RENORMALIZED ENTROPY SOLUTIONS
FOR QUASILINEAR ANISOTROPIC
DEGENERATE PARABOLIC EQUATIONS

MOSTAFA BENDAHMANE AND KENNETH H. KARLSEN

ABSTRACT. We prove the well posedness (existence and uniqueness) of
renormalized entropy solutions to the Cauchy problem for quasilinear
anisotropic degenerate parabolic equations with L' data. This paper
complements the work by Chen and Perthame [19], who developed a
pure L' theory based on the notion of kinetic solutions.

1. INTRODUCTION

We consider the Cauchy problem for quasilinear anisotropic degenerate
parabolic equations with L' data. This convection-diffusion type problem
is of the form

(1.1) Ou+divf(u) = V- (a(u)Vu) + F, u(0,x) = up(z),

where (t,z) € (0,T) x R% T > 0 is fixed; div and V are with respect to
r € R% and u = u(t, ) is the scalar unknown function that is sought. The
(initial and source) data ug(z) and F'(t,x) satisfy

(1.2) up € LY(RY),  Fe LY(0,T) x RY).

The diffusion function a(u) = (a;j(u)) is a symmetric d x d matrix of the
form

(1.3)  a(w)=oc(w)o(w) >0, oe(LTRNPF, 1<K <d,

and hence has entries

K
aij(u) = Zaik(u)ffjk(U), ,7=1,...,d.
k=1
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The nonnegativity requirement in (1.3) means that for all u € R

d
D ag(whir; =0, VA= (Ag,..., ) €RY
ij=1

Finally, the convection flux f(u) is a vector—valued function that satisfies

(1.4) Fu) = (fi(w),. .., fa(u)) € (Lipioe(R))?.

It is well known that (1.1) possesses discontinuous solutions and that
weak solutions are not uniquely determined by their initial data (the scalar
conservation law is a special case of (1.1)). Hence (1.1) must be interpreted
in the sense of entropy solutions [32, 41, 42]. In recent years the isotropic
diffusion case, for example the equation

(1.5) Owu+divf(u) = AA(u), A(u)= /Ou a(§)d¢, 0<ae€ L. (R),

has received much attention, at least when the data are regular enough
(say L' N L>) to ensure VA(u) € L?. Various existence results for entropy
solutions of (1.5) (and (1.1)) can be derived from the work by Vol'pert and
Hudjaev [42]. Some general uniqueness results for entropy solutions have
been proved in the one-dimensional context by Wu and Yin [43] and Bénilan
and Touré [6]. In the multi-dimensional context a general uniqueness result
is more recent and was proved by Carrillo [15, 14] using Kruzkov’s doubling
of variables device. Various extensions of his result can be found in [13,
27, 29, 31, 34, 35, 39], see also [17] for a different approach and [40] for a
uniqueness proof for piecewise smooth weak solutions. Explicit “continuous
dependence on the nonlinearities” estimates were proved in [20]. There
are also several recent studies concerned with the convergence of numerical
schemes for (1.5), see [25, 26, 30, 27, 36, 35, 2, 12]. In the literature just
cited it is essential that the solutions u possess the regularity VA(u) € L.
This excludes the possibility of imposing general L' data, since it is well
known that in this case one cannot expect that much integrability (see, e.g.,
the citations below on renormalized solutions).

The general anisotropic diffusion case (1.1) is more delicate and was
successfully solved only recently by Chen and Perthame [19]. Chen and
Perthame introduced the notion of kinetic solutions and provided a well-
posedness theory for (1.1) with L! data. Within their kinetic framework,
explicit continuous dependence and error estimates for L'NL> entropy solu-
tions were obtained in [18]. With the only assumption that the data belong
to L', we cannot expect a solution of (1.1) to be more than L'. Hence it
is in general impossible to make distributional sense to (1.1) (or its entropy
formulation). In addition, as already mentioned above, we cannot expect
Va(u)Vu to be square-integrable, which seems to be an essential condition
for uniqueness. Both these problems were elegantly dealt with in [19] using
the kinetic approach.
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The purpose of the present paper is to offer an alternative “pure” L!
well posedness theory for (1.1) based on a notion of renormalized entropy
solutions and the classical Kruzkov method [32]. The notion of renormalized
solutions was introduced by DiPerna and Lions in the context of Boltzmann
equations [23, 22] (see also [24]). This notion (and a similar one) was then
adapted to nonlinear elliptic and parabolic equations with L' (or measure)
data by various authors, see for example [10, 11, 38, 4, 3, 33, 7, 9, 21, 16,
8] (the list is far from being complete). Bénilan, Carrillo, and Wittbold
[5] introduced recently a notion of renormalized Kruzkov entropy solutions
for scalar conservation laws with L' data and proved the existence and
uniqueness of such solutions. Their theory generalizes the Kruzkov well
posedness theory for L> entropy solutions [32]. In passing, we mention that
an alternative L' theory for scalar conservation laws has been developed
by Perthame [37]. He has build up a theory around the notion of kinetic
solutions, which is the notion that is generalized to (1.1) in [19].

