Some Results on General System of Isentropic Gas Dynamics

Yun-guang Lu Department of Mathematics University of Science and Technology of China Hefei, P. R. CHINA and Departamento de Matemáticas Universidad Nacional de Colombia

Bogotá, COLOMBIA yglu 2000@yahoo.com

Abstract

In this paper, we construct a sequence of regular hyperbolic systems (1.1) to approximate the general system of isentropic gas dynamics (1.2). First, for each fixed approximation parameter δ, we establish the existence of entropy solutions for the Cauchy problem (1.1) with bounded initial date (1.4). Second, letting ε = o(δ), we obtain a simple proof of the H^{−1}_{loc} compactness of weak entropy pairs of system (1.2) in the form η(ρ, u) = ρH(ρ, u) constructed in [CL1, CL2].

1 Introduction

In this paper, we construct a sequence of regular hyperbolic systems { ρ_t + (−2δu + ρu)_x = 0 (ρu)_t + (ρu^2 − δu^2 + P_1(ρ, δ))_x = 0, (1.1)

to approximate the system of isentropic gas dynamics in Eulerian coordinates { ρ_t + (ρu)_x = 0 (ρu)_t + (ρu^2 + P (ρ))_x = 0, (1.2) where ρ is the density of gas, u the velocity, P = P (ρ) the pressure, and δ > 0 in (1.1) denotes a regular perturbation constant and the perturbation pressure

P_1(ρ, δ) =

∫_ρ 2δ t − 2δ t P^′(t)dt. (1.3)

For the polytropic gas, P takes the special form P (ρ) = cρ^γ , where γ > 1 and c is an arbitrary positive constant.

The study of the existence of global weak solutions for the Cauchy problem (1.2) has a long history. For the polytropic gas in the Lagrangian coordinates, the first large data existence theorem with locally finite total variation, for γ = 1 was obtained by Nishida [Ni], and for γ ∈ (1, 1 + δ), δ small, obtained by Nishida and Smoller [NS]. The method used in [Ni, NS] (see also [Liu] for the non-isentropic gas) is the Glimm’s scheme method (cf. [Gl]).

Using the compensated compactness ideas developed by Tartar and Murat [Ta],[Mu], DiPerna [Di2] established a global existence theorem for the Cauchy problem (1.2) with large bounded initial data for γ = 1 +^2_N , N ≥ 5 odd, with the aid of the viscosity method. Ding, Chen, and Luo [DCL] and Chen [Chen] proved the convergence of the Lax-Friedrichs scheme and the existence of global solutions with L^∞ large initial data with adiabatic exponent γ ∈ (1,^5_3 ]. Lions, Perthame and Tadmor [LPT] proved the global existence of a weak solution for γ ≥ 3 by applying the kinetic formulation coupled with the compensated compactness method. Finally, the method in [LPT] was successfully extended by Lions, Perthame and Souganidis [LPS] to fill up the gap γ ∈ (^5_3 , 3) as well as a new proof for whole γ > 1. Recently Huang and Wang [HW] studied the case of γ = 1. So the existence of a generalized solution for the Cauchy problem (1.3) with bounded initial data was completely resolved for the case of a polytropic gas.

The global smooth solution of the Cauchy problem (1.2) with a class of smooth initial data with the vacuum for more general pressure function P (ρ) was obtained in [Lu2], where a sequence of nonstrictly hyperbolic systems is used to approximate system (1.2).

The global existence of L^∞ entropy solutions for system (1.2) with general presure P (ρ) and arbitrarily large L^∞ initial data was established in [CL1, CL2], in which, roughly speaking, P (ρ) takes the form

P (ρ) = ρ^γ (1 + p(ρ)) with some restrictions on the function p(ρ). In [CL1, CL2], some new ideas and techniques are used to construct the weak entropy kernel of system (1.2). In the neighborhood of vacuum, the weak entropy constructed in [CL1, CL2] is in the form η(ρ, u) = ρH(ρ, u), however, the proof of its compactness in H^{−1}_{loc} (R × R^+) is not provided.

