EXISTENCE OF DAFERMOS PROFILES FOR SINGULAR SHOCKS
STEPHEN SCHECTER
ABSTRACT. For a model system of two conservation laws, we show that singular shocks

have Dafermos profiles.

1. INTRODUCTION

Keyfitz and Kranzer [10, 13] showed that the Riemann problem for the strictly hyperbolic,
genuinely nonlinear system of conservation laws

Ue + (U% — Ug)x = 0, (11)
1

does not always have a solution consisting of combinations of rarefactions and shock waves.
They could, however, always produce a unique solution to the Riemann problem for (1.1)-
(1.2) if they allowed singular shocks. Singular shocks satisfy only a modified form of the
Rankine-Hugoniot condition; thus they do not have viscous profiles. Roughly speaking, a
shock wave is a Heaviside function, whereas a singular shock is a Heaviside function plus a
d-function concentrated at the discontinuity [11, 22].

Keyfitz and Kranzer proposed an approach to singular shocks via the Dafermos regular-
ization of (1.1)—(1.2), which is the artificial system

ure + (U = Uz)y = ettty (1.3)
1
Ut + (gui’ - ul)x = €lUgey- (14)

They conjectured that the singular shocks they wanted to use could be approximated, for
small € > 0, by self-similar solutions (u<, v)(%) of (1.3)-(1.4) that grow arbitrarily large near
the discontinuity as e — 0. On the assumption that such Dafermos profiles exist, Keyfitz
and Kranzer constructed their asymptotic approximations to lowest order in e.

The result of this paper is that the conjectured self-similar solutions of (1.3)—(1.4) exist.
The proof avoids the problem of matching difficult asymptotic expansions by using geometric
singular perturbation theory [6, 7]. More precisely, we use the blowing-up approach to
geometric singular perburbation problems that lack normal hyperbolicity [4, 5, 15]. The
idea of using this method to study self-similar solutions of the Dafermos regularization is
due to Szmolyan [25]; see also [19, 20, 21, 16].

A generalization of the Keyfitz-Kranzer system (% replace by 3 with 0 < v < 1) is discussed
in [17]. The results of the present paper hold for this generalization. Sever [22] identifies a
class of problems for which the lowest-order asymptotic approximations to Dafermos profiles
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can be constructed. Another example of a system that admits singular shocks is treated in
[12]. We have not checked that our result holds for these problems.

In order to provide a context for the idea of Keyfitz and Kranzer, let us review some
background about systems of conservation laws.

A system of conservation laws in one space dimension is a partial differential equation of
the form
with t > 0, x € R, u(x,t) € R", and f : R" — R™ a smooth map. A shock wave for (1.5) is
given by

wl,t) = u_ for x < st, (1.6)
" Yug for x> st ‘

The triple (u_, s, uy) is required to satisfy the Rankine-Hugoniot condition

fluy) = flu-) = s(uy —u_) =0. (L.7)

This condition follows from the requirement that (1.6) be a weak solution of (1.5) [23].

Too many shock waves satisfy the Rankine-Hugoniot condition; an additional criterion is
needed to select the physically realistic ones. A wiscous reqularization of (1.5) is a partial
differential equation of the form

up + f(w)e = (B(w)uz)o, (1.8)

where B(u) is an n X n matrix whose eigenvalues all have positive real part. The shock wave
(1.6) satisfies the wiscous profile criterion for B(u) if (1.8) has a traveling wave solution
u(z — st) that satisfies the boundary conditions

u(—o0) =u_, u(+00)=u,. (1.9)

A traveling wave solution of (1.8) satisfying the boundary conditions (1.9) exists if and only
if the traveling wave ODE

i = Blu)™ (f(u) — Flu_) — s(u—1u_)) (1.10)

has an equilibrium at u, (it automatically has one at u_) and a connecting orbit from wu_
to uy. The condition that (1.10) have an equilibrium at u, is just the Rankine-Hugoniot
condition (1.7).

A Riemann problem for (1.5) is (1.5) together with the initial condition

uy for z <0,
0)= 1.11
w(z,0) {uR for z > 0. (1.11)

One seeks piecewise continuous weak solutions of Riemann problems in the scale-invariant
form u(z,t) = u(§), £ = 7. Usually one requires that the solution consist of a finite number
of constant parts, continuously changing parts (rarefaction waves), and jump discontinuities
(shock waves). Shock waves occur when

lim (&) = u_ = lim a(¢).
Jim 4(6) = u- # uy = lim A(¢)
One way to decide which shock waves to allow is to have in mind a fixed regularization (1.8).

For a Riemann solution associated with the viscosity B(u), the triple (u_, s, uy) is required
to satisfy the viscous profile criterion for B(u).
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An alternative approach to Riemann problems uses the Dafermos reqularization of a sys-
tem of conservation laws [2]. The Dafermos regularization of (1.5) associated with the
viscosity matrix B(u) is

u + f(u), = et(B(u)ug) .- (1.12)

Like the Riemann problem, but unlike (1.8), (1.12) has many scale-invariant solutions
u(x,t) = u(§), £ = 7. They satisfy the nonautonomous second-order ODE

(Df(w) €5t = e (B@)fl—z) , (1.13)

where we have written u instead of 4. Corresponding to the initial condition (1.11), we use
the boundary conditions

u(—o0) =ug, u(+o00) = ug. (1.14)

For ug close to ur, Tzavaras [24] has shown that Riemann solutions associated with B(u)
can be approximated by solutions of the boundary-value problem (1.13)—(1.14) with B(u)
and € > 0 small.

A structurally stable Riemann solution is one that is stable to perturbation of uy, ug and f,
in the sense that nearby Riemann problems have solutions with the same number of waves, of
the same types [18]. It appears to be the case that the structurally stable Riemann solutions
associated with a given B(u) have, for small € > 0, solutions of (1.13)—(1.14) nearby. For
results in this direction, see [25, 19, 21]; for some non-structurally stable Riemann solutions,
see [16]. In these papers, a Riemann solution @(%) of (1.5), (1.11) that is associated with
a given B(u) is viewed as a singular solution of (1.13)—(1.14) with ¢ = 0. This singular
solution includes lines of normally hyberbolic equilibria (corresponding to constant states in
the Riemann solution), curves of equilibria that are not normally hyperbolic (corresponding
to rarefactions), and orbits connecting equilibria (shock waves; the orbits correspond to the
solutions of (1.10) associated with the shock waves). The proofs that for small € > 0 there
are nearby solutions of the boundary-value problem (1.13)—(1.14) use geometric singular
perturbation theory.

