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Abstract

The dynamics of the dilute electrons can be modeled by the fundamental Vlasov-Poisson-
Boltzmann system when the electrons interact with themselves through collisions in the self-
consistent electric field. In this paper, it is shown that any smooth initial perturbation of
a given global Maxwellian leads to a unique global-in-time classical solution when either
the mean free path is small or the background charge density is large. And the solution
converges to the global Maxwellian when time tends to infinity. To our knowledge, this is the
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first global existence result on classical solutions not around vacuum to the Cauchy problem
for the Vlasov-Poisson-Boltzmann system. The analysis combines the analytic techniques
used in the study of conservation laws with the decomposition for the Boltzmann equation
introduced [16] through entropy construction revealing new entropy estimates in this physical
setting.

1 Introduction

The dilute charged particles (e.g., electrons) in the absence of the magnetic field can be described
by the foundamental Vlasov-Poisson-Boltzmann system:

fi+&-Vof +V.@-Vef =LQ(f, f),

(1.1)
A =p—po= [ fds=po |8 =0, as ] - +oc,

with initial data given by
f(07 T, g) = fo(x, 5)7

where f(t,z,€) is the distribution function for the particles at time ¢ > 0 located at =z =
(71, 22,23) € R? with velocity & = (&1,&2,£3) € R3, and the constant x > 0 is the Knudsen
number proportional to the mean free path. The self-consistent electric potential ®(¢,x) is
coupled with the distribution function f(¢,z,£) through the Poisson equation. The constant
background charge is denoted by pp > 0. The short-range interaction between particles is given
by the standard Boltzmann collision operator Q(f, g) for the hard-sphere model

Q9@ =5 [ [ (9 + HE9(€) ~ FQale) ~ FEIO) €~ &) - 2 déedr

Here S2 = {Q € S?: (£—&.)-Q >0}, and
§=E6-16-¢) 99,
=6+ -8) 99,

which represents the relation between velocities &', £, after and the velocities &, &, before the
collision coming from conservation of momentum and energy.

Some works have been done on the Vlasov-Poisson-Boltzmann system. Global-in-time renor-
malized solutions with arbitrary amplitude were constructed in [5] and the result has been gener-
alized to the case with boundary in [19]. The long-time behavior of the weak solutions with extra
regularity assumptions was studied in [4]. As to the problem on classical solutions, there are
some progress only recently. For any smooth periodic initial perturbation of a global Maxwellian
that preserves the mass, momentum, and total energy, the first global existence result on the
smooth periodic solution was obtained in [11]. As in the whole space, to our knowledge, the
only result so far is [13] where the global smooth small-amplitude solutions near vacuum were
constructed for a class of “soft” collision kernels. Therefore, our global existence result is new
on the Vlasov-Poisson-Boltzmann system near a given global Maxwellian in the whole space.

To state the main result, we first reformulate the problem by the scaling

ft2,€) = 2 f (Bt 1w, ),
O(t,z) — P (lt p a:) ,

Kpo ? KpPo
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where p is any fixed constant. It is easy to see that the solution after scaling satisfies
MM =p—p= [ fdc—p, [0] =0, as|a] o, (1.2)
R3
10,2, = fo(@,€) = B Fo (£2.€)

with A = ,fT(%. In this paper, we will assume A > 0 suitably large which means either the Knudsen
number k£ > 0, i.e., the mean free path is suffiently small, or the constant background charge
po > 0 is sufficiently large.

A micro-macro decomposition of the Boltzmann equation and its solution was introduced
in [16, 18], and the Boltzmann equation can be rewritten into a fluid-type system coupled with
an equation for the non-fluid component in [16]. As an illustration of this method, the global
existence of classical solutions around a global Maxwellian was proved by using a simple energy
method through the construction of entropy-entropy flux pairs in [16]. This method is useful
here for the study of the Boltzmann equation with self-induced electric field. It shows that the
entropy-entropy flux pair similar to the one for fluid dynamics plays an important role in the
lower order energy estimate. And the dissipation coming from the electric field governed by the
Poisson equation is crucial to close the a priori estimate which in turn implies that the uniform
space-time integrability of the square of the difference between perturbed and unperturbed
density function. Notice that the later integral diverges for the Boltzmann equation or even the
Navier-Stokes equations without force.

Precisely, we decompose the solution of the Vlasov-Poisson-Boltzmann system f(t,x,&) into
the macroscopic (fluid) component, i.e., the local Maxwellian M = M(t, z,§) = M|, , 4(§), and
the microscopic (non-fluid) component, i.e., G = G(t, z, &) as follows:

ftz,6) = M(t, z,8) + G(t, 2, ).

The local Maxwellian M is defined by the five conserved quantities, that is, the density p(t, x),
momentum m(t, z) = p(t, z)u(t, ), and energy E(t, ) + 5 |u(t,z)|? given by:

plt.a) = [ f(t.a.)de.
mi(t,r) = /sti(é)f(t,x,ﬁ)dé’ fori=1,2,3, (1.3)
o (B+3uP)] (ta) = [ wa(©)s (b, e,

t,x € —ul(t,z)|?
M = My, 4t 2,6) = (2:;0(2 7 oxP (-W) . (1.4)

Here 6(t,z) is the temperature which is related to the internal energy E by E = %RO with R
being the gas constant, and u(¢, z) is the fluid velocity. And ¥4 (&), « = 0,1,---,4, are the five
collision invariants, cf. [1, 2]:

Yo(§) =1,
(&) =& for i=1,2,3 0or¢p =¢&, (1.5)
Pa(§) = §1¢%
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satisfying
/ , Ya(§)Q(h, g)dE =0, for a«=0,1,2,3,4.
R<

In the following, we define an inner product in £ € R w.r.t. a given Maxwellian M as:

(hghst = [, =h(Oa()de

for functions h, g of £ so that the above integral is well-defined. With respect to the inner product
(h, g)m, the following functions spanning the space of macroscopic, i.e. fluid components of the
solution, are pairwise orthogonal:

=1
VP

Xi(f%ﬂvan)E%M for i=1,2,3,

_ul?
X4(§;p7u7 9) = ﬁ <|£R9| - 3) M7

<X’L7X]>M = 61]7 fOI' Z?] = 07 1727374'

xo0(&; p,u, 0) M,

By using these five functions, the macroscopic projection Py and microscopic projection Py
are:

4
Poh = S (h, i) MXis
0 j2=30< XJ)MX] (1.7)
Plh =h-— Poh

Notice that the operators Py (and therefore Py) are orthogonal self-adjoint projections w.r.t.
the inner product (-, -)n.

Notice that a function h(€) is called microscopic or non-fluid if it has no fluid components,
that is,

[, B ()de =0, for a =0,1,2,3.4. (1.8)

It is clear that such a function is in the range of the microscopic projection Pi. Under this
decomposition, the solution f(t,z,&) of the Vlasov-Poisson-Boltzmann system satisfies,

Pof =M, P.f=G.

Then by using f(t,x,&) = M(t,z,€) + G(t, x,§), the Vlasov-Poisson-Boltzmann system (1.2);
becomes:

(M +G)e € Va(M+G) + Vo Ve(M + G) = (2Q(G,M) + Q(G,G)).  (19)
By applying Pg to (1.9), we have

M, +P0(§ : va) +P0<§ : va) + V,® - VM = 0.
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As usual, the system of five conservation laws can be obtained by taking the inner product of
the Vlasov-Poisson-Boltzmann system (1.2); with the collision invariants ¢, (§):

Pt =+ dlvx m = 0,
3
mig + 35 (wimg), + Pe; = pPa; = —/RS%' (£ VaG)dg, i=1,2,3, (1.10)

Jj=1

[p(31u? + B)] +ji1 (uj (o (31uf +E) +p)) SV = [ (€ V.G) de

zj
Here p is the pressure for the monatomic gases:

2
p= ng = Rpb.

Moreover, the microscopic equation for G is obtained by applying the microscopic projection
P to (1.9):

Gy +Pi(§- VoG +E- VM) + V,0- VG = LuG + Q(G, G), (1.11)
ie.,
G = Lyt (P1(¢- VoM)) + Lnf (Gi + Pi(€ - Vo G) + V@ - VG - Q(G, G)) -
= Lyt (P1(€ - V,M)) + 6,
where

Ing = Lipugg = Q(M+g,M+g) - Q(g,9).

By plugging (1.12) into (1.10), we now have another representation of the Vlasov-Poisson-
Boltzmann system which contains a fluid-type system

pt + divy,m =0,
3
it + 3 (uimg),, + P, — pa = - [0 (6 VaLad (Pate- VM) e
— [ (e VL) d, i=12.3, (1.13)

PGl +B)], +§ (w (o (31 + B) +p)> —m-V,

Ty

= —/R3¢4 (5 Vol (P1(§ . VZM)D d¢ — /qup4 (€ V,0)de,

the equation (1.11) for the non-fluid component G and the Poisson equation (1.2)s for the electric
potential. Notice that if one drops all the terms containing O, then it becomes the system of the
Navier-Stokes-Poisson equations. Later in this paper, we will work on this reformulated system
by applying the analytic techniques used in the study of conservation laws together with those
dissipative estimates on the Boltzmann equation.

