DIVERGENCE-MEASURE FIELDS, SETS OF FINITE PERIMETER, AND CONSERVATION LAWS

GUI-QIANG CHEN AND MONICA TORRES

Abstract. Divergence-measure fields in L^∞ over sets of finite perimeter are analyzed. A notion of normal traces over boundaries of sets of finite perimeter is introduced, and the Gauss-Green formula over sets of finite perimeter is established for divergence-measure fields in L^∞. The normal trace introduced here over a surface of finite perimeter is shown to be the weak-star limit of the normal traces introduced in Chen-Frid [6] over the Lipschitz deformation surfaces of the surface, which implies their consistency. As a corollary, an extension theorem of divergence-measure fields in L^∞ over sets of finite perimeter is also established. Then we apply the theory to the initial-boundary value problem of nonlinear hyperbolic conservation laws over sets of finite perimeter.

1. Introduction

We are concerned with divergence-measure (DM) fields over sets of finite perimeter, especially their normal traces on the boundaries and the Gauss-Green formula. The DMfields arise naturally in the study of entropy solutions of nonlinear hyperbolic conservation laws, which take the form

(1.1) ∂_tu + ∇_x · f(u) = 0, u ∈ R^m , x ∈ R^d ,

where f : R^m → (R^m )^d is a nonlinear map.

The main feature of nonlinear hyperbolic conservation laws is that, no matter how smooth the initial data is, the solution may develop singularities and form shock waves in finite time. One must understand the solution in a weak sense, motivated by the Clausius-Duhem inequality involving entropy in fluid mechanics. In general, a function η : R^m → R is called a mathematical entropy of (1.1) if there exists q : R^m → R^d such that (1.2) ∇q_k(u) = ∇η(u)∇f_k(u), k = 1, 2, · · · , d. The function q(u) is then called the entropy flux associated with the entropy η(u), and the pair (η(u), q(u)) is called an entropy pair. The entropy pair (η(u), q(u)) is called a convex entropy pair on the domain K ⊂ R^m if the Hessian matrix ∇^2η(u) ≥ 0 for u ∈ K and a strictly convex entropy pair on the domain K if ∇^2η(u) > 0 for u ∈ K. Friedrichs-Lax [14] observed that most of the systems of conservation laws that result from continuum mechanics are endowed with a globally defined, strictly convex entropy.

Date: November 15, 2003.

1991 Mathematics Subject Classification. Primary: 26B20, 28C05, 35L65,35L50; Secondary: 26B12, 28A75.

Key words and phrases. Divergence-measure fields, sets of finite perimeter, rectifiable sets, normal traces, Gauss-Green formula, Lipschitz deformable surfaces, weak-star limits, conservation laws, initial-boundary value problem. 1

A function u ∈ L^∞(R_+ × R^d ) is called an entropy solution of (1.1) if u = u(t, x) satisfies the Lax entropy inequality: (1.3) ∂_tη(u(t, x)) + ∇_x · q(u(t, x)) ≤ 0 in the sense of distributions, for any convex entropy pair (η, q) : R^m → R × R^d . Taking η = ±u, then we see that any entropy solution must be a weak solution.

One of the main issues in conservation laws is to study the behavior of solutions in this class to explore all possible information of solutions, including large-time behavior, uniqueness, stability, and traces of solutions, among others. The Schwartz lemma indicates from (1.3) that the distribution ∂_tη(u(t, x)) + ∇_x · q(u(t, x)) is in fact a Radon measure, that is,

(1.4) div_{(t,x)}(η(u(t, x)), q(u(t, x))) ∈ M(R_+ × R^d ).

Furthermore, since u ∈ L^∞, (1.4) is also true for any C^2 entropy pair (η, q) (i.e. η is not necessarily convex) if system (1.1) is endowed with a strictly convex entropy, as first observed in Chen [4]. This implies that, for any C^2 entropy pair (η, q), the field (η(u(t, x)), q(u(t, x))) is a DM-field. Another motivation for studying the DM-fields is to construct the flux functions by the Cauchy fluxes from the formulation of the balance law in the general framework of sets of finite perimeter [10, 17, 18, 27]. Divergence-measure fields also arise in various other nonlinear problems such as mass transfer problems and free boundary problems (see [2, 3]).

From the discussion above, it is clear that understanding more properties of DM-fields can advance our understanding of the behavior of entropy solutions for hyperbolic conservation laws and other related nonlinear problems. In general, divergence-measure fields in L^∞ are vector fields in L^∞ whose divergences are Radon measures. More precisely, we have

Definition 1.1. Let D ⊂ R^N be open. We say that F is a divergence-measure field in L^∞ over D, i.e., F ∈ DM^∞(D), if

(1.5) ‖F ‖_{DM}∞_{(D)} := ‖F ‖_L∞_{(D;R}N_) + |div F |(D) < ∞,

where

(1.6) |divF |(D) = sup{ ∫ D F · ∇ϕdx : ϕ ∈ C^1_0 (D; R), ‖ϕ‖_C ≤ 1} that is the total variation of the measure div F over D. If F ∈ DM^∞(Ω) for any open set Ω with Ω ⋐ D ⊂ R^N , then we say F ∈ DM^∞_{loc}(D), where Ω ⋐ D denotes that the closure Ω̄ of Ω is a compact subset of D.

This space under norm (1.5) is a Banach space. This space is larger than the space of vector fields of bounded variation. The establishment of the Gauss-Green theorem, traces, and other properties of BV functions in the middle of last century (see Federer [13]) has advanced significantly our understanding of solutions of nonlinear partial differential equations and related problems in calculus of variations, differential geometry, and other areas (see [1, 12, 15, 24, 25, 28]).

A natural question is whether the DM^∞-fields have similar properties, especially the traces and Gauss-Green formula, as for the BV fields. The answer is negative in general since one cannot define the trace for each component of a DM^∞ field even over a Lipschitz surface in general, as opposed to the case of BV fields.

In Chen-Frid [6, 7], a theory of divergence-measure fields over sets of Lipschitz deformable boundaries was established, motivated by various nonlinear problems in conservation laws. In particular, a natural notion of normal traces over Lipschitz deformable surfaces was introduced by the neighborhood information via Lipschitz deformation under which the Gauss-Green formula is shown to hold for DM^∞ fields, and an explicit way to calculate the normal trace over any Lipschitz deformable surface was developed, suitable for applications, by using the neighborhood information of the field near the surface and the level set function of the Lipschitz deformation surfaces. This theory has been applied to solving several different problems; see [5, 8, 9] and the references cited therein.

In this paper, we extend the theory of divergence-measure fields in L^∞ for sets of Lipschitz deformable boundaries to that for sets of finite perimeter, which naturally arise in various areas such as conservation laws, free boundary problems, and mass transfer problems. We introduce a notion of normal traces over boundaries of sets of finite perimeter and establish the Gauss-Green formula for DM^∞ fields over sets of finite perimeter. It is shown that the normal trace over a surface of finite perimeter is the weak-star limit of the normal traces introduced in Chen-Frid [6] over the Lipschitz deformation surfaces of the surface. As a corollary, an extension theorem of divergence-measure fields in L^∞ over sets of finite perimeter is also established. Then we apply the theory to the initial-boundary value problem of nonlinear hyperbolic conservation laws over sets of finite perimeter.

