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Abstract

The long time behavior of a couple of interacting asymmetric ex-
clusion processes of opposite velocities is investigated in one space di-
mension. We do not allow two particles at the same site, and a colli-
sion effect (exchange) takes place when particles of opposite velocities
meet at neighboring sites. There are two conserved quantities, and
the model admits hyperbolic (Euler) scaling; the hydrodynamic limit
results in the classical Leroux system of conservation laws, even beyond
the appearence of shocks. Actually, we prove convergence to the set of
entropy solutions, the question of uniqueness is left open. To control
rapid oscillations of Lax entropies via logarithmic Sobolev inequality
estimates, the symmetric part of the process is speeded up in a suitable
way, thus a slowly vanishing viscosity is obtained at the macroscopic
level. Following [4, 5], the stochastic version of Tartar-Murat theory
of compensated compactness is extended to two-component stochastic
models.

KEY WORDS: hydrodynamic limit, hyperbolic scaling, systems of con-
servation laws, compensated compactness
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1 Introduction

The main purpose of this paper is to derive a couple of Euler equations (hy-
perbolic conservation laws) in a regime of shocks. While the case of smooth
macroscopic solutions is quite well understood, see [24] and [14], serious
difficulties emerge when the existence of classical solutions breaks down. A

general method to handle attractive systems has been elaborated in [16], see



also [4] and [9] for further references. Hyperbolic models with two conser-
vation laws, however, can not be attractive in the usual sense because the
phase space is not ordered in a natural way. We have to extend some ad-
vanced methods of PDE theory of hyperbolic conservation laws to stochastic
(microscopic) systems. Lax entropy and compensated compactness are the
main key words here, see [10], [11], [13], [19], [20], [2] for the first ideas, and
the textbook [17] for a systematic treatment. The project has been initiated
in [4], a full exposition of techniques in the case of a one-component asym-
metric Ginzburg-Landau model is presented in [5]. Here we investigate the
simplest possible, but nontrivial two-component lattice gas with collisions,
further models are to be discussed in a forthcoming paper [6]. Since the
underlying PDE theory is restricted to one space dimension, we also have
to be satisfied with such models. The proof is based on a strict control of
entropy pairs at the microscopic level as prescribed by P. Lax, L. Tartar
and F. Murat for approximate solutions to hyperbolic conservation laws. A
Lax entropy is macroscopically conserved along classical solutions, but the
microscopic system can not have any extra conservation law, thus we are
facing with rapidly oscillating quantities. These oscillations are to be con-
trolled by means of logarithmic Sobolev inequality estimates, and effective
bounds are obtainable only if the symmetric part of the microscopic evolu-
tion is strong enough. That is why the microscopic viscosity of the model
goes to infinity, i.e. the model is changed when we rescale it. Of course, the
macroscopic viscosity vanishes in the limit and thus the effect of speeding
up the symmetric part of the microscopic infinitesimal generator is not seen
in the hydrodynamic limit.

Unfortunately, compensated compactness yields only existence of weak
solutions, the Lax entropy condition is not sufficient for weak uniqueness in
the case of two component systems. That is why we can prove convergence
of the conserved fields to the set of entropy solutions only, we do not know
whether this set consists of a single trajectory specified by its initial data.
Let us remark that [15] has the same difficulty concerning the derivation
of the incompressible Navier—Stokes equation in 3 space dimensions. The
Oleinik type conditions of weak uniqueness are out of reach of our methods
because they require a one sided uniform Lipschitz continuity of the Riemann

invariants of the macroscopic system, see [1] for most recent results of PDE



theory in this direction. It is certainly not easy to get such bounds at the
microscopic level.

The paper is organized as follows. The microscopic model and the macro-
scopic equations are introduced in the next two sections. The main result
and its conditions are formulated in Section 4. Proofs are presented in Sec-

tion 5, while some technical details are postponed to the Appendix.

2 Microscopic model
2.1 State space, conserved quantities, infinitesimal generator

We consider a pair of coupled asymmetric exclusion processes on the discrete
torus, particles move with an average speed +1 and —1, respectively. Since
we allow at most one particle per site, the individual state space consists
of three elements. There is another effect in the interaction, something like
a collision: if two particles of opposite velocities meet at neighboring sites,
then they are also exchanged after some exponential holding times. We
can associate velocities +1 to particles according to their categories, thus
particle number and momentum are the natural conserved quantities; the
numbers of +1 and —1 particles could have been another choice.
Throughout this paper we denote by T" the discrete torus Z/nZ, n € N,
and by T the continuous torus R/Z. The local spin space is S = {—1,0,1}.

The state space of the interacting particle system of size n is
Q=8
Configurations will generally be denoted as

w = (wy)jern € OV,

We need to separate the symmetric (reversible) part of the dynamics. This
will be speeded up sufficiently in order to enhance convergence to local
equilibrium also at a mesoscopic scale. The phenomenon of compensated
compactness is materialized at this scale in the hydrodynamic limiting pro-
cedure. So (somewhat artificially) we consider separately the asymmetric
and symmetric parts of the rate functions r : S x § — Ry, respectively,
5: 58 x 8 — Ry. The dynamics of the system consists of elementary jumps

exchanging nearest neighbor spins: (wj,wj+1) = (W), wi 1) = (Wj+1,w)),



performed with rate A\r(wj,wj+1) + £s(wj, wj4+1), where A,k > 0 are speed-
up factors, depending on the size of the system in the limiting procedure.

The rate functions are chosen as follows:

r(1,-1) =0, r(—1,1) =2,
r(0,-1) =0, r(—=1,0) =1,
r(1,0) =0, r(0,1) =1,

that is the rate of collisions is twice as large as that of simple jumps, and

r(wj wj+1) = w; (1 —wjyy) + w;—+1(1 - w;—) )

where w;-' = Ny =1y, Wy = Lyg= 1y and 1 4 denotes the indicator of a

set A. The rates of the symmetric component are simply

$(wjs Wj+1) = Dot} -

The rates r define a totally asymmetric dynamics, while the rates s define

a symmetric one. The infinitesimal generators defined by these rates are:

L'f(w) =Y r(wj,wj11)(f(0;5+1w) — f(w))

jeTn
K"f(w) = s(wj,wis)(f(0j5410) — f(w)),
jern

where ©; ; is the spin-exchange operator,

wj if k=1
(O5jw), = wi if k=j
W it k#4,7.
Recall that periodic boundary conditions are assumed in the definition of
L™ and K".
To get exactly the familiar Leroux system (4) as the limit, the two con-

served quantities, 7 and ¢ should be chosen as

nj =n(wj) :=1—|wj] and & =¢&(wj) = wj.