These results suggest that in looking for solutions of the Riemann problem (1.5), (1.11)
that are associated with the viscosity B(u), one should accept any function 4(€) that arises as
the limit as € — 0 of solutions of the Dafermos boundary value problem (1.13)—(1.14). This
is essentially the idea of Keyfitz and Kranzer, with B(u) = I, that leads to singular shocks.
The solutions of (1.13)—(1.14) that they use become unbounded as ¢ — 0. Nevertheless, they
converge pointwise to a Heaviside function away from its discontinuity, and in measure to a
Heaviside function plus a J-function.

The rest of the paper is organized as follows. The geometry of the Dafermos regularization
is reviewed in Section 2. In Section 3 we specialize to the Keyfitz-Kranzer system. Blow-up
is performed in Section 4. A useful lemma on flow past a “corner equilibrium” is proved in
Section 5. Manifolds of corner equilibria arise in blown-up geometric singular perturbation
problems precisely where inner and outer solutions must be matched. When such equilibria
are normally hyperbolic, this lemma plays the same role in tracking the flow past them that
the Exchange Lemma [9, 8] plays at certain other manifolds of equilibria. Finally, the result
on existence of Dafermos profiles for singular shocks is stated precisely and proved in Section
6.

1
I
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2. DAFERMOS REGULARIZATION

We consider the nonautonomous second-order ODE (1.13) with B(u) = I. Following [25],

we convert it into an autonomous first-order ODE by letting v = €% and treating ¢ as a

dg
state variable:

eu' = v, (2.1)
ev' = (Df(u) — &I, (2.2)
¢ =1. (2.3)

As an autonomous ODE, the system (2.1)—(2.3) is a singular perturbation problem written
in the slow time 60, with % =1 (i.e., £ =0+ &). Here the prime symbol denotes derivative
with respect to 6.

We let 6 = er, and we use a dot to denote differentiation with respect to 7. System
(2.1)—(2.3) becomes

o=, (2.4)
o= (Df(u) — &), (2.5)
£=e (2.6)

System (2.4)—(2.6) is system (2.1)—(2.3) written in the fast time 7. The boundary conditions
(1.14) become

(u,v,&)(—00) = (ur, 0, —00), (u,v,£)(c0) = (ug,0,00). (2.7)
Setting € = 0 in (2.4)—(2.6) yields the fast limit system
U=, (2.8)
0= (Df(u) =&,
§=0. (2.10)

System (2.8)—(2.10) has the (n + 1)-dimensional space of equilibria v = 0.
We now restrict to the case n = 2. For a small § > 0, let

So = {(u,v,€) : |lul| < =,v =0 and (2.8) — —(2.10)) — d},

Sl = {(UHU?&) : ||U|| << v= 0 and /\1(’&) +0 < g < )‘Q(U) - 5}7

— =S —

Sy = {(u,v,8) : ||ul| < 5U= 0, and Ag(u) +d < &}

For the system (2.8)—(2.10), each S is a 3-dimensional normally hyperbolic manifold of
equilibria [6], [7]. Every point of Sy has a stable manifold of dimension k& and an unstable
manifold of dimension 2 — k. Thus the unstable manifold of Sy for (2.8)—(2.10), which is the
union of the unstable manifolds of the equilibria that comprise Sy, is open in R®. Similarly
the stable manifold of Sy for (2.8)—(2.10), which is the union of the stable manifolds of the
equilibria that comprise Sy, is open in R®. (S} will not be important to us.) See Figure 2.

According to [6], for € near 0, the system (2.4)-(2.6) has normally hyperbolic invariant
manifolds near each Si. Since the 3-dimensional space v = 0 is invariant under (2.4)—(2.6)
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\\/ \\/
&=A1(U)  &=Ax(u)

FIGURE 2.1. Phase space for the fast limit system (2.8)—(2.10). The 3-
dimensional space v = 0 consists of equilibria. This space is divided by the
surfaces £ = A\j(u) and £ = \o(u) into sets equilibria with two positive eigen-
values, one positive and one negative eigenvalue, and two negative eigenvalues.

for every e, the perturbed manifolds can be taken to be the S;’s themselves. On Sj, the
system (2.4)—(2.6) reduces to

u=0, v=0, E=e¢
For each fixed ug in R?, let Sy (ug) be the set of point in Sy with u = g, a (portion of a)
line. Then for (2.4)—(2.6), each line Sy(u) has a 3-dimensional unstable manifold W*(Sy(u)),
and each line Sy(u) has a 3-dimensional stable manifold W#(Sy(u)). These manifolds depend
smoothly on (u, €).

Geometrically, for a fixed € > 0, a solution of the boundary value problem (2.4)—(2.7)
corresponds to a solution of (2.4)—(2.6) that lies in the intersection of W*(Sp(ur)) and
W?2(S3(ur)). These are 3-dimensional manifolds in a 5-dimensional space, so they are ex-
pected to intersect in isolated curves. See Figure 2.

In (2.4)—(2.6) we let w = f(u) — &u — v, i. e., we make the invertible coordinate transfor-
mation

(u,v,8) = (u, w, &) = (u, f(u) = §u—0,§). (2.11)
Also, from now on we shall treat € as a state variable. Thus we obtain the system
= f(u) —&u—w (2.12)
i = —eu, (2.13)
£=c¢, (2.14)
e=0. (2.15)

In 6-dimensional uwée-space, each subspace ¢ = constant is invariant. Corresponding to the
3-dimensional subspace v = 0 of uvé-space, which is invariant under (2.4)—(2.6) for each e,
we have the 4-dimensional invariant surface w = f(u) — {u in uw&e-space. Corresponding to
the 3-dimensional subsets S, of v = 0, we have 4-dimensional normally hyperbolic subsets
Ty of the surface w = f(u) — &u. Ty and Ty (we shall not need T}) are foliated into invariant
lines

Ts(u) = {(u,w, &, €) : wand € fixed, & < A\j(u) — §,w = f(u) — &u},
Ty (u) = {(u,w, & €) : uwand € fixed, \g(u) +§ < &, w = f(u) — &ul,
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v
WE(S(uR))
WE' (So(up))
— ¢
EZ(UR)
SOTUL)
u &=A(U)  E=Ay(u)

FIGURE 2.2. Phase space for the Dafermos system (2.4)—(2.6) with ¢ > 0.
The 3-dimensional space v = 0 is invariant but no longer consists of equilibria.

A solution in W¥(Sp(ur)) N W2(Sa(ug)) is shown.