In this paper, for fixed δ > 0, we first establish the existence of entropy solutions for the Cauchy problem (1.1) with bounded measurable initial data

(ρ(x, 0), u(x, 0)) = (ρ_0(x), u_0(x)), ρ_0(x) ≥ 2δ. (1.4)

Theorem 1 Let the initial data (ρ_0(x), u_0(x)) be bounded measurable and ρ_0(x) ≥ 2δ, P (ρ) ∈ C^2(0, ∞), P^′(ρ) > 0,

2P^′(ρ) + ρP^{′′}(ρ) > 0 for ρ > 0 (1.5) and ∫_∞ c √ P^′(ρ) ρ dρ = ∞,

∫_c 0 √ P^′(ρ) ρ dρ < ∞, ∀c > 0. (1.6)

Then the Cauchy problem (1.1), (1.4) has a global bounded entropy solution.

Second, with the help of the perturbation parameter δ, ε = o(δ), we obtain a simple proof of the H^{−1} compactness in the following theorem.

Theorem 2 Let all conditions about in Theorem 1 be satisfied and the limit

lim_{ρ→0}

(P^′(ρ))^32 ρP^{′′}(ρ)

= e, (1.7)

where e ≥ 0 is a constant. If the weak entropy-entropy flux pair (η(ρ, u), q(ρ, u)) of system (1.2) is in the form η(ρ, u) = ρH(ρ, u) and H_u(ρ, u), H_{uu}(ρ, u), H_{uuu}(ρ, u) are continuous on 0 ≤ ρ ≤ M_1, |u| ≤ M_1, where M_1 is a positive constant given in (2.11), then

η_t(ρ^{δ,ε}(x, t), u^{δ,ε}(x, t)) + q_x(ρ^{δ,ε}(x, t), u^{δ,ε}(x, t)) (1.8)

is compact in H^{−1}_{loc} (R × R^+) as ε = o(^{P ′(2δ)}_{2δ} ) and δ tends to zero, with respect to the viscosity solutions (ρ^{δ,ε}(x, t), u^{δ,ε}(x, t) of the Cauchy problem (2.6) and (1.4).

2 Proof of Theorem 1

In this section, we prove Theorem 1.

By simple calculations, two eigenvalues of system (1.1) are

λ_1 = m ρ − ρ − 2δ ρ √ P^′(ρ), λ_2 = m ρ + ρ − 2δ ρ √ P^′(ρ) (2.1)

with corresponding right eigenvectors

r_1 = (1, u − √ P^′(ρ))^T , r_2 = (1, u + √ P^′(ρ))^T (2.2)

and Riemann invariants

z(u, v) = m ρ − ∫_ρ 2δ √ P^′(s) s ds, w(u, v) = m ρ + ∫_ρ 2δ √ P^′(s) s ds, (2.3)

where m = ρu. Moreover

∇λ_1 · r_1 = − 4δ ρ^2 √ P^′(ρ) − ρ − 2δ 2ρ^2 √ P^′(ρ)

(2P^′(ρ) + ρP^{′′}(ρ)) (2.4) and ∇λ_2 · r_2 = 4δ ρ^2 √ P^′(ρ) + ρ − 2δ 2ρ^2 √ P^′(ρ)

(2P^′(ρ) + ρP^{′′}(ρ)). (2.5)

Consider the Cauchy problem for the related parabolic system { ρ_t + ((ρ − 2δ)u)_x = ερ_{xx} (ρu)_t + (ρu^2 − δu^2 + P_1(ρ, δ))_x = ε(ρu)_{xx}, , (2.6) with the initial data (1.4). We multiply (2.6) by (w_ρ, w_m) and (z_ρ, z_m), respectively, to obtain w_t + λ_2w_x

= εw_{xx} +^{2ε}_ρ ρ_xw_x −^ε_{2ρ2}√_{P ′(ρ)} (2P^′ + ρP^{′′})ρ^2_x,

(2.7)

and z_t + λ_1z_x

= εz_{xx} +^{2ε}_ρ ρ_xz_x +^ε_{2ρ2}√_{P ′(ρ)} (2P^′ + ρP^{′′})ρ^2_x.