The microscopic dynamics of the model has been defined so that ;& and
> ;M; are conserved, we shall see that there is no room for other (indepen-

dent) hidden conserved observables. In terms of the conservative quantities



we have

r(wjy0311) = 3= 75~ &)1+ 7551 + &) (1)
1
4
The rate functions are so chosen that the product measures

Wg,u(ﬂ) = H 7Tp,u(‘*‘)j)a

JeT™

+ (1 +mn; — &)1 —njr1 + &) -

with one-dimensional marginals
1-ptu
5 .

are stationary in time. We shall call these Gibbs measures. The parameters

7Tp,u(o) =P 7Tp,u(:H) =

take values from the set
D:={(p,u) €[0,1] x [-1,1] : p+ |u] <1},

and the uniform 7" := w{”/g 0 will serve as a reference measure. Due to con-
3

n
psu

respect to the measures 7, will be denoted by E, (). In particular, given

servations, the stationary measures 77, are not ergodic. Expectation with
a local observable v; := v(wW;i—m,-..,witm) With m fixed, its equilibrium

expectation will be denoted as
T(p,u) :=E,y(vi).

The system of microscopic size n will be driven by the infinitesimal

generator
G"™ =nL" +n’cK",

where o = o(n) is the macroscopic viscosity, the factor no(n) can be in-
terpreted as the microscopic viscosity. A priori we require that o(n) < 1
as n — 0o. A very important restriction, y/no(n) > 1 will be imposed on
o(n), see condition (A) in subsection 4.2.

Let ug be a probability distribution on ", which is the initial distribu-

tion of the microscopic system of size n, and denote

n._ ,n _tG"
My = Ho€

the distribution of the system at (macroscopic) time ¢. The Markov process
on the state space 2" driven by the infinitesimal generator G, started with
initial distribution yu{ will be denoted by A}".



2.2 Fluxes

Elementary computations show that the infinitesimal generators L™ and K™

act on the conserved quantities as follows, see (1).

L™y = —p(wi,wit1) + P(wimi,wi) = = + i1,
L = —¢(wi,wit1) + d(wi-1,wi) = —¢i + b1,
K™= =Y (wi,wip1) + 9% (wi1,wi) = —9F + 974,
K" = —¢°(wi,wir1) + ¢*(wi1,wi) = —¢F +¢7 4,
where
i = r(wi,wit1) (M — Mit1)

1 1
= §{m€i+1 +nip1&i} + E{m — Nit1}

¢i = r(wiwisr) (& — &) (2)

1 1
= §{m + Nig1 — 2+ 261 | + §{£i+17h' —&imivr )+ {& — &}
v = i —Nit1,
¢ = & —&iv

Note that the microscopic fluxes of the conserved observables induced by
the symmetric rates s(wj,w;j;+1) are (discrete) gradients of the corresponding
conserved variables.

It is easy to compute the macroscopic fluxes:

3 Leroux’s equation — a short survey

Having the macroscopic fluxes (3) computed, the Euler equations of the

system considered are expected to be

Ap+ 0z (pu) =0 n
Opu + Bsc(p + u2) =0.
with given initial data
U(O,QI) = UO('T), p(O,.’II) = pO("I")' (5)



This is exactly Leroux’s equation well known in the PDE literature, see [17].
In the present section we shortly review the main facts about this PDE. The
first striking fact is that such equations may have classical solutions only for
some special initial data, in general shocks are developed in a finite time.
Therefore solutions should be understood in a weak (distributional) sense,
and there are many weak solutions for the same initial values.

The following vectorial notations sometimes make our formulas more

() o (2)

compact:

0? 0?
—— 2 ﬁ 2. 8—/)2 0pou
(L L) | am
OpOu  Ou?

We shall use alternatively, at convenience, the compact vectorial and the
explicit notation.
3.1 Lax entropy pairs

In the case of classical solutions (4) can be written as dyu + D(u)0,u = 0,

where

D(p,u) = V&(p,u) = ( v )

1 2u

is the matrix of the linearized system. The eigenvalues of D are just

1
A= A(p,u) ::u+§{ u2+4p+u},

= u(p,u) ::u—%{\/u2+4p—u} :

This means that (4) is strictly hyperbolic in the domain

{(p,u) : p 2 0,u €R, (p,u) # (0,0)},

coincidence of the two characteristic speeds,

0).

ie.
= (0,
Laz entropy/, flua: pairs (S(u), F(u)) are solutions of the linear hyperbolic
system VF (u) = VS(u)-V®(u), that is 9;S(u)+ 0, F (u) = 0 along classical

with marginal degeneracy (i

A = p) at the point (p,u)



solutions. This means that an entropy S is a conserved observable. In our
particular case this reads
! ! !
F,= uS,+S,, ©)
F, = pS,+2uS,.
or, written as a second order linear equation for S:

pS! +uSl, — S, =0. (7)

This equation is known to have many convex solutions, see [10]. We call an
entropy/flux pair convez if the map (p,u) — S(p,u) is convex. In particular,
a globally convex Lax entropy/flux pair defined on the whole half plane
R, xRis
u? 2u3
S(p,u) = plogp+ =, Flp,u) :=up+uplogp+—-.

Weak solutions of (6) are called generalized entropy/fluz pairs. Rie-
mann’s method of solving second order linear hyperbolic PDEs in two vari-
ables (see Chapter 4 of [8]) and compactness of D imply that generalized
entropy/flux pairs can be approximated pointwise by twice differentiable
entropy/flux pairs.

An entropy solution of the Cauchy problem (4), (5) is a measurable
function [0,7] x T > (¢t,z) — w(t,z) € Ry x R which for any convex en-
tropy /flux pair (S, F'), and any nonnegative test function ¢ : [0,7] x T — R
with support in [0,7") x T satisfies

T
/0 /T (Oup(t, 2)S(u(t, 7)) + Bup(t, 1) F(u(t, ) do dt

+/T<p(0,z)5(u0(m))da: >0 (8)

Note that S(p,u) = £p, F(p,u) = £pu, respectively, S(p,u) = tu, F(p,u) =
+(p + u?) are entropy/flux pairs, thus entropy solutions are (a special class
of) weak solutions. Entropy solutions of the Cauchy problem (4), (5) form
a (strongly) closed subset of the Lebesgue space LP([0,T] x T, dtdz) =: Ly,
for any p € [1, ).

