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ABSTRACT. We consider Hamilton—Jacobi equations, where the Hamiltonian
depends discontinuously on both the spatial and temporal location. Our main
results is the existence of viscosity solution to the Cauchy problem, and that
the front tracking algorithm yields an L°° contractive semigroup. We define a
viscosity solution by treating the discontinuities in the coefficients analogously
to “internal boundaries”. The existence of viscosity solutions is established
constructively via a front tracking approximation, whose limits are viscosity
solutions, where by “viscosity solution” we mean a viscosity solution that
posses some additional regularity at the discontinuities in the coefficients. We
then show a comparison result that is valid for these viscosity solutions.

1. INTRODUCTION

In this paper we study the initial value problem

ut + H (ug,a(z),g(t) =0 zeR, t>0,

(L) u(z,0) = up(x) t=0.

where H : R> — R. The functions ¢ : R — R and g : RT — R are called
“coeflicients”, and are allowed to be discontinuous. The classical theory for viscosity
solutions of Hamilton—Jacobi equations, see e.g. [6], does not include the case where
the Hamiltonian H is discontinuous. This is because the straightforward method
of comparing sub- and supersolutions does not work if H is discontinuous in x or ¢.
In this paper we construct viscosity solutions satisfying additional regularity and
“internal boundary” conditions, and show that the initial value problem (1.1) is
well posed in this framework.

One application of Hamilton—Jacobi equations with discontinuous coefficients is
the optical shape-from-shading problem

1
142+ u?

where I denotes the intensity of the reflected light, and u = u(x,y) the height of
the underlying surface. If the gradient of w is discontinuous, then the intensity
of the reflected light will vary discontinuously. Another related application is the
synthetic radar shape-from-shading equation

(1.2) =1(z,y),

u2

(1.3) — = ](x,y).
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Also in this case, if the gradient of u is discontinuous, so is I. Note that (1.3) can
be reformulated as the evolution equation

1 1 1+ud
Uy — I(z,y) §+ Z—FWZO

A number of authors have considered Hamilton—Jacobi equations with coefficients
that have some kind of singularity. In [11] Ishii and Ramaswamy considered a
boundary, and an initial value problem. In this [11] paper the notion of viscosity
solution was extended to some classes of discontinuous Hamiltonians. Using the
definitions from [11], in Tourin [23] showed that for this class of discontinuous
Hamiltonians, a unique viscosity solution exists.

Also, if the Hamiltonian H satisfies some structure conditions, essentially amoun-
ting to discontinuous jumps “in one direction”, there exists a unique solution to the
initial value problem, see Capuzzo Dolcetta and Perthame [4] or Strémberg [21].

For shape-from-shading problems, Ostrov [18, 19] showed that provided the vis-
cosity solution was bounded and absolutely continuous, then a sequence of approx-
imations, defined by smoothing the coefficients, converged to the unique viscosity
solution. This viscosity solution was defined as the solution of an auxiliary control
problem. The technique of using the associated control problem (for convex Hamil-
tonians) was also exploited by Dal Maso and Frankowska in [7, 8] when studying
some Hamilton—Jacobi equations with a discontinuous Hamiltonian.

The Hamilton—Jacobi equation (1.1) is formally equivalent to the conservation
law

(1.4) pe + H(p,a(z), (1)) = 0,

where p = u,. This is an example of a conservation law with discontinuous coeffi-
cients, and such equations have been extensively studied by a number of authors,
see e.g. Klingenberg and Risebro [15, 16], Gimse and Risebro [10], Klaussen and
Risebro [14]. In [14] it was shown that smoothing the coefficients for the conser-
vation law produced a convergent sequence of solutions, such that the limit was a
weak solution of the conservation law. For a class of flux functions, Towers [24]
proved uniqueness within the class of piecewise smooth solutions by using a vari-
ant of the Kruzkov [17] approach, as well as convergence of monotone difference
methods [25]. Finally, Seguin and Vovelle [20] studied a special case of the purely
hyperbolic version of (1.4) with the flux function taking the form H(a,p) = ag(p).
The authors proved uniqueness of L>° entropy solutions by the Kruzkov method
[17]. Recently, a quite general theory for conservation laws with discontinuous
fluxes was established by Karlsen, Risebro and Towers in [13], see also Coclite and
Risebro [5] in which well-posedness is established for some conservation laws of the
type (1.4).

In this paper we establish the existence of viscosity solutions to (1.1), and that
there exists a comparison principle for viscosity to (1.1). This is motivated by the
techniques used in [13], although we could possibly avoided some of the technicali-
ties by using a related approach used by Benth, Karlsen and Reikvam in [1], for a
control problem.

The front tracking scheme, designed for (1.4) is well-defined and produces a
sequence converging to an appropriate entropy solution. The integrals of the ap-
proximate solutions to the conservation law, are then shown to be approximate
solutions to the Hamilton—Jacobi equation, and their limit is a viscosity solution.
This program was carried out for conservation laws/Hamilton—Jacobi equations
without x or ¢ dependence by Karlsen and Risebro in [12].

To be specific, we make the assumptions:
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(A.1) The Hamiltonian H is smooth, i.e., all derivatives of H appearing are as-
sumed to be continuous.

(A.2)
(1.5) H,>0, and H,>0.
(A.3)
(1.6) H,(0,a,9) =0 and Hpy(0,a,9) <0,

for all @ and g.

(A.4) The map p — H(p,a,g) is strictly increasing in the interval (—o0,0), and
strictly decreasing in the interval (0, co), for all a and g.

(A.5) We have that

H
p—0o0 p

>C >0,

for some constant C' that is independent of a and g.

(A.6) The coefficient a(x) is piecewise continuously differentiable, with finitely
many jump discontinuities in a and a’, located at the points 1 < --- < xp;.

(A.7) The coefficient g(t) is piecewise continuous, with finitely many jump dis-
continuities in g and ¢’, located at the points 7 < 72 < -+ < Tn.