In Section 2, we first analyze some basic properties of sets of finite perimeter and DM^∞ fields for subsequent development. In Section 3, we introduce the notion of normal traces over boundaries of sets of finite perimeter and establish the Gauss-Green formula over sets of finite perimeter for DM^∞ fields. As a corollary, we also establish an extension theorem for DM^∞ fields over sets of finite perimeter. Then, in Section 4, we further analyze the normal traces introduced in Section 3 and show that the normal trace over an (N − 1)-dimensional surface of finite perimeter can be understood as the weak-star limit of the normal traces introduced in Chen-Frid [6] over the Lipschitz deformation surfaces of the surface, which implies their consistency. In Section 5, as a direct application, we apply the theory to the initial-boundary value problem of nonlinear hyperbolic conservation laws over sets of finite perimeter. It would be interesting to explore more applications of this theory in various problems involving L^∞ vector fields whose divergences are measures; see [5, 8, 9] and the references cited therein for applications of this theory over sets of Lipschitz deformable boundaries.

2. Sets of Finite Perimeter and Divergence-Measure Fields

In this section, we first recall some notions and analyze some basic properties of sets of finite perimeter and DM^∞ fields for subsequent development in Sections 3–5. For a detailed exposition on the theory of sets of finite perimeter and functions of bounded variation, see [1, 12, 15, 28].

We start with some basic notations and definitions. First H^N denotes the N-dimensional Hausdorff measure in R^N , and L^N denotes the Lebesgue measure in R^N . We recall that L^N = H^N . At times we shall denote |E| as the L^N -Lebesgue measure of the set E. In this paper, D and Ω denote open subsets of R^N .

Definition 2.1. Let E be an L^N -measurable subset of R^N . For any open set D, we say that E is a set of finite perimeter in D if the characteristic function of E, χ_E, belongs to BV (D). We shall refer to a set of finite perimeter in R^N simply as a set of finite perimeter.

Remark 2.1. If E is a set of finite perimeter in D, then ∇χ_E (the gradient of χ_E in the sense of distributions) is a vector-valued Radon measure in D. We denote the total variation of ∇χ_E as |∇χ_E|. It can be shown (cf. [1, 12]) that ∇χ_E = ν_E |∇χ_E|, where ν_E is the measure theoretic unit inward normal to E.

Definition 2.2. Let E be a set of finite perimeter in D. The reduced boundary of E, denoted as ∂^∗E, is the set of all points x ∈ supp(|∇χ_E |) ∩ D such that (i) ∫ B(x,r) |∇χE | > 0 for all r > 0; (ii) lim_{r→0} ∫ B(x,r) ∇χE ∫ B(x,r) |∇χE | = ν_E(x);

(iii) |ν_E(x)| = 1.

We recall that the space of functions of bounded variation BV in fact represents an equivalence class of functions so that changing the value of a function in this class on a set of L^N -measure zero does not change the function. From Definition 2.1 it follows that the same is true for sets of finite perimeter. Since we are concerned only with equivalence classes of sets, we assume throughout this paper that a set of finite perimeter E is the representative given by the following proposition, which can be found in [15].

Proposition 2.1. If E ⊂ R^N is a Borel set, then there exists a Borel set Ẽ equivalent to E (i.e., differs only by a set of L^N - measure zero) such that (2.1) 0 < |Ẽ ∩ B(x, r)| < ω_N r^N for all x ∈ ∂Ẽ and all r > 0, where ω_N is the measure of the unit ball in R^N .

With the above convention, there is no ambiguity when speaking of the topological boundary ∂E of a set E of finite perimeter.

Definition 2.3. For every α ∈ [0, 1] and every L^N -measurable set E ⊂ R^N , define

(2.2) E^α := {x ∈ R^N : lim_{r→0} |E ∩ B(x, r)| |B(x, r)| = α}, the set of all points with density α. We now define the essential boundary of E, ∂^sE, as (2.3) ∂^sE = R^N \ (E^0 ∪ E^1).

The sets E^0 and E^1 may be considered as the measure theoretic exterior and interior of E, which motivate the definition of essential boundaries.

Remark 2.2. If E is a set of finite perimeter in D (cf. [1]), then (2.4) ∂^∗E ⊂ E^{12} ⊂ ∂^sE, (2.5) H^{N−1}(∂^sE \ ∂^∗E) = 0, and (2.6) |∇χ_E | = H^{N−1}⌊∂^∗E.

Definition 2.4. Let f ∈ L^1(D) and a ∈ R^N . We say that f_a(x_0) is the approximate limit of f at x_0 ∈ D restricted to Π_a := {x ∈ R^N : x · a ≥ 0} if, for any ϵ > 0,

(2.7) lim_{r→0} |{x ∈ R^N : |f(x) − f_a(x_0)| < ϵ} ∩ B(x_0, r) ∩ Π_a| |B(x_0, r) ∩ Π_a| = 1.

Definition 2.5. We say that x_0 ∈ D is a regular point of a function f ∈ BV (D) if there exists a vector a ∈ R^N such that the approximate limits f_a(x_0) and f_{−a}(x_0) exist. The vector a is called a defining vector.

If x_0 is a regular point of f ∈ BV (D), then there are two possibilities: either f_a(x_0) = f_{−a}(x_0) or f_a(x_0) ≠ f_{−a}(x_0). It can be proved (cf. [25]) that, in the first case, any b ∈ R^N is a defining vector and f_b(x_0) = f_a(x_0); in the second case, a is unique up to sign, i.e., the only defining vectors are a and −a.

Remark 2.3. A classical result in the BV theory says that H^{N−1}-almost every x ∈ D is a regular point of f ∈ BV (D); see [1, 12, 25].

Definition 2.6. Given f ∈ L^1_{loc}(D), we define

(2.8) f(x) := lim_{δ→0} f_δ(x),

where f_δ := f ∗ ω_δ with ω_δ(x) = δ^{−N} ω(^x_δ ) for a positive symmetric mollifier ω.

Remark 2.4. It can be proved that, if f ∈ BV (D), then f is defined at each regular point. Moreover, if x_0 is a regular point of f, then

f(x_0) = 1 2 (f_a(x_0) + f_{−a}(x_0)) ,

where a is a defining vector (cf. [25]).

If E is a set of finite perimeter in D, we have from Remark 2.4 that χ_E is defined H^{N−1}- almost everywhere. In fact, we have

(2.9) χ_E (x) = 1 2 if x ∈ ∂^∗E, 1 if x ∈ E^1, 0 if x ∈ E^0.

We recall here that H^{N−1}(∂^sE \ ∂^∗E) = 0.

As Proposition 2.2 below indicates, divF << H^{N−1}. Thus, we do not have to be concerned with the values of χ_E on the set ∂^sE \ ∂^∗E. This fact is essential in the proof of the Gauss-Green formula presented in Section 3.

Proposition 2.2. Let F ∈ DM^∞(D). Then the Radon measure divF in D is absolutely continuous with respect to the (N − 1)-Hausdorff measure H^{N−1}.

A proof of Proposition 2.2 was given in Chen-Frid [6] by using the Gauss-Green formula for DM^∞ fields over sets of Lipschitz boundaries.

The next proposition is a direct consequence from the definitions above and can be proved as in Proposition 1.15 in [15].

Proposition 2.3. Let F ∈ DM^∞(D). If F has compact support in D, then |divF_δ |(D) → |divF |(D), where F_δ := F ∗ ω_δ.

The following proposition is essentially contained in [6] and, for self-contained, we give a detailed proof.

