A Note on (2K + 1)-Point Conservative Monotone Schemes

Huazhong Tang^∗ Gerald Warnecke^† May 21, 2003

Abstract The existing results in the literatures show that if a (2K +1)-point conservative finite-difference scheme for hyperbolic conservation laws is conservative and converges as Δx, Δt → 0, they converge to the unique entropy solution in several space dimensions. Due to this good property, first–order accurate monotone schemes have played a very important role in designing modern high resolution shock-capturing schemes. Do the monotone difference approximations always give a good numerical solution in sense of monotonicity preservation or suppression of oscillations? This note will investigate this problem from a numerical view of point and show that a (2K + 1)-point monotone scheme may give an oscillatory solution even though the approximate solution is total variation diminishing, and satisfies maximum principle as well as discrete entropy inequality.

Key words. Hyperbolic conservation laws, finite difference scheme, monotone scheme, convergence, oscillation

AMS subject classifications. 35L65, 65M06, 65M10.

∗LMAM, School of Mathematical Sciences, Peking University, Beijing 100871, PR China. Email:

hztang@math.pku.edu.cn

†Institüt für Analysis und Numerik, Otto-von-Guericke Universität Magdeburg, 39106 Magdeburg, Germany. Email: Gerald.Warnecke@mathematik.uni-magdeburg.de

1 Introduction

Consider one-dimensional scalar hyperbolic conservation laws: ∂u ∂t + ∂f(u) ∂x = 0, (1.1)

together with initial data u(x, 0) = u_0(x), x ∈ R.

An explicit (2K + 1)-point finite-difference scheme approximating (1.1) can be written as u^{n+1}_j = G(u^n_{j−K}, · · · , u^n_j , · · · , u^n_{j+K}), (1.2) where K is any positive integer, K ≥ 1. We say that the scheme (1.2) is monotone, if the function G is monotone with respect to all its arguments, i.e. ∂ ∂v_i G(v_{−K} , · · · , v_0, · · · , v_K ) ≥ 0, −K ≤ i ≤ K. (1.3) We call (1.2) a conservative scheme, if it can be casted in the form:

u^{n+1}_j = u^n_j − λ ( h^n_{j+} 1_2 − h^n_{j−} 1_2 ) , λ = Δt Δx , (1.4)

with h_{j+} 1_2 = h(u^n_{j−K+1}, · · · , u^n_{j+K}). (1.5) Here Δt and Δx are step sizes in time and space, respectively, u^n_j = u(jΔx, nΔt), and h_{j+} 1_2 is a numerical flux function. We assume that λ is a constant and require the numerical flux h_{j+} 1_2 to be consistent with the flux f(u) in the following sense: h(u, · · · , u) = f(u). There exist some studies on the theoretical analysis of the monotone schemes. Harten, Hyman, and Lax [4] proved that if the monotone difference approximations converge as Δx, Δt → 0, they converge to the unique entropy weak solution of hyperbolic conservation laws (1.1). But monotone schemes are at most first-order accurate. Kuznetsov [6] proved that monotone schemes for conservation laws converge to the entropy solution in several space dimensions and provided suitable error estimates. Later, Crandall and Majda [1] proved a similar result without the error estimates. Sanders [9] proved convergence with error estimates for certain threepoint monotone schemes with variable spatial differencing. The sharpness of the 2

Kuznetsov’s error bound was first established by Tang and Teng [10] who proved that the best L^1 convergence rate for monotone schemes to (1.1) is one half if it includes the linear flux case. This result was then extended to nonlinear flux by Sabac [8]. However, the half-order rate of convergence can be improved to order one for piecewise smooth solutions with convex flux [11].

Due to the good property of monotone schemes, they have played a very important role in designing modern high resolution shock-capturing schemes. However, to our knowledge, most of studies on numerical approximation and constructions of the high resolution shock-capturing schemes is conducted by using three-point monotone schemes. Do the monotone difference approximations always give a good numerical solution in sense of monotonicity preservation or suppression of oscillation?

The purpose of this note is to give an answer to the above problem from a numerical view of point. The results will show that a (2K + 1)-point monotone scheme may give an oscillatory solution even though the solution is total variation diminishing (TVD), and satisfies maximum principle as well as discrete entropy inequality.

In this note, we will investigate the behaviour of a special (2K +1)-point scheme:

u^{n+1}_j =u^n_j − λ 2K ( f(u^n_{j+K}) − f(u^n_{j−K}) ) + αλ 2K (u^n_{j+K} − 2u^n_j + u^n_{j−K}), (1.6)

where α = max_u {|f^′(u)|}. The scheme (1.6) with K = 1 is considered as a generalized Lax-Friedrichs scheme.

