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On Asymptotic Variational Wave Equations
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Abstract

We investigate the equation (us + (f(u))z)z = f”(u)(uz)?/2 where f(u)
is a given smooth function. Typically f(u) = u?/2 or u?/3. This equation
models unidirectional and weakly nonlinear waves for the variational wave
equation wuy — c(u)(c(u)uy), = 0 which models some liquid crystals with a
natural sinusoidal ¢. The equation itself is also the Euler-Lagrange equation
of a variational problem. Two natural classes of solutions can be associated
with this equation. A conservative solution will preserve its energy in time,
while a dissipative weak solution loses energy at the time when singularities
appear. Conservative solutions are globally defined, forward and backward
in time, and preserve interesting geometric features, such as the Hamilto-
nian structure. On the other hand, dissipative solutions appear to be more

natural from the physical point of view.
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We establish the well-posedness of the Cauchy problem within the class
of conservative solutions, for initial data having finite energy and assuming
that the flux function f has Lipschitz continuous second-order derivative.
In the case where f is convex, the Cauchy problem is well-posed also within
the class of dissipative solutions. However, when f is not convex, we show

that the dissipative solutions do not depend continuously on the initial data.

1. Introduction

A nonlinear variational wave equation whose wave speed is a sinusoidal
function of the wave amplitude arises in the study of nematic liquid crystals.

It is given by

97 — ()0 (c(¥)0:9) = 0, (1)
with

() = asin®(y) + Beos® (1), (2)

where a and 3 are positive physical constants. We refer the reader to [11],
[12], and [14] for background information on the equation. Glassey, Hunter,
and Zheng [10] have shown that singularities can form from smooth data for
equation (1)-(2). Assuming that the wave speed ¢(+) is a monotone increas-
ing function, the global existence of (dissipative) weak solutions has been
established in [19], [20], [21], and [23]. The general problem of the global
existence and uniqueness of conservative solutions to the Cauchy problem

of equation (1) will be addressed in a forthcoming paper [3].
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The study of solutions to (1)-(2) consisting of a small-amplitude and
high-frequency perturbation of a constant state has greatly contributed to
the understanding of this equation [10], [19], [20], [21], and [23]. Hunter and
Saxton first studied these waves in [12]. Given a constant state a, these

perturbed solutions take the form
Y(t, ) = a+ eulet,z — c(a)t) + O(€?).
Hunter and Saxton found that u(-,-) satisfies

1
(ug + uuyg )y = inu"_lui (3)

up to a scaling and reflection of the independent variables, assuming that
a is such that ¢®)(a) = 0,k = 1,2,...n — 1, but ¢ (a) # 0, for an integer
n > 1. In connection with our sinusoidal function ¢ modeling nematic liquid
crystals in (2), the relevant approximations in (3) are those with n = 1,2.

The case n = 1 yields the first-order asymptotic equation
Ly
(ut + uuz)z = Eugm (4)

for which existence and uniqueness of admissible conservative and dissipa-
tive weak solutions have both been established, see [13], [16], [17], and [18].
This equation is also an asymptotic equation of the Camassa-Holm equa-
tion [4], describing the motion of solitary waves in shallow water. For recent
literature on the Camassa-Holm equation, we refer the reader to [5], [6], [7],
[8], [9], [15], and in particular [2].

The case n = 2 yields the second-order asymptotic equation

(g 4+ uPug)y = uui ) (5)
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In [22] Zhang and Zheng established that dissipative solutions exist for (5)
with BV data. In the analysis of (1), a major difficulty is concentration
of energy at points where ¢/ = 0, as in the example on p. 70 of [10]. We
hope that investigation of singularities of the same type for the second-order
asymptotic equation will be helpful toward the understanding of the original
equation (1).

Rather than (3), in the present paper we study a somewhat more general

class of equations, having the form

(e + Fw)e)e = 5" () (©

Here u = u(t,x) is a scalar function defined for (t,2) € Ry x Ry where
R, = [0,00[, and f is a C? function. More restrictions on f will be specified

later. As initial and boundary data we take
u(0,2) = alx), u(t,0) = 0. (7)
Integrating equation (6) w.r.t. x, we obtain

ug + f(u)e = ;/Om " (uw)u de . (8)

It is now clear that, to make sense of this equation, we should require that
the function wu(t, ) be absolutely continuous with derivative u,(t,-) locally
square integrable, for every fixed time ¢. Moreover, to satisfy the boundary
condition at x = 0, one needs the nonnegativity of the characteristic speed

at u = 0, namely

f(0) =o0. (9)
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2
loc

The local integrability assumption u,(t,-) € L7 _(R;) imposes a certain
degree of regularity on the function u. Therefore, there is no need to consider
weak solutions in distributional sense and a stronger concept of solution can

be adopted.

Definition 1.1 A function u = u(t,z)) defined on [0,T] x R, is a solu-
tion of the initial-boundary value problem (7) —(9) if the following holds.
(i) The function u is locally Holder continuous w.r.t. both variables t,x. The
initial and boundary conditions (7) hold pointwise. For each time t, the map
x — u(t,x) is absolutely continuous with u,(t,-) € LE (R4).