3.2 Young measures, measure valued entropy solutions

A Young measure on ([0,7] x T) x D is v = v(t,z;dv), where

(1) for any (t,z) € [0,T] x T fixed, v(t,z;dv) is a probability measure on



D, and,
(2) for any A C D fixed the map (¢,x) — v(t,z; A) is measurable.

Given a probability measure v on Ry x R, we shall use the notation

w, f) = /D £(v) v(dv).

The set of Young measures will be denoted by ). A sequence v" € )
converges vaguely to v € Y, denoted v™ — v, if for any f € C([0,T] x T x D)

n—oo

lim /OT/TO/"(t,ac), F(t3,)) dt dz :/OT/T(V(t,x), F(t,@,-)) dt da,

or, equivalently, if for any test function ¢ € C([0,7] x T) and any g € C(D)

lim /OT/Tcp(t,x)(l/"(t,x),g) dt dz :/OT/Tgo(t,:v)(l/(t,x), g) dt dz.

n—oo

The set ) of Young measures will be endowed with the vague topology
induced by this notion of convergence. ) endowed with the vague topology
is metrizable, separable and compact. We also consider (without explicitly
denoting this) the Borel structure on ), induced by the vague topology.

We say that the Young measure v(t,z;dv) is Dirac-type if there exists
a measurable function w : [0,7] x T — D such that for almost all (¢,z) €
[0,T] x T, v(t,z;dv) = Oyt)(dv). We denote the subset of Dirac-type
Young measures by U C Y. It is a fact (see Chapter 9 of [17]) that

y:CO(y):m:Ua

where ‘co’ stands for convex hull and closure is meant according to the vague
topology.

We say that the Young measure v(t,z;dv) is a measure valued entropy
solution of the Cauchy problem (4), (5) iff for any convex entropy/flux pair
(S, F) and any positive test function ¢ : [0,7] x T — R, with support in
[0,T) x T,

T
/0 /T (Oo(t, 2)(v(t,2) , ) + oot @) v(t, ), F)) dw dt

+ /T (0, 7) S(uo(x))dz >0 (9)

holds true. Measure valued entropy solutions of the Cauchy problem (4),
(5) form a (vaguely) closed subset of Y.



Clearly, if w : [0,7] x T — D is an entropy solution of the Cauchy
problem (4), (5) in the sense of (8), then the Dirac-type Young measure
v(t,T; dv) 1= Gy(1,2)(dv) is a measure valued entropy solution in the sense of
(9). The convergence of subsequences of approximate solutions to measure
solutions is almost immediate by vague compactness, the crucial issue is to
show the Dirac property of measure valued entropy solutions. This is the

aim of the theory of compensated compactness.

3.3 Tartar factorization

A probability measure v(dp,du) on R? satisfies the Tartar factorization
property with respect to a couple (S;, F;), ¢ = 1,2 of entropy/flux pairs
if

(v, S1Fy — SoFy) = (v, S1)(v, Fa) — (v, S2)(v, F1) . (10)

Dirac measures certainly posses this property, and in some cases, there is
a converse statement, too. = The following one-parameter families of en-

tropy /flux pairs play an essential role in the forthcoming argument:

Sa(pyu) = ptau—a®,  Folp,u) = (a+u)Sa(pu),

3 B _ (11)
Sa(pau) = |p+au - G,2|, Fa(pa u) = (a’ +U)Sa(pa u)a

where the parameter, a € R. The case of (S, F,) is obvious because it is a
linear function of the basic conserved observables and their fluxes. The pair
(Sa, F,) satisfies (6) in the generalized (weak) sense. This is due to the facts
that the line of non-differentiability, p + au — a? = 0, is just a characteristic
line of the PDE (6), and (S,, F,) coincides with (+S,,+F,) on the domains
Dy := {+(p+au —a?) > 0}. See also Proposition 13.1.4 of [17].

Lemma 1. Suppose that a compactly supported probability measure, v on
R, x R satisfies (10) for any two entropy/flux pairs of type (11). Then v is

concentrated to a single point, i.e. it is a Dirac mass.

Proof. This is Exercise 9.1 in [17], where detailed instructions are also added.
For the Reader’s convenience we reproduce the easy proof.

Define the function R 3 a + g(a) by

_wF)__ (nulptau-d?)
99 = 05y T ot au—a)

(12)

10



Note that R 5 a — g¢(a) is a rational function

(v, u)a® — (v,u’)a — (v, pu)

(@ —a1)(a — ag)

gla) =

7

with possible poles at the real points

1
ae = 5 {(mw) £ Vi u? + 4]}
Applying (10) to (S, F1) = (S,, Fy) and (S2, Fy) = (S, F,) we obtain

(v,ulp + au — a”|)
(v, lp+au—a?) ’

g(a) =
and hence

sup lg(a)| < sup{|u| : (p,u) € supp(v)} < oo.
ac

Since R 3 a — g(a) is rational function with real (possible) poles and also
bounded, we conclude that it is actually constant. Taking a — o0 in the
definition (12), we obtain

9(a) = (v,u).
From the definition (12) it follows immediately that

u = (v,u), v —a.s. (13)
Next we apply (10) to (S1,F1) = (Sa, Fu) and (Sz2, F2) = (Ss, Fp) and get

(b—a) ((v, SaSb) = (¥ 8a) (¥, Sb)) = (V3 Sa) (v, uSh) — (v, Sp) (v, uSa) . (14)

Using (13), from (14) it follows that for any a,b € R

(v, 5a8) = (v, Sa) (v, Sp) -
Hence (v, p?) = (v, p)? and, consequently

p={v,p), v — a.s. (15)
also follows. Finally, (13) and (15) imply the statement of the Lemma. [

This lemma, establishes that measure-valued solutions satisfying Tartar’s

factorization property (10) are, in fact, weak solutions.