From the theory of normally hyperbolic invariant manifolds [6, 7], each line Tf(u) has a
3-dimensional unstable manifold W*(T§(u)), and each line T (u) has a 3-dimensional stable
manifold W#*(Ts(u)); these manifolds depend smoothly on (u,€). In these coordinates, we
wish to find, for each small € > 0, a solution of (2.12)—(2.15) that lies in the intersection of
W (T (ur)) and W*(T5(ur))-

3. KEYFITZ-KRANZER SYSTEM

For the system of conservation laws (1.1)—(1.2), the corresponding Dafermos system (2.4)—
(2.6) is

Uy = vy,
g = Vg,
U = (2U1 - 5)01 — V2,
Uy = (U3 — Dy — €y,

E=¢e

A~ N /N /N o/
[ S R L N
— N N~ N
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The corresponding alternate Dafermos system (2.12)—(2.15) is

Uy = uf — ug — Euy — wy, (3.6)
) 1
Ug = gu‘? —up — {ug — Wy, (3.7)
u')1 = —€Uq, (38)
wg = —€U2, (39)
{=c¢ (3.10)
¢=0. (3.11)
Motivated by [10, 13], in (3.6)—(3.11) we introduce the new variables
Y1 = €ur, Yo = EUo. (3.12)

We multiply the resulting system by €, i.e., we rescale time by 7 = €(, and we use a prime
to denote derivative with respect to (. (This differs from the use of prime in Section 2.) We
obtain

Yy = Ui — Y2 — €Sy — €, (3.13)
Yy = %yf’ — €y) — fyy — €wy, (3.14)
wy = —eyr, (3.15)
wh = —yp, (3.16)
&=é, (3.17)
e =0. (3.18)

Note that this change of variables collapses the 5-dimensional subspace € = 0 of uwée-space
to a 3-dimensional subspace E of ywée-space,

E={(y,w,&€):y=0, e=0}.

Each 2-dimensional set {(u,w,&,€) : w = wy, & = &, € = 0} collapses to the point
(0,wp, &, 0) of E. The advantage of this change of variables is that for small € > 0, some
solutions that take on very large u-values take on only moderate y-values. In [10, 13] the sin-
gular shock profiles consist of two outer solutions, expressed in u, that satisfy the boundary
conditions (1.14), and an inner solution, expressed in y, that represents a large excursion in
the solution. The difficulty lies in matching them.

In this paper we shall take system (3.13)—(3.18) to be the fundamental one to analyze.

Setting € = 0 in system (3.13)—(3.18), we obtain

YL =Yi — Yo, 3.19
1

Yy = gyi’, 3.20

w, =0, 3.21

~

¢ =0, 3.23

(3.19)

(3.20)

(3.21)

wy = —Ya, (3.22)
(3.23)

¢ = 0. (3.24)
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This 5-dimensional system (recall ¢ = 0) has the 3-dimensional space of equilibria E. The
equilibria in £ have all eigenvalues equal to 0.

The phase portrait of the 2-dimensional system (3.19)—(3.20) is shown in Figure 3. There
is a unique equilibrium at the origin. Through it are two invariant parabolas y, = ciy?
with ¢y = (3 V3). Above y, = c,y? is a one-parameter family of homoclinic orbits.
They are all tangent to y» = c,y? at both ends; each orbit is represented by a unique
solution (y1(¢), y2(¢)) with y;(0) = 0; y2(¢) is integrable; and the homoclinic solutions are
parameterized by v = ffooo y2(€)d¢, 0 < v < o0 [17].

Y2 =G,y

FIGURE 3.1. Phase portrait of y} =y} — vo, y5 = %y%

Proposition 3.1. Let g9 = (0,0, wo1, woz, o, 0) and g1 = (0,0, w1, w1z, &, 0) be two points
of E with woy > wiz. Then there is a unique solution of (3.19)—(3.24) that goes from qo to
¢1 and has y1(0) = 0.

Proof. Let (y1(¢),y2(¢)) be the unique solution of (3.19)—(3.20) that is homoclinic to the
origin, satisfies y1(0) = 0, and has [~ y5(¢) d( = wp2 — wya. Then the desired solution of
(3.19)-(3.24) is

¢
(11(€), y2(¢), wor, woz — /_ ya(n) dn, &, 0).
]
4. BLow-up

Corresponding to the lines 7§ (u) and T (u) in uwée-space, we have in ywe-space the lines
M (u) = {(y,w, &, €) s y1 = euy, Yo = €U, & < Mi(u) — d,w = f(u) — &u, € fixed},
Ms(w) = {(y,w, &, €) : y1 = eur, ya = €ug, Mg(u) +6 < &, w = f(u) — Eu, € fixed},

For small € > 0, we wish to find a solution of (3.13)—(3.18) that lies in the intersection of
W (M(ur)) and W*o(Ms(ug)).
Notice that M{(ur) and M3 (ug) are lines in the 3-dimensional space E, which consists

entirely of equilibria with all eigenvalues equal to 0. A blow-up is necessary to resolve the
behavior of the system near E [15].
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We shall blow up F, which is the product of the origin in y,yse-space with wiws&-space,
to the product of a 2-sphere with wjws&-space. The 2-sphere is a blow-up of the origin in
Y1Y2€-Space.

The blow-up transformation is a map from S? x R x R3 to ywée-space defined as follows.
Let ((471, 92, €), T, (wy, wo, £)) be a point of S? x R, x R3; we have ¢,% + 12 + € = 1. Then
the blow-up transformatlon is

Y1 =TY1, (4.1)
Yo = T4, (4.2)
wy = wi, (4.3)
Wy = Wo, (4.4)
§=¢, (4.5)
€ = TE. (4.6)

Under this transformation the system (3.13)—(3.18) becomes one for which the 5-dimensional
set 7 = 0, which is the product of S? with w;ws&-space, consists entirely of equilibria. The
system we shall study is this one divided by 7. Division by 7 desingularizes the system on
the set 7 = 0 but leaves it invariant.

We shall need two charts on S? x R, x R3.

4.1. Chart for € > 0 . Chart 1 uses the coordinates u; = y}, Uy = 31—2 and (w1, ws, &, €) on
the set of points in S? x R, x R3 with € > 0. Thus we have

Y1 = €uy, (4.7)
Yo = €2Uy, (4.8)
wy = wy, (4.9)
Wy = Wo, (4.10)
§£=¢, (4.11)
€ =€ (4.12)

After division by € (equivalent to division by 7 up to multiplication by a positive function),
the system (3.13)—(3.18) becomes the system (3.6)—(3.11). This is not surprising; compare
(4.7)—(4.8) and (3.12). Thus in our approach to singular shocks the system (3.6)—(3.10) is a
blow-up of the system (3.13)—(3.18) in one coordinate patch. Also note that division by € is
equivalent to changing the time coordinate from ( back to 7.

4.2. Chart for 3, > 0 . Chart 2 uses the coordinates a = 552, r = 7T, b = —= and
(w1, ws, £) on the set of points in S% x R, x R? with 7, > 0). Thus we have

Yy = ra, (4.13)
Yo =17, (4.14)
wy = wy, (4.15)
Wo = Wo, (4.16)
§=¢, (4.17)
= rb. (4.18)



10 SCHECTER

It is the use of this chart that enables the geometric matching of the two parts of the solution
(u and y, or outer and inner). It is the key advantage of the blowing-up approach to singular
shocks.

