

For the proof of this assertion, some other auxiliary functionals are needed. We define a metric d_∗ and the two functionals Λ^+, Λ^− in the following way:

d_∗(ψ_1, ψ_2) = inf { ℓ_∗(γ) : γ ∈ G(ψ_1, ψ_2) } , ∀ψ_1, ψ_2 ∈ R, Λ^+(ψ_1, ψ_2) = inf { F(γ) : γ ∈ G(ψ_1, ψ_2) and γ ⊂ R^+ } , ∀ψ_1, ψ_2 ∈ R^+, Λ^−(ψ_1, ψ_2) = inf { F(γ) : γ ∈ G(ψ_1, ψ_2) and γ ⊂ R^− } , ∀ψ_1, ψ_2 ∈ R^−. (4.4)

From the definitions it is easy to see that Λ^+, Λ^− and 3d_∗ are upper bounds for the functional Λ, while the metric d_∗ is a lower bound, in particular

d_∗ (ψ_1, ψ_2) ≤ Λ (ψ_1, ψ_2) ≤ 3d_∗ (ψ_1, ψ_2) , ∀ψ_1, ψ_2 ∈ R. (4.5)

Moreover, since sgn zdθ is an exact differential form when restricted to R^+ or to R^−, we have the following expression for the functionals Λ^±:

Λ^+(ψ_1, ψ_2) = |ψ_1 − ψ_2|_† + θ_1 − θ_2, Λ^−(ψ_1, ψ_2) = |ψ_1 − ψ_2|_† + θ_2 − θ_1.

(4.6)

Now we state two theorems which give explicit values of the metric d_∗ and the functional Λ (their proofs are developed in the Appendix).

Theorem 4.1 Given two states ψ_1 = (z_1, θ_1), ψ_2 = (z_2, θ_2) in R, define θ_m = min(θ_1, θ_2) and ψ_m = (1 − θ_m, θ_m) ∈ ~T . Then

d_∗ (ψ_1, ψ_2) =

|ψ_1 − ψ_2|_∗ if z_1z_2 > 0

d_∗ (ψ_1, ψ_m) + d_∗ (ψ_m, ψ_2) if z_1z_2 < 0.

(4.7)

Moreover, having set Δw ˙=w(ψ_1) − w(ψ_2), Δθ ˙=θ_1 − θ_2, 1 2 ( |Δw| + |Δθ| ) ≤ d_∗(ψ_1, ψ_2) ≤ 2 ( |Δw| + |Δθ| ) . (4.8)

Theorem 4.2 Let the two states ψ_1 = (z_1, θ_1), ψ_2 = (z_2, θ_2) be given in R. Then the functional Λ has the following properties:

a) If ψ_1 ∈ R^− and ψ_2 ∈ R^+

Λ(ψ_1, ψ_2) = d_∗(ψ_1, ψ_2) (4.9) b) If ψ_1, ψ_2 ∈ R^+

Λ(ψ_1, ψ_2) = { Λ^+(ψ_1, ψ_2) for 1 − z_1 − θ_2 ≤ 0 Λ^+(ψ_1, ψ_2) − 2 [1 − z_1 − θ_2] for 1 − z_1 − θ_2 > 0

(4.10)

c) If ψ_1, ψ_2 ∈ R^−

Λ(ψ_1, ψ_2) = { Λ^−(ψ_1, ψ_2) for 1 + z_2 − θ_1 ≤ 0 Λ^−(ψ_1, ψ_2) − 2 [1 + z_2 − θ_1] for 1 + z_2 − θ_1 > 0

(4.11)

d) If ψ_1 ∈ R^+ and ψ_2 ∈ R^−, define θ_m = min(θ_1, θ_2) and θ_M = max(θ_1, θ_2). Then

Λ(ψ_1, ψ_2) = Λ(ψ_1, ψ) + Λ(ψ, ψ_2) for any ψ = (1 − θ, θ) , θ ∈ [θ_m, θ_M ]. (4.12)

Now to conclude the interaction estimates, it is enough to check that the sum of the wave sizes in the solutions of the Riemann problem described in the previous section is equal to the value of the functional Λ given in the previous theorem. We shall omit this proof since it is straightforward.

Remark 4.3 Observe that if ψ_0, . . . , ψ_n are the intermediate states in the solution of the Riemann problem with left and right state respectively equal to ψ_0 and ψ_n, one has

Λ(ψ_1, ψ_n) = n∑ i=1 Λ(ψ_{i−1}, ψ_i). 5 Convergence of approximate solutions

In this section we are going to define a family of approximate solutions to our system (1.1) with Cauchy data (1.2). Let θ be a function satisfying (2.17) and denote by θ_o = θ(a_o), w_o = w(a_o, u_o) the corresponding initial data in the θ–w variables. The assumptions on a_o, u_o are the following:

a_o, u_o ∈ L^∞ (R), Tot.Var.(w_o, θ_o) < +∞. (5.1)

We remark that, in general, the total variation of (w_o, θ_o) is not equivalent to the one of the original variables (a_o, u_o). If θ is chosen to satisfy (2.23), then (c) of Lemma 2.6 holds; as a consequence, the assumption (5.1) is met if we require a more explicit condition on the initial data: Tot.Var.(a_o, u_o) < ∞. The contrary holds only for a: if θ_o ∈ BV (R) then also a_o ∈ BV (R).

5.1 Compactness of the Godunov scheme

Let us fix a spacial mesh length Δx > 0 and define for all j ∈ Z: x_j ˙=jΔx,

a^{Δx}(x, 0) = a_o(x_j +), u^{Δx}(x, 0) = u_o(x_j +) x_j < x < x_{j+1}. (5.2)

Observe that, assuming (5.1), a^{Δx}, u^{Δx} are well defined. Moreover, with this choice of the approximated initial data, the stationary solutions are preserved. If (5.1) holds, there exists a compact set K_1 ⊂ R^2 that contains (a_o, u_o)(x), (a^{Δx}_o , u^{Δx}_o )(x) for all x, it is not restrictive to assume that K_1 is an invariant domain (see Remark 3.1 and Figure 3). Then (z_o, θ_o) and (z^{Δx}_o , θ^{Δx}_o ) take their values in the invariant rectangle K = Ψ(K_1) ⊂ R. In the w, θ variables, K_1 corresponds to the compact set ~K = Φ(K_1) ⊂ Im Φ. Now, we define

λ ˙= 2 sup_{(a,u)∈K1} | | | ∂f ∂u | | | , Δt = λΔx and discretize R × [0, +∞) by introducing the points of a grid, (x_j , t_n), t_n = nΔt. Denote by R_{j,n} = [x_j , x_{j+1}) × [t_n, t_{n+1}) the unit cell.

Then, proceeding as in [13] with the only difference of the choice of the initial data (we use (5.2) instead of (27) in [13]), a family (a^{Δx}, u^{Δx})(x, t) ∈ K_1 is defined by the Godunov method. Note that K_1 is not necessarily convex as a subset of R^2 but for any constant a it is an interval, which is invariant under the average w.r.t. u. Since the corresponding (z^{Δx}, θ^{Δx})(x, t) ∈ K, we can always solve the Riemann problems at every time step, hence the approximate solutions are defined for all times.