For preparation, we now recall some properties of the linearized collision operator Lys. By
definition, Ly is self-adjoint w.r.t. the inner product (h, g)m, i.e.,

(h, Lmg)m = (Lmh, g)m,
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and the null space N of Ly is spanned by the macroscopic variables:

X3 jZO,,4

For the hard sphere model, Ly takes the form, cf. [10]

h
(nah) (€) = =(&: .1 + MO Fm (5 ) ). (1.19)
Here Knm(-) = —Kim(-) + Kom(-) is a symmetric compact L2-operator. And the collision

frequency v(&; p,u,0) and K;m(-) have the following expressions

V(& pyu,0) = m{(a 1€~ ul) /Olg_ul exp (— 5y ) dy + RO exp (—52;0'2)},

—U 2 *—U 2
bana(E,€) = e — 6l exp (~ S — S
— - E—&i? €2 —&]?)?
k'ZM(&af*) - \/mf - f*’ ! exp (_I SRQ‘ - (EI;}|39|§I_§|*|2 ) )
where ki (€, &) (i = 1,2) is the kernel of the operator K;n (i = 1, 2) respectively, and v(&; p, u, 0) ~
(1+]£]) as &€ — oo. Furthermore, there exists o(p, u, 0) > 0 such that for any function h(§) € Nl
<h7 LMh>M < 70_0(/)7 u, 9)<ha h>M
which implies cf. [10]
(h, Lnth)n < =0 (p, u, 0)(v(§)h, h)n, (1.15)

with some constant o(p,u,8) > 0.
For later use, notice also that the projections Py and P have the following basic properties:

Po(4;M) = ¢;M, P1(y;M) =0, j =0,1,2,3,4,

LyPy = PiLyv = L, P1(Q(h,h)) = Q(hyh),

LyvPo = PoLn =0, Po(Q(h,h)) =0,

(¥;M, h)ym = (¥;M, Poh)m, j=0,1,2,3,4,

(h, Lmg)m = (P1h, Lm(P19))m,

<h Ly, (P19)> <L1T/[1(P1h); P1g> <P1h Ly, (P19)>

For a fixed temperature 6 > 0, we will study the existence of the classical solutions for (1.2)
near the global Maxwellian

— 2
M=My = Lexp <—|€|> .
P )\ 2

As in [17], two sets of energy estimates are needed, i.e., the energy estimates w.r.t. the local
Maxwellian M, g/(¢, z,§) and a suitably chosen global Maxwellian M_ = M, o4 (). For
this, a variation of the microscopic H—theroem is needed to relate the dissipation estimates
with different weights as in Lemma 2.2 of [17]. That is, there exists a positive constant ny =
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no(p, u,0; p,w.0) > 0, which is not necessary to be small, such that if g <6 <6and |p—p|+
|u —a| + |6 — 0] < no, the following microscopic H —therem

GIMG [ v(6)G?
—/RS = dgzg/RS e, (1.16)

holds for some positive constant @ = &(p, u, 8; p, U, é) > 0 with M = M[ﬁﬂ -
Throughout this paper, we choose positive constants p_ and 6_ such that

p— =7,
9<0_ <0, (1.17)
‘9_ —g‘ < 1o.

It is easy to see that if M(t,z,£) is a small perturbation of M(£), (1.16) holds for such chosen
p— and 6 when M =M_ = M|, g9 ]
The following are the spaces for the solution considered in this paper.

0700202 (100 -M(©))
HY, ¢ (R’ x R?) = { f(t,2,€) VM- (§)
ol +laf + Bl < N

€ L7, (R’ xR%),

)

. 0100707 (0,0 -M(©)
H =4 f(t %) VM_(€)
ol <1, hol + el + 16 <N

€ L2, (R xR?),

By the above notations, the main result in this paper can be stated as follows

Theorem 1.1 (Main result) Assume that fo(x,€) > 0 and N > 4. There exist a sufficiently
small constant € > 0 and a sufficiently large constant Ao such that if

A> N, Ao < 1,
1.18
< 6’( )

L2 . (R3xR3)

0297 (fo(=,€)~M(9))

VM-(§)

then there exists a unique global classical solution f(t,x,&) to the Vlasov-Poisson-Boltzmann
system (1.2) which satisfies f(t,x,&) > 0 and is uniformly bounded in " Furthermore,

E(fo) = HVzA?l (pO(x) - p)‘ 2ms) lal+181<N ‘

o2 ((t.2.6) ~M(©)|

lim sup /
t_)OOxERB |C¥|SN*4 R3 M_(é-)

dé = 0. (1.19)

Remark 1.1 Notice that in the space ﬁN, the time derivative on f(t,z,£) in Theorem 1.1 is at
most once. In general, the solutions may not be uniformly bounded in the space Hi\,fx,g (R3 X R3).
However, for any fized T > 0, there exists a positive constant C(T) > 0 such that

o asof (f(t.2.6) ~M(©)|
sup Z /R3 /R3 dédr < C(T). (1.20)

O==T o tlal +l<N M-(¢)
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Here, we briefly outline the relation and difference between our work and the previous ones
done by others in this direction. For the Vlasov-Poisson-Boltzmann system, the behavior of
the solutions to the linearized system around a global Maxwellian M was studied in [7, 8].
The global existence in the whole space and for initial data as a small perturbation of vacuum
was given in [13] for a class of “soft” potentials. The analysis there relies on the time decay
estimate on the electric potential ®(t,x) which comes from the L. (R3) —estimate on p(t,x)
and the assumptions on the collision potentials. In fact, even for the case when the initial data
is a small perturbation of the vacuum, the argument in [13] may not hold for the hard sphere
potential. As pointed out in [11], this argument can not be used to consider the existence of
global classical solution to the Vlasov-Poisson-Boltzmann system near a Maxwellian M because
it is very difficult, if not impossible, to obtain the desired L} (R?®) —estimate on p(¢,z) — p.

To construct global-in-time classical solutions around a global Maxwellian, a nonlinear energy
method based on the decomposition w.r.t. the global Maxwellian was used in [11] for periodic
data. For the perturbation that preserves the mass, momentum, and total energy, the existence
of global smooth periodic solutions to the Vlasov-Poisson-Boltzmann system was obtained there.
Their analysis is based on a new estimate in the form of

t o M —|O% 7,2,&)—M|
oy // / 03 (f(r2,)—M(8)) Lz 02 (£(1.2.6) M(é))]dgd:rdr
la]<n Jo JT8 JR3

M(¢) Lot
so g [ [ [ HOBUCTOr iy, (12)
- la|<N /0 JT3 JR3 M()
Here T3 = [—n,71]3. In fact, for periodic solution, the zero-th order estimate of the solution in

(1.21) comes directly from the Poisson equation and the Poincare inequality which give

IVa®(t, 2)|| 2 (1s) < OW)lp(t, 2) — Pl L2(r3) < OMW)[[Vap(t, )] 12 (T3)-

This together with the conservation laws imply that both |V,®(t,z)> and (p(z,t) — p)? are
space-time uniformly integrable. Notice that for the problem on the whole space, the above
argument based on Poincare inequality does not hold.

In this paper, our method is based on the decomposition w.r.t. the local Maxwellian as in the
case for Boltzmann equation without force studied in [16]. To capture the dissipations on both
the fluid and non-fluid components in the solution, we use the above reformulated fluid-type
system (1.13) so that we can use techniques from the study in conservation laws. In this way,
the behavior of the local Maxwellian is much clear and dissipative effects from the viscosity, heat
conductivity and the one from the linearized collision operator on the non-fluid component are
better analyzed. Furthermore, this method would be helpful to study the problem for the fluid
dynamic limit, i.e., the behavior of the solutions when the Knudsen number tends to zero.

There are two more points noted in the following argument. The first is that the estimates
is closed in the space ﬁN, not the usual space Hi};,g (R3 X R3) as for the Boltzmann equation
without force. This is because that there is a lack of the L7, (R x R?) —estimate on V,®(t, )

in the whole space. The estimate in the space H" is based on a new space and time integrability
estimate on |p(t,z) — p|* coming from the dissipative effect of the Poisson equation (1.2)s.

The other is that the energy estimates is worked out both w.r.t. the local Maxwellian
M(t, z,€) and the global Maxwellian M_(§) as in [17] for the study of the nonlinear stability
of rarefaction waves. The energy estimate w.r.t. a global Maxwellian is needed to absorb
the polynomials in ¢ coming from the derivatives of the local Maxwellian because the collision
frequency v(&) in (1.14) is only of the order of (1 + |£|) for hard sphere model. However, to
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obtain the higher order energy estimates on the fluid component M, there is no need to use the
energy estimate w.r.t. M_ because all polynomials of £ (if any) can be absorbed by M itself.

This rest of the paper is arranged as follows. The microscopic and macroscopic versions of
the H—theorems will be stated in Section 2. The main energy estimates are analyzed for the
case when N = 4 in Section 3. The case when N > 4 can be discussed similarly. The proof of
Theorem 1.1 will be given in Section 4, and the proofs of some technical Lemmas in Section 3
are given in Section 5 for the brevity of presentation.

Notation

Throughout the paper, O(1) and C' denote generic positive constants independent of A and
€, C(-,-) denotes a positive constant depending on the quantities in the patenthesis, and p is a
sufficiently small positive constant. Note that all constants may vary from line to line.

For v = (y0, a, ), we use 07 to denote the differential operator 8?06;‘;8? . Here ~p is a non-
negative integer and o = (a1, ag, a3) and § = (04, B2, #3) are multi-indices with length |a| and
|8|, respectively. C} means Z
In the following energy estimates, we will use the following sets of indice in different cases.

A={y=(0,0,0): <1, 0+]al <4},
M={v=(0,08): w0<j w+lal+I8 <4}, j=1234,
As={y=(o@B): yeA} [8]>1},

Ar={y=(10,0,00: 2 <1, v0+]al <3},
As={y=00,08): lal>1, |8 =1, |a] + |8 <4},
Ao={v=0a8): 1821, |a|+]0 <3},
Ar={v=(0,0,0): <1, 2<q0+]o] <4},

2 H-—theorem

The celebrated H—theorem of the Boltzmann equation is based on the special property of the
bilinear structure of Q(f, f) satisfying

/ Q(f. f)In fdg <0,
R3

and the equality holds only when the solution f(¢,z,§) is a Maxwellian.

Corresponding to the macroscopic and microscopic components, the H-theorem can be
viewed in these two aspects. The first kind of dissipation comes from the linearized collision
operator Ly; acting on the microscopic components stated in (1.15) and (1.16). The second
kind of dissipation comes from the nonlinear collision operator in the expression of the viscosity
and heat conductivity in the macroscopic level.

In the following, we will first state some inequalities on the nonlinear and linearized collision
operators Q(f, f) and Lyg. The first lemma is from [9].



10 Tong Yang, Hongjun Yu, and Huijiang Zhao

Lemma 2.1 There exists a positive constant C' > 0 such that

v(©)~'Q(f.9)? v f? ¢ 92 2 e v(§)g?
LL} Q %gc{égMcMA¥M%+LﬁM£AQNI&} (2.1)

where M is any Mazwellian such that the above integrals are well defined.
Based on Lemma 2.1, the following result was proved in [17].

Lemma 2.2 If% < 0 < 0, then there exist two positive constants o = a(p,u,0;p,u, 9~) and
no = no(p,u, 0; p, @, 0) such that if |p — p| + |u — @] + |6 — 6| < no, we have for h(¢) € N+,

hLyth _ [ v(&)h?
- o 27 [ e

Here M = M, 9/(t,7,§) and M(t, z, &) = M[ﬁﬁ f (t,z,€).