(A.8) The coefficients a and g are of bounded variation, i.e.,

(1.8) 9l gy sy <00, lalgy @) < oo
The coefficients have bounded derivatives away from discontinuities, i.e.,

1.9 max a'(z)| < oo, max "(t)] < oo.
(1.9) wg{%wwﬂ (z)] tg{ﬁ)m)mﬂg 0l

In order to define viscosity solutions we shall need the Temple singular mapping
U defined by
H(p,a,9) — H(0,a,9)

H(0,a,9) '

Definition 1.1. Fiz T > 0, and let v : Iy = R x [0,T) — R be a bounded and
uniformly continuous (BUC) function. We call u a viscosity subsolution of (1.1) if

(D.1) for eacht €[0,T)

(1.10) ¥(p,a,g) = sign (p)

(1.11) W (ug (1), a,9(t7)) € BV(R);
(D.2) for every x € R
(1.12) u(+,0) = uo;

(D.3) for all C* functions (x,t) such that u—¢ has a local mazimum at (xg,ty) €
R x (0,T), then

(113) Dt (Io, to) + min {

H (¢e (z0,t0),a (25) . g (ta))}
H (pz (z0,t0) ya (x5 ) 19 (ty))

(D.4) foranyie{l,.. .M}, 0<s<t<T,

u(z,t) = u(x,s) — / H(uz(z; ,7),a(z; ),g9(t7))dr
(1.14)

= u(x,s) — / H(ug(zf,7), a(z]), g(r7))dr,
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(D.5) foranyie{l,...M},0<s<t<T,
(1.15)
H(E, alx;),9(t7)) = H(ux(z;,t),a
for all € € [um( x;
H(g a(af), g(t™)) = H(ug (27, 1), a
for all € € [um(

ug(z;,t7) <ugp(zf,t7) =

7 7

(1.16)
H(& a(x; ),9(t7)) < H(uz(z; 1), a(x; ), g9(t7))
(ot 1) < (g for all € € [um(x:r,t) ug(z;,1)], or
AT =) T B aat), 9(0) < Hlus(a? 0, a(e? ) o(t0)
for all € € [uz(x j,t), ug(z; ,t)].

Analogously, we call u a viscosity supersolution if (D.1), (D.2), (D.4), (D.5) hold

and

(D.6) for every C* function o such that u — ¢ has a local minimum at (zo,to) €
x (0,T), then

g
H (¢e (w0, t0),a (z3),9 (t5))

Finally, we say that u is a wviscosity solution of (1.1) if it is both a viscosity
subsolution and a viscosity supersolution.

(1.17) ot (zo, to) —l—max{

H (px (wo,t0) a (x4 ) , 9 (o ))}20.

Remark 1.2. Part (D.1) constitutes the additional regularity. As a consequence
ug (-, t) admits left and right limits for all x € R. The properties detailed in (D.5)
are additional “entropy conditions” and are borrowed from the theory for the cor-
responding conservation law, see (D.4).

Moreover, from (1.14), we have along the discontinuities of a(-) the following
“internal” boundary condition:

(1.18)  —uy(zi,t7) = H(ug(w; ,t),a(x; ), 9(t7)) = H(uz(z],t),a(z]),g(t)),

foralli e {1,...,M},t € (0,T), and thus (D.4) is an additional boundary condition
at the discontinuities.

Setting p = u,, it formally follows that p solves the Cauchy problem

pe + H(p,a(x),g(t)). =0 zeR, t>0,
(118) {p(%o) = po(z) t=0,

where H, a and g are as before. By an entropy solution to (1.19) we shall mean a
function p satisfying the following definition:

Definition 1.3. Let p : Il — R be a measurable function. We say that p is an
entropy solution of (1.19) if the following hold:

(D.1) p € LY (Iy) N L>®(r), ¥(p(-,t),a,9(t7)) € BV(R) for all t € [0,T).
Furthermore, the map t € [0,T) — p(t,-) € Ll(R) is Lipschitz continuous.
(D.2) The function p is a weak solution of (1.19), 4

(1.20) //Wt + H(p, a,g)p, dtdr + / ¢(z,0)po dz =0,
IIr R

for all test functions ¢ € C*(Il7) with compact support.
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(D.3) The following (entropy) inequality holds for all constants ¢ and all non-
negative test functions ¢ € C1(Ily), such that the support of o is compact
and contained in (x;, Tit1)

/ |p — ¢l + F(p, x,t, ¢)py dtdz—

(1.21) tr

// sign (p — ¢) Hu(c,a(x), g(t))a (z)p dtdx > 0,
It

where we have set xg = —00, Tpr+1 = 00, and F' is given by

F(p,x,t,¢) = sign (p — ¢) [H (p, a(x), g(1)) — H (¢,a(x),9(1))], ¢>0, zeR.
(D.4) The following Lax type entropy condition holds at each discontinuity x;,
i=1,..M

(1.22)
H(& alz; ), 9(t7)) = H(p(e; ), alz;
for all € € [p( x;
H(&,a(x]), g(t7)) = H(p(z] 1), ala;
for all € € [ (@

plz; . t) < p(zf,t) =

K2

H(& alz; ), 9(t7)) < H(p(z; f)aa(wf)ag_(t_))

plf t) < plz;,t) =

H(& a(z]),g(t7)) < H(p(a],t),a(x), 9(t7))
for all & 6[ (x; ¥ 1), p(x; 1))

Remark 1.4. As a consequence of (D.1) of the previous definition the map p(-,t)
admits left and right limits for all z € R. Moreover, form (1.19), we have the
Rankine-Hugoniot condition

(1.24) H(p(w; 1), a(z;), 9(t™)) = H(p(z] ), a(x]), g(t7)),
foralli € {1,...M},t € (0,T). Finally, (1.21) and the Lax entropy condition implies
that