At each time t_n, the approximate solution is discontinuous at the points x_j . We introduce the functional

F (t) = F (t_n) = ∑ j∈Z Λ(ψ_{j−1}, ψ_j)(t_n), t_n ≤ t < t_{n+1} (5.3)

where ψ_j = (z^{Δx}, θ^{Δx})(t_n, x), x ∈ (x_j , x_{j+1}). By using (4.5), (4.8) and Remark 4.3 we find 1 2 Tot.Var. {( w^{Δx}, θ^{Δx} ) (t) } ≤ F (t) ≤ 6Tot.Var. {( w^{Δx}, θ^{Δx} ) (t) } . and consequently from (5.2):

F (0) ≤ 6Tot.Var. {( w^{Δx}, θ^{Δx} ) (0) } ≤ 6Tot.Var. { (w_o, θ_o) } . (5.4)

We have the following theorem.

Theorem 5.1 Assume (P_1)–(P_4) and (5.1). Then for all Δx > 0, (a^{Δx}, u^{Δx})(x, t) is defined for all times and

Tot.Var. {( w^{Δx}, θ^{Δx} ) (t) } ≤ 2F (t) ≤ 2F (0).

Moreover, for a sub-sequence Δx_j → 0, we have that ( w^{Δxj} , θ^{Δxj} ) → (w, θ_o) and ( a^{Δxj} , u^{Δxj} ) → (a_o, u) in L^1_{loc} ( R × [0, +∞) ) , where w and u are bounded measurable functions satisfying:

a) (a_o, u) = Φ^{−1}(w, θ_o);

b) the maps t → w(·, t), t → u(·, t) are continuous in L^1_{loc} (R) and w(·, 0) = w_o, u(·, 0) = u_o;

c) the following estimate holds:

Tot.Var. { (w, θ_o) (t) } ≤ 12 · Tot.Var. { (w_o, θ_o) } . (5.5)

Proof. From the previous analysis, (w^{Δx}, θ^{Δx}) ∈ ~K, hence the L^∞ norm is uniformly bounded for all Δx > 0. The proof that F (t) is non-increasing follows from the analogous one in [17] (Theorem 1, p.833), because of the property that u → w(a, u) is strictly increasing, for all a (see (a) of Lemma 2.6).

Moreover, the uniform bound on the total variation implies that (w^{Δx}, θ^{Δx}) are (approximately) L^1–Lipschitz continuous in time, uniformly in Δx.

Then, by Helly’s theorem, a sub-sequence (w^{Δxj} , θ^{Δxj} ) converges in L^1_{loc} ( R × [0, +∞) ) to a measurable function (w, θ) with values in ~K. Helly’s theorem ensures also that the map t → (w, θ) (·, t) is L^1–Lipschitz continuous. Moreover by construction we have θ(x, t) = θ_o(x) and w(x, 0) = w_o(x) for any (x, t) ∈ R × [0, +∞). Now, by using (5.4) and the continuity of Φ^{−1} (see Proposition B.1), all the other conclusions follow.

In the previous result the coefficient a was assumed to be bounded. However, it is interesting to treat the case of a being unbounded, to include more general models in our framework. For instance, let us make a further assumption:

(P_5) for any compact K in R, f_u(a, u) is uniformly bounded on R × K. Condition (P_5) is trivially satisfied if f does not depend on a. It ensures that signals evolve with a finite speed of propagation in time: see [23] (p.44 of the french version).

We have the following theorem.

Theorem 5.2 Assume (P_1)–(P_5),

- a_o ∈ L^∞_{loc} (R), u_o ∈ L^∞ (R), Tot.Var.(w_o, θ_o) < +∞;

- (a_o, u_o) takes its values in an invariant domain I having the form I = {(a, u); z_1 ≤ z(a, u) ≤ z_2} (see Remark 3.1);

- I is uniformly bounded w.r.t. u.

Then the same conclusion of Theorem 5.1 holds.

Proof. Define λ ˙= 2 sup_{(a,u)∈I} | | |^{∂f}_{∂u} | | |, which is finite because of (P5) and the assumptions on I. Then define (a^{Δx}, u^{Δx}) as in the proof of Theorem 5.1; by construction, (a^{Δx}, u^{Δx})(x, t) ∈ I for all (x, t) ∈ R × [0, +∞).

The corresponding sequence (w^{Δx}, θ^{Δx}) satisfies the assumptions of Helly’s theorem; therefore, there exists a sub-sequence (w^{Δxj} , θ^{Δxj} ) that converges to a function (w, θ) in L^1_{loc} as j → ∞, and (5.5) is satisfied.

For any compact subset H of R × [0, +∞), ( a^{Δx}, u^{Δx} ) (H) is contained in a compact set K ⊂ I independent of Δx; then we can proceed as before and get a function (a, u) in the limit, with u(x, t) bounded.

5.2 Entropy inequalities and consistency

In this section we show that, under some additional regularity assumptions on a = a_o, the limit function (a, u) of Theorem 5.1 satisfies Kružkov entropy inequalities and hence is a weak solution of (1.1) (or, equivalently, of (1.4)).

Assume that a ∈ W^{1,1}_{loc} (R); then a is absolutely continuous on compact sets and the classical Kružkov entropy inequality ([15]) make sense and in our hypotheses can be written as: ∫ R ∫_{+∞} 0 {| |u(x, t) − k | | φ_t(x, t) + sgn [u(x, t) − k] [ f ( a(x), u(x, t) ) − f ( a(x), k )] φ_x(x, t) + sgn [ u(x, t) − k ] [ g ( a(x), u(x, t) ) − f_a ( a(x), k )] a^′(x)φ(x, t) } dxdt ≥ 0 (5.6) where φ is a non negative C^1 function with compact support in R × (0, +∞) and k is a real constant (for definiteness we assume sgn(0) = 0). Recall that the validity of (5.6) for |k| sufficiently large implies that u is a distributional solution of (1.4).

We have the following theorem:

Theorem 5.3 In the assumption of Theorem 5.1, if a ˙=a_o ∈ W^{1,1}_{loc} (R), then the limit functions (a, u) satisfy the Kružkov entropy inequalities (5.6) for any non negative C^1 function φ with compact support in R × (0, +∞) and for any constant k ∈ R.

Proof. Fix a constant k and a non negative C^1 function φ with compact support in R × (0, +∞). For notational purpose define η̄(v) = |v − k|, q̄(b, v) = sgn(v − k) [ f (b, v) − f (b, k) ] (5.7)

Let E ∈ C^2 (R) be such that: E^{′′} ≥ 0, E(v) = |v| for |v| ≥ 1 and E^′(0) = 0. Then the sequence η^ε(v) = εE (_{v−k} ε ) converges to η̄(v) in C^0 (R), as ε → 0.

If we fix η = η^ε, q = q^ε(b, v) = ∫_v k η^′(v̄)f_u(b, v̄) dv̄, (5.8) then, for any constant b, ( η, q(b, ·) ) is an entropy–entropy flux pair for the homogeneous scalar law u_t + f(b, u)_x = 0.