11



4 The hydrodynamic limit under Eulerian scaling
4.1 Block averages

We choose a mesoscopic block size [ = [(n). A priori
1< i(n) < n,

but more serious restrictions will be imposed, see condition (B) in subsection
4.2. and define the block averages of local observables in the following way:
We fix once for ever a weight function a : R — R,. It is assumed that:
(1) £ — a(z) has support in the compact interval [—1,1],
(2) it has total weight [ a(z)dz =1,
(3) it is even: a(—z) = a(z), and
(4) it is twice continuously differentiable.

Given a local variable v; its block average at macroscopic space x is
defined as

1 nr —j
0"(z) = 0" (w, ) :ZIZa( 7 )vj. (16)
J
Note that, since | = I(n), we do not denote explicitly dependence of the

block average on the mesoscopic block size [.
We shall use the handy (but slightly abused) notation

o (t, z) =0, ).

This is the empirical block average process of the local observable v;.
In accordance with the compact vectorial notation introduced at the

beginning of Section 3 we shall denote

6 (1), 0om (1), €= (260, = (29).

and so on.

Let Zn (t,z) be the sequence of empirical block average processes of the
conserved quantities, as defined above, regarded as elements of L%,w =
L'([0,T] x T). We denote by P" the distribution of these in Lj ,:

P"(A) := P (Z” € A) , (17)

12



where A € L}, is (strongly) measurable. Tightness and weak convergence
of the sequence of probability measures P" will be meant according to the
norm (strong) topology of L%’z. Weak convergence of a subsequence P will
be denoted P* = P.

Further on, we denote by v" the sequence of Dirac-type random Young
measures concentrated on the trajectories of the empirical averages En(t, x)
and by Q" their distributions on Y:

V' (t, z; dv) = 6gn (dv), Q"A)=P(" €A, (18)

(t,z)

where A € ) is (vaguely) measurable. Due to vague compactness of ), the
sequence of probability measures Q" is automatically tight. Weak conver-
gence of a subsequence Q@ will be meant according to the vague topology
of Y and will be denoted @ = Q. In this case we shall also say that
the subsequence of random Young measures v" (distributed according to
@"') converges vaguely in distribution to the random Young measure v (dis-

tributed according to Q), also denoted v™ = wv.

4.2 Main result

All results are valid under the following conditions
(A) The macroscopic viscosity o = o(n) satisfies

n /2 Lo Kl

(B) The mesoscopic block size | = [(n) is chosen so that

n?Bc? « 1 < no

(C) The initial density profiles converge weakly in probability (or, equiv-
alently in any LP, 1 < p < o0). That is: for any test function
0:T3RxR

lim B( )=o.

n—o0

/T (@) (€(0,2) — uo(x)) da

Our main result is the following

13



Theorem 1. Conditions (A), (B), and (C) are in force. The sequence of
probability measures P™ on L%yx, defined in (17) is tight (according to the
norm topology of L%’z). Moreover, if P" is a subsequence which converges
weakly (according to the norm topology of L%’;c), P = P, then the limit

probability measure P is concentrated on the entropy solutions of the Cauchy
problem (4), (5).

Remark: Assuming uniqueness of the entropy solution u(t, z) of the Cauchy
problem (4), (5), we could conclude that

~n Li,

& Su, in probability.

5 Proof

5.1 OQutline of proof

We broke up the proof into several subsections according to what we think
to be a logical and transparent structure.

In subsection 5.2 we state the precise quantitative form of the conver-
gence to local equilibrium: the logarithmic Sobolev inequality valid for our
model and Varadhan’s large deviation bound on space-time averages of block
variables. As main consequence of these we obtain our a priori estimates:
the so-called one-block estimate and a version of the so-called two-block es-
timate, formulated for spatial derivatives of the empirical block averages.
These estimates are of course the main probabilistic ingredients of the fur-
ther arguments. The proof of these estimates is postponed to the Appendix
of the paper.

In subsection 5.3 we write down an identity which turns out to be the
stochastic approximation of the PDE (4). Various error terms are defined
here which will be estimated in the forthcoming subsections.

In subsection 5.4 we introduce the relevant Sobolev norms and by using
the previously proved a priori estimates we prove the necessary upper bounds
on the apropriate Sobolev norms of the error terms.

In subsection 5.5 we show that choosing a subsequence of the random
Young measures (18) which converges vaguely in distribution, the limiting
(random) Young measure is almost surely a measure valued entropy solution
of the Cauchy problem (4), (5).

14



Subsection 5.6 contains the stochastic version of the method of com-
pensated compactness. It is further broken up into two sub-subsections as
follows. In sub-subsection 5.6.1 we present the stochastic version of Murat’s
Lemma: we prove that for any smooth Lax entropy/flux pair the entropy
production process is tight in the Sobolev space H, ml In sub-subsection
5.6.2 we apply (an almost sure version of) Tartar’s Div-Curl Lemma lead-
ing to the desired almost sure factorization property of the limiting random
Young measures. Finally, as main consequence of Tartar’s Lemma, we con-
clude that choosing any subsequence of the random Young measures (18)
which converges vaguely in distribution, the limit (random) Young measure
is almost surely of Dirac type.

The results of subsection 5.5 and sub-subsection 5.6.2 imply the Theo-

rem. The concluding steps are presented in subsection 5.7.

5.2 Local equilibrium and a priori bounds

The hydrodynamic limit relies on macroscopically fast convergence to (local)
equilibrium in blocks of mesoscopic size [. Fix the block size [ and (N, Z) €
N x Z with the restriction N + |Z] <[ and denote

l l
vy = {we: > n=N)Y ¢=72},
j=1 j=1

! !
W) = (w] Z”j = N’ij = 7),
j=1 j=1

and, for f : Qé\r,z - R

Ky fw) = > (f(8)11w) — fw),

-1
Dév,z(f) = %ZEIN,Z ((f((aj,ﬂ—lﬂ) - f(@))Q) :
j=1

In plain words: QZN, » is the hyperplane of configurations w € Q! with fixed
values of the conserved quantities, 7'('5\7’ 5 1s the microcanonical distribution
on this hyperplane, K 5\7, » 1s the symmetric infinitesimal generator restricted

to the hyperplane QlN7 z, and finally Dév, 5 is the Dirichlet form associated

15



to K ]lv, 5. Note, that K 5\/, » is defined with free boundary conditions. Expec-
tations with respect to the measures wﬁv, , are denoted by ElN’ 7(+). The
convergence to local equilibrium is quantitatively controlled by the following

uniform logarithmic Sobolev estimate:

Lemma 2. There exists a finite constant X such that for anyl € N, (N, Z) €
N x Z with N + |Z| <l and any h : QIN’Z — Ry with ElN,Z(h) =1 the
following bound holds:

Ely , (hlogh) <RE2DY , (Vh). (19)

Remark: In [25] (see also [12]) the similar statement is proved (inter alia)
for symmetric simple exclusion process. That proof can be easily adapted
to our case. Instead of stirring configurations of two colors we have stirring
of configurations of three colors. No really new ideas are involved. For
sake of completeness however, we sketch the proof in subsection 6.1 of the

Appendix.