Motivated by the above literature on renormalized solutions and [19], we
introduce herein a notion of renormalized entropy solutions for (1.1) and
prove its well posedness. Let us illustrate our notion of an L! solution on
the isotropic diffusion equation (1.5) with initial data u|—¢ = ug € L*. To
this end, let 7; : R — R denote the truncation function at height [ > 0
and let ((z) = [ v/a(§)dE. A renormalized entropy solution of (1.5) is a
function u € L*°(0, T; L*(R%)) such that (i) V((Tj(u)) is square-integrable
on (0,7) x R? for any I > 0; (ii) for any convex C? entropy-entropy flux
triple (1, q,r), with n’ bounded and ¢’ = 7' f’, v = na, there exists for any
I > 0 a nonnegative bounded Radon measure z; on (0,7T) x R%, whose total
mass tends to zero as [ T oo, such that

Om(Ti(u)) + divg(Ty(u)) — Ar(Ti(u))
< =" (T(w)) [V¢(Ti(w)* + m(t,z) in D'((0,T) x RY).

Roughly speaking, (1.6) expresses the entropy condition satisfied by the
truncated function 7j(u). Of course, if u is bounded by M, choosing | > M
in (1.6) yields the usual entropy formulation for u. In other words, a bounded
renormalized entropy solution is an entropy solution. However, in contrast
to the usual entropy formulation, (1.6) makes sense also when u is merely
L' and possibly unbounded. Intuitively the measure j; should be supported
on the set {|u| =1} and in particular carry information about the behavior
of the “energy” on the set where |u| is large. The requirement is that the
energy should be small for large values of |u|, that is, the total mass of the
renormalization measure p; should vanish as [ T oo. This is essential for
proving uniqueness of a renormalized entropy solution. Being explicit, the
existence proof reveals that y;((0,7) x R?) < f{‘u0|>l} lug| dz — 0 as 1 T oo.
We prove existence of a renormalized entropy solution to (1.1) using an
approximation procedure based on artificial viscosity [42] and bounded data.
We derive a priori estimates and pass to the limit in the approximations.
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Uniqueness of renormalized entropy solutions is proved by adapting the
doubling of variables device due to Kruzkov [32]. In the first order case, the
uniqueness proof of Kruzkov depends crucially on the fact that

Vo@(z —y)+Vy@(z—y) =0, ® smooth function on RY,

which allows for a cancellation of certain singular terms. The proof herein
for the second order case relies in addition crucially on the following identity
involving the Hessian matrices of ®(z — y):

Vi ®(x —y) + 2va@($ —y)+ Vyyq)(l" —y) =0,

which, when used together with the parabolic dissipation terms (like the one
found in (1.6)), allows for a cancellation of certain singular terms involving
the second order operator in (1.1). Compared to [19], our uniqueness proof
is new even in the case of bounded entropy solutions.

The remaining part of this paper is organized as follows: In Section 2 we
introduce the notion of a renormalized entropy solution for (1.1) and state
our main well posedness theorem. The proof of this theorem is given in
Section 3 (uniqueness) and Section 4 (existence).

2. DEFINITIONS AND STATEMENT OF MAIN RESULT
We start by defining an entropy-entropy flux triple.

Definition 2.1 (entropy-entropy flux triple). For any convex C? entropy
function n: R — R, the corresponding entropy fluxes

q:(ql,...,qd):R—>Rd and r:(rij):RHRdXd
are defined by
¢ (w) =n'(Wf'(u), r'(v)=n"(w)a(w).

We will refer to (n,q,r) as an entropy-entropy flux triple.
For 1<k < Kand1<1i<d, welet

Gutw) = [ Con(©)ds, Gulw) = (Gl Carlw),
and for any ¢ € C(R)
0= [ w©Omu©d  w= (. Gw).

Let us introduce the following set of vector fields:
L2(0,T; L?(div; RY))

_ {w = (wr,...,wg) € (LQ((O,T) X Rd))d - divw € L2((0,T) x Rd)} .

Following [19] we define an entropy solution as follows:

Definition 2.2 (entropy solution). An entropy solution of (1.1) is a mea-
surable function u : (0,T) x R? — R satisfying the following conditions:
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(D.1) u € L=(0,T; LY (R%)) N L>=((0,T) x RY).

(D.2) Foranyk=1,...,K,
Cr(u) € L*(0, T; L2 (div; RY)).

(D.3) (chain rule) For any k =1,..., K and ¢y € C(R),
divGy (u) = ¢ (u)divg(u)
a.e. in (0,T) x R? and in L?((0,T) x R%).

(D.4) Define the parabolic dissipation measure n, ’w(t,:v) by
K

w1, 2) = () 3 (divGu(ult, )

k=1
For any entropy—entropy flux triple (n,q,r),

d
at"? + Z 8961% Z lemj Tij (u)

ig—1
— (W) F < —n™""  in D'((0,T) x RY),
that is, for any 0 < ¢ € D((0,T) x RY),

d
2
/(O,T)de n(u)osp + ; qi(w)Oy, & + Z 7 (u a$z$] da dt

3,j=1

+/ n'(u)F¢dx dt > / """ (t, )¢ dz dt.
(0,T)xR4 (0,T)xRd

(D.5) The initial condition is taken in the following strong L' sense:

(2.1)

esal&m [lu(-t) = uoll 1 gay = 0.

Note that, thanks to (D.1) and (;(0) = 0 for £ = 1,...,d, condition (D.2)
is satisfied once we know that

divee (u Zawlczk L*((0,T) x RY).