Proposition 2.4. Let F ∈ DM^∞(D). If g is a Lipschitz function, then (2.10) div(g F ) = g divF + F · ∇g. If E ⋐ D is a set of finite perimeter in D, then (2.11) div(χ_E F ) = χ_E divF + F · ∇χ_E where F · ∇χ_E = w − lim_{δ→0}F · ∇(χ_E )_δ for (χ_E)_δ = χ_E ∗ ω_δ. Furthermore, the measure F · ∇χ_E is absolutely continuous with respect to the measure |∇χ_E |. Proof. Identity (2.10) is actually (3.1) in Theorem 3.1 in [6], which can be checked directly from the definitions. Now we show (2.11).

Since χ_δ := (χ_E )_δ is smooth and bounded, then (2.10) implies that χ_δF ∈ DM^∞(D) and (2.12) div(χ_δF ) = χ_δ divF + F · ∇χ_δ.

Using divF << H^{N−1}, we obtain from the Dominated Convergence Theorem and Remarks 2.3 and 2.4 that χ_δ divF ⇀ χ divF in M(D).

Since {div(χ_δF )} is uniformly bounded in M(D), then {div(χ_δF )} converges weakly in M(D). On the other hand, this sequence converges to div(χ_E F ) in the sense of distributions over D. Therefore, the uniqueness of weak limits yields div(χ_δ F ) ⇀ div(χ_E F ) in M(D).

Hence, from (2.12), it follows that there exists a measure μ := F · ∇χ_E ∈ M(D) such that F · ∇χ_δ ⇀ F · ∇χ_E in M(D). We now prove that F · ∇χ_E << |∇χ_E |. Since μ is a Radon measure, it suffices to show that μ(A) = 0 for any compact set A with |∇χ_E |(A) = 0. Given ϵ > 0, we can cover A by a finite number J of balls with centers x_i and radii r_i < ϵ, 1 ≤ i ≤ J < ∞, such that A ⊂ ∪^J_{i=1}B(x_i, r_i) and |∇χ_E |(∪^J_{i=1}B(x_i, r_i)) < ϵ. We may assume without loss of generality that |∇χ_E|(∂B(x_i, r_i)) = 0, i = 1, . . . , J. Then, for any ϕ ∈ C_0(∪^J_{i=1}B(x_i, r_i)), we have ∫ ∪^J_{i=1}B(x_i,r_i) ϕ dμ = lim_{δ→0} ∫ ∪^J_{i=1}B(x_i,r_i) ϕ(x) F (x) · ∇χ_δ(x)dx ≤ ‖ϕ‖_∞‖F ‖_∞ lim sup_{δ→0} |∇χ_δ|(∪^J_{i=1}B(x_i, r_i)) = ‖ϕ‖_∞‖F ‖_∞|∇χ_E |(∪^J_{i=1}B(x_i, r_i)) ≤ ϵ ‖ϕ‖_∞‖F ‖_∞ from the fact that |∇χ_δ|(B) → |∇χ_E|(B) for any open set B ⋐ D with |∇χ_E |(∂B) = 0. We can now choose 0 ≤ ϕ ≤ 1 such that ϕ ≡ 1 on A and | ∫ ∪^J_{i=1}B(x_i,r_i)\A ϕ dμ| < ϵ ‖F ‖_∞. Then μ(A) = ∫ ∪^J_{i=1}B(x_i,r_i) ϕ dμ − ∫ ∪^J_{i=1}B(x_i,r_i)\A ϕ dμ ≤ 2ϵ ‖F ‖_∞. Since ϵ is arbitrary, we conclude that μ(A) = 0. This completes the proof. □

3. Gauss-Green Formula In this section we establish the Gauss-Green formula, i.e., the integration by parts formula, on sets of finite perimeter for DM^∞ fields. This formula is a corollary of Theorem 3.1 below. We also establish an extension theorem for DM^∞ fields over sets of finite perimeter. Proposition 3.1. If F ∈ DM^∞(D) has compact support in D, then (3.1) ∫ D divF = 0.

Proof. Denote Ω an open set with smooth boundary such that supp(F ) ⋐ Ω ⋐ D. If ϕ ∈ C^∞_0 (D) such that ϕ ≡ 1 on Ω, then, for sufficiently small δ, ∫ D divF_δ = ∫ D ϕ divF_δ = − ∫ D F_δ · ∇ϕ = 0. Taking δ → 0 and using Proposition 2.3 yields the result. □

We will also use the following proposition, which can be found in [1] and [25]. Proposition 3.2. Let u ∈ BV (D). Let f : R → R be a Lipschitz function such that f(0) = 0. Then v = f ∘ u ∈ BV (D) and |∇v|(D) ≤ Lip(f)|∇u|(D). Furthermore, if x ∈ D is a regular point of u, that is, there exists a ∈ R^N such that the approximate limits u_{±a}(x) exist, then x ∈ D is also a regular point of v with a as its defining vector such that v_{±a}(x) = f(u_{±a}(x)) and v̄(x) = 1 2 (f(u_a(x)) + f(u_{−a}(x))) .

We now prove the main theorem of this paper.

Theorem 3.1. Let F ∈ DM^∞(D). If E ⋐ D is a bounded set of finite perimeter, then there exists an H^{N−1}-integrable function (denoted as) F · ν on ∂^sE such that (3.2) ∫ E^1

divF = − ∫ ∂^sE F · ∇χ = − ∫ ∂^sE F · ν dH^{N−1}.

Proof. For simplicity, we denote χ_E by χ in the proof.

1. From Proposition 2.4, it follows that div(χ^2F ) = div (χ (χF ))

(3.3) = χ div(χF ) + χF · ∇χ = χ(χ divF + F · ∇χ) + χF · ∇χ = (χ)^2divF + χ F · ∇χ + χF · ∇χ. On the other hand, (3.4) div(χ^2F ) = div(χF ) = χ divF + F · ∇χ. Combining (3.3) with (3.4) yields (3.5) ((χ)^2 − χ) divF + χ F · ∇χ + χF · ∇χ − F · ∇χ = 0. Since χ ≡^1_2 on ∂^∗E and divF << H^{N−1} (Proposition 2.2), it follows that

(3.6) ((χ)^2 − χ) divF = − 1 4 χ_∂s_E divF. Therefore, from Proposition 2.4 and identities (3.5) and (3.6), we have 1 2 div(χF ) = 1 2 χ divF + 1 2 F · ∇χ (3.7) = 1 2 χ divF + 1 2 F · ∇χ − 1 4 χ_∂s_E divF + χ F · ∇χ + χF · ∇χ − F · ∇χ = 1 2 (χ − 1 2 χ_∂s_E ) divF + χ F · ∇χ + χF · ∇χ − 1 2 F · ∇χ. 2. Integrating both sides in (3.7), using Proposition 3.1, and noting that (χ − 1 2 χ_∂s_E ) divF = χ_E1 divF,

we obtain (3.8) 0 = 1 2 ∫ E^1

divF + ∫ D χ F · ∇χ + ∫ D χF · ∇χ − ∫ D 1 2 F · ∇χ. Now, we have F · ∇χ << |∇χ|, χF · ∇χ << |∇χ| from Proposition 2.4. Since |∇χ| = H^{N−1}⌊∂^∗E, it follows that F · ∇χ and χF · ∇χ are supported on ∂^∗E.

Therefore, identity (3.8) implies

(3.9) 1 2 ∫ E^1

divF = − ∫ ∂^∗E χF · ∇χ − ∫ ∂^∗E χF · ∇χ + ∫ ∂^∗E 1 2 F · ∇χ. Since χ ≡^1_2 on ∂^∗E, identity (3.9) reduces to

(3.10) 1 2 ∫ E^1

divF = − ∫ ∂^∗E χF · ∇χ.

