EQUIVALENCE OF LOW FREQUENCY STABILITY CONDITIONS FOR

MULTIDIMENSIONAL DETONATIONS IN THREE MODELS OF
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ABSTRACT. We use the classical normal mode approach of hydrodynamic stability theory
to define stability determinants (Evans functions) for multidimensional strong detonations
in three commonly studied models of combustion: the full reactive Navier-Stokes (RNS)
model, and the simpler Zeldovich-von Neumann-Déring (ZND) and Chapman-Jouguet (CJ)
models. The determinants are functions of frequencies (A, 7), where X is a complex variable
dual to the time variable, and n € R?! is dual to the transverse spatial variables. The
zeros of these determinants in R\ > 0 correspond to perturbations that grow exponentially
with time.

The CJ determinant, Acs(),n), turns out to be explicitly computable. The RNS and
ZND determinants are impossible to compute explicitly, but we are able to compute their
first-order low frequency expansions with an error term that is uniformly small with re-
spect to all possible (\,n) directions. Somewhat surprisingly, this computation yields an
Equivalence Theorem: the leading coefficient in the expansions of both the RNS and ZND
determinants is a constant multiple of A ;! In this sense the low frequency stability condi-
tions for strong detonations in all three models are equivalent. By computing Acy; we are
able to give low frequency stability criteria valid for all three models in terms of the physical
quantities: Mach number, Gruneisen coefficient, compression ratio, and heat release. The
Equivalence Theorem and its surrounding analysis is a step toward the rigorous theoretical
justification of the CJ and ZND models as approximations to the full RNS model.
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Part 1. Introduction

It is well-known that detonation waves, in spite of their similarities to nonreactive shocks,
exhibit a wider variety of instabilities than shocks. For example, detonation waves propa-
gating in gas-filled tubes can display “galloping” and “spinning” structures. The surface of
a planar detonation front often has a cellular structure [FD] consisting of transverse waves
which travel across the front. Observations show that these are unsteady structures which
fluctuate, decaying until they are reinvigorated by collisions with other such waves. This
rich variety of behaviors indicates the multidimensional nature of detonation fronts and the
complexity of the stability problem.

In this paper we study the spectral stability of strong detonation fronts in the model of
reactive flow given by the full reactive Navier-Stokes equations (RNS), as well as in two of the
most thoroughly studied simplified models, the Zeldovich-von Neumann-Déring (ZND), and
Chapman-Jouguet (CJ) models. The RNS model consists of the compressible Navier-Stokes
equations coupled to a reaction equation; the model takes account of effects due to viscosity
and heat conductivity in addition to species diffusion, reaction rate, and heat release. In the
ZND model the dissipative effects of viscosity, heat conductivity, and species diffusion are
neglected (at times we’ll refer to the combination of these dissipative effects as “viscosity”),
but the reaction is still assumed to proceed at a finite rate. Thus, the system looks like
the FEuler equations coupled to a reaction equation. Finally, in the CJ model the reaction
is assumed to proceed instantaneously, so the reaction equation is eliminated entirely and
we are left with Euler equations in which the internal energy terms change discontinuously
across the front that is the boundary between completely burnt and unburnt gas.

The three models are described precisely in Part 2. We first describe the actual physical
equations and then generalize to abstract models that contain the physical equations as
special cases. We formulate structural hypotheses for the abstract models in Part 3, and
then prove our main Equivalence Theorem (Theorem 0.1 below) in the abstract setting.
Every abstract structural assumption is satisfied by the corresponding physical equation.
We work with the abstract models not just in order to generalize; in fact, they make it
easier to see what structural features of the physical equations are really important for the
purposes at hand.

For each of the three models we apply the classical approach of hydrodynamic stability
theory (e.g., [Ch, DR, FD]) to study the stability of steady planar detonation fronts. That is,
in each case we linearize the system about a steady solution and look for oscillatory “normal
mode” solutions to the linearized problem of the form

(0.1) N(t, o, z) = MWz, N, n),
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where the surfaces x = constant are parallel to the front, v' = (yi,...,yq—1) are the trans-
verse variables, ¢ is time, and \ = i7 + 7,  are dual variables with (7,7) € R? and v > 0.
Solutions (0.1) with v > 0 and n decaying as x — £oo correspond to multidimensional per-
turbations that grow exponentially with time. The spectral stability problem is to identify the
locations in frequency space (i.e., (A, 7)—space) where exponentially growing perturbations
do or do not exist. For each model we define an associated determinant, denoted Dgys(A,n),
Dyznp(A,n), or Acy(A,n), which vanishes precisely at those frequencies (\,7) where expo-
nentially growing perturbations exist. Thus, solving the spectral stability problem for a
given model is equivalent to locating the zeros of the corresponding determinant.

The function Dgyg(A,n) is an Evans function, a Wronskian of decaying solutions to the
linearized equations, while Ag; is a Lopatinski determinant, much like the stability determi-
nants defined by Kreiss [K] for hyperbolic boundary problems or Majda [Mal] for nonreactive
shocks. The function Dzyp, which we’ll sometimes refer to as the ZND Evans function, is
really a combination of the two kinds of determinants.

The spectral approach to stability questions in combustion was initiated by Erpenbeck
[E1, E2, E3, E4, E5, E6] for the ZND model in the 1960s (a summary of this work is given
in [FD]). He defined a “stability function” (called V(A,n) in [E1]) in the frequency domain
{(\,n) : RX > 0,|n| > 0}, whose zeros coincide with those of our Dz p in that domain.

A major difficulty with the spectral stability problem for the RNS and ZND models is
that the steady solutions in those cases are travelling-wave profiles

Vens(z) — Vi as x — £o0, or
(0-2) Vynp(z) — Vi as x — +o0;
so the corresponding linearized problem for n(x, A, n) is in each case a complicated system of
nonautonomous ODEs in x depending on frequencies as parameters. It is precisely because
of this difficulty that much of the research on the detonation stability problem relies on
numerical computations. Following Erpenbeck, Fickett & Wood [FW] initiated a series of
numerical investigations that continues up to the present day (e.g., [AT, LS]).

Remark 0.1. The profile Vryg () is smooth on (—oo, +00), while Vzyp(z) has a discontinuity
at x = 0, often called the von Neumann jump, which reflects the neglect of dissipative effects
in the ZND model.

In addition to the numerical investigations, various asymptotic regimes have been con-
sidered. Erpenbeck [E5] treated the case of high frequency perturbations, while weak heat
release and high activation energy have been considered by [SS, Sh, AT, BN] among others.
Majda, Bourlioux, Colella, and Roytburd [BM1, BM2, CMR] use a combination of theoreti-
cal, asymptotic, and numerical ideas to study the structure of detonations. In this paper we
give the first theoretical treatment of the low frequency regime |\, 7| < § that is uniformly
valid as RA — 0.

In the CJ model we linearize about the steady solution given by the constant endstates
V4 in (0.2). Thus, we obtain a much simpler system of ODEs for n(z, A, ) in this case, and
it turns out that the determinant Ac (A, n) is explicitly computable in terms of measurable
physical quantities. One of the main results of this paper, the Equivalence Theorem, implies
that Agy can in fact be used to deduce information about Dpyg and Dzyp in the low
frequency regime |\, n| < § corresponding to long-wavelength perturbations. Here, of course,
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we assume that the constant states defining the steady CJ solution are the endstates as in
(0.2) for both the RNS and ZND profiles. The low frequency regime is the only regime where
we can reasonably expect agreement of spectral stability conditions for the three models (see
part 3 of Remark 0.3).

In order to describe this theorem we first introduce polar coordinates

(03) ¢=pl=p(7.5,1), p=(]
(sometimes we also write ¢ = p(\, 7)), where

(04) Cest={C=(747):(7.9) €R,[(| =17 >0}
Thus, when |\, 7| > 0 we may unambiguously write

(0.5) Drns(An) = Dans((, p),

and do similarly for the other two determinants. In fact, Acs(A, n) is homogeneous of degree
one in |\, 5| > 0, so we have

(0.6) Acs(C,p) = pAcs(C,1).

The determinants DRNS(QA',p) and DZND(f,p) are not homogeneous in p > 0, but both are
readily shown to vanish to at least first order in p as p — 0.

The three determinants are first defined in the frequency domain {(QA” ,p) 4 >0,p> 0},
where they are C*° (in fact, analytic) functions. An essential prerequisite for a uniform
stability analysis in the low frequency regime is to construct continuous extensions of

(07) DRNS(C’ p) ’ DZND(C? p) 5 and ACJ(éa 1)

p p

to the domain

(0.8) {(¢.p):4=>0,p>0}.
Let us briefly indicate how this is done in the case of the RNS system. Imagine that the
second order linearized problem is rewritten as a first-order system:

(0.9) U, — G(z,¢, p)U =0,
and consider the associated constant-coefficient limiting problems
(0.10) U, — G+ (C,p)U =0,

obtained by letting # — o0 in G(z,¢, p) (recall (0.2)). Let E.(C,p) denote the vector
spaces consisting of initial data at x = 0 of solutions of (0.9) that decay as z — +oo. We

note that DRNg(é' , p) may be defined for p > 0, up to nonvanishing factors, simply as

(the dimensions of Ey work out so that the determinant is well-defined). Constructing
the desired continuous extension of the first function in (0.7) now reduces to continuously
extending the spaces Ey(C, p). Note that we can define analogous spaces Fi.(C, p) for the
limiting problems (0.10).

A conjugation argument first given in [MZ1] and used repeatedly in [GMWZ1, GMWZ2,
GMW?Z3]| allows us to reduce the study of (0.9) to the much simpler problem (0.10). Thus,
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continuous extension of the spaces E. reduces to continuous extension of Fy. For p > 0
Fy(C,p) is just the sum of the generalized eigenspaces of G4 (C,p) corresponding to eigen-
values ,u(( p) with FRu > 0. Thus, it is easy to obtain continuous extensions near points
(¢,p) with 4 = 0 and p = 0 in the cases when G (C, p) has no pure imaginary eigenvalues,
or when its only pure imaginary eigenvalues are simple. The main difficulties occur near
glancing points, which are by definition points (é , p) where Gi(f ,p) has at least one pure
imaginary eigenvalue of multiplicity > 2. They constitute a proper subset of {p = 0,4 = 0}.
The problem is to understand how eigenvalues and eigenspaces vary as the two parameters
4 and p are perturbed to positive values near these points. Observe that glancing points are
a special feature of multidimensional problems; they do not occur in 1D.

The extension in the CJ case, where the parameter p plays no role, easily follows from the
work of Kreiss [K] and Majda [Mal]. The extensions in the (two-parameter) ZND and RNS
cases present new difficulties, many of which are identical to those encountered in [MZ1,
MZ2, GMWZ3], where it is shown how to construct continuous extensions of the decaying
eigenspaces that arise in the study of viscous boundary layers and nonreactive viscous shocks.
In Part 3 we define the three combustion determinants and give the conjugation argument
(specifically, conjugation of the limiting system (0.10) to a block diagonal form Gp.; see
Proposition 4.4) needed to place the extension problem for the RNS and ZND determinants
into the framework of [MZ1, MZ2, GMWZ3|. The references [MZ1, GMWZ3] show how to
construct Kreiss-type symmetrizers for the limiting system in GG+ form. Those symmetrizers
(which have in the past just been used to obtain linearized stability estimates) can then be
used as in [MZ2] to obtain continuous extensions of decaying eigenspaces.

Remark 0.2. The analysis of this paper makes no explicit use of Kreiss symmetrizers. Once
we show that the limiting RNS and ZND systems can be put in Gy form, we just cite the
above references to obtain continuous extensions of decaying eigenspaces.

With the continuous extensions in hand, we are now in a position to derive uniform low
frequency expansions for Dgrys and Dyzyp. This is done in part 4, where we prove the
Equivalence Theorem (see Theorem 6.2 for a precise statement):

Theorem 0.1. Assume that the states V. define a strong detonation solution to the Chapman-
Jouguet system with Laz n-shock structure (See Definition 1.1 below). Then

(@) Danp(C,p) = pBiAcs(C, 1) + O(p?),
(b) Drns(C, p) = pBalAcs(C,1) + o(p)

for constants By and B, C € St ={(\n) : [An = 1,R\ > 0}, and p = |A\,n| > 0.

The errors are O(p?) (respectwely, o(p)) uniformly for ¢ € S4. The constants By, B2 are
nonvanishing precisely when the corresponding profiles define transverse connections.

(0.12)

A key point is that the same factor Ac(C, 1) appears in both (a) and (b) of (0.12). Thus,
Ac¢y contains the essential information about low frequency stability for all three models,
and so in this sense the low frequency spectral stability conditions in all three models are
equivalent. The theorem can be viewed as a step toward the rigorous theoretical justification
of the CJ and ZND models as approximations to the more complete RNS model.