An important contribution of Chen and Perthame [19] is to make explicit
the point that the chain rule (ID.3) should be included in the definition of
an entropy solution in the anisotropic diffusion case. They also note that
(D.3) is automatically fulfilled when a(u) is a diagonal matrix, and can then
be deleted from Definition 2.2. This applies to the isotropic case (1.5).
Uniqueness of an entropy solution in the sense of Definition 2.2 was
proved in [19] using a kinetic formulation and regularization by convolution.
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The present paper offers an alternative proof based on the more classical
Kruzkov method of doubling the variables [32].

Let us mention that (D.4) implies the following Kruzkov -type entropy
condition for all ¢ € R:

-+ 30 [sign (u— o) (fi(w) = fi(¢))]

=1

Y 1, [sien (= 0) (A3 (w) = 455(0))]
i,j=1
—sign (u—c¢) F <0, Ali() = ag(-).

(2.2)

In the isotropic case (1.5), (2.2) simplifies to

Or |u— | + div sign (u — ¢) (f(u) - f(©))]
— A|A(u) — A(c)] <0, Ve € R.

(2.3)

After Carrillo’s work [15, 14], it is known that (2.3) implies uniqueness in
the isotropic case (1.5). In the anisotropic case (1.1), (2.2) is not sufficient
for uniqueness. Indeed, it is necessary to explicitly include the parabolic
dissipation measure in the entropy condition, as is done in (D.4).

As we discussed in Section 1, for unbounded L' solutions Definition 2.2
is in general not meaningful. In [19] the authors use a notion of kinetic
solutions to handle unbounded L' solutions. It is the purpose of this paper
to use instead a notion renormalized entropy solutions.

Before we can introduce this notion, let us recall the definition of the
Lipschitz continuous truncation function 7; : R — R at height [ > 0:

=, u<-—lI,
(2.4) Ti(u) =<Su, |ul <1,
, u > 1.

We then suggest the following notion of an L' solution:

Definition 2.3 (renormalized entropy solution). A renormalized entropy
solution of (1.1) is a measurable function u : (0,T) x R* — R satisfying
the following conditions:

(D.1) u € L>=(0,T; L' (RY)).
(D.2) Foranyk=1,...,K,

G(Ty(w)) € L*(0,T; L*(div;RY)), VI >0,

(D.3) (renormalized chain rule) For any k=1,..., K and ¢ € C(R),
divy (Ti(u)) = (T (w)divee(Ti(u)), VI >0,
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a.e. in (0,T) x R? and in L?((0,T) x RY).

(D.4) For anyl > 0, define the renormalized parabolic dissipation measure
Y (t,x) by
K

np (b, ) = (TiCu(t, 2)) 3 (v (Tiu(t 2))))

k=1
For any 1 > 0 and any entropy-entropy flux triple (n,q,r), with |7
bounded by K (for some given K ), there exists a nonnegative bounded
Radon measure ,u?’K on (0,T) x R such that

om(Ty(u)) + Zaxlfh Ty(u Z aclgcjrlj (Ty(u))

i=1 i,j=1
(D) < a4 K i D((0,T) x R,
that is, for any 0 < ¢ € D((0,T) x RY),

(2.5)
d d
/ N(Ti(w)ohd + Y ai(Ti(w) D, + Y 7ij(Ti(w) D0 | ddt
(0,T)xR4 i=1 i,j=1

! /<o,T)XRd ' (Ty(u)F(t, z)¢

2/ nlu’n”(t, x)qbdq:dt—/ d)d,u?’K(t,x).
(0,T) xR

(0,T)xR4

(D.5) The total mass of the renormalization measure u?’K vanishes as
[T oo, that is,

}%m,u?’K((O,T) xRY) =0

(D.6) The initial condition is taken in the following strong L' sense:

ess lim [u(-,1) = 1) = .

Note that since Tj(u) € L>¥((0,T) x R%), the integrals in (2.5) are all
well defined. Moreover, if a renormalized entropy solution u belongs to
L>=((0,T) x R%), then it is also an entropy solution in the sense Definition
2.2 (simply let [ T oo in Definition 2.3).

Our well posedness result is contained in the following theorem, which is
proved in Section 3 (uniqueness) and Section 4 (existence).

Theorem 2.1 (well posedness). Suppose (1.2), (1.3), and (1.4) hold. Then
there exists a unique renormalized entropy solution u of (1.1).
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It is worth while mentioning that Theorem 2.1 holds under merely local
regularity assumptions on f(u), a(u). Moreover, a(u) can be discontinuous,
which is of interest in some applications [13].

In the isotropic case it is not necessary to include the chain rule (D.3) as a
part of Definition 2.3 since it is then automatically fulfilled, as the following
two lemmas show.

Lemma 2.1 (chain rule). Let 0 <o € LS (R) and ¢ € LS. (R). Set

loc

B(z) = /0 ole)de,  BY() = /0 U)o () de.

Then, for any measurable function u such that B(Tj(u)) € HL (RY),

(26) VB (Ti(u(x))) = Y(Ti(u(2)))VB(Ti(u(z)),  VI>0,
for a.e. x € R? and in L% (RY).

loc

Proof. As in [19], (2.6) is a consequence of standard Sobolev space theory
(see, e.g., [28]). For the sake of completeness, let us sketch a proof.
Define the lower semicontinuous function 37! : R — R by

fH(w) :=inf{£ € R| B(E) = w}.
Denote by E C R the set
E = {w € R such that B671(+) is discontinuous at w}.
Since () is nondecreasing, F is at most countable. Introduce the function

v:= B(Ti(u) € Hipo(R?) € W (RY)

loc

and the corresponding set
Ez{xGRd:v(x)EE}CRd.
Then the classical chain rule from Sobolev space theory gives
0z, ¥ (v(z)) = V' (v(2)) 0y, v(x), for a.e. z € R4\ E,i=1,...,d,
where ¥ : R — R is defined by
V() =¢(f7'(v), veR.