The following large deviation bound goes back to Varadhan [23]. See
also the monographs [9] and [4].

Lemma 3. Letl <n, V:S' = Ry and denote Vj(w) := V(wj,...,wj4i—1)-
Then for any 8 > 0

? T

et Z/ ur (Vj ﬁ a5 + ﬁxjnvaxlogENZ(exp{ﬂV}) (20)
" jern

Remarks: (1) Assuming only uniform bound of order /=2 on the spectral

gap of K 5\1, , (rather than the stronger logarithmic Sobolev inequality (19))

and using Rayleigh-Schrédinger perturbation (see Appendix 3 of [9]) we

would get
— Z / ) ds <
jeTn
3 max Bl Z(V) max VarlN7 z(V)
L L § 22 ,

Wl 4Vl

which wouldn’t be sufficient for our needs.

(2) The proof of the bound (20) explicitly relies on the logarithmic Sobolev

16



inequality (19). It appears in [26] and it is reproduced in several places, see

e.g. [4, 5]. We do not repeat it here.

The main probabilistic ingredients of our proof are the following two
consequences of Lemma 3. These are variants of the celebrated one block

estimate, respectively, two blocks estimate of Varadhan and co-authors.

Proposition 1. Assume conditions (A) and (B). Given a local variable
v; there ezists a constant C (depending only on v;) such that the following
bounds hold:

o[/

ﬁ"(s,x)—T(gn(s,:z:))‘Q drdi) < Oy (21)

E(/OT/Twma”(s,m)\? drdt) < Co' (22)

The proof of Proposition 1 is postponed to subsection 6.3 in the Ap-
pendix. It relies on the large deviation bound (20) and an elementary prob-
ability lemma, stated in subsection 6.2 of the Appendix.

We shall refer to (21) as the block replacement bound and to (22) as the

gradient bound.

5.3 The basic identity

Given a smooth function f : D — R we write
0/ (€ (t.z) = G"f(€" (1. 3)) + O, M} (1, ),

where the process ¢ — MY (t,z) is a martingale. Here and in the future
8tf(2n(t, z)) and 9, M}(t, ) are meant as distributions in their time variable.
In this order we compute the action of the infinitesimal generator G" =

nL" +n?cK" on f (Z” (z)). First we compute the asymmetric part:

nL"f(€ (z)) = —Vf(E (z) 0.8 (z)+A;" () (23)
where
AP (@) = AP (w,2) =0 Y r(wj,wjen) X (24)
j€eT
1, nzx—3j nr—j3—1 ~n

{FE @) - () —a(EF=) (6 - &511) - FE @)

1 nr —j

T a’(T)Vf(En(m)) (65— &) }



See formula (2) for the definition of ¢. A}’n is a numerical error term which
will be easy to estimate.

Next, the symmetric part:

n’oK"f(€ (z) = oVf(€ (2)-0E (z)+A7"(w) (25)
where
AV (2) = A} (w, ) = (26)
w0 3 {1 @@ - 7@ - o) (€ - €00))
et
~FE@) + e EDVIE @) ¢}

This is another numerical error term easy to estimate.

Hence our basic identity

AN ~ A~

Bf(E (t,2)) + VI(E (t,2))  VB(E (t,2))- %t (t,2) = (27)

2
3 (A?n(t, z) + Bi"(t,z) + C¥"(¢, x)) + M (t, ).
=1

The various terms on the right hand side are
B}"(z) = B"(w,2) == 0: { V(€' (@) - (@€ (=) - 8" (2)) } (28)

B}"(z) = B"(w,a) i= 062 f € (2) = 8, { oV (€ () - 0.E ()}  (29)

N ~n

C™(x) = C}Mw,z) = —(8:€ (2))" V21 (€' (2)) - (2" (2)) - ¢ ()
(30)
Cy™Mz) = 7" (w,z) = —0(8:€ (2))" V2F(€"(2)) - (%€ (2)) (31)

and
APt 3) = AV (X, 3),
By"(t,z) :== By"(X]", 1),
CY"(t,3) = CP" (A}, m).

In the present paper we shall apply the basic identity (27) only for Lax
entropies f(u) = S(u). In this special case the left hand side gets the form

18



of a conservation law:

iSE" (¢, 7)) + 0 F (€ (t, ) = (32)

3 (Am ) + Bi™Mt, ) + Cln (¢, m)) + M, 1),

i=1
5.4 Bounds

We fix T' < oo and use the LP norms

T
gz :=/0 /T\g(t,a:)|p dz dt

and the Sobolev norms

T
lolhy, 2o =sup{ [ [ ott.algtta)dadt - ol +lowelly, <1}

where p~t +¢ ! =1 and ¢ :[0,7] x T — R is a test function. We use the
standard notation Wtjw1’2 = Htj ml

Remark on notation: The numerical error terms Ai’"(t z), 1 =1,2, will
be estimated in L{; norm. In these estimates only Taylor expansion bounds
are used, no probablhstlc argument is involved. The more sophisticated
terms Bi’"(t,z), i = 1,2, respectively, C}’n(t,m), 1 = 1,2, will be estimated
in Ht - » respectively, L%’z norms. The martingale derivative 0, M7 (¢, z) will

be estimated in Htj ml norm.

By straightforward numerical estimates (which do not rely on any prob-

abilistic arguments) we obtain

Lemma 4. Assume conditions (A) and (B). Let f : D — R be a twice
continuously differentiable function with bounded derivatives. Then almost

surely

=o(1)

]
Lt,z

i

—o(1) and HA?;”

Lg,"w
as n — oQ.