(ii) For any M > 0, consider the restriction of u to the interval x € [0, M].
Then the map t — u(t,-) € L2([0, M]) is absolutely continuous and satisfies
the equation

it =Pt [0 (10)

for a.e. t €[0,T]. Here equality is understood in the sense of functions in

L2([0, M]).

In spite of the regularity assumptions, the requirements contained in the
above definition are still not enough to single out a unique solution. Let us

consider a simple example.

Example 1. Consider the flux f(u) = u? and choose the initial data
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For t € [0,1], a solution to (8) can be constructed by the method of char-

acteristics, namely

—z/(1—1), 0<z<(1-1t)?
u(t,x) =
—(1-1), x> (1-1)>2
Notice that the norm of the gradient ||u,(t)|r~ blows up as t — 1. For

t = 1 we have u(l,z) = 0 for all z > 0. At this stage, there are infinitely

many ways to further prolong the solution. For example, we could set

u(t,z) =0, t>1, z>0. (11)

Or else we could choose an arbitrary point b > 0, an arbitrary amount of

energy k > 0 and a time 7 > 1 and define

u(t,x) =0 for 1<t<r,

while for ¢ > 7,

0, 0<x <y,
u(t,x) =9 (z—b)/(t—7), b<az<k(t—71)2+Db,
kit —1), T >b+k(t—1)%

Among all these solutions, two in particular can be singled out. If we insist
that the future configurations u(t, -) for ¢ > 1 should be entirely determined
only by the present configuration u(1,-), then the only reasonable choice is
(11). On the other hand, if we look for solutions that satisfy the additional

conservation equation

(u3): + (2uug), =0,



On Asymptotic Variational Wave Equations 7

the natural choice should be

x/(t—1), 0<z<(t—1)2%,
u(t,z) = t>1.
t—1, x> (t—1)2%,
To express the fact that at time ¢ = 1 this solution is different from the null

solution, in some way we should think its derivative u, as being not the

zero function but the square root of a Dirac distribution at the origin. [J

In the following, we say that a solution u = wu(¢,x) is dissipative if
the family of absolutely continuous measures {j @) ; t > 0} defined by

dpry = uz(t) do provides a measure-valued solution to

wy + (f (w)w), <0. (12)

More precisely, we require that

Jotrao|’ <[] [o 4o Dl dug| @ 3)

for every to > t; > 0 and any function ¢ € C}, ¢ > 0.

On the other hand, to define a semigroup of conservative solutions we
need to consider a domain D of couples (u, ) where u : Ry — R is an
absolutely continuous function with square integrable derivative and p is
a nonnegative measure on R, . Decomposing u = p* + p® as a sum of an
absolutely continuous and a singular part (w.r.t. Lebesgue measure), we
shall require that du® = u2 dz. We say that a map t — (u(t), p)) € Dis a
conservative solution of (7)-(9) if u is a solution according to Definition

1.1 and (13) is satisfied as an equality for all to > t; > 0 and ¢ € C].



8 ALBERTO BRESSAN, PING ZHANG, YUXI ZHENG

As mentioned earlier, Zhang and Zheng have established in [22] the
finite-time singularity formation in smooth solutions and the global exis-
tence of a dissipative weak solution to (7)—(9) with initial data @(z) whose
derivative is in BV, for f(u) = u3/3.

In the present paper, we consider a general flux f with Lipschitz con-
tinuous second-order derivative such that f/(0) > 0. The initial data are
chosen in the set of absolutely continuous functions 4 with @(0) = 0 and

i, € L?(R). Our main results can be summarized as follows.

1. A flow of conservative solutions can be globally defined, forward and
backward in time (Theorem 3.1). The conservative solution of the initial-
boundary value problem (7)-(9) is unique, provided that a suitable non-

degeneracy condition is satisfied (Theorem 4.1).

2. Assuming, in addition, that the flux f is convex, then there also exists
a continuous semigroup of dissipative solutions. The dissipative solution of

the initial-boundary value problem (7)—(9) is unique (Theorem 5.1).

3. If the flux f is not convex, the dissipative solutions do not depend con-

tinuously on the initial data, in general (see Example 2 in Section 6).

Before proving the main results in Section 3, we briefly discuss the ac-
tion principle and some admissibility conditions, whose aim is to identify a

unique physically relevant solution to equations (7)—(9).
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2. Remarks on admissibility conditions

The decay estimate

ug(t,x) <2/t

was used as an admissibility criterion for dissipative solutions of the first-
order asymptotic equation in [13], [16], [17], and [18]. We remark, however,
that this is not appropriate in connection with dissipative solutions of (6).
Indeed, for a solution of the second-order asymptotic equation, the gradient

u, can approach 4+oo as well as —oo.