We divide by r (equivalent to division by 7 up to multiplication by a positive function),
and, by a small abuse of notation, as in chart 1 we use 7 to denote the rescaled time variable
and a dot to represent derivative with respect to 7. The system (3.13)—(3.18) becomes

1 1
a=a’>—1- 6a4 + ib (—€a — 2bw; + ba® + baw,) , (4.19)
1

it (a® — 3b¢ — 3b*a — 3b%w,) (4.20)
wy = —rab, (4.21)
Iy ap—— (4.22)
£ =rb?, (4.23)
(4.24)

. 1
b= _éb (a3 — 3b€ — 3b%a — 3b3w2) .
If we set b =0 in (4.19), we find that @ = 0 at the four points

—\/3+V3<ay=—-\/3-V3<as=1\/3—V3<a,=1/3+V3

For j =1,....4, let

P; ={(a,r,w,&,b):a=a;,r=0,b=0}.
Each P; is a 3-dimensional manifold of equilibria of (4.19)-(4.24). These are “corner equilib-
ria”: They lie in the intersection of the invariant sets r = 0, corresponding to S? x {0} x R3,
and b = 0, corresponding to the “plane” € = 0 in S% x R, x R3. See Figure 4.2.

AP
TP

I’

FIGURE 4.1. Phase portrait of (4.19)-(4.24), with w;, ws and £ coordinates
suppressed. For r = 0 and fixed (wy,ws,§) we have 7 = w; = wy = £=0;
the phase portrait in this 2-dimensional space is as shown. For b = 0 we have
b=y =&=0but sy # 0 for r # 0. Thus along the solutions shown in the
space b =0 with r > 0, ws decreases.

At the equilibrium (a,0,wy, ws,§,0), there is an eigenvalue 0, with the 3-dimensional
eigenspace @ = 7 = b = 0; an elgenvalue 2a(3 — a?) with eigenvector (1,0,0,0,0,0); an
elgenvalue 1a3 w1th eigenvector (0 a3,0,— 1 0,0); and an eigenvalue —%a?’ with eigenvector

( ﬁiQ ,0,0, 0, 0,1). Thus the manlfolds P; are normally hyperbolic.



EXISTENCE OF DAFERMOS PROFILES FOR SINGULAR SHOCKS 11

The manifolds P3 and P, will be most important to us.
Each point (as, 0, w1, woz, o, 0) of P has:

e A 1-dimensional stable manifold tangent to (%,0,0,0,0, 1). This curve is con-
tained in the 2-dimensional invariant plane {(a,r, wy, ws, &, b) : 1 = 0, w; = wer, wy =
woz, & = &}. The union of these curves is W#(P;), a 4-dimensional manifold con-
tained in the 5-dimensional plane r» = 0.

e A 2-dimensional unstable manifold tangent to the plane spanned by (1,0,0,0,0,0)
and (0, éag, 0,—1,0,0). This surface is contained in the 3-dimensional invariant plane
{(a,r,wy,ws,£,b) : w1 = wo1,& = &, b= 0}. The union of these surfaces is W*"(P;),

which is the 5-dimensional space b = 0.
Each pOil’lt ((12, O, Wo1, Wo2, &), 0) of P2 has:

e A 1-dimensional unstable manifold tangent to ( ﬁig ,0,0,0,0,1). This curve is con-
tained in the 2-dimensional invariant plane {(a,r, wy, ws, &, b) : 1 = 0, w; = wer, wy =
woz, & = &}. The union of these curves is W*(FP;), a 4-dimensional manifold con-
tained in the 5-dimensional plane r = 0.

e A 2-dimensional stable manifold tangent to the plane spanned by (1,0,0,0,0,0) and
(0, %a%,(), —1,0,0). This surface is contained in the 3-dimensional invariant plane
{(a,r,wy,ws, £,b) : wy = w1, € = &, b= 0}. The union of these surfaces is W2(P,),
which is the 5-dimensional space b = 0.

5. CORNER LEMMA

In blown-up geometric singular perturbation problems, at manifolds of normally hyperbolic
corner equilibria such as the P; of the previous section, the following problem arises: Given a
normally hyperbolic manifold P of equilibria and a manifold N that is transverse to W*(P),
track the flow of N past P. At corner equilibria the differential equation cannot be regarded
as a parameterized family, so the Exchange Lemma [9, 8] is not relevant. The following lemma
plays the role of the Exchange Lemma for such points. Like the Exchange Lemma, it is a
consequence of a result of Deng [3] about solutions of Silnikov problems near nonhyperbolic
points.

(The Exchange Lemma was originally proved using differential forms [9]. The fact that it
is a consequence of Deng’s result is observed in [14], p. 58. The paper [1] proves a result
similar to Deng’s and then gives the argument by which it implies the Exchange Lemma.)

The notation of this section is independent of that of the remainder of the paper.

Consider a differential equation w = f(w) on a neighborhood of 0 in R? that is C"** |
r > 1, and:

(1) The origin is an equilibrium.

(2) There are integers £ > 0, £ > 0, m > 1, and n > 1 such that Df(0) has k + ¢
eigenvalues equal to 0, m eigenvalues with negative real part, and n eigenvalues with
positive real part, with K+ ¢+ m +n = p.

(3) A codimension one subspace S of RP is invariant.

(4) The restriction of Df(0) to S has k + ¢ eigenvalues equal to 0, m eigenvalues with
negative real part, and n — 1 eigenvalues with positive real part.

(5) The origin is part of a k 4+ ¢-dimensional manifold of equilibria P.

P is a normally hyperbolic manifold of equilibria. Each point of P has a stable manifold
of dimension m and an unstable manifold of dimension n. The union of the stable manifolds
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of points of P is W#(P), which has dimension k + ¢+ m; the union of the unstable manifolds
of points of P is W*(P), which has dimension k£ + ¢ + n. P and W?*(P) are necessarily
contained in S.

Assumption (3) is probably not necessary. However, it holds in the applications we have
in mind (in chart 2 of Section 4, S is the set » = 0), and it simplifies the proof.

Let N be a C"™™ manifold of dimension k +n that is transverse to W*(P) at a point p in
W#(0)\ {0} and such that T, NNT,W*(0) = {0}. Then the intersection of N and W*(P) is a
manifold of dimension k that projects, along the fibration of W#*(P) by the stable manifolds
of points, to a k-dimensional submanifold () of P. Let y,, be a coordinate on R? that vanishes
on S, and, for 6 > 0, let Ny = N N {y, = d}, a manifold of dimension k& +n — 1. Let ¢ be
a point in W*(Q) with y,(q) > 0. Notice that W"((Q) has dimension k + n. Under the flow
of w = f(w), N5 becomes a manifold N of dimension k + n that passes near ¢ Let U be a
small neighborhood of ¢.