Proof. Indeed, using nothing more than Taylor expansion and boundedness

of the local variables we readily obtain

sup sup A}’”(g,m)‘ < C% =o(1) (33)
€T weN™ l

2
sup sup A?J"(g,m)‘ < Cg =o(1). (34)
z€T weN™ l



We omit the tedious but otherwise straightforward details. O
Applying Proposition 1 we obtain the following more sophisticated bounds

Lemma 5. Assume conditions (A) and (B). Let f : D — R be a twice
continuously differentiable function with bounded derivatives. The following

asymptotics hold, as n — oo:

() B (]2, ) = o0
(i) B (|57, ) = o
) E( o Lz,m) =00)
Proof

(z1) We use the block replacement bound (21):

E( ATAv(t,x)B}’n(t,$) dwdt‘)
x5
< sup Vi) 0z B( [ [ 2@ 0.2 - 30,0 aoar)
< Cllowl . =

(i) We use the gradient bound (22):

B( /OT/Tv(t,x)Bf;"(t,x) d:zdt‘)
:E(

T
< swp [V ()| 0wz, ([ [
u€eD o 0 JT

< Cllogollyy, o'

[ [ont.195@ ) (@€ 0.0 - 8" (0.0) o]
0 T

1/2

/0 ' /T 8y0(t, 2) V(€ (t,2)) - 0(0:E (t,2))dz dt‘ )

8,2 (¢, ) ‘2 dz dt) 2
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(%) We use both, the block replacement bound (21) and the gradient bound

(22):
E(/OT/T‘C}’"(t,:v)‘ da:dt)
< s [V B( [ [ |60 - @€ 0| war) " x

()

6$Zn(3, x) ‘2 dz dt) V2

<ol

no
(iv) We use again the gradient bound (22):

E(/OT/T‘C;’n(t,x)‘ dmdt)

T
< sup |V2f(u)|aE/ /
ueD 0 T
<C.

n 2
0z€ (s,x) ‘ dz dt

O

Lemma 6. Assume conditions (A) and (B). Let f : D — R be a twice
continuously differentiable function with bounded derivatives. There exists a
constant C (depending only on f) such that the following asymptotics holds

as n — oo:
B (Jlo .2 ) = o)
Proof. Since
o7 < M7,
we have to bound the expectation of the right hand side.

E(/OT/T(M}L(t,x))Zd:vdt) :E(/OT/T(M}L(t,x))dxdt),

where ¢ — (M7(t,)) is the conditional variance process of the martingale
MP(t,z):

Mpa) = (L@ 4 2) ~2/ € o)L E (1))
+n?o (K" f2€" (¢ 2) - 2/ € (1, 2) K" € (t,2))) .
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Using the expressions (23) and (25) we obtain

(Mp(t,2)) = AR'(ts) —2fE (t2)A;" (¢ 2)
AT, m) — 2f (€ (t,2)) A" (8, ).

Hence, by the bounds (33) and (34) (which apply as well of course to the

function f2), we obtain

sup_sup (M}(t,z)) < O = o(1),
t€[0,T] z€T !
which proves the lemma. O

5.5 Convergence to measure valued entropy solutions

Proposition 2. Conditions (A), (B), and (C) are in force. Let Q% be a
subsequence of the probability distributions defined in (18), which converges
weakly in the vague sense: QY = Q. Then the probability measure Q is

concentrated on the measure valued entropy solutions of the Cauchy problem

(4); (3).

Proof. Due to separability of C([0,7"] x T) it is sufficient to prove that for
any convex Lax entropy/flux pair (S, F) and any nonnegative test function
¢ with support in [0,7] x T, (9) holds Q-almost-surely. So we fix (S, F) and

@, and denote the real random variable
T ~n ~n
X0 = = [ [t @@ o) + 0P E (2) dode
0
T
= [ [ @ettowr o), )+ ot )0 t,), F) dode
o Jr

+ /T 0(0,2)S(€"(0,)) dz.

In view of assumption (C), the last term on the right hand side converges

to
/ (0, 2) S (uo(x)) d
T

while the space-time integrals are continuous functionals of the Young mea-

sure, thus from assumption Q = Q it follows that
X" = X, (35)
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where

T
X = /0 /T (Oro(t, 2)(v(t,2) , ) + Baplt, @) v (t, ), F)) dw dt

+ /11‘ ©(0,2)S (ug(z)) dz.

and v is distributed according to Q.
We apply the basic identity (27) specified for f(u) = S(u), that is iden-
tity (32). It follows that

Xt=Y"4+ 2" (36)
where

T
Yy" = / /(p(t,z)CZ’"(t,z)dwdt
o Jr

T . - .
= o[ [ewn)0E 0)' v5E Ca) - (0.8 (t.0)

and

T 2 . .
Zn = / / o(t, ) (Z (A5"+ B") + 05" + atMg) (t,2) dz dt.
0 JT i=1

Due to convexity of S and positivity of ¢ we have
Y" >0, almost surely. (37)

On the other hand, from Lemmas 4, 5, 6 we conclude that

. niy _

lim E(|2"[) = 0. (38)
Finally, from (35), (36), (37) and (38) the statement of the Proposition
follows. O

5.6 Compensated compactness

5.6.1 Murat’s lemma

Lemma 7. Assume conditions (A) and (B). Given a twice continuously

differentiable Laz entropy/fluz pair (S, F'), the sequence
X"(t,) = 8S(€" (t,z)) + 8. F (€ (t,2))
is tight in H, .
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Proof. Note that X"(t,z) is exactly the left hand side of the basic identity
(32) and recall that this expression (in particular 9,5 (Zn(t, z))) is a random
distribution in its ¢ variable.

By definition and a priori boundedness of the domain D, there exists a

constant C' < oo such that

P (X" 1 < C) = 1. (39)
We decompose
X"(t,x) =Y"(t,z) + Z"(t,x), (40)
where
Y™(t,z) := Bg"(t,z) + By"(t,x) + &, MZ(t, z),
ZM(t,x) = A" (t,z) + AZ"(t,2) + C§"(t,2) + C3" (¢, z).