Another common criteria for selecting physically admissible solutions is
by vanishing viscosity. One might conjecture that dissipative solutions are
precisely the limits of vanishing viscosity approximations. We believe this
is indeed the case when the flux function f is convex, see some proofs in
[13] and [15] for f = u?/2. On the other hand, when f is not convex, the
dissipative solutions do not depend continuously on the initial data (see
Section 6). We observe that the set of vanishing viscosity limits is closed,
connected, and depends on the initial data in an upper semicontinuous
way. Therefore, by a topological argument, the vanishing viscosity criterion
cannot single out a unique limit, in general.

Concerning the vanishing dispersion limit, numerical experiments per-
formed with a convex f seem to indicate that vanishing dispersion selects

the conservative solutions, see [13].
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Next, we discuss the admissibility of solutions in terms of a variational

principle. For all asymptotic equations (3) we have the action functionals
to
A, = /[uxut + u" (uy)?] da dt . (14)
t1

In other words, the Euler-Lagrange equations satisfied by functions u that
render stationary the action 4,, are precisely the asymptotic equations (3).

These can be derived from the nonlinear variational wave equation (1)

’(/}tt - 0(1/))(0(1/})%)95 =0 (15>

by a perturbation argument. Notice that (15) is the Euler-Lagrange equation

corresponding to the Lagrangean

L =i - ()i (16)
This arises often in physical models. For weakly nonlinear waves of the form
¥ =10 + eu(r,0) + v(r,0) + O(e?)
with
T=c¢t, 0=x—cot, co = () ,

assuming that ¢f, = ¢/(¢9) # 0 we have

Y — c(P)(c(P)z)e = —20062{(1&7 + chuug)e — %cgug} +0(e%).
Moreover
U7 — A7 = —2¢0€[urup + chuug] + O(€?).

Therefore, u satisfies the first order asymptotic equation. The corresponding

Lagrangean, approximated to order O(€?), is —(u,ugp + chuuy).
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At first sight, one might hope that the physically relevant solutions to
the equations (3) are those which maximize (or minimize) the action in (14).
Unfortunately this is not the case, because the action A,, is not coercive.
For any smooth solution u of (3) one can find compactly supported pertur-
bations u + ev which increase the value of A,,, and others which decrease it.

The extremality of the action thus cannot be used as a selective criterion.

3. Conservative solutions

We consider the evolution problem described by the equation
ur + f(u), = %/Ow " (u)u? da forall t>0, z>0, (17)
together with the boundary conditions
u(t,0) =0 for all ¢ >0. (18)
We assume that f € C*(R) and
FO)>0,  |f"(w)— '@ < Llu—v], YuveR  (19)

for a constant L.
One easily checks that every smooth solution satisfies the additional

conservation law for the “energy” u?

~, namely

(u3)e + [f'(W)(u3)], = 0. (20)

It is therefore natural to seek a continuous flow associated with (17)-(18)
which preserves the energy fooo u2(t,x) dov. However, Example 1 in the In-

troduction already pointed out a basic difficulty which one encounters while
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constructing a semigroup in the space H\. . Indeed, when the gradient u,
blows up, all the energy is concentrated at a single point, so that the measure
u2 dz approaches a Dirac mass.

Motivated by this example, to the equations (17)-(18) we will associate
an evolution semigroup on a domain D defined as follows. An element of D
is a couple (u, pt), where u : R} — R is a continuous function with «(0) =0
and whose distributional derivative u, lies in L?, while yu = u® + u® is a
bounded nonnegative Radon measure on R , whose absolutely continuous

part (w.r.t. Lebesgue measure) satisfies

du® = u? dz . (21)

In the following, on the family of Radon measures on R; we consider the

distance

; (22)

/s@du—/wdﬂ

where the supremum is taken over all smooth functions ¢ with |p| < 1,

d(p, 1) = sup
©

|pa] < 1.
We recall that a semigroup S on a domain D is a map S : D x [0, 00[+— D

such that Sow = w and Sg(Siw) = Ssprw for every s,¢t > 0 and w € D.

Theorem 3.1 Assume that the flux function f satisfies condition (19).
Then there exists a semigroup S : D x [0,00[+— D with the following prop-
erties. Calling t — Sy(u, i) = (u(t), p()) the trajectory corresponding to an

initial data (4, i) € D, one has:
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(i) The function u = u(t,x) is locally Holder continuous in Ry x R,.
It provides a solution of (17)-(18) in the sense of Definition 1.1 with initial
condition

u(0,2) = a(x). (23)

(it) The assignment t — pi(y) provides a measure valued solution to the

linear transport equation
wy + [f'(ww] =0, w(0) = . (24)
Moreover, the singular part of the measure f”(u(t))- () vanishes at almost

every time t > 0:

f(u(®) gy =0, a. e. t. (25)

(i5i) (Temporal continuity) For every M > 0, the above solution u and

the corresponding measure . satisfy the Lipschitz continuity property:
M
/ lu(t, z) —u(s,x)| de < Ct —s|, (26)
0

d(:u’(t) ; :U/(s*)) < C|t - 8‘7
where the constant C' depends only on M, the fluxz f, and the total energy

B(R4) < oo.