(2.8)

Then the assumptions on P (ρ) yield

w_t + λ_2w_x ≤ εw_{xx} + 2ε ρ ρ_xw_x (2.9) and z_t + λ_1z_x ≥ εz_{xx} + 2ε ρ ρ_xz_x. (2.10)

If we consider (2.9) and (2.10) as inequalities about the variables w and z, then we can get the estimates w(ρ^{ε,δ}, m^{ε,δ}) ≤ M, z(ρ^{ε,δ}, m^{ε,δ}) ≥ −M by applying the maximum principle to (2.9) and (2.10). From these, we know that u^{ε,δ} = m^{ε,δ}/ρ^{ε,δ} are uniformly bounded with respect to ε, δ. Then, using the first equation in (2.6), we get ρ^{ε,δ} ≥ 2δ. Therefore, the region

Σ = {(ρ, m) : w(ρ, m) ≤ M, z(ρ, m) ≥ −M, ρ ≥ 2δ}

is an invariant region. Thus we obtain the estimates

2δ ≤ ρ^{ε,δ} ≤ M_1, |u^{ε,δ}| ≤ M_1 (2.11)

for a suitable constant M_1, being independent of ε, δ, since

∫_∞ c √_{P ′(ρ)} ρ dρ = ∞ and

∫_c 0 √_{P ′(ρ)}

ρ dρ < ∞ for any constant c > 0.

Thus for fixed δ > 0, it follows from (2.1) that system (1.1) is strictly hyperbolic in the domain {(x, t) : ρ > 2δ}, while it is nonstrictly hyperbolic in the domain {(x, t) : ρ = 2δ}, since λ_1 = λ_2 when ρ = 2δ. However, from (2.4) and (2.5), both characteristic fields of system (1.1) are genuinely nonlinear in the range ρ ≥ 2δ.

For smooth solutions, system (1.1) is equivalent to the following system

ρ_t + (−2δu + ρu)_x = 0 u_t + (^1_2 u^2 +

∫_ρ 2δ (t − 2δ)P^′(t)

t^2 dt)_x = 0,

(2.12)

and particularly, both systems have the same entropy-entropy flux pairs. Thus any entropy-entropy flux pair (η(ρ, m), q(ρ, m)) of system (1.1) satisfies the additional system

q_ρ = uη_ρ +

(ρ − 2δ)P^′(ρ)

ρ^2 η_u, q_u = (ρ − 2δ)η_ρ + uη_u. (2.13)

Eliminating the q from (2.13), we have

η_{ρρ} =

P^′(ρ) ρ^2 η_{uu}. (2.14)

Therefore, system (1.1) and system (1.2) have the same entropies.

It is easy to check that system (1.1) has a convex entropy

η^⋆ = ρu^2 2 + ∫_ρ 2δ (ρ − t)P^′(t) t dt, (2.15)

with corresponding entropy flux

q^⋆ = ρu^3 2 − δu^3 3 + u(ρ − 2δ)

∫_ρ 2δ P^′(t) t dt. (2.16)

We multiply (2.6) by (η^⋆_ρ, η^⋆_m) to obtain the boundedness of

ε(ρ_x, m_x) · ∇^2η^⋆(ρ, m) · (ρ_x, m_x)^T (2.17)

in L^1_{loc}(R × R^+). Then it follows that ε P^′(ρ) ρ ρ^2_x + ε 1 ρ [ m ρ ρ_x − m_x]^2 = ε

P^′(ρ) ρ ρ^2_x + ερu^2_x (2.18)

is bounded in L^1_{loc}(R × R^+).

Since ρ ≥ 2δ, we get the boundedness of

ερ^2_x, εu^2_x in L^1_{loc}(R × R^+) (2.19)

for any fixed δ > 0.