/ |p—C| SOt—i_F(pu:E?tac)Som dtdz—
IIr

Tm41

M
Z sign (p — ¢) Hu(c,a(z), g(t))d (x)p dtdx
m=0 T

O\ﬂ

M T
+) / |H(c,a(z7,),9(t) — H(c,a (2,) , 9(t)| @(@m, 1) dt > 0
0

m=1
for all non-negative test function ¢, see [3] for the details.
The main result of this paper is summarized by

Main Theorem. Assume that the assumptions (A.1) — (A.8) hold. Let ug and vy
be two functions in BUC(R), such that ¥(ug 4, a,g(0)), ¥(vo,a,g(0)) € BV(R).
Then there exist corresponding viscosity solutions of (1.1) u = u(z,t) and v =
v(x,t), satisfying the initial conditions

u(z,0) = up(x), v(x,0) = vo(z).
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Furthermore,
[ul-s8) = v(s Ol ooy < lluo = voll poo my »
for allt € [0, T]. Moreover the functions p and q defined by

—% and —@
p_8x7 q_axu

are entropy weak solutions of (1.19), taking the initial values
8’00

_ Ouo 9vo
o oz

p('v O) or and q('v O)
Remark 1.5. From [5] and [13] we know that
Hp(u t) - Q(u t)HLl(]R) < Hp(u O) - q(7 O)HLl(R) :

The remainder of this paper is organized as follows. In Section 2 we show exis-
tence of a solution by first showing that a front tracking algorithm for (1.4) is well
defined. Then we show that this automatically yields a front tracking algorithm for
the Hamilton—Jacobi equation. We then show that the limits of the front tracking
sequence are viscosity solutions, and then show a comparison result for viscosity
solutions.

2. THE FRONT TRACKING SCHEME

In this section we show existence of a viscosity solution of (1.1). This is done
by first considering a front tracking scheme, which yields approximate solutions
to both (1.1) and (1.19). As all front tracking schemes, this one is based on the
solution of Riemann problems, therefore we start by detailing this.

The Riemann problem for the conservation laws is the initial value problem
where g is constant and a and pg take two values, i.e.,

{pt + H(p,a1). =0, p(x,0)=p ifz <0,

2.1
@1) pe+ H(p,ar), =0, p(x,0)=p, ifz>0,

where p;, and a;, are constants. Since g is constant, we have omitted the g
dependence of H in our notation. The entropy solution to this problem is found
by finding two p-values pLT such that the (scalar) Riemann problem with a flux
function H(p, a;), a left state p; and right state p; is solved by using waves of non-
positive speed, and the Riemann problem with flux H(p,a,) and left state p/. and
right state p, are solved using waves of non-negative speed only. Since the mapping
p +— H(p,a) has a global maximum at p = 0 for all @ and is even, these states are
found as follows:

If p; <O0: then pj is in the set [—p;, 00).

If p; > 0: then pj is in the set [0, c0).

If p, < 0: then p is in the set (—o0,0].

If p,. > 0: then p!. is in the set (—oo, —p,].
Furthermore, the Rankine-Hugoniot condition (1.24) implies that
(2.2) H (pj, ) = H (py, ar) -
This is still not enough to give a unique solution, and in [9] the unique entropy
solution is determined by the (unique) pair (pj,p]) such that

P} — P}

is minimal. For the flux functions considered in this paper, we can always find
a unique solution to the Riemann problem in this way. This solution will consist

of p-waves, over which a is constant, and the discontinuity in a, which we call an
a-wave.
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Although the solution of the Riemann problem will in general not be a monotone
function of z/t, the flux, H(p(x,t),a(x)) will be monotone between the two values
H(pi,a;) and H(py,a,). This observation can be used to bound the solution of the
Riemann problem. Let GF(h, a) be the two local inverses of H, i.e.,

G* (H(p,a),a) = [p|, and G~ (H(p,a),a) = —|p|.
Since
win {H (pi, 1), H (pr, ar)} < H(p(x,1), a(x)) < max{H (pi, ar), H (pr, ar)},
we have that
(2.3) min {G~ (H (pi, a1) ,ar) , G~ (H (pr,ar) @), — |pil, — |pr| }
< p(z,t) <max {G* (H (pi,w),ar), G (H (pr,ar),ai), o], [prl} -
By the assumption (A.5), we know that the values
min {G~ (H (pi, a1) ,a,),G™ (H (pr,ar) @)} and
max {G+ (H (pr, 1) ,ar) , G (H (praar)val)}
are finite and bounded. By the special form of H, in particular (A.3), (A.2) and
(A.4), we have the coarser (but simpler) bound
(24)  Iple,t) < G (min {H (i, ar)  H (pr, ar)} max {ag,a})

2.1. Front tracking with constant g. We start by defining the front tracking
scheme for the case where g is constant, this is a variation of the front tracking
schemes defined in [15, 5]. Therefore consider the initial value problem

(2.5) {pt+H(p7a)w:0 forz eR, t >0,

p(z,0) = po(x) for z € R.
Let

z(p,a) = —sign (p) (H(p,a) — H(0,a)) and «fa) = H(0,a).
Since a — H(0,a) is non-decreasing, a — «(a) is invertible. In the (z,a) plane, a
waves are straight lines of slope +1. An a-wave connecting two points (z1, ) and
(22, a2) have slope 1 if z; and 29 are non-positive, and slope —1 if these values are
non-negative. If z; and z have different sign, there is no a-wave connecting these
points. Since p-waves connect points with the same a values, these are horizontal
lines in the (z,«) plane. Now fix a (small) number § > 0, and set a; = id, and
z; = j6, for integers i and j. We define p§ and a® as piecewise constant functions,
with a finite number of jump discontinuities, such that

06) ol =0 oo pillae — 0 a0

Label the (finite number of) values of p® and a’ p1,...,pas, and ay, ..., ay respec-
tively. Let a; be the jth member of the ordered set

M M
{ok by Udalar) bz,
where m/ and M’ are chosen such that
m’ < mina(a’(z)) < maxa(a®(z)) < M.
xT T
For ease of notation, set
aj=a"! (ag).