(iv) (Continuous dependence on the initial data) Finally, consider a se-
quence of initial conditions (u™, i™) € D with @™ — @ uniformly on bounded
sets and d(™, i) — 0 as n — oo, for some (u, i) € D. Then the correspond-
ing solutions satisfy

u(t, ) — u(t,x) (27)
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uniformly for t,x in bounded sets, while

A(ufyy 1)) — 0 (28)

for every t > 0.

Proof. We treat here the case where i has compact support, say contained
in the interval [0, R], so that @ is constant for x > R. The general case
follows by an easy approximation argument. The proof will be given in

several steps.

1. Construction of the solution. Let an initial data (@, i) € D be given.
Set £ = fi(R}) < co. On the semi-infinite strip {¢ > 0, ¢ € [0,£] } we con-

struct a function U = U (¢, ) by first setting

U(0,6) =U(&) = u(y(9)). (29)
where
§(&) =it {o >0 jp(0.a]) > ¢} (30)
for 0 < & < €, while
5(0) = sup{z ; 7 ([0,2]) = 0}. (31)

Observe that the map & — g(§) is nondecreasing and left continuous, but
it may well have upward jumps. The provision (31) makes it continuous at
the point £ = 0. In any case, the composed function & — u(g(§)) is always
continuous. For positive times, the function U is then defined to be the

solution of

3
So=3 [ e (52)



On Asymptotic Variational Wave Equations 15

with initial data (29). By the assumption of Lipschitz continuity of f”,
the function U can be obtained as the unique fixed point of a contractive
transformation. Details will be given at the next step.

Having constructed U(t,€), the characteristic curves are obtained by

solving the equation

§(0.6) = 516) X6 = rwie). (33)
Explicitly:
y(t,€) = 5(6) + / 71U (r,€) dr. (34)

Notice that t — U(t, £) yields the values of our solution u along the char-
acteristic curve t — y(t, £) starting at (). A remarkable feature of equation
(17) is that, if the energy is conserved, then these values can be determined
in advance, before computing the actual position of the characteristic curve.

The image of the mapping

§— (y(t,6),U(t,€))

is now contained inside the graph of the desired solution u(t,-). More pre-

cisely, for any given (t,x) we define

u(t, x) = U(t,&(t, ), (35)

where
§(t,x) =sup{&; y(t, &) <x}.

Finally, at time ¢ the corresponding measure ;) is defined as the push-

forward of the Lebesgue measure on [0, £] through the mapping & — y(t, £).
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For each Borel set J C Ry we thus define

e () = meas {€€ [0,€]; y(t,€) € J}. (36)

2. A contractive transformation. Consider the space of continuous func-

tions C(]0, oo x[0,£]), with the equivalent weighted norm

U= sup e L U1E), (37)
t>0, £€[0,£]

where L is a Lipschitz constant for the function f”. The transformation

U — TU is defined as
o =uee) g [ [ rwemmas. 6
If now [|[U — V||, = 6, then
I ) = V()| < L) = Vin)| < Lo,

For every t > 0 and £ € [0,£] we thus have

1 t
(TU-TV)eel <y |

13 _ 1 rt _ 1 .-
/ LeLfTédnl dr < —/ LEelsT §dr < —el5t5.
0 2 Jo 2
By the above inequality we conclude
1
ITU = TVlx < 51U = V..,

proving the contractivity of the map 7. By the contraction mapping the-
orem, it admits a unique fixed point U = U(t,£), defined on R, x [0,£].

In turn, the function u = u(t,z) and the measures ;) are well defined by

(35)-(36).
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3. Absolute continuity. We prove here that the map & — U(t, &) is abso-
lutely continuous, for each ¢ > 0. Indeed, consider first the case t = 0. Let
€k, €], with k =1,..., N, be disjoint intervals contained in [0, &]. Assume

that

>l —&l<e.
k

Call I the set of indices k such that

and let I be the set of indices where the above quantity is > /2. Then

STUE) —UE) < Ve D IyE) — v < VER,

kel kel

while

0 - 1 U U 1 [0
> Wi -vtel < 7 3 el < /

kels

1
§%Z|§f€—§k|§\/§~

kels

Together, the two above inequalities yield
N
DU —UE) < (1+R) Ve,
k=1

proving the absolute continuity of the map & — U(0,§).
For ¢ > 0, the absolute continuity of U(t,-) follows from the absolute

continuity of U(0, ) together with (32). Indeed,

V(€)= U8 < U0.€) = U8 +1¢' =€ 5 suplf"(u)].
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As a consequence, the partial derivative U, exists at a.e. (¢,€). By (32),

it satisfies the evolution equation

O et = S0 (1,9)). (39)

On the other hand, the map & — y(t,£) can be discontinuous. However,
if
lim y(t,&) =y1 <y = lim y(t, &),
Jdm y(t,6) =y <y2= lim y(t¢)

then the function u(t,-) must be constant on the interval [y, ya].