Theorem 5.1 (Corner Lemma). As d — 0, NyNU — W*(Q)NU in the C" topology.

To prove the Corner Lemma, we define coordinates (u,v,x,y) on a neighborhood of 0 in
R? with v € R*, v € RY, z € R™, y € R". The coordinate , has already been chosen, and
(u,v,2,91,...,Yn_1) are Fenichel coordinates on S. More precisely, and ignoring the fact
that we are working locally near the origin, @) is u-space; P is uv-space; W?*(P) is uvz-space;
WY(P) is uvy-space. Moreover, W*(u° 1% 0,0) = {(u,v,z,y) : u = u®,v = 0",y = 0}, and
We(u®,v°,0,0) = {(u,v,2,y) : u=u", v =0° 2 = 0}. See Figure 5. Therefore

= Ay, i=1,...k, (5.1)
v, =x By, i=1,...,1, (5.2)
= Ch, (5.3)
y = Dy, (5.4)

where A; and B; are m X n matrices, C'is m x m and D is n x n. The entries of these
matrices are functions of (u, v, z,y). The eigenvalues of C' have negative real part, and those
of D have positive real part. The coordinate change can be chosen to be C™2 [3], so the
system (5.1)—(5.4) is C™*2 and the manifold N is now C™*2.

Denote the entries of D by d; ;. Since the space y, = 0 is invariant, we may assume
that d,,s = ... = dpn—1 = 0, so that ¢, = d,, ¥, and d,,,, is a function of (u,v,z,y) with
d,n > 0. After division by d,, , we may assume that d,,,, = 1. Since d,,,, is O™ the system
(5.1)—(5.4) is now C"™' but N is still C"2.

Let 7 > 0. The solution of (5.1)—(5.4) on the interval 0 <t < 7 with boundary conditions

u(r) =u,
v(0) =27,
2(0) = 2°,
y(1) =y'

is (u, v, z,y)(t, 7, ut, v, 2% yb), 0

0 <t <. From [3], (u,v,x,y)isa C" function of (¢, 7, u',v
moreover, there exist p > 0, A <0

) 7z Y
< pand K > 0 such that for max(|u!], [0°], |2z°], |yt]) < p

0 yh);
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N5

N

P

Y Y Y QO \ Y

Yn
FIGURE 5.1. Phase portrait of (5.1)-(5.4) with &k = 0 and { = m =n = 1.
Thus @ = {0}, N is 1-dimensional and N is a point. In this simple situation,

the Corner Lemma just says that the solution through this point passes near
q and is C"-close to the 1-dimensional unstable manifold of the origin near q.

and for any multi-index i with |i| < r,

ID'z|| < Ke, (5.5)
IDYy|| < Ker7, (5.6)
D" (u = uh)|| < KM=, (5.7)
| D' (v — )| < KeMHrt=m), (5.8)

Here D' represents repeated differentiation |i| times with respect to any sequence of the
variables (¢, 7,u!, 0%, 20, y1).

In the remainder of the proof we shall assume for simplicity that m = 1. Then N meets
W(0) at p = (u,v,z,y) = (0,0,2°0) with 2z° a nonzero real number. We may assume
that 0 < |29 < p, and we fix 2° for the remainder of the proof. We may assume that N
is the set {(u,v,z,y) : * = 2° and v = h(u,y)} with h a C"™2 function and h(u,0) = 0.
Therefore there is an ¢ x n matrix H, whose entries are C" ! functions of (u,y), such that
h(u,y) = H(u,y)y.

(If m > 1, the function h must also give m — 1 components of = as functions of (u,y).)

Let

A= {(u' o' 2ty ut] < g,max(\qﬂ’ 7Y, |y"]) < p, and g <yl <pl,
B = {(ulayl) : |u1| < 57 ‘yl‘ < p, and g < yrlL < p},

2

Cp = {(uo,vo) : max(\uo — u1|, |U0D <

[\l )

We may assume that ¢ € A and U C A.
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Given (u',y') € B and a small § > 0, let 7 = In % and define Fi,1 41 45) : C\p — RFFE by
F(ul,yl,é) (UO, UO) = (U(O, T, ulv Uov xO’ y1)7 h(uou y(07 T, ula Uou x(]’ y1)>>
Lemma 5.2. Ford > 0 sufficiently small independent of (u*,y') € B, F1 4.4 is a contrac-

tion of Cy,i. Moreover, there is a constant M independent of (u',y') € B such that for all
(u?,0") € Cr, | DF 1 40 6 (u®,0°)|| < M (2_%)—#_

Proof. In this proof only, to simplify the notation, let F' = F1 15 with (u',y',d) fixed,
(u',y') € B. By (5.7),

AN P\
|Fy (0, 0°) — ul| < Ke ™ < K (F“) <K (%) . (5.9)
Also, by (5.6), [y(0,7,ul,0%,2°% y)| < Ke ™ < K (£)7". For § sufficiently small, this is
less than p.
Let L = max(||h[|, [| DA, || H]|, || DH||) on {(u,y) : max(|ul, [y|) < p}. Then, using h = Hy,
we see that

IFy(u, %) < LKe ™ < LK (25>_“. (5.10)

It follows from (5.9)—(5.10) that for ¢ sufficiently small independent of (u!,y') € B, F maps
C, into itself.

To estimate || DF1 1 5 (u®, %) ||, we consider the partial derivatives of F'. We have
and, using (5.7),

OF
w0 = 0,

8F1 ou 1 0 _ P\ H
< < .
|55 (0O = (0, 7t 0,0,y < K < K ()
Also,
OF. oh d(Hy
O 0,00 = 2 a0y 0,7t 00,2 1) = QI 00 (0,7t 1,09 1)
H
= aa—u(uo,y(O,T, ulvvovx07y1))y(o77—7 u17U07x07y1)7
so by (5.6), ||22(u°,1%)|| < LKe " < LK (£)™". Finally,
ou
OF, _Oh

5‘y

so by (5.6), [[222(u®,0%)|| < LKe ™ < LK (£)™". From these estimates, the estimate on
| DFy1 41 5)(u®, v°)]| follows, and hence the fact that Fi,: 41 4) is a contraction of Cy1 for § > 0
sufficiently small independent of (u!,y*). O

Lemma 5.3. The fized point (u°,0°) of Fiu1 41 4 satz’sﬁes the followmg estimates There is
a constant M such that |u® — ut|, |[v°,

M (£)™" independent of (u',y') € B.