Next for each «;, we define z;; to be the kth member of the ordered set

N'(j M
(e oy ULz i)}
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where N’(j) is such that
271 (Z_N/(j),aj) =—P, and 271 (ZN/(]‘),CLJ') =P,
where the value P will be determined below. We also set
Djk = 271 (zjk,aj), and Hj,=H (pjk,aj).

Then, for each j, let the approximate flux function H?(p, a) be the piecewise linear
interpolant,
27)  H’(paj) = Hijx+ (0 —pjr) Hyir = i oy [Pj s Dj k41
Pjk+1 — Pj.k
Now the front tracking solution, which we label p° = p°(x,t) is constructed as
follows. At t = 0 we solve the Riemann problems defined by the discontinuities in
a’ and pj, using the flux function H°. The flux function H® is constructed so that
p-rarefaction waves are now a series of contact discontinuities. Thus the solution
of the Riemann problem is a piecewise constant function of z/t. Furthermore, all
the intermediate states will be on the grid (pjx,a;). At some time ¢ > 0, two
discontinuities, hereafter called fronts, will collide, giving a new Riemann problem
centered at the interaction points. We solve this Riemann problem, this gives new
fronts that can be tracked until the next interaction point and so on. Based on the
estimate (2.4), we also have that

(2.8) ’p‘s(x,t)’ <G* (i]ng (pd(2),d’(x)) ,sup a‘s(x)> =:P.

In order to show that p°® is well-defined (for instance we must show that there is no
accumulation of collision times) we define the Temple functional of a front by

|AY| if w is a u-front,
(2.9) T(w) = ¢ 2|AH(0,a,g)] if wis an a-front, and ¥, < ¥y,
4]AH(0,a,g)| if wis an a-front, and ¥, > ¥,

where ¥ is defined in (1.10), and we have included the g value in our notation
since we shall need it later. For sequence of fronts, define T additively. Next, for
the front tracking approximation p®, T is defined as the sum over all the fronts
in p°, and with a slight abuse of notation we write 7'(p?). From estimates found
in [22, 15] it follows that t — T'(p’(-,t)) is non-increasing, which again implies
that ‘\I/(p‘s,a‘;)‘ gy s bounded. This again implies that p® is well defined, and
furthermore that there is only a finite number of interactions of fronts for all ¢ > 0.

Summing up, we have chosen the grid so that the entropy solution to the initial
value problem

pt—l—H‘s(p,a‘;)z:O, t>0, zeR,
p(z,0) = pj(x), = €R,

can be constructed by front tracking for any time ¢. Furthermore p® will take values
that are grid points, i.e., for any point (z,t) such that p’ and a’ are constant at

(z,1),

(2.10)

z (90 (2,t) ,a‘;(;v)) =zjk, for some j and k.
In particular, this means that
H° (p‘s, a‘s) =H (p‘s, a‘s) , almost everywhere.

For an elaboration and proof of these statements, see [15]. The construction used
here differs from the construction in [15] in that we have added grid points corre-
sponding to the discretization of the initial function pg and the coefficient a, instead
of choosing discretization that take values on the fixed grid in the (z, «) plane.
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2.2. Front tracking in general. Now we can define the front tracking approxima-
tion in the case where g is not constant, c.f. (1.19). Let g° be a piecewise constant
approximation to g, such that

(2.11) Hgé_gHLl(Rﬂ_’O, as d — 0,
’gé,BV(«),T]) S |g|BV((O,T]) .

Define " such that g° is constant on each interval I"™ = (t",¢t"*1]. Assuming that
we can define front tracking for ¢+ < t™, we can then use p’(-,t") as initial values for
a front tracking approximation defined in [t",#"*1). In order to do this we must use
a “new” mapping z, since z = z(p, a, g), and redefine the grid on which we operate.
However, we keep the grid points corresponding to p°(-,¢"). In this way, the grid
used in the interval I™*! will contain more points than the one used in I™, but
since there are only a finite number of intervals I" such that t" < T, for a fixed 9,
we use a finite number of grid points for t < T. If, for t € I"™, H%(-,-,¢°(t)) denotes
the approximate flux function constructed above using H(-, -, ¢° ‘ ) and PO (-, "),
then we have that the front tracking construction p® will be an entropy solution of
pf + H? (p‘s,a‘;(:z),g‘s(t))x =0, t>0, z€eR,

(2.12) p‘s(x,()) = pg(x), r € R.

We call the discontinuities in u® fronts, and we have three types, u-fronts, a-fronts
and g-fronts (that have infinite speed!).

2.3. Compactness. We aim to show that the sequence {p6}5>0 is compact in L',

by estimating the variation of ¥(p°,a’, g°). For each time ¢, such that ¢° is constant
at t, we can view p° as consisting of a sequence of fronts, u-fronts and a-fronts, and
we know that T'(p?) is non-increasing in ™.

For t € I™ we also know that

H (p°(x,t),a°(z), ") > inf H (p° (2,t,) ,a’(2), g") .
Now we define the sequence {p"}, -, by

pt =G (inf, H (p§(2),a’(2), 9")) @, g")

Z_)k = G+ (H (ﬁk717Q7 gk)) 5avgk) for k > 17

where a = inf, a(z), and @ = sup, a(z), and ¢°(t) = ¢ for t € I". By the
continuity of H,

H(p",a,9""") > H(p",a,9") — C|Ag],
where Ag = ¢g"t! — g". Also

G*(h,a,g"™) < G*(h,a,9") + C|Ag|,
for some constant C. This means that

P <Pt +ClAgl, and thus P <P+ Clglpy -
Now, for t € I,
|p6(x,t)| <Gt (iI;fH (p‘s(x,tn), a‘s(x),g") ,d,g")
<GY(H(p" '.a,49").a,9")

Hence the sequence of front tracking approximations {p‘s} is uniformly bounded
independently of 9, i.e.,

(2.13) P’ (2, 8)] < C (= C(po, H,a,9)),
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where C(---) is a positive constant (depending on its arguments only).

