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Abstract. We consider a model of stress relaxation approximating the
equations of elastodynamics. Necessary and sufficient conditions are de-
rived for the model to be equipped with a global free energy and to
have positive entropy production, and the resulting class allows for both
convex and non-convex equilibrium potentials. For convex equilibrium
potentials, we prove a strong dissipation estimate and two relative en-
ergy estimates: for the relative entropy of the relaxation process and for
the modulated relative energy. Both give convergence results to smooth
solutions. For polyconvex equilibrium potentials, an augmenting of the
system of polyconvex elastodynamics and the null-Lagrangian structure
suggest an appropriate notion of relative energy. We prove convergence
of viscosity approximations to polyconvex elastodynamics in the regime
the limit solution remains smooth. A modulated relative energy is also
obtained for the polyconvex case which shows stability of relaxation
approximations.
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1. Introduction

A continuous medium with nonlinear elastic response is described by the

system

∂2
t yi = ∂αTiα(∇xy), (1.1)

where y : R
d ×R

+ → R
d, d = 2, 3, describes the motion and T is the Piola–

Kirchoff stress tensor. For hyperelastic materials T is generated by a stored

energy function

Tiα(F ) =
∂W (F )

∂Fiα
, (s)

an assumption which is motivated by considerations of thermodynamics.

The system of elastodynamics (1.1) is often recast as a system of conserva-

tion laws,

∂tFiα = ∂αvi

∂tvi = ∂αTiα(F ) ,
(1.2)

for the velocity vi = ∂tyi and the deformation gradient Fiα = ∂αyi. The

equivalence of (1.1) and (1.2) holds for solutions (v, F ) with F a gradient,

F = ∇y, a property equivalent to the set of differential constraints

∂βFiα − ∂αFiβ = 0 . (1.3)

The constraints (1.3) are an involution [12]: if they are satisfied at t = 0

then (1.2)1 propagates (1.3) to hold for all times.

The first objective of this article is to study the mechanical and math-

ematical ramifications of the approximation of (1.2) by a theory of stress
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relaxation,
∂tFiα = ∂αvi

∂tvi = ∂αSiα

∂t(Siα − fiα(F )) = −
1

ε
(Siα − Tiα(F )).

(1.4)

This model may be visualized in the context of viscoelasticity with memory

S = f(F ) +

∫ t

−∞

1

ε
e−

1

ε
(t−τ)h(F (·, τ)) dτ

with the equilibrium stress T (F ) decomposed into an elastic and viscoelastic

contribution, T (F ) = f(F ) + h(F ), f = ∂WI

∂F and T = ∂W
∂F , and a kernel

exhibiting a single relaxation time 1
ε . The approximation (1.4) is consistent

with the second law of thermodynamics, provided the potential of the in-

stantaneous elastic response WI dominates the potential of the equilibrium

response W . On the other hand, consistency with thermodynamics does not

require convexity of W and, accordingly, we study the relaxation limit ε→ 0

in two distinctive cases: (i) when W is convex, (ii) when W is polyconvex.

The second objective is to consider the viscosity approximation of (1.2)

∂tFiα = ∂αvi

∂tvi = ∂αTiα(F ) + ε∂α∂αvi

(1.5)

for polyconvex equilibrium potentials, W (F ) = g(F, cof F, detF ) with g

convex, and to prove convergence of (1.5) to (1.2) so long as the solutions of

(1.2) remain smooth. The notion of relative energy ([11], [13, Thm 5.2.1]) is

an efficient tool for proving convergence when W is convex. Using the null-

Lagrangian structure and an extension of polyconvex elastodynamics to a

symmetric hyperbolic system [15], we show how to devise the appropriate

notion of relative energy and prove convergence of (1.5) for W polyconvex.

A premiss of this work is to devise and compare various structural iden-

tities for relaxation systems, using (1.4) as a case study, and to pinpoint

the notions of relative energy and modulated relative energy as efficient tools

for proving convergence of relaxation approximations in the smooth regime.