4. Measure transformations. To proceed, we first need to analyse the
regular and the singular part of the push-forward of Lebesgue measure,

under a continuous non-decreasing transformation.

Lemma 1. Let U : [0,&] — R be absolutely continuous with square integrable

derivative. Let £ — y(&) be such that

£
ma=mm+41@&wo (40)

For x € [y(0),y(&)] define the function u = u(x) implicitly by

u(y(§)) = U(§) . (41)

Let p be the push-forward of Lebesgue measure on [0,&] through the map vy,
i.€e.

p(J) = meas{€ € [0,€]; y(&) € J}. (42)

Then the absolutely continuous and the singular part of p w.r.t. Lebesgue

measure are respectively given by

pt(A) = meas{€ € 0,¢]; y(§) € A, Ue(§) # 0. (43)
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p*(A) = meas{§ € [0,€]; y(§) € A, Ue(§) =0}, (44)
In addition, on the set [y(0), y(£)] one has
dp® = u? dz . (45)

Viceversa, if both U and the map y are absolutely continuous and (41), (42),

(45) are valid, then (40) must hold.

Proof. By (40), the image of a set I C [0, ]
L={¢€[0,€]; |Ue(§) <e}
under the mapping £ — y(£) has Lebesgue measure
meas (1)) = | U(6)de.

It is thus clear that the singular part of u is the push-forward of Lebesgue

measure on the set
Iy ={€€0,€]; Ue(§) =0}
Next, for any fixed € > 0 take a measurable set .J C [0, ] such that
UE) >e for all £ € J.

Then

/y(J)ui(x)dmz/J {Ug Z—jr %-dfz[]{Ugng}Q U2 - d¢ = meas (J) .

Since € > 0 was arbitrary, this proves (43) and (45). To prove the last

statement, assume (41), (42) and (45). Call

Je ={€€[0,6]; we(§) =<}
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Observe that, for £ € J.. the chain rule yields

Uz (y(€)) Y (§) = Ue(§) - (46)

For 0 < a < b < £ we now obtain

/ wayde= [ u((€) e(€) de = meas (. b] .1
[y(a),y(®)]Ny(Je) la,b]NJe

(47)
Since a, b were arbitrary, this implies
ye(€) = [uz (y(€)] ™ (48)
for £ € J.. Together with (46) this yields
us (y(€) = U (€) ye(€) = UZ(€) (49)
for all £ € J.. Since € > 0 is arbitrary, we conclude
13 3
o€ = v+ | velOde =y0)+lim [ ye(Q)dc =0+ [ VO,
0 e=0J00,€nJ. 0

proving (40).

5. A class of regular solutions. Having constructed the trajectory ¢ —
(u(t,), p), we still need to prove that it satisfies equation (17), coupled
with the initial and boundary conditions (23) and (18). We carry out the
analysis first assuming that the map £ — (&) is absolutely continuous. At
the end, this assumption will be removed.

For each ¢ > 0 and ¢ € [0,£] define

£
y(£.0) = 5(0) + £ 1(0) y(t.€) = y(t.0) + /0 U2(t.C)dc. (50)
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By (39) this implies

9 Jel1,€) = TU2(1,€) = f(U(1,€) Uelt,€). 61)

We now check that the function y = y(t, ) defined at (50) coincides with the
one defined at (34). Indeed, by the second part of Lemma 1, their derivatives
ye coincide at time ¢ = 0 and satisfy the same equation (51). In particular,
from (50) it is clear that the map ¢ — y(t,€) is non-decreasing. In particular,
characteristics never cross each other.

We begin by observing that the boundary condition (18) is clearly sat-

isfied, because
t
u(t,0) = U(¢,0) = U(0,0) +/ Ui(7,0)dr =0.
0

Moreover, the initial condition (23) holds because of the definitions (29)-
(30).

To check that the limit function u satisfies (17), fix a time ¢ > 0. Since
u(t,z) = 0 for z € [0,y(t,0)], in this region the equation (17) trivially holds.
For almost every x € [y(¢,0), y(t,£)], there exists a unique £ € [0,£] such

that = = y(¢,€). In this case, our construction yields

3 y(t,6)
wt = U6 = 5 [ P00y ac=5 [T ) du

This implies (17), provided that we can show the identity of measures

F(u)u do = " (u) dpgey (52)

for almost every time t > 0. We shall now work toward a proof of (52).
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Since the function u is continuous, by covering the open region

{(t.o) e Ry xRy f"(ult,2) £ 0}

with countably many sets of the form

r={(a); telntl, ey, ytb)}

it suffices to prove the following statement.

Assume that
" (u(t,z)) >6 >0, (t,x)eI.

Then, for a.e. t € [t1,ts], the restriction of the measure p;) to the inter-
val [y(t,a), y(t,b)] is absolutely continuous w.r.t. Lebesgue measure and
satisfies dugy = u2 da.