The scheme (1.6) can be rewritten in the conservative form (1.4) with the numerical flux function:

h_{j+} 1_2 = 1 2K K∑ ν=−K+1 f(u_{j+ν}) −^α_{2K} (_{K−1} ∑ ν=−K+1 (K − |ν|)Δu_{j+ν} ) , K > 1, 1 2 ( f(u_{j+1}) + f(u_j) ) −^α_2 Δu_j, K = 1,

where Δu_{j+ν} = u_{j+ν+1} − u_{j+ν}. Obviously, (1.6) is consistent with the partial differential equation (1.1). Moreover, it also satisfies the following properties:

Lemma 1.1. (L^∞–stability) If the initial data u^0_j , j ∈ Z, are bounded, i.e.

C_1 ≤ u^0_j ≤ C_2, ∀j ∈ Z, (1.7) then the solution u^n_j , j ∈ Z, to the scheme (1.6) are also bounded: C_1 ≤ u^n_j ≤ C_2, ∀j ∈ Z, (1.8) under the CFL condition λ max_u {|f^′(u)|} = λα ≤ K. (1.9) Especially, the scheme (1.6) is monotone under the condition (1.9). Proof: In fact, under the CFL condition (1.9), we have ∂G ∂u_j = 1 − αλ K ≥ 0, ∂G ∂u_{j±K} = λ 2K ( α ∓ f^′(u_{j±K}) ) ≥ 0. (1.10) Thus, the scheme (1.6) is monotone under (1.9).

Using (1.10) gives u^{n+1}_j − C_1 =G(u^n_{j−K}, · · · , u^n_{j+K}) − G(C_1, · · · , C_1) =G(u^n_{j−K}, · · · , u^n_{j−K}, u^n_{j+K}) − G(u^n_{j−K}, · · · , u^n_{j−K}, C_1) + · · · + G(u^n_{j−K}, C_1 · · · , C_1) − G(C_1, · · · , C_1) ≥ 0, and u^{n+1}_j − C_2 =G(u^n_{j−K}, · · · , u^n_{j+K}) − G(C_2, · · · , C_2) =G(u^n_{j−K}, · · · , u^n_{j−K}, u^n_{j+K}) − G(u^n_{j−K}, · · · , u^n_{j−K}, C_2) + · · · + G(u^n_{j−K}, C_2 · · · , C_2) − G(C_2, · · · , C_2) ≤ 0. This completes the proof of the first part of Lemma 1.1.

Lemma 1.2. (T V –stability) If the total variation of the initial data u^0_j , j ∈ Z, is bounded, i.e. T V (u^0) = ∑ j∈Z |u^0_{j+1} − u^0_j | ≤ C, (1.11) then under the CFL restriction λ max_{j∈Z} {a_{j+} 1_2 } ≤ λα ≤ K, (1.12) where a_{j+} 1_2 satisfies a_{j+} 1_2 Δu_j = Δf(u_j), the solution u^n_j , j ∈ Z, to the scheme (1.6) is also TV-bounded:

T V (u^n) ≤ C. (1.13) 4

Proof: We rewrite the scheme (1.6) in an incremental form as follows:

u^{n+1}_j =u^n_j + K−1∑ ν=0 C^n_{j+ν+} 1_2 Δu^n_{j+ν} − −1∑ ν=−K D^n_{j+ν+} 1_2 Δu^n_{j+ν}, (1.14)

where

C^n_{j+ν+} 1_2 = λ 2K (α − a^n_{j+ν+} 1_2 ), D^n_{j+ν+} 1_2 = λ 2K (α + a^n_{j+ν+} 1_2 ), (1.15)

and a_{j+ν+} 1_2 satisfies a_{j+ν+} 1_2 Δu_{j+ν} = Δf(u_{j+ν}). Subtracting (1.14) at j from (1.14) at j + 1 gives

Δu^{n+1}_j =(1 − C^n_{j+} 1_2 − D^n_{j+} 1_2 )Δu^n_j + C^n_{j+K+} 1_2 Δu^n_{j+K} + D^n_{j−K+} 1_2 Δu^n_{j−K}. (1.16)

Taking absolute value of (1.16) and using the triangle inequality and the CFL restriction (1.12), we get

|Δu^{n+1}_j | ≤(1 − C^n_{j+} 1_2 − D^n_{j+} 1_2 )|Δu^n_j | + C^n_{j+K+} 1_2 |Δu^n_{j+K}| + D^n_{j−K+} 1_2 |Δu^n_{j−K}|. (1.17)

Summing (1.17) from j = −∞ to +∞, we get by shifting indices T V (u^{n+1}) ≤ T V (u^n). It will complete the proof of Lemma 1.2.

Remark 1.1. (1) From the proof of the Lemma 1.2, we can also conclude that the scheme (1.6) is monotoncity preserving, that is to say, if the initial data u^0_j is monotone ( either nonincreasing or nondecreasing) as a function of j, then the solution u^n_j should have the same property for all n.