Let (a^ν , u^ν) be an approximating sequence that converges to (a, u) in L^1_{loc}, as ν → +∞, let Δx_ν be the corresponding mesh size and consider the quantity I_{ε,ν} = ∫ R×R^+ [ η (u^ν ) φ_t + q (a^ν , u^ν ) φ_x + η^′(u) [ g(a, u) − f_a(a, k) ] a^′φ ] dxdt. Clearly, as ν → +∞, the Lipschitz continuity of η and q implies: I_{ε,ν} → I_ε = ∫ R×R^+ [ η (u) φ_t + q (a, u) φ_x + η^′(u) [ g(a, u) − f_a(a, k) ] a^′φ ] dxdt. (5.9) Now we restrict our attention on the integration over each cell R_{j,n} = [x_j , x_{j+1}) × [t_n, t_{n+1}). Since a^ν is constant over R_{j,n}, the couple (η, q(a^ν, ·)) is an entropy–entropy flux pair for the scalar law u_t + f(a^ν , u)_x = 0 in that cell, moreover, by construction, u^ν is an entropy solution of the scalar law in the same cell. Therefore, observing that a^ν (x_j +) = a^ν (x_{j+1}−) = a(x_j ) and integrating by parts, we can compute ∫ R_{j,n} [ η (u^ν ) φ_t + q (a^ν , u^ν) φ_x ] dxdt ≥ ∫_{tn+1} t_n [ q ( a(x_j ), u^ν(x_{j+1}−, t) ) φ(x_{j+1}, t) − q ( a(x_j ), u^ν (x_j +, t) ) φ(x_j, t) ] dt (5.10) + ∫_{xj+1} x_j [ η ( u^ν (x, t_{n+1}−) ) φ(x, t_{n+1}) − η ( u^ν (x, t_n) ) φ(x, t_n) ] dx. Now integrating over every cell R_{j,n} and then rearranging the summations we get ∫ R×R^+ [ η (u^ν) φ_t + q (a^ν , u^ν ) φ_x ] dxdt = ∑ j∈Z ∑ n≥0 ∫ R_{j,n} . . . dxdt ≥ − ∑ n≥1 ∑ j∈Z ∫_{xj+1} x_j [ η ( u^ν (x, t_n) ) − η ( u^ν (x, t_n−) )] φ(x, t_n) dx (5.11)

− ∑ j∈Z ∫_{+∞} 0 [ q ( a(x_{j+1}), u^ν (x_{j+1}+, t) ) − q ( a(x_j ), u^ν(x_{j+1}−, t) )] φ(x_{j+1}, t) dt ˙=J^1_{ε,ν} + J^2_{ε,ν}.

The first term: J^1_{ε,ν} By Jensen’s inequality and the definition of u^ν (x, t_n) in the Godunov scheme, one has for any x̄ ∈ (x_j , x_{j+1}): η ( u^ν (x̄, t_n) ) = η ( 1 Δx_ν ∫_{xj+1} x_j u^ν(x, t_n−) dx ) ≤ 1 Δx_ν ∫_{xj+1} x_j η ( u^ν(x, t_n−) ) dx, and hence for a x̄ ∈ (x_j , x_{j+1}): ∫_{xj+1} x_j [ η ( u^ν (x, t_n) ) − η ( u^ν(x, t_n−) )] φ(x, t_n) dx ≤ ≤ ||φ||_C1 ||η||_C1 Δx_ν ∫_{xj+1} x_j | |u^ν (x, t_n) − u^ν (x, t_n−) | | dx +

+φ(x_j, t_n) [ Δx_ν η ( u^ν (x̄, t_n) ) − ∫_{xj+1} x_j η ( u^ν (x, t_n−) ) dx ]

≤ ||φ||_C1 ||η||_C1 1 λ ∫ R_{j,n−1} | u^ν(x, t_n) − u^ν (x, t_n−) | dtdx. Finally, if we sum this last inequality over n ≥ 1 and j ∈ Z we get J^1_{ε,ν} ≥ ||φ||_C1 ||η||_C1 1 λ ∫ A | ~u^ν (x, t) − ū^ν(x, t) | dtdx, where A is a suitable bounded open set containing the support of φ and ~u^ν, ū^ν are defined by ~u^ν (x, t) = u^ν (x, t_n) ū^ν (x, t) = u^ν (x, t_n−) for (x, t) ∈ R_{j,n−1}, j ∈ Z, n ≥ 1. Proposition B.2 ensures that ~u^ν and ū^ν converge to u in L^1_{loc} ( R × R^+ ) , since, for any (x, t) ∈ R_{j,n−1}, ~u^ν (x, t) and ū^ν(x, t) belong to the convex hull of u^ν ( [x_j , x_{j+1}], t_n− ) , hence we have for instance for all (t, x) ∈ R_{j,n−1} | |w (a_ν (x), ~u_ν (x, t)) − w_ν(x, t_n−) | | ≤ Tot.Var. {w_ν (·, t_n−), [x_j , x_{j+1}]} . Therefore we get

lim inf ν→+∞ J 1 ε,ν ≥ 0. (5.12) The second term: J^2_{ε,ν} We first observe that the two states

U^{ν−}_j (t) ˙= ( a(x_j ), u^ν (x_{j+1}−, t) ) and U^{ν+}_j (t) ˙= ( a(x_{j+1}), u^ν(x_{j+1}+, t) ) are connected by a zero wave. Recalling (3.6), the map a → ϕ ( a; U^{ν−}_j , U^{ν+}_j ) is a Borel function.

Hence, applying Proposition 3.2 and the (absolutely continuous) change of variable a = a(x) (see [24]), we obtain q ( a(x_{j+1}), u^ν(x_{j+1}+, t) ) − q ( a(x_j ), u^ν(x_{j+1}−, t) ) = q ( U^{ν+}_j (t) ) − q ( U^{ν−}_j (t) )

≤ ∫_{xj+1} x_j [ q_a + η^′(g − f_a) ]( a(x), ~ϕ ( a(x); U^{ν−}_j (t), U^{ν+}_j (t) ) ) · a^′(x) dx (5.13) = ∫_{xj+1} x_j [ q_a + η^′(g − f_a) ]( a(x), ^u^ν (x, t) ) · a^′(x) dx, where we have defined ^u^ν (x, t) = ~ϕ ( a(x); U^{ν−}_j (t), U^{ν+}_j (t) ) for (x, t) ∈ [x_j , x_{j+1}) × R^+ .

Now, we define also

^φ^ν (x, t) = φ(x_{j+1}, t) for (x, t) ∈ [x_j , x_{j+1}) × R^+

and, using (5.13), we get J^2_{ε,ν} ≥ − ∫ R×R^+ a^′(x) [ q_a + η^′(g − f_a) ]( a(x), ^u^ν (x, t) ) ^φ^ν (x, t) dxdt. We claim that ^u^ν → u in L^1_{loc}. This, together with the fact that ^φ^ν → φ uniformly, allows us to obtain

lim inf ν→+∞ J 2 ε,ν ≥ − ∫ R×R^+ a^′(x) [ q_a + η^′(g − f_a) ]( a(x), u(x, t) ) φ(x, t) dxdt. (5.14) It remains to prove the claim regarding ^u^ν (x, t). If x ∈ [x_j , x_{j+1}] and a(x_j ) ≤ a(x_{j+1}), define

ā^ν (x) = a(x) if a(x_j ) ≤ a(x) ≤ a(x_{j+1}) a(x_j ) if a(x) ≤ a(x_j ) a(x_{j+1}) if a(x) ≥ a(x_{j+1}).