This is an alternative to the usual approach based on analysis of the lin-

earized collision operator (e.g. [6], [23]).

We outline next the main results: The first task is to determine un-

der which conditions the model (1.4) is endowed with the analog of the
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H-theorem in kinetic theory of gases. This will yield the structure that in

the theory of relaxation systems [7] is called an “entropy function”. To

this end, the model is embedded within a theory of stress-relaxation with

thermal effects. This model is interpreted within the framework of thermo-

mechanical theories with internal state variables [9], and consistency with

thermodynamics is equivalent to the existence of a free energy function Ψ

that exhibits entropy production. Conditions for the existence of the free

energy function are well understood for processes taking values in a neigh-

borhood of the equilibrium “Maxwellian” manifold [21, 24], but the issue

becomes complex when the free energy and consistency with the second law

is requested on the entire state space. In Section 2 we address this issue

for the stress relaxation theory (2.12) and show that, for an instantaneous

elastic response derived from a potential

f(F, θ) =
∂WI(F, θ)

∂F
,

a necessary and sufficient condition for the existence of a global free en-

ergy function is the function h describing the viscoelastic stresses to be a

dissipative map,

(
h(F2, θ) − h(F1, θ)

)
· (F2 − F1) ≤ 0 , ∀F1, F2 , ∀θ ,

with inverse h−1 derived from a potential (see Proposition 2.2 and [22] for

1-d stress relaxation).

In Section 3, we consider isothermal stress-relaxation processes. Isother-

mal processes are determined by (1.4). Under conditions of consistency with

the second law of thermodynamics,

T (F ) =
∂W (F )

∂F
= f(F ) + h(F )

f(F ) =
∂WI(F )

∂F
, h(F ) = −

∂Wv(F )

∂F
, Wv = WI −W convex,

(H)

the mechanical energy of the stress-relaxation theory

E =
1

2
|v|2 + Ψ(F, S − f(F ))
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dissipates according to the H-theorem

∂t

(
1

2
|v|2 + Ψ(F, S − f(F ))

)
− ∂α(viSiα)

+
1

ε
(Fiα − h−1

iα (S − f(F )))(Siα − Tiα(F )) = 0 .

The last term stands for the dissipation of viscoelastic stresses and is positive

under (H).

Consistency with the second law of thermodynamics does not require con-

vexity of the equilibrium stored energy W , but rather that the instantaneous

elastic potential dominates the equilibrium potential, that is WI −W con-

vex. (This is noted for the one-dimensional isothermal model in [16], and

for relaxation theories in gas dynamics in [21].) The convexity of WI −W

can be motivated by the Chapman-Enskog expansion of kinetic theory (see

Section 3.1). Accordingly, we study the behavior of (1.4) as ε → 0 in two

distinctive cases: (i) W convex and (ii) W polyconvex.

When the equilibrium potential W is convex the nonequilibrium free en-

ergy Ψ = Ψ(F,A) is also convex (Proposition 3.1). In order to compare a

smooth solution (v, F, S − f(F )) of the relaxation system (1.4) to a smooth

solution (v̂, F̂ ) of the equilibrium system (1.2), we consider the relative en-

ergy between the relaxing and the “equilibrium” solution,

Er :=
1

2
|v − v̂|2 + Ψ(F, S − f(F )) − Ψ(F̂ , h(F̂ ))

−
∂Ψ

∂F
(F̂ , h(F̂ )) · (F − F̂ ) −

∂Ψ

∂A
(F̂ , h(F̂ )) · (S − f(F ) − h(F̂ )) .