As a direct consequence of Lemma 2.2 and the Cauchy inequality, we have the following
corollary (cf. [17]).

Corollary 2.1 Under the assumptions in Lemma 2.2, we have for h(§) € N+,

v(©) |r—1;]? —2 [ v(O'h* ()
‘AﬁM |Laih| de <o A; P2 g,

2.2
/ v(§) ’L—lh‘z ¢ < 5—2/ V(f)flhz(ﬁ)dg (2:2)
s M [PM < s M- :

To construct the enetropy-entropy flux pairs to the Vlasov-Poisson-Boltzmann system, we
first derive the macroscopic version of the H—theorem as the one in [16] for the Boltzmann
equation without force. Set

—§pS = / M In Mdg. (2.3)
2 R3
Direct calculation yields
3 3 GP: (¢ V,M)
~5S) = Sdivalpus) + . ([ (cmMGag) = | &, (24)
2 2 R3 R3 M

and

S=-2Inp+In(2rRO) + 1,

p = 2p0 = kp3 exp(5), (2.5)
E=0, R=2%

Remark 2.1 Note that when the macroscopic entropy S is defined as in (2.3), the gas constant
R is normalized to be % and in such a case EE = 0.
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An convex entropy-entropy flux pair (1, q) around the global Maxwellian M = M[ 0,8) can
be given as follows, [16]. Denote the conservation laws (1.10) by
0
0
| il V@
R PP,
m; + divy,n = — /R3¢2(§ Va2 G)dE 4 PP,
/Rg%@  V.G)d¢ PLay
m- VP
[ nle - vaGe
R3
Here
t
m = (mg, m1, mg, ms, my)’ = (P, puL, puz, pu3z, p (%’U\Q + 9)) ;
= (n1,ng,n3),
(nOv ”1a ”27”37”4)t
t
= (puj,ulmj + %pQ,uzmj + %p@,U3mj + %pe, pU; <%|u|2 + %0)) ,j=1,2,3.
Then the entropy-entropy flux pair (7, ¢) can be defined by
n=0{-3p5+ 305 + $Vin(pS) mem(m — ) } 26
i =0{=30u;S + 3Vim(pS) lm=sm(n; — 1))}, j=1,2,3.
Since
(0S)mo = S + > — 3
(pS)m'L = _%7 = 172737
(pS)m4 = év
we have

n= 3{p0—0p5+p[(5—§)9+ '%} + 250
qj = u;n + u; <p9 pﬂ) j=1,2,3.

}’ (2.7)

Notice that for m in any closed bounded region D C ¥ = {m : p > 0,0 > 0}, there exists a
positive constant C' depending on D such that the entropy-entropy flux thus constructed satisfies
(cf. [16, 17])

Clm-mP?<n<Clm—m|. (2.8)
And (7, q1, g2, q3) solves the following partial differential equation

n + divyqg = =V, </RS (SG InM + %¢45G) df) + %m -V, P

+R}$%ME@
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Integrating (2.9) w.r.t. x over R3 gives

d 3 P.(¢-V.M)G
@/RSU@)MZ§[Rsm-vx<1>dx+[ﬁs/m 1(§M ) . (2.10)

m -V, &dr = —/ div,m®dzr = / (p—p)Pdx
R3 R3

Since

R? (2.11)

=\ PAPdx = _g%/ Vo ®[*dz,
R3 R3

we obtain the entropy estimate

jt{/R (n+3j|vx<1>|2) dm} :/RS /R Pl(f'l\deM)Gdé, 212)

which is crucial in the later energy estimates on the fluid components of the solutions.

3 Energy estimates

In this section, we will give the entropy estimates for the proof of global existence theorem. For
this, we first assume the the following a priori estimate,

N(t)? = sup { 3 /3(\87(p—ﬁ,u,0—§)(7',x)|2+)\\Vm87@(7,x)|2>dx

0<r<t |yeA /R
/ / |avc;(ncf|d§dx s /t/ / ”(5)|%G(T’x’§)‘2d§dxdr (3.1)
veA1 R3 JR? - veA} R? JR3 -

< 62

Here 09 > 0 is a sufficiently small constant such that Adg < 1.
First, from the Poisson equation (1.2)y and the conservation laws (1.10), we know that

N(0) < O(1)E(fo), (3.2)

and

/[ V00,1, 2) |2 da < %/ 00m(t,2)2 de, |o] < 4,

R3 R3 (3 3)
’ 2 '

[ Veonealir<sy s [ o (o(ta) - )

R o el -1 /R

dr, 1<]a|<5.
By Sobolev’s inequality, (3.1) and (3.3) imply

(p(t,2) = p,ult, 2), 0(t, @) — 0)| + = (10201(p, 1w, 0)] + V205 (p, 4, 0)]) (1, ) < O(1)dy,
) VIE)%(I)(t,x)’—i— > Vxﬁgét(t,x)‘ <O(1)% < 0(1)d,
laf<3 la|<2 (3.4)
/R { <|G]2 - P > (IVL00G + \8§‘Gt\2)> } (t,z,&)dE < O(1)d2.
3 al<1

The weighted integrals of the collision operators Q (GVG, (BWIG) and @ (8'71\/1, 87/(-}) w.r.t
M and M_ are given in the following lemma.
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Lemma 3.1 Under the assumption (3.1), for each v € A1,y € A1, |y| 4+ |7/| < 4, we have the
following estimates w.r.t. the weight M,

/t/ / v(g)?
0o JrR3 JR3

L [t u(5>(|avc|2+|m’c|2)
< 0(1)50/0 /R3 /Rg - dédzdr,

2
Q (BVG,(T/ G)

dedzdr
(3.5)

and for || > 0,

2

/ /R3 /R3 87M o G) dedzdr (3.6)

g0(1)53/ / /‘%dfdxerrO(l)éO // V0% (p, u, 0)|? dadr.
0 JR3 /R la|<Pp-17/0 JR3

The corresponding estimates w.r.t. the weight M_ are different when || > 3 as follows.

GVG ,07 G) ’
/ /3/3 dédxdr
R° JR
\8~G|2+|m G2
52/ /3/3 >d5dxdﬂ if max{|a], [¥[} <2, (37)
R° JR- -
50|Z<3/ [m /stdgdmf if max{|y], Y[} =] >3,

and

2
Q (avM,m’G)
M

dédxdr

/t/ / v(€)™
0 JR3 JR3
t ’
1)53// / YOG e gz dr, if0< |y <2,
R3 JR3 (3.8)
DY // / QWL GE ge g,
la|<3J0 JR3 JR3

1o )52| Py 1/ /R V.02 (p, u, 0)2 dzdr, if || > 3.
x|y

IN

Proof: We only prove (3.5) and (3.8), and the proofs for the others are similar. First, for (3.5),
(3.4) together with the fact that § < 6_ < ¢ imply

2 2
> / |8 Gl > / G “Lag < 0(1)a%.

YEAS,|vI<2 yEAL,Iv|<2

With this and Lemma 2.1, we have from |y| + |7/| < 4 that

3 v(g)? t 2 "2
|07 G| v(§)]97 G|
/()/R3/R3 dfala:dTSO(l)/O/RB</R3 df/ M d€

, t |8‘*G\2+|87 G|?
+/3”(5)|81\/;G|2d£/3wl\f|2d§> dadr < 0(1)53/ / /3 )dffdxdﬂ
R R 0 R

2
Q (87G,8“/G)
M
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which yields (3.5).
Now for (3.8), we have from Lemma 2.1 again that

/ /Rg /Rg o dédxdr < O(l)/t /R3 (/RB Wl\f'ng/ u(g)|ang\2d€
+/ \87M|2d£/ IBW G| d{) dedr (3.9)

-7+

2

8“’M ,07 G)

If 1 < |y| <2, we have from 7,7 € A; and (3.4) that

i elt
'+ <on 50/// VW GE e jar.
R3 JR3 M_

On the other hand, if |y| > 3, we must have |y/| < 1 because |y|+ |7/| < 4. Thus from (3.4),
the fact that g <0_ <0, I satisfies

, t
7 §0(1)58// / M i v
R3 JR3

SO(l)éZ‘ . 1/ RJV 20%(p, u, 0)|?dzdr.
al<ly

Here we have used the fact that |y| > 3, the conservation laws (1.10) and (3.3).
For 17”7, by using the indentity

F (@1, 22, 23) —2/ / / (f far) gy dr1dmods < > / |05 f|*da,

|a|<3

we have from the a priori assumption (3.1) that

/Ot (ISGUPI{):; /R3 v(§)[07 G!2d§> & < 01 Z / / /R3 yav?aGPdgdxdT.

ol <3

I <0(1)  sup {/ / lormp® dgda;}/ (sup/ de) dr

0<r<t,zeR3 \/R3 JR3 B zcR3 JR3 -
o(1 / / / VIO GE g ir

0\a|33 o JreJre M- ¢

The above estimates on I7 7" and A 28 give (3.8) from (3.9). This completes the proof of
Lemma 3.1.

Thus,

Remark 3.1 As a direct consequence of Lemma 3.1, we have the following estimates based on
the bilinear forms of the Q(f,g) and Ly (h).

/ / / PG EE e
YEAL R3 JR3

<0(1)5 ///Mddd,
(OfyeAlO r3Jr3 M Sdwdr

(3.10)
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and

// / -1197( LMG) Ly (97G)? dédzdr
yEA1 R3 JR3

<omi ¥ // [ HOZCE dedadr (3.11)
yEAL R3 JR3
162 % // IV,0%(p, u, 0)[2dwdr.
|a|<3 0

Here M can be taken as M or M_.

With the above estimates, we now give the energy estimates on the solution in the following
three subsections. The first one is on the estimates on the entropy 7(p, u,6) and the non-fluid
component G. And the other two are on the derivatives w.r.t. the weight of the local Maxwellian
M, and the derivatives w.r.t. the weight of the global Maxwellian M_, respectively.

