ASYMPTOTIC STABILITY OF NON-PLANAR RIEMANN SOLUTIONS FOR A SPECIAL CLASS OF MULTI-D SYSTEMS OF CONSERVATION LAWS

HERMANO FRID

Abstract. We study the asymptotic behavior of entropy solutions of the Cauchy problem for multidimensional systems of conservation laws of the form ∂_tu + ∑_d α=1 ∂_α(g^α(|u|) u) = 0, where the g^α are real smooth functions defined in [0, +∞), when the initial data are perturbations of two states nonplanar Riemann data. Specifically, if R_0(x) is such Riemann data and ψ ∈ L^∞(R^d)^n satisfies ψ(T x) → 0 in L^1_{loc}(R^d)^n, as T → ∞, then an entropy solution, u(x, t), of the Cauchy problem with u(x, 0) = R_0(x) + ψ(x) satisfies u(ξt, t) → R(ξ) in L^1_{loc}(R^d)^n, as t → ∞, where R(x/t) turns out to be the unique self-similar entropy solution of the corresponding Riemann problem.

1. Introduction

We consider the initial-value problem for multidimensional systems of conservation laws of the form

(1.1) ∂_tu + d∑ α=1 ∂_α(g^α(|u|)u) = 0, (t, x) ∈ (0, ∞) × R^d , where g^α : [0, +∞) → R are smooth functions and u ∈ R^n , with given initial data

(1.2) u(x, t)|_{t=0} = u_0(x),

for which we assume, on the onset,

(1.3) u_0 ∈ L^∞(R^d )^n.

The one-dimensional version of (1.1) was considered by Keyfitz and Kranzer [26], who studied the corresponding Riemann problem. Later on many other authors studied several different questions associated with the Keyfitz-Kranzer system including the Cauchy problem, asymptotic behavior, uniqueness, etc. (see, e.g., [28, 19, 31, 5, 6, 20]). It has also been pointed out connections between these systems and magnetohydrodynamics.

Systems of the form (1.1) constitute a very special class in the general universe of multidimensional nonlinear hyperbolic systems of conservation laws, given by

(1.4) ∂_tu + d∑ α=1 ∂_αF^α(u) = 0,

1991 Mathematics Subject Classification. Primary:35L65; Secondary:35B40,35B35,76W05. Key words and phrases. Conservation laws, entropy solutions, Riemann problems, asymptotic stability, multidimensional systems. 1

where u ∈ R^n , F^α : V ⊆ R^n → R^n are smooth maps and for all ξ = (ξ_1, . . . , ξ_d) the matrix_d ∑ α=1 ξ_α∇F^α(u), is diagonalizable everywhere in V , which is the hyperbolicity condition.

We recall that a real smooth function η(u) is called an entropy for (1.4), with associated entropy flux q(u) = (q_1(u), . . . , q_d(u)), if η(u) and q(u) satisfy (1.5) ∇q^α(u) = ∇η(u)F^α(u), α = 1, . . . , d. It is well known that the existence of an entropy-entropy flux pair implies the hyperbolicity of (1.4), as first observed by Godunov [24] and Friedrichs and Lax [23]. For a discussion about the relation between entropies and the stability of classical solutions of systems of conservation laws in several space variables we refer to [14, 15]. For an account on the basic concepts and recent developments of the theory of conservation laws we refer to [13, 29].

We recall now the usual definition of entropy solution of (1.4),(1.2). Definition 1.1. A bounded measurable function u(x, t) is said to be an entropy solution of (1.4),(1.2) in Π_T = R^d × (0, T ) if for all entropy-entropy flux pair (η, q) with η convex and all nonnegative smooth function φ ∈ C^∞_0 (R^{d+1} ), vanishing for t = T , we have

(1.6) ∫ Π_T η(u)∂_tφ + d∑ α=1 q^α(u)∂_αφ dx dt + ∫ R^d η(u_0)φ(x, 0) dx ≥ 0. For the special class of multidimensional systems (1.1) it is natural to consider a different concept of entropy solution, namely, that of renormalized entropy solution, as we will call here. This class neither contains nor is contained in the class of entropy solutions as characterized by Definition 1.1. It is defined as follows. Definition 1.2. Let u(x, t) be bounded measurable function satisfying r(x, t) := |u(x, t)| ≥ δ, for some δ > 0. We say that u is a renormalized entropy solution of (1.1),(1.2) in Π_T = R^d × (0, T ) if it satisfies:

(1) (1.6), for all entropy-entropy flux pair (η, q) with η verifying

∂^2η(u) ∂r^2 ≥ 0, for all u ∈ {u ∈ R^n : |u| ≥ δ} and all nonnegative smooth function φ ∈ C^∞_0 (R^{d+1} ), vanishing for t = T .