However, on £ the I/Vli)c1 function v = v(x) is constant and hence from
standard Sobolev space theory

0, ¥ (v) =0y,v=0, forae.xef i=1,...,d
By the definition of v and since 371(3(¢)) = £ for all £, we obtain (2.6). O

Lemma 2.2. Let u be a renormalized entropy solution to (1.1) with a(u)
being a diagonal matriz:

a(u) = diag(ai(u), . .., aq(u)), 0<a €LE(R), i=1,...,d.
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For any ¢ € L (R) and i =1,...,d, let

loc

G = [ Va@ds, ¢ = [ uoVa@de
0 0
Then fori=1,...,d
(2.7)  0n ¢V (Ti(u(z, 1)) = Y(Ti(ul(e, 1)) 0, Gi(Ti(u(x, 1)), VI >0,
for a.e. (z,t) € (0,T) x R?* and in L*((0,T) x R%).

Proof. Since 9,,(;(Ty(u)) € L2((0,T) x R%) and u € L>=(0,T; L'(R%)) (see
Definition 2.3), we have

Gi(Ty(u)) € L*(0,T; H'(RY)).
Hence G(Tj(u(-,t))) € H'(R?) for a.e. t € (0,T). Then (2.7) follows from
an application of Lemma 2.1. O
3. UNIQUENESS OF RENORMALIZED ENTROPY SOLUTION

For the uniqueness proof, we need a C'!' approximation of sign (-) and a
corresponding C? approximation of the Kruzkov entropy flux |- — ¢, ¢ € R.

Lemma 3.1. Fore > 0, set

717 §< -5,
(3.1) sign, (§) = ¢sin (§££), €] <e,
1, &> e

For each ¢ € R, the corresponding entropy function
u
wo () = [ sien (€) de
C

is convex and belongs to C*(R) with n! € C.(R) and |n.| < 1 (so that the
constant K appearing in Definition 2.3 is 1). Moreover, n. is symmetric in
the sense that n.(u,c) = n-(c,u) and for allu € R

Be(w,¢) = n(u,c) i=[u—c| ase |0,

For each c € R and 1 < 1,5 < d, we define the entropy flux functions

we g (ue) = [ sign, (€ — o) F1(€) de.
- /

wo () = [ sign (¢ - 0 446 de
where A}, (-) = a;j(+) for 1 <4,j <d. Then ase |0
q; (u, ¢) = n(u, ¢) := sign (u — ¢) (fi(u) — fi(c)) ,

£

(33) 755 (5 ¢) = riz(u, ¢) = sign (u — ¢) (A (u) — Aj(c)),

for1<i,j <d. Let ¢ = (¢f,...,q3), r° = (rfj), and similarly for q, r.
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The function (3.1) is taken from [17]. The Kruzkov entropy fluxes ¢, r in
(3.3) are symmetric. This is, however, not true for the entropy fluxes ¢°, r¢,
but the symmetry error goes to zero as € | 0, that is,

q°(u,c) — ¢°(c,u) — 0, re(u,c) —r°(c,u) — 0, Yu,c € R,

and this is sufficient for proving uniqueness.
We are now ready to prove uniqueness of renormalized entropy solutions.

Theorem 3.1 (uniqueness). Suppose (1.3) and (1.4) hold. Let u and v
be renormalized entropy solutions of (1.1) with data F € L'((0,T) x R9),
ug € LY(RY) and G € L'((0,T) x R?), vy € LY(R?), respectively. Then for
a.e. t€(0,T),

[u,t) = o(, D)l 1 may
t
< luo = voll 1 gy + / 17 (s,) = G5, M sy 5.

In particular, the Cauchy problem (1.1) admits at most one renormalized
entropy solution.

(3.4)

Proof. We shall prove (3.4) using Kruzkov’s doubling of variables method
[32]. When it is notationally convenient we drop the domain of integration.
Let (1., q;, rfj) be the entropy flux triple defined in Lemma 3.1, and denote
by p;', pjthe corresponding renormalization measures.
From the definition of an renormalized entropy solution for u = u(¢, x),

(3.5)
d

d
[ nti@. oo+ Y i@, 000+ 3 v (Tiw. )22, 0 | do
i=1 i,j=1

- /signs (Ty(u) — ¢) F(t,x)pdx dt
> [ pododt — [ odut.0)

Ve e R, VI >0 and for 0 < ¢ = ¢(t,x) € D((0,T) x R?).
From the definition of renormalized entropy solution for u = u(s,y),

(3.6)

d
/ (1), 006 + 3 ¢ (1), 0,6+ 3 15,(Ti(v), )52, ¢ | dyds
1=1

ij=1
- [ sign. (1) ~ ) Gs,u)o dy ds

> /nmsigné(c')(S7y)¢)dyd8—/¢du;)(57y)a

Ve € R, VI > 0 and for every 0 < ¢ = ¢(s,y) € D((0,T) x R9).
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Choose ¢ = Tj(v(s,y)) in (3.5) and integrate over (s,y). Choose ¢ =
Ti(u(t,x)) in (3.6) and integrate over (¢,z). Then adding the two resulting
inequalities yields