3.1 Lower order estimates

In this subsection, we will give the energy estimates on the entropy n(p,u,#) and the non-fluid
component G(t,x,§).
First, integrating (2.12) w.r.t. z over R? yields

INGEAER dx [ PTG 1)

From (1.12) and the fact that there exists a positive constant C' > 0 such that

P1({V.M Py({VeM)
/// 1 <1 )dgdxd7>0// [ PG dedadr
R3 JR3 R3 JR3
zo// IV, (u, 0)[2dwdr,
0 JR3

we have from Lemma 2.1 and Corollary 2.1 that

t
P1(§V.-M)G
/ /R5 /RsiM dédxdt
P1(&V:M P1(§&-VLM)
—// / ! (1 )dfdxdr
R3 JR3

+/ / / Pi( &-Vzﬁ)LM e)dfdfde (3.13)
0 JrR3 JR3

t
g—C// IV (u, 0)| 2 dcdr
0 JR3
t YO (1Gy)2 + VLG 2 + 32 (|VeG|?2 + |G|?)) dédxd
so) [ [ [ A2 (162 + V.G + (VeGP + |GI?)) dededr

Substituting (3.13) into (3.12) yields
t
/ (7 + \V23[2) (t)dx+/ / IV, (u, 0) 2dedr
R3 0 JR3

t
2 v(€) 2 2 2 2 2
< O(1)N(0) +0(1)/0 /R /R O (1Gu[2 + V. GI2 + 33(IVeGI2 +|GP?) ) dedadr.

(3.14)
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For the non-fluid component G, multiplying (1.11) by % and integrating the result w.r.t.
t,z, and & over [0, ] x R?xR3, we have from (1.15), Lemma 3.1, and Cauchy-Schwarz’s inequality

that
G2 ! / / w(O)IGI
/RS/RS G| dfdx+/0 PR dedadr

< O(I)N(0)2+O(1)62/t /R /stdﬁdx(h (3.15)

/ / (yv u, ) y2+/ UOIVGI* )da:dT.

Similarly, if we replace the weight M by the global Maxwellian M_, we have

/ / GlefdJH—/t/ / YOIGE g ddr
R3 JR3 R3 JR3 N
< O(1)N(0)2 + O(1 / / <|v u, ) y2+/ UIY=GI* )da;dT.

(3.14)-(3.16) give the complete lower order energy estimates.

(3.16)

3.2 Higher order energy estimates w.r.t. M

In this subsection, we will consider higher order energy estimates, i.e., "M, 907G, and 9" f for
|v| > 1 w.r.t. the local Maxwellian M. Since the proofs are tedious and technical, we put their
proofs in the appendix for the brevity of the presentation.

First, for 0¢M with 1 < |a| < 3, we have the following lemma.

Lemma 3.2 Under the assumptions in Lemma 3.1, we have for j =1,2,3 that

>/ (A\Vﬁg@ﬁ/ de) dz+ //R3

V0% (u, 0 dde

lor|=j IaI—J
< O(1)N(0)? + 50|\Z< / / V.0%(p, u, 9)‘ dzdr
@ J
) (109 G2 +|V2 02 G|?)

t
1)50// / ““’(z VeGP + Y \vxag(;F) dédudr
R? JR? o] <j o <3
()61 3 // V,000|? dedr,
la=1J0 JR3

where we have used the assumption that 6o\ < 1. Here and in the following 6; j is the Kronecker

symbol, i.e.,
0, ©#7,
0ij = { o
1, 1=7.

Secondly, for 97G with v € Ay, |y| < 3, we have the following lemma.
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Lemma 3.3 Under the assumptions in Lemma 3.1, we have for j = 0,1,2 that

z/ / Va02GP gedz + 3 // / U0 G e g
la|=j /R? JR? |a|=7 R3 JR3

< O(1)N(0)2+0(1)6 3 / /Rd /Rs VOGP e dadr

|a|=3

t (3.18)
1)// S Va2 0)2 160 S [Vad(p,u,0)|2 | dudr
R \lol

=j+1 | <j

//RB/ 9 (102G + V02 G ) dedudr,
Ia\<J

and

z/ / 109 GE gedy + Y // / YOIOBECL ge gy
la|=j /R? JR? \a| =j R3 JR3

< O(1)N(0)2+0(1)6 3 / /RJ [Rd 002G e v

la|=j

n / / S V.00 0 48 S (Va0 (pyu, 0)[2 | dudr
R3 \a|

=j+1 |l <3

// / (IV.00G? + |9,02 G ?) dedwdr
Ia\—ﬁrl o Jrs M

1)do 3 // / (10:02GP? + V.03 G |?) dedadr
R3 Rs

|| <y

(3.19)

oMo X / 16°D|2dedr
al=2Jo Jrs

+O(1) (1 = 61451) A // 102 p|2dadr
a| =j

5// / v() ( Veo G2 + s |V§8t8°‘G|2> dédudr.
re Jre M \|02;

Ot<]

A suitable linear combination of (3.17), (3.18), and (3.19) yields the following estimates.

laf=2

a2 [VaMP+|Ve G2 +|Ge|?
/R3</\Z 920| +/3 v d{)d:p
t
+/ <z|vaau9|2 / |VG|2+|Gt|)§>dxdT
0 JR3 \|a]=1
< O()N(0)® + 0(1) 50/ / / [VGPHGE g g iy
R3 JR3 -

// / (18:0°G|? + |V,00G|?) dedwdr
Vi oo Jro

1)50// (z ]Vx8§p|2+|vx(u,9)\2>dxdT+O / 1093|2dadr
0 JR3 |or|=2 R3

lo|<1

(3.20)

t
1)50// / ”&)(z V0GR + ¥ |8§‘G|2+|V§G|2+!V5Gt|2) dédudr,
0 JR3 JR3 1B1<1 o] <4
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/R3 ()\ > ‘aaq>|2_|_ D V18§M|2+|Vg1;\22(}|2+Bng|2d£> dz

laf=3 laf=1

+/t ( > VR R ¥ YO (|7,00G2 4 [92Gy?) dg) drdr
0 la]=2 =

<O(1)N(0)* +O0(1)dy 3 // / ‘Vz@aGPH@aGH dédxdr
jal=1/0 /R JR?

/ // (18:0°0G|? + |V,0°G[?) de dwdr
\a| 2 R

1) (60 + A2) //3 ( Y V0% + 3 |Vx8§‘(u,9)|2> dadr
R

|laf<2 laf<1

(3.21)

5// / (z VG2 + X \80‘G\2+ P> |85Gt|2> dédudr,
R3 R3

|a|<2 |a|<4

and

/Rg ()\ 3 |aa¢,|2+ 3 |V16§M|2+VT\2§G2+I8§Gt2d£> dx

|laf=4 =2

—i—/t < S V0¥ (u, 0)2 + X V@ ([V202G|? + |02 Gy )d{) dxdr
0

|af=3 |af=2

le 2 Lot 2
SO(l) (0) + ( )50|Z‘:2 /Rd /R3|vmazG1l/[—f|azGt‘ leda}dT

// / (18,02 G + |V,02G? )dfd:ndT (3.22)
D Eado Jra S

+O(1)A2 / 102 p2dxdr + O(1)6) 5 IV.0%(p, u, 0)|2dzdr
R3 R3

|a|=2 |a]<3 /0

5/ / / ( (IVe0eGI? + [V.02G2)
re /R M | <3

+ 2 (105G + \V@%Gﬁ) d¢dudr.
<1

Combining (3.14), (3.15), (3.20), (3.21), and (3.22) gives the following estimate.

Corollary 3.1 Under the assumptions listed in Lemma 3.1, we have

/ (n+)\ 3 agq>y2+/ 1\14(2 |V 00M]2+ 3 yavc;\?) d§> dx
R3 R3

1<]a|<4 la]<2 vEA,

+/ (z V.00 (w, )2 + 3 / f’j&'%zg) drdr
0 JR3 yEAY R3

laf<3

! 7 G2
< O()N(0)2 + 0(1)y 3 // / TG ge v dr
JersJo Jrs Jrs M-
t
+0(1)|23/0 /R3 /RS% (V202 G|? + |02Gy|?) déddr

t
+0(1) ¥ // 920|2dwdr + O(1) (o + A~2) // IV,0%p|2dzdr
la|=2/0 JR? \oz|<3

t
1)50// / ”ﬁ)( VeGP + ¥ |Ved2Gyf? + \GfGtP) dédudr.
0 JR? JR? la|<3

la|<1 181<1

(3.23)
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Now we turn to the estimates including the derivatives w.r.t. the velocity £ on the solutions
f(t,z, &) to the Vlasov-Poisson-Boltzmann system (1.2). It is clear that we only need to obtain
the corresponding estimates on the non-fluid component. The main idea is to reduce the deriva-
tives w.r.t. & to the estimates on the derivatives of the non-fluid part w.r.t. the space and time
variables. The following lemma is about the estimates on 907G with v € Ags.

Lemma 3.4 Under the assumptions in Lemma 3.1, we have

t
Z/ / OCE Gede + Y // / YOPGE g dadr
~Ehs JR3 JR3 ~ehs Jo JR3 JR3

2 ! 07G2
< O(1)N(0) +0(1)50762AS/0 /R /R PG g dudr

t
+0(1) > / |02 ®|?dxdr (3.24)
jal=2/0 JR3 " '

t
+0(1) % // IV209(p, u, 0)[2dadr
0 JR3

lof<3

t
+0(1)// / ”15?<|G|2+ 5 (|vxagG|2+|athP)> dédudr.
0 JR3 JR3

o <3

Note that the proof of the above lemma is based on the following three estimates on the
derivatives of G w.r.t. £ and their proofs can be found in the Appendix.

B2 t v B2
5 / / O S dedr + Y / / / HSE tedadr
|3]<4/R? JR3 |8l<a/0 JR3 JR3

9 t |8QG|2
< O(1)N(0)2 + O(1)d |ﬁz<4/0 /R3 /RB S dgdudr
t
+0(1)/0 /Rg|Vx(u,9)]2d$dT

t
v(§)|V0¢G|?
+0(1) a%g/o /R3 /R3 v dédxdr,

(3.25)

s [ ] g+ 5 /t L, [ 2 dedoar
~eAs JR3 JR3 ~eAs JO JR3 JR3

2 ! |07G|?
< O(1)N(0) +o(1)507€zA5/0 /R /R—M dedudr

o [ (5 10w+ 6 (1N 0P+ S .0202) | dedr (3.26)
0 JR3 \1< || <2

laf<3

t (63
+0(1) X // / YOG e g dr
1<|a|<4/0 JR3 JR3

t v B2
o6 X / / SN dedadr,
1<|p|<4 /0 JR3 JR?
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and

762/:\6 /RB /R3 5 WGZJ:X() r® JRs é‘
< ONOP+0Wh 2 // / lmG' dédxdr + O(1 / 02| 2ddr
7k R?/R? Ia\ 2 R3
[e% 2 o
/ / (|V 0%(p,u,0) |2+/ )(IV208 G\ +|82 G| )d§> dudn (327
|a|<3
v Oé B 2
cowso, = [ fo f R s
\ﬂlzlv\alﬂﬁ\gzx 0 Jr3 JR3

t 2
15///%61(“&.
)00 rsJrs M Sdwdr

The following is a direct consequence of (3.23) and (3.24).