(2) Setting f^α(r) = rg^α(r), ω(x, t) = u(x, t)/r(x, t), for all H ∈ C(S^{n−1}) and all smooth function ϕ ∈ C^∞_0 (R^{d+1} ), vanishing for t = T , we have

(1.7) ∫ Π_T rH(ω)∂_tϕ+ d∑ α=1 f^α(r)H(ω)∂_αϕ dx dt+ ∫ R^d r_0(x)H(ω_0(x))ϕ(x, 0) dx = 0.

Observe that, since any smooth function of r = |u|, h(r), is an entropy for (1.1), with associated entropy fluxes ∫_r h^′(s)f^{α′}(s) ds, α = 1, . . . , d, as can be easily checked, and since taking H(ω) = 1 in (1.7) implies that r(x, t) is a weak solution of the problem

(1.8) ∂_tr + d∑ α=1 ∂_αf^α(r) = 0,

(1.9) r(x, t)|_{t=0} = r_0(x),

we conclude that, if u(x, t) is a renormalized entropy solution of (1.1),(1.2), r(x, t) = |u(x, t)| is the unique entropy solution of (1.8),(1.9) (cf., [27]). We remark that the strong assumption of the initial data in (1.9) in L^1_{loc}(R^d ) follows from the facts we just mentioned, by using, for instance, the general properties of L^∞ divergencemeasure fields (cf., [11]).

For the study of the asymptotic behavior of renormalized entropy solutions to (1.1),(1.2) we consider initial data of the form

(1.10) u_0(x) = R_0(x) + ψ(x),

where

(1.11) R_0(x) = { u_L, if x_α < 0, for some α ∈ {1, . . . , d} u_R, if x_α > 0, for all α ∈ {1, . . . , d} , and ψ ∈ L^∞(R^d )^n with

(1.12) lim_{T →∞} ψ(T x) = 0 in L^1_{loc}(R^d )^n.

The main purpose of this paper is to prove the following result. Theorem 1.1. Let u(x, t) be a suitable solution to (1.1),(1.2), with u_0 satisfying (1.3), (1.10), (1.11), (1.12), and |u_0(x)| ≥ δ > 0. Assume further that^{dgα}_{dr} (r) > 0 and^{d2f α(r)}_{dr2} > 0, for all r > 0 and α = 1, . . . , d. Then u(x, t) satisfies

(1.13) u(ξt, t) −→ R(ξ), as t → ∞, in L^1_{loc}(R^d )^n,

where R(x/t) is a well determined self-similar suitable entropy solution of the Riemann problem (1.1),(1.11). Moreover, R(x/t) is the only self-similar suitable entropy solution of (1.1),(1.11).

Remark 1.1. As it will become clear from the proof of the above theorem, the hypotheses^{dgα}_{dr} (r) > 0 and^{d2f α(r)}_{dr2} > 0, α = 1, . . . , d, could be dropped and the result would still hold with a similar proof. We impose them here only because they simplify the structure of the entropy solution of the non-planar two-states Riemann problem for the scalar equation (1.8), and the resulting description of R(x/t).

The proof of Theorem 1.1 is given in Section 2. For a similar result concerning a class of multidimensional systems of viscous conservation laws we refer to [22].

For initial data satisfying r_0 ∈ BV_{loc}(R^d ) the existence of renormalized entropy solutions of (1.1),(1.2) was recently obtained in [2] as an almost direct consequence of the theory of L. Ambrosio on transport equations with coefficients in BV (see [1]). In fact, in [2] it is shown the existence of a weak solution u(x, t) such that r(x, t) is an entropy solution of (1.8),(1.9) and (1.7) holds for all H ∈ C(S^{n−1})^n, satisfying |H(ω)| = 1, ω ∈ S^{n−1}. However, the fact that (1.7) holds for all H ∈ C(S^{n−1}) follows clearly from their proof. On the other hand, these properties suffice to describe renormalized entropy solutions due to the following simple lemma characterizing the entropies for system (1.1).

Lemma 1.1. All smooth entropies of (1.1) defined for δ ≤ r ≤ M, for some positive constants δ, M, are of the form h(r) + rH(ω), with r = |u| and ω = u/|u|, for appropriate smooth functions h and H.