By construction, as long as U ranges in a region where f” > ¢ we have

0 4]
5 3" (53)

Hence, for any ¢ > 0,

meas ({(1,6) € I Ue(1, ) <)) < e

Since € > 0 here is arbitrary, we conclude that there exists a set of times N

of measure zero such that

meas ({g €la,b]; Uel(t,&) = o}) ~0

for all times ¢ ¢ A. By Lemma 1, ¢ ¢ N 'thus implies that the restriction of

) to the interval [y(t,a), y(t,b)] is absolutely continuous w.r.t. Lebesgue
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measure. Furthermore, by (50), Lemma 1 shows that its density is du ) =
u2(t) dz. This concludes the proof of (i) and (ii) in Theorem 3.1, at least in

the case where the function £ — (&) is absolutely continuous.

6. General initial data. We now consider a more general initial data
(u, i) € D. In this case, the map & — §(&) is non-decreasing, left continuous
but not necessarily continuous. Its distributional derivative is thus a mea-
sure, say D¢y = 0 = 0% +0°. By the assumptions, the absolutely continuous

part satisfies
do® = Ty de
so that
o
) =g<o>+/0 T2(¢) dC +o*(10,€]).

Consider a new initial condition (@*, i*) defined by setting
¢ o —
y (&) = 5(0) +/ U (¢)dc, a* (7€) = U(€)
0

it (J) = meas{¢; §*(§) € J}.

By construction, for this new initial data the function & — y*(0,¢&) = 7*(&)
is absolutely continuous. Hence, by the previous analysis, the corresponding
function u* (¢, x) provides a solution to the initial-boundary value problem
(17)-(18) with initial data (a*, z*). It is now easy to check that the function

constructed in (32)—(35) for the original initial data @ satisfies

u(t, y(t.9) +0"(0.€)) = U(t.€).



24 ALBERTO BRESSAN, PING ZHANG, YUXI ZHENG

More precisely,
u(t,o) = U(LE)  where €=inf{C; y(t,C)+0"(0,¢)) > a}.

By the previous analysis, u* provides a solution. Hence the same is true of

7. Continuity properties. Recall that £ = [i(R,) < oo is the total mass

of each of the measures p(;). We have

Tot.Var.{u(t, ); [0,M]} < \/éM.

Since u(¢,0) = 0, for any = € [0, M] we have

Jult, )| < /€M

This implies the Lipschitz continuity property w.r.t. time:

M e
[ttt - atsade < 0o {swlr @)l orr+ S5 -swll

(54)

where both sup are taken over |w| < \/EM.
Next, consider a convergent sequence of initial data (@™, @™ )m>0. The
assumption of Theorem 3.1 implies that the corresponding functions U”"

satisfy

U"(€) — U

uniformly on [0,&]. Therefore U™ (t,&) — U(t,&) uniformly on the domain

[0,T] % [0,£], for any T > 0. In turn, this implies the convergence (27)-(28).
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8. Hoélder continuity. We show that u(t,z) is Holder continuous locally
n (t,z). First we know by Sobolev embedding that u is Holder continuous
in x for each fixed time ¢ with exponent oo = 1/2. In the time direction, we
know that the derivative of w along a characteristic is bounded, thus w is
Lipschitz continuous in time along a characteristic. The characteristic speed
is u which is locally bounded, thus the distance traveled in the x direction
is order one of time. Combining the two parts, we conclude that u is Holder

continuous locally in both space and time.

This completes the proof of Theorem 3.1.

Remark. The previous construction of solutions to (17)-(18) works equally
well for negative times. The semigroup S can thus be extended to a group

V:DxR—D.

4. Characterization of semigroup trajectories

In the previous section, a solution u to the initial-boundary value prob-
lem (17)-(18), (23), was obtained as the fixed point of a contractive transfor-
mation. Hence, any other solution which provides a fixed point to the same
transformation necessarily coincides with u. A straightforward uniqueness
result can be stated as follows.

Theorem 4.1 Assume that [ satisfies (19). Consider a function u =

u(t,x) and a family of measures iy satisfying (i) and (ii) in Theorem 3.1.



26 ALBERTO BRESSAN, PING ZHANG, YUXI ZHENG

Moreover, calling

y(t.&) =inf {o 205 g (0,2)) 2 €} (55)

U(t,€) = ult, y(t,6)), (56)

assume that for a.e. & the map t — U(t,€) is absolutely continuous and

satisfies the differential equation (32). Then one has the identity

(u(t), neey) = Sila, ). (57)
In particular, the solution which satisfies the above conditions is unique.

We conjecture that a uniqueness result remains valid even without the
assumption (32) on the corresponding function U. The basic ingredient to-

ward a uniqueness result is the assumption

F(w) dpt (t) = " (u) uz(t) da . (58)

for a.e. t. We now show that this is indeed the case under the additional
condition f” > 0.
Theorem 4.2 In addition to assumption (19), let f"'(-) > 0. Consider a
function w = u(t,z) and a family of measures . satisfying (i) and (i) in
Theorem 3.1. Then identity (57) holds.