6 HELGE KRISTIAN JENSSEN, GREGORY LYNG, MARK WILLIAMS

An important consequence of the Equivalence Theorem is that transversality and nonva-
nishing of A¢,(¢, 1) (immediately) imply precisely first order vanishing of Dgys and Dzyp
at p = 0, uniformly with respect to ¢ € S?. In turn this yields

Drns(Cp) #0for 0 < p <4
Dznp(C,p) #0for0< p<d

for § small enough and independent of (é ,p). This result can be used to rule out violent low
frequency instabilities for 0 < p < § and also weaker instabilities where 4 might be 0.
Another consequence of Theorem 0.1 is that, under certain circumstances (e g., assuming

(0.13)

“one-dimensional” stability: 3;Acy # 0 when 7 = 0) nonvamshmg of A¢ J(C ,1)in 4 > 0 is
a necessary condition for nonvanishing of DRNS(C p) or DZND@ p) in v = py > 0 (see [Z],
Lemma 3.2 for a nearby argument). In other words absence of violent CJ instabilities is a
necessary condition for absence of violent RNS or ZND instabilities.

In part 5 we compute Acy; and the transversality coefficients (31, (o for the physical
equations. We characterize precisely when Ag J(é‘ , 1) has:

(a) a zero with 4 > 0,

(b) a zero with 4 = 0 but none with 4 > 0,

(c) no zeros with 4 > 0,
in terms of the physical quantities: Mach number, Gruneisen coefficient, compression ratio,
and heat release. Using this result, we show that strong detonations occurring in an ideal
polytropic gas are always uniformly low frequency stable; that is, Agy is nonvanishing on
S,

+The local well-posedness in time of the RNS and ZND models is far from immediately
obvious; especially in the case of the RNS model with its degenerate (or “real”) viscosity.
Kawashima [Ka] constructed symmetrizers for the nonreactive Navier-Stokes equations that
yield local well-posedness in time by a simple integration by parts argument. In the Appen-
dix, we write down a Kawashima-type symmetrizer that works in the same way for the RNS
and ZND models. It turns out one can do this by starting with a Kawashima symmetrizer
and adding an appropriate row and column corresponding to the reaction equation.

Remark 0.3. 1. As far as we know the first low frequency expansion of an Evans function of
the type that appears in (0.12)(a), for example, was given for 1D viscous shocks in Gardner-
Zumbrun [GZ]. The first such expansion for multidimensional (nonreactive) viscous shocks
appears in the pioneering paper Zumbrun-Serre [ZS]. There, one has an Evans function
D(C, p) for a planar viscous shock, and in place of Ay one has the Majda [Mal] uniform

stability determinant A(é , 1) for the corresponding inviscid shock. The analogue of equation
(0.12)(a) in that setting,

(0.14) D(C, p) = BpA(C, 1) + o(p),

can be viewed as asserting the commutativity of low frequency and vanishing viscosity limits
(the dependence of the functions D and Dgyg on viscosity has been suppressed in the
notation). However, the analysis of [ZS] assumes 4 > 0, and is not valid uniformly for
4 — 0. Without such a uniform analysis one cannot deduce statements like (0.13), assuming
transversality and nonvanishing A. Instead, one can only make a weaker statement where ¢§
depends on (, p) and 6(C, p) may vanish as 4 — 0 for some (7, 7).
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A similar problem is present in the discussion of the stability function V(\,7) defined for
the ZND model by Erpenbeck in [E1]. V(A7) is defined just for R\ > 0, and there is no
uniform analysis of its behavior as 4 — 0. As far as we know, Erpenbeck made no attempt to
compute a low frequency expansion of V; but in a later paper, he studied the high frequency
limit [E5].

2. A partial proof of the low frequency expansion (0.12)(a) for the RNS model with
“artificial” (positive) viscosity was sketched in Appendix A3 of Zumbrun [Z]. In the RNS
case, our main contributions are to extend the argument to the case of “real” viscosity (only
partially positive, because viscosity does not appear in the conservation of mass equation),
and to provide an analysis that is uniformly valid as 4 — 0 (not discussed in [Z]).

There is also an attempt in Appendix A3 of [Z] to derive a low frequency expansion
for Dzyp. An equation of the form (0.12)(b) is derived there, but where A¢; is replaced
by a “nonequivalent” Lopatinski determinant A (nonequivalent in the sense that there is
no reason to expect the two determinants to have the same zero sets). This discrepancy
between the RNS and ZND low frequency expansions was interpreted there to reflect the
noncommutativity of low frequency and small viscosity limits for the RNS model. The reason
for the discrepancy turns out to be that [Z] worked with an incorrect expression for Dynp.
Theorem 0.1 shows that if one starts with the correct ZND Evans function, there is no
discrepancy.

3. The equalities in Theorem 0.1 are at first sight rather remarkable, since RNS profiles
are close to ZND profiles only when viscosity is small compared to width of the reaction
zone (see [GS]). Yet the determinant Aq is independent of viscosity and size of the reaction
zone. On the other hand, one might expect such a result since very low frequency (i.e., very
long wavelength) perturbations should, roughly speaking, not even “see” the von Neumann
jump in the ZND profile or the region of finite extent where the ZND and RNS profiles differ
appreciably. The proof of Theorem 0.1 confirms this vague expectation.

Part 2. Three models of combustion

We set yq = = and denote spatial directions by (y1,...,ys). The reactive Navier-Stokes
(RNS) equations for a d-dimensional reacting fluid with a one-step exothermic reaction are
given in Eulerian coordinates as (see, e.g., [Wi])

(0.15a) pt + div(pu) = 0,
(0.15Db) (puj)e + div(puju) + py, = eAu; +vdiv(uy,), j=1,...d,

. _ _ lu? :
(0.15¢) (pE); + div [(pE + p)u] =A(kT + 67) + ediv((Vu)u)+

(v — €) div((divu)u) + div (¢gppsVY),

(0.15d) (pY ) + div(pYu) = div (pBVY) — kpY o(T).
Here the unknowns are (p,u,7,Y’) and the system has dimension (n + s) x (n + s), where
(0.16) n=d+2, s=1.

(Later we’ll consider a more complicated multi-step model in which several species of gas
are involved, so in that case s > 1.)
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The divergence is taken with respect to the spatial directions and the matrix Vu in (0.15¢)
denotes the Jacobian matrix of the velocity vector with respect to the spatial variables. We
write

L
E=e¢+ T,
and our labels are given in the table below.
p density
P pressure
u=(ug,...,ug)" fluid velocity
temperature

specific internal energy
mass fraction of reactant |
viscosity coefficients
heat conductivity
species diffusion
reaction rate

heat release

R T @I X~ D
)

The quantities €, v, k, 3, k, and ¢ are assumed to be positive constants. We note that the
assumption ¢ > 0 corresponds to an exothermic reaction. In this case we also write

(0.17) e =e+qY, where e = ¢, T,

and we write E := e+ |u|?/2. We further assume that the pressure is a given function of the
density and the gas-dynamic specific internal energy, so

(0.18) p=plp.e).

Finally, the smooth, increasing function function ¢(7") is the ignition function. We make
the standard assumption that ¢ satisfies ignition temperature kinetics, that is,

0, for T' < T;
(0.19) oT) =
1, forT'>1Ty > T;

Thus, ¢ serves to turn on the reaction in equation (0.15d).

Definition 0.1. To obtain the ZND equations from the RNS equations, simply set the
constants €, v, k and [ equal to zero in (0.15a)-(0.15d). To obtain the CJ equations from
the ZND equations, we eliminate the reaction equation (0.15d), and in the energy equation
(0.15¢) define é = e + ¢ in the unburned gas (where Y = 1) and é = e in the burnt gas
(Y =0).

Subtracting ¢-(0.15d) from equation (0.15¢) we obtain,
uf?

(0.20) (pE); + div [(pE + p)u] = A(KT + euT)+

ediv((Vu)u) + (v — €) div((div u)u) + gkpY ¢(T).
If we denote the gas-dynamical variables by V' = (p,u,T), and set
(0.21) w=((V)Y),VeR"Y ecR’
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and yo = t, we see that the system (0.15a),(0.15b),(0.20), (0.15d) is a special case of the
following abstract model corresponding to an s-step exothermic reaction:

(0.22) ZFj(w)yj = Z (Bjk(w>wyk)yj + R(w).

Here, corresponding to the decomposition w = (V,Y), we have

: V)N

j f— . pu—
(0.23) F(w) = (gJ(V)Y ,j=0,...,d,
where f7 € R", ¢/ € R!. We split the variable V
(0.24) V= (Wi, Vo),V €R", V3 € R’

(for the physical equations, Vi = p, Vo = (u,T)), and the matrices B* € R("+$)x("+3) have
the form

7k X ' ! .
(0.25) Bj’“(w):(B O(V) Dj"“O(V>> B 8 b]k(()V) Dj’“o(V)

where B/* € R™*n pik ¢ R™" Dik € R**s. The forcing term is

(026) rw) = (YKot

where ¢ € R, Q € R™* and K € R*** are constant matrices, and

(a) K is positive definite,

0.27
(027) (b) the first n — r rows of @ are 0.

For the one-step physical equations we have, for example,

P WV)=p, ¢(V)=puj,j=1,....d
D*(V) = Bpdj. (Kronecker delta)

(0.28) W(V) = po(T)
Py =(p pu ple+ M)
Q=1(0,...,0,q)",

so the first n — 1 rows of @) are 0 (not just the first n — r).

Remark 0.4. In an s-step reaction, the y; component of Y € R® represents the mass fraction
of the j-th reactant, with y; € [0,1] and y; = 1 (resp. 0) corresponding to the completely
unburnt (resp., burnt) state. The completely burnt and unburnt states are represented by

(0.29) 0=(0,...,0)eR*, 1=(1,...,1) € R?,
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respectively. The n x s matrix @) in this case has the form

0 ... 0
=1y ol
g --- (s

where g; denotes the heat released in the jth reaction, ¢; > 0 in the case of an exothermic
reaction.

Definition 0.2. The abstract model for the ZND equations has the same form as (0.22)
with all B* set equal to 0.
3 The abstract CJ model has all B/* = 0, R(w) = 0, and all ¢ = 0, but f7 is replaced by

fi

(0.30) Y PV, =0,

J=0

where (recall (0.15a)-(0.15d))

=) f(V), in the burnt gas
(0.31) Fv)= {fj(v) + gJ(V)Ql, in the unburnt gas

Part 3. Profiles and Evans functions

1. STEADY DETONATION PROFILES

1.1. The CJ solution. The steady solution for the CJ system (0.30) is given by a pair of
constant states

(1.1) wy = (Vy,1)inx >0, w_ = (V_,0) in z <0,

satisfying the Rankine-Hugoniot condition at x = 0 (which expresses conservation of mass,
momentum, and energy for the physical equations):

(1.2) FUVE) + g'(Vi)QL = (Vo).
We assume that w. define a strong detonation with Lax n-shock structure.

Definition 1.1. Let o/ = df’ € R™" and set A7 = (a®)"'a’. The states wy are a strong
detonation with Lax n-shock structure provided:

(a) they satisfy the jump condition (1.2), and

(b) the n x n matrix A%(V,) has n eigenvalues < 0, while A%(V_) has n — 1 eigenvalues
< 0 and one eigenvalue > 0.

Remark 1.1. 1. The existence of CJ solutions as in Definition 1.1 for the physical equations
is proved in [CF, FD]. We assume their existence for the abstract model.

2. The case of a planar front moving with nonzero constant velocity can be reduced to
the present case by a change of frame.
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3. In the case of the physical equations, say when d = 3, the eigenvalues of A%(V) are
(recall V = (p,u,T)) ug, ug, ug, ug = c, where c is sound speed

PDe ppr
1.3 2=y 4 e _ .
( ) Dp p2 Dp pQCv

Thus, the assumption of n-shock structure corresponds to the statement that unburnt gas
is moving from right to left across the front (u4, < 0), and that the gas speed is supersonic
ahead of the front (Jugy| > c4) and subsonic behind (Jug—| < c_).

1.2. RNS profile. The RNS profile is a smooth solution w(x) = (V(x),Y (x)) of the abstract
model (0.22) such that

(1.4) wW(r) — wy as v — oo,

where wy are given by (1.1). This is equivalent to saying that w(z) defines a heteroclinic
orbit of the steady travelling-wave ODE:

(1.5) Fd(@)/ _ (de<w)w/)/ + R(w)

connecting the endstates wy (the prime denotes differentiation with respect to x). Writing
out equation (1.5)

(@) f1(V) = (BV)V) + QKv(V)Y

(1.6) L , o
B (V)Y) = (DUV)Y) = Kp(V)Y,

using (1.6)(b) in (1.6)(a), and integrating [*_ gives

—

(1.7) BUWVV = fAV) = f(V-) = QDMWY = g*(V)Y)

(recall (Y_ = 0). Clearly, w_ is a rest point of (1.7). The condition that w, be a rest point
is the same as the jump condition for the CJ system (1.2).

1.3. ZND profile. The ZND profile @(z) = (V(x),Y (z)) is a weak solution of the ZND
abstract model ((0.22) with all B’* = () which satisfies

w(r) =wy inz >0
(18) Fl) = R() in 2 < 0, @ — w_ as £ — —00
and the jump condition at x =0
(1.9) [F4()], = 0.