Corollary 3.2 Under the assumptions listed in Lemma 3.1, we can deduce that

/ <n+)\ V. aa@y2+/ (Z V,0oM2 4 % |avc;2> d§> dz
|| <3

|| <2 yEAZUAy

yEA3UA4

< O(1)N(0)2 + O(1)6 // / PGE geddr
'yEA3UA4 R JR3

// / (1V.02GP + 92G,?) dedodr
\al 3Jo Jrs Jra M

o) z;/ (05 drdr
a2

+// ( V02 (u, )2+ X ()lmG'Qdf)da:dT
R3 la| <3

(3.28)

+O(1) (60 + A2 // IV,0%p|2dadr.
|a|<3

To obtain the 4-th order derivatives w.r.t. space variables on G, we need to work on the orig-
inal Vlasov-Poisson-Boltzmann equation to avoid the appearance of the 5-th order derivatives.
This can be summarized in the following lemma.

Lemma 3.5 Under the assumptions in Lemma 3.1, we have

t
Z/ / IR geda + 3 // / YOG e 4y

2 ! G
< O(1)N(0) +O(1)507€ZJ\7/0 /R /R PG e dudr

+O(1) (6 + A7) /t/RB ( S V0%, u, 0)2 + 3 |ag<1>|2> drdr (3.29)

|a|<3 || =2

/ /RS /R3 (IGI? + VoG + |Gy[?) dedadr

H(OIVeD G
+0(1)507§A4/0 /R3 /Rg 0GP je g,
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Remark 3.2 To obtain (3.29), we use the property that the fluid part and the non-fluid part
are orthogonal w.r.t. the local Mazwellian M, especially the folowing identity

Z/ PoaM "(LmG) de = Z/ Po(9"M)d (Q(G’G))dgzo. (3.30)

YyEA7 YEA7 M

By (3.28) and (3.29), we can now complete the energy estimates w.r.t. M. First, from
M, + P0(§ : VIM) + P0<§ : vmc;) + V.8 VM =0,

we have

M, [? / 2 / V.M + |V, G2
S . .
/R3 /R3 M dédx < O(1) - VL ®|* + s i d¢ | dz (3.31)

Secondly, we have from the conservation laws (1.10) that

> [ ooz oPd<on) v [ ] S g
|a|<3 /R3 laj<3 /R3 JR3

(3.32)
+0(1)/ ( VL0202 + 3 [V202(p,u,0)| >d
la|<1 la|<3
and
/ / IV.20:0%(p, u, 0)[2dadr
|a|<2 /0
/ / / YOINORCE e 4o i
3 3
'a‘<3 R (3.33)
1 / / (2 0P+ vxa;;(u,e)?) dodr
R3 \|a|=2 |<3
1)éo > // |V 0% p|?dxdr.
|a|<3 /0
On the other hand, since
[, \Po(a'yM)\2 +[P1(0"M) + 0"G[? [Po(7M)|?
> .
L, St = L a€ > e, (3.3
we have by induction and the estimates (3.31) and (3.32) that
> (IV20g (p,u, 0)* + 10005 (p, u, 0) ) da
la|<3 /R?
<o [ | T v.pep+ ¥ Vosouo)P+ £ [ 158
|| <1 || <3 yeA] R3 (3_35)

[Po(o"M)? 202
<o) VEA7/1{‘)/1_&3 . d§dx+0(1)/3/3 MIE e gy

L0(1) % / / TGE jedr +0(1) S | |VL000[2d.
~eAL R3 JR3 la|<1 R3
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Multiplying (3.28) and (3.29) by A; and \? respectively, adding the results, and by choosing
A1 > 0 sufficiently large, we have from (3.31), (3.33), (3.34), and (3.35) that

/R3 ( +A X Ve 60‘<I>\2+ Z (V205 (p, u, 9)|2+|3t3°‘(07u,9)|2)> dz

|| <3
5 (o st | [ f )
7eAl R3 JR3 R3 JR3
] (z LEATOIE |vzpata§<u,e>|2> dodr (3.36)
0 JR3JR3 \|a|<3 la| <2
< O(1)N(0)2 + O(1)y ¥ / |, [ 28 et agavar
vEAL R3 JR3 -
1o // 1920 2dzdr + O(1)(do + A~ // V7,09 p|2dadr.
|a| 2 |a\<3

To recover the estimates on V,0%p in (3.36), we need to use the conservation laws (1.10) as
n [15]. For this, since

20 V.G
—pr Ve ®=—u —u-Vyu— vxe — M
R3 1%

de, (3.37)

for |a| < 3, we have

| <3/ /R3 V7,09 p2dudr

/ Vz05p - V05 0dxdr
\a|<3 R3
/ V208 p - 0Surdadr
|a|<3 R3

/ 3V 0%p - 0% (u- Vyu)drdr
e (3.38)
2y / V., 0% - V,000dzdr

la|<3/0 JR3

-z / / V.00 pu - 02 (V28 dadr

- T (1-bia) T cg/o /Rgvxagp-vmag*a’pag’ (2) dadr

|| <3 0<a/<a

where I;s are the corresponding terms in the above equation.
Now we estimate I;(1 < j < 6) term by term. First, for I;, we have from the Poisson
equation (1.2)y that
t
L=\ V 208 (AL ®) - V08 Pdxdr
“"'<3 (3.39)

// |V .02 |?dzdr.
1<|a\<4
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For Iy, if |o| = 0, we have

t
12:—// Vaep - updxdr
0 JR3

t
t
= —/R3u-Vzpdx —1—/0 /Rgu-prtdach
0

t
t
:—/ u - Vypdx +// divyudiv,mdxdr
R3 0 0 JR3

< O(N(O? +0(1) | |(u.V.p)Pda

t t
+0(1)50// |pr|2dmd7'+0(1)// IV ul2dzdr.
0 JR3 0 JR3

And for o > 1, we have

t ¢
o |2 o, |2
I, <up E /0 /Rg\vxaxpy dxzdr + O(1) E /0 /R?’\antaxﬂ dxdr.

|laf<3 <2

Hence,

and

I < O(ON (0P + 0(1) | |(w, Vp)da
Rt o |2
i+ O(1)d0) |az<3/0 /R?,\vxaxpy drdr

t
o) % / / IV, 0:00u[2dzdr.
la|<2/0 JR3
Similarly, we can prove

t
L0 Y [ [ 19.08 (0w Pdudr,

la|<3

t t
< a |2 a2
Iy <p E /0 /Rd |V 205 p|*dxdr 4+ O(1) E /0 /R3 |V .05 0| dxdr,

o <3 || <3

Is < Z/t/ V7,02 p[2dxd +0(1)Z/t/ / VaOL G egra

lal<3 jal<3

t
I <O Y /0 /R3 IV,0%(p, 0)|*dadr.

o <3

23

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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Substituting (3.39)-(3.44) into (3.38), we have by choosing p > 0 sufficiently small that

t
/ / V.00 p2dadr + X Y V000 2dadr
\a|<3 1<|a|<4 /0 JR3

< O(1)N(0)2 + O(1 / \(u, Vap)[2dz
+0(1 / |V :0,0%u|?dxdr (3.45)
|o<|<2 R3

+0(1) ¥ / V7,02 (u, 0)2dadr
|a|<3 /0 R3

ot
V.03 G2
1)|a|2§3/0 /R3 /R3 N dédxdr.

If we choose A > 0 sufficiently large, a suitably linear combination of (3.36) and (3.45) gives
the following corollary.

Corollary 3.3 There exists a sufficiently large positive constant A\g > 1 such that for X\ > A,
we have

/ (77‘1')\ Ve 3a¢\2+ Z (V202 (p,u,0)|* + Iatﬁa(p,u,9)12)> dx
|| <3

5 (58 |, )
7eAl R3 JR3 R3 JR3

(3.46)
o[ (z Vot (w6 + S (V.02 (w6 A5 \Vﬁ;}@ﬁ)dm
0 JR3 \|a|<3 || <2 1<]|a|<4
< O(1)N(0)*+0(1)6y X / / / YOIOTGE mGl dédxdr.
yEA] R3 JR?

3.3 Higher order energy estimates w.r.t. M_

In this subsection, we will consider certain higher order energy estimates w.r.t. the global
Maxwellian M = M|, 4 | in order to close the estimate (3.46). Compared to those w.r.t.
the local Maxwellian M, the only difference is that the fluid part and the non-fluid part are no
longer orthogonal w.r.t. the global Maxwellian M _, for example,

Z/ P0(67M1\)/IB_W(LMG)CZ£7£0,

(A (3.47)
> / PO(B’YM)I?/I’Y(Q(GvG))dé' £ 0.
YEA7 R3 N

As a result, there is an extra error term in the form of

/ [, (Z Vo2 (O + Y V0w )P+ Y V. aaq>|2> dudr. (3.48)
R

la|<3 la| <2 1<|al<4
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Noticing this difference, we have by repeating the procedure for (3.46) to obtain

/ <n+/\ > V20702 + 3 (IV203(p,u, 0)1% + [0:05 (p, u, 0)] )) dz

la|<3 |a\<3

"5 </R3 /R3 ddo +/ /Rs /R3 MR dgdxdT) (3.49)

SO(l)/O [RJ ( S VL% (p,u, 0) 2+ 2 VL0 0% (p,u, 0)2 + 3 vxagq>|2> dxdr

la]<3 o] <2 1<|al<4

Combining (3.49) with (3.46), we finally obtain

/R (n—i—)\ 3 VL0202 + 3 (|VL0Y(p, u, 0)]24—\(9,560‘(/),%9)\2)) dz

|a| <3 || <3
(/ / PG e gy +// / UG dgdxd7>
"5 Uns Jrs rs Jrs M- (3.50)
+/ S V0% (p,u, 0))2 + X | Ved0%(p,u, 0)2+ X |Vx8g‘(l>]2> dxdr
0 JR? \|a|<3 laf<2 1<]a|<4

N(0)? < O(1)E(fo)?,
which closes the a priori estimate (3.1) provided that € > 0 is sufficiently small satisfying
E(fo) <e,
(3.51)
O(1)e? < 3.