(3.7)

/(U&(Tl(u)v Tl(v)) (8t + as) o)

d
Z g5 (Ty(u), T(0)) 8z, & + ¢ (Ty(v), Ty () Dy, 6]

d

Z {T ))a;%ixj¢ + Tfj(ﬂ(v),ﬂ(u))aiyjqb} ) dx dt dy ds

- / sign. (Ty(u) — Ti(v)) (F(t,2) — G(s,y)) da dt dyds
> / (n“’Signé('_C)(t, x)+n”’Sig“,€('_C)(s,y))qﬁdxdtdyds
_ / b(t, 2, 5,7) Al (t, ) dy ds
—/¢(t7w787y) duy (s,y) dz dt,

where ¢ = ¢(t,x, s,y) is any nonnegative function in D(((0,T) x R%)?).
We introduce next a function 0 < w € D(R) that satisfies w(o) = w(—0),

w(o) = 0 for |o| > 1, and / w(o)do = 1. For p > 0 and z € R, let
R

wp(z) = %w (ﬁ) We take our test function ¢ = ¢(t,x,s,y) to be of the

form
o(t,z,5,y) = ¢ (42, 5Y)

w
2
where ¢ € D((0,T)xR%),0 < ¢ < 1,andw, (552, %) = w, () w, (52).
With this choice, we have

(3.8) (O 4 05) ¢ = (0 + 05) o (B2, 2 ) w, (52, 5FY)
and
(Vo + V) 6= (Vo + V) o (52, 52) w, (552, 55Y) -

Introduce the Hessian matrices

Vard = (02.5,0) . Vayo = (02,,0), Viyo = (2,,0).

Then one can check that the following crucial matrix equality holds:

(Vaw +2Viay + V) & = (Vaw + 2Viy + Vi) 0 (52, 55Y) wp (55, 53) -
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Note that the two latter properties imply that for 1 <14 <d

6 (Ty(u), Ty(v)) D, & + ¢ (Ty(v), Ti(w))y: &
(3.9) q(T() <>><'o‘xz+ayl> (%%y) p (5% 7Y

and for 1 <1i,7 <d

(3.10)
rfjmwm(v))a?. ,&+15(Ti(v), Ty(w)) 0y, 6
), Ti0) (8, + 208, 4 55, ) 0 (52,75 0 (55,25
Tij(Tl() ())aglyjﬁb
+ [r5 (T (), Th(w)) — 5 (Ti(u), Ti(v))] 82, 6.

We also have

~ [ ott.s.) du () dy s
(3.11)

>~ [ (555, 75%) dyds duf(t.0) = 4 (0.7) X RY
and similarly

(3.12) —/¢(t,x,s,y) dut (s, ) dz dt > P ((0,T) x RY).

Insertion of (3.8)—(3.12) into (3.7) gives

(3.13)
/(%(Tl(u),Tz(v)) (0 +85) o (52, 75Y)
d
+ @5 (Ti(w), Ty(v)) (e, + y,) o (55, 55Y)

X w, (452, 554 dadt dy ds

~ [ sign. (Tiw) ~ Ti(0) (F(t.2) ~ Gls.v) dodtdyds

> Ei(e) + Ea(e) + Bs(e) — uf ((0,T) x RY) — 4 ((0,7) x RY),
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where Ej(e) = / Ii(e)dzdtdyds, j =1,2,3, with
((0,T)xR4)2

d
Ie) =2 > rii(Ti(u), Ti(v))d;,,, ¢,

Thanks to Lemma 3.1, liﬁ)l Es(e) =0 and
3

d
: 2
(3.14) lta E(e) = / 2 ;j::l iy (Ty(), T (0))62,, & de it dy di.

Our goal now is to show that

‘ , : > 0.
(3.15) lalﬁ)l Ei(e) + lalﬁ)l Es(e) >0

To this end, note first that, since sign’ (-) > 0,

K

Ii(e) > 2 signl (Ti(u) — Ty(v)) divyCGe(Ty(w))divy G (Ti (v)) ¢,
k=1

so that

K
Bi(e) = [ 2 signl (Ti(w) - Ti(0)) div,u(Ti(u)
k=1

x divy (17 (v)) ¢ dz dt dy ds.

13

Invoking the chain rule (D.3) in Definition 2.3 (we can do this since

sign’ () € C(R)), we have for 1 <k < K

(3.16)  signl (Ty(u) — Ty(v)) divyCe(Ti(v)) = div, ¢TI (7 (1)),

If we now use (3.16), then we have

K
Er(e) > / 23" diva G(Th(w)divy G T (T3 (0)) o da dt dy ds.
k=1
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Integration by parts in y yields

K d
Ei(e) > /22 > 0w, Ci(Ti(u))

k=114,j=1

T, (v)
X Oy, (/ sign, (T3 (u) — &) o1 (€) df) odxdtdyds

Ti(u)

K d
_ / 23" Y 0 Cr(Tiw)

k=11i,j=1

Ty(v)
X (/ sign, (1) (u) — &) ojx (&) d{) Oy, ¢ dx dt dy ds.