The definition of ā^ν (x) if a(x_j ) ≥ a(x_{j+1}) is analogous. Clearly one has ‖ā^ν ‖_∞ ≤ ‖a^ν ‖_∞ and ā^ν → a in L^1_{loc} (R) (note that |ā^ν (x) − a(x)| ≤ |a^ν (x) − a(x)|). Moreover, recalling (3.6), we observe that ~ϕ ( a(x); U^{ν−}_j , U^{ν+}_j ) = ~ϕ ( ā^ν (x); U^{ν−}_j , U^{ν+}_j ) , x ∈ [x_j , x_{j+1}]. Fix now (x, t) ∈ R_{j,n}, from the definition (3.6) we know that ~ϕ, as a function of a, has at most one discontinuity point located between a(x_j ) and a(x_{j+1}). Suppose hence that ~ϕ is continuous on the interval with a(x) and a(x_{j+1}) as extrema (if it is not continuous in this interval, we take the other interval which has as extrema a(x) and a(x_j )). Hence we can compute | | |w ( ā^ν (x), ^u^ν (x, t) ) − w^ν ( x_{j+1}+, t )| | = | | | | w ( ā^ν (x), ~ϕ ( ā^ν (x); U^{ν−}_j (t), U^{ν+}_j (t) )) − w ( U^{ν+}_j (t) ) | | | | (5.15) = | θ(ā^ν (x)) − θ(ā^ν (x_{j+1})) | ≤ | θ(a(x_j )) − θ(a(x_{j+1})) | = Tot.Var. { θ^ν , (x_j , x_{j+1}) } since along a simple standing wave one has |Δz| = 0 and hence |Δw| = |Δθ|. The last inequality shows that we can apply Proposition B.2 and obtain that ^u^ν → u in L^1_{loc} as ν → +∞.

Concluding the estimates: Now, putting (5.14), (5.12) and (5.11) into (5.9), we obtain

I_ε = lim_{ν→+∞} I_{ε,ν} ≥ lim inf_{ν→+∞} J^1_{ε,ν} + lim inf_{ν→+∞} J^2_{ε,ν} + ∫ R×R^+ η^′(u) [ g(a, u) − f_a(a, k) ] a^′φdxdt ≥ ∫ R×R^+ { η^′(u) [ f_a(a, u) − f_a(a, k) ] − q_a(a, u) } a^′φ dxdt. (5.16) But we have the inequality: | | |η^′(u) [ f_a(a, u) − f_a(a, k) ] − q_a(a, u) | | | = | | | | ∫_u k [ η^′(u) − η^′(ξ) ] f_{au}(a, ξ) dξ | | | | ≤ 2ε||E||_C1 ||f||_C2 (5.17) because η^′(u) = η^′(ξ) for u, ξ ∉ [k − ε, k + ε]. Therefore the following inequality holds: I_ε ≥ −2ε||E||_C1 ||f||_C2 ∫ R×R^+ |a^′|φ dxdt. which implies lim inf ε→0 I_ε ≥ 0. Finally, the integrand in (5.9) converges pointwise as ε → 0, hence by the dominated convergence theorem we can pass to the limit and complete the proof of Theorem 5.3.

5.3 Uniqueness for a ∈ W^{1,1}_{loc} (R)

We are now in the position to study uniqueness and stability for (1.4), in the spirit of Kružkov ([15], Theorems 1 and 2). To apply directly these results, the coefficient a should be assumed to be more regular, a ∈ C^1 (R). However, by refining the proof, the estimate for uniqueness can be recovered for a ∈ W^{1,1}_{loc} in the case of a^′g_u(a, u) bounded from above. Notice that in this case, a^′ has no atoms; hence the product a^′g(a, u)(., t) is a well-defined L^1 (R) function for t > 0 (compare with [11, 16, 27]).

Theorem 5.4 Assume that f, g are smooth. Let M, R > 0 be two positive constants; let a ∈ W^{1,1}_{loc} (R) satisfy

γ ˙= sup { a^′(x)g_u ( a(x), w ) : x ∈ [−R, R], |w| ≤ M } < +∞ (5.18)

and define

L ˙= sup { f_u ( a(x), w ) : x ∈ [−R, R], |w| ≤ M } . (5.19)

If u(t, v), v(t, x) ∈ L^∞ (R × [0, +∞)) are such that

- ‖u‖_∞, ‖v‖_∞ ≤ M; - they satisfy (5.6) for all k ∈ R and φ ∈ C^1_c (R × (0, +∞)), φ ≥ 0;

- t → u(·, t), t → v(·, t) are continuous in L^1_{loc};

then for any t ∈ [0, R/L] the Kružkov estimate holds: ∫_{R−Lt} −R+Lt | |u(x, t) − v(x, t) | | dx ≤ e^{γt} ∫_R −R | |u(x, 0) − v(x, 0) | | dx. (5.20) Proof. We assume the reader familiar with the proof and notations of [15], Theorem 1. Let ϕ ≥ 0 be C^1 with compact support in R ×(0, +∞); the proof is devoted to derive the inequality ∫ R×(0,+∞) { |u(x, t) − v(x, t)|ϕ_t(x, t) + sgn [ u(x, t) − v(x, t) ] · [ f ( a(x), u(x, t) ) − f ( a(x), v(x, t) )] ϕ_x(x, t) (5.21)

− sgn [ u(x, t) − v(x, t) ] · [ g ( a(x), v(x, t) ) − g ( a(x), u(x, t) )] · a^′(x)ϕ(x, t) } dxdt ≥ 0. From (5.21), we use (5.18) to get a Gronwall–type estimate and obtain (5.20) following exactly [15], since those computations are not affected by the lower regularity of a^′. In the rest of the proof, the assumption (5.18) is not needed.

1. Let N, T > 0 be two constants such that the support of ϕ is contained in Ω ˙=(−N, N)×(0, T ). Define the C^1 function φ as: φ(x, t; y, τ) = ϕ ( x + y 2 , t + τ 2 ) λ_h ( x − y 2 , t − τ 2 ) . (5.22)

where λ_h(a, b) = δ_h(a) · δ_h(b),

δ_h(a) = 1 h δ ( a h ) , δ : R → [0, 1] ∈ C^∞ , ∫_∞ −∞ δ(x)dx = 1, δ(x) = 0 ∀x ∈ [−1, 1]. Observe that if h is sufficiently small, φ has compact support contained in the open set G = Ω × Ω.

The analogous to the inequality (3.4) in [15] is given by 4∑ i=1 ∫ G P^h_i (x, t; y, τ) dxdtdydτ ≥ 0 (5.23) with P^h_i (x, t; y, τ) = F_i ( x, t; y, τ; u(x, t), v(y, τ) ) λ_h ( x − y 2 , t − τ 2 ) , i = 1, 2, 4 (5.24)

(the term P^h_3 will be considered later) and F_1 (x, t; y, τ; u, v) = |u − v|ϕ_t ( x + y 2 , t + τ 2 ) , F_2 (x, t; y, τ; u, v) = sgn[u − v] [ f ( a(x), u ) − f ( a(y), v )] ϕ_x ( x + y 2 , t + τ 2 ) , F_4 (x, t; y, τ; u, v) = sgn[u − v] [ g ( a(x), u ) a^′(x) − g ( a(y), v ) a^′(y) ] ϕ ( x + y 2 , t + τ 2 ) . Now, if |u|, |v_1|, |v_2| ≤ M, then easy computations show that there exists a constant C > 0 depending on f, g, ϕ, M and ‖a‖_{L∞}(_{(−N,N)}) such that for i = 1, 2, 4 we have | F_i (x, t; y, τ; u, v_1) − F_i (x, t; x, t; u, v_2) | ≤ C [ ( 1 + |a^′(x)| + |a^′(y)| ) · ( |t − τ| + |x − y| + |a(x) − a(y)| + |v_1 − v_2| )