Proof. It will become clear from the proof that it sufficies to consider the entropies restricted to a half-space, say, u_n ≥ 0. We observe first that the Jacobian matrices ∇(g^α(|u|)u), α = 1, . . . , d, possess the eigenvalues λ_1(r) = g^α(r) and λ^α_2 (r) = d(g^α(r)r)/dr, the first one with multiplicity n − 1. The set {ω_1, . . . , ω_{n−1}, r} is a functionally independent family of Riemann invariants for (1.1), that is, for smooth solutions of (1.1) we have

(1.14) { ∂_tω_i + ∑_d α=1 λ^α_1 (r)∂_αω_i = 0, i = 1, . . . , n − 1, ∂_tr + ∑_d α=1 λ^α_2 (r)∂_αr = 0, In this way, η is an entropy for (1.1) if and only if it is a solution of the hyperbolic systems in the variables ω_1, . . . , ω_{n−1}, r, for α = 1, . . . , d,

(1.15) { q^α_{ωi} = λ^α_1 η_{ωi} , i = 1, . . . , n − 1, q^α_r = λ^α_2 η_r.

Clearly, any function of the form h(r)+rH(ω) solves (1.15), α = 1, . . . , d. In general, we solve these systems by first eliminating q^α, obtaining the n − 1 equations (1.16) rη_{rωi} − η_{ωi} = 0, which do not depend on the g^α’s, and then going back to (1.15) to obtain the q^α’s. Hence, a solution for these systems is uniquely determined on the region S = {u ∈ R^n : n−1∑ i=1 ω^2_i ≤ 1, ω_n ≥ 0, δ ≤ r ≤ M}, from the values prescribed for η on the surface

S_{r=} M +δ_2 = {u ∈ S : r = M + δ 2 }, and on the line S_{ω=(0,...,0,1)} = {u : ω = (0, . . . , 0, 1), δ ≤ r ≤ M}. Now, suppose we prescribe η|S_{r=} M +δ_2 = Φ(ω), η|S_{ω=(0,...,0,1)} = Ψ(r), with the compatibility condition Ψ ( M + δ 2 ) = Φ(0, . . . , 0, 1). Let us try a solution of the form η(u) = h(r) + rH(ω), for some smooth functions h and H with h ( M + δ 2 ) = 0.

We then easily find H(ω) = 2 M + δ Φ(ω), and h(r) = Ψ(r) − 2r M + δ Φ(0, . . . , 0, 1). □

2. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. The one-dimensional analogue of Theorem 1.1 was obtained in [20]. The method used in [20] was extended and improved in [7]. The extension of the same techniques to multidimensional problems was given in [21, 22]. Here we follow procedures analogous to those in [22]. The proof becomes simpler due to the decoupling provided by (1.8),(1.9).

The main point in the strategy is to prove the relation

(2.1) lim_{T →∞} 1 T ∫_T 0 |u(ξt, t) − R(ξ)| dt = 0, in L^1_{loc}(R^d ). An important aspect of (2.1) is its equivalence to the convergence in L^1_{loc}(R^{d+1}_+ ) of the scaling sequence {u^T }, defined by u^T (x, t) = u(T x, T t), to R(x/t), when T → +∞. This fact is frequently useful when trying to prove (2.1). Once (2.1) is proved, a standard procedure established in [7] is then used to strengthen (2.1) into (1.13). This strengthening is similar to the ones encountered in [8, 25].

Another main tool in the analysis is provided by the integral equation (1.7), which says that for all function H(ω), defined and continuous over the sphere S^{n−1}, we have ∂_t(rH(ω)) + d∑ α=1 ∂_α(f^α(r)H(ω)) = 0,

(2.2)

rH(ω)(x, t)|_{t=0} = r_0H(ω_0)(x).

(2.3)

Equation (2.2) is to be taken in the sense of distributions, as usual, and (2.3) is to be regarded in the sense of the normal traces of L^∞ divergence-measure fields (see [11]). We will also make extensive use of the Gauss-Green theorem for L^∞ divergence-measure fields proved in [11].