Now we define a “Glimm type” functional, which we shall show that is nonin-
creasing in time, and then this will imply that the total variation of ¥(p°, a,g) is
bounded. Set

(2.14) QW =TW|9 O ey

where with a slight abuse of notation we write T'(t) = T(p’(-,t)). With these
definitions, we can state the following lemma.

Lemma 2.1. There exists a positive constant C, depending only on H, a and g,
such that for all t > 0, we have that the “Glimm functional”

(2.15) G(t) =T(t) + CQ(t)
18 monincreasing in time.

Proof. The proof of this lemma is very similar to the proof of the corresponding
lemma in [5], and we detail only the differences.

In each interval I"™, we know from [15] that T is non-increasing, and the lemma
holds. To prove the lemma we must study interactions between p-fronts and g-
fronts, and between p-fronts and g-fronts.

Now the proof of the lemma for the interaction of a p-front and an a-front is
identical to the proof of the corresponding case in [5], which means that we only
must study the interaction of a p-front with a g-front.

First note that by (A.3) and (A.1) and (A.4) there exists a value P and positive
constants ¢g and Cy such that

Il < P = 0<co < Hpp(p,a,9) < Co

(2.16) _
P<|pl<C = 0<co<|Hp(p,a,g) < Co

ifa<a<aandg<g<g,

where g = inf g and g = supg. Now we consider the interaction of a single u-wave
and a single g-wave. The situation is depicted in Figure 1. For this interaction we

b Pr

S

Q

Y2 Pr
x

F1GURE 1. The states used in an interaction between a p-wave and

a g-wave

claim that
| (prya,9%) =¥ (p1,a,6%) [ = [¥ (proa,97) = ¥ (proa,g7)
<Clg" =g ||¥ (prra,g7) — ¥ (pr,a,g7)].
We start by noting that ¥(0,-,-) = ¥,(0,-,-) =0, and
@ (pra,g7) =¥ (pra,g") | = [ (proa,97) = ¥ (pr,a, 7))
< |V (pr,a,g") =V (pr,a,9") = ¥ (pr,a,g7) — ¥ (pr,a,97)]

To prove (2.17) we consider different cases.

(2.17)
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Case 1: |pj| < P and |p,| < P. Now

v (pTuaag+) - v (pl7a7g+) - (p7‘7a7gi) - v (pluaagi)
p"‘

~ [, (609"~ ¥, (€a7) de

pi
Pr

= [ (0 (€ag) =, (0.005) ~ W, () 0, (0.007)) e

pi
pr &
- // (W (1:0,97) = Wpp (n,a,97)) dnde
pt O
pr € g"
:///\I}ppg(naf%g)dgd?]df,
D1 0 g—

and
Pr
W (pr,a,97) =¥ (p,a,g7) = /‘I’p (& a,97) dE

Y2
Pr

— [ 6ag) - v, (0.0.97)) at

n
pr €
Z//‘I’pp (n.a,97) dndé.
pi O
Moreover observe that
(2.18)  Wyy(p,a,9) = —sign (p) %’5’5)

and

pr(pv a, g)Hg(Oa a, g) B HPPQ(pa a, g)H(Ov a, g)
H(0,a,g)

(2.19) ‘I/ppg(pv a,g) = sign (p)

To fix ideas, we assume that p; < p,, so that by (A.2), ¥(p;,-,-) <
\I](pTu'u')'
If 0 < p; < p, then
’\IJ (pTvaag+) - (plaavg+) - (p’l“vaagi) - v (plvaagi)‘
pr &
<Cilgt—g| [ [ dnie
p O
2_ .2
=Cilg" -9 | =5

and
pr &

N4 (p’raaug_) _\I](phaug_) > Cl// dndé-?
P 0
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for some positive constants ¢; and Cy. Therefore
‘\IJ (p’l“7 aag+) - (pla avg+) -v (p’l“a avgi) - (plv aagi)’

(2.20) C _ _ _
Sc_ll’g+_g H\Ij(p’raaug )_\I](phaug )

and thus the claim holds. Next, if p; < p, < 0, then

’\I] (pTuaag+) -v (pl7a7g+) - (p7‘7a7gi) -v (pluaagi) ‘
p"‘ 0
< Colg* —g-|//dnd§,
JZAS

pr O

\I](pTuaagi) _\Ij(pluaagi) 202//dnd§7

and

for some positive constants Cy and co. Hence (2.20) holds also in this case.
If p; <0 < p, then we write

¥ (prya,g%) = ¥ (pr,a,9%) =¥ (pr,a,97) = ¥ (pr,a,97)|
¢

<oyl =g ,(/"/dnd§+//dndg)

0

and

0 0 pr &
U (pr,a,97) =¥ (p1,0,97) 263(J5/dnd§+0/0/dnd§),

for some positive constants C3 and c3, and (2.20) follows. If p, < p; we can
use the same arguments.
Case 2: |p;| < P and |p,;| < P. We start by observing that

v (p’l“vaag+) - (plaavg+) -v (p’l“aavgi) - plva g // rg 5,04 0 d9d§7

P g—

and
pr

U (prag™) — W (prag”) = /wmg-)dé.
P

Since W, is bounded, we have that
@ (proa, %) = ¥ (pr,a,9") = ¥ (proa,97) = ¥ (pra,97) |
< Cylgt =97 |Ipr —nl,
and since ¥, > ¢, for p & (—P, P),
| (prra,g7) =¥ (pra,g7)| = calpr — il

for some positive constants ¢4 and Cy. Thus (2.20) follows.
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Case 3: |p;| < P < p,. In this case we start by writing

v (p’ruaag-‘r) - (pl7a7g+) -V (praa7g_) + v (pha?g_)
=V (p’l‘7a7g+) -v (Puaag+) +\I] (P7a“7.g+) -v (pluaag+)
-v (pTaavgi) + W (Pvaagi) -v (Pvaagi) + W (plvaagi)

prgT p ¢ gt
- / / W, (€., 0) dOdE + / / / U,y (0, 0, 6) dfdnd,
Pg- 0 g~

pi

and

v (prvaagi) -V (pl;avgi)
=V (pTvaag_) - v (Paavg_) +v (Paavg_) -v (plaavg_)