Remark 3.3 (3.50) and the Poisson equation (1.2)s imply that,

/ / B dudr < O(1)&2

which is not true for the Boltzmann equation without force.

4 The proof of Theorem 1.1

We are now ready to prove the main result Theorem 1.1. The idea is to use the continuity
argument to extend the local solution to all time by the closed a priori estimate. To do so, we
first need to have the local existence of solutions to the Vlasov-Poisson-Boltzmann system (1.2)
in the space

0207 (f(t:2,6)—M(€))
H; ([0,T)) =< f(t,,8) : VM- ()

e C([0,1), L2, (R x R?))

laf +|B] < 4

(4.1)

Here T > 0 is some positive constant.

For periodic initial data, the corresponding local existence result was given in [11]. By a
straightforward modification of the argument there, we have the following local existence result
for the Vlasov-Poisson-Boltzmann system (1.2) on the whole space. Thus, we omit the proof for
brevity.
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Lemma 4.1 (Local existence) For any sufficiently small constant M > 0, there exists a pos-
itive constant T*(M) > 0 such that if

020¢ (fo(,€) — M(€))

Jo) = [ V227" (po(@) - 7)) T

et 2

| +[B]<4

<

M
2
Liyg(R3><R3)

then there is a unique classical solution f(t,x,&) € Hié ([0, T*(M))) to the Viasov-Poisson-
Boltzmann system (1.2) on [0,T*(M)) x R? x R? such that f(t,z,£) >0 and

10907 (f(t,2,8) — M(&))[?
déd M.
ogt?’}p |a4%<4/ /R3 7(5) sl =

By using this local existence result and the energy estimates obtained in Section 3, we can
conclude that the Vlasov-Poisson-Boltzmann system (1.2) has a unique global classical solution
flt,z,6) e iy satisfying f(¢,2,£) > 0.

To complete the proof of Theorem 1.1, we show that (1.19) holds. In fact, we have from
(3.50) that

/ /Rs[m'a GE Jedrdr < O(1),

4 OEGE jedz| dr < O(1 /Oo/ / ORGP G ey
dt/R3 /R3 oK N |a\§3 0 JR3JR3 M- <

a|<3
2/

<0(1),
. (4.2)
||z< /0 /RS /Rs'vqi’dﬂdgdxmgoa),
[ d V02 M| < /00/ / |V 0 M2+ |V 2 M, |2
D A R L I A B B
<O(1).
Consequently
0%(M — M)|? 02G|?
Jim 3 /3/ [Va0z ( M)’ Va2 GI e — 0. (4.3)
"% Jajz2 TR IR? -
Since

N2 2 N2 2 % 2 2 %
IM-MP4GE o~ o1 (/ / IM-M[>+|G| d> / / 0 M2+02GI2
/Rs M- f_ () R3 JR3 M- 5 &;3 R3 JR3 M- 5
1 1
+O(1) Z / / ‘BSMP-HBgGPdg : Z / / |8§M|2+‘85‘G|2d§ ’
o1 /Rs JRs M- a2 /Rs JRs M- ’

we have from (4.3) that

T2 2
lim sup / <|M M + |G| ) (t,z,€&)dé = 0. (4.4)
t—00 1 cR3 JR3 M-
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Thus

: \f(t@ ) | : IM(t,2,6)—M(&) >+ G (t,z,£) |2
Jim sup [ MRG0 < O) fim sup [ B2ORielpriStendlag

=0,

which is (1.19). And this completes the proof of Theorem 1.1.

Finally, we estimate the Hix,g(Rg x R?) norm of the solution thus obtained. That is, we
want to prove the estimate (1.20) in Remark 1.1.

By (3.3) and (3.50), we have from the conservation laws (1.10) that

/Rg (Z 10:05 (p,u, O)]* + D 19705 (p, u, 9)|2> dx < O(1). (4.5)

|la|<3 |af<2

Thus for any fixed T' > 0, the global solution f(t,x,&) to the Vlasov-Poisson-Boltzmann system
(1.2) satisfies

/ L s ooz, OP+ 3 R0 0+ T U GE je | dudr
s ; (4.6)

lo]<3 veAL /R

SC( ).

Based on (4.6), similar to the proof for (3.28), we have

(/m/mwdgdﬁ/ /Rg/ngwdgdxdT><c(> (4.7
YEAZ - _

(4.7) together with (3.50) imply
— T 2
O (p—p,u,0—0 2+/ |3VG|2d>d + / / / VOIOTGI e dod
S (oot [ ety 5 [0 f, et
< C(T).

This with the conservation laws (1.10) yields

/1‘3 ( Z |a’y(p_ﬁ7u79_§)’2+ Z 3|81’\Y/[(i|2d§> dx

YEAS veAZ /R

4.9
/ / / YOITGE ey (4.9
we/@ rs JrRs M-
< o(T

Therefore,

2
I ( 5 (07— pu0-O)P+ ¥ ng&Gd&) dx
YEA; YEAS >
/ / / O GE g gy (4.10)
'yeA2 R3 JR3 -



28 Tong Yang, Hongjun Yu, and Huijiang Zhao

With (4.10), the similar argument for (3.28) leads to

</R3 /RB 07( f 0 =M +/ / /RB de@m) <o), @
YEAS - _

Moreover, the same argument gives

(/Rg [ i 7 M2 +/ L] dedxd7> <o), (41
yeA] - -

which is exactly (1.20).

5 Appendix

In the last section, we will give the proofs of the Lemma 3.2-3.5. Since the proof of Lemma 3.4
is essentially the same as the one for Lemma 3.3, we will only prove Lemma 3.2, 3.3, and 3.5 in
the following subsections respectively.

5.1 The proof of Lemma 3.2

Since the local Maxwellian M solves
M; + Po (& VM) +V,@ - VeM = —Po (£ Vs (Lyf (P1(€- VaM)))) ~Po (£ V,0),

we have by applying 9% (1 < |a| < 3) to the above equation and integrating its product with
IM over [0,7] x R® x R3 that

T=t
1 oM _
5/ /Mdgdx‘ -
R3 JR3

t
o 2 oo o
_/0 /Rs /R3 (%Mt + ITMax [PO(’S ) va)]) dédxdr
7=0

t o o . -1 .
_/ / / 99 Mg {Po{&-Va {lf/IM (PL(EV.M)]}} dédxdr
0 /JR3JR3

t o o
- / / / 02O (Vo VeM) e gy (5.1)
0 JR3 JR3

t
_ 02MO2 (P (6:V.0)}
/0 /R 3 /R 3 Py dedzdr

10
:Z_:[J

j=7

where I7 — I1g are the corresponding terms in the equation.
In the following, we estimate I;(j = 7,8,9,10) term by term. First, the a priori estimate
(3.1) and properties of the operators Py and P give

B <oms ) //

|| <le|

u 9)’ dxdr. (5.2)

Notice that

oY o7 . -1 .
P (09 M)92 {Po{¢ VK/I[LM (P1(&V.M))]}} dédzdr

A
(e jed . —1 :
/R P (92 M)92 {Po{¢ V&[LM PLEVMN}} e gy
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and
|| —1

08 {Lath} = Laf (95h) = > 3" CayLad (@ (057 (Lyfn) 087 M)),

J=0 |ajl=j

where C,, are some positive constants. Then,

¢ aM)og{¢- M :
_// / Po(azM)az{SVzl[\iM(P1(§V”M))]}d§dxd7'
0 /JR?JR3
) /t / / Pl[evz(PO(aﬁM))}BS{LKi[PI(E‘VIM)]} dédxdr
R3 JR3

+ / / / Po@eMPEA Ly P EVMI} e G Npge iy
R3 JR3

t
—d// IV,0%(u, 0)2 dedr + O(1)6) 3 //
0 Jrs oZlat Jo Jrs

182:/'*/ / 831(P1(6§‘M))8(;7Q1{Poléfvz[LK,}(P1(§‘VIM))]}}dfdade
0 Jr3 JR3

t PL(02M)8S 1 {Po{ €.V, Lol (P (6V.M o,
_/ /RS /Rs (050, H{Po{EV [ Lad PrEVM} 508 N vy

t t
<g// IV,0%(u, 0)[2 dedr + O(1)5p 5 //
o Jro /1<l Jo JRs

Here d is a positive constant coming from the microscopic H—theorem (1.15) and o = (1,0,0),
(01,0) or (0,0, 1) depending on a.

Hence
t
72%/0/ V0% (u, 0)|* dedr
+O(1)8 // V.02 (p.u.0)| dudr.
\a'|<\a| R3

As to Ip, from Lemma 3.1 and the a priori estimate (3.1), there exists a sufficiently small
constant p > 0 such that

le% 2 le%
!ho!<u// V202 (u, 0)[? dedr + O(1 // / (V0 GPHOIG) e g iy
R3 JR3

+O(1)8 //
|a'|<|a\ R3
1)50// / ”ﬁ?(z VOGP + % |vwa;;’c;|2> dédadr.

0 R3 JR3 o' <a ‘Oc’|§3

Finally, we estimate Ig. For this, we first notice that

t o o .
_/ / /(PO((?ZM)BZI\SIVzé V5M)d§dzd7-
o /R3 JR3
t o a .
7/ / / P1(8zM)6I1\SIVI‘P VgM)dfdde (5.5)
o /R3 JR3
=Jg+J§.

, 2
V.02 (p, u, 9)\ dzdr,

and

, 2
V.0 (p,u,0)| dadr.

(5.3)

V.0% (p,u, 0)‘ dxdr (5.4)
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It is straightforward to show that

<o) //

lo’|<[al-1

u 9)‘ dxdr. (5.6)

And J§ can be estimated as follows.
Note that

t
1 _ o Po(9gM) o & . a—a’
Jy = a% Ca /O /R , /R LM (Vzax P - V08 M) dédzdr

5 Lo (5.7)
_a’ga o
For o/ < a, we have
nga <0(1 / / ‘V %" (p,u,0) ‘ dxdr. (5.8)

| "<l -1
For the case o/ = «, we have
t (o3
Ty == / / / Pol@eM) (7,09® - VeM) dedzdr
R3 JR3
e agp 36 0 3 _ qa le=ul® Aa

/ /Rs /Rs Va0 @ VeM) [( )+2o ((5 u) - Ogu + S5 0$0)}d£dxd7
+O(1)d X / /
lo/|<|al-1 R?