155 = 11 15511 (1551, and |55 are bounded by

Proof. The estimates on |u® —u!'| and [v°| follow from setting (u°, v°) equal to the fixed point
n (5.9) and (5.10).
To estimate the derivatives, let z = (u%,1°), p = (u!,y*), and let

Fs(z,p) = Fs(u®, 0%, u', y') = Fua g 5 (u®,0°).
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The fixed point z(p) of Fj(z, p) satisfies z(p) = Fs(z(p), p), so

dz ( 8F5 -1 8F5

= (-0 p>) "D c(p).0), (5.11)

By Lemma 5.2, |22 ((p), p)|| < M (&)™, so (I —2%5(2(p),p))”" = I+ P with ||P| <
M (2’;) for a possibly larger M. Therefore we can rewrlte (5.11) as
ol oud oFy OF1
(_ oo ) (I+P) (2%; o,
ul oyl oul  oy!

Calculating as in the proof of Lemma 5.2, we find
fad

|
=

_I|<Ke* <K
8F1

[\
=

Sl < MK < MK

[\

1
)
r
o
P\ H

OF,

()

||<K—W<K( )_

150 (3)
5.5

[\

J

il MK < MK (%)

0F2

The estimates on the derivatives follow easily, again for a possibly larger M. ([

Asin Lemma 5.3, let the fixed point be of Fi,1 41 5) be (u?, "), and let y° = y(0, 7, u', v°, 2°, y*).
Then v° = h(u® 4°), so (u®,0° 2% y°) € N.

Define ¢° : B — R by

g’ (u',y') = (v,2)(r, 7 ut, 0% 2% ') = (', ).

Then (u',vl, 2!, y') € A. Moreover, if we denote the time 7 map of w = f( ) by ¢,, then
(ut, vt 2t yl) = ¢, (ul, 0% 2% ¢y°). Since ¥, = ya, we have yl = e?y?l = yg‘yn, so y) = 4.
Therefore (u°,v%, 2% ¢y°) € Ns and (ul, v, 2!, y') € N;s. Therefore Ny N U is part of the
graph of ¢°. To complete the proof of the Corner Lemma, we need only show that as § — 0,
g° — 0 in the C"-topology.

We consider only ¢?. By (5.8) and Lemma 5.3,

_ A
Sl 1V 1 < [v° A< .
g2 (ut yh)| = [u(r, 7t 0%, 2% yh)| < 00| + Ke M(%) +K(25>

Therefore g° approaches 0 uniformly in (u!,v!) as § — 0.
Also, by (5.7) and Lemma 5.3,

g0 ov ov o’
||a—u11(u1>y1)” = ||%(’T,’T,U1,UO,:)§'O,y ) ov 0(7— T, U’ UO ZIZ' Y )a 1(U1,y1)||

xer e (£) " < (8) s (£)

Similar estimates hold for a—g}, except that additional terms occur in the partial derivative

with respect to y! because of the dependence of 7 on y!. Indeed, in calculatlng 6 , We must
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include the terms

Jv 1
— (7, Ty u,v

ot

0 0

or ov or
0,1 11 1 0,1 11
x —(u-, —(r,ru, v,y ) =—(u Yy ).
, ’y)ayg( )+ 5 y)ay%( y)
Yn P
Similar estimates hold through order r. This completes the proof of the Corner Lemma.

The size of each of these terms is bounded by Ke* 4+ < K (%)/\ <2>

6. PROOF OF MAIN RESULT
We return to using the notation of Sections 1-4.
Theorem 6.1. In the Keyfitz-Kranzer system of conservation laws (1.1)~(1.2), let uy and
ug be points of R? with ur; # up. Let
- fl(uL) - fl(UR)

0= ;Y0 = falur) — folur) — &o(ure — ure). (6.1)
Ur1 — UR1

Assume:

(1) g(] < AZ(UL) fOTi = 1,2

(2) )\Z(UR) < &) fOT’ 1=1,2.

(3) 7% > 0.
Then there is a singular shock with Dafermos profile from uy to ugr. In other words, for
small € > 0 there is a solution of the boundary value problem (2.4)—(2.7), and, as € — 0, the
solution becomes unbounded in u.

To prove the theorem, we shall work with the system (3.13)—(3.18) in ywe-space. As
explained at the start of Section 4, we seek solutions in the intersection of W*(M§(uy)) and
W#e(Ms(ug)), € > 0. In fact, we shall work in the blowup of ywée-space that was defined in
Section 4.

We shall first describe the subset of S? x R, x R? near which the solutions we seek are to
lie. The description uses the two charts of Section 4.

In chart 1, the lines M{(uy) of Section 4 correspond to lines 7§ (ur) described in Section
2. We have

WH(TY(ur)) = {(u,w,&,€) :u € Ug, & < M(ur),w = f(ur) — &ur, e =0},

where U is an open subset of u-space that depends on ¢ (and wuy). Therefore W*(Tg (ur))
is 3-dimensional.
In chart 2, the lines M§(uy) correspond to lines
Ura 1

\/U—Lz’rz evurg, w = flur) = &ur, € < Ai(ur), b= VL2

N§(up) = {(a,r,w,&,b) : a = I

We have
WU(N(())(UL)) = {(avrvwvab) : (a’ b) € V%,’l“ = O7w = f(uL) - gubg < Al(uL)}>

where V¢ is an open subset of ab-space that depends on & (and uy). Therefore W*(N{(uy))
is 3-dimensional.
In chart 2, let

Cs = {(a,r,w,ﬁ,b) ra=az,r=0w= f(UL) —&up, &< >\1(UL),b: 0},
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a line of equilibria in the 3-dimensional space of equilibria P;. W#*(C}3) is a 2-dimensional
surface in the 5-dimensional space r = 0, the union of the stable manifolds of the points of
Cs.

We claim that the intersection of W*(NQ(uz)) and W#(P3) is an open subset Q3 of W#(Cs),
namely the points of W*(Cs) with b > 0. To see this, let ¢ = (as,0,w,&,0) be a point
of C3, 50 & < A\(ug) and w = f(uy) — uy. In chart 2, the stable manifold of g is a
solution of (4.19)—(4.24) of the form (a(7), 0, w, &, b(7)) in the 2-dimensional invariant plane
{(a,7,w,&,b) : 7 =0,w = w,& = £}, a copy of ab-space. In chart 1, this solution corresponds
to a solution (u(7),w, &, 0) of (3.6)(3.11) in the 2-dimensional invariant plane {(u,w, £, €) :
w=w,£& =& e =0}, a copy of u-space. In [17], Section 3.3, it is shown that in backward
time this solution approaches the equilibrium wuy, which is a repeller because & < A;(ur).
Therefore, in chart 1 it is contained in W*(T9(ur)); in chart 2 it is contained in W*(N{(ur)).