Thus for smooth entropy-entropy flux pairs (η_i(δ, ρ, u), q_i(δ, ρ, u)), i = 1, 2, of system (1.1), the following measure equations or the communicate relations are satisfied

< ν^δ_{(x,t)}, η_1(δ)q_2(δ) − η_2(δ)q_1(δ) > =< ν^δ_{(x,t)}, η_1(δ) >< ν^δ_{(x,t)}, q_2(δ) > − < ν^δ_{(x,t)}, η_2(δ) >< ν^δ_{(x,t)}, q_1(δ) >, (2.20) where ν^δ_{(x,t)} is the family of positive probability measures with respect to the viscosity solutions (ρ^{ε,δ}, u^{ε,δ}) of the Cauchy problem (2.6) and (1.4).

To finish the proof of Theorem 1, it is enough to prove that Young measures given in (2.20) are Dirac measures.

For applying for the framework given by DiPerna in [Di1] to prove that Young measures are Dirac ones, we construct four families of entropy-entropy flux pairs of Lax’s type in the following special form:

η^1_k = e^{kw}(a_1(ρ) + b_1(ρ, k) k ), q^1_k = η^1_k(λ_2 + c_1(ρ, k) k + d_1(ρ, k) k^2

); (2.21) η^2_{−k} = e^{−kw}(a_2(ρ) + b_2(ρ, k) k ), q^2_{−k} = η^2_{−k}(λ_2 + c_2(ρ, k) k + d_2(ρ, k) k^2

); (2.22)

η^2_k = e^{kz}(a_3(ρ) + b_3(ρ, k) k ), q^2_k = η^2_k(λ_1 + c_3(ρ, k) k + d_3(ρ, k) k^2

); (2.23)

η^1_{−k} = e^{−kz}(a_4(ρ) + b_4(ρ, k) k ), q^1_{−k} = η^1_{−k}(λ_1 + c_4(ρ, k) k + d_4(ρ, k) k^2

), (2.24)

where w, z are the Riemann invariants of system (1.1) given by (2.3). Notice that all the unknown functions a_i, b_i(i = 1, 2, 3, 4) are only of a single variable ρ. This special simple construction yields an ordinary differential equation of second order with a singular coefficient 1/k before the term of the second order derivative. Then the following necessary estimates for functions a_i(ρ), b_i(ρ, k) are obtained by the use of the singular perturbation theory of ordinary differential equations:

0 < a_i(ρ) ≤ M, |b_i(ρ, k)| ≤ M, (2.25)

0 < c_i(ρ) ≤ M, ( or −M ≤ c_i(ρ) < 0), |d_i(ρ, k)| ≤ M (2.26)

uniformly for 2δ ≤ ρ ≤ M_1, where i = 1, 2, 3, 4 and M is a positive constant independent of k.

In fact, substituting entropies η^1_k = e^{kw}(a_1(ρ) + b_1(ρ, k)/k) into (2.14), we obtain that

k[2f(ρ)a^′_1 + f^′(ρ)a_1] + a^{′′}_1 + 2f(ρ)b^′_1 + f^′(ρ)b_1 + b^{′′}_1 k = 0, (2.27)

where f(ρ) =

√_{P ′(ρ)} ρ . Let

2f(ρ)a^′_1 + f^′(ρ)a_1 = 0 (2.28) and a^{′′}_1 + 2f(ρ)b^′_1 + f^′(ρ)b_1 + b^{′′}_1 k = 0. (2.29)

Then a_1 = f(ρ)^{− 12} > 0 for ρ ≥ 2δ. (2.30)

The existence of b_1(ρ, k) and its uniform bound |b_1(ρ, k)| ≤ M on 2δ ≤ ρ ≤ M_1 with respect to k can be obtained by the following lemma (cf. [Ka]) (also see Lemma 10.2.1 in [Lu1]):

Lemma 3 Let Y (x) ∈ C^2[0, h] be the solution of the equation

F (x, Y, Y^′) = 0,

and functions f(x, y, z, λ), F (x, y, z) be continuous on the regions 0 ≤ x ≤ h, |y − Y (x)| ≤ l(x), |z − Y^′(x)| ≤ m(x) for some positive functions l(x), m(x) and λ_0 > λ > 0. In addition,

|f(x, y, z, λ) − F (x, y, z)| ≤ ε,

|F (x, y_2, z) − F (x, y_1, z)| ≤ M|y_2 − y_1|, F (x, y, z_2) − F (x, y, z_1)

z_2 − z_1 ≥ L for some positive constants ε, M and L.