3. We claim that χF · ∇χ = χ F · ∇χ. In fact, for any ϕ ∈ C_0(D), we first have

(3.11) | | | ∫ D ϕ χ F · ∇χ − ∫ D ϕ (χF ) · ∇χ_δ | | | ≤ I^{δ̃}1 + I^{δ,} δ̃ 2 + I^{δ,δ̃}_3 ,

where

I^{δ̃}_1 = | | | ∫ D ϕ χ F · ∇χ − ∫ D ϕ χ_{δ̃} F · ∇χ | | | , I^{δ,δ̃}_2 = | | ∫ D ϕ χ_{δ̃} F · ∇χ − ∫ D (ϕ χ_{δ̃})F · ∇χ_δ | | , and I^{δ,δ̃}_3 = | | | ∫ D χ_{δ̃} (ϕF ) · ∇χ_δ − ∫ D χ (ϕF ) · ∇χ_δ | | | . We first fix δ̃ and take the limit as δ → 0 in (3.11). Then I^{δ,δ̃}_2 converges to zero as δ → 0 since F · ∇χ_δ ⇀ F · ∇χ. We note that I^{δ,δ̃}_3 can be rewritten as

(3.12) I^{δ,δ̃}_3 = | | | ∫ D (χ_{δ̃} − χ) (ϕF ) · ∇χ_δ | | | . Since ∇χ_δ(x) = ∫ D ω_δ(x − y)∇χ(y) = ∫ ∂^∗E ω_δ(x − y) ν dH^{N−1}, we obtain

(3.13) | | | ∫ D (χ_{δ̃} − χ)(ϕF ) · ∇χ_δ | | | = | | | ∫ D (χ_{δ̃} − χ) (ϕF ) · (∫ ∂^∗E ω_δ(x − y) ν dH^{N−1} ) dx | | | . Using the boundedness of F and interchanging the limits of integration in (3.13) yields

(3.14) | | | ∫ D (χ_{δ̃} − χ)(ϕF ) · ∇χ_δ | | | ≤ C ∫ ∂^∗E (∫ D |χ_{δ̃}(x) − χ(x)| ω_δ(x − y)dx ) dH^{N−1}(y). Then, from (3.11)–(3.14), we have

lim_{δ→0} | | | ∫ D ϕ χ F · ∇χ − ∫ D ϕ (χF ) · ∇χ_δ | | | (3.15) ≤ | | ∫ D ϕ χ F · ∇χ − ∫ D ϕ χ_{δ̃} F · ∇χ | | + C lim_{δ→0} ∫ ∂^∗E ∫ D |χ_{δ̃}(x) − χ(x)|ω_δ(x − y)dx dH^{N−1}(y). Define the function f_{δ̃}(x) = |χ(x) − χ_{δ̃}(x)|. It follows from Proposition 3.2 that f_{δ̃} ∈ BV (D). Therefore,

lim_{δ→0} ∫ D |f_{δ̃}(x)|ω_δ(x − y)dx = f_{δ̃}(y) for H^{N−1} − a.e. y.

Using the Dominated Convergence Theorem in the last term on the right hand side of (3.15), we obtain lim_{δ→0} | | ∫ D ϕ χ F · ∇χ − ∫ D ϕ (χF ) · ∇χ_δ | | (3.16) ≤ | | | ∫ D ϕ χ F · ∇χ − ∫ D ϕ χ_{δ̃} F · ∇χ | | | + C ∫ ∂^∗E f_{δ̃}(y) dH^{N−1}. Notice that the measure F · ∇χ is supported on ∂^∗E, since it is absolutely continuous with respect to |∇χ| = H^{N−1}⌊∂^∗E, and χ_{δ̃}(y)^{δ̃→0}−−−→ χ(y) for every y ∈ ∂^∗E. Then the Dominated Convergence Theorem implies that the first term on the right hand side of (3.16) converges to zero as δ̃ → 0.

We now prove that, for H^{N−1}-a.e. y ∈ ∂^∗E, (3.17) f_{δ̃}(y) → 0 as δ̃ → 0. We note that the function f_{δ̃}(y) can be written as the composition f_{δ̃} = (g ∘ h_{δ̃})(y), where h_{δ̃}(y) = χ(y) − χ_{δ̃}(y) and g(w) = |w|.

We choose y ∈ ∂^∗E such that y is a regular point of h_{δ̃}(y). Then there exists a(δ̃) ∈ R^N such that the approximate limits (h_{δ̃} )_{±a(δ̃)}(y) exist.

Using Proposition 3.2, we obtain f_{δ̃}(y) = 1 2 ( g(h_{a(δ̃)}(y)) + g(h_{−a(δ̃)}(y)) )

= 1 2 ( |h_{a(δ̃)}(y)| + |h_{−a(δ̃)}(y)| ) . It suffices for (3.17) to show that (3.18) lim_{δ̃→0} h_{±a(δ̃)}(y) = 0.

In order to prove (3.18), we need to check that, for any fixed ϵ > 0,

(3.19) lim_{δ̃→0} lim_{r→0} |{h_{δ̃} ≤ ϵ} ∩ B(y, r) ∩ Π_{a(δ̃)}| |B(y, r) ∩ Π_{a(δ̃)}| = 1.

Notice that h_{δ̃} → 0 for L^N -a.e. y. For any fixed θ > 0, by Egorov’s theorem, there exists a closed set U ⊂ B(y, 1) such that |B(y, 1) \ U| < θ and h_{δ̃} → 0 uniformly on U. Hence, there exists δ̃_0 such that, when δ̃ < δ̃_0, h_{δ̃}(z) < ϵ for any z ∈ U.

This implies that, for any r, δ̃ < δ̃_0, |B(y, r) \ {h_{δ̃} ≤ ϵ}| < θ. Since θ is arbitrary, then we arrive at the limit (3.19). In the same way, we can prove lim_{δ̃→0} h_{−a(δ̃)} = 0.

Then using the Dominated Convergence Theorem yields ∫ ∂^∗E f̄_{δ̃}dH^{N−1} → 0 as δ̃ → 0.

Thus, we have ∫ D ϕ (χF ) · ∇χ_δ → ∫ D ϕ χ F · ∇χ for any ϕ ∈ C_0(D) as δ → 0, which implies that (χF ) · ∇χ_δ ⇀ χ F · ∇χ. On the other hand, from Proposition 2.4, we know that (χF ) · ∇χ_δ ⇀ χF · ∇χ. Therefore, (3.20) χ F · ∇χ = χF · ∇χ. 4. From (3.10), we obtain (3.21) 1 2 ∫ E^1

divF = − ∫ ∂^∗E χ F · ∇χ. Now, since χ ≡^1_2 on ∂^∗E, we conclude (3.22) ∫ E^1

divF = − ∫ ∂^∗E F · ∇χ. Since F · ∇χ << |∇χ|, the differentiation theorem for Radon measures (cf. [12]) implies that there exists a |∇χ|-measurable function (denoted as) F · ν such that (3.23) F · ∇χ(A) = ∫ A F · ν |∇χ| = ∫ A∩∂^∗E F · ν dH^{N−1} for any |∇χ|-measurable set A ⊂ D. From (3.22) and (3.23), we conclude (3.24) ∫ E^1

divF = − ∫ ∂^∗E F · ν dH^{N−1} = − ∫ ∂^sE F · ν dH^{N−1}, since H^{N−1}(∂^sE \ ∂^∗E) = 0. □ Remark 3.1. It is proved in [6] that, if ∂E is Lipschitz continuous and |divF |(∂E) = 0, then the density function F · ν coincides with the usual meaning of F · ν for H^{N−1}-a.e. x ∈ ∂E with ν as the inward unit normal on ∂E.