Indeed, observe that the flow on L([0,£]) generated by the evolution
equation (32) is Lipschitz continuous w.r.t. time and to the initial data.
Adopting a semigroup notation, call t — V(t) = §V the trajectory cor-

responding to the initial data V' € L'([0,£]). Since the couple (u(t), pi))
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can be entirely recovered from the function U(t,-) and the initial mapping

& — (&), to prove uniqueness, it thus suffices to show that

lim / U+ h.6) — (5U(0)(©)|de = 0 (59)

for almost every time t > 0 (see Theorem 2.9 in [1]). Since f” > 0, our
assumption implies that the singular part of ;) vanishes at a.e. t. Choose

a time ¢t where uft) = 0. Then

Ue(t, &) #0 for a.e. £€10,€]. (60)

Consider the map & — y(t,&). Since

dy 1
uz dy = de, Ufzux'd—gzu—;

by (60) the pre-image of a set of measure zero through the map & — y(t, )
has measure zero.
If now u = u(t, z) is differentiable at the point (¢, y(¢,£)), we have the

identity

2U(t,6) = [ut + f’(u)um} (t, y(1,€))
= L [YO iyt x) da = L[S U )) diy.

Observing that w(t,-) is differentiable at a.e. x, we conclude that (61)

(61)

holds at a.e. £ € [0,£]. In turn, this implies (59), proving the theorem.

Notice how the condition on the vanishing of the singular part is essential
to ensure uniqueness. Otherwise, in Example 1 the solution u(¢,z) = 0 for
t > 1, with p ) containing a unit mass at the origin, would satisfy all the

other requirements of the theorem.
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5. A semigroup of dissipative solutions

Next, we examine dissipative solutions. A major difference with the con-
servative case is that here the Cauchy problem is well-posed if the flux
function f is strictly convex, but ill posed otherwise, as shown in the next
section.

In this section, our main concern will be the construction of a semigroup
of dissipative solutions under the additional assumption that f” > 0. As

domain D of our semigroup we choose the space
D= {u :Ry — R, wis absolutely continuous, u(0) =0, wu, € L2} .

Theorem 5.1 Assume that the flux function f satisfies (19) and f" >
0. Then there exists a semigroup S : D x [0,00[+— D with the following
properties. Calling t — u(t) = Syu the trajectory corresponding to an initial

data u € D, one has:

(i) The function u = u(t,x) is Hélder continuous. It provides a solution

of (17)-(18) with initial condition u(0,x) = @(x).

(ii) For every M > 0, the above solution u satisfies the Lipschitz conti-

nuity property in time:

/0 lu(t,z) — u(s,z)| dx < Clt — s, (62)

(iii) Given a sequence of initial conditions u™ € D, assume that

llay — e |lL2o,m7) — 0
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for every M > 0. Then the corresponding solutions satisfy
u"(t,x) — u(t,x) (63)

uniformly for t,z in bounded sets.

Proof. Consider an initial condition u € D. For simplicity, we again assume
that @ is constant outside a bounded interval, say [0, R]. The general case
follows from an approximation argument.

To construct the corresponding trajectory we begin by setting

R
o
s—/o 2 (2)| de

Then we define the initial data

where
gj(f)iinf{mzo; / ui(x)darzf} (64)
0
By the analysis in Section 3, the map ¢ +— U(&) is absolutely continuous,

hence its derivative

is a well defined function in L([0,£]).

Define the subset

Jm={eclog): Z <o}

Let L be a Lipschitz constant for f”. On the space of continuous functions

Y : R, — L'([0,£]) with weighted norm

Y]l = sup e Sy (O)]1
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we now define a continuous transformation Y — 7Y as follows.

t 4
TY(.6) =70+ [ 5f ( / @(n,Y(s,n»dn) ds.(69)

0

where

&(n,Y) = min{Y, 0} it neJ,
o(n,Y)=Y if ne0,&]\J.
To check that 7 is a strict contraction, assume that ||Y — Y|, = &, so that
3 _ _
[ v .o - Vieolde < net
0
for all ¢ > 0. Then for every s > 0
¢ L
[ 00 ¥ o)) = @, 7 (5,0 |y < et
0
and therefore
13 - & gt L _ _
[y —eoues [ [ Bt asas < Sere
0 0o Jo 2 2
By the definition of our weighted norm, this implies
~ 1 ~
ITY ~TV|. < LY = V..

Let now Y = Y(¢,€) be the unique fixed point of the transformation 7.

Then one easily checks that the function
Z(t,8) =Y (t,§) if £¢J7,
Z(t,&) = min{Y (t,£), 0} it £eJ™,
provides a solution to the equations

Z(0,6) = Z(¢),
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b €
a—f(t,f)z%f” (/0 Z(t,n)dn) if Z(s,€)#0 forall s €[0,t],

07

E(t,g):o if Z(s,€) =0 for some s € [0,1].

In turn, we can now define

13
Ut,€) = /O Z(t,m) dn

and the characteristic curves

y(t, ) = 9(§) +/O f'(U(s,€))ds.