By Galilean invariance, without loss of generality, we may assume g^α(r) > 0, for all δ ≤ r ≤ M, α = 1, . . . , d, which we do henceforth. The hypothesis

(2.4) d^2f^α(r) dr^2 > 0, for all r > 0.

implies a simplification in the structure of the solution to the corresponding Riemann problem for the scalar equation for the dependent variable r, that is,

∂_tr + d∑ α=1 ∂_αf^α(r) = 0,

(2.5)

r(x, t)|_{t=0} = ρ_0(x) := { r_L := |u_L|, if x_α < 0, for some α ∈ {1, . . . , d} r_R := |u_R|, if x_α > 0, for all α ∈ {1, . . . , d} . (2.6)

Let us denote by ρ(x/t) the solution of the Riemann problem (2.5),(2.3). The fact that we have

(2.7) r(ξt, t) → ρ(ξ), in L^1_{loc}(R^d ), follows directly from the global L^1-stability of the solution of (1.8),(1.9) (see [27]), since we have

(2.8) ∫ |ξ|<c |r(ξt, t) − ρ(ξ)| dξ = t^{−d} ∫ |x|<ct |r(x, t) − ρ(x/t)| dx ≤ t^{−d} ∫ |x|<(c+K)t |r_0(x)−ρ_0(x)| dx = ∫ |x|<c+K |r_0(tx)−ρ_0(x)| dx → 0 as t → ∞, where we also used the hypotheses (1.10), (1.12), and the self-similarity of ρ_0(x).

Naturally, to obtain (2.1), in view of (2.8), it will be enough to prove

(2.9) lim_{T →∞} 1 T ∫_T 0 |ω(ξt, t) − ϖ(ξ)| dt = 0, in L^1_{loc}(R^d ), where |ϖ(ξ)| = 1, a.e. ξ ∈ R^d . Hence, defining R(ξ) = ρ(ξ)ϖ(ξ), we automatically conclude that R(x/t) is a renormalized entropy solution of the Riemann problem (1.1),(1.11), and is the only such self-similar solution.

To obtain (2.9) we will integrate (2.2) over a family of suitable domains in R^{d+1}_+ , using repeatedly the Gauss-Green Theorem for divergence-measure fields, to obtain, roughly speaking, the convergence in L^1_{loc} of ω^T (x, t) to ϖ(x/t) over each self-similar hypersurface from a family filling out almost all R^{d+1}_+ . This is also the main idea in [22].

We next introduce several notations defining sets which will play a role in the forthcoming developments. So, let K, N, T_0 be given fixed positive numbers. We denote: Ω^+(ξ) = {(x, t) : x_1 > ξ_1t, . . . , x_d > ξ_dt}, Ω^−(ξ) = {(x, t) : x_i < ξ_αt, for some α ∈ {1, . . . , d}}, |x|_∞ = max{|x_α| : i = 1, . . . , d}, Ω(T ) = {(x, t) : |x|_∞ ≤ NT_0T + K(T_0T − t), 0 ≤ t ≤ T_0T }, Ω^±(ξ, T ) = Ω^±(ξ) ∩ Ω(T ), ν^α[ξ] = (0, . . . , −1 α-th , 0, . . . , 0, ξ_α) ∈ R^{d+1} , ∂Ω^+(ξ) = ∪^d_{α=1}S_α(ξ), where ν^α[ξ] ⊥ S_α(ξ) S_α(ξ, T ) = S_α(ξ) ∩ Ω(T ), ∂^0Ω^+(ξ, T ) = ∪^d_{α=1}S_α(ξ, T ), S^τ_α(ξ, T ) = S_α(ξ, T ) ∩ {(t, x) : t = τ}, Ω_τ (T ) = Ω(T ) ∩ {(t, x) : t = τ}, Ω^±_τ (ξ, T ) = Ω^±(ξ, T ) ∩ {(t, x) : t = τ}. With the help of some of the sets above we will describe the self-similar vector function R(x/t) which will be proven to be both a renormalized entropy solution to the Riemann problem (1.1),(1.11) and the asymptotic limit of renormalized entropy solutions u(x, t) of (1.1),(1.2) with initial data satisfying (1.10), (1.11) and (1.12). As we saw in the proof of Lemma 1.1, the Jacobian matrices ∇(g^α(|u|)u) possess two eigenvalues λ^α_1 (u) = g^α(r), with multiplicity n−1, and λ^α_2 (u) = df^α(r)/dr. The first n − 1 eigenfamilies are linearly degenerate since the corresponding eigenvalue λ^α_1 does not depend on the Riemann invariants ω_1(u), . . . , ω_n(u), whose gradients span an n − 1-dimensional left-eigenspace, for each u with |u| ≥ δ. Observe also that the hypotheses over g^α(r) imply, in particular, that λ^α_1 (r) < λ^α_2 (r).

Now, as we said above, under the assumption (2.4), the solution of the Riemann problem (2.5),(2.6) has a very simple structure and is defined as follows. If r_L > r_R then it is given by

(2.10) ρ(ξ) = { r_L, for (ξt, t) ∈ Ω^−(ξ^0) for all t > 0, r_R, for (ξt, t) ∈ Ω^+(ξ^0) for all t > 0, where ξ^0 is defined by (2.11) ξ^0_α = (f^α(r_R) − f^α(r_L))/(r_R − r_L), α = 1, . . . , d. So, in this case we have a shock front along the surface ∂^0Ω^+(ξ_0).