For the definitions of the terms Ag", Bg", qu’", i=1,2, see (24), (26) and
(28)-(31).
(From Lemmas 4, 5 and 6 it follows that

E( (Y"1 ) =0, (41)
and
B2y, ) <C. (42)

Further on, from (41), respectively, (42) it follows that for any € > 0 one
can find a compact subset K. of H L and a bounded subset L. of Li . such
that

P(Y” ¢ KE) <e/2, P(Z" ¢ LE) <e/2. (43)
On the other hand, Murat’s lemma (see [13] or Chapter 9 of [17]) says that
M, := (K. + L) N{X € H, : 1X 1y < C}
is compact in H; . From (39), (40) and (43) it follows that
P(X" ¢ Mg) <
uniformly in n, which proves the lemma. U
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5.6.2 Tartar’s lemma and its consequence

Lemma 8. Assume conditions (A) and (B). Let Q" be a subsequence
of the probability measures on Y defined in (18), which converges weakly
in the vague sense: Q¥ = Q. Then Q is concentrated on the (vaguely
closed) subset of Young measures satisfying (10). That is, Q-a.s. for any
two generalized Lax entropy/fluz pairs (S1, F1) and (S2,F) and any test
function ¢ : [0,T] x T — R,

T
/0 /T ot 2)(v(t3), S1Fs — Syl da di (44)

T
/0 /T ot ) (Wt ), SHW(te), B) — (v(t,z), So)(w(t,z), F1)) dadt.

Proof. First we prove (44) for twice continuously differentiable entropy/flux
pairs. Due to separability of C([0,T] x T) it is sufficient to prove that for
any two twice continuously differentiable Lax entropy /flux pairs (Si, F1) and
(S2, F»2) and any test function ¢ : [0,7]x T — R, (44) holds Q-almost-surely.
So we fix (S1, F1), (S2, F) and ¢. Note that

XMtz) = 0,S5E (t,x) + 0. Fj (€ (t,))
= 8"t z), S;) + 0 (V" (t, ), Fj)

j=1,2.
Due to Skorohod’s representation theorem (see Theorem 1.8 of [3]) and
Lemma 7 we can realize the random Young measures v" (¢, z; dv) and v(t, z; dv)

jointly on an enlarged probability space (Z,.A, P) so that P-almost-surely
A and {X;” :n!, 5 =1,2} is relatively compact in ngl

So, applying Tartar’s Div-Curl Lemma (see [19], [20], or Chapter 9 of [17])
we conclude that (in this realization) almost surely the factorization (44)
holds true.

Since D is compact, from Riemann’s method of solving the linear hyper-
bolic PDE (7) (see Chapter 4 of [8]) it follows that generalized entropy/flux
pairs are approximated pointwise by smooth ones. Thus the Tartar factor-
ization (44) extends from smooth to generalized entropy/flux pairs. Hence

the lemma. O
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The main consequence of Lemma 8 is the following

Proposition 3. Assume conditions (A) and (B). Let Q" be a subsequence
of the probability measures on Y defined in (18), which converges weakly in
the vague sense: QY = Q. Then the probability measure Q is concentrated

on a set of Dirac-type Young measures, that is QU) = 1.
Proof. In view of Lemma, 8 this is a direct consequence of Lemma, 1. O

Remark: This is the only point where we exploit the very special features
of the PDE (4). Note that the proof of Lemma 1 relies on elementary explicit
computations. In case of general 2 x 2 hyperbolic systems of conservation
laws, instead of these explicit computations we should refer to DiPerna’s
arguments from [2], possibly further complicated by the existence of singular
(non-hyperbolic) points isolated at the boundary of the domain D. More

general results will be presented in the forthcoming paper [6].

5.7 End of proof

From Propositions 2 and 3 it follows that from any subsequence n' one can
extract a sub-subsequence n” such that Q"” = (Q and Q is concentrated on
the set of Dirac-type measure valued entropy solutions of the Cauchy prob-
lem. ;From now on we denote simply by n this sub-subsequence. Referring
again to Skorohod’s Representation Theorem we realize the Dirac-type ran-
dom Young measures vj,(dv) := 5En(t,z)(dv) and v (dv) 1= Oyt q)(dv)
jointly on an enlarged probability space (2,4, P), so that v — v almost
surely and (¢,z) — wu(t,z) is almost surely entropy solution of the Cauchy
problem. From basic functional analytic considerations (see e.g. Chapter 9
of [17]) it follows that, in case that the limit Youg measure is also Dirac-
type, the vague convergence v™ — v implies strong (i.e. norm) convergence

of the underlying functions,

~n ) L
€ —u in L, (45)
So, we have realized jointly on the probability space (Z,.A, P) the empirical
block average processes Zn(t, z) and the random function w(¢, z) so that the
latter one is almost surely entropy solution of the Cauchy problem, and (45)

almost surely holds true. This proves the theorem. U
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6 Appendix

6.1 The logarithmic Sobolev inequality for random stirring
of r colors on the linear graph {1,2,...,[}

Let » > 2 be a fixed integer. For | € N we consider r-tuples of integers
N = (Ny,...,N,) such that

Noe>0, a=1,...,7 and Ni+---+ N, =1, (46)

l
Q= {ge {1,...,T}Z:Z]l{wj:a} = N, 04:1,...,7"}.
7j=1

Let m, denote the uniform probability measure on QY

N!---N,!
iy (w) = TT, w € Q.

The one dimensional marginals of Wé\, are
N,
ot (@) = -
The random element of QY distributed according to 74, will be denoted
¢ = (¢1,¢2,.--,¢). Expectation with respect to ly, respectively, 7T§\’,1 will
be denoted by ElN( .- -), respectively, Ei{,l() Conditional expectation,
given the first coordinate (; will be denoted ElN( “e- ‘Cl) Note that

EN (|G = a) = Y (F(, Gy .-, Q)

where Eé\?al() stands for expectation with respect to (o,...,¢;) dis-
tributed according to 7r§\7al and, given N = (Ny,...,Ng,...,N;) with N, >
1, N®:= (Ny,...,Na —1,...,NN,).

Given a probability density h over (Q4;, k), its entropy is

HY (h) = EY (h(¢) log h(Q))-

Further on, for i,5 € {1,...,1} let ©; ; : Q4 — QY be the spin exchange
operator
wj if k=1,
(@i,jg)k = Wy lf k‘ = j,
W if k#1,7,
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For f : QlN — R we define the Dirichlet form and the conditional Dirichlet

form, given (;

-1
Di(f) = 3 Y EL ((FO1m0) - £(0)?).
=1

-1
N(fla) = %ZEZN(( (©ii+1¢) — F())*[¢1)
i1

The logarithmic Sobolev inequality is formulated in the following

Proposition 4. There exist a finite constant X such that for any number of
colors r, any block size | € N, any distribution of colors N = (Ny,...,N;)
satisfying (46) and any probability density h over (Q,7Y), the following
inequality holds:

H)(h) < RI2Di (V). (47)

Remark: The proof follows [25] (see also [12]). Due to exchangeability of

the measures 7r§V some steps are considerably simpler than there.