+|a^′(x) − a^′(y)| ] ˙=F (x, t; y, τ; v_1, v_2). 2. We claim that

lim_{h→0} ∫ G F (x, t; y, τ; v(y, τ), v(x, t))λ_h ( x − y 2 , t − τ 2 ) dxdtdydτ = 0. (5.25) If (5.25) holds, following [15] we obtain

lim_{h→0} ∫ G P^h_i (x, t; y, τ) dxdtdydτ = 4 ∫ Ω dxdt F_i ( x, t; x, t; u(x, t), v(x, t) ) i = 1, 2, 4. (5.26)

To prove (5.25), we make the change of variables: ξ = x s = t η = (x − y)/2 σ = (t − τ)/2 , x = ξ t = s y = ξ − 2η τ = s − 2σ . (5.27)

Because of the presence of λ_h in the integral (5.25), in the new variables, the integral is restricted to the set (ξ, s; η, σ) ∈ Ω × [−h, h] × [−h, h]. Now we can analyse the various terms in (5.25):

• The continuity of the translations in L^1 implies: ∫ Ω dξds ∫_h −h dη ∫_h −h dσ|a^′(ξ) − a^′(ξ − 2η)|λ_h(η, σ) = ∫_h −h dηδ_h(η)‖a^′(·) − a^′(· − 2η)‖_L1_{((−N,N))}^{h→0}−→ 0.

• The uniform continuity of a implies ∫ Ω dξds ∫_h −h dη ∫_h −h dσ ( 1 + |a^′(ξ)| + |a^′(ξ − 2η)| ) · · ( |2σ| + |2η| + |a(ξ) − a(ξ − 2η)| ) λ_h(η, σ) ≤ 2T ∫_{N+h} −N−h (1 + 2|a^′(ξ)|)dξ · ( 4h + sup |ξ|≤N, |η|≤h |a(ξ) − a(ξ − 2η)| ) h→0−→ 0.

• Concerning the last term ∫ Ω dξds ∫_h −h dη ∫_h −h dσ ( 1 + |a^′(ξ)| + |a^′(ξ − 2η)| ) |v(ξ, s) − v(ξ − 2η, s − 2σ)|λ_h(η, σ), simple changes of variables show that it can be written as the sum of integrals of the form ∫_h −h dη ∫_h −h dσδ_h(η)δ_h(σ) ∫ R^2 ψ(ξ, s)|w(ξ, s) − w(ξ − 2η, s − 2σ)| dξds with ψ ∈ L^1 (R^2 ) and w ∈ L^∞ (R^2 ). The continuity of the translations in L^1_{loc} ensures that there exists a subsequence (η_i, σ_i) → (0, 0) such that w(ξ − 2η_i, s − 2σ_i) → w(ξ, s) a.e. (ξ, s) ∈ R^2 . Hence the dominated convergence theorem and the uniqueness of the real limit ℓ = 0 imply lim (η,σ)→(0,0) ∫ R^2 ψ(ξ, s)|w(ξ, s) − w(ξ − 2η, s − 2σ)| dξds → ℓ = 0. (5.28) Therefore also the last term in (5.25) tends to zero as h → 0.

3. Now we consider the term P^h_3 and want to show that ∫ G P^h_3 (x, t; y, τ)dxdtdydτ^{h→0}−→ 0; (5.29) this fact, together with (5.23) and (5.26), gives finally (5.21). The term P^h_3 can be written as (see (3.4) in [15]) P^h_3 (x, t; y, τ) = sgn [ u(x, t) − v(y, τ) ] · ∂ ∂x { φ(x, t; y, τ) [ f ( a(y), v(y, τ) ) − f ( a(x), v(y, τ) )] }

+ sgn [ u(x, t) − v(y, τ) ] · ∂ ∂y { φ(x, t; y, τ) [ f ( a(y), u(x, t) ) − f ( a(x), u(x, t) )]} .

Consider now the two functions

Q^h_1 (x, t; y, τ) ˙= sgn [ u(x, t) − v(y, τ) ] ϕ ( x + y 2 , t + τ 2 ) · · [ f_a ( a(x), u(x, t) ) − f_a ( a(x), v(y, τ) )] ∂ ∂y [ [ a(y) − a(x) ] λ_h ( x − y 2 , t − τ 2 )] ;

Q^h_2 (x, t; y, τ) ˙= sgn [ u(x, t) − v(x, t) ] ϕ (x, t) · · [ f_a ( a(x), u(x, t) ) − f_a ( a(x), v(x, t) )] ∂ ∂y [ [ a(y) − a(x) ] λ_h ( x − y 2 , t − τ 2 )] . Since, for h sufficiently small, Q^h_2 is a total derivative (with respect to the variable y) of a

function with compact support in G, then one has ∫ G Q^h_2 (x, t; y, τ)dxdtdydτ = 0. (5.30) Now we can estimate | | |Q^h_1 (x, t; y, τ) − Q^h_2 (x, t; y, τ) | | | ≤ C1 [ h + | |v(y, τ) − v(x, t) | | ] · [ | |a^′(y) | | λ_h ( x − y 2 , t − τ 2 ) + |a(y) − a(x)|δ_h ( t − τ 2 ) 1 h^2 1_{[−h,h]} ( x − y 2 )]

where C_1 > 0 depends only on f, g, ϕ, M, ‖a‖_{L∞}(_{(−N,N)}) and ‖δ‖_C1 but not on h. We have

already seen that the integral of the term which has λ_h as a factor tends to zero as h → 0. The

other two terms can be analyzed with the change of variables (5.27):

• Using the Fubini theorem we compute: ∫ G h|a(y) − a(x)|δ_h ( t − τ 2 ) 1 h^2 1_{[−h,h]} ( x − y 2 ) dxdtdydτ ≤ 4 ∫ Ω dξds ∫_h −h dη ∫_h −h dσδ_h(σ) 1 h | | | | ∫_{ξ−2η} ξ a^′(z) dz | | | | ≤ 4T h ∫_N −N dξ ∫_h −h dη ∫_{ξ+2h} ξ−2h |a^′(z)| dz ≤ 8T ∫_N −N dξ ∫_{2h} −2h |a^′(ξ + z)| dz ≤ 32hT ∫_{N+h} −N−h |a^′(ξ)| dξ^{h→0}−→ 0.

• Using the L^1 continuity of translations, (5.28) and again the Fubini theorem we can compute: ∫ G | |v(x, t) − v(y, τ) | | · |a(y) − a(x)|δ_h ( t − τ 2 ) 1 h^2 1_{[−h,h]} ( x − y 2 ) dxdtdydτ ≤ 4 h^2 ∫ Ω dξds ∫_h −h dη ∫_h −h dσδ_h(σ) | |v(ξ, s) − v(ξ − 2η, s − 2σ) | | ∫_{2h} −2h |a^′(ξ + z)| dz ≤ 1 h ∫_h −h dη ∫_h −h dσδ_h(σ) ∫ R^2 dξds1_Ω(ξ, s)|a^′(ξ)| · | |v(ξ, s) − v(ξ − 2η, s − 2σ) | | + 8MT h ∫_N −N dξ ∫_{2h} −2h dz | |a^′(ξ + z) − a^′(ξ) | |^{h→0}−→ 0.