Ty (w)

For 1 <k < K and 1 < j < d, define the function 7/’]6‘1@ :R — R by

T (v)
(1) = / sign!. (n — €) ou(€) de.
n

Since sign_ () € C(R) and o (-) € L5, (R), we have 1% (-) € C(R) and the
chain rule can therefore be used.

Using the chain rule (D.3) in Definition 2.3 and then doing integration
by parts in x, we derive

K d
Ey(e) > - / 23" S 00, Gu(Ti ()65, (T () By, 6 vt dy dis

k=114,j=1

K d
= —/ZZ Z 8%@?2""'(Tl(u))(?ngbdmdtdyds

k=14,j=1

Ko d Ty ()
- _/22 Z Ou; </Tz : V(&) oik(§) d§> 0y, ¢ dx dt dy ds

k=14i,j=1 (v
Ko Ti(u)
:/22 2 (/ Vik(E)aik () dé) 02, ¢ du dt dy ds.
k=1i,=1 \’Ti(v)

Observe that for a.e. n € R
livn 54 (m) = —sign (1 = Ti(v)) 755 (1),

so that by the dominated convergence theorem we have for a.e. (¢,z,s,y)

Ti(w) Ti(u)

im [ 05 (E)oum(€) dé = - / sign (€ — Ty(0)) o,(E)oix (€) de.

el JTi(v) Ti(v)
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Hence, after another application of the dominated convergence theorem,

(3.17)

Ty (u)
hmE1 / Z Z (/ sign (§ — 11(v)) ok (§) ok (§) d§>

k=11i,=1
x 0, ¢ dx dtdy ds

/)waﬂ)ﬂUWW¢Mﬁ@@

,j=1

Finally, adding (3.17) to (3.14) yields (3.15).
Summing up, sending ¢ | 0 in (3.13) gives

/(Itime + Leony + Idiff) (t> L, S, y)wp (%7 %) dx dt dy ds

(519 — [ sign (1) = Ti0) (F(t.9) - Gs.)
x wp (55, 25Y) o (52, 22 dx dt dyds

where

mm@wswzﬂmmwﬁfﬂwawmﬁ+%WGfﬁ¥%

Iconv t,z,s y Z(h Tl Tl( ( ))) (aﬂﬁz +ai)90(t+75’%)’

d
Idiﬁ(ta z,s, y) = Z T'ZJ(I-‘[(U), T‘l('l})) (6511‘] + 285%1 + a;i?Jj) P (tTS’ L‘;y) .
ij=1
Let us introduce the change of variables

Tty 7 t+s _ =y __ t—s
2 t_ 2 z = 2 T = 2

T =
which maps (0,7) x R x (0,T) x R? into
Q=RIxR!x {(i,7) | 0<i+7<T, 0<i-7<T}.

Observe that

(Or+ 0s) ¢ (t—l—s’ x+y) = SDt(t ), (Vi + vy) o(t,z,s,y) = ngo(f,j).
This change of variables diagonalizes also the operator V , 4+ 2V, 4+ Vy,:

(Vaz +2Vay + V) o (55, 2Y) = Viz0(E, 7).
Keeping in mind that

r=x+4+z2 y=x—2 t=t+71, s=t—r,
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we may now estimate (3.18) as
(3.19)
/ (Itime + Iconv - Idiff) (Ev -i'a 7, z)wp(z)(sp(T) dgdi’ dr dz
Q

> / ‘F(er T,T+2)—G{t—T1,T— z)lwp(z)6p(7')cp(£, T)dx dt dr dz

where

Lime(t, 2,7, 2) = | T (u(t + 7,2 + 2)) — Ti(v(t — 7,3 — 2))| ¢;(L, &),

d
Teony(t, 2, 7,2) = qu (Ti(u(t+ 7,2+ 2)), Ti(v(t — 7,& — 2))) 05,9(t, 2),
i=1
d
Idlff(f Z) = Z Tij (TZ(U(E—F T, + Z))>Tl(v(t —T,r = Z))) 3%150390
ij=1

Sending p | 0 in (3.19) gives

d
/(\n(u) — ()| Oep + Y ai (Ti(w), T(v)) On,
=1
d

(3.20) + Z rij (Ti(w), Ty(v)) 05, j<p> dz dt

/]Ftw G(t,z)| pdxdt
— 1 ((0,T) x RY) — uf((0,T) x RY).

By standard arguments (choosing a sequence of functions 0 < ¢ <1 from
D((0,T) x R%) that converges to 1(04)xre and using the initial conditions
for u, v in the sense of, say, (D.6) in Definition 2.3, it follows from (3.20)
that for a.e. t € (0,7

/|mwmm—n@wmﬂm
Rd

(3.21) S/ T3 (ug) — Ty (vo)| d:z:+/ / |F(s,x) — G(s,x)| dx ds
 ((0.7) % BY) + i ((0,7) x R,

Equipped with (D.5) in Definition 2.3 for u and v, sending [ T oo in (3.21)
yields finally the L! contraction property (3.4). O
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4. EXISTENCE OF RENORMALIZED ENTROPY SOLUTION
The purpose of this section is to prove the following theorem:

Theorem 4.1 (existence). Suppose (1.2), (1.3), and (1.4) hold. Then there
exists at least one renormalized entropy solution u of (1.1).

We divide the proof into two steps.