If y(x) = y(x, λ) is a solution of the following ordinary differential equation of second order:

λy^{′′} + f(x, y, y^′, λ) = 0, with y(0) = Y (0) and y^′(0) being arbitrary, then for sufficiently small λ > 0, ε > 0 and P = |y^′(0) − Y^′(0)|, y(x) exists for all 0 ≤ x ≤ h and satisfies

|y(x, λ) − Y (x)| < [ ε M + λ( P L + N M ) ] exp( Mx L ), where N = max_{0≤x≤h} |Y (x)|.

Furthermore, we can use Lemma 3 again to obtain the bound of b^′_1 with respect to k if we differentiate Equation (2.29) with respect to ρ.

By the second equation in (2.13), a entropy flux q^1_k corresponding to η^1_k is provided by

q^1_k = λ_2η^1_k + e^{kw}(

(ρ − 2δ)a^′_1 − a_1 k + (ρ − 2δ)b^′_1 − b_1 k^2

), (2.31)

where (ρ − 2δ)a^′_1 − a_1 = −

(ρP^{′′} + 2P^′)(ρ − 2δ) + 8δP^′ 4ρP^{′′}f(ρ)^12

< 0 (2.32)

and (ρ − 2δ)b^′_1 − b_1 both are bounded uniformly on ρ ∈ [2δ, M_1].

In a similar way, we can obtain another entropy-entropy flux pair of Lax type as follows:

η^2_{−k} = e^{−kw}(a_2(ρ) +^{b2(ρ,k)}_k ), q^2_{−k} = λ_2η^2_{−k} + e^{−kw}(^{a2−(ρ−2δ)a′2}_k +^{b2−(ρ−2δ)b′2}_{k2} ),

(2.33) where a_2(ρ) = a_1(ρ) and b_2(ρ, k) satisfies

a^{′′}_1 − 2f(ρ)b^′_2 − f^′(ρ)b_2 + b^{′′}_2 k = 0; (2.34)

η^2_k = e^{kz}(a_3(ρ) +^{b3(ρ,k)}_k ), q^2_k = λ_1η^2_k + e^{kz}(^{(ρ−2δ)a′3 −a3}_k +^{(ρ−2δ)b′3 −b3}_{k2} ),

(2.35)

where a_3(ρ) = a_1(ρ) and b_3(ρ, k) satisfies

a^{′′}_1 − 2f(ρ)b^′_3 − f^′(ρ)b_3 + b^{′′}_3 k = 0; (2.36)

η^1_{−k} = e^{−kz}(a_4(ρ) +^{b4(ρ,k)}_k ), q^1_{−k} = λ_1η^1_{−k} + e^{−kz}(^{a4−(ρ−2δ)a′4}_k +^{b4−(ρ−2δ)b′4}_{k2} ),

(2.37)

where a_4(ρ) = a_1(ρ) and b_4(ρ, k) satisfies

a^{′′}_1 + 2f(ρ)b^′_4 + f^′(ρ)b_4 + b^{′′}_4 k = 0. (2.38)

Using the argument in Lemma 3 in Equation (2.38), we can get the existence of b_4 and the uniform bounded estimates of b_4, b^′_4 with respect to k. If making an independent transformation ρ_1 = ρ − M_1 to Equations (2.34) and (2.36), where M_1 is the upper bound of ρ, we also obtain the existence of b_2, b_3 and the uniform bounded estimates of b_2, b_3, b^′_2 and b^′_3 by Lemma 3 again.

Then the estimates in (2.25)-(2.26) are obtained, and hence Theorem 1 is proved when we use these entropy-entropy flux pairs in (2.21)-(2.24) together with the theory of compensated compactness coupled with DiPerna’s framework [Di1].