(2) Following the existing results, e.g. [1], the solution of the scheme (1.6) should also satisfy discrete entropy condition and be converge to the unique entropy solution of (1.1).

2 Numerical Analysis

In this section we conduct some numerical experiments by using the scheme (1.6) to solve scalar conservation laws (1.1) with the flux f(u) = cu or f(u) =^1_2 u^2, where c is a constant. In the following, unless stated otherwise, λ is generally taken to be 3, and the computational domain [−8, 10] is divided by 400 grid cells. 5

Case 1. The first case is to solve initial value problem of scalar conservation laws (1.1) with the initial data

u(x, 0) = 1.2, −8 ≤ x ≤ −5, 0.4, −5 ≤ x ≤ 10. (2.18)

Figures 1 and 2 show the computed solutions (left) at t = 10 and the recorded total variation (“solid line”), maximum (“plus”), and minimum (“circle”) of the solutions (right) for f(u) = 0.8u and^1_2 u^2, and K = 8 and 15, respectively. In this case, the Courant number equals to 3.6. We can see that the recorded total variation, maximum, and minimum of the solutions are kept constant, and the computed solutions are monotone even if they have become piecewise step functions.

Case 2. The second case is to solve the initial value problem of scalar conservation laws (1.1) with the initial data

u(x, 0) = 0, −8 ≤ x ≤ −2.5, (x + 2.5)/10, −2.5 ≤ x < 0, (x − 2.5)/10, 0 ≤ x < 2.5, 0, 2.5 ≤ x ≤ 10.

(2.19)

This initial values for f(u) =^1_2 u^2 consist of two rarefaction waves which are connected by a stationary shock at x = 0. The corresponding initial value problem has been used in [5] to check ability of the large time step Godunov scheme. In Figures 3–6 we give the computed solutions at t = 10 and the recorded total variation (“solid line”), maximum (“plus”), and minimum (“circle”) of the solutions for f(u) = 0.2u and^1_2 u^2, and K = 1, 3, 8 and 15, respectively. The results show that the computed solutions are TVD, and L^∞–stable. But numerical oscillations have been generated in the computed solutions when a large integer K > 1 is used.

Following the above numerical experiments, we can conclude that a (2K + 1)- point monotone scheme for K > 1 may give an oscillatory solution even though the approximate solution is TVD, monotonicity-preserving, and satisfies maximum principle as well as discrete entropy inequality. Moreover, the oscillation cannot be suppressed or eliminated automatically at a later time. 6

Is a three-point monotone scheme non-oscillatory in the sense that the number of extrema of the solution u_h(x, t_2) does not exceed that of the solution u_h(x, t_1), where t_2 > t_1? To answer this question, we use the scheme (1.2) to solve the Burgers’ equation with initial data

u^0_j = 0, j ≠ 0, 100, j = 0.

(2.20)

In this case, the Courant number, Δx, and K are taken as 0.8, 1, and K = 1, respectively. In Table 1 we list the solutions u^n_j at several different time levels. The result shows that the number of extrema of the solution u^2_j is larger than that of the solution u^0_j , but it is reduced at the later time. That means that a three-point monotone scheme may also generate a new extrema, but the oscillation can be eliminated esentially by itself at later time. Many practical computations have also shown that the solution to (1.1) calculated by a three-point scheme is “essentially” nonoscillatory. Thus, the three-point monotone scheme can be considered as “essentially” nonoscillatory scheme. The main difference between a three-point scheme (1.2) and its (2K + 1)-point version is that under a suitable CFL restriction, the three-point scheme satisfies the following local maximum principle: min p=0,±1 {u^n_{j+p}} ≤ u^{n+1}_j ≤ max_{p=0,±1}{u^n_{j+p}}, (2.21)

which is stronger than the global one shown in Lemma 1.1. It seems to necessary to guarantee that a general (2K + 1)-point scheme is nonoscillatary.

The existing high-resolution TVD schemes, e.g. Harten’s 5-point TVD scheme [2], can also give a numerical solution to many practical problem that is “essentially” nonoscillatory, because they may be actually considered as a three-point like scheme, for example, we can write them in the following incremental form:

u^{n+1}_j =u^n_j + C^n_{j+} 1_2 Δu^n_j − D^n_{j−} 1_2 Δu^n_{j−1}. (2.22)

Under a suitable CFL restriction, the incremental coefficients satisfy:

C^n_{j+} 1_2 ≥ 0, D^n_{j−} 1_2 ≥ 0, C^n_{j+} 1_2 + D^n_{j−} 1_2 ≤ 1, (2.23)

and hence the corresponding schemes satisfy the local maximum principle (2.21).