Then we have the following Gauss-Green formula.

Theorem 3.2. (Gauss-Green formula). Let F ∈ DM^∞(D). Let E ⋐ D be a bounded set of finite perimeter. Then there exists an H^{N−1}-integrable function F · ν on ∂^sE such that, for any ϕ ∈ C^1_0 (R^N ), ∫ E^1

ϕ divF = − ∫ ∂^sE ϕF · νdH^{N−1} − ∫ E^1 F · ∇ϕ

Proof. Using Theorem 3.1, we obtain that, for any ϕ ∈ C^1_0 (R^N ), ∫ E^1

div(ϕF ) = − ∫ ∂^sE ϕF · ∇χ. Since ϕF · ∇χ = ϕ F · ∇χ and F · ∇χ = F · ν dH^{N−1}, we have (3.25) ∫ E^1

div(ϕF ) = − ∫ ∂^sE ϕ F · νdH^{N−1}. On the other hand, since ϕ ∈ C^1_0 (R^N ), Proposition 2.4 yields div(ϕF ) = ϕ divF + F · ∇ϕ, which implies (3.26) ∫ E^1

ϕ divF = − ∫ E^1 F · ∇ϕ + ∫ E^1 div(ϕF ). We complete the proof by combining (3.25) with (3.26). □

Finally, as a corollary of the Gauss-Green formula in DM^∞, we have the following extension theorem.

Theorem 3.3. Let Ω ⋐ E ⋐ D be bounded open sets where E is a set of finite perimeter in R^N . Let F_1 ∈ DM^∞(D) and F_2 ∈ DM^∞(R^N − Ω̄). Then

(3.27) F (y) = { F_1(y), y ∈ E, F_2(y), y ∈ R^N − Ē belongs to DM^∞(R^N ), and

‖F ‖_{DM}∞_{(R}N_) ≤ ‖F_1‖_{DM}∞_{(E)} + ‖F_2‖_{DM}∞_{(R}N_−¯_{E)} + ‖F_1 · ν − F_2 · ν‖_L1_{(∂}s_{E;H}N−1_).

Proof. Obviously, F ∈ L^∞(R^N ; R^N ) and ‖F ‖_L∞_{(R}N_) ≤ ‖F_1‖_L∞_{(E)} + ‖F_2‖_L∞_{(R}N_−¯_{E)}.

Now, choosing ϕ ∈ C^1_0 (R^N ) such that |ϕ| ≤ 1 and using the Gauss-Green formula yields ∫ R^N F · ∇ϕ dy = ∫ E F_1 · ∇ϕ dy + ∫ R^N −Ē F_2 · ∇ϕ dy

= − < div F_1|_E, ϕ > − < div F_2|_RN_−¯_E, ϕ > + ∫ ∂^sE {F_1 · ν − F_2 · ν} ϕ dH^{N−1} ≤ |div F_1|(E) + |div F_2|(R^N − Ē) + ‖F_1 · ν − F_2 · ν‖_L1_{(∂}s_{E;H}N−1_).

Hence, by the definition of the DM^∞ norm in (1.5) and that of |div F |(R^N ) in (1.6), we conclude the desired result. □

4. Normal Traces and Lipschitz Deformations

In this section, we further analyze the normal traces introduced in Section 3 to show that the normal trace over an (N − 1)-dimensional surface of finite perimeter can be understood as the weak-star limit of the normal traces introduced in Chen-Frid [6] over the Lipschitz deformation surfaces of the surface, which implies their consistency.

First we introduce the following Lemma.

Lemma 4.1. Let E be a bounded set of finite perimeter. Then, for any small ϵ > 0, there exists a closed set Q^ϵ ⊂ ∂^∗E and a smooth vector field ν^ϵ : R^N → R^N that satisfy (i) H^{N−1}(∂^∗E \ Q^ϵ) < ϵ, (ii) ν^ϵ|_Qϵ points toward the interior of E.

Proof. Fix small ϵ > 0. For each point x ∈ ∂^∗E, there exists a measure-theoretic interior unit normal ν(x) and a measure-theoretic tangent plane T (x) to the set E at x (cf. [15, 1]). Since the function ν : ∂^∗E → S^{N−1} is H^{N−1}-measurable, we can apply Lusin’s Theorem (cf. [12]) to ensure the existence of a closed set Q^ϵ ⊂ ∂^∗E such that H^{N−1}(∂^∗E \ Q^ϵ) < ϵ and ν restricted to Q^ϵ is continuous.

We now apply Tietze’s extension theorem (cf. [26]) to find a continuous extension of ν to all R^N , say W . If we define W_δ := W ∗ ω_δ (where ω_δ(x) is defined in Definition 2.6), then W_δ → W uniformly in a ball B such that E ⋐ B. Therefore, we can choose δ small enough, say δ_0, such that the angle between W_{δ0} (x) and the normal ν(x) is less than^π_4 , for all x ∈ Q^ϵ. Since each x ∈ Q^ϵ belongs to the reduced boundary, we conclude that W_{δ0} (x) points toward the interior of E. Finally, we define ν^ϵ := W_{δ0} . □

Definition 4.1. For any ϵ > 0, we define the function Ψ^ϵ : R^N × [0, 1] → R^N as

(4.1) Ψ^ϵ(x, τ) = x + τν^ϵ,

where ν^ϵ is defined as in Lemma 4.1. For any 0 < τ < 1, we define Ψ^ϵ_τ : R^N → R^N as Ψ^ϵ_τ (x) = Ψ^ϵ(x, τ).

Remark 4.1. Let E be a bounded set of finite perimeter. Then, for τ small enough (depending only on the Lipschitz continuity of ν^ϵ on Ē), the function Ψ^ϵ_τ |_E is a 1-1 map.

Furthermore, we have

Lemma 4.2. Let ϵ > 0. Let E be a bounded set of finite perimeter, and let Q^ϵ be the set given in Lemma 4.1. Then there exists K^ϵ ⊂ Q^ϵ, H^{N−1}(Q^ϵ \ K^ϵ) < ϵ, and τ_0 small enough such that Ψ^ϵ_τ (x) ∈ Int(E) for all τ ∈ (0, τ_0) and x ∈ K^ϵ, where Int(E) denotes the topological interior of E.

Proof. We define

A_k = {x ∈ Q^ϵ : Ψ^ϵ_τ (x) ∈ Int(E), τ ≤ 1 k } for k = 1, 2, 3, . . . . Then A_k ⊂ A_{k+1}, k = 1, 2, 3, . . . , and Q^ϵ = ∪^∞_{k=1}A_k. Since A_k ⊂ A_{k+1}, k = 1, 2, 3, . . . , it follows that

(4.2) lim_{k→∞} H^{N−1}(A_k) = H^{N−1}(Q^ϵ).

From (4.2), it follows that there exists k_0 = k_0(ϵ) such that H^{N−1}(Q^ϵ \ A_{k0} ) < ϵ. We define K^ϵ := A_{k0} .

Then we have H^{N−1}(Q^ϵ \ K^ϵ) < ϵ. Finally, we set τ_0 :=^1_{k0} to arrive at the result. □ Definition 4.2. For any ϵ > 0, we define K^ϵ_τ = Ψ^ϵ_τ (K^ϵ) and E_τ = Ψ^ϵ_τ (E), where K^ϵ is given in Lemma 4.2.

Then we have the following theorem.