On the other hand, if r_R > r_L it is given by

(2.12) ρ(ξ) = r_L, for (ξt, t) ∈ Ω^−(ξ^−) for all t > 0, r_R, for (ξt, t) ∈ Ω^+(ξ^+) for all t > 0, γ(σ), for (ξt, t) ∈ ∂^0Ω^+(ξ(σ)) for all t > 0, and f^{1′}(r_L) ≤ σ ≤ f^{1′}(r_R), where (2.13) ξ^−_α = f^{α′}(r_L), ξ^+_α = f^{α′}(r_R), α = 1, . . . , d,

(2.14) γ(σ) = [f^{1′}]^{−1}(σ), and σ → ξ(σ), for f^{1′}(r_L) ≤ σ ≤ f^{1′}(r_R), is defined by (2.15) ξ_1(σ) = σ, ξ_α(σ) = f^{α′}(r(γ(σ))), α = 2, . . . , d. Now, R(ξ) = ρ(ξ)ϖ(ξ), is defined by setting

(2.16) ϖ(ξ) = { ω_L, for (ξt, t) ∈ Ω^−(ξ^{cd}) for all t > 0, ω_R, for (ξt, t) ∈ Ω^+(ξ^{cd}) for all t > 0, where (2.17) ξ^{cd}_α = g^α(r_L), α = 1, . . . , d. Observe that due to the hypothesis that dg^α(r)/dr > 0 we always have (2.18) ξ^{cd}_α < ξ^0_α, α = 1, . . . , d, if r_L > r_R (shock case), that is, g^α(r_L) < f^α(r_L) − f^α(r_R)) r_L − r_R , α = 1, . . . , d, and if r_L < r_R (rarefaction case) (2.19) ξ^{cd}_α < ξ^−_α , α = 1, . . . , d, since, obviously, g^α(r_L) < f^{α′}(r_L), α = 1, . . . , d.

We define the map σ → ξ(σ), for −∞ < σ < +∞, in two different ways depending whether we are in the shock case or in the rarefaction case. In the first case, we define ξ(σ) as follows (2.20) ξ(σ) = σ g^1 (r_L) (g 1(r_L), . . . , g^d(r_L)), −∞ < σ ≤ ξ^{cd}_1 , ( σ,^{σ−ξcd1}_{ξ01 −ξcd1} (ξ^0_2 − ξ^{cd}_2 ) + ξ^{cd}_2 , . . . ,^{σ−ξcd1}_{ξ01 −ξcd1} (ξ^0_d − ξ^{cd}_d ) + ξ^{cd}_d ) , ξ^{cd}_1 < σ < ξ^0_1 , σ ξ^0_1 (ξ 0 1 , . . . , ξ^0_d), ξ^0_1 ≤ σ < ∞. In the rarefaction case, we define ξ(σ) by (2.21)

ξ(σ) = σ g^1 (r_L) (g 1(r_L), . . . , g^d(r_L)), −∞ < σ ≤ ξ^{cd}_1 , ( σ,^{σ−ξcd1}_{ξ−1 −ξcd1} (ξ^−_2 − ξ^{cd}_2 ) + ξ^{cd}_2 , . . . ,^{σ−ξcd1}_{ξ−1 −ξcd1} (ξ^−_d − ξ^{cd}_d ) + ξ^{cd}_d ) , ξ^{cd}_1 < σ < ξ^−_1 , ( σ, f^{2′}(γ(σ)), . . . , f^{d′}(γ(σ)) ) , ξ^−_1 ≤ σ ≤ ξ^+_1 , σ ξ^+_1 (ξ + 1 , . . . , ξ^+_d ), ξ^+_1 ≤ σ < ∞,

where γ(σ) is defined in (2.14).

We can now start our analysis. We choose K such that

(2.22) K > sup δ ≤ r ≤ M α = 1, . . . , d g^α(r).