In the literature, there have existed some uniformly high order nonoscillatory schemes for hyperbolic conservation laws, for example, Harten and Osher’s UNO scheme [3], and Liu and Tadmor’s third order non-oscillatory central scheme [7]. However, construction of their nonoscillatory schemes is based on the exact solution of the Riemann problem. In fact, their schemes can be proceed in three steps: first, reconstructing the solution out of its approximate cell-averages to the appropriate accuracy; second, solving exactly local Riemann problem; and finally, taking cell averages of the solution given in the second step. The second and third steps are also nonoscillatory. Thus, if the reconstruction is also nonoscillatory, then the approximate solution at a new time level is also nonoscillatory.

Due to nonlinearity, it is still difficult now to give a sufficient condition to guarantee that a generally conservative difference scheme is nonoscillatory.

Table 1: The computed solution of the Burgers’ equation with initial data given in (2.20).

n T V (u^n) u^n_{−4} u^n_{−3} u^n_{−2} u^n_{−1} u^n_0 u^n_1 u^n_2 u^n_3 u^n_4 0 200 0 0 0 0 100 0 0 0 0 1 120 0 0 0 20 20 60 0 0 0 2 80 0 0 6.667 10.667 25.333 21.333 36 0 0 3 57.007 0 2.420 4.968 11.615 15.970 25.165 18.262 21.600 0 4 47.367 0.921 2.275 5.581 8.867 13.945 18.103 23.684 14.275 12.348 5 41.434 1.051 2.800 4.953 8.205 11.474 15.578 18.734 20.717 9.900

Acknowledgment

This research was partially supported by the Special Funds for Major State Basic Research Projects of China, the National Natural Science Foundation of China,and the Alexander von Humboldt foundation. The authors also wish to thank Professor 8

Tao Tang and Jinghua Wang for many interesting discussions.

References

[1] M.G. Crandall and A. Majda, Monotone difference approximations for scalar conservation laws, Math. Comput. 34(1980), pp.1-21.

[2] A. Harten, High resolution schemes for hyperbolic conservation laws, J. Comput. Phys. 49(1983), pp.357-393.

[3] A. Harten and S. Osher, Uniformly high order accurate non-oscillatory Schemes I, SIAM J. Numer. Anal. 24(1987), pp.229-309.

[4] A. Harten, J.M. Hyman, and P.D. Lax, On finite difference approximations and entropy conditions for shocks, Comm. Pure Appl. Math. 29(1976), pp.297-322.

[5] C. Helzel and G. Warnecke, Unconditionally stable explicit schemes for the approximation of conservation laws, in Ergodic Theory, Analysis, and Efficient Simulation of Dynamical Systems, B. Fiedler (editor), Springer 2001. Also available at http://www.math.fu-berlin.de/~danse/bookpapers/.

[6] N.N. Kuznetsov, Accuracy of some approximate methods for computing the weaks solutions of a first-order quasi-linear equation, USSR. Comput. Math. Math. Phys. 16(1976), pp.105-119.

[7] X.D. Liu and E. Tadmor, Third order nonoscillatory central scheme for hyperbolic conservation laws, Numer. Math. 79(1998), pp.397-425.

[8] F. Sabac, The optimal convergence rate of monotone finite difference methods for hyperbolic conservation laws, SIAM J. Numer. Anal. 34(1997), pp.2306- 2318

[9] R. Sanders, On the convergence of monotone finite difference schemes with variable spatial differencing, Math. Comput. 40(1983), pp.91-106.

[10] T. Tang and Z.-H. Teng, The sharpness of Kuznetsov’s O( √ Δx)L^1-error estimate for monotone difference schemes, Math. Comput. 64(1995), pp.581-589. 9

[11] T. Tang and Z.-H. Teng, Viscosity methods for piecewise smooth solutions to scalar conservation laws. Math. Comput. 66(1997), pp.495-526.

(a) K = 8

(b) K = 15

Figure 1: The computed solution (left) and the recorded total variation (“solid line”), maximum (“plus”), and minimum (“circle”) of the solutions (right). f(u) =^1_2 u^2.

(a) K = 8

(b) K = 15

Figure 2: The computed solution (left) and the recorded total variation (“solid line”), maximum (“plus”), and minimum (“circle”) of the solutions (right). f(u) = 0.8u.

(a) K = 1

(b) K = 3

Figure 3: The computed solution (left) and the recorded total variation (“solid line”), maximum (“plus”), and minimum (“circle”) of the solutions (right). f(u) =^1_2 u^2.

(a) K = 8

(b) K = 15

Figure 4: Same as Fig. 3.

(a) K = 1

(b) K = 3

Figure 5: The computed solution (left) and the recorded total variation (“solid line”), maximum (“plus”), and minimum (“circle”) of the solutions (right). f(u) = 0.2u.

(a) K = 8

(b) K = 15

Figure 6: Same as Fig. 5.