Theorem 4.1. For any ϵ > 0, the normal trace F · ν on K^ϵ is the weak-star limit of the normal traces on K^ϵ_τ introduced in [6] as τ → 0. That is, for any ϕ ∈ L^1(K^ϵ), ∫ K^ϵ (F · ν)(w)ϕ(w)dH^{N−1} = lim_{τ →0} ∫ K^ϵ_τ (F · ν_τ )(w)(ϕ ∘ (Ψ^ϵ_τ )^{−1})(w)dH^{N−1}

(4.3)

= lim_{τ →0} ∫ K^ϵ (F · ν_τ ) ∘ Ψ^ϵ_τ (w)ϕ(w)dH^{N−1}. Proof. Let P ⊂ K^ϵ be a compact subset. We choose a test function ϕ ∈ C^1_0 (D) such that ϕ vanishes outside a neighborhood of P with ϕ|_P ≠ 0 and ϕ|_∂s_{E−K}ϵ = 0. From Theorem 3.2, we have (4.4) ∫ E^1_τ

ϕ divF = − ∫ E^1_τ F · ∇ϕ − ∫ ∂^sE_τ ϕF · ν_τ dH^{N−1}. On the other hand, Theorem 3.2 also yields (4.5) ∫ E^1

ϕ divF = − ∫ E^1 F · ∇ϕ − ∫ ∂^sE ϕF · νdH^{N−1}. Taking the limit in (4.4) as τ → 0 and using the Dominated Convergence Theorem, we obtain ∫

E^1_τ ϕ divF → ∫ E^1 ϕ divF, and ∫

E^1_τ F · ∇ϕ → ∫ E^1 F · ∇ϕ. This implies that ∫ ∂^sE_τ ϕF · ν_τ dH^{N−1} → ∫ ∂^sE ϕF · νdH^{N−1}. Our choice of ϕ implies (4.6) ∫ K^ϵ_τ ϕF · ν_τ dH^{N−1} → ∫ K^ϵ ϕF · νdH^{N−1} as τ → 0. Now, since ϕ|_Kϵ_τ can be substituted by ϕ|_Kϵ ∘ (Ψ^ϵ_τ )^{−1} with an error that goes to zero when τ → 0, we obtain (4.7) lim_{τ →0} ∫ K^ϵ_τ ϕ((Ψ^ϵ_τ )^{−1}(w))(F · ν_τ )(w)dH^{N−1}(w) = ∫ K^ϵ ϕ(w)(F · ν)(w)dH^{N−1}(w).

We can approximate any ϕ ∈ L^1(K^ϵ) with a sequence of C^1 functions {ϕ_j } on a neighborhood of ∂E such that each ϕ_j is a function that vanishes outside a neighborhood of P_j ⋐ K^ϵ with P_j → K^ϵ as j → ∞. We find that, for τ small enough, | | ∫ K^ϵ_τ ϕ((Ψ^ϵ_τ )^{−1}(w))(F · ν_τ )(w)dH^{N−1}(w) − ∫ K^ϵ ϕ(w)(F · ν)(w)dH^{N−1}(w) | | (4.8) ≤ ∫ K^ϵ_τ |ϕ((Ψ^ϵ_τ )^{−1}(w))(F · ν_τ )(w) − ϕ_j((Ψ^ϵ_τ )^{−1}(w))(F · ν_τ )(w)|dH^{N−1} + | | | ∫ K^ϵ_τ ϕ_j((Ψ^ϵ_τ )^{−1}(w))(F · ν_τ )(w)dH^{N−1} − ∫ K^ϵ ϕ_j(w)(F · ν)(w)dH^{N−1} | | | + ∫ K^ϵ |ϕ_j (w)(F · ν)(w) − ϕ(w)(F · ν)(w)|dH^{N−1} = I^τ_1 + I^τ_2 + I^τ_3 .

Using the area formula,

I^τ_1 ≤ ∫ K^ϵ |JΨ^ϵ_τ | |(ϕ − ϕ_j )(w)(F · ν_τ )(Ψ^ϵ_τ (w))|dH^{N−1} with |JΨ^ϵ_τ | ≤ C and |F · ν_τ | ≤ C for all small τ > 0. We first fix j and let τ → 0, which yields that the term I^τ_2 converges to zero since each ϕ_j vanishes outside a neighborhood of P_j ⋐ K^ϵ. Then we let j → ∞ to yield that I^τ_1 and I^τ_3 converge to zero, since ϕ_j → ϕ in L^1(K^ϵ).

Furthermore, we apply the area formula to the right-hand side of the first identity of (4.3) and use that the deformation is regular, i.e, lim_{τ →0} JΨ^ϵ_τ = 1, to obtain the second identity of (4.3). □

5. Applications to nonlinear conservation laws Let E be an open bounded set of finite perimeter in R^d . We define Q := (0, ∞) × E ⊂ R^{d+1}_+ , Γ = (0, ∞) × ∂^sE.

For each T > 0, we define Q_T = (0, T ) × E, Γ_T = (0, T ) × ∂^sE.

We consider the following initial-boundary value problem: ∂_tu + ∇_x · f(u) = 0 in Q,

(5.1) u|_{E×{0}} = u_0, (5.2) u|_{∂E×(0,∞)} = u_b, (5.3) where u : Q → U ⊂ R^m , f ∈ C^1(U; R^{m×d} ), u_0 ∈ L^∞(E; R^m ), and u_b ∈ L^∞(Γ; R^m ).

We say that a convex function η ∈ C^1(R^m ; R) is an entropy for (5.1), with associated entropy flux q ∈ C^1(R^m ; R^d ), if ∇q_j(u) = ∇η(u)∇f_j (u), j = 1, ..., d. Then the pair (η(u), q(u)) is called a convex entropy pair. As in [22], the function F(u, v) = (α(u, v), β(u, v)) is a boundary entropy pair if and only if, for each v ∈ R^m , (α(u, v), β(u, v)) is a convex entropy pair satisfying (5.4) α(u, u) = β(v, v) = ∂_uα(v, v) = 0.

Definition 5.1. We say that u(t, x) ∈ L^∞(Q_T ; R^m ) is an entropy solution for (5.1)–(5.3) if • ∂_tu + ∇_x · f(u) = 0 holds in the sense of distributions in Q; • for any nonnegative ϕ ∈ C^∞_0 ((−∞, T ) × R^d ), ∫ ∫ Q_T (α(u(t, x), v)ϕ_t + β(u(t, x), v) · ∇_xϕ)dxdt (5.5) + ∫ E α(u_0(x), v)ϕ(0, x)dx + ∫ Γ_T β(u_b(r), v) · ν(r) ϕ(r)dH^d(r) ≥ 0, where the unit vector ν(r) is the measure theoretic inward normal to Γ, which is defined H^d-almost everywhere in Γ.

The existence of entropy solutions to problem (5.1)–(5.3) may be obtained by using the vanishing viscosity method. In fact, for each δ > 0, we consider the problem:

∂_tu^δ + ∇_x · f(u^δ) = δΔu^δ in Q_T ,

(5.6) u^δ|_{E×{0}} = u^δ_0, (5.7) u^δ|_{∂E×(0,T )} = u^δ_b , (5.8)

where u^δ_0 and u^δ_b are smooth functions satisfying lim_{δ→0} u^δ_0 = u_0 in L^1(E) and lim_{δ→0} u^δ_b = u_b in L^1(∂E × (0, T )).