For Ψ uniformly convex, Er is equivalent to the L2-norm of the solution

difference and satisfies the identity

∂tEr − ∂α

(
(vi − v̂i)(Siα − Tiα(F̂ ))

)

+
1

ε
(Fiα − h−1

iα (S − f(F )))(Siα − Tiα(F ))

= (∂αv̂i)
(
Siα − Tiα(F̂ ) −

∂2W

∂Fiα∂Fjβ
(F̂ )(Fjβ − F̂jβ)

)
.

This relative energy identity serves for proving stability and convergence of

smooth solutions of the nonlinear viscoelastic model (1.4) towards smooth

solutions of the elasticity equations (1.2) for convex equilibrium potentials

(see Theorem 3.3 in Section 3.2).
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In Section 4 we consider (1.4) with linear instantaneous elastic response,

f(F ) = EF , E constant. The resulting model is equivalent to regularization

of (1.2) by a wave operator

∂tFiα − ∂αvi = 0

∂tvi − ∂αTiα(F ) = εE∂α∂αvi − ε∂2
t vi .

(1.6)

The mechanical energy of (1.2) reads

E∞ =
1

2
|v|2 +W (u) ,

and it is easily seen that it does not dissipate along the relaxation dynamics.

(E∞ should not be confused with E , it corresponds to the limit values of E

along equilibria of the relaxation dynamics.) However, one may define the

modulated energy

Em =
1

2
|v + εvt|

2 +W (F ) + ε∂αviTiα(F ) + ε2
E

2

3∑

α=1

|∂αv|
2

amounting to a correction of E∞ by higher order contributions of acoustic

waves. Under the subcharacteristic condition

E > ∇2
FW (sc)

the modulated energy is positive definite and dissipates according to (4.5).

The latter provides a stronger dissipation estimate than the H-theorem and

generalizes in multi-d the analysis pursued in [22]. We also define the modu-

lated relative energy between two smooth solutions (v, F ) of (1.6) and (v̂, F̂ )

of (1.2) by

Emd :=
1

2
|v − v̂ + ε∂t(v − v̂)|2 +W (F ) −W (F̂ ) −

∂W

∂Fiα
(F̂ ) (Fiα − F̂iα)

+
1

2
ε2E

3∑

α=1

|∂α(v − v̂)|2 + ε∂α(vi − v̂i)(Tiα(F ) − Tiα(F̂ )) .

Under conditions of uniform convexity and (sc), the quantity Emd satisfies

the identity (4.11) in Lemma 4.3, and gives rise to a second stability and

convergence framework for smooth solutions (see Theorem 4.4). The reader

is referred to [22, 5, 1] for similar identities in other contexts.

Convexity of the elastic stored energy W (F ) is, in general, incompatible

with the requirement of material frame indifference for the equations (1.2)

(e.g. [8]), and various weaker notions have been proposed as replacements
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of convexity in the theory of elastostatics (see [3] for an updated survey).

One such notion is that of polyconvexity [2], namely that W is written as a

convex function of its minors,

W (F ) = g(Φ(F )) , Φ(F ) := (F, cof F, detF ) , (pc)

with g = g(F,Z,w) = g(Ξ) a convex function of Ξ ∈ R
19. Due to some

recently discovered [17] kinematic identities on the null-Lagrangians Φ(F ),

∂tΦ
A(F ) = ∂α

(
∂ΦA

∂Fiα
(F )vi

)
,

the system of polyconvex elastodynamics has the striking property that, for

F satisfying (1.3) it can be embedded into the enlarged system [15]

∂tΞ
A = ∂α

(
∂ΦA(F )

∂Fiα
vi

)

∂tvi = ∂α

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

)
.