Here we let w, = (Vi,Y.) denote the von Neumann state w(0~) just to the left of the
discontinuity, and

(1.10) [FA(@)] = F(ws) — F(w,).
Let’s do a consistency check. Integrating fi)oo as in (1.7) we get
(1.11) 0= f1(Vi) = fAV2) + Qg" (V)Ya).
Together with the ZND jump condition (1.9), this implies the CJ jump condition (1.2).
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Remark 1.2. 1. In the case of the physical RNS or ZND equations we suppose that the T’
components of w4 satisfy

(1.12) T, <T;, T_>Ty,

for temperatures T;, Tp as in (0.19).
2. RNS profiles are constructed in Gasser-Szmolyan [GS] for the physical equations using
geometric singular perturbation theory. Assuming that the dissipative coefficients satisfy

(1.13) v =00,¢=0¢ Kk =0k 0=200,

then for ¢ sufficiently small, strong detonation profiles exist and are unique. Moreover, for
any fixed o > 0 they converge as 6 — 0 to ZND profiles uniformly in C'(R \ (—, a)).
(As usual, we suppress the dependence of RNS profiles on viscosity in the notation.) See
also Gardner [G], Wagner [Wa], and Hesaraaki & Razani [HR] for other treatments of RNS
profiles.

3. In the case of the physical RNS profiles, the transverse velocity components satisfy

(1.14) uj(z) = constant;, j=1,...,d—1.

Changing to a moving frame, we can make all the constants 0. The normal velocity compo-
nent satisfies

(1.15) Ug(x) < —60 < 0 for all z, for some fixed positive 6.

Again, this corresponds to unburnt gas moving from right to left across the front.
4. Statements (1.14) and (1.15) hold equally well with the ZND velocity profile u in place
of u.

1.4. Curved ZND and Chapman-Jouguet fronts. Perturbations cause planar fronts to
curve, and the perturbed solutions are no longer travelling waves in the above sense. Before
linearizing about planar fronts, we need to write out the jump conditions for the ZND and
CJ systems when the surface of discontinuity is curved.

Suppose the ZND front is a surface S defined by:

(116) l':X(t,y/), y/: (ylw"aydfl)'
A ZND solution w(t,y', x) is discontinuous across S, satisfies the ZND system

d

(1.17) > Fitw),, = Rw)

on each side, and satisfies the jump condition

T
L

(1.18) Xy, [F7(w)]s — [FY(w)], =0 on S.

<.
Il
o

(recall: t = yo, * = y4). The functions w and X are coupled through the jump condition, so
the problem defined by (1.17), (1.18) is a free boundary problem for the unknowns (w, X).
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Similarly, if we now let S denote a CJ front, a CJ solution V(t,y/, x) satisfies the CJ
system

d
(1.19) ij(V)yj =0,

on each side and the jump condition

(120 S X, PV - ) =0 s

Now we have

s ) V), for x < X(t,y)
(1.21) Fv) = {fj(v) + ¢ (V)Q1, for x > X (t,v)

2. ASSUMPTIONS

For convenient reference we collect here all the structural and profile assumptions that
apply to the abstract models. We emphasize that the functions f7, ¢/, B*, and R are fixed
once and for all; any function that appears in two different models is the same in both models.
Every assumption that applies to a given abstract model is satisfied by the corresponding
physical system.

Notation 2.1. 1. For Fi(w) as in (0.23), let

: : df’(V) 0 (nts)x (n+5)
J — J — . . n+s)x(n+s
(2.1) Al(w) = dy,F? (w) = (dvgj(V)Y g](V)sts) €R :
Given a scalar function h(V') and v € C", we'll often write
(2.2) dyh(V)Yv := (dyh(V) -v)Y.
2. The matrices B* € R"+)x(+5) ((.25) may be written
. 0 0 0
: B*(V) 0 ) : (0 0 )
2.3 Bﬂkw:< : =0 »HV 0 — .
where B/F € R+s)x(r+s),
3. Let
J J ail G{Q nxn
(2.4 V) =ai(v) = (% T2 errer
21 (23

where al, e Rv=r)x(n=n), aly € R™". Similarly, set dfi =@’ for f7 asin (1.21).
4. Set A’ = (A°) LA’ and B'" = (A°)"1B* (see (H1) below).
Assumption 2.1. (H0) The states wy define a strong detonation with Lax n-shock structure

(recall Definition 1.1). The RNS and ZND profiles decay exponentially to their endstates with
all derivatives: for some § > 0

(2.5) |(d/da)*(@ — w)| < Cre™* as & — Foo,
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and similarly for w. In addition, the & = df? satisfy
(2.6) (@) ta’ = (a®) e at Vy, j=0,...,d.

Assumption 2.2. There exists an open set U C R™ 5 such that the endstates and profiles
satisfy:

(2.7) wy €U, W(x) €U, w(x) €U for all x,

and:

(H1) The functions F7(w) (0.23), B*(w) (0.25), and R(w) (0.26) are defined and C> in
U. The matriz A°(w) is invertible in U and ¢°(V) > C > 0 in U. The functions ¢’ (V)
(0.23) satisfy the following conditions along the RNS and ZND profiles:

FV)=0j=1,....d—1; ¢*(V)<—-6<0 (RNS)
FV)=0,j=1,....d—1; ¢4(V)<—-0<0 (ZND)
for some fized 6 > 0.

(H2) The constant matriz K € R*** (0.26) is positive definite; the constant matriz ¢ €
R"™*#(0.26) has its first (n—r) rows equal to 0; the function (V') in (0.26) satisfies (V) =
0, 9(V_) = 1, (V) = 0. ) 'k

(H3) (partial parabolicity) Let B'" denote the lower right (r + s) x (r 4 s) block of B’ .
There exists a C' > 0 such that for all w € U and § € R? the eigenvalues p of B(w, &) =
Z;’l,kzl Eﬂk(w)fjfk € ROU+)X(r+3) sqtisfy

(2.8)

(2.9) Ry > Clgf*.
(H4) The matriz a® € R™™™ has the structure
° 0
2.10 a® = ("3 )
( ) (agl a82
nU.

(H5) The matriz af, € RO=>0=1) js inyertible along the RNS and ZND profiles, and
(a%,)"tad, is negative definite at both endstates w-.

Assumption 2.3. (H6) (hyperbolicity) For all £ € R?\ 0 the eigenvalues of A(ws,§) =
Z;lzl A’ (wy)&; are real and semisimple with constant multiplicity.

(H7) (strict dissipativity) Let B(wx,§) = Z;{k:lg‘jk(wi)ﬁj&. There is a C > 0 such
that for all ¢ € R?, the eigenvalues A of iA(wx, ) + Blwy, &) + (A°)"*d,R(w<) satisfy

€1
L+ e

The analysis of the ZND Evans function requires the following assumption.

Assumption 2.4. (H8) For v € C" let Nv = Qdy g% (V.)vY, € C*. The matriz a®(V,) + N
15 1nvertible.

(2.11) RA > C

Remark 2.1. 1. In (H6) semisimple means that algebraic and geometric multiplicities are
equal.
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2. Hypotheses (HO0), (H1), (H2), (H4), and (H5) are straightforward to check for the
physical equations. For (HO) see Remark 1.1 and [GS]. Note that the equality in (2.6) holds
automatically at V_ since a/ = @’ at V_. In the case of an s-step reaction (2.6) follows from
the fact that

1 0 00

i ; 0 1 0 0

(2.12) a’(Vy) = Mda’(Vy), where M = 0 0 10
Zj’:1 q; 0 01

To check (2.8) in (H1), recall Remark 1.2, parts 3 and 4. (H2) holds provided we normalize
p_ = 1. To check (H5), note af, = ug and use Remark 1.2 again.

3. Hypotheses (H3), (H6), (H7) also hold for the physical equations, but are not easy
to check directly. In Kawashima-Shizuta [KaShl, KaSh2], the analogous hypotheses are
verified for the nonreactive Navier-Stokes equations using a symmetrizer derived from an
entropy function. From (H4) we see that (A°)~! has the structure

(ad))~ 0 0
(2.13) * (a9y)~! 0
* £ (9°) M axs

This, together with the fact that the matrix functions a’, ¥’* are the same in both the RNS

and nonreactive NS systems, allows us to use (0.28) to deduce (H3), (H6), and (H7) for the

physical RNS equations (0.15a), (0.15b), (0.20), (0.15d) from the corresponding properties in

the nonreactive case. (Also, see the Appendix for a Kawashima-type symmetrizer for RNS.)
4. The validity of (H8) for the physical equations is discussed in part 5; see (8.8).

Remark 2.2. Hypothesis (HO) and (H1) imply that the matrix Xd(er) has n + s eigenvalues
< 0, while Zd(w_) has one eigenvalue > 0 and n + s — 1 eigenvalues < 0.

3. LINEARIZATION

3.1. Reactive Navier-Stokes. The linearization of (0.22) about w(z) is

d d
(3.1) Y W (@w),, = > (BH@)w,,)y, + dyR@)w
=0 jk=1
where
A (W)w = A (W)w — (w - d, B* (W) )’
(3.2) i po (QEdWY QKY
= CRdpgy K
Next, Laplace transform in ¢t = yy and Fourier transform in ' = (y1,...,ys_1) to obtain:
(B (w)w') = M’ (W)w + Zzn]AJ w)w + (A4 w)w)’
(3.3)

-1 -1
- Zz’nijd(@)w’ - Z ink( B™ (w)w)’ + Z BI*(@)nmew — dy R(W)w.
= k=1

7,k=1
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Here w' = 0,w and we’ve dropped the hat (indicating transform) on w(x, A, n). This is the
same equation one finds for n(z, A\, ) when seeking normal mode solutions (0.1) to (3.1).

We will use a conjugation argument to reduce the study of (3.3) to the study of the much
simpler limiting systems obtained by letting  — o0 in the coefficients of (3.3):

(RNS)i :
d-1
By = (Ad — Z inj(Bjd + ij)) w'
(3.4) =1

d—1 d—1
+ ()\AO + Z Alin; + Z Bjknjnk> w — dy, Rw,

j=1 J,k=1

where the coefficients are evaluated at wy in (RN D). Observe that
00 O
(3.5) doR(w) = (0 OV dur@ )= (0 Y= [0 0 QK
0 0 0 —K
0 0 —K
for Q2 € R"™%.
One consequence of the n-shock assumption (HO) is that most of our analysis will need

to focus on (RNS)_. Setting w = (v1,vq,y) and writing out the components of (RNS)_ we
obtain:

-1
0 = afyv; + afyvh + Aatvr + Z mj(ailvl + a{2U2)v
j=1
-1
byl = ad v + adyvl, — Z in; (74 + 5%l
j=1
(3.6) d—1 ‘ ‘ d-1
+ Aaf, o + Aadyva + Y ini(abor + adeva) + Y W, — QuKYy,
=1 Jk=1
d—1 d—1
DUy = gLy = ini (D" + DY)y + AL+ > D + Ky,
j=1 j k=1

where I denotes the s x s identity matrix.

In order to construct stability determinants, it is more convenient to work with an equiv-
alent first-order system. Setting U = (vy, va,Yy,v5,Y’), solving for v} in the first equation of
(3.6), and substituting into the second, we may rewrite (RNS)_ in the equivalent form:

(3.7) U=G_(w_,\nU,
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where G_ is an (n + 1+ 2s) X (n + 7 + 2s) matrix

Gn Giz2 0 Guu O
0 0 0 1 0
(3.8) G_ = 0 0 0 0 1
Gn Gi Gaz Gy O
0 O G53 0 G55

whose entries can easily be read off from (3.6). We have:

Y

(3.9)
d—1
G = —(af)™ <)‘%1 + 22773‘111) ; Gip=—(af))” (Z ”7]“12) 3
7=1
d—1 '
Gu = —(af))"aly; Gu = (") (Mgl + ) injad, + a31G11> ;
j=1
d—1 d—1
G42 = (bdd)il ()\GQQ + 2277](122 + Z b] Mk + +a21G12> ) G43 = (bdd)il(—QQK)
Jj=1 Jik=1

-1
Gy = (b”ld)’1 (a%Q — an(bjd + bdj) + aglGM) :

j=1

&.

d—1 d—1
Gsy = (D)™ (Agofs + ) D + K) ; Gss = (D)7 (gdls = in(D + de)) :
J,k=1 j=1
Similarly, there is a limiting matrix G4 (see Lemma 5.2) in which the matrix coefficients
are evaluated at w, .
We can write the original system (3.3) in first-order form

(3.10) U' = G(w(x), A\ U,
where for some § > 0
(3.11) |G(@, N\, 1) — Gi(ws, \,n)| < Ce®las 2 — +oo

uniformly for |\, 7| in bounded sets.

3.2. ZND. The ZND system (1.17), (1.18) is a free boundary problem for the unknowns
(w, X). First we reduce to a fixed boundary problem by changing coordinates

(3.12) (t,y, ") = (t,y, e — X(t,y), w*(t,y,2") =w(ty, z).