Step 1 (bounded data). Suppose the data ug and F' are bounded and
integrable functions. Repeating the proof in [19] we find that there exists
a unique entropy solution u to (1.1) (interpreted in the sense of Definition
2.2), and this entropy solution can be constructed by the vanishing viscosity
method [42]. For us it remains to prove that this entropy solution is also
a renormalized entropy solution in the sense of Definition 2.3. To this end,
let u, be the unique classical (say C1+2) solution to the uniformly parabolic
problem (see [42])

Opup + divf(u,) = V - (a(u,)Vu,) + pAu, + F, p >0,
up(x,0) = up(x).

Equipped with the p-independent a priori estimates in [42], Chen and Perthame
[19] prove

(4.2) u, —u a.e. and in C(0,T; L (R%)) as p | 0,

(4.1)

where wu is the unique entropy solution to (1.1).

!/
For any C? function S and (¢7) = S'f, (ri) = S'a;j for 1 <45 < d,

multiplying the equation in (4.1) by S’ (up) yields

d
0S(up) + Y On,af (u,) — Z ) — pAS(u,)
(4.3) i=1 =1

— S (up)F(u,) = — (n,f + mS”) (t, ),

where the parabolic dissipation measure n; (t x) is defined by

2
nS"(t, Z (Z e, G (u( )) :

k=1
and the entropy dissipation measure mp (t, x) is defined by
S/l 2
my (t,x) = pS" (up) [Vu,|”.

An easy approximation argument reveals that (4.3) continues to hold for
any function S € W2 (R).

1 u
Inserting S(u) = l/ T1(€)¢ into (4.3) and then sending [ | 0, we get
0

the well known estimate

(4-4) ”upHLoo(o,T;Ll(Rd)) < HuOHLl(Rd) + ||F||L1((0,T)><Rd)’
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We need to derive some additional a priori estimates (involving (2.4)) that
are independent of p and |[uol| e (ray: [1F'l| Lo ((0,1)xR%)-

Lemma 4.1. For anyl > 0, we have

K /d 2
/(0 T)xRd (Z <Z 33:£ik(ﬂ(“p))) +pVTl(up)2) dx dt < O,

k=1 \i=1

for some constant C; that is independent of p but not l. More precisely,

Cr=1 (HUOHLl(Rd) + HFHLl((O,T)XRd)) .

Proof. Introduce the function

_ lu| <1,
s = [ 1) 5_{l| e lE

2
Choosing this S(-) in (4.3), we derive
(4.5)

T
S(un(Pa))de = [ Sy [ [ P, ded
Rd Rd Rd

K

2
- _/(0 T)x R (Z (Z Oz, G (T up))) +pVTl(up)2) dz dt.

k=1
From the nonnegativity of S(-), it follows from (4.5)

K

2
/(0 T)xR4 (Z (Z O, G (11 Up))) +pVTl(up)2) dax dt

(4.6) k=1

< o S(up(z)) de + /0 /Rd F(u,)Ti(up) dx dt.

Since for all uw € R, |Tj(u)| <l and 0 < S(u) < [|u|, we deduce from (4.6)

K d 2
(Ti(u wy))? | dx
/(O,T)de (; <ZaxiCzk(ﬂ( p))> +p|VTi(u,)] ) dx dt

=1

< (Jluol s ey + 1P 21 0.y ) -
which completes the proof of Lemma 4.1. O

Lemma 4.2. For anyl >0 and any 6 > 0,

2
/ Zaxlgzk up +,O|Vup]2 dx dt < 5([),
5 {I<|up|<l46}
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for some bounded function E(-) on Ry that is independent of n,p,d and
satisfies

lim £(1) =

If the data ug, F' are bounded and

(4.8) 1> M := [Juol| oo (may + 1]l oo (0,7 xR) -
then E(1) =

Proof. Let us define the function S(-) by S(0) = 0 and

;

—1, u < —l—6,
—u—l
/ 1 =5, —l=id<u<-l
S'(u) = 5 (Tivs(u) = Ti(w)) = 4 0, —l<u<l,
el l<u<l+d,
1, u>149.

Inserting this S into (4.3) gives

K / d 2
1
i=1

(4.9) {I<|up| <46} =1

g/ luo| d:c—l—/ |F| dxdt :== E(1).
{luol>1} {lup>1}

Since ug € L'(R%), F € L'((0,T7)xR%), and, thanks to (4.4), u,, is uniformly
(in p) bounded in L'((0,T) x RY), we have £(I1) — 0 as [ ] occ.

If the data ug, F are bounded functions, then it is well known that
HUPHLOO((O,T)de) < M, where M is defined in (4.8). We observe that if

I > M, then S(ug) =0 and S'(u,) = 0. Hence we deduce £(l) = 0. O

Let us choose a particular S = S, j, in (4.3) of the form
Sp.n(0) =0, Syn=mnH,
neC*R), n'>0, |7|<K,
he C*R),  supp(h) C [~1,1].
This gives
8t877 h up + Z aﬁl‘qu " h uP Z a:lazj pAS ( )
(4.10) i=1 ij=1
= S () F(up) = = (n ™ + " ) (t. ),
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where
MZ 'h!! (t,w) = (nzlhn 4 mZ/h//> (t,a:)
2
= =1 (up)R" (up) Z (E 0z, Gt (up ) +p|Vu,|*
k=1

Let h;5 : R — R denote the function defined by h; s(0) = 0 and

17 ’u‘ < l7

hig(u) = < Bl g <l < 146,

0, lu| > 1+ 6.
Clearly,
(4.11) his(u) = Ti(u),  hys(u) = Ly,

for any u € R. The idea is to choose h = hy,; in (4.10) and then let 6 | 0.
To this end, let us first define the Radon measure /‘z}fp, son (0,T) x R? by

K [/ d 2

K

)= N |32 (Lonatun) 01w ) aran
k=1 =

that is, for any Borel set E C (0,7) x RY,

2
K
Ml,p, s(E) = 5 Z (Z O, Gt (1 ) —i—,0|Vup|2 dz dt.

Enfi<lu,|<l+s} \ t=]
Then, by Lemma 4.2,
(0, T) x RY) < E(1).