3 Proof of Theorem 2

In this section, we prove Theorem 2.

First of all, we recall the proof of Theorem 2 for the case of polytropic gas, in which any weak entropy can be represented by the following explicit formula:

η_0(ρ, u) = ρ

∫_1 0 [τ(1 − τ)]^λg(u + ρ^θ − 2ρ^θτ)dτ, (3.1) where θ =^{γ−1}_2 , λ =^{3−γ}_{2(γ−1)} and g is a smooth function. Multiplying (η_{0ρ}, q_{0ρ}) to the following parabolic system { ρ_t + m_x = ερ_{xx} m_t + (^{m2}_ρ + ρ^γ )_x = εm_{xx}, (3.2)

we have η_{0t} + q_{0x} = εη_{0xx} − ε(ρ^ε_x, m^ε_x) · ∇^2η_0(ρ^ε, m^ε) · (ρ^ε_x, m^ε_x)^T , (3.3) where q_0 is the entropy flux corresponding to η_0. Then using the strictly convex entropy η_c = m^2 2ρ + 1 γ − 1 ρ^γ , (3.4)

we first obtain the boundedness of

ε(ρ^ε_x, m^ε_x) · ∇^2η_0(ρ^ε, m^ε) · (ρ^ε_x, m^ε_x)^T (3.5)

in L^1_{loc}(R × R^+) since the hessian of η_0 is controlled by the hessian of η_c with the help of the explicit formula (3.1), and hence the compactness in W^{−1,α}_{loc} (R × R^+), for some α ∈ (1, 2), by the Sobolev embedding theorems. Second, in the case of 1 < γ < 2, since η_c is strictly convex and η_{0ρ}, η_{0m} are uniformly bounded, we can prove that εη_{0xx}(ρ^ε, m^ε) is compact in H^{−1}_{loc} (R × R^+). Noticing that the left-hand side in (3.3) is uniformly bounded in W^{−1,∞}(R × R^+) with respect to ε, we get the proof of Theorem 2 by using Murat’s theorem [Mu] for the case of 1 < γ < 2.

However, for the case of γ > 2, the entropy η_c is not strictly convex and hence the compactness of εη_{0xx}(ρ^ε, m^ε) in H^{−1}_{loc} (R × R^+) is not obvious. To overcome this technical difficulty, the authors in [LPS] used the periodic viscosity solutions in the space variable x to obtain an auxiliary estimate (see (I.53) in [LPS]):

∫_T 0 dt ∫_L 0 dxε^2(ρ^ε_x)^2 → 0 as ε → 0. (3.6)

In this section, with the help of the approximation parameter δ, the compactness of εη_{0xx}(ρ^ε, m^ε) in H^{−1}_{loc} (R × R^+) can be easily obtained.

Now, we prove Theorem 2 for more general pressure P (ρ). We rewrite system (2.6) by the following equivalent system

ρ_t + ((ρ − 2δ)u)_x = ερ_{xx} u_t + (^1_2 u^2 +

∫_ρ 2δ (t − 2δ)P^′(t)

t^2 dt)_x = εu_{xx} + 2ε ρ ρ_xu_x.

(3.7)

Let (η(ρ, u), q(ρ, u)), (η(ρ, u), q_1(ρ, u, δ)) be the entropy-entropy flux pairs of systems (1.1),(1.2) respectively since they have the same entropy equation (2.14), but different entropy fluxes.

Multiplying system (3.7) by (η_ρ, η_u), we have

η(ρ^ε, m^ε)_t + q(ρ^ε, m^ε)_x

= εη(ρ^ε, m^ε)_{xx} − (q_1(ρ^ε, m^ε, δ) − q(ρ^ε, m^ε))_x +^{2ε}_ρ η_uρ_xu_x

− ε(η_{ρρ}ρ^2_x + 2η_{ρu}ρ_xu_x + η_{uu}u^2_x).