With stars dropped, the problem in the new coordinates is
> F(w)y, + Fl(w,dX), = R(w)

(3.13)
ZX%, [F7(w)], — [FY(w)], = 0 on z = 0,
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where
(3.14) Flw,dX) ZX F(w

The problem (3.13) can be viewed as a transmission problem for unknowns (w. (¢, vy, z), X(t,7'))
in +x > 0, with transmission conditions given by the jump condition on z = 0. We’ll usually
suppress the £+ on w (partly to avoid confusion with the endstates wy ).

Linearizing (3.13) with respect to both w and X about the stationary solution given by
the ZND profile @w(z) and front X = 0, we obtain

Z_: Al () (9w — X, i) + (A (i)w)' = dy R()w
(3.15) :
Zij [F7(@)], — [A%(@w)w], = 0 on x = 0,

where w and X now denote perturbations. Fourier-Laplace transformation gives (dropping
hats on w and X)

M (D) (w — Xw') + Z_: in; A () (w — X') + (AN (0)w) = dyR(0)w

J=1

X (A[Fo(w)]* + iznj[Fj(w)]*> — [AY(@)w], =0 on x = 0.

For the stability analysis it is convenient to eliminate X from the interior equation by
defining new unknowns (+ suppressed)

(3.17) w? = w— X'

This gives the equivalent problem

(3.16)

(a) <)\AO + Z in; A7 (w ) w? + (A4 () w#) = dypR(0)w?
(3.18)
(b) X (A[FO(@)]* + Zinj[Fj(u?)]* - [Ad(w)u?’]*> — [AY(@)w*]. = 0 on = = 0.
Here we’ve used the relation
(3.19) (AN ()" = dypR(w)d’

obtained by differentiating the profile equation in (1.8). In computing jumps involving the
derivative of the profile, @', we use

lim @' =0
3.20 v=0
(3:20) lim. w' = (0),

as is appropriate for the linearized transmission problem.
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Henceforth, we’ll work with the form of the ZND problem given by (3.18), dropping the
# on w. The limiting systems obtained by letting + — o0 in (3.18)(a) are

d—1

(3.21) (ZND)L <)\A0(wi) + Z injAj(wi)> w4+ AY(wi)w' = dyR(wi)w.

Jj=1

As with RNS our analysis will focus mainly on the minus side. With w = (v,y) we can
write (3.21) as the equivalent (n + s) X (n + s) system

(3.22) w' =G (w_,\,n)w

where

_ (H-(\n) (a))'QK :
g—_( 0 —(gd)l(/\gOIS+K)) with

(3.23) d—1
Hi(\n) =—(a®)" (Aao + Zimaj> (Va).

The matrix G, (w4, A\, n) is defined similarly (see (4.10).

Similarly, we can write the variable-coefficient system (3.18)(a) in the form
(3.24) w' = G(w(x),\,n)win £z >0,
where for some ¢ > 0

(3.25) G(@, A m) =G (w_, A, )| < Ce*F as x — —o0

uniformly for |\, 7| in bounded sets.

3.3. Chapman-Jouget. The process in this case parallels that for ZND. After the same
change of variables (3.12), the CJ problem (1.19), (1.20) takes the form

i FV), +F(V,dX), =0

(3.26) i1

> Xy [PV = [FV)] =0onz=0,
where
(3.27) F(v.ax) = ) - Y0, P

Linearizing with respect to both V" and X about the stationary solution given by V. and the
front X = 0, and taking the Laplace-Fourier transform as before, we get the transmission
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problem
d—1
(a) Xa’v + ) " imyalv + @' =0
=1
(3.28) T
) X (A[fO] +Zz’m[ff1> — "] =0 ona =0,
=1
where (v, X) now denotes the (transformed) perturbation, @/ := df?, and the f7, @’ are

evaluated at V4 in +x > 0. The interior problem (3.28)(a) can be rewritten
v' = Hi(\,n)vin £z >0, with

(3.20) () = —(a) (Aa‘) vy im&j) (Va).

Note that because of Hypothesis (HO0), we have Hy = Hy for H. as in (3.23).

4. STABILITY DETERMINANTS

4.1. The Chapman-Jouguet determinant. First we define the determinant Ag (A, ),
whose zeros in *A > 0 correspond to solutions of the linearized CJ problem that grow
exponentially with time.

For v = R\ > 0 let F1.(¢) (recall ¢ = (7,7,n) = pC) be the generalized eigenspace of H..(¢)
corresponding to eigenvalues with negative (resp. positive) real part. The hyperbolicity
hypothesis (H6) implies that the dimensions of Fli(() are constant in 7y > 0, so we can set
(1,m) = 0 in (3.29) and use the assumption of n-shock structure (HO) to see that

(4.1) dimF, (() =0; dimF_({)=n—1in~v > 0.

A classical argument based on conjugation of H_(¢) to block structure shows that F_(() is
C* in v > 0 and extends continuously to v > 0 in {|(| # 0} (see [K] or [CP], chapter 7). So
we may choose a basis

(4.2) $),j=1,...,n—1

for F_((), locally near any point (* # 0, where the s’ are homogeneous of degree 0 for ¢ # 0

and C* in v > 0 with continuous extensions to v > 0 (in fact the s’ extend smoothly away
from glancing points).

Remark 4.1. Consider the functions s’ (f ) on S¢, which have been been defined only in a

neighborhood of some fixed, arbitrary basepoint é e Si. Generally, the individual s’ do
not extend to functions on all of Si with the above regularity. However, since the spaces

F _(Q: ) do possess this regularity globally, we can choose the s’ in a family of neighborhoods
covering the sphere so that the wedge products

(4.3) SLOASEO A AsHE)

have the same regularity globally on Sﬁ. We use this observation below to obtain globally
regular stability determinants.
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Inspection of (3.28), (3.29) shows that the linearized CJ problem has solutions growing
exponentially with time if for v > 0 the n vectors

QL

-1

(4.4) AL+ il ], () =a' (Vo) (), j=1,....,n—1

7j=1

are linearly dependent (recall a/(V_) = a?(V_)).
In view of (2.8) we have

(4.5) = [+ (V)L [Fl=[f], j=1,....d—1,

so linear dependence of the vectors (4.4) is equivalent to vanishing of the determinant

(4.6) Ac(C) = det <7"1_(C), )AL+ i 7] + A90(‘4)621) :

Remark 4.2. In view of Remark 4.1, if we identify the determinant in (4.6) with the wedge
product

(4.7) (O AR A AT ( ] + sz ]+ Ag° V+)Q1>

we obtain a function Agy that is C* in v > 0, continuous in {|(| # 0,7 > 0}, and satisfies

(4.8) Acs(Cp) = pAcs(C, 1),

When @ = 0 this coincides with the Majda determinant for a Lax n-shock [Mal].

4.2. The ZND Evans function. Consider the linearized, transformed ZND problem (3.24)
(4.9) w' = G(w(x),win +z > 0.

Let f * denote an arbitrary fixed basepoint in S¢. The first step in constructing the ZND

Evans function for low frequencies is to find, locally near (é’ p) = (f*,O), a basis for the
solutions of (4.9) that decay to zero as x — +oo for 4 > 0, p > 0. The exponential decay
of the ZND profile to its endstates (2.5) will allow us obtain such a basis by considering the
limiting problems defined by the matrices

_ (H-(\n) (a)) QK
o= ("0 i )

+ G21 _<gd)—1)\g015 )

where the coefficients are evaluated at V_ (resp. V).
We first conjugate the variable coefficient problem (4.9) in < 0 to the constant coefficient
problem

(4.11) W=G (w_,\nwinz <0,

(4.10)

using the following result, whose proof is established in Lemma 2.6 of [MZ1]:
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Lemma 4.1. Fiz a basepoint P* = (X\*,n*) in RX\ > 0. There exists a C*°, (n+s) X (n+ s)
matriz Z_(x, (), defined for all x < 0 and for ¢ in a neighborhood of P*, such that
(a) 0.Z_ =G(w,()Z- — Z_G(w_,() inx <0
(4.12) (b)|z-' < C
(0) 10502(Z_ — I)| < Cie™!
for positive constants C, § independent of (z,() as above.

Observe that because of (4.12)(a), w(x) is a solution of (4.9) if and only if w(x) defined
by
(4.13) w=27_(z,()w
is a solution of (4.11). The extra properties (4.12)(b),(c) imply that Z_ establishes a very

useful correspondence between solutions of the two problems. In this paper the case where
the basepoint P* = (0, 0) is especially important.

Remark 4.3. Near a basepoint for which v* > 0, separation of the generalized eigenspaces
of G_ corresponding to eigenvalues with positive and negative real parts allows one to prove
Lemma 4.1 using classical results in asymptotic ODE theory [Co]. However, since G_ has a
multiple zero eigenvalue at p = 0, those results don’t apply near p = 0 and a more recent
tool, the Gap Lemma of [GZ, KS], is needed in their place ([MZ1], Lemma 2.6).

It is helpful to perform a further conjugation as follows. Let
(4.14) KE(\) = —(9") " (AL + K),
the lower right entry of G_. The eigenvalues 1;(\) of K(\) satisfy
(4.15) Rp;(N) > C > 0.

Lemma 4.2. For p = || small, there exists a C* matriz

(4.16) - (5 ")

such that
(4.17) 106 (w-,070) = (1 1)) =00

The n x s entry t12(C) is O(1) for p small.

Proof. One can posit T' of the given form, equate entries in the equation G_T = TGp, and
use the invertibility of K and the smallness of p to solve for the t;5 entry. OJ

We can now use the conjugators 7" and Z_ to construct a basis for the space of decaying
solutions of (4.9) in z < 0 when 4 > 0 and ((, p) is near (¢*,0). Writing H_(¢) = pH_(()

~ ~

and using the basis vectors s’ ({) (4.2) for the positive generalized eigenspace space of H_((),
we see that there are n — 1 slow modes given by
etPH-(C) gJ (5)

(4.18) wi(z,C,p) = (“j) :Z_(g;,g)T(g)( 0 ! ) j=1,...,n—1

yj
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and s fast modes given by

. 0
(4.19) w(x,) = Z_(x,0)T(C) <e”"f{(>‘)t-> ,j=mn,...,n—1+s,
j

where {t;, j =n,...,n—1+ s} is any basis of C".

Remark 4.4. By inspection using the known regularity of the factors in (4.18), (4.19), we see
that for all j and p small, w’(z, ¢, p) is defined and C* in 4 > 0, p > 0, for C near (* € sS4
For j =1,...,n—1, w’ extends continuously to 4 >0, p > 0; for j =n,...,n—1+s, there
isa O extension.

Similarly, one can construct a conjugator Z, which intertwines solutions of (4.9) in z > 0
with solutions of the problem defined by G, . It follows directly from (4.1) and —(g%)~¢° > 0
that, for 4 > 0, p > 0, the only solution of

(4.20) W' =Gy (wi, A, nw in x>0

decaying to 0 as ¥ — +o0 is the trivial solution.

Defining w’. = w’ as above and setting w’. = 0, we obtain a basis for the space of decaying
solutions (w,,w_) of (4.9). In view of the equivalence of the linearized problems (3.18)(a)
and (3.24), we see that the transmission problem (3.18) has solutions growing exponentially
in time if and only if for some v > 0 the n + s vectors

(4.21)

U

At w)w'(07), ..., AN w)w" 5 (07), \FO(@)], + Y in; [F9 ()], + A%(w,)@'(07)

1

<.
I

are linearly dependent (w, = (Vi, Yi) is the von Neumann state just to the left of the front).
For v € C" let

(4.22) Sv = dyg*(V.)vY, € C*

and set
f"zz_:m-fj
Z<c>——s( (V)AL + il (7))

Recalling the definition of A% and F7, we obtain that the vectors (4.21) are linearly dependent
if and only if the Evans determinant

(4.23)

(4.24)

Dzwp(C,p) =

det( ad(Vo! - a?(Vi o=t ALYV + il (V)] +a (v*)f/'>’ i
Sol 4 gl (Voy! o Suntre gl (Vyn e N[O(V)Y ] + SV + g (VoY )
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vanishes. After an obvious row operation, this simplifies to

DZND(é7p):
429 (S - v 1OV )]s i (V)). +ad(V*gV'>|_
g'(Vy! g (Voy" 1+ APP(V)Y L+ Z2(Q) + g (V)Y )

Dyznp has been defined for p small and f near any (* € Si, with the regularity on 4 > 0,
p > 0 implied by Remark (4.4).

Remark 4.5. 1. Using wedge products as in Remarks 4.1 and 4.2 and recalling Remark 4.4,
we obtain a function Dyyp(C, p) defined on 5S4 % [0, po] for py small that is C*™ in . p)
for 4 > 0, p > 0, with a continuous extension to 4 >0, p > 0. The argument uses simple
connectedness, the fact that the above C* regularity is actually real analyticity, and analytic
continuation. For more detail see [Z], p.325. The analysis in section 5 will show that the
same is true for Dzyp/p.