Therefore we have proved: ∫ G | |Q_{h1} (x, t; y, τ) − Q_{h2} (x, t; y, τ) | | dxdtdydτ h→0−→ 0, (5.31)

which, recalling (5.30), implies that ∫ G Q^h_1 (x, t; y, τ)dxdtdydτ^{h→0}−→ 0. (5.32) With the help of the inequality | |f(a_2, u) − f(a_1, u) − [f(a_2, v) − f(a_1, v)] − [f_a(a_1, u) − f_a(a_1, v)] · [a_2 − a_1] | | ≤ ‖f‖_C3 |a_2 − a_1|^2 · |u − v| and carrying out the derivatives in the definitions of P^h_3 , Q^h_1 we compute | |P_{h3} (x, t; y, τ) − Q_{h1} (x, t; y, τ) | | (5.33) ≤ C_2 { [ ( 1 + |a^′(y)| ) |a(y) − a(x)| + |a^′(y) − a^′(x)| ] · λ_h ( x − y 2 , t − τ 2 )

+ | |a(x) − a(y) | |^2 · δ_h ( t − τ 2 ) 1 h^2 1_{[−h,h]} ( x − y 2 ) } . where, as usual the constant C_2 > 0 does not depend on h. We have already proved that the integral of the first term in the right hand side of (5.33) tends to zero as h → 0. Concerning the last term we compute ∫ G | a(x) − a(y) |_2 · δ_h ( t − τ 2 ) 1 h^2 1_{[−h,h]} ( x − y 2 ) dxdtdydτ = 4T h^2 ∫_N −N dξ ∫_h −h dη | a(ξ) − a(ξ − 2η) |_2

≤ 4T h^2 sup |ξ|≤N, |η|≤h | |a(ξ) − a(ξ − 2η) | | · ∫_N −N dξ ∫_h −h dη ∫_{2h} −2h dz | |a^′(ξ + z) | |

≤ 4T ∫_{N+h} −N−h dξ|a^′(ξ)| · sup |ξ|≤N, |η|≤h | |a(ξ) − a(ξ − 2η) | |^{h→0}−→ 0.

Therefore, remembering (5.32), we get (5.29), completing the proof.

6 Concluding remarks

We end this paper with some final remarks.

1. When the coefficient a is discontinuous, by means of Theorem 5.1 we deduce the existence of a limit function that we can regard as a solution, in some sense, of (1.1), (1.2); however, this case is not covered by our Kružkov–type results, hence we cannot obtain uniqueness.

2. Condition (5.18) in Theorem 5.4 is necessary to have the bare uniqueness of the entropic solutions, as can be seen by the following Cauchy problem:

u_t + (_{u2} 2 ) x =^{u√}_{4x} · 1_{(0,1)}(x) u(0, x) = 0

(6.1)

which has the following two entropic solutions for (x, t) ∈ R × [0, 3]

u_1(x, t) = 0, u_2(x, t) =

0 for x ∉ ( 0,^{t2}_{16} ) √ x for x ∈ ( 0,^{t2}_{16} ) .

3. Another way to find a solution is to approximate a by smooth functions a^ε which also satisfy (5.1) with a uniform upper bound on the total variation of the transformed variables. The corresponding solutions u^ε are compact in the sense described in our paper, hence we can extract a converging sub sequence to a “solution” u. If moreover a^′g_u(a, w) is bounded from above and we can choose an approximating sequence a^ε with a^{ε′}g_u(a^ε, w) uniformly bounded from above, then (5.20) holds for the approximate solutions with the same ε.

Therefore with a diagonalization argument (as described for instance in [1]) one can show the existence of a Lipschitz (with respect to the initial data) semigroup of “solutions” for a discontinuous a. But this does not implies uniqueness of the semigroup or of the entropic solutions. To have uniqueness one should also characterize the semigroup’s trajectories, as done in [1].

A Interaction estimates: technical proofs

Proof of Theorem 4.1. Suppose first z_1z_2 > 0. If γ^′ is the segment joining ψ_1 and ψ_2 one has ℓ_∗(γ^′) = |ψ_1 − ψ_2|_∗ hence d_∗ (ψ_1, ψ_2) ≤ |ψ_1 − ψ_2|_∗. For the converse inequality take γ ∈ G(ψ_1, ψ_2) and a parametrization ψ_γ (t) = ( z_γ (t), θ_γ (t) ) . We call γ ∈ G(ψ_1, ψ_2) the curve which has as a parametrization the function ψ_γ (t) = ( z_γ (t), θ_γ (t) ) where z_γ (t) is defined by

z_γ (t) = { z_γ (t) if z_γ (t)z_1 > 0, −z_γ (t) if z_γ (t)z_1 < 0.

Clearly one has ℓ_∗(γ) = ℓ_∗(γ) and since γ is entirely contained in R^+ or R^−, the length ℓ_∗(γ) is greater or equal then |ψ_1 − ψ_2|_∗, proving the first equality in (4.7).

Concerning the other equality, suppose that ψ_1 ∈ R^+ and ψ_2 ∈ R^−, the other case being similar. Take γ ∈ G(ψ_1, ψ_2), one must have γ ∩ ~T ≠ ∅ (we use the Greek letter γ also to denote the support of the curve). Hence take ψ̄ = ( 1 − θ̄, θ ) ∈ γ ∩ ~T and γ_1 ∈ G(ψ_1, ψ̄) and γ_2 ∈ G(ψ̄, ψ_2) such that γ = γ_1 ∪ γ_2. Applying the first in (4.7) we get

ℓ_∗(γ) = ℓ_∗(γ_1) + ℓ_∗(γ_2) ≥ d_∗(ψ_1, ψ̄) + d_∗(ψ̄, ψ_2) = |ψ_1 − ψ̄^+|_∗ + |ψ̄^− − ψ_2|_∗.

Therefore we can write

ℓ_∗(γ) ≥ |ψ_1 − ψ̄^+|_∗ + |ψ̄^− − ψ_2|_∗ = = | | |z1 − ( 1 − θ̄ )| | + | |θ_1 − θ̄ | | + | |−1 + θ̄ − z_2 | | + | |θ̄ − θ_2 | | ˙= h(θ̄). Observe that h(θ) is continuous, piecewise linear; since θ_1 ≥ 1 − z_1 and θ_2 ≥ 1 + z_2, the function h(θ) is minimized on an interval which has θ_m = min(θ_1, θ_2) as an extremum. So we have

ℓ_∗(γ) ≥ h(θ_m) = d_∗ (ψ_1, ψ_m) + d_∗ (ψ_m, ψ_2)

which implies the desired equality. Finally, let us prove (4.8). If we take a C^1 function (z(t), θ(t)), by (2.19) we easily find 1 2 ( |θ^′(t)| + |w^′(t)| ) ≤ |z^′(t)| + |θ^′(t)| ≤ 2 ( |w^′(t)| + |θ^′(t)| ) . Then, using the definition of d_∗ and simple inequalities, we get (4.8).

Proof of Theorem 4.2.

(a) Take θ_m = min(θ_1, θ_2) and set ψ_m = (1 − θ_m, θ_m). Since θ_m ≤ θ_1 and θ_m ≤ θ_2, then the equalities Λ^− (ψ_1, ψ_m) = d_∗ (ψ_1, ψ_m) and Λ^+ (ψ_m, ψ_2) = d_∗ (ψ_m, ψ_2) hold. Hence applying (4.7) we get

Λ (ψ_1, ψ_2) ≤ Λ (ψ_1, ψ_m) + Λ (ψ_m, ψ_2) ≤ Λ^− (ψ_1, ψ_m) + Λ^+ (ψ_m, ψ_2) = d_∗ (ψ_1, ψ_m) + d_∗ (ψ_m, ψ_2) = d_∗ (ψ_1, ψ_2) (A.1) which, together with (4.5), proves (4.9).