(3.8)

By entropy equation (2.14), we have

η_ρ =

∫_ρ 0 P^′(τ ) τ^2 ηuu(τ, u)dτ + g(u) = ∫_ρ 0 P^′(τ )

τ H_{uu}(τ, u)dτ + g(u)

(3.9)

since η(ρ, u) = ρH(ρ, u), where g(u) is an arbitrary smooth function. Furthermore by integrating (3.9), we get η = ∫_ρ 0 ∫_t 0 P^′(τ) τ H_{uu}(τ, u)dτdt + g(u)ρ (3.10)

since η(0, u) = 0. Then

η_u =

∫_ρ 0 ∫_t 0 P^′(τ) τ H_{uuu}(τ, u)dτdt + g^′(u)ρ (3.11) and η_{ρu} =

∫_ρ 0 P^′(τ) τ H_{uuu}(τ, u)dτ + g^′(u). (3.12) Substituting (3.11),(3.12) into (3.8) and using entropy equation (2.14), we get the following equality

η(ρ^ε, m^ε)_t + q(ρ^ε, m^ε)_x = I_1 + I_2 + I_3, (3.13)

where I_1 = εη(ρ^ε, m^ε)_{xx} − (q_1(ρ^ε, m^ε, δ) − q(ρ^ε, m^ε))_x, (3.14)

I_2 = −ε(

P^′(ρ) ρ H_{uu}(ρ, u)ρ^2_x + ρH_{uu}u^2_x), (3.15)

I_3 = −2ε(

∫_ρ 0 P^′(τ) τ H_{uuu}(τ, u)dτ − 1 ρ ∫_ρ 0 ∫_t 0 P^′(τ) τ H_{uuu}(τ, u)dτdt)ρ_xu_x. (3.16)

For any ϕ ∈ C^1_0 (R × R^+) with S = supp ϕ, | ∫_∞ 0 ∫_∞ −∞ εη(ρ^ε, m^ε)_{xx}ϕdxdt|

≤ ε|(η_ρρ^ε_x + H_uρ^εu^ε_x)ϕ_x|dxdt

≤ M[( ∫ ∫ S ε^{P ′(ρε)}_{ρε} (ρ^ε_x)^{2 ερε}_{P ′(ρε)} dxdt)^{12} +( ∫ ∫ S ε^2(ρ^ε)^2(u^ε_x)^2dxdt)^{12} ]( ∫ ∫ S (ϕ_x)^2dxdt)^{12} → 0

(3.17)

since ε = o(^{P ′(2δ)}_{2δ} ) or^{ερε}_{P ′(ρε)} → 0 as ε, δ → 0. Since q_1(ρ^ε, m^ε, δ) − q(ρ^ε, m^ε) tends to zero as δ tends to zero, we get the compactness of I_1 in H^{−1}_{loc} (R × R^+). Using (2.18) again, we know that I_2 is bounded in L^1_{loc}(R × R^+), and hence compact in W^{−1,α}_{loc} (R × R^+), for some α ∈ (1, 2), by the Sobolev embedding theorems. Using the Vol’pert theorem and the limit given in (1.7), we have the following estimates | ∫_ρ 0 P^′(τ )

τ H_{uuu}(τ, u)dτ| ≤ M|

∫_ρ 0 P^′(τ )

τ dτ| ≤ M_1 √ P^′(ρ), | ∫_ρ 0 ∫_t 0 P^′(τ )

τ H_{uuu}(τ, u)dτdt| ≤ M|

∫_ρ 0 ∫_t 0 P^′(τ )

τ dτdt| ≤ M_1ρ √ P^′(ρ).

(3.18)

Using these estimates together with (2.18), we get the boundedness of I_3 in L^1_{loc}(R × R^+) and hence the compactness in W^{−1,α}_{loc} (R × R^+), for some α ∈ (1, 2), by the Sobolev embedding theorems.

Therefore the right-hand side of (3.13) is compact in W^{−1,α}_{loc} (R × R^+) for some α ∈ (1, 2), but the left-hand side is bounded in W^{−1,∞}(R × R^+). This implies the compactness of η(ρ^ε, m^ε)_t + q(ρ^ε, m^ε)_x in H^{−1}_{loc} (R × R^+) and hence the proof of Theorem 2 by the Murat theorem [Mu].