2. It is clear from (4.10) that when 4 > 0, p > 0 the matrix G_ has no pure imaginary
eigenvalues. Thus, we can define Dyyp locally near any basepoint P* in 4 > 0, p > 0 by
the above formula (4.25), except that we now replace the modes w’ used there by

(4.26) w(z,() = Z_(z, )’ (2,(), j=1,...,n—1,

where the w’ are (fast) decaying solutions to the limiting problem in x < 0 defined for ¢ near
P*. Using wedge products and analytic continuation as above, Dzyp can be extended real
analytically to all of 4 > 0, p > 0. The behavior near 4 = 0 for p bounded away from zero
is more subtle, and will not be discussed here. Note, for example, that the proof of Lemma
4.2 breaks down in this frequency domain.

The following propositions play an important role in the proof of the Equivalence Theorem.

Proposition 4.1. Slow modes satisfy

(4.27) lim w’(z,(,0) = (Sj(f)) :

r——00 O

while fast modes satisfy

(4.28) lim w(z,0) = (8) :

r——00

Proof. The result follows by inspection of the formulas (4.18), (4.19), using the properties of
Z_and T. 0

It is important to make a careful choice of one of the fast modes. The ZND profile equation
implies that @'(z) is a fast decaying solution of

(4.29) w' = G(w(r),0)win x <0

(recall (3.19)). The next Proposition shows @'(x) can be extended smoothly to nonzero
frequencies as a fast decaying solution of (4.9).

Proposition 4.2. There exists a t € C*° such that the fast mode given by
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0
(4.30) w(e:6) = 2T ( i,
m x < 0 is C and satisfies
(4.31) w(x,0) = o' (z).
Proof. Since @w'(x) is a solution of (4.29), the given properties of Z_ and T imply that
(432) () = 22,070 1)
for some ¢ € C*. Inserting this ¢ in (4.30) gives the desired fast mode. 0

Henceforth, we shall take this mode to be the (n — 1 + s)-th fast mode:
(4.33) w1 (2, () = w(x, Q).
4.3. The RNS Evans function. To construct the RNS Evans function we first conjugate
the (n 4+ r + 2s) X (n 4 r + 2s) linearized problem (3.10)
(4.34) U' = G(w(x),()U on R,

to constant-coefficient limiting problems on 4z > 0. For this we use the following lemma,
which is proved using the exponential decay (3.11) just like Lemma 4.1.

Lemma 4.3. Fiz a basepoint P* in R\ > 0. There exist C°, (n +r + 2s) x (n+ 1 + 2s)
matrices Zy(x, (), defined for +x > 0 and for ¢ in a neighborhood of P*, such that

(CL) 8xZi = G(@, C)Zi — ZiGi(wi,C) m tx Z 0
(4.35) b |zZ <0
() |Ze — I| < Ce™,

for positive constants C, 0 independent of (z,() as above. Here G_ is defined in (3.8), (3.9)
and G4 1is given by

gll g12 0 g14 0
0 0 0 1 0
(4.36) G.=|10 0o o o0 1|,

g41 g42 0 g44 0
g51 g52 g53 g54 g55

where now

d—1
Gs1 = (D™)~ (Aamgo}@ + Z 1100, 9’ Yy + avlng+g11>

j=1

(4.37) ) -1
G52 = (D A"y + > 00 Y + 00,9V G

7j=1
Gsa = (D)7 (D, g"Ys + 05, g7V G14) -
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The remaining nonzero entries are given by the same formulas as the corresponding entries
in (3.9), except that now all matriz coefficients are evaluated at w,, and K should be set
equal to zero.

Proposition 4.3. For ( # 0 and v > 0, the matrices G (w4, () have no purely imaginary
eigenvalues.

Proof. Suppose u = i€y, &g € R, is an eigenvalue of G4(wx, (), where ¢ = (7,7,n) # 0.
Letting & = (n,&,) and tracing back through the definitions, this implies that —\ = —iT —~
is an eigenvalue of

(4.38) iA(ws, ) + B(ws, §) — (A°(w)) ™ dy R(wy).
Strict dissipativity (H7) implies that

(4.39) —y > Cﬁ.

T+ e
Thus, v = 0, £ = 0, and hence, because of the positivity of K, 7 = 0; so ( = 0, a
contradiction. O

Corollary 4.1. The number (counted with multiplicities) of eigenvalues p of G_(w_,() in
Ry > 0 and in R < 0 is independent of ¢ for ¢ # 0 and v > 0. The same applies to

G (wy, Q).

Next we perform a further conjugation of G. to a block diagonal form G g4, where one
block has eigenvalues that approach 0 as p — 0, while the other block has eigenvalues with
real parts bounded away from zero for p small.

Proposition 4.4. (a) For |(| small there exists a C*° matriz T_(() with a C* uniformly
bounded inverse such that

- H_(¢) + O(p?) 0 )
4.40 T-'G_T_ = =Gp_,
40 - (T o o) =6
where H_ is the n x n matriz given by (3.23) and P- is the (r + 2s) x (r + 2s) matriz
0 0 1
(4.41) P =Gy Gu 0
Gsz 0 Gss
with Gy, as in (3.9). T_ is an (n+ 1+ 2s) x (n+ 1+ 2s) matriz of the form
1 0 Ty T Tis
0 1 T Toy 1o
(4.42) T = 0 0 1 0 o0 |,
Hy+ 021 Hyp+fP2e 0 1 0
0 0 0O 0 1

where Ty, = O(1), Bo; = O(p?), and Hay; is an entry of H_.
(b) For |C| small there exists a C* matriz T (¢) with a C* uniformly bounded inverse
such that

(4.43) T'G.T, = <H+(<)§O(p ) ﬂ(oi O(p)> = Gpy,
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where Hy is the (n+ s) X (n + s) matriz given by

(4.44) Hy = —(A%w)) (w 5> zmAJ)

j=1

and Py is the (r + s) X (r + s) matriz

Gua O
4.45 P, =
(4.45) * <gs4 g55>
with Gji, as in (4.36). Ty is an (n+ 7 + 2s) X (n+ 1+ 2s) matriz of the form
1 0 0 Ty Tis
0 1 0 Ty T
(4.46) T, = 0 0 1 Ty T |,

Hoi + a1 Hoa+ e Hog+anz 1 0
Hsz + oz Hsp+asy Hzs+azs 0 1

where Ty, = O(1), ajr = O(p*), and Hjx, is an entry of H.

Proof. 1. We give the proof for part (a); the argument for part (b) is similar. To motivate
the form of H_ and P_ in G_, one can do a formal analysis to see that eigenvalues of G_
near 0 should be close to eigenvalues of H_, while eigenvalues that are bounded away from
zero for p small should be close to eigenvalues of P_.

2. We look for the O(p?) (resp. O(p)) term in the H_ block (resp. P_ block) of Gp_ in
the form:

8, 3 0O 0 O
(4.47) O(2) — (ﬁi B;z); 0) = | s bu 5

where the (3}, 0, are unknowns, along with the 7}, in (4.42). To prove the Proposition, it
suffices to posit T and Gp_ of the given forms and use

(4.48) G.T_ =T Gp_

to solve for the above unknowns. Equating corresponding entries in (4.48) yields 25 matrix
equations, many of which are satisfied automatically. Below we’ll refer to the equation
obtained by equating the (j, k) entries of the two sides of (4.48) as the “(j, k)-equation”.
Note, for example, that the 10 equations corresponding to entries in the 3rd and 5th rows
are already satisfied, as well as the (2,1), (2,2) equations. The (4, 1) equation, for example,
is

(4.49) Gu + Gaa(Hor + Po1) = (Hor + Po1)(Hin + B11) + (Hoe + Bo2) (Hor + Po1).
3. We have
Gas = Gﬁ + O(p), where Gi = (")~ (ag2 — ay (aill)il@ilz) )
0 0 1
4.50
(4.50) P_ = P* + O(p), where P* = [ —(p4)"1Q, K G7, 0

(Ddd)flK 0 (Ddd)flgdjs
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We’'ll use the fact that both G4#4 and P* are invertible; this follows directly from our struc-
tural assumptions.

4. Solve for ;. The (4,1) equation is simplified by multiplying the (1,1) equation
by (b%)~lag, and subtracting the result from the (4,1) equation. The (4,2) equation is
simplified similarly. The O(p) terms in the simplified (4, 1) and (4, 2) equations are seen to
cancel out, leaving O(p?) terms. Use the (1,1) and (1,2) equations to define 3;; and 33 in
terms of 51 and [y, and substitute these expressions into the (4,1) and (4, 2) equations.
This gives a nonlinear system for 35 and (o2 that can be solved by the inverse function
theorem for p small using the invertibility of iji.

5. Solve for Tj;, ;5. Use the (4,3), (4,4), (4,5) equations to express the d;; in terms
of the T}, and substitute these expressions into the (1,3), (1,4), (1,5) and (2,3), (2,4),
(2,5) equations. This gives a nonlinear system for the Tj; that can be solved by the inverse

function theorem for p small using the invertibility of P¥.
O

Definition 4.1. For ¥ > 0, p > 0 let Ei(f,p) be the space of initial data at z = 0 of
decaying solutions of

(4.51) U'=Gw(x),)U

in £z > 0. Let Fi(é, p) be the space of initial data for decaying solutions of
(4.52) U'=GpL(Q)U

in £z > 0.

Proposition 4.5. The spaces Ei(é’,p) are C*® in 4 >0, p> 0 and extend continuously to
4 >0, p>0. We have

(4.53) dimE,(C,p) =r+s; dimE_((,p) =n+s.
Proof. 1. Let Ki(é’, p) be the decaying spaces for U’ = G4 (w4, ()U, and note that

(4.54) Ei(C,p) = Z4(0,)KL(C, p).

The spaces Ky vary smoothly in p > 0, ¥ > 0 as a standard consequence of Proposition 4.3
(see [Kat]). By Corollary 4.1 their dimensions are constant on this domain.
Since

(4.55) Ex((,p) = Z2(0,Q)T=(QFL(C, p),

it is enough to prove the remaining statements for Fi(é . P)-
2. Dimensions. Using the block diagonal structure of G+, we may write with obvious
notation

(4.56) (G)F+(§, p) = Fy, ® Fp,
Since
(4.57) Ho(C) = (Hﬁ;o g [s) |

we deduce from (4.1) that dim Fy, =0, dim Fz_ =n — 1.
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Recall G¥, from (4.50) and similarly write

(4.58) Guy = gﬁ + O(p)

on the plus side. These matrices arise in the study of viscous profiles for the nonreactive
Navier-Stokes equations (see [SZ], e.g.). In Lemma 2 of [SZ], it is shown that our hypotheses
(HO) and (H7) imply that the number of eigenvalues of G¥, with Ru < 0 is equal to r+p—gq,
where p is the number of positive eigenvalues of (a?;)7'a, (zero by (H5)), and ¢ is the
number of positive eigenvalues of (a®)~'a%(V_) (one by (HO0)). Thus, G¥, (resp. G¥,) has
one (resp., no) eigenvalue with positive real part. From (4.45) and (H1),(H3) we deduce
immediately that

(4.59) dim Fp, =1+ s.
Knowing Gﬁ has one eigenvalue with Rp > 0, we obtain
(4.60) dim Fp =s+1
as follows. A simple computation shows that x is an eigenvalue of P? if and only if either
(a) det(u>D™ — pug?l, — K) = 0 or

(4.61) 4
(b) u is an eigenvalue of G,.

Using (H7), replacing K by K + ml, and taking m > 0 large, we deduce there are s roots
of (4.61)(a) with Ry > 0 and s roots with Ry < 0.

3. Continuous extension. Since both P, ({) and P_(¢{) have no center subspace for p
small, Fip, and Fp_ clearly extend smoothly to 4 > 0, p > 0. Also, Fj, = 0 is a smooth
extension of [y .

The continuous extension of Fy_ is quite nontrivial, mainly because of the presence of
glancing modes. The existence of such an extension is the main result, Theorem 1.1, of
[MZ2]. The proof requires a further (microlocal) conjugation of the H_ + O(p?) block of
Gp_ to generalized block structure in the sense of Lemma 2.10 of [MZ1], and the construction
of Kreiss-type symmetrizers. We remark that our constant multiplicity assumption (H6) is
used in the conjugation to generalized block structure. 0]

Fixing a basepoint CA* € 5S¢, we now construct bases for the spaces of decaying solutions

of (4.34) in £z > 0 for p > 0, ¢ > 0 and ({, p) near (C*,0). Let us rewrite the upper left
block of Gg_

(4.62) H_(¢)+ O(p?) = pH_(C, p), where H_((,0) = H_(0).
The continuous extendibility of Fjp_ (é’ , p) implies that we can choose a local basis for Fy_

(4.63) s (C,p).j=1,...,n—1

that extends continuously to 4 > 0, p > 0 and satisfies

(4.64) s(¢,0) = 57(¢)
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for 7 (¢) as in (4.2). In 2 < 0 there are n — 1 slow modes

(465)  UP(a.Cp) = Z(2.QT-(Q) (ef’“*;;si@ ’ P>> Cj=ln—1
and s + 1 fast modes

(4.66) U (2,0) = Z_(x, O)T-(C) (emp(g?ﬂocj) L j=mn,...,n+s,

where the ¢/ give a basis of Fp_() and 7(¢) denotes projection onto the positive generalized
eigenspace of P_((). Similarly, in > 0 there are r + s fast modes

(4.67) UL (,¢) = Z4 (2, Q)T+ (C) ( a0l (Odj> ci=1. s,

where the d’ give a basis of Fp, (o) and 7({) denotes projection onto the negative generalized
eigenspace of P, (().