= O(1)do // V.0 (p,u, 9)‘ dxdr + // dedv'
\a/|<\a| 1 R?3 R?3

< 0(1) //
IR

Since

V0% (p,u, 0)‘ dxdr (5.9)

t [e3
Va 80‘ (p,u, 9)‘ dxdr — 2/0 Rs—dlvz(pa WP Jodr.

div, (poSu) = div, (8§(pu)) + Z Y div, (8g’p6§—a'u) + div, (0%u)

0<a/'<a

we have from the a priori assumption (3.1) and (3.3) that

0% @div, (3 poOS~ o )
Z //RS dxdr

0<a/'<a

<O0(1 // (va p,u@’dade,

\’|<| |1

t e . . o
_%/ /ngdxch _ %/0 /R3 (0V,029 vggax@) (©020w) g

t
<own [ f
o <fal-1J0 JRs
t
01)50// IV,000 2 drdr,
0 JR3

f 2
V.02 (p,u, 9)\ dadr
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and

t feY i
3 / / 22208 diva(ou) g, g
0 JR3
t [e3 (o3
= %/ / 781(1)51“(1:1:(17
0 JR3
t [e3 (%
= %)\/ / 7890 ©0%5 Aot 1o dr
0 JR3
3)\/ / Vo082 g, dwdr
R3

43 )\/ / o q»vzevza CRAMARE L TSN
RS

t
ot 0(1)50)\/ / V00®|? dedr

+O(1)6 / /
|a/\<|a| 1 R3

_ 3)\ |Vza ®|2 dx

< -3 de
R3

V.02 (p,u, 9)‘ dxdr.

Thus

t : t
_é/ diva (p2wog® g0 3y [ [Ne022P
2 o Jrs [ — 4 R3 0 0

t
1)5@/ / IV,090? dedr
0 JR3

+O(1)8 ng_l/ot /RS

Plugging (5.10) into (5.9) yields

le% t t
Jg® < — 3 dex +O(1)50>\// V00®|? dodr
R

+0(1)5 / /
|a’\<\a| 1 R?3

Combining (5.7), (5.8), and (5.11), we have

V.0 (p, u, 9)‘ dadr.

Jh< - [ IVatEelg, +O(1)60/\// IV,000 2 dedr
R3 0 0 JR3

+O(1) a/|<za|_1/ot /R3

Therefore, (5.5), (5.6), and (5.12) give

, 2
V0% (p, u, (9)‘ dxdr.

<~ [ TG ] o[ [ V.05 dudr

+0(1)5 / /
R

V0% (p,u, 9)‘ dxdr.

, 2
V0% (p,u, 9)‘ dxdr.
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(5.10)

(5.11)

(5.12)

(5.13)
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Combining (5.1), (5.2), (5.3), (5.4), and (5.13) gives

o t
/ (A\Vx8§¢)|2+/ Wdf) d:n+/ / V0% (u, 0)|? dudr
R3 R3 0 JR3

t
<OWNOP?+0Ws £ [ [ V.05 (p.u.6)] dudr
|’ |<|a R

VE?O‘G2+8O‘G
/[R/R (V=02 CPHOZGP) je gy (5.14)

’ 2
1)50// / ”ﬁ?(z Vedd' G| + 3 |V.00'Gl )dfdxdT
0 JR3 JR3 o' <a |o/|<3
t ;12
+O(1)0jador S // 02'®|" dudr.
o' =2 /0 /R

By (5.14) and noticing dpA < 1, we can obtain (3.17) by summing it over « with |o| = j for
7 =1,2,3 respectively. This completes the proof of Lemma 3.2.

5.2 The proof of Lemma 3.3

As for Lemma 3.3. We only need to prove (3.19) because it is easier to prove (3.18).

Applying 0,0%(|a] < 2) to (1.11) and integrating its product with ata% over [0,#] x R3 x R3
yield

t
/ / 1098 GEN de davdrr
0 JR3

t / 0% G-0,0°( Pl(f-VIM))dgdxdT
R3

R ey
3

3

t
1 8,585G2
L[ st e,
R3 JR3 0

3

~+

It Sl a

&

t

/ 0499 G-0:9% ( vzcb-vgc)
3

3

dédzdr (5.15)

&

t

/ 8,02 Gafaa LMG)dgdxdT
3 JR3

t / 002G O QGC) ge gy
3 JR3

hc\c\c\c\ =

Mz

—

I,
1

J

where I11 — I1¢ are the corresponding terms in the above equation.

Similar to the proof of Lemma 3.2, we have

leY 2
IIn| <01 50/ /3/3’&1‘3/[(}’ dédudr, (5.16)
R3 JR. -
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¢ o
\1.13\§M// / 7y(§)|8ﬁ,‘f“‘G|Qd§dxdr
0 JR3 JR3
t
YOIV, 02 Gy
+0(1)/0 /R/R 2D2Gl eyl
L0135 X /t/ / U210 GP4IY208 ) e g g
o <laf Jo Jr3 JRo M

+O(1)d a%a|/0t /RS

t
B 9,02G-Lyg (0:0°G)
| L5 —/O /Rg /m N dédxdr
ot atagG.Q(ag*a'M,ag’Gt)
2y ce / / / - dédzdr
o' <a 0 JR3 JR3
ot atagGQ(ag*a'Mt,ag/G)
12 % co / / / - dédzdr
o' <a 0 JR3 JR3
t
o v(§)]8:02 G|
< _go v(€)10:0; &I~
< 2/0/R3/R3 N dédxdr

+0(1)do \a’lzé:\al /Ot /R3

t ’ ’
v(©) (19098 G2 +|V2 02 GI?)
+0(1)do a/|§a|/0 As /RS N dédxdr,

, 2
V0% (p, u, «9)‘ dxdr,

, 2
V.0 (p, u, 9)] dadr

and
t [e3
| 116] su/o /Rs /RBV(S)WI(/?””G'QdﬁdxdT
2

t (€)1 Q(ag—a’c;,agg’c;t)
+0(1) ¥ // / N dédxdr
w<aJo JR3 JR3

t [e3
<p / / / YOIOGGE ge vy
0 JR3 JR3

t ’ ’
v(©)(|0:08 GJ24]V.05' GJ2)
+0(1)d a/%}'/o /R3 /Rg = dedzdr.

To estimate I14, we first notice that

t o . o
t ! —a
B o 0:08G (V08 ®1-Ve05~ % G)
aga o /0 /R 3 /R 3 & dédzdr

R S / t/ / 003 G(V= 02 " V0 G1) e g1
aw<a ©Jo Jr3 RS M
3

— J
Dl . J14’

Jj=1

where Ji, — J}, are the corresponding terms in the above equation.

33

(5.17)

(5.18)

(5.19)
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Since |a] < 2, from (3.1), (3.3), and (3.4), we have

t
G2V, -V M
th—%// / 9.9 G V22 VeM e i
0 JR3 JR3

t o 2
1)8 / / / QGG je dudr,
) 0 o Jrs Jrs M 3

T < p /0 t /R 3 /R AQBESE dedadr
+0(1)a§a/0t LI Va8 @RV G g gy g
<4 /t / _/ ZQIT
0 JR3 JR3
1)d %/Ot /Rs /R3|v581{”(:[lG|2d§d1:dT,

leY 2 o’ 2
J14<u// / |8ta VENRIEGI e 1rdr + 0(1)60 Z// / |V58 Ve Gol” e gar
R3 JR3 R3 JR3

a'<a

Consequently

t [e%
Ly < (u+ O(1)do) / /3/3Md§dxd7
R3 JR

o' <a

1)dy 3 / / / wcxgdmdr.
o'<aJo JR3 JR3

Finally, we estimate 12 which is the most difficult part in proving (3.19).
Since

0:0¢ (P1(§ - VaM)) = € V,02 (= V@ - VM — Py (¢ - VM) — Py(¢ - V. G) )
- éo 02 (€ VaM, (3), M) X5+ (€ VoM, Xg)p Xt )

we have

t o . ] .
ho= [ [ [ AOSESEEETN ey,
0 Jr3 JR3
t o o
+// / BtaxGé'Vzaf\/EPo(E-VzM))dgdwdT
0 JR3 JR3
t
00X GE-V 02 (Po(€-V.G))
N / / / 15 ; dédadr
) & £ (5.21)

4 gt 8:92GoY ((€VaM, () M) x4+ VaM,x;) prXy
+ Z/ /R3 /R3 ‘ (< (M)1M>M J M 7t)dé'd.xdT

4
Z J127
k_

where J{, — J}, are the corresponding terms in the above equation.
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JE(k = 1,2,3,4) can be estimated as follows. First, by Cauchy-Schwarz inequality, (3.1),
(3.3), and (3.4), we have from |a| < 2 that

t (o3
Tl < p / / / YNGR g oy
0 /JR3 JR3
t [e3
+0(1) /0 /R 3 /R ECLZALR LA A
t [e3
gu/ / / YUOIOGGE ge v
0 /JR3 JR3

t
+O(1)dy ja+1 22 / |02 ®[2dwdr
2 Jo Jrs

/ 0% p|?dzdT
| ’\ o] R?

+do / V0% (p, u, 0)|*dzdr,
R3

Io/\<|a|

(5.22)

+0(1) (1 — 5 |a|+1) A2

t [e% [e3
J2 = / / / 07 GP1 (V=08 (Po(e VM) e 17
0 JR3 JR3

t
<pu / / / ENOGGE ge gy
0 JR3 /R3

¢ ) (5.23)
+o(1) ¥ / V.02 (u, 0)|2dadr
o/ [T4al JO RS

t
oM 5[] V.02 (p,u,6)Pdedr,
le/|<|e R3

and

3 e 2
J3 < // / YUENOZGI el dr
2 S H o Jrs Jrs N §
t ’
v(§|V203 GI?
on ¥ /0 /R ) /R VI G dedudr
t

+oMs 5[] V.07 (p,u,6)Pdrdr
o’ |<l|e| R?

a t ’
HOIV.02 G2
+0(1)dg o /0 /R ) /R AAIECE dedadsr.