(1.7)

The precise sense of the embedding is that for data (v0,Ξ0), with Ξ0 = Φ(F0)

and F0 = ∇y(·, 0), the resulting solution (v,Ξ) has the properties Ξ = Φ(F ),

with F = ∇y, and (v, F ) solves (1.2). Moreover, system (1.7), (1.3) admits

the entropy pair

∂t

(1

2
|v|2 + g(Ξ)

)
− ∂α

(∑

i,A

vi
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

)
= 0

and is thus symmetrizable. Similarly, solutions (v, F ) of the viscosity ap-

proximation (1.5), (1.3) can be embedded to the enlarged system (5.10),

while solutions of relaxation approximations by linear wave operator (1.6),

(1.3) are embedded to the system (6.2). Besides the embedding to a hy-

perbolic system with a convex entropy, the extension of polyconvex elasto-

dynamics has more appealing properties: (i) it is connected with a convex

minimization algorithm with the kinematic constraints inducing constrained

minimization problems [15], and (ii) it is respected by the natural approxi-

mations of viscosity or relaxation by wave operator.

In Section 5.2 we exploit the extended systems in order to prove a relative

energy identity: If (v, F ) is a solution of the viscosity approximation (1.5)

and (v̂, F̂ ) a smooth solution of (1.2) then we show the relative energy
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calculation (5.11). The relative energy

Hr =
1

2
|v − v̂|2 + g(Φ(F )) − g(Φ(F̂ )) −

∂g

∂ΞA
(Φ(F̂ ))(Φ(F )A − Φ(F̂ )A)

and the associated flux

Qα
r =

(
∂g

∂ΞA
(Φ(F )) −

∂g

∂ΞA
(Φ(F̂ ))

)
(vi − v̂i)

∂ΦA(F )

∂Fiα

are the basis for proving convergence of zero-viscosity limits for polyconvex

energies (Theorem 5.3) at least as long as the limit solution remains smooth.

The relative energy computation (Lemma 5.2) uses in an essential way the

null-Lagrangian structure (5.5) of Φ(F ) and the extensions (1.7) and (5.10).

Other examples of systems that can be augmented to a symmetrizable

system are the Born-Infeld system [4] and certain nonlinear models in elec-

tromagnetism [20]. C.M. Dafermos informed us that a connection of invo-

lutions in relative energy calculations is observed in [20], and that relative

energy calculations can be performed without prior knowledge of the ex-

tended system under the framework of contingent conservation laws [14].

As already noted, the relaxation model can be a thermodynamically ad-

missible without the equilibrium stored energy being necessarily convex (see

[16], [21] and Section 2). In Section 6 we show that the relaxation model

(1.4) provides a stable approximation for (1.2) for polyconvex stored ener-

gies (at least for smooth solutions). The notions of modulated energy and

modulated relative energy are extended for polyconvex equilibrium poten-

tials and we show that as long as a subcharacteristic condition is fulfilled

the relaxation approximation is stable (Theorem 6.2) and converges to poly-

convex elastodynamics in the smooth regime (Theorem 6.4). Finally, in the

appendix we compare the dissipation structure provided by the H-theorem

with the dissipation structure provided by the modulated energy. The two

structures differ away from the equilibrium manifold, their Chapman-Enskog

expansions agree near the equilibrium manifold up to order O(ε), and differ

already at the order O(ε2).
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2. Free energy function

In this section we determine necessary and sufficient conditions for a

model of viscoelastic stress-relaxation to be equipped with a global free

energy. To this end, the relaxation model will be embedded in a framework

of thermomechanical theories with internal state variables. The free energy

provides a global entropy dissipation structure valid on the whole state-space

and yields an entropy function for the stress relaxation process.

2.1. Thermomechanical theories with internal variables. Thermo-

mechanical theories with internal state variables are applicable in contexts

where some physical quantities, which from a phenomenological standpoint

determine the composition of the material, undergo relaxation towards equi-

librium. They are used in diverse modeling contexts, including relaxation

of internal energy, viscoelasticity, or models in plasticity. The consistency

of internal variables’ theories with the Clausius-Duhem inequality [9] pro-

vides conditions on constitutive relations so that the theory exhibits entropy

dissipation. The resulting entropy dissipation inequality yields for these phe-

nomenological theories the analog of the H–theorem.