Pr P ¢
= /‘I’p (& a,97) d£+/ Uy (n,a,97) dndé.
P Pt O

Since the derivatives of ¥ are bounded,

’\I] (pTuaag+) -V (pl7a/7.g+) -V (p’ruaagi) + W (plaa/ugi) ’

P2_ 2
<Cs (pr—P-FT]?l) gt —g7],

for some positive constant C5. Since ¥, is strictly positive inside [—P, P]
and V¥, is larger than some fixed constant outside this interval,

P2_ 2
9 (9) = )| 2 e (- P 2508

for some positive constant ¢z, and thus (2.20) holds. If p; < 0, then

’\I] (pTuaang) -V (pl7aug+) -V (p’ruaag_) + W (plaaug_) ’

P2+ 2 B
< C (pT—P+Tpl> gt —g7],

and

P2+ p?
2 b

| (prya,97) =¥ (pr,a,97)| > co <pr - P+

o (2.20) holds again.
Case 4: |p)| < P and p, < —P. This is analogous to case 3.
Case 5: |p,| < P < p;. This is analogous to case 3.
Case 6: |p,| < P and p; < —P. This is analogous to case 3.
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Case 7: py < —P and p, > P. Now we write
U(pra,97) =¥ (pr,a,g7) =¥ (proa,97) + ¥ (pr,a,97)
=0 (pr,a,g"’) - (P,a,g+) + U (P,a,g"’) - (—P,a,g+)
+ ¥ (=Pa,g") =¥ (p,a,g7) =¥ (pr,a,97) + ¥ (Pa,g7)
~V(Pa,g)+¥(-Pa,g”) =¥ (-Pa,g )+ V¥ (p,a,g")

pr gt

://qug(g,a,e)dedg

P g-
P ¢
/]
“P 0

and

0< \Ij(praaug_) _\I](plaavg_)
=V (p’raa/ug_) - (P7a/7.g_) +\I] (P,(l,g_) -V (_P7a’g_)
+¥ (~Pa,g7) — ¥ (pr.a,97)

gt —-pPgt
/\Ilppg n,a,0) dfdnd¢ + // pg (&, a,0)dode,
bt g~

g

_7%(5,@,9 d§+/P/ U, (n,0,9™ dnd§+/ p(Ea,g7) de.
P -P O

As in the earlier cases, (2.20) is straightforward to show from this.
Case 8: p, < —P and p; > P. This is analogous to case 7.

Now the proof of (2.17) and thereby of Lemma 2.1 is finished. O

Let T" =T ‘ oand g = q° | o+ Since T is non-increasing in each interval ",
from Lemma 2.1, we have that

TnJrl S Tn (1 4 O ’gnJrl _gn‘) )
By the Gronwall inequality it follows that

T(t) < T'(0+) exp (Z 9" — 9’“‘)
< EIET(S)GXP('Q'BV)

< (% (po, @, g(0))| gy + 4 al gy 19(0)]) el9lev.

where the sum in the first line above is over those n such that ¢, < t.

This clearly implies that the total variation W(p?,a’, g°(t)) is bounded indepen-
dently of § and ¢. In particular, this means that the front tracking construction
is well-defined, and we have a finite number of fronts and interaction of fronts, for
0 <t <T. For a proof of this, see e.g. [15]. Furthermore, since |p5| < C,cf (2.13),

U (C,a,9) < U (u(2,1),a°(x),¢° (1)) < ¥ (C,a,9).
By Helly’s theorem, for each fixed ¢ € [0, 7],
v (p‘;(-,t), a‘s,g‘s(t)) — 1), almost everywhere as § | 0,

(2.21)

and by the Lebesgue’s dominated convergence theorem also in L!(R). Furthermore,

by a diagonal argument, we can achieve this convergence for a dense countable set
{t"} C [0,T]. For t7 in this set, define

P ") =T (40,9 (7).
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Hence also p?(-,t7) converges to some p(-,t7). For any ¢ € [0, 7] we have that

51

||p61 (at) _p52(_,t)HL1(R) < Hp51 ' tV) -P ||L1

+ Hp51 A7) = p HLl(R) + Hp ") — p(sz(.7t)HLl(R) )

where 7 is such that p°(-,#7) — p(-, 7). It is easy to show, as in [5], that the map
t +— u(-,t) is L' Lipschitz continuous, so the first and third terms above can be
made arbitrarily small by choosing d; and d2 small, and the middle term can be
made small by choosing ¢7 close to t. Hence we have that p® converges to some
function p in L*(R x [0,T7).

Now since p — H(p,a,g) has a unique maximum for p = 0 for all a and g, we
can use the same arguments as in [5] to show that p is an entropy solution to (1.19)
in the sense of (1.21). Furthermore, using arguments from [13] and [5] the entropy
solution is unique. Summing up, we have proved:

Theorem 2.2. Assume that (A.1) — (A.8) all hold. Let pg € L'(R) be such that
the total variation of ¥(po,a,g) is bounded. Then there exists a unique entropy
solution p = p(x,t) to (1.19). This solution can be constructed as the limit of the
front tracking scheme outlined above.