Now, integrating (2.2) over certain Ω^±(ξ, T ), using the Gauss-Green formula and (2.22), we obtain for almost all ξ

(2.23) ∫ Ω^±_{T0T} (ξ,T ) rH(ω) dx − ∫ Ω^±_0 (ξ,T )

r_0H(ω_0) dx

± d∑ α=1 ∫ S_α(ξ,T ) (ξ_α − g^α(r))H(ω)r dH^d ≤ 0. Hence, if H(ω) is a Lipschitz continuous nonnegative function such that H(ω_L) = 0, we get from (2.23), after dividing it by T^d, taking the lim sup and using (1.12),

(2.24) lim sup_{T →∞} d∑ α=1 1 T^d ∫ S_α(ξ,T ) (−ξ_α + g^α(r))H(ω)r dH^d ≤ 0. Analogously, if H(ω) is a Lipschitz continuous nonnegative function such that H(ω_R) = 0, we get from (2.23), after dividing it by T^d, taking the lim sup and using (1.12),

(2.25) lim sup_{T →∞} d∑ α=1 1 T^d ∫ S_α(ξ,T ) (ξ_α − g^α(r))H(ω)r dH^d ≤ 0. Motivated by (2.24), (2.25) we introduce the mesures μ^ξ_{α,T} defined on S = {u ∈ R^n : δ ≤ |u| ≤ M} such that for all h ∈ C([δ, M]) and H ∈ C(S^{n−1}) we have (2.26) ⟨μ^ξ_{α,T} , h(r)H(ω)⟩ = c^{−1}_α (ξ) 1 T^d ∫ S_α(ξ,T ) h(r)H(ω) dH^d, α = 1, . . . , d, where c_α(ξ) is a normalizing positive constant such that ⟨μ^ξ_{α,T} , 1⟩ = 1.

Now, in (2.24) we consider H(ω) = |ω − ω_L|, ξ = ξ(σ), with −∞ < σ < ξ^{cd}_1 and write it as

(2.27) lim sup_{T →∞} d∑ α=1 c_α(ξ(σ)) ⟨ μ^{ξ(σ)}_{α,T} , (−ξ_α(σ) + g^α(r))r|ω − ω_L| ⟩ ≤ 0. Now, given any sequence T_k → ∞ we may obtain a subsequence, still denoted by T_k, and probability measures μ^{ξ(σ)}_α , α = 1, . . . , d, such that μ^{ξ(σ)}_{α,Tk} ⇀ μ^{ξ(σ)}_α . So, we have

(2.28) d∑ α=1 c_α(ξ(σ)) ⟨ μ^{ξ(σ)}_α , (−ξ_α(σ) + g^α(r))r|ω − ω_L| ⟩ ≤ 0. Since, due to the strong convergence of r^T (x, t) to ρ(x/t), we necessarily have

(2.29) μ^{ξ(σ)}_α = δ_{ρ(ξ(σ))}(r) ⊗ ν^{ξ(σ)}_α (ω),

for some probability measures ν^{ξ(σ)}_α defined on S^{n−1}_+ , (2.28) is only possible if

ν^{ξ(σ)}_α (ω) = δ_{ωL} , for all α = 1, . . . , d,

where, as usual, we denote by δ_v the Dirac measure concentrated at v. This then implies that, for almost all −∞ < σ < ξ^{cd}_1 , we have

(2.30) lim_{T →∞} d∑ α=1 1 T^d ∫ S_α(ξ(σ),T ) |u(x, t) − R(ξ(σ))| dH^d = 0. Similarly, taking in (2.25) H(ω) = |ω − ω_R| and ξ = ξ(σ), for σ > ξ^{cd}_1 , writing it as (2.31) lim sup_{T →∞} d∑ α=1 c_α(ξ(σ)) ⟨ μ^{ξ(σ)}_{α,T} , (ξ_α(σ) − g^α(r))r|ω − ω_R| ⟩ ≤ 0, considering a sequence T_k → ∞, passing to a subsequence, we obtain probability measures μ^{ξ(σ)}_α , α = 1, . . . , d, satisfying (2.29), for some probability measures ν^{ξ(σ)}_α defined on S^{n−1}, and such that

(2.32) d∑ α=1 c_α(ξ(σ)) ⟨ μ^{ξ(σ)}_α , (ξ_α(σ) − g^α(r))r|ω − ω_R| ⟩ ≤ 0, which is only possible if

ν^{ξ(σ)}_α (ω) = δ_{ωR} , for all α = 1, . . . , d.

This again implies (2.30) for almost all σ > ξ^{cd}_1 .

Now, taking a countable families of N’s and T_0’s increasing indefinitely, from (2.30) we conclude, using Fubini’s theorem, that u^T (x, t) → R(x/t) in L^1_{loc}(R^{d+1}_+ ), which, as we said above, is equivalent to (2.1).