Similarly, in chart 1, the lines M$(ug) of Section 4 correspond to lines T (ug) of Section
2. We have

WH(T(ugp)) = {(u,w, &, €) : u € Ug, Mo(up) < &,w = flug) — Eup, e = 0},

where Uy is an open subset of u-space that depends on & (and ug). Therefore W* (T3 (ug))
is 3-dimensional.
In chart 2, the lines M$(ug) correspond to lines

Ns(ug) ={(a,r,w,&,b):a = ;5_};,7" = €y\/Ur2,w = f(ugr) — Eur, \a(ug) < §&,b=

1
vV UR2

}.
We have

WS(NS(UR)) = {(a,r,w,{,b) : <a7 b) S V§7T = O7w = f(uR) - fuR, >\2(UR) < 5}7

where V is an open subset of ab-space that depends on ¢ (and ug). Therefore W* (N3 (ug))
is 3-dimensional.
In chart 2, let

Cy =A{(a,r,w,&,b): a =as,r =0,w= f(ur) — Eur, A2(ug) < &,b =0},

a curve of equilibria in the 3-dimensional space of equilibria P,. W"(C5) is 2-dimensional,
the union of the stable manifolds of its points. The intersection of W*(P;) and W*(NJ(ug)
is an open subset Q2 of W*(Cy), namely the points of W*(Cs) with b > 0.

Let

wy, = f(ur) —&our, wr= f(ur) — Sour-
From (6.1), wg; = w1 and wre = wro — . Also, let
qr = (a3, 0, wr1, wr2,%,0) € C3,  qr = (az,0,wr1, Wk, &, 0) € Co.

Let y(¢) be the solution of (3.19)—(3.20) with y(—oc) = y(c0) =0 and [ y2(n) dn = .

Then the system (3.19)—(3.24) has the solution

¢
(yl(C),yz(C),le,wm—/ ya(n) dn, &, 0), (6.2)

— 00

which goes from (07 07 Wr1, Wr2, 507 O) to (07 07 WR1, WR2, 507 O)
In chart 2, (6.2) corresponds to a solution

T

q(1) = (a(1),r(7),wr1, wrs — / r(o)do, &, 0). (6.3)

— 00
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As 7 — do0, (1) — 0. Also, recall that as ( — Fo0,

yz(é) e
y1(<)2 -
Therefore
: . n(c@ 1 . (O I
A= g T vE AT T T E

Hence ¢(7) approaches ¢ as 7 — —oo and gg as 7 — oo. We may assume that r(7) is an
even function and a(7) is odd.

In 5% x R, x R, we search for solutions near the union of the following three curves: (1)
the branch of the stable manifold of g7, in b > 0, (2) the solution (6.3) from ¢, to gg, (3) the
branch of the unstable manifold of qr in b > 0. As we have seen, curve (1) is in W*(N{(uyz)),
and curve (2) is in W*(N3(ug))

The solutions we seek are to lie in the intersection of W*(N§(ur)) and W#(N5(ug)) for € >
0. They correspond to solutions of (3.13)—(3.18) that lie in the intersection of W*(M§(ur))
and W*(M5(ug)).

Let No(ur) be the union of the N§(ur) with 0 < € < ¢y, a 2-dimensional set. Its unsta-
ble manifold W*(Ny(ur)) is the union of the W*(N§(ur)) and is 4-dimensional. We have
W*(No(ur)) N W*(P3) = Qs.

Similarly let No(ug) be the union of the N§(ug) with 0 < € < ¢, a 2-dimensional set. Its
stable manifold W*(Ny(ug)) is the union of the W*#(N§(ug)) and is 4-dimensional. We have
W#(No(ur)) N W*(P,) = Qs.

Proposition 6.2. W*(Ny(ur)) is transverse to W*(Ps3) along Q3. Similarly, W*(Na(ug))
is transverse to W*(Py) along Q.

Proof. We prove only the first statement. At a point of @3, the tangent space to W*(Ny(ur))
is spanned by (1,0,0,0,0,0), (0,0, —upy, —urs,1,0), (0,0,0,0,0,1) (all tangent vectors to
W*(NJ(ur))), and a vector with nonzero r-component. Among the tangent vectors to
W#(Ps) at that point are (x,0,1,0,0,x*) and (*,0,0, 1,0, *), where the values of the starred
entries are unimportant. These six vectors are linearly independent. U

Proposition 6.3. Within the 5-dimensional space b = 0, W*(C3) and W*(Cy) meet transver-
sally along q(T).

Proof. We work in the space b = 0, with coordinates (a, r, w1, wq, §). The differential equation
is therefore (4.19)—(4.23) with b = 0. Let g(a) = a®> — 1 — ta*. The linearization along ¢(7)
is

a g'(a(1)) 0 000 a
a7 ta(r)*r(t) fa(r)® 0 0 0 r
| = 0 0 00 0w (6.4)
dt | ., 0 1 00 0f |

3 0 0 000 3
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The adjoint equation is therefore

a —g'(a(1)) —%a(7‘)2r(7‘) 000 a
d r 0 —%CL(T?’ 010 7
— W | = 0 0 00 0] ]|w (6.5)
dt | .z, 0 0 00 0] |w

3 0 0 000/ \¢

T, W*(C3) is spanned by the vectors (1,0,0,0,0), (0, a3, 0, —1,0) and (0,0, —ury, —ura, 1).
Since Ty-yW*(Cs) approaches T, W* (Cg) as T — —oo, the orthogonal complement of
Ty»W*(C3) approaches the space spanned by g1 = (0,0,1,0,ur1) and g2 = (0,1,0, ga3, tadurs)
as T — —00. As T — —o0, the unique solution of (6.5) that approaches ¢; is the constant
solution ¢;; and the unique solution of (6.5) that approaches ¢ is

1,1
(@(r). 7(7).0, geb ¢

3
where

f(7>:1—/ oI “(pgd”é(a(a)g—ag)da,

T T 1
a(r) = — / eI D L1 (0)alo 7o) do
Therefore these two solutions of (6.5) span the orthogonal complement of TyyW*(Cs).
Similarly, T, W*(C,) is spanned by the vectors (1,0, 0,0,0), (0, £ a3,0,—1,0) and (0,0, —ug;, —ups, 1).

Thus its orthogonal complement is spanned by g3 = (0,0, 1,0, upg;) and g1 = (0,1,0,5a3, sadups).
As 7 — 00, the unique solution of (6.5) that approaches g3 is the constant solution g3. The
unique solution of (6.5) that approaches ¢4 as 7 — oo is

R R 1 1

(CL(T), T’(T), 07 gagv éagu}m)

where

o - 1
r(r) =1 +/ e~ Jo gale) dp 6(@(0)3 — a3) do,

a(r) = / e~ Js 9'(ale)) dp 17“(0)6L((7)2f(cr) do.