2.4. Front tracking for the Hamilton—Jacobi equation. Now we show how
the front tracking approximation to the entropy solution of the conservation law
also yields a front tracking approximation to the viscosity solution of the Hamilton—
Jacobi equation. We start by studying the Riemann problem.

Lemma 2.3. Assume that (A.5), (A.4), (A.3) and (A.1) all hold, then the Rie-
mann problem for the Hamilton—Jacobi equation

ife <0 andt >0,
ifx>0andt >0,

0
(2.22) ({)

has a viscosity solution given by

e2)  utet) = w0 +entet) e { D] T2

fort >0,
where p = p(x,t) is the unique entropy solution of the Riemann problem for the
conservation law (2.1).

Remark 2.4. From (2.23) and the fact that p solves a conservation law, it follows
that

(2.24) u(z,t) = up(0) — tHy + /0”” p(z,t) dx,

where Hy = H(pj,a;) = H(pl.,a,), is an alternative formula for u. This can be
shown by observing that p = p(x/t), and differentiating (2.23) with respect to z,
using that p: + H(p,a), = 0.

Proof. Let u be defined by (2.23). We have to verify the requirements of Definition
1.1. Due to Definition 1.3 and Remarks 1.2, 1.4 it is clear that u satisfies (D.1),
(D.2), (D.4), (D.5), we need to look at (D.3) and (D.6). Let us start with the
first one.
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If p is continuous at (z,t) then so is u, and if p has a discontinuity moving with
speed o, set & = ot. By the Rankine-Hugoniot condition, if o # 0,

U (17_, t) = up(0) + top (x_,t) —tH (p(x_, t), alyr)
=ug(0) +t (op (27,t) — H (p(z~,t), arr))
=wup(0) +¢ (op (w+, t) - H (p(ac"’,t), al7T)) =u (;E+, t) ,

where we use a; if 0 < 0 and a, if ¢ > 0. If 0 = 0, then H(p(0~,t),a;) =
H(p(0*,t),a,) which gives

U (Of,t) =up(0) +tH (p (Of,t) ,al) =up(0) +tH (p (O+,t) ,ar) =u (0+,T) .

Thus, v is uniformly continuous. Now let ¢ be a test function, and assume that
u — ® has a maximum at (zg,%y). We proceed by studying two cases.

Case 1: zg # 0. First assume that o > 0, and let ¢ be a solution of the
(scalar) Riemann problem,

t0,07) 2 <0,
b+ @) =0, qlr.0)= {p( o)
D x > 0.
Clearly p(z,t) = q(x,t) for > 0 and t > 0, so by [12, Proposition 2.3]

@t (o, t0) + H (¢z (0, 10) ;ar) < 0.

If 9 < 0, then we replace ¢ by the solution of the Riemann problem with
initial data given by p; and p(0~,tp) and flux H(q,a;), and reach the same
conclusion.

Case 2: xy = 0. Now by (2.24) it follows that

pi = limus (2, to), and p = lim us (2, to),
where pz)r are the states adjacent to x = 0 of the Riemann solution p. Since
u — ¢ has a local maximum,
P < ¢ (0, t0) < -
Now since p is a Riemann solution, either
0<p.<p or p,<p =<0

We first assume that 0 < p/. < pj, then by (A.3),

H (p},ar) < H (z (0, t0) ,ar) < H (p)., ar)

2.25
229 — H (phon) < H (g 30, t0) 1) < H (5 ).
Also, since u — ¢ has a maximum at (0, %),
@(OatO) — @(Ovt) < U(OvtO) — ’U,(O, t)
to—t - to—t ’
for t < tg and ty — t sufficiently small. Now by definition
u(0,t0) = u(t,0) — (to — t) H (p, 1) = u(t,0) — (to — t) H (py., ar) ,
and therefore
0,t9) — u(0,t 0,t0) — (0,
—H(plr,ar):—H(pf,al)Zu(’0) u(?)z(p(vo) QP(,).
to— 1 to—t
Passing to the limit as ¢ T to,
(226) -H (p;‘v CLT) =-H (p27 CLl) 2 ©t (0; to) 5

SO

Pt (07 tO) + H (SO:E (07 tO) 7ar) S _H (p'/ra aT) + H (p;‘a aT) =0.
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By (2.25) min {H (¢4(0,%0), a1), H(¢x(0,%0),ar)} = H(pz(0,%0),a,) and u
is a viscosity subsolution.
Now assume that p,. < p; <0, then we find

(2 27) H (p;‘val) < o (‘Pm (Io,to),al) < o (p27al)
' = H (p,,ar) < H (¢s (w0,t0) ,ar) < H (], a,).

Then by (2.26)
Pt (Ovto) +H (‘Pm (Oa to) aal) <-H (p27 al) +H (p;; al) = 07
and in this case, by (2.27),

min {H(</)m(0a to), a‘l)a H(@I (Oa to), aT)} = H(‘PI(Oa tO)a al)
so u is a subsolution, i.e., (D.3) is satisfied.
To verify that u is also a supersolution, namely that (D.6) holds, we can use the

same arguments. (|

In order to define front tracking for Hamilton—Jacobi equations with g non-
constant, we now observe that the same formula, (2.23) holds if H is replaced by
the piecewise linear interpolant H°. Let a front in p® start at a point (xg, %), and
let its position be

x(t) =20 + 0 (t —to),
where o is the speed of the front. Now define u’(x(t),t) by

u’(z(t),t) =u’ ( + (z = 20) p°(2(t)*, t)
(t —to) H* (p°(2()¥), 0’ (2()%))
(w0, to)
+ (t—to) [Up5 (:v(t)i,t) —H° (p‘s (w(t)i) ,a’ (z(t)%)) ].
Between fronts we define 4’ by linear interpolation. Since p® converges to p in L,

and the traces H(p’,a’, g°) exists for almost all ¢, it follows that u° also converges
in L°°, and its limit is

u5 o, to)
(2.28)

u

(2.29) u(z,t) = up(0) — tHy + /0”” p(z,t) dx.