In the context of internal variable theories the thermomechanical process

is described by (χ(x, t), θ(x, t), A(x, t)), where

χ : R
3 × R+ → R

3 , θ : R
3 × R+ → R , A : R

3 × R+ → R
N

stand respectively for the mechanical motion, the temperature and the (pos-

sibly vector or tensor) field of internal state variables. As usual we intro-

duce the velocity v = ∂tχ and the deformation gradient F = ∇xχ connected

through the kinematic compatibility relation

∂tF = ∇v .

The internal variables A are assumed to evolve according to a differential

law

∂tA = D(F, θ, A) (2.1)

generated by a “dissipative” vector field D, which is such that as t → ∞

the dynamics of A stabilizes to an equilibrium response A∞ := h(F, θ).
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Naturally, h(F, θ) is an equilibrium for the dynamics in (2.1)

D(F, θ, h(F, θ)) = 0 .

The thermomechanical process satisfies the balance laws of mass momen-

tum and energy, which in Lagrangian coordinates take the form

∂tρ0 = 0

ρ0∂tv = DivS + ρ0b

ρ0∂t

(
e+

1

2
|v|2
)

= Div(v · S +Q) + ρ0v · b+ ρ0r .

The balance of angular momentum reduces to the relation SF T = FST

which is usually viewed as a constraint on constitutive relations. As usual,

ρ0 is the referential density, S is the Piola–Kirchoff stress tensor, b the

body force per unit mass, e the internal energy, Q the (referential) heat flux

vector and r the radiating heat density per unit mass. Also, η will denote the

specific entropy and ψ := e−θη the Helmholtz free energy. For homogeneous

materials ρ0 is constant and the balance of mass is automatically satisfied.

It is a premiss of continuum thermomechanics that the process should

comply with the second law of thermodynamics, in the form of the Clausius–

Duhem inequality

ρ0∂tη ≥ Div
Q

θ
+ ρ0

r

θ
. (2.2)

For smooth processes (2.2) is viewed as constraining the format of the con-

stitutive relations and through a standard procedure (see [9] or [22]) restricts

the form of constitutive functions.

In the case of theories with internal variables the outline is as follows: one

starts with general functional dependences relating the dependent variables

ψ, S, η and Q to the prime variables F , θ, A and g := ∇θ, the temperature

gradient. The fields b, r are viewed as externally supplied and the require-

ment of compatibility with the Clausius-Duhem inequality is re-expressed in

the format: any smooth thermomechanical process (χ, θ, A) consistent with

(2.1) must satisfy the energy dissipation inequality

ρ0∂tψ + ρ0η∂tθ − trS∂tF
T −

1

θ
Q · ∇θ ≤ 0 .
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Using appropriate test processes it turns out the constitutive functions are

of the form
ψ = Ψ(F, θ, A)

S = ρ0
∂Ψ

∂F
(F, θ, A)

η = −
∂Ψ

∂θ
(F, θ, A)

Q = Q(F, θ, A, g)

(2.3)

and should comply with the inequality

−ρ0
∂Ψ

∂A
(F, θ, A) ·D(F, θ, A) +

1

θ
Q(F, θ, A, g) · g ≥ 0 , ∀F , θ , A . (2.4)

To proceed further one needs to identify the free energy Ψ by solving a

system of a differential equation and a differential inequality. Typically, this

system can be integrated in a neighborhood of the equilibrium manifold, and

this issue is systematically analyzed in [21]. The identification of the free

energy becomes a complex problem when we request that the free energy

is defined on the whole state space. This is achieved in various specific

models of relaxation of internal energy [10, 22, 24] or for certain (mostly

one-dimensional) models of stress relaxation in viscoelasticity [16, 22] or in

relaxation for gas dynamics [18]. In the following section we derive necessary

and sufficient conditions for a theory of stress-relaxation with thermal effects

to admit a globally defined free energy.