Proof. We shall prove the Proposition by induction on /. Denote

0 sy P00
= sgpsup o (\/l_z) .
The following identity is straightforward
Hy(h) = B (Bl (HO|0)EY (h(Q)logh(Q)]G1))
B (Bl (h(O]61) log Bly (R(Q)[¢1) ) (48)

where in the first term of the right hand side

h(9)
Efy (M(O]¢)

First we bound the first term on the right hand side of (48). By the

hi(¢) ==
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induction hypothesis

EX (Bl (h(0)]G)EY (h1(¢) log hi(€)[¢1))

= Ey (EBy(h(Q¢ )Eévé( 1(¢) log ha(¢)))

< W -DEY (BY(h(Q)|G)DLE (Vi)

= W - DER (DL (VAG))

< W(-1)Dy(Vh). (49)

Next we turn to the second term on the right hand side of (48). In order

to simplify notation in the next argument we denote

o= aali) = Bl (MO T ay). (50)

It is straightforward that for any 0 < K < oo there exists a finite constant
C = C(K) such that for any v € [0, K]

vlogv < (v—1)+ C(Vv — 1)2
and, furthermore, the constant C' can be chosen so that for any v > K
3/2

vlogv < Cv

Hence, with the notation introduced in (50), we get the following upper
bound for the second term on the right hand side of (48)

B (B (h(0]) 8 B (1(0]6:)) = 3 a2 10 2200 61)
a=1 a @
’“ w) ) w(D))"
SO2 e ( on ‘1> e

We use the straightforward inequality

. qa(1)

a1 Qo

We choose K sufficiently large in order that Lemma 4.1 of [25] can be applied
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to {1,2,...,1} 35— 1/qa(j)/0a. Thus we obtain the upper bound
2

Ga(1) 4a(1)\*?
( g—a‘l) ez (%) T

2

qa(j +1) 9a(4)
<czz<\/ \/Qa ) . ®

where C’ is again a universal constant. Putting together (51) and (52) and

returning to the explicit notation we obtain the following upper bound for
the second term on the right hand side of (48):

B (Bl (1(0)|¢1) log By (1(Q)]1))

<Y (RO ~ B (1)

j=1a=1
C”ZZ Z (\/E (©55+1914¢,—ay) \/E ]1{41—"‘}))2
j=la=1
= C”lli <\/ElN( ©;,j+1¢)) \/El )
j=1

< lszév ((Vh@ssm0 - @) ) = c'uply (VE). (59

In the second step we used exchangeability of the canonical measures 7T§V.

In the last inequality we note that the map

Ry xR; 3 (2,9) = (VZ — )’

is conver and we use Jensen’s inequality.
From (48), (49) and (53) eventually we obtain

W) <W(I-1)+C"l,
which yields (47). O
6.2 An elementary probability lemma

The contents of the present subsection, in particular Lemma 9 and its Corol-

lary 1 are borrowed from [22]. For their proofs see that paper.
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Let (Q,7) be a finite probability space and w;, i € Z i.i.d. Q-valued

random variables with distribution #. Further on let
E:Q_)Rda Ez = E(w’i)a
v: Q" 5 R, U = V(W -+« s Witm—1)

and denote 7™ the product measure on Q2™ with identical marginals m; E;m

is expectation with respect to 7™ . For & € co(Ran(€)) let
Eqm (viexp{} 1" A- &}})
Eqn (exp{X-&}})" 7

where co(Ran(€)) denotes the convex hull of the range of ¢, and A € R? is

chosen so that

Y(x) :=

Ern (& exp{A-£1}) _
Eqm (exp{X-&}})

For [ € N we denote plain block averages by

e

Finally, let b: [0,1] — R be a fixed smooth function and denote

= /01 b(s) ds

We also define the block averages weighted by b as

l l
1
lz ]/l{y’ b U :72 j/lvja
j=0 7=0

The following lemma, relies on elementary probability arguments:

N|p_\

I =

Lemma 9. There exists a constant C' < oo, depending only on m, on the
joint distribution of (v;,€;) and on the function b, such that the following
bounds hold uniformly in | € N and € (Ran(€) + --- + Ran(€))/!:

(i) If M(b) =0, then

B(exp {yVi(b, v)i} | & = ) < exp{C(r* +7/VD)}. (54)
(ii) If M(b) =1 then

E(exp {7vI((b, v) — T((b, €0)}|& = =) < exp{C(r? + /D). (55)
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The proof of this lemma appears in [22].

Corollary 1. There exists a yg > 0, depending only on m, on the joint
distribution of (v;, &;) and on the function b, such that the following bounds
hold uniformly in ! € N and « € (Ran(€) + --- + Ran(€))/!:

(i) If M(b) = 0, then

E(exp{yoﬂb,lﬁ%}‘gl:=m> <2 (56)

(i) If M(b) =1 then
B(exp {30l (b, v}, - T((b, €0)°} & = =) < V2. (57)
Proof. The bounds (56) and (57) follow from (54), respectively, (55) by
exponential Gaussian averaging. O

6.3 Proof of the a priori bounds (Proposition 1)
6.3.1 Proof of the block replacement bound (21)

We note first that by simple numerical approximation (no probability bounds

involved)

[ - x@e)[ a2 5ot/ - @ |
SCFlzo(%%).

Vs =[5 Gifm) - Y@ )|

We apply Lemma 3 with

We use the bound (57) of Corollary 1 with the function b = a of (16). Note
that 8 = vyl can be chosen in (20). This yields the bound (21).

6.3.2 Proof of the gradient bound (22)
Again, we start with numerical approximation:

nZ

-n 2 1 . ~n (. 2 -1
o < = .
/E|6wv (x)|* dx p ]EZI |0;0"(j/n)|"| < C B o(c™)
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We apply Lemma 3 with

Vj = [0:0"(j/n)|*.

We use now the bound (56) of Corollary 1 with the function b = o', where a

is the weighting function from (16). The same choice 8 = ~yyl applies. This
will yield the bound (22).
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