Remark 4.6. 1. The construction shows that fast modes are C* in ¢ for |(| small, while slow
modes are C* in (C, p) for 4 > 0, p > 0, and ¢ near C*, with continuous extensions to 4 > 0,
p=0. .

2. Although we are not interested in the behavior of UL in Fx > 0, it is convenient to
extend the modes to all of R, as solutions of (4.34); henceforth, we assume this has been
done. Note that the formulas (4.65)-(4.67) no longer hold on the extended domain.

We may now define the RNS Evans function by observing that the linearized problem
(4.34) has solutions decaying as 2 — +0o and growing exponentially in time (for (¢, p) near
(¢*,0)) if and only if for some 4 > 0 the following (n + r 4 2s) X (n + r + 2s) determinant
vanishes:

(4.68) Drns(C,p) = det(UL, ..., U™ UL, ... UT)|umo.

Remark 4.7. 1. Using wedge products as in Remarks 4.1 and 4.2, we obtain a function
Drys(C, p) defined on 5S4 x [0, po] for pg small that is C* in (C,p) for 4 >0, p > 0, with a
continuous extension to 4 > 0, p > 0. The analysis in section 6 will show that the same is
true for Dgryg/p.

2. For 4 > 0, p > 0 Proposition 4.3 shows that the matrices G4(w+,() have no pure
imaginary eigenvalues. Thus, we can define Dgryg locally near any basepoint P* in 4 > 0,
p > 0 by the above formula (4.68), except that we now replace the modes U} used there by

U (2,¢) = Z- (2, OU (2,), j=1,...,n+s,
UL(,¢) = Zo (2, QOUL(x,), j=1,...,r +3s,

where the Lli are (fast) decaying solutions to the limiting problems in +x > 0 defined for
near P*. Using wedge products and analytic continuation as before, Dgys can be extended
real analytically to all of 4 > 0, p > 0 with a continuous extension to 4 > 0, p > 0.

(4.69)

Proposition 4.6. Slow modes satisfy

(4.70) lim U7 (xz,(,0) = (Sj(@) :

r——00 O
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while fast modes in x < 0 satisfy

(4.71) lim U7 (z,0) = (8) (exponentially fast),

fast modes in x > 0 decay similarly .

Proof. The proof follows directly from the formulas for slow and fast modes, using the prop-
erties of Z4 and the explicit structure of T%. O

For the analysis in the next section we make a special choice of the fast modes U""* and
UL, Differentiating the RNS profile equation (1.5) shows that w'(z) = (v},75,y’) satisfies
the linearized, transformed problem (3.3) when ¢ = 0. Thus,

— = = =!I =N

(4.72) Ulz) = (V,Vy, Y V.Y

is a solution of U’ = G(w(x),0)U on R, that is exponentially decaying as @ — £o0.
The next Proposition is proved just like Proposition 4.2.

Proposition 4.7. There exist ¢ € C'2%, d € C™** such that the fast modes given by
07(0,0) = 2. OT-(0) (g ) iz <0

(4.73)

U (x,¢) = Z1 (2, T4 (C) ( aPy <)7r m x>0

are C*° and satisfy
(4.74) U's(x,0) =U(z) inx <0; UT(z,0)=U(x) inz > 0.
Part 4. The Equivalence Theorem

In this part we compute the low frequency expansions of Dy D(é ,p) and Dgy D(é ,p) and
prove the Equivalence Theorem.

5. LOW FREQUENCY EXPANSION FOR ZND

Recall the linearized, transformed interior equation in z < 0 (3.18):

(5.1) (a) ()\AO - Z in; A (0 ) w4 (AN (0)w) = d,R(W)w

where we've dropped the # on w = (v,y). By examining (5.1) we will find a row operation
that can be used to simplify the ZND determinant.

Writing out the two components of equation (5.1) and then combining them by taking
Q(second) + first, we obtain

(7)o + Qavg (V)oY + Qe (V)y) + (ww + ijam) v+
(5.2) =
QA (dvg (V)Y +¢°(V) ) +Q szdvg V)Y =0.
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At p =0 (5.2) shows that the quantity
(5.3) R(v,y) = a’(V)o + Qdvg" (V)oY + Qg"(V)y

is independent of x in z < 0. When w is taken to be one of the slow or fast modes w?, we
can easily compute Ruw’(z,(,0):
Lemma 5.1. We have for x <0:

Ruw (2,(,0) = a®(V_)s’ =17 (C) for slow modes j =1,...,n—1

5.4 4
(5:4) Ruw’(x,0) =0 for fast modes j =n,...,n—1+s.

Proof. Integrate (5.2) [* at p = 0, and use Proposition 4.1 together with the fact that
Y(—o0) =Y. =0.
0]

For later use, we note that the regularity of slow modes evident in the explicit expression
(4.18) implies
(5.5) Ruw’(z,Cp) =17 (O)+0(p), j=1,...,n—1.

The jump term in the CJ determinant is a jump between the states w, and w_, while the
jump term in Dz xnp involves the states w, and w,. We can understand the relation between
these jumps by considering the variation of w" ¢ (4.33) at p = 0. Let

5.6) W, £0) = () = Oomo w0, G
For any function h(w) let
(5.7) [h()]y = h(w,) — h(w-) and recall [h(w)] = h(w;) — h(w-).

Proposition 5.1. We have at x =07, p=10
(5.8) RW(07,¢,0) = — (AW + P (V)] + AQL" (V)
Proof. Take (v,y) = (v"~1% y*=1%%) in (5.2), write ¢ = p(),7), and apply 9,|,—o to equation
(5.2) to obtain
, o d—1 N
(a (7Y + Quivg (V)WY + Qg"(7V)Y) + (Aaom + Zimam) 7'+
(5.9) j=1
QA (dvg* (VV'Y + " (V)V) =0,
where we’ve used
(5.10) dygd (VWV' = (¢ (V) =0,j=1,...,d—1.
The left side of (5.9) is a perfect derivative; integrating ffoo immediately gives the result. [
Corollary 5.1. We have

(511) R 07,6 p) = —p (AP + LV + AQL (VY] + O(2).
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Proof. Apply R to the equation

(5.12) w2, ¢, p) = @' () + pW(x, ¢, 0) + O(p?),

using Proposition 5.1 and the fact that Ra@'(x) = 0 (3.19). O
Next we collect a few pieces of notation that will be used in the analysis of Dznp.

Notatz'on51
Loa = MOV +ilf1(V)).

2.0= )\[ % )~ l« + Z2(C ) recall (4. 23) )
3. Wl—{\[ (Y)]+l[f"( )] +AQlg° (V)Y )
4. Wy = A[f° (V)] + i[f7(V)] + AQ[¢° (V)Y ], = a + AQ[g" (V)Y .

5. For v € C" let NU—deg ( )UY e Cn.
6. Set a?(V,) = a, g*(V,) = g%, 17 (C) = 1, k = (det a?)(det(a + N))~*

Observe that we have
(a) Wy = Wy = AfO(V)] 4+l (V)] + AQe° (V)Y ], = =RW(07, ¢, 0)
(b) (I + Na* (Vi) Ha+QB =W

Theorem 5.1. Under hypotheses (HO0), (H1), (H2), (H4), (H6), and (H8), the ZND Evans
function satisfies

(5.14)
Dawo(C.p) = pB det (1 (0.7 QL ALV + L (7)) + AQL(V)
pBiAC(C, 1) + O(p?),

(5.13)

¥]) +0(p?) =

where

(5.15) B = (=1)°(¢" (Vo)) det(y”, ... ¥" ) amo- c=0,
and the error is O(p?) uniformly for { € 5S4 = {C:|¢|=1,%>0}.
Proof. Starting from (4.25) we compute:

: atol - gt pa gt
Dznp(C, p) = det (gdyl s glynTits B4 Qd?/> -
det <adv1 e ajv"’i” pa — Pa;lV + O(pz)) |le=0- =

(5.16) gyt gy pB = pg?Y + O(p)

ot (advl s @Bt g — adV 4 O(P)> oo =
p gyt oo gy 3 —gdY 4+ O(p) ) 170

1
detaldet | 5, nelts
’ (gdy1 gl B—=g"Y +0(p)
where to obtain the second equality we have subtracted the (n — 1 4 s)-th column from the

last and used (5.12).
Next apply the row operation

(5.17) R (;) (0~ f, p) = (a® 4+ N)v + Qqgly

vt (@) a — adV—i-O(p))) oo
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and use Lemma 5.1, (5.5), and (5.13)(b) to obtain at x = 07;

(5.18)

prdet (7 TOW) T+ 0() O(p) o Olp)  Wa = (0 + NV +Qg°Y) + O(p)
gyt gyt gty e gty B —g'Y +O(p)

pr det r'+0(p) - 1+ 0(p) O(p) -+ O(p)  Wat (Wi —Ws)+O(p)
gyt e gyt gy e gyl B—g"Y +O(p)

pk det <7"1 +0(p) -+ ™1 +0(p) Op) - Olp) Wi +O(p) )
gyt e gyt gty e gy B —gfY + O(p) )

Expanding the determinant about p = 0, we obtain (5.14).

The uniformity of the error O(p?) with respect to ¢ € S is evident from the regularity
that can be read off from the explicit formulas for slow and fast modes (4.18), (4.19). O

Remark 5.1. The nonvanishing of the transversality constant 3; for the physical ZND equa-
tions is discussed in section 8 of part 5.

6. LOW FREQUENCY EXPANSION FOR RNS

In this section we complete the proof of the Equivalence Theorem, Theorem 0.1. First,
for easy reference we gather here some of the notation used in this section.

Notation 6.1. Unless otherwise indicated, in this section all matrix coefficients are evaluated
at the profile w = (V,Y).

1. Let
(6.1) Bjk:(g bgk)’j’kzl”"’d
Alv = adlv — (v - dVBjd)V/, j=0,...,d where B = (.
2. Let
(6.2) Ply+ Elv = dyg'Yv + ¢y — (v-dy DY, j=0,....d,

where D% =0 and ¢/(V) =0for j=1,...,d — 1.
3. Define the (n + s) X (n + s) matrix N and the n x n matrix C'

d d
ap, a0 C 0
_ dd o

(6.3) N = 0 b Odd = (0 Ddd> .

0 0 D

4. Let
IC — (Ddd)—l

(6.4)

H, = H(C™) for any n x n matrix H.
5. Define the change of variables

21 U1
(6.5) z= 2| =N || Z:= (22,2, 2, 2)".
Z3 y

and set z, = (21, 29), so v = C7'z, and y = Kz3.
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The Evans function Dgrys can be expressed in terms of the z coordinates as follows. Let

(6.6 4-x (1)

Y3

for fast or slow modes ( ) as defined in (4.65)-(4.67), and let ZJ. be the corresponding

]
+
Y
enlarged vectors as in (6.5). A simple computation shows

Dpns i=det(ZY, ..., 2" ZY . 27 4o =
rdet(UL,...,U"* UL, ... ,U"®)|,—0 = KDgns,
where x = (det A¢ - det % - det D4?)|,— # 0.
We proceed to examine the linearized, transformed RNS equations (3.3) in order to find

row operations to use in simplifying the determinant Dgyg. Writing frequencies in polar
coordinates, we obtain for the components of (3.3):

(6.7)

d—1
(B ) = pAA®v + p > iAo+ (Afv)
j=1
d—1 d—1 d—1
—p Z in; B — p Z i (B%v) + p? Z B*f v — QK (dyibY v + 1y)
=1 k=1 k=1
(6.8) i
(DY = pA(P% + E) + p Z in;(Ply + E7v) + (Py + E%)’
j=1
d—1 d—1 d—1
—pY i DYy — pz in(D™y) + p* > Dy + K (dyhYv + ).
J=1 = k=1
Rewriting in terms of z coordinates gives
(6.9)
d—1
(a) (BY2) = pAA%z, + pZiﬁj (AL — BIYC™Y)z + (AL = B(C™1))z,)
j=1
d—1 d—1 d—1
- pz in B2, — Z ink(B%*2,) + p? Z Bi*f iz, — QK (dypY C ™'z, + K z3)
j=1 7,k=1
d—1
(b) (D™(Kz3)') = pAMP°Kzs + EV2) + p Y i (P'Kzs + Elz) + (P'Kzs + Elz,)
j=1
d—1 d—1 d—1
- pZmJDJ (Kz3) — pZ@nk (D*Czs) + p Z D*piie s + K (dyhyY Oz + K 23).
j=1 7,k=1

Setting p = 0 and combining the equations (6.9) in the obvious way gives

(6.10)  (BUZ) = (A - BUCT)5) — QUDM(KCa)) — (PUCa + Bz},
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‘Q.

When 2z is a fast mode on x <0 (i.e., z =N (U- ) for a mode as in (4.66)), we integrate
y

| <

(6.10) ffoo and use Proposition 4.6 to get
(6.11) Bl = (AL — BY(C7Y))z, — Q{D™(Kz3) — (P'Kzs + E%2,)}.