Consequently, we may assume that

(4.12) ,uLKM X u{; in the sense of measures on (0,7") x R%aséd |0,
' ,ulljj Aok in the sense of measures on (0,7) x R? p | 0,

for some nonnegative bounded Radon measure ulK satisfying

(4.13) (0, 7) x RY) < E() -0 asl ] oo.
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For any 0 < ¢ € D((0,T) x R?), thanks to (4.11) and the convexity of 7,

(4.14)
n"

lim n t,x)pdxdt
610 J (0,7 xRd g ( )

2
:/(OT) e 1" (up) L, <y | D (Z&rl@k up> +p|Vu,|* | ¢ da dt
)%

k=1

K d 2
> /(0,T)><Rd n//(Tl(Up)) Z (Z 8xig‘ik(1}(up))> ¢ dz dt.

k=1 \i=1

Again because of (4.11), it can be easily checked that as § | 0 (recall
¢ =n'f and ' =na)

Sns(w) = n(Ti(w), Sy, (w) = ' (Ti(w),

4.15
( ) quhl’& () — q(Ty(u)), PO (u) — r(Ty(u)),

for any u € R.
Inserting h = hy s into (4.10) and using || < K, (4.12), (4.14), (4.15)
when sending § | 0, we get

82577(Tl Up +Zax,% Tl up Z 6 x;Tij Tl up))

i=1 i,j=1
(4.16) — pAN(Ti(uy)) — o (T () F

2
< =" (Ti(up)) Z(Zaﬁgk up> + iy, in D'((0,T) x RY).
k=1

We now want to send p | 0in (4.16). To pass to the limit in the first term
on the right-hand side of (4.16) we employ a standard lower semicontinuity
result found, e.g., in [1]. For any 0 < ¢ € D((0,T) x R?) we have

K

lim inf/ 0" (T (u
pl0 - J(0,T)xRd (Tifup)

> / " (Ti(u
(0,7) xR

2
(Z O, Cir (Th( u,,))> ¢ dx dt
d 2
<Zax1<zk Tl ) qbdl’dt

=
DY

(4.17)

k=1
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Equipped with (4.17) and (4.12), passing to the limit p | 0 in (4.16) yields
(4.18)

d d
/ <n<n<u>>at¢+ S Gi(Ti(w)nd+ 3 m(ﬂ(u))aiqub) da dt
(0,T)xR4 =1

ij=1

wf @) Fedsd:
(0,T)x R4

K d 2
S /(O,T)xRol77 (Tl(u))z (l - (%zgk(ﬂ(u))) ¢ dx dt

k=1

—/ pdpl(t,z), VYo e D((0,T) xRY), ¢ >0.
(0,T)xR4

It remains to prove that the chain rule (D.3) in Definition 2.3 holds. For
any ¢ € C(R), the classical chain rule gives for k =1,..., K

d d
> 0 G (Tiup)) = (Tilwy)) D O Gir(Tilwy)),  WL> 0,
i=1 i=1

As in [19], the proof is to observe that this equality continues to hold in the
limit as p | O since u, converges strongly and Z?Zl Or,; Gt (11 (up)) weakly.

Step 2 (unbounded data). Suppose the data ug and F' satisfy (1.2). For
n > 1, introduce the truncated data wg, = T, (up) and F,, = T,,(F). We
have ug, — g, F, — F in L' as n 1 oco. Thanks to the L' contraction

property of the solution operator to (4.1), the following estimate holds for
a.e. t € (0,7):

Hun’('7 t) - un('v t)HLl(Rd)

t
< o = w0y + [ 1B () = Bl My ds =0

as n,n’ — oo. Hence {uy}, -, is a Cauchy sequence in C(0,T; L' (R?)) and
has a limit point u. From Step 1 we know that each u, is a renormalized
entropy solution of (1.1) with ug and F replaced by g, and F,,, respectively.
Denote by Nl[,(n the corresponding renormalization measure. Lemma 4.1 and
(4.13) imply that the following n-independent a priori estimates hold for
each [ > 0:

lunll oo 0,10 Ray) < llwollprway + 1F ] Lo,y <R »

K 9 K

d 2
> (diveu () =3 (Z &cicik(Tz(un))) <G,
i=1

k=1 k=1

WO xRY < [ uldes [ (P deat
{luo|>1} {lun|>1}
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for some constant C} that depends on [ but not n. Equipped with these
estimates and the strong convergence u,, — u, we can repeat the steps in
the above limiting process for the viscous approximations {up}p>0 and prove
that the limit point u of {uy}, -, is a renormalized entropy solution of (1.1),

with the renormalization measure ,u}"K being a limit point of {ulKn}

n>1‘

This completes the proof of Theorem 4.1.
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