Therefore these two solutions of (6.5) span the orthogonal complement of TV *(C5).

We wish to check that Ty W*"(Cs) and Tq(o W#(Cy) are transverse. It suffices to check that
the four vectors (0,0,1,0,uz1), (a(0),7(0),0, a3, zadurs), (0,0,1,0,up) and (a(0),7(0),0, ta3, Fajups)
that span their orthogonal complements are linearly independent. Using the last four com-

ponents of these vectors and the fact that ay = —as3, we have
0 1 0 Ur1
7(0) 0 %ag %agum 1 . 3
det 0 1 % wn = —6(7“(0) +7(0))az(urs — ur1).
7(0) 0 éag éa%’um
Since a(7) is an odd function and as = —as, we see that

0 5,1 o 5,1
7(0) +7(0) =2 - / e—ff%“<f””f’6<a<a>3—a§>da+ / e—ff%a<ﬂ>”p6<a<a>3—a3>do=2-
0

—0o0
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Also, ur; — ur; # 0 by assumption. Therefore the determinant is nonzero. O

Proof of Theorem 6.1: Let € > 0 be small and choose T >> 0. In chart 2, by Proposition
6.2 and the Corner Lemma, W¥(N¢(ur)) passes ¢ and arrives near ¢(—7) C' close to
W"(Cs3). (In using the Corner Lemma, take the origin at ¢, take N to be a codimension
one slice of W*(Ny(uy)) transverse to the vector field, take y, to be r, and take @ to be
Cs.) Similarly, W*(N§(ug)) passes gr (in backward time) and arrives near ¢(T') C' close to
W#(Cy). Both W*(N§(ur)) and W*(N§(ug)) lie in the 5-dimensional space rb = €. With the
aid of Proposition 6.3 we see that W*(N§(ur)) and W*(N§(ur)) meet transversally within
that space. The result follows.

REFERENCES

[1] P. Brunovsky, C*-inclination theorems for singularly perturbed equations, J. Differential Equations 155
(1999), 133-152.

[2] C. M. Dafermos, Solution of the Riemann problem for a class of hyperbolic systems of conservation laws
by the wviscosity method, Arch. Ration. Mech. Anal. 52 (1973), 1-9.

[3] B. Deng, Homoclinic bifurcations with nonhyperbolic equilibria, STAM. J. Math. Anal. 21 (1990), 693—
719.

[4] F. Dumortier and R. Roussarie, Canard cycles and center manifolds. Mem. Amer. Math. Soc. 121
(1996), no. 577.

[5] F. Dumortier and R. Roussarie, Geometric singular perturbation theory beyond normal hyperbolicity.
Multiple-time-scale dynamical systems (Minneapolis, MN, 1997), 29-63, IMA Vol. Math. Appl. 122,
Springer, New York, 2001.

[6] N. Fenichel, Geometric singular perturbation theory for ordinary differential equations, J. Differential
Egs. 31 (1979), 53-98.

[7] C. K. R. T. Jones, Geometric singular perturbation theory. Dynamical systems (Montecatini Terme,
1994), 44-118, Lecture Notes in Math. 1609, Springer, Berlin, 1995.

[8] C.K.R.T. Jones and T. Kaper, A primer on the exchange lemma for fast-slow systems, Multiple Time-
Scale Dynamical Systems (Minneapolis, MN, 1997), 85-132, IMA Vol. Math. Appl. 122, Springer, New
York, 2001.

[9] C. K. R. T. Jones and N. Kopell, Tracking invariant manifolds with differential forms in singularly
perturbed systems, J. Differential Equations 108 (1994), 64-88.

[10] B. L. Keyfitz and H. C. Kranzer, A viscosity approximation to a system of conservation laws with no
classical Riemann solution. Nonlinear hyperbolic problems (Bordeaux, 1988), 185-197, Lecture Notes
in Math. 1402, Springer, Berlin, 1989.

[11] B. L. Keyfitz and H. C. Kranzer, Spaces of weighted measures for conservation laws with singular shock
solutions, J. Differential Equations 118 (1995), 420-451.

[12] B. L. Keyfitz, R. Sanders and M. Sever, Lack of hyperbolicity in the two-fluid model for two-phase
incompressible flow, preprint, University of Houston, 2002.

[13] H. C. Kranzer and B. L. Keyfitz, A strictly hyperbolic system of conservation laws admitting singular
shocks. Nonlinear evolution equations that change type, 107-125, IMA Vol. Math. Appl. 27, Springer,
New York, 1990.

[14] M. Krupa, B. Sandstede and P. Szmolyan, Fast and slow waves in the FitzHugh-Nagumo equation, J.
Differential Equations 133 (1997), 49-97.

[15] M. Krupa and P. Szmolyan, Geometric analysis of the singularly perturbed planar fold. Multiple-time-
scale dynamical systems (Minneapolis, MN, 1997), 89-116, IMA Vol. Math. Appl. 122, Springer, New
York, 2001.

[16] W. Liu, Multiple viscous wave fan profiles for Riemann solutions of hyperbolic systems of conservation
laws, preprint, University of Kansas, 2002.

[17] D. G. Schaeffer, S. Schecter and M. Shearer, Non-strictly hyperbolic conservation laws with a parabolic
line, J. Differential Equations 103 (1993), 94-126.



EXISTENCE OF DAFERMOS PROFILES FOR SINGULAR SHOCKS 21

[18] S. Schecter, D. Marchesin and B. J. Plohr (1996), Structurally stable Riemann solutions, J. Differential
Equations 126, 303-354.

[19] S. Schecter, Undercompressive shock waves and the Dafermos regularization, Nonlinearity 15 (2002),
1361-1377.

[20] S. Schecter, B. J. Plohr and D. Marchesin, Numerical computation of Riemann solutions using the
Dafermos regularization and continuation, preprint, 2002.

[21] S. Schecter and P. Szmolyan, Composite waves in the Dafermos regularization, preprint, 2003.

[22] M. Sever, Viscous structure of singular shocks, Nonlinearity 15 (2002), 705-725.

[23] J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer, New York, 1983.

[24] A.E. Tzavaras, Wave interactions and variation estimates for self-similar zero-viscosity limits in systems

of conservation laws, Arch. Ration. Mech. Anal. 135 (1996), 1-60.
[25] P. Szmolyan, in preparation.

MATHEMATICS DEPARTMENT, NORTH CAROLINA STATE UNIVERSITY, Box 8205, RALEIGH, NC 27695
USA, 919-515-6533

FE-mail address: schecter@math.ncsu.edu