(5.24)

As for Ji,, since

02 (& VM, (3), M) X+ (€ VM, X Xt
= Y Y Vaoy ML (), M) 9y
(v

a'+a’'<a
+ Y 086V MO (F) M) 927y,

a'+a"<a
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we have

t
4 V(©)]0102 G2
] o A

1"

2

Yol a X ozfo/fa )
o) // / <gvza M, 92 (ﬁf tM>M8z X;
j= 0a’+a”<a R3 JR3 M

"
Xjt

2

4 t ev.0e Mo (G)M) age e
o s [N ik
j=0 a/+a/"<aJO JR3 JR3

:K1+K2—|-K3.

dédxdT

dédzdr

(5.25)

If /| > 1, then ["| < 1,|a — & — a”| < 1 because || < 2. And we have from the

conservation laws (1.10), (3.1), and (3.4) that

Ky < 0O(1)do Z // V0% (p, u, ) |*dzdr.

o’ |<|e|

If o’ = 0, we need to consider the following three cases:

(a). o’ =0,
(b). [&”| =1 (then |a —a”| < 1),
() || =la| = 2.

For cases (a) and (b), the same argument to the case of /| > 1 gives

Ky <0(1)6 > // V0% (p, u, ) |*dadr.

|| <l|a|

For the case (c),

t , 2
Kol <0 = [ [ V0.0, 0) 0105 (p.u.0)] doar

|oz’\<1

o // V(.. 0) 2 0405 (p,10,0)| drdr

\O/I 2

< 0(1)d //
i Jo o

Here we have used (3.1), (3.3), (3.4), and the conservation laws (1.10).
Thus we have

V.0 (p, u, 9)‘ dadr.

Ky <0y Y // V.02 (p, u, 0) |2 dwdr.

la’|<[e

Similar estimate holds for Kj.

Consequently
t (03
Ji‘zéu/ / / vNOOCE g vy
0 JR3 JR3

+O(1)8 // V.0 (p, u, 0)[2dzdr.

|af|<\a|

(5.26)

(5.27)
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By plugging (5.22), (5.23), (5.24), and (5.27) into (5.21), we have

t [e%
L <p / / / VNSO G g dedr
0 JR3 JR3

t /
v(§)|V.08 GI?
row |a'|=21+|a|/o /Rs /R3 Mo dbdudr
t

LO()s 3 / IV,0% (p, u, 0)[2dwdr

la’|<|a| /O

2
IR (5.28)
|a'|<|a\ R? JR?

+o(1) / / V02 (u,0)| dudr
|a'|=|a|+1 0 /RS
+OWjeirn 2 / /R (0 B2dudr

+0(1) (1—51 |a\+1 | ’I | / /R3|8a p|2dzdr.

Combining (5.15)-(5.20) with (5.28), we obtain
10:02 G| t/ / v(£)[0,02 G[2
/RS /R3 i d§dx+/0 s Jres M dédxdr
t [e3
< O(1)N(0)2 + O(1)5 / / / D2 G ge gty
0 JrsJrs M-
t o of
+0(1) % / /3 (]V;,;ag‘/(u, 9)y2+/ H(E)(VaOZ GPHO: Gt'Q)dg) dudr
/| =T +al Jo JR

o 50\ 1<) |/ /R3 <‘V Y (p,u, 0) |2+/ SU=Z O eloz P d€> dedr (5.29)

+HOWh 1ol & / |0 @l daar

—i—O(l)( 51,1+|a|) >\_2| ,|Z| / 3|c{9‘,‘;‘,p|2dxal7'
ol [ fo i (5, [Fere = 5 [veref
150// / Z6] V:0Y' G V0¥ G| | dedwdr.
0 JR3 JR3 M |o¢’|<|a\ ¢ |o<’|<|oc\ ¢
(3.19) follows directly from (5.29). This completes the proof of Lemma 3.3.

5.3 The proof of Lemma 3.5

For Lemma 3.5, by applying 07(y € A7) to (1.2);, multiplying it by %, and integrating the
final equation w.r.t. t,z, and £ over [0,%] x R3 x R3, we have

t
by [ 1fRagd) ~ - / [, ]S M+ € 9.0 dedndr
7€A7 R3 JR3 0 'y€A7 R3 JR3
/ [ [ 2 agavar + 5 / L, | 2 dgdzir (530
'y€A7 R3 JR3 'yEA7 R3 JR3

// / DTG ey = z I
’YGA7 R3 JR3 7
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where I17 — Iy are the corresponding terms in the above equation.

Now we estimate [;(j = 17, 18,19, 20) term by term. First from Lemma 3.1, (3.1), (3.3), and
(3.4), we have

t
Ly <0(1)% ¥ // / DI je dzdr
~errJo JR3 JR3 V-

t
107 GJ?
1)(50’%;\7/0 /R3 /P{5 o dédxdr (5.31)
t
i [ [ (z V202 (p,uw,6)P + 5 ra;@\?) drdr,
0 JR? \|o<3 |ar|=2

t
. (P1(0"M)+P1(07G))0"(LmG)
Ly = §\7 ) /R3 /R3 N dédxdr
o (5.32)
+0(1)50/0 /R /RSWg(|G|2+|V G2 + |G, ) déddr
I

3(2 V.08 (0., O + 5 rw) dudr,
|

al<3 la|=2

and

Ing = / / / (P1(87M) +P1(avc))aa( (GG ge ddr
€A7 R3 JR3

<u > // / %dfd:ﬂcﬁ
yEA7 R3 JR3

o (5.33)
o 50// / YO (|G + VLG + |Gy[?) dedadr

1)50/ L, < > Va2 (o, 0) + X yagcpP) dadr.
0 JR

|| <3 |or|=2

For Ig, note that

t
_ 07V ®-V:OTf
Iig = 7%\7/0 /Rd /RsiM dédxdT

t
B OV fV, 01DV, f
ZA/ R
t o ’
-y v CV// / VN0 2 OV T G dpdr
R3 JR3

yEA7 0<y/ <y

(5.34)

3

= Z J187

where Jig — Jis are the corresponding terms in the above equation. We have from the conser-
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vation laws (1.10), (3.1), (3.3), and (3.4) that

Hy=—5 > // / DI, ® - VeMdedadr
yEA7 R3 JR3

v(8)]07 f|?
< J1F J1
<O0(1 50761\7/0 /Rd /RJ v dédxdT

' (5.35)
<Oo()s) ¥ // / YOG g dydr
’yEA'y 0 R3 JR3
t
1)50// (z V0% (oo, ) + 3 000 >d$d7'.
0 JR3 \|a|<3 || =2
For J?, notice that
t
JE=— % // / Po@M)V=0"8-TM e g
yeA7 JO R3 JR3
t
_ Py (M)Vad ®VG e 0
EM /0 /Rg /R3 M Sdzdr (5.36)
t
S // / avcvzfgé-véedédde
~eArJo JR3 JR3
= Ky + K5 + Kg,
we have from (3.1), (3.3), and (3.4) that
t t
Ki<iy [ / PGP dedodr + O ¥ [ [ 1P dadr
~errJo JR3 JR3 ~errJo JR3
t
<oWN! [ V02w 0) dadr,
la|<3/0 JR3
G2
K5 < O(1 50// S VL2 (o 0)2 + Y |a;}<1>|2+/ ”“”&'ds dadr,
| |<3 =2 R?
and
t t
Ke < 0(1)5 3 // / Md&ddeJrO(l)éo// / HOIVEGE g gy
~EA7 R3 JR3 0 JR3JR3
)6 3 // IV,0%(p, u, 0)|? dadr.
|a|<3 /0
Thus
t
Fe<om @+ [ (z Va03 (. O + 3 \8§“<I>\2> dadr
0 /R? \|a|<3 o] =2 (5.37)

t t
s 3 /0 /RS /Rg”(f)'fdi”c'ngdxdT+0(1)50/o /RS /RSMMEG‘Qdﬁd:EdT.
YEAT
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Finally, for Ji, since

Jf’s = - > Cw / /R3 /Rs ki ¢V§ (PO <8 )) dédxdr

76A7 0<y' <

- = CV//jo/RBPOaVMvm v<1>v§( (a )+8V/G>d£dxd7

76A7 0<y/ <

GV, BV, (av )
-y oy CV/// . dédudr
R3 JR3

YEA7 0<y/ <~
= K7 + Kg + Ko,

we also have from the conservation laws (1.10), (3.1), (3.3), and (3.4) that

t
Kr < 0(1)50/ / (Z Va0 (oo, O)2 4+ 3 |a§;<1>12) dudr,
0 /R

(5.38)

|er|<3 |or|=2

t
V&)V G2
Ke go<1)50762A4/0 /RB /R3 0GP e gy

t
i [ [ | ( 5 V.08 (.00 + ¥ a;@\?) dedr,
0 JR

laf<3 laf=2
and .
v(€)IVed GI?
Ky < 0(1)50762[\4/0 /RS /RS DG ey
t
v(§)[0"G?
oms 5 | /RB /RS DGE 1.
Consequently

J% <0(1)d ¥ // / YO SE jegrdr + O(1)dy 3 // / TGP ge o gy
YEA, R3 JR3 ~EA7 R3 /R3 (5.39)
na [ [ (Z Va0 (o, w0 + 3 |05 >dm.
0 JR3 \|a|<3 |a|=2

Combining (5.35), (5.37), and (5.39) yields

Lis < O0(1)§y 3 // / YONDCE e dadr + O(1)50 3 // / UORGE ey
yEA4 R3 JR3 ~EA7 R3 JR3

(5.40)
1) /O L, ( S Ve0(pu,0)F + T (090 )dwdr

|a‘§3 ‘Ol|:2

Substituting (5.31), (5.32), (5.33), and (5.40) into (5.30), we finally obtain

Z/ / O dgdr + ¥ /t/ / UG ge 4y
’YEA7 R3 JR3 M ’yEA7 0 R3 JR3 M
t
< O()N(0)2 + O(1)d) 3 // / 0GP 4e gy
YEA7 R3 JR3 N

(5.41)
) (6 + A1 //R <a|< V. 0%(p,u, )2+ 3 029 )dm

|a|=2

5// / (IGr\QJrIVgGI2 + G2+ X |Ve0'G )dfdazdr
R3 1:{d Ay
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This is (3.29) and completes the proof of Lemma 3.5.
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