As it was mentioned above, (2.1) can be improved to (1.13). The latter is achieved using a method established in [7], motivated by [25]. The strategy is similar to the one for obtaining the decay of periodic solutions in L^1_{loc}, from the decay in time-average along rays (see [8]), and is based on the existence of a strictly convex entropy for (1.1), say, η(u) = |u|^2. Namely, we use the entropy inequalities, the convergence in time-average, and a result connecting both resembling a continuous version of Hardy’s convergence theorem (cf. [33], p.156), to get the usual convergence in time (1.13). The details of the one dimensional case are given in [7], while the the multidimensional case can be seen in [10]. The basic steps are as follows. Given a smooth strictly convex entropy η(u) for (1.1), we consider its quadratic part around v α(u, v) = η(u) − η(v) − ∇η(v)(u − v). In the space of the variables ξ, we take any ball B over which R(ξ) is Lipschitz. Using the equation (1.1) for u(ξt, t) and R(ξ) we obtain, after integration over B, d dt ∫ B α(u(ξt, t), R(ξ)) dξ ≤ C t , for some constant C > 0, independent of t. Now, (2.1) implies lim_{T →∞} 1 T ∫_T 0 (∫ B α(u(ξt, t), R(ξ)) dξ ) dt = 0. Therefore, the nonnegative function Y (t) = ∫ B α(u(ξt, t), R(ξ)) dξ satisfies (2.33) d dt Y (t) ≤ C t , and (2.34) lim_{T →∞} 1 T ∫_T 0 Y (t) dt = 0, and an easy argument shows that (2.33) and (2.34) imply (2.35) lim_{t→∞} Y (t) = 0.

Now, by Besicovitch’s covering theorem, any compact set K ⊆ R^d can be covered by a finite number of disjoint countable families of balls B where R(ξ) is Lipschitz, and so (2.35) implies (1.13).

The fact that R(ξ) is the only self-similar weak entropy solution of satisfying (2.5),(2.6) and (2.2),(2.3) follows immediately from the above analysis. Theorem 1.1 is proved.

Final Remarks In the case where r_0 ∈ BV_{loc}(R^d ), Remark 2.8 in [2], using the notation adopted therein, implies that the flows Φ^T , associated with the fields (r^T , f^1(r^T ), . . . , f^d(r^T )), converge in L^{1,∞}_{loc} (R^{d+1}_+ ) to the flow Φ, associated with (r, f^1(r), . . . , f^d(r)). Nevertheless, this fact by itself does not allow us to conclude that u^T → R in L^1_{loc}(R^{d+1}_+ ). We also recall that this type of stability cannot hold in the general L^∞ case, in view of the counter-example presented by Bressan [3].

Acknowledgements This research was partially supported by CNPq through the grants 352871/96-2, 46.5714/00-5, 479416/2001-0, and FAPERJ through the grant E-26/151.890/2000. This paper was initiated during the author’s visit to the CMAF of the University of Lisbon, in the months of January and February of 2002. He would like to thank the faculties and staff for the warm hospitality. In particular, the author expresses his deepest thanks to João Paulo Dias who shared with him insightful conversations about the problem addressed here. Finally, the author is grateful to Benoit Perthame for bringing to his knowledge references [1] and [2].

References

[1] Ambrosio, L., Transport equation and Cauchy problem for BV vector fields. Preprint available at http://cvgmt.sns.it/papers/luia/.

[2] Ambrosio, L., De Lellis, C., Existence of solutions for a class of hyperbolic systems of conservation laws in several space dimensions. Preprint available at http://cvgmt.sns.it/papers/ambdel/.

[3] Bressan, A., An ill posed Cauchy problem for a hyperbolic system in two dimensions. Preprint available at http://www.math.ntnu.no/conservation/2003/.

[4] Boillat, G., Sur lxistence et la recherche d’équations de conservation supplémentaires pour les systèmes hyperboliques, C.R. Acad. Sc. Paris 278 A (1974), 909-912.

[5] Bonnefille, M., Propagation des oscillations dans deux classes de systèmes hyperboliques (2×2 e 3 × 3). Comm. PDE 13 (1988), 905-925.

[6] Chen, G.-Q., Hyperbolic systems of conservation laws with a symmetry. Comm. PDE 16 (1991), 1461-1487.

[7] Chen, G.-Q., Frid, H., Large-time behavior of entropy solutions of conservation laws, Journal of Differential Equations 152 (1999), 308-357.

[8] Chen, G.-Q., Frid, H., Asymptotic decay of solutions to conservation laws, C. R. Acad. Sci.

Paris, Serie I (1996), 257–262.

[9] Chen, G.-Q., Frid, H., Decay of entropy solutions of nonlinear conservation laws, Arch.