The solvability of problem (5.6)–(5.8) reduces to the problem of the solvability of the Dirichlet problem for the Laplace’s equation on the open set of finite perimeter E. That is, we ask for an harmonic function w on E such that w|_{∂E} = f ∈ C(∂E). From Lemma A.1, we obtain the desired w, which satisfies lim_{y→x} w(y) = f(x) for every x ∈ ∂^∗E. For our application, this boundary regularity will be enough since (E^0 ∪ E^1) ∩ ∂E do not appear in the Gauss-Green formula (see Theorem 3.1).

Let u^δ = u^δ(t, x) be the solutions of problem (5.6)–(5.8), uniformly bounded in L^∞. Assume that u^δ(t, x) converges a.e. to an L^∞ function u = u(t, x) as δ → 0.

Proceeding as in the standard way, for fixed v ∈ R^d , we multiply equation (5.6) by ∂_uα(u^δ (t, x), v) and use that u → (α(u, v), β(u, v)) is a convex entropy pair to obtain (5.9) ∂_tα(u^δ (t, x), v) + ∇_x · β(u^δ(t, x), v) ≤ δΔα(u^δ (t, x), v). Then we multiply equation (5.9) by a nonnegative test function ϕ ∈ C^∞_0 ((−∞, T ) × R^d ) and integrate by parts to obtain − ∫ Q_T α(u^δ (t, x), v)∂_tϕ dxdt − ∫ E α(u^δ (0, x), v)ϕ(0, x)dx − ∫ Q_T β(u^δ(t, x), v) · ∇_xϕ dxdt − ∫_T 0 ∫ ∂^sE β(u^δ (t, x), v) · ν ϕ dH^d(x)dt ≤ δ ∫ Q_T Δ_xα(u^δ (t, x), v)dxdt.

Therefore, we have ∫ Q_T α(u^δ (t, x), v)∂_tϕ dxdt + ∫ E α(u^δ_0, v)ϕ(0, x)dx + ∫ Q_T β(u^δ (t, x), v) · ∇_xϕ dxdt + ∫ Γ_T β(u^δ_b (r), v) · ν ϕ dH^d(r) + δ ∫ Q_T Δ(α(u^δ (t, x), v))dxdt ≥ 0. Then, letting δ → 0 in the previous inequality, we conclude that u = u(t, x) is an entropy solution of (5.1)–(5.3).

Since Q_T is a set of finite perimeter in R^{d+1} , we can apply the results from Section 4 to this set. Therefore, for any ϵ > 0, we obtain the existence of a set Γ^ϵ_T ⊂ Γ_T , H^d((Γ_T ∩ ∂^∗Q_T ) \ Γ^ϵ_T ) < ϵ and a smooth vector field ν^ϵ defined on R^{d+1} such that, when restricted to Γ^ϵ_T , ν^ϵ|_Γϵ_T points toward the interior of Q_T ; we also obtain that there exists τ_0 = τ_0(ϵ) small enough such that, for τ ≤ τ_0, Ψ^ϵ(t, x, τ) = (t, x) + τν^ϵ, (t, x) ∈ Γ^ϵ_T , defines a 1-1 deformation of Γ^ϵ_T . We define Γ^ϵ_{T,τ} = Ψ^ϵ_τ (Γ^ϵ_T ). Using this deformation, we can prove the following proposition.

Proposition 5.1. For any γ ∈ L^1(Γ^ϵ_T ), ∫ Γ^ϵ_T

(F (u) · ν)(w)γ(w)dH^d = lim_{τ →0} ∫ Γ^ϵ_{T,τ} (F (u) · ν_τ )(w)(γ ∘ (Ψ^ϵ_τ )^{−1})(w)dH^d

= lim_{τ →0} ∫ Γ^ϵ_T (F (u) · ν_τ ) ∘ Ψ^ϵ_τ (w)γ(w)dH^d, where F (u) = (u, f(u)) or (η(u), q(u)) for any convex entropy pair (η, q), and Ψ^ϵ_τ is any regular deformation.

This proposition follows from the convergence (4.3) and from the fact that the fields (u, f(u)) and (η(u), q(u)) are divergence measure fields.

Remark 5.1. If system (5.1) is endowed with a strict convex entropy η_∗ on the subset in the state space {u : |u| ≤ ‖u(·, ·)‖_L∞ )}, then Proposition 5.1 holds for any C^2 entropy pair (i.e. η is not necessary to be convex) (see Chen [4]).

Furthermore, we have

Proposition 5.2. For any γ ∈ L^1(Γ^ϵ_T ), γ ≥ 0 H^d-a.e., and for any boundary entropy flux F = (α, β), ess lim_{τ →0} ∫ Γ^ϵ_T

F(u ∘ Ψ^ϵ_τ (r), u_b(r)) · ν_τ (Ψ^ϵ_τ (r))γ(r)dH^d(r) ≤ 0,

where ν_τ is the measure theoretic inward normal to Γ^ϵ_{T,τ} .

Proof. Let h : R^{d+1} → [0, 1] be defined by setting h(t, x) = τ, if (t, x) ∈ Γ^ϵ_{T,τ} for τ ≤ τ_0 with τ_0 small enough; h(t, x) = 0, if (t, x) ∉ Q; and h(t, x) = τ_0, otherwise. In (5.5), we choose (5.10) ϕ(t, x) = γ((Ψ^ϵ_{h(t,x)})^{−1}(t, x))ζ(h(t, x)) for (t, x) ∈ Image(Ψ^ϵ_τ ) and τ ≤ τ_0,

where γ ∈ Lip(Γ), spt(γ) ⊂ Γ^ϵ_T , γ ≥ 0, ζ ∈ C^∞_0 (−∞, τ_0), and set ϕ(t, x) = 0 for (t, x) ∈ Q \ Image(Ψ^ϵ_τ ), τ ≤ τ_0. We extend ϕ to all R^{d+1} as a Lipschitz function with compact support contained in (0, T ) × R^d . With this choice of ϕ in (5.5) and using the coarea formula, we obtain − ∫_{τ0} 0 (∫ Γ^ϵ_{T,τ} F(u(r), v) · ν_τ (r) γ((Ψ^ϵ_τ )^{−1}(r))dH^d(r) ) ζ^′(s)ds + C ∫_{τ0} 0 ζ(s)ds + ∫ Γ^ϵ_T β(u_b(r), v) · ν(r) γ(r)dH^d(r)ζ(0) ≥ 0. Choosing ζ(s) = χ_{[−δ,δ]}, 0 < δ < τ_0 (mollifying and passing to the limit), and then making δ → 0, we get ess lim_{τ →0} ∫ Γ^ϵ_{T,τ} F(u(r), v) · ν_τ (r) γ((Ψ^ϵ_τ )^{−1}(r))dH^d(r) ≤ ∫ Γ^ϵ_T β(u_b(r), v) · ν(r) γ(r) dH^d(r), where we used Proposition 5.1 to ensure the existence of the limit on the left-hand side. By approximation, we conclude that the above inequality holds for any γ ∈ L^1(Γ^ϵ_T ), γ ≥ 0, H^d-a.e. Using the area formula, one obtains ess lim_{τ →0} ∫ Γ^ϵ_T

F(u ∘ Ψ^ϵ_τ (r), v) · ν_τ (Ψ^ϵ_τ (r))γ(r)dH^d(r) ≤ ∫ Γ^ϵ_T β(u_b(r), v) · ν(r) γ(r)dH^d(r). Now, considering first simple step functions v_b(r) and using a standard approximation argument again, one deduces from the last inequality that ess lim_{τ →0} ∫ Γ^ϵ_T

F(u ∘ Ψ^ϵ_τ (r), v_b(r)) · ν_τ (Ψ^ϵ_τ (r))γ(r)dH^d(r) ≤ ∫ Γ^ϵ_T β(u_b(r), v_b(r)) · ν(r) γ(r)dH^d(r) for any v_b ∈ L^1(Γ^ϵ_T ). Taking v_b = u_b and using the fact that β(u, u) = 0 yields the desired result □. □ For m = 1, we define Γ_{act} = {r ∈ Γ_T : u → (u, f(u)) · ν(r) is increasing}.