Acknowledgments: This paper is partially supported by a grant, so called ”One Hundred Talent Project” from the Chinese Academy of Sciences, and a Humboldt fellowship.

References

[Chen] G.-Q. Chen, Convergence of the Lax-Friedrichs scheme for isentropic gas dynamics, Acta Math. Sci., 6 (1986), 75-120.

[CL1] G.-Q. Chen and P. LeFloch, Existence Theory for the Isentropic Euler Equations, Arch. Rat. Mech. Anal., 166 (2003), 81-98.

[CL2] G.-Q. Chen and P. LeFloch, Compressible Euler equations with general pressure law and related equations, Arch. Rat. Mech. Anal., 153 (2000), 221- 259.

[DCL] X.-X. Ding, G.-Q. Chen and P.-Z. Luo, Convergence of the Lax-Friedrichs schemes for the isentropic gas dynamics I-II, Acta Math. Sci., 5 (1985), 415-432, 433-472.

[Di1] R. J. DiPerna, Convergence of approximate solutions to conservation laws, Arch. Rat. Mech. Anal., 82 (1983), 27-70.

[Di2] R. J. DiPerna, Convergence of the viscosity method for isentropic gas dynamics, Commun. Math. Phys., 91 (1983), 1-30.

[Gl] J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl. Math., 18 (1965), 95-105.

[HW] F.-M Huang and Z. Wang, Convergence of Viscosity Solutions for Isentropic Gas Dynamics, SIAM J. Math. Anal., 34 (2003), 595-610.

[Ka] E. Kamke, Differentialgleichungen, Lösungsmethoden und Lösungen: 1.

Gewöhnliche Differentialgleichungen, sixth ed., Akademische Verlagsanstalt, Leipzig (1959).

[La1] P. D. Lax, Shock waves and entropy. In: Contributions to Nonlinear Functional Analysis, edited by E. Zarantonello, Academia Press: New York, 1971, 603-634.

[La2] P. D. Lax, Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock Waves, SIAM, Philadelphia, 1973.

[LPS] P. L. Lions, B. Perthame and P. E. Souganidis, Existence and stability of entropy solutions for the hyperbolic systems of isentropic gas dynamics in Eulerian and Lagrangian coordinates, Comm. Pure Appl. Math., 49 (1996), 599-638.

[LPT] P. L. Lions, B. Perthame and E. Tadmor, Kinetic formulation of the isentropic gas dynamics and p-system, Commun. Math. Phys., 163 (1994), 415- 431.

[Liu] T.-P. Liu, Solutions in the Large for the Equations of Non-isentropic Gas Dynamics, Indiana Univ. math. J., 26 (1973), 797-838.

[Lu1] Y.-G. Lu, Hyperboilc Conservation Laws and the Compensated Compactness Method, Vol. 128, Chapman and Hall, CRC Press, New York, 2002.

[Lu2] Y.-G. Lu, Global Hölder continuous solution of isentropic gas dynamics, Proc. Royal Soc. Edinburgh, 123A (1993), 231-238.

[Lu3] Y.-G. Lu, Convergence of the viscosity method for nonstrictly hyperbolic conservation laws, Commun. Math. Phys., 150 (1992), 59-64.

[Mu] F. Murat, Compacité par compensation, Ann. Scuola Norm. Sup. Pisa, 5 (1978), 489-507.

[Ni] T. Nishida, Global solution for an initial-boundary-value problem of a quasilinear hyperbolic system, Proc. Jap. Acad., 44 (1968), 642-646.

[NS] T. Nishida and J. Smoller, Solutions in the large for some nonlinear hyperbolic conservation laws, Comm. Pure Appl. Math., 26 (1973), 183-200.

[Ta] T. Tartar, Compensated compactness and applications to partial differential equations, In: Research Notes in Mathematics, Nonlinear Analysis and Mechanics, Heriot-Watt symposium, Vol. 4, ed. R. J. Knops, Pitman Press, London, 1979.