In a similar way as in Section 3, the dissipative solution u can now be

obtained by setting
u(t, x) = U(t,&(t, ),
where
§(t,x) =sup{&; y(t, &) <=}
To see why this construction actually yields a solution to (17), con-
sider first the case where the map & — g(&) is absolutely continuous. Then

ve(0,€) = T (0,€) = Z3(0,€). Since

8 _ e _ e _2 2
e =" Ue=f'U)Z =52

for all ¢,£ we deduce the identity

Moreover, (50) again holds. As in the proof of Theorem 3.1, we obtain the
relations

1

- -1 _ 2 .
ety (6,9) e (1.6)] 7 = w2(t.y(1, ). (66)

Z(t,€) =
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For almost every z € [y(¢,0), y(t,€)], if z = y(t,£), then

3
o+ st ) = Gt 6) = U6 = [ Szt n)dn

¢ x
= % /0 F (Ut m))dn = % /O £ (ut,y)) u2(t, y) dy .

The second identity in (66) was used here to change the variable of integra-
tion.

The extension to the case of general initial data, where the map £ —
y(t, &) is not necessarily absolutely continuous, is carried out as in the earlier

proof of Theorem 3.1. We skip the details.

6. Instability of dissipative solutions for non-convex flux

In this section, we show that if the convexity assumption f” > 0 is
dropped, then the Cauchy problem for the equation (17)-(18) is ill posed,

in general.

Example 2. Consider the flux function f(u) = u3. Let U = U(t,£) be a

solution of (32), with £ € [0, 3], such that at some time ¢y > 0 there holds

57 56[071]7
Ultob,) = 2-¢  ¢e[1,2],

0, £e€l2,3].
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Consider first the conservative solution © = wu(t,z). This is well defined

forward and backward in time. At time ¢t = tg, its explicit values are

x, x €[0,1],
u(to, ) = 2—x, xz€[L,2],
0, x> 2

while a unit mass is concentrated at the point x = 2. Assuming ¢( sufficiently

small, we have
3
Uit.€) = [ sU(tmdn > 0
0

for all ¢ € [0,%0] and £ €10, 3]. Hence

%Ug(t,g):3U<O, Ue(t,€) <0 for tel0,to], 2<E<3.

Next, consider a dissipative solution v coinciding with v at time t = 0.

This means
v(0,2) = u(0,z) = U(0,&) for x =y(0,¢). (67)

We recall that
¢
y(1,6) = /O U2 (t,m) dn.

Clearly, v will still coincide with u as long as its gradient remains bounded
(equivalently, as long as Ug remains bounded away from zero). On the other
hand, for ¢ > tg, the dissipative solution v = wv(¢,x) coincides with the
conservative one only on the interval where x < y(t,2), while v is constant

for & > y(t,2). In other words,

v(t, z) = u(t, x) if te]0,to],
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u(t,z), 0<z<yt?2),
v(t,x) = if te [t07 2t0] .

u(t, y(t,2)), x> y(t,2),

Energy dissipation occurs at time ¢t = ¢y, namely

o0 3, te [O,to[,
/ v2(t ) de =
0 2, t > 1.

Next, consider a family of perturbed initial conditions, say

U=(0,8) = U(0,¢) +e¢(£) ,

where ¢ is a non-negative smooth function, whose support is contained in
[0,1]. Since U +— f”(U) = 6U is a monotone increasing function, by a

comparison argument from (32) we deduce
Us(t,€) 2 U(t,€)

for all e,¢t > 0, £ € [0, 3]. In fact, for a nontrivial ¢ we can assume a strict

inequality:
Us(t,€) > U(t,€), t>0, €23
For 2 < £ < 3 we now use the relations

O Uz(1,€) = 3U%(1,) > 3U(1,6) = SUE(1,€) U£(0.6) = U0,

and deduce

UE(t,€) > U(t,€) > 0, te [0t

Moreover, for t >ty and 2 < £ < 3 one has

6 € €
SUE(.€) = BU%(1,€) > 8U(,€) > 0.
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Therefore, for each € > 0, the quantity Ug(t,€) is still strictly positive at
time t = tg and increases afterwards. It thus remains uniformly bounded
away from zero.

Since u, = Ugl, the above implies that, for any fixed ¢ > 0, the cor-
responding conservative solution u® = u®(t,z) has a uniformly bounded
gradient. The dissipative solution thus coincides with the conservative one.

As e — 0, at time ¢ = 0 our construction yields
[[u=(0) = u(0)[|co — 0, [[uz(0) — uz(0)[|lL> — 0.
However, when ¢ >ty and = > y(¢,2) the previous analysis yields

lir(r)l+ u®(t,z) = u(t,z) #v(t, ),

where u, v are respectively the conservative and the dissipative solutions of
(17)-(18) with the same initial data (67). The example proves that dissipa-

tive solutions do not depend continuously on the initial data.

Remark. The previous example also shows that the family of dissipative
solutions may not be closed. Since the set of solutions which are limits of
vanishing viscosity approximations is closed and connected, we see that this

set cannot coincide with the set of dissipative solutions.
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