Rational Mech. Anal. 146 (1999), 95-127.

[10] Chen, G.-Q., Frid, H., Large-time behavior of entropy solutions in L^∞ for multidimensional conservation laws, Advances in Nonlinear Partial Differencial Equations and Related Areas, A volume in honor of Professor Xiaqi Ding, World Scientific, 1998, 28-44.

[11] Chen, G.-Q., and Frid, H., Divergence-measure fields and conservation laws, Arch. Rational Mech. Anal. 147 (1999), 89–118.

[12] Chueh, K., Conley, C., Smoller, J., Positively invariant regions for systems of nonlinear diffusion equations, Ind. Univ. Math. J. 26 (1977), 373-392.

[13] Dafermos, C. M., “Hyperbolic Conservation Laws in Continuum Physics”, Springer-Verlag:

Berlin, 1999.

[14] Dafermos, C. M., Entropy and the stability of classical solutions of hyperbolic conservation laws, Lecture Notes in Mathematics 1640, Springer Verlag, 1996, 48-69.

[15] Dafermos, C. M., Stability for systems of conservation laws in several space dimensions, SIAM Jr. Math. Anal. 26, No. 6 (1995), 1403-1414.

[16] DiPerna, R., Convergence of approximate solutions to conservation laws, Arch. Rational Mech. Anal. 82 (1983), 27-70.

[17] Evans, L. C. and Gariepy, R. F., “Lecture Notes on Measure Theory and Fine Properties of Functions”, CRC Press: Boca Raton, Florida, 1992.

[18] Federer, H., “Geometric Measure Theory”, Springer-Verlag: Berlin-Heidelberg-New York, 1969.

[19] Freistüler, H., Instability of vanishing viscosity approximation to hyperbolic systems of conservation laws with rotational invariance. J. Diff. Eqs. 87 (1990), 205-226.

[20] Frid, H., On a new concept of asymptotic stability for Riemann solutions, Matemática Contemporânea 10 (1996), 99-121.

[21] Frid, H., On the asymptotic behavior of solutions of certain multi-D viscous systems of conservation laws, In: “Hyperbolic Problems: Theory, Numerics, Applications, Seventh International Conference in Zurich, February 1998”, International Series of Numerical Mathematics, Vol. 129 (1999), Birkhäuser Verlag, Basel, 343-352.

[22] Frid, H., Asymptotic stability of Riemann solutions for a class of multi-D viscous systems of conservation laws. Submitted for publication. IMPA-Preprints A-153/2002.

[23] Friedrichs, K.O., Lax, P.D., Systems of conservation laws with convex extension. Proc. Nat.

Acad. Sci. USA 68 (1971), 1686-1688.

[24] Godunov, S.K., An interesting class of quasilinear systems, Sov. Math. 2 (1961), 947-948. [25] Hsiao, L., Serre, D., Asymptotic behavior of large weak entropy solutions of the damped p-system, J. Partial Diff. Eqs., 10 (1997), 355–368.

[26] Keyfitz, B.L., Kranzer, H.C., A system of nonstrictly hyperbolic conservation laws arising in elasticity theory. Arch. Rational Mech. Anal. 72 (1980), 219-241.

[27] Kruzkov, S., First-order quasilinear equations in several independent variables. Math. USSR Sb., 10 (1970), 217-273.

[28] Liu, T.-P., Wang, C.-H., On a nonstrictly hyperbolic system of conservation laws, J. Diff.

Eqs. 57 (1985), 1-14.

[29] Serre, D., Systems of Conservation Laws, Vols. 1,2, Cambridge University Press: Cambridge, 1999, 2000.

[30] Serre, D., Solutions à variations bornées pour certains systèmes hyperboliques de lois de conservations, J. Diff. Eqs. 68 (1987), 137–169.

[31] Serre, D., Richness and the classification of quasilinear hyperbolic systems, In: Multidimensional Hyperbolic Problems and Computations, ed. J. Glimm and A. Majda, IMA Vol. 29, Springer-Verlag, New York, 1991, 315–333.

[32] Tartar, L., Compensated compactness and applications to partial differential equations, In:

Research Notes in Mathematics, Nonlinear Analysis and Mechanics ed. R. J. Knops, 4(1979), Pitman Press, New York, 136–211.

[33] Whittaker, E.T., Watson, G.N., “A Course of Modern Analysis”, Cambridge, New York, 1947.

Instituto de Matemática Pura e Aplicada - IMPA, Estrada Dona Castorina, 110, Rio de Janeiro, RJ, 22460-320, Brazil

E-mail address: hermano@impa.br