Now assume that u — ¢ has a local maximum at (x,to), then since u’ converges

in L to u, u’ — ¢ has a local maximum at

(3:5, t‘;) ,
and 2% — z and t® — t as § — 0. Since u® is a viscosity (sub)solution employing
the previous lemma and the definition of H?, we get

HY (g0 (27,197) a8 (457) .o° <t57>>} .
0o (90:5 (w5’+,t5’7) ,a5 ($5,+) ’ng (t‘s’*)) =

Sending § | 0, we find that the limit u is a viscosity subsolution. To prove that
u is also a supersolution, we can use analogous arguments. Thus u is a viscosity
solution of (1.1), with the initial data

u(z,0) = up(0) + /0”” p(z,0)dx.
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Furthermore, for any fixed y we have that

u(x,t) = ud(y, t) + /x P’ (2,t) dz,
y
! ! i as § — 0,

u(z,t) = u(y,t) + /wp(z, t)dz,

which means that u, = p almost everywhere. Thus we have proved existence of a
viscosity solution, and that this solution can be constructed by front tracking, i.e.,

Theorem 2.5. Assume that (A.1) — (A.8) all hold. For each uy € BUC(R),
such that ¥(ug 4,a,g(0)) € BV(R), and all T > 0, there exists a viscosity solution
u € BUCR x [0,T]) of (1.1). Moreover

ou

t) = —(,t
p(@,t) = 5 (2,1)
is a weak entropy solution of (1.19), with the initial condition

p(r,0) = 20(r),

The wviscosity solution u can be constructed by the front tracking scheme outlined
above.

3. COMPARISON PRINCIPLE FOR VISCOSITY SOLUTIONS

In the present section we prove a comparison principle for viscosity solutions,
that will guarantee the uniqueness and stability of the solutions constructed in the
previous section via the front-tracking algorithm.

Lemma 3.1. Assume that u and v are sub- and supersolutions of (1.1) in the sense
of Definition 1.1. Then

(3.1) u(z,t) <ov(z,t) forx e R and 0 <t < t.
Proof. To derive a contradiction assume that

= ,t) — ,t)) >0,
0= pmax @) v(z, t))

and consider the perturbed difference

fe(z,t) == u(x,t) —v(z,t) — .
t1 —t
For sufficiently small € > 0
oe:= max  fo(z,t) > 0.

o (z,t)ERX[0,t1)

Then there exists a point (zg,%) € R x [0,¢1) such that

fE(IOata)_fE(I05t) >0 fE(IOatO) _fs(xvto) <0< fs(yvto)_fE(IOatO)
to—t = To— T - = Y — xo

3

ifex<axo<y. Uxo & {x1,...,20}, using a standard argument (see e.g. [2]) we get
a contradiction. Hence we have to consider only the case xg € {z1,...,za}.
Since u and v possess the additional regularity described in (D.1), we get

_ _ €
(3.2) ue(xo, tg ) — ve(xo, tg ) > ( > 0,

t1 —t)?
(3.3) ug (g, to) — va(zd,t0) <0 < ug(zg,to) — va(zg , to)-
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From (D.4) and (3.2), since g is continuous in ¢y, we obtain
(34)  H(uz(zq,t0).a(xg ), g(to)) = H(ua(g o), a(zg), g(to))

< H(Uz(Ia,tO), CL(.IO )7g(t0)) = H(’Um(xa_vto)v a(xa_)vg(to))
Moreover, by (3.3), we have

(35) ’Um(xaato) S uz(xa;to)a
(3.6) uz (g, t0) < va (g, to),
(3.7) V2 (g 5 to) — va (g, t0) < ualag , to) — ug(ag , to).

Finally we assume a(z;) < a(xo ), the reasoning in the opposite case being com-
pletely similar. In particular, due to (A.2),

(3.8) H(:,a(xq ), g(to)) < H(- a(xg ), g(to))-
In order to obtain a contradiction, we consider the four cases:
Case 1: If
ug (g, o) >0, v (g, t0) > 0,
from (3.5), (3.6),
uz(xy ,to) > 0, vg (2, t0) > 0,
and, employing (A.4), (3.6),

H(ug (2§, t0), a(x§ ), g(to)) > H(va(zq , to), a(xq ), g(to)),
which contradicts (3.4).
Case 2: If
ug (g o) >0, vg (2o, t0) <0,
from (3.6),
(950 7t0) 0,
and, employing (A.4), (3.6),
H(ug (2, to), a(x§ ), g(to)) > H(va(zg , to), alxq), g(to)),
which contradicts (3.4).
Case 3: If
ug (g ,t0) <0,  wu(zg,to) >0,
from (3.5),
ug (g ,t0) > 0.
Hence, employing (A.4), (3.5),
H (uz (2, t0), alxg ), 9(to)) = H(va (g, o), alxq ), g(to)),
which contradicts (3.4).
Case 4: If
ug (g ,t0) <0,  wu(zg,to) <0,
due to (3.8),
Ug (950 7t0) < “w(% 7t0)
and from (1.16),
ug (g ,t0) < 0.
Using (3.5) we get also
vz (g ,t0) <0,
hence, employing (A.4), (3.5),

H(uw(xo_ ) to), 0(555)7 g(to)) 2 H(UI(CCO_ ) to), 0(555)7 g(to)),
which again contradicts (3.4).
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Now we can state and prove our main result:

Theorem 3.2. If the assumptions (A.1) — (A.8) hold, then there exists a unique
viscosity solution, in the sense of Definition 1.1, to the initial value problem (1.1).

Proof. The front tracking construction furnishes the existence part of the theorem,
while applying Lemma 3.1 in each time interval [¢;,¢;+1) gives uniqueness. O
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