For fast modes on x > 0 we integrate ffoo to get an equation that looks the same. For slow
modes integration on [*_ yields

(6.12) Bz = (AL = B(C™))2 — Q{D™(Kz)' — (PKzs + Elz)} — 17 (0),

for r’ as in (4.4).
Using the explicit forms of the matrices defined in Notation 6.1, we easily compute

dd __ 0 0 . d __ pdd —1\/ __ ]n—r 0
(6.13) Bl — (O L), Al — Bl = (Ml MQ),

for some M;, M,. Taking components in (6.11) (recall @ = <C(2) >) gives
2

0:,21

6.14
(6.14) 2h = Mz + Mazy — {Q (Ddd(Ing)’ — (P2 + Efzb))}2,

and doing the same in (6.12) gives

0=z —(rL(Oh
(6.15) / dd ’ d d J(r
2o = M121 + MQZQ — {Q (D (lCZg) — (P lCZg + E*Zb))}g — (T?(C))Q.

The final step before computing Dpys is to derive the analogue of (6.14),(6.15) for the
jump in the variation of the profile

Z(x,() :=7_ — 7., where

(6.16) . s R s
Z—(z,C) = 8p|pZOZ— , LZy(x,Q) = ap|p:(JZ—i-

(recall the special choice made in Proposition 4.7). In the next computations we write
n+s __ / / t. r+s __ / / t
Z? — (Zl—>Z2—7Z3—72277Z37) ) Z+ - (Z1+722+7Z3+7Z2+7Z3+>

/ / t. o / I\t
Z:I: = (Zli722i7z3ﬂ:722:|:723:|:) ) 7= (21722723722723) .

(6.17)

To determine the jump in variation of the profile, first take Z = Z"** in (6.9)(a),(b), dif-
ferentiate 0,|,—o; then do the same with Z = Z**. Combining (a) and (b) equations in the



STABILITY OF DETONATIONS 37

obvious way gives
d—1 A
(BYZ,) = (AL = B(C™))ze) = Y (B 2s) + A2

— d—1
-~ Z i Bz, + > i (AL — B*(C™)) %

j=1 j=1
(6.18) —
' — Q{(D™(Kz31)") — (P'Kzzs + E2ps) + Y inp(D¥* K234 )"}
k=1
d—1 ‘ ‘ d—1 ‘
—Q{=) (P Kz + Elzps) + Y i D' (Kzs)'}
j=1 j=1

+ Q{S\(POIC,Zgi + ESZH:)}.
Observe that each line in (6.18) is a perfect derivative. Integrating the £ equations fioo and
recalling (4.74), we obtain

d—1

B2 (w,() = (AL = BCT) )zow — ik B*V + A(fO(V) = (V)

d—1
+ 3 i (V) = [ (Ve) = BV
7j=1
1 d—1
(6.19) —Q{D"(Kzsy) — (P'Kzss + Elzye) + S i (D*V)
k=1

+ Q{Z in; (¢ (V)Y — ¢/ (Vi)Yy — DY)}

+ Q{/\( "(V)Y —g"(Ve)Yi)}-
Next subtract the plus equation from the minus equation in (6.19) to get
Bz = (AL — BM(C7'Y)z, — Q{D¥(Kzs) — (P'Kz3 + E’z,)}
(6.20) = R0 <o
+ D i [PV + AL (V)] + AQle’ (V)Y].
j=1
Finally, take components in (6.20) to obtain
0=z + A V)] +ilf (V)] + AQL" (V)Y
(621) 2,2 = M121 + MQZQ - {Q{Ddd(lCZ:;), - (PdICZg + E:le)}}Q
+ ALV + il (V)] + AQlg° (V)Y ])a.

We can now finish the proof of the Equivalence Theorem.
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Theorem 6.1. Under hypotheses (H0), (H1), (H2), (H3), (H4), (H5), (H6), and (H7), the
RNS Fvans function satisfies

(6.22)
Daxs(C.p) = padet (v Q). (O ALV +ilF(T)] + AQLe"(V)T]) + olp) =
pB2Acy((, 1) + o(p),

where
(6.23) By = (=117l k= (det A% det b det D) |,_,

and v 1is the transversality coefficient given below by (6.26). The error is o(p) uniformly for
eS8t ={C:[{|=179=>0}
Proof. From (6.7) we have at x =0

(6.24)
Dans(C,p) =det(ZL, ..., 24 74, ... ZF) =
det(ZL,..., 270, 2L, = pl+ O(p%) = —pdet(ZL,...., 2, 24, .+ O(p)),

where the second equality follows by subtracting the (n+ s)-th column from the last column.
Writing out the final term in (6.24) and using the row operations (6.14), (6.15), and (6.21)
yields

(6.25)
2l 20 2, z1 + O(p)
2 25t 2, 22+ O(p)
Cpdet | A o At A o 4+ 0(p) | =
2 2t S: 2 o Zy+0(p)
2 CAR z; + O(p)
(r-h+o(1) O(p) Olp) —AL* V)] +ilf(V)] +AQ[g" (V)Y 1 + O(p)
Zo_ 2o_  Zoy z,+ O(p)
— pdet 23 23 234 o z3+0(p) :
—(r-)a+0(1) O(p) O(p) ALV +ilf1 (V)] +AQ[g°(V)Y])2 + O(p)
% %o 2y z; + O(p)

where in the second determinant the columns have width n — 1, s+ 1, r4+ s — 1, and 1
respectively. Switching rows and columns we obtain (6.22), where + is the (r+2s) x (r+2s)
subdeterminant

22— R4
(626) Y= det 23— R34+
Zy_ Zgy

with columns drawn from the second and third columns of the second determinant in (6.25).

O

Remark 6.1. 1. The o(1) and O(p) terms in the above determinants are accounted for by

Remark 4.6. The above argument shows that DRNS(é,p)/p is C*in 4y >0, p > 0 with a
continuous extension to 4y > 0, p > 0.
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2. The nonvanishing of 3, for the physical RNS equations is discussed in section 8 of part
D.

Combining Theorems 5.1 and 6.1 we obtain:

Theorem 6.2 (Equivalence Theorem). Under assumptions (H0)-(HS) the ZND and RNS
Evans functions satisfy

~ ~

(a) Dznp(C,p) = pBilAcs((, 1) + O(p?)

(6.27) ) R
(b) Drns(C, p) = pBaAcs (¢, 1) + o(p),

where 3y (5.15) and B (6.23) are transversality constants, { € S ={(\n) Ay =1R\>
0}, and p = |\, n|. The errors are O(p®) (respectively, o(p)) uniformly for ¢ € S4.

Part 5. The physical equations
7. EVALUATION OF Agy

In the previous sections we used abstract generalizations of the RNS, ZND, and CJ com-
bustion models to streamline and clarify the proof of the Equivalence Theorem and its
surrounding discussion. In this part, we restrict our attention to the important special cases
of these generalizations where the functions f7, ¢’ of (0.23) are those obtained from (0.15).
We begin by finding zeros of Agy as defined in (4.6). In the context of nonreacting gas
dynamics, this calculation was originally carried out by Erpenbeck [E2]. (See also the more
recent treatment in the expository appendix [JL] to [Z2].) Later in the context of the CJ
model, this calculation was made by Majda and Rosales [MR] with a particular emphasis
on the zeros (A = iT 4+ 7,n) of A¢; with v = 0 and their role in the spontaneous forma-
tion of Mach stems in reacting (CJ) shock fronts. We revisit this calculation in the light of
Theorem 6.2 which implies that these zeros have additional significance in that they contain
information about both Dryg and Dznp. To make use of this information to make a con-
clusion like (0.13), we also verify that the transversality coefficients ; (defined in (5.15))
and [y (defined in (6.23),(6.26)) are nonvanishing. Finally, we look at the case of an ideal
polytropic gas.

For simplicity and concreteness, we fix d = 2 and s = 1. That is, we consider the case of
two space dimensions and a single one-step reaction. We suppose then that the detonation
under consideration has Lax 4-shock structure. From (0.23) and (0.28) we immediately
obtain (recall V = (p,u, T)" and u = (uy, u)™) for V burnt that

(1) 1°0V) = (pr s, pu p (T + Juf2/2))
(7.2) F1V) = (pur, pui +p, purus, (p (e, T + [u]?/2) +p) Ul)tr,
and

tr

(7.3) F2(V) = (puz, puruz, pus + p, (p (T + [uf*/2) + p) uz)
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Thus, the 4 x 4 matrices a’ = df? of partial derivatives are easily calculated to be

1 0 0 0
0 _ Uy P 0 0
T+ ul?/2 puy pus cup
Uy p 0 0
(75) a (V) = Ui+ pp 2pu1 0 Cupe
UL U2 pu2 puL 0 ’
uy (¢, T+ [ul?/24p,) pui (e, T+ |ul*/2) +p puius copus + uicype
and
U2 0 p 0
2 _ UiU2 pu2 puUL 0
(7.6) a”(V) = u3 +p, 0 2pus CoPe

us (¢, T+ [ul?/24p,) purus pus (¢, T+ [u?/2) +p  copus + uzc,pe
We also note that

(7.7) Q = (0,0,0,¢)" and g°(V;) = ps-

Moreover, the jump condition (1.2) is equivalent to the following equations:
(7.8) [pus] = 0,

(7.9) [purus] =0,

(7.10) [pu3 +p] =0,

and

(7.11) [(p (T + [u*/2) + p) us] = —piuaiq.

Remark 7.1. We note that the jump conditions (7.8)—(7.11) simplify further due to the fact
that the transverse velocity is zero. See Remark 1.2.

Specializing the definition of A¢; (4.6) to the case of interest, we find

(7.12) Acy(¢) =det | r2(C), 72(C), 72(C), ALf°l +imu[f'] + Ag" (V)@ |

J/

N~
«

where 77 (¢) = a%(V_)s’ (¢) and the collection {s',s%, s>} spans the unstable eigenspace

FL(C) of
(7.13) H_(¢) = —(a?) ™ (Aa® + imya') (V).

Equation (7.13), the deﬁnition of the 7, and the fact that the s’ span the unstable subspace
of H_ imply that the /. are a basis for the stable subspace of

(7.14) H_(¢) = (A\a” +ima')(a®)~"(V2).
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Now, we let ¢ be a left eigenvector associated to the solitary unstable eigenvalue of H_. It
follows that the expression for the CJ determinant can be rewritten as the dot product

(715) ACJ(C) =/ .

The expressions in (7.1)—(7.3) and (7.7) allow us to write
Alp]

(7.16) a= “76[7’]

Alp(eeT + [uf?/2)] + Apiq

To find an expression for ¢, we take advantage of the fact (0.31) that the fluxes in the burnt
gas are identical to the fluxes of the nonreacting Euler equations. Since we evaluate H_ at
the burnt state, it follows that we can use the calculations of [JL].

Lemma 7.1. The vector £ is a left eigenvector of H_ with eigenvalue 3 if and only if ¢ is a
left eigenvector of (ma' +iBa?)(a®)™' with eigenvalue i\.

Proof. The proof is a simple calculation. O

The importance of Lemma 7.1 is that the eigenvalues and eigenvectors of the matrix

(ma' + n2a*)(a®)~! are computed in [JL]. The eigenvalues are
(7.17) u-n—clnl,

(7.18) u-n (double),

(7.19) u-n+cnl,

where ¢ is the sound speed (1.3), and we have used the notation n = (ny,72)". We note
that n; is the frequency variable dual to spatial variable y; while 7 is an alternate label for
i3. To simplify certain expressions, we shall use both labels simultaneously. To determine
an expression for ¢, we need to identify which of (7.17)—(7.19) when set equal to i\ yields
RG> 0. It’s easy to discard the double eigenvalue (7.18), for, setting i\ = u - n, we find

(7.20) iX = ius 3,

since we take the transverse velocity u; to be zero by (1.14). Moreover, since uy < 0 by
(1.15), equation (7.20) shows that R\ and RS have opposite signs. Since our interest is in
RA > 0, we do not find the unstable eigenvalue 3 by this choice. It follows that

(7.21) i =u-nFcn|

(7.22) =ius3 F c\/ 17 — 2.

Remark 7.2. Some care needs to be taken with the square root in (7.22) to guarantee that
the right hand side gives A as a continuous function of 3 as [ varies in the right half plane.
In this case, the branch cut should be taken along the positive real axis.

To determine which choice in (7.21) should be made, we consider the special case 7, = 0
to find

(7.23) R = (ug F ¢)RB.