(b) If θ_2 ≥ θ_1, (4.10) follows from the equality d_∗(ψ_1, ψ_2) = Λ^+(ψ_1, ψ_2).

Take now θ_2 < θ_1 and hence 1 − θ_1 ≤ min(z_1, z_2). Then take a path γ ∈ G(ψ_1, ψ_2). If γ ⊂ R^+, then F(γ) ≥ Λ^+(ψ_1, ψ_2). If instead γ ⊄ R^+ then there exists a state ψ̄ = ( 1 − θ̄, θ̄ ) ∈ ~T ∩ γ and two curves γ_1 ∈ G(ψ_1, ψ̄) and γ_2 ∈ G(ψ̄, ψ_2) satisfying γ = γ_1 ∪ γ_2 and γ_1 ⊂ R^+. Since ψ̄ ∈ ~T ⊂ R^− we can apply (4.9) to obtain:

F(γ) = F(γ_1) + F(γ_2) ≥ Λ^+(ψ_1, ψ̄) + Λ(ψ̄, ψ_2) = Λ^+(ψ_1, ψ̄) + d_∗(ψ̄, ψ_2) = h(θ̄) where the function h is defined by h(θ) = | z_1 − (1 − θ) | + 2|θ_1 − θ| + θ_1 − θ + |1 − θ − z_2| + |θ − θ_2|.

The function h is minimized on an interval which has θ_1 as an extremum, hence we can write

F(γ) ≥ h(θ_1) = z_1 − (1 − θ_1) + z_2 − (1 − θ_1) + θ_1 − θ_2 = |z_1 − z_2| + 2 min_{i=1,2} { z_i − (1 − θ_1) } + θ_1 − θ_2. (A.2)

We have two cases:

• 1 − z_1 − θ_2 ≤ 0: then

z_1 − (1 − θ_1) ≥ θ_1 − θ_2, z_2 − (1 − θ_1) ≥ 1 − θ_2 − (1 − θ_1) = θ_1 − θ_2 which implies F(γ) ≥ |z_1 − z_2| + 3|θ_1 − θ_2| = Λ^+(ψ_1, ψ_2).

• 1 − z_1 − θ_2 > 0: then z_2 ≥ 1 − θ_2 > z_1 and min_{i=1,2} { z_i − (1 − θ_1) } = z_1 − (1 − θ_1) = θ_1 − θ_2 + z_1 − 1 + θ_2

which implies F(γ) ≥ |z_1 − z_2| + 3|θ_1 − θ_2| − 2 [1 − z_1 − θ_2] = Λ^+(ψ_1, ψ_2) − 2 [1 − z_1 − θ_2] .

Putting together all these inequalities we have for any γ ∈ G(ψ_1, ψ_2): F(γ) ≥ { Λ^+(ψ_1, ψ_2) for 1 − z_1 − θ_2 ≤ 0 Λ^+(ψ_1, ψ_2) − 2 [1 − z_1 − θ_2] for 1 − z_1 − θ_2 > 0

(A.3)

Finally (4.10) is obtained observing that there exists a path γ ∈ G(ψ_1, ψ_2) (i.e. the solution of the Riemann problem described in section 3 for the cases ψ_1 ∈ R^+, ψ_2 ∈ R_1(ψ_1) and ψ_2 ∈ R_5(ψ_1)) for which the inequality (A.3) becomes actually an equality.

(c) The proof of this point can be carried out in exactly the same way than the point b).

(d) Take γ ∈ G(ψ_1, ψ_2), the hypothesis implies that there exists a state ψ̄ = ( 1 − θ̄, θ̄ ) ∈ ~T ∩ γ and two curves γ_1 ∈ G(ψ_1, ψ̄) and γ_2 ∈ G(ψ̄, ψ_2) satisfying γ = γ_1 ∪ γ_2. Hence we obtain

F(γ) = F(γ_1) + F(γ_2) ≥ Λ(ψ_1, ψ̄) + Λ(ψ̄, ψ_2) = h(θ̄).

Since ψ_1, ψ̄ ∈ R^+ and ψ̄, ψ_2 ∈ R^− we can apply (4.10) and (4.11) to explicit the function h: h(θ) = | |z_1 − (1 − θ) | | + 2 |θ_1 − θ| + θ_1 − θ − 2 (1 − z_1 − θ) Θ [1 − z_1 − θ]

+ |θ − 1 − z_2| + 2 |θ − θ_2| + θ_2 − θ − 2 (1 + z_2 − θ) Θ [1 + z_2 − θ] , (A.4)

where we have denoted by Θ the Heaviside function. Using the identity 2xΘ(x) = x + |x| for all x ∈ R, we find that h(θ) = const. + 2 |θ − θ_1| + 2 |θ − θ_2|, which is minimized for θ ∈ [θ_m, θ_M ]. Therefore for any γ ∈ G(ψ_1, ψ̄), ψ = (1 − θ, θ) with θ ∈ [θ_m, θ_M ], we have

F(γ) ≥ h(θ) = Λ(ψ_1, ψ) + Λ(ψ, ψ_2)

which proves (4.12).

B Technicalities for the Godunov scheme

Proposition B.1 Let (X, S, μ) be a measure space, let F : K ⊂ R^n → R^m be a continuous function with K compact and take a sequence f_ν : X → R^n of integrable functions satisfying:

- f_ν → f in L^1 (X, R^n );

- f_ν (x) ∈ K a.e. on X;

then, if α ∈ L^1 (X, R), one has that f(x) ∈ K a.e. on X and αF (f_ν ) → αF (f) in L^1 (X, R^m ).

Proof. Take a sub sequence αF (f_{νi} ), we can extract a sub sequence f_{νik} converging almost everywhere to f, hence f(x) ∈ K a.e. x ∈ X. Moreover the continuity of F implies that αF (f_{νik} ) converges almost everywhere to αF (f). Since F (K) is compact, |F (f_{νik} )| is uniformly bounded a.e. by a constant R, hence |αF (f_{νik} )| ≤ R|α| a.e. and the dominated convergence theorem ensures that αF (f_{νik} ) → αF (f) in L^1 (X, R^m ). The arbitrariness of the choice of the initial sub sequence concludes the proof.

Proposition B.2 In the assumptions of Theorem 5.1, consider a sequence (a^ν , u^ν) that con-

verges to (a_o, u) in L^1_{loc} as ν → +∞, and let (w^ν , θ^ν ) = Φ (a^ν , u^ν ). Let ( ā^ν (x), ū^ν (x, t) ) be a sequence of measurable functions, such that

(a) ā^ν → a_o in L^1_{loc} as ν → +∞,

(b) Tot.Var. { θ(ā^ν ) } ≤ C · Tot.Var. {θ_o}, for all ν,

(c) there exists a positive integer N such that, for any ν ∈ N, j ∈ Z, n ∈ N and for all

(x, t) ∈ R_{j,n}, one has inf (y,s)∈[x_{j−N} ,x_{j+N} ]×[t_n,t_{n+1}] | | |w ( ā^ν (x), ū(x, t) ) − w^ν(y, s) | | | ≤ ≤ C · Tot.Var. { (w^ν , θ^ν ) (·, t̄_n), [x_{j−N} , x_{j+N} ] } , where t̄_n =^{tn+tn+1}_2 ,

for a suitable constant C > 0. Then

ū^ν → u in L^1_{loc} as ν → +∞.