Choosing F(u, v) = (|u − v|, sign(u − v)(f(u) − f(v))) and proceeding as in Proposition 4.1 in [6] with the aid of Proposition 5.2, we obtain Theorem 5.1. If u ∈ L^∞(Q_T ) and u_b ∈ L^∞(Γ_T ) satisfy (5.5) for any boundary entropy pair associated with (5.1), then ess lim_{τ →0} ∫ Γ_{act}∩Γ^ϵ_T |u ∘ Ψ^ϵ_τ (r) − u_b(r)|dH^d(r) = 0.

Appendix A

Lemma A.1. Let E ⊂ R^N be an open bounded set of finite perimeter and f ∈ C(∂E). Then, there exists a function w with continuous second derivatives satisfying (i) Δw = 0 in E, (ii) lim_{y→x,y∈E} w(y) = f(x) for every x in ∂^∗E.

Proof. We refer to [19] (Chapter 8) for the existence of the desired w by using the Perron- Wiener-Brelot method. The boundary regularity behavior of the solution w follows by the Wiener criterion (see [21], Chapter 2), which implies that lim_{y→x,y∈E} w(y) = f(x) if and only if R^N \ E is not thin at x. We refer to [21] for the rigorous definition of thinness of a set at a point, which involves the concept of capacity of the set. Using Corollary 2.51 in [21], we obtain that, if R^N \ E is thin at x, then x ∈ E^1, that is, x is a point of density 1 for E. Since ∂^∗E ⊂ E^12 , we conclude that R^N \ E is not thin at every x ∈ ∂^∗E and hence (ii) holds for every x ∈ ∂^∗E. □

Acknowledgments. The authors thank William P. Ziemer for helpful discussions, especially the proof of Lemma 4.1 was communicated with him. Gui-Qiang Chen’s research was supported in part by the National Science Foundation Grants.

References

[1] Ambrosio, L., Fusco, N., and Pallara, D., Functions of Bounded Variation and Free Discontinuity Problems, Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press: New York, 2000.

[2] Bouchitté, G. and Buttazzo, G., Characterization of optimal shapes and masses through Monge- Kantorovich equation, J. Eur. Math. Soc. (JEMS), 3 (2001), 139–168.

[3] Bürger, R., Frid, H., and Karlsen, K. H., On a free boundary problem for a strongly degenerate quasilinear parabolic equation with an application to a model of pressure filtration, SIAM J. Math. Anal. 34 (2002), 611–635.

[4] Chen, G.-Q., Hyperbolic systems of conservation laws with a symmetry, Comm. Partial Diff. Eqs. 16 (1991), 1461–1487.

[5] Chen, G.-Q., Some recent methods for partial differential equations of divergence form, Bull. Braz.

Math. Soc. (N.S.), 34 (2003), 107–144.

[6] Chen, G.-Q. and Frid, H., Divergence-measure fields and hyperbolic conservation laws, Arch. Rational Mech. Anal. 147 (1999), 89-118.

[7] Chen, G.-Q. and Frid, H., Extended divergence-measure fields and the Euler equations of gas dynamics, Commun. Math. Phys. 236 (2003), 251-280.

[8] Chen, G.-Q. and Frid, H., On the theory of divergence-measure fields and its applications, Bull. Braz.

Math. Soc. (N.S.), 32 (2001), 401-433.

[9] Chen, G.-Q. and Rascle, M., Initial layers and uniqueness of weak entropy solutions to hyperbolic conservation laws, Arch. Rational Mech. Anal. 153 (2000), 205-220.

[10] Dafermos, C. M., Hyperbolic Conservation Laws in Continuum Physics, Springer-Verlag: New York, 1999.

[11] Dahlberg, B. E. J., Real analysis and potential theory, Proceedings of the International Congress of Mathematicians, Vol. 1, 2, PWN, Warsaw: 1983.

[12] Evans, L. C. and Gariepy, R. F., Measure Theory and Fine Properties of Functions, CRC Press: Boca Raton, FL, 1992.

[13] Federer, H., Geometric Measure Theory, Springer-Verlag New York Inc.: New York, 1969. [14] Friedrichs, K. O. and Lax, P. D., Systems of conservation equations with a convex extension, Proc.

Nat. Acad. Sci. U.S.A. 68 (1971), 1686–1688.

[15] Giusti, E., Minimal Surfaces and Functions of Bounded Variation, Birkhäuser Verlag: Basel, 1984. [16] Glimm, J., Solutions in the large for nonlinear hyperbolic systems of equations, Commun. Pure Appl.

Math. 18 (1965), 95–105.

[17] Gurtin, M. E. and Martins, L. C., Cauchy’s theorem in classical physics, Arch. Rational Mech. Anal.

60 (1976), 305–324.

[18] Gurtin, M. E. and Williams, W. O., An axiomatic foundation for continuum thermodynamics, Arch.

Rational Mech. Anal. 26 (1967), 83-117.

[19] Helms, L. L., Introduction to Potential Theory, Wiley-Interscience, John Wiley & Sons: New York- London-Sydney: 1969.

[20] Lax, P. D., Hyperbolic Systems of Conservation Laws and the Mathematical Theory of Shock Waves, CBMS. 11, SIAM: Philadelphia, 1973.

[21] Maly, J. and Ziemer, W. P., Fine Regularity of Solutions of Elliptic Partial Differential Equations, Mathematical Surveys and Monographs, Vol. 51, AMS: Providence, 1997.

[22] Otto, F., First order equations with boundary conditions, Preprint no. 234, SFB 256, Univ. Bonn.,1992. [23] Serre, D., Systems of Conservation Laws I: Hyperbolicity, Entropies, Shock Waves; II: Geometric Structures, Oscillations, and Mixed Problems, Cambridge University Press: Cambridge, 2000.

[24] Simon, L., Lectures on Geometric Measure Theory, Australian National University Centre for Mathematical Analysis, Canberra, 1983.

[25] Volpert, A. I. and Hudjaev, S. I., Analysis in Classes of Discontinuous Functions and Equations of Mathematical Physics, Martinus Nijhoff Publishers: Dordrecht, 1985.

[26] Willard, S., General Topology, Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont., 1970.

[27] Ziemer, W. P., Cauchy flux and sets of finite perimeter, Arch. Rational Mech. Anal. 84, 189-201 (1983). [28] Ziemer, W. P., Weakly Differentiable Functions: Sobolev Spaces and Functions of Bounded Variation, Springer-Verlag: New York, 1989.

(G.-Q. Chen) Institute of Mathematics, Fudan University, Shanghai 200433, PRC; Department of Mathematics, Northwestern University, 2033 Sheridan Road, Evanston, IL 60208-2730, USA. http://www.math.northwestern.edu/~gqchen

E-mail address: gqchen@math.northwestern.edu

(M. Torres) Department of Mathematics, Northwestern University, 2033 Sheridan Road, Evanston, IL 60208-2730, USA. http://www.math.northwestern.edu/~torres E-mail address: torres@math.northwestern.edu