42 HELGE KRISTIAN JENSSEN, GREGORY LYNG, MARK WILLIAMS

Since the burnt state is subsonic (Remark 1.1), we find that choosing + gives the unique
choice of eigenvalues (7.17)—(7.19) for which RS > 0. Therefore, from [JL], the desired left
eigenvector / is

. T 2 tr
(7.24) o = (9 UL )L ey Fu“,r>
m| 2 " nl
(7.25) - (9— ey (Tl o iy, F)
i 2 " nl" In| )

where § = p,—T'c,T, and I" = p./p is the Gruneisen coefficient. Thus we now have the basic
ingredients a and ¢ to compute A ;. Before doing so, we note a pair of useful relations that
follow directly from our definitions above:

(7.26) A\ = Bug —icy/n3 — 32,

(7.27) 5= Mg — /A2 — n}(u} — c2)

uz — 2

We note that in (7.27) the standard branch of the square root is used. Finally, we are ready
to compute Agy. We combine (7.16) and (7.25) using (7.15) to get

1cfu

(7.28) Acy = A {9 SRy r“—g} + i [p) {%} +ATE] + ATpsq,

kil 2 |

where we have used the shorthand € = p(c,T + u3/2). We note that everything in (7.28) is
evaluated at the burnt state V_ unless it is otherwise indicated by the jump notation [-] or
by a subscript +. Equation (7.28) gives A¢; as a function of A and ;. Henceforth, we omit
the subscript 2 on us and the subscript 1 on 7;. We define

_ 2
(7.29) R—g4rs sl

2 o]

and we use the fact from the jump conditions (7.8) and (7.10) that the jump in the pressure
can be written as [p] = uyu[p] to rewrite the expression for Ac; as

~ . . 2
(7.30) Acy = [p] {)\R - quf |“ + ““@7’7 } .

Now we define

(7.31) w= Tl M = o T= pﬁ =1/py (Weset p_ =1 as in Remark 2.1).
Jr
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Thus, we find by some elementary manipulations that

(7.32) Acy = |ul[p]c {ng N iﬂﬁ?ﬁ‘w z‘nlz\fr}
(7.33) _ gl {a;;% N wﬁfﬁ . wnirﬁ}
(7.34) = lZHf:];Q {Z—%w(w +0) + Bw + ngr} .
Now, we define

(7.35) s(w) = w4 /M2w? + (1 — M?)n2,
(7.36) i— 1_2 ey

and we note that

s(w)

We can now rewrite our expression for A¢; using & and s(w). We find
ullple® [Fws(w) = 5 o
. Aoy = _
(7.38) =G 1_M2+77r w
2
(7.39) = ullpler {rtRws(w) + (1 — M*)(n* —r~'w?)}

s(w)
From (7.39) and nonvanishing of |u|[p]c?r it follows that zeros of Aq; are exactly those of
the analytic expression

(7.40) G(w,n) = r"Rws(w) + (1 — M?)(n* — r~'w?).
Recall that our interest is in zeros (A, n) of Ax; which lie in the set
(7.41) S2={(\n) €CxR :|(\n)]=1R\>0}.

In particular, (w,n) = (0,0) ¢ S%. We consider the cases n = 0 and 1 # 0 separately. In the
case n = 0, (7.40) simplifies to
(7.42) |lu|[p]c? [fi— 1—|—M}w.
There are therefore two possibilities in this case:
e if K =1 — M then ch(w) = 0,
o if K #1— M then Acy(w) =0 only for w = 0.
In the case n # 0, we may set 7 = 1 by homogeneity. The quantity s(w) is then given as
s(w) :=w+ \/M2w2 + (1 — M?),

where the square root has positive real part (s(w) # 0 for all w with real part > 0). Thus
from (7.40), The zeros of A¢; in the closed right half plane are then the same as those of
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the function
Gw) = rRws(w)+ (1 — M?*)(1 —r"'w?)
= (1= M) +r'E—1+ M) +r 'EMwy/w? + (2,

where 3? = (1 — M?)/M? and the square root has positive real part. This is the same
expression that was analyzed in the non-reactive case. A detailed winding number analysis
of this function as in [JL] gives the following cases:

e Casela: 1 — M —k <0 & M? —r (i — 1+ M?) > 0: G has no roots in the open
right half plane and exactly two roots on the imaginary axis.

e CaseIb: 1 — M — ki <0& M?>—7"Y%—1+ M?) <0: G has no roots in the closed
right half plane.

e Case II: 1 — M — £ > 0: G has no roots on the imaginary axis and exactly one root
in the open right half-plane.

e Case III: 1 = M — £ = 0: G has no roots in the closed right half-plane.

These conclusions hold under the assumption that M < 1. (Recall that the the burnt state
V_ is subsonic.) As r~! > 0 we have that # > 1 — M? + M?r implies # > 1 — M, whence
Case Ib occurs if and only if & > 1 — M? 4+ M?r.
Putting the various cases together we thus have the following breakdown for roots (A, n)

of AC’J:

e i <1—M: Jaroot (A\,n) e ST with R\ >0,

o1 - M < k<1—M?+ M?*: 3 at least one root (\,n) € ST with ®A = 0, but no

root with *A > 0,
e i >1— M?+ M?r: 3 noroot (&) € S3.

To express these criteria in terms of physical quantities we note that

(7.43) F=2+TM*(1-7).

(To obtain (7.43), we use the relations

(7.44) ech—P(H?), M:<Q+B)+(l_r)uz,
p (] p 2

which follow from repeated use of the Rankine-Hugoniot relations.) Applying this in the
characterization above we conclude that a strong detonation front of the last family is

e strongly low frequency unstable if and only if

I > ()53,

e weakly low frequency stable if and only if
(Fe —1<T < GG,
e uniformly low frequency stable if and only if

< (4): — 1

Remark 7.3. The above argument can be repeated in the case d = 3 with only cosmetic

changes due to the fact that there are now two transverse spatial directions. The same
stability criteria are obtained at the end.
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8. THE TRANSVERSALITY COEFFICIENTS 31 AND (35

8.1. ZND. In the case s = 1,d = 2 that we are considering, the transversality coefficient 3,
of (5.15) simplifies to

(8.1) pr = —QQ(W)Hyn’x:O*,Q:O,
where now

(8.2) 9> (V.) = (pu2)|o—o-

(8.3) k = (det a®)(det(a® + N)) ™",
(8.4) y" = last component of @'|,—o-,

and w is the stationary ZND profile described in section 1.3. The expression for y” in (8.4)
is obtained since y" is one component of the distinguished fast mode (4.33). Now, we note
that

(8.5) det a®|,—o- = u3,(u3, — c2),

*

which is nonzero provided that the von Neumann shock is not sonic.
The matrix N (5.1) is defined by

(8.6) Nv = Qdyg*(Vi)v,

since the jump conditions imply Y, = 1. Using ¢?(V) = pus, it is easy to see from the form
of @ in (7.7) that

0 00 O
0 00 O
(8.7) N=gq 000 0
us 0 p 0.
Moreover, from (7.6) and multilinearity of the determinant, we can compute
0 p 0 Us 0 0
(8.8) det(a® + N) =deta® — qua | puy puy 0 |—qp| wuy puy 0 |=deta®
0 2pu2 CyPe u% + Py 0 CvPe

It follows that x = 1. Finally, we need to look at y" which is the final component of the
ZND profile w = (V,Y) which is a solution of the ODE (1.8)

2y \ K(V)Y
(&) (Fom) = (L)
Therefore,
(8.10) V)WV + Qdy*(VIV'Y + Qg*(V)Y' =0,
which we rewrite as
(8.11) (@ + N)V' + Qg*(V)Y' = 0.

Then invertibility of a2 + N implies that if Y’ |z—0- = 0, then 1% |o—o- = 0 also. In this case
it follows from (8.9) that

w(f/) |:c:0_ = 07
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which implies that the temperature at the left of the shock is below ignition temperature, a
contradiction.

Remark 8.1. The above argument for the nonvanishing of det a? works equally well in the
case d = 3. One finds simply that det a® = u3, (u2, — c?) which is nonzero under a nonsonicity
assumption. Also, we find as before that det(a® + N) = det a®, and thus the same reasoning
as above shows that y” is nonzero given that the temperature after the von Neumann shock
is above ignition.

We note that a computation similar to (8.8) shows that £ = 1 in the multistep (s > 1)

case as well.

8.2. RNS. Next we examine the coefficient (3, that appears in the low frequency expansion
of Drns (6.27). As above we concentrate on the simplest interesting case: s = 1, d = 2.
(Thus in our labeling n = 4 and r = 3.) From (6.23) we have that

(8.12) By = (—1)*T 11y,

It is straightforward to check that x # 0, so the only way that (3, may vanish is if v is zero.
Using (6.26) in the current setting (physical equations d = 2, s = 1), we find that

B A Ay Ry Zy
(8.13) y=det 25 25 2, 23, Z5,|,

4! 5/ 1/ 2
R3_  R3— R34 R34 R34

where 23, € R3; 21, 21\ € R so that ~ is defined as the determinant of a 5 x 5 matrix.

Let us briefly indicate why nonvanishing of v is equivalent to transversality of the inter-
section of the stable/unstable manifolds of the traveling wave ODE at the end states w, /w_
respectively. The columns of the matrix in (8.13) form bases for the tangent manifolds along
the profile @ of the stable/unstable manifolds at wy /w_. (Recall that the second column is
the distinguished fast mode which vanishes at both infinities.) Thus, v # 0 indicates that
these tangent spaces span all of the phase space R®. That is, the intersection is tranverse.

We note that the phase space is five dimensional due to the real viscosity. The lack of
a second-order term in the conservation equation implies that integration of that equation
in the traveling wave ODE (1.6) yields simply that the mass flux puy, = constant (1.7).
Therefore, there is one dimension for each remaining conservation equation (2 momentum,
1 energy) and two dimensions for the single second-order reaction equation which cannot
be integrated. However, we may take advantage of the fact (1.14) that we may take the
transverse velocity to satisfy u; = 0; we thus reduce the number of unknowns by one. The
resulting four-dimensional phase space is precisely that studied by Gasser-Szmolyan [GS].
Provided the dissipative coefficients are small enough so that the construction of [GS] is valid,
it is shown in [LyZ] that the intersection of the stable/unstable manifolds is transverse.

Remark 8.2. The case d = 3 presents no additional difficulty since both transverse velocities
may be taken to be identically zero yielding the same reduction as above. However, in the
interesting case s > 1, the dimension of the phase space increases and the problem becomes
more difficult.
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9. THE CASE OF AN IDEAL POLYTROPIC GAS

Finally, we consider the case of an ideal polytropic gas. That is, we suppose that the
pressure (0.18) satisfies

(9.1) p(p,e) = Tpe

where I', the Gruneisen coefficient as above, is now a fixed constant. In this case we see
directly from the Rankine-Hugoniot conditions and the fact that the pressure is positive
that

(9.2) (r—l)(F+1)M—1—%<1

It follows that

1 1

which implies that the detonation is stable in the sense that Ac; has no zeros with v > 0.

Remark 9.1. This calculation is identical to the calculation that an ideal gas shock is uni-
formly stable. See [Mal, Ma2].

Part 6. Appendix: Well-posedness of the combustion equations

Here we describe how to put the physical ZND and RNS equations into Kawashima normal
form. Derived in [KaSh2] for the nonreactive Navier-Stokes equations, this normal form is a
highly symmetric and partially decoupled form of the equations that allows a simple proof
of short time existence for the initial value problem with sufficiently regular initial data.

Let

3 3
(9.4) pa =Y (B¥(w)wy,),, + R(w)
j=0 3.k=1

be the physical one-step RNS equations in dimension d = 3, where F7, B/* and R may be
read off from the system (0.15a), (0.15b), (0.20), (0.15d).
Define a 6 x 6 Kawashima symmetrizer for (9.4) as follows:

L 0 0 0

1| =« 1 o0 o0

(95) SW =7 s _ o 0
T T T

Y 0 0 1

S(w) is obtained from the symmetrizer defined in [KaSh2] simply by adding a row and
column.

Let ys = (y1,Y2,y3). Performing the y; derivatives on the left and right in (9.4) and then
multiplying the resulting equation on the left by S we obtain the normal form:

(9.6) Z A(wyw,, = Y B*(w)wy,,, + §(w, d,,w) + S(w)R(w),

jk=1
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where
(9.7) Al = SA, B* =SB, g(w,d,w) = S(B™), w,,.
The coefficients in (9.6) have the following properties:
~ A0 ~
1. A0 = (AH 121% ) is symmetric and positive definite (A, is 1 x 1);
22

0
2. The matrices A7, Bi* are symmetric;
- 0 O ) ~
3. Bk = (0 Bjk) with EikzllB%kajfk > CleP%;

4. g(w, 0y,w) = (0, g2 (w, dsw)).

It is now easy to check that short time existence and uniqueness of solutions to the initial
value problem for sufficiently regular initial data follows by standard Friedrichs estimates
and Picard iteration (see, e.g., [Ma3]).

The same symmetrizer S(w) works for the ZND equations. The ZND normal form is given
by (9.6) with the B7* and § set equal to zero.

Remark 9.2. 1. We are not aware of any other results on local well-posedness for the RNS
and ZND models in several space dimensions.

2. For the ZND model Chen and Wagner [CW] have recently proved a Glimm-type exis-
tence result in one dimension for small BV solutions. For the one dimensional RNS model
without species diffusion, Chen, Hoff, and Trivisa [CHT] have established global existence,
regularity, and large-time results. It is noteworthy that their analysis allows for the pressure
and internal energy to depend on the mass fraction of reactant.
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