Proof. In the proof of Theorem 5.1 we showed that w^ν(x, t) → w(x, t) ˙=w ( a_o(x), u(x, t) ) in L^1_{loc}. Now we prove the same property for w̄^ν (x, t) ˙=w ( ā^ν (x), ū^ν(x, t) ) . Let K ⊂ R × [0, T ] be a compact set and compute ∫ K | |w̄^ν (x, t) − w^ν(x, t) | | dxdt = ∑ j∈Z ∑ n≥0 ∫ K∩R_{j,n} | |w̄^ν(x, t) − w^ν (x, t) | | dxdt. (B.1) Fix δ > 0; for all (x, t) ∈ R_{j,n}, by hypothesis, there exists (y^∗, s^∗) (possibly depending on (x, t))

such that |y^∗ − x_j | ≤ NΔx_ν , s^∗ ∈ [t_n, t_{n+1}) and satisfying: | w̄^ν (x, t) − w^ν(y^∗, s^∗) | ≤ C · Tot.Var. { (w^ν , θ^ν ) (·, t̄_n), [x_j − NΔx_ν , x_j + NΔx_ν ] } + δ 2^{|j|+n} . By construction, there exists a point (x^∗, s^∗) ∈ R_{j,n} such that w(x, t) = w(x^∗, s^∗), hence we can

compute | |w̄^ν(x, t) − w^ν (x, t) | | ≤ | |w̄^ν(x, t) − w^ν (y^∗, s^∗) | | + | |w^ν (y^∗, s^∗) − w^ν (x^∗, s^∗) | | ≤ (C + 1)Tot.Var. { (w^ν , θ^ν ) (·, t̄_n) } + δ 2^{|j|+n} . Putting this inequality in (B.1), because of the arbitrariness of δ, we obtain ∫ K | w̄^ν (x, t) − w^ν(x, t) | dxdt ≤ (C + 1) ∑ n≥0, t≤T Δx_ν Δt_ν · 2NTot.Var. { (w^ν, θ^ν ) }

≤ (C + 1)4NF (0) · T Δx_ν → 0.

Therefore w̄^ν → w in L^1_{loc} as ν → +∞. Finally, we apply twice Proposition B.1, first to show

that θ(ā^ν ) → θ_o, and again to prove the convergence of (ā^ν , ū^ν) = Φ^{−1} (w̄^ν , ā) to (a_o, u).

References

[1] D. Amadori, L. Gosse, and G. Guerra, Global BV entropy solutions and uniqueness for hyperbolic systems of balance laws, Arch. Ration. Mech. Anal. 162 (2002), no. 4, 327–366.

[2] P. Baiti and H.K. Jenssen, Well-posedness for a class of 2 × 2 conservation laws with L^∞ data, J. Differential Equations 140 (1997), 161–185.

[3] S. Bianchini and A. Bressan, BV estimates for a class of viscous hyperbolic systems, Indiana Math. J. 49 (2000), 1673–1713.

[4] R. Botschorijvili, B. Perthame, A. Vasseur, Equilibrium schemes for scalar conservation laws with stiff source terms, to appear in Math. Comp.

[5] F. Bouchut, An introduction to finite volume methods for hyperbolic systems of conservation laws with source, Lecture notes at Ecole CEA - EDF - INRIA Free surface geophysical flows. http://www.dma.ens.fr/ fbouchut/publications/fvcours.ps.gz 7-10 Octobre 2002, INRIA Rocquencourt, France.

[6] F. Bouchut and F. James, One-dimensional transport equations with discontinuous coefficients, Nonlinear Analysis TMA, 32 (1998), 891 – 933.

[7] A. Bressan. Hyperbolic systems of conservation laws in one space dimension. Lecture notes available at http://www.sissa.it/fa/publications/anogia.ps

[8] C.M. Dafermos, Hyperbolic Conservation Laws in Continuum Physics, Grundlehren der Mathematischen Wissenschaften, 325 (1999) Springer Verlag

[9] L. Gosse, A well-balanced scheme using non-conservative products designed for hyperbolic systems of conservation laws with source terms, Math. Models Methods Appl. Sci. 11 (2001) 339–365

[10] L. Gosse, A nonconservative approach for hyperbolic systems of balance laws: the wellbalanced schemes, in “Hyperbolic problems: theory, numerics, computations”, H. Freistuhler & G. Warnecke Eds. Birkhaüser Verlag INSM 140 (2002) 453–461.

[11] L. Gosse, Localization effects and measure source terms in numerical schemes for balance laws, Math. Comp. 71 (2002), no. 238, 553–582 (electronic).

[12] L. Gosse and F. James, Numerical approximations of one-dimensional linear conservation equations, Math. Comp. 69 (2000), 987–1015.

[13] E. Isaacson and B. Temple, Convergence of the 2×2 Godunov method for a general resonant nonlinear balance law, SIAM J. Appl. Math. 55 (1995), 625–640.

[14] R.A. Klausen and N.H. Risebro, Stability of conservation laws with discontinuous coefficients, J. Differential Equations 157 (1999), 41–60.

[15] S. N. Kružkov, First order quasilinear equations with several independent variables., Mat.

Sb. (N.S.) 81 (123) (1970), 228–255.

[16] Ph. LeFloch, A.E. Tzavaras, Representation of weak limits and definition of nonconservative products, SIAM J. Math. Anal. 30 (1999), 1309 – 1342.

[17] L. Lin, B. Temple, and J. Wang, A comparison of convergence rates for Godunov’s method and Glimm’s method in resonant nonlinear systems of conservation laws, SIAM J. Numer. Anal. 32 (1995), 824–840.

[18] T.-P. Liu, Nonlinear resonance for quasilinear hyperbolic equation, J. Math. Phys. 28 (1987), 2593–2602.

[19] C. Mascia and A. Terracina, Long-time behavior for conservation laws with source in a bounded domain, J. Diff Eq. 159 (1999) pp. 485 – 514.

[20] D. Ostrov, Solutions of Hamilton-Jacobi equations and scalar conservation laws with discontinuous space-time dependence, J. Diff. Equations, 182 (2002), 51–77.

[21] B. Perthame, C. Simeoni, A kinetic scheme for the Saint-Venant system with a source term, CALCOLO 38 (2001) 201–231.

[22] F. Poupaud and M. Rascle, Measure solutions to the linear multi-dimensional transport equation with non-smooth coefficients, Comm. partial diff. eq. 22 (1997), 337-358.

[23] Denis Serre. Systems of conservation laws. I. Cambridge University Press, Cambridge, 1999.

[24] J. Serrin and D.E. Varberg, A general chain rule for derivatives and the change of variables formula for the Lebesgue integral, Amer. Math. Monthly 76 (1969), 514–520.

[25] L. Tartar. Compensated compactness and applications to partial differential equations.

In Nonlinear analysis and mechanics: Heriot-Watt Symposium, Vol. IV, pages 136–212. Pitman, Boston, Mass., 1979.

[26] B. Temple, Global solution of the Cauchy problem for a class of 2×2 nonstrictly hyperbolic conservation laws, Adv. in Appl. Math. 3 (1982), 335–375.

[27] A. Vasseur, Well-posedness of scalar conservation laws with singular sources, Preprint 2002.