2.2. A theory of stress relaxation with thermal effects. We next

consider a theory with internal variables where A is a tensor describing

viscoelastic stresses, and S, A satisfy

S = f(F, θ) +A

∂tA = −
1

ε
(A− h(F, θ)) .

(2.5)

In addition, the heat flux is postulated to be Fourier heat conduction

Q(F, θ, g, A) = k(F, θ, A)g

with conductivity k ≥ 0.

In this theory, an additive decomposition of the stress tensor S is pos-

tulated into an instantaneous elastic part f(F, θ) and a viscoelastic part A
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undergoing stress relaxation with relaxation time 1
ε , ε > 0. The long-time re-

sponse of the material is determined by the equilibrium stress T (F, θ) which

is accordingly decomposed,

T (F, θ) = f(F, θ) + h(F, θ) ,

into the elastic and the viscoelastic stress contribution. Alternatively, the

constitutive theory for the stress (2.5) can also be expressed in the form,

S = f(F, θ) +

∫ t

−∞

1

ε
e−

1

ε
(t−τ)h(F (·, τ), θ(·, τ)) dτ ,

of a theory with fading memory with kernel k = 1
ε e

− 1

ε
s comprising of only

one relaxation time.

In view of (2.3), (2.4), the theory of stress relaxation is compatible with

the Clausius-Duhem inequality, if there is a globally defined free energy

solving the problem:

ρ0
∂Ψ(F, θ, A)

∂F
= f(F, θ) +A (2.6)

ρ0
∂Ψ(F, θ, A)

∂A
· (A− h(F, θ)) ≥ 0 . (2.7)

(Given two tensors F , G we use the notation F · G = FiαGiα = tr(FGT )

with summation convention over repeated indices.)

Henceforth, we assume that f(0, θ) = h(0, θ) = 0 and that the instanta-

neous elastic response derives from a potential

f(F, θ) = ρ0
∂WI(F, θ)

∂F
. (h1)

Integration of (2.6) yields

ρ0Ψ(F, θ, A) = ρ0WI(F, θ) +A · F +G(A, θ) , (2.8)

and to fulfill (2.7) the integrating factor G(A, θ) has to be selected so that

j(A, θ) = −∇AG(A, θ) satisfies

(F − j(A, θ)) · (A− h(F, θ)) ≥ 0 , ∀F, θ, A . (2.9)

Note that θ is a parameter in the above inequality. We establish necessary

and sufficient conditions for the solution of (2.9). The solvability is related

to the theory of monotone maps (e.g. [19]).
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Lemma 2.1. Let h, j be continuous maps. The maps h, j satisfy

(F − j(A)) · (A− h(F )) ≥ 0 , ∀A ,F , (2.10)

if and only if h is invertible, j is invertible, h = j−1 and h, j are both

dissipative.

Proof. Fix Â = h(F̂ ) and consider A = Â + teiα where t ∈ R and eiα =

ei ⊗Eα the standard basis in the space of tensors. Then,

(F̂ − j(Â+ teiα)) · (Â+ teiα − h(F̂ )) ≥ 0 , ∀t ∈ R .

We conclude (F̂ − j(Â)) · eiα = 0 and thus F̂ = j(Â). In a similar fashion,

if F̂ = j(Â) then we apply (2.10) to the test function F = F̂ + teiα, t ∈ R

and conclude Â = h(F̂ ).

In summary, Â = h(F̂ ) if and only if F̂ = j(Â), and thus h, j are invertible

with j = h−1. Applying once more (2.10) between the pairs F2 and F1 =

j(A1) we deduce that

(h(F2) − h(F1)) · (F2 − F1) ≤ 0 , ∀F1, F2 ,

that is h is a dissipative map. The same statement shows that j is a dissi-

pative map as well. The converse is obvious. �

Lemma 2.1 provides a characterization of stress relaxation models that

are (globally) compatible with the Clausius-Duhem inequality.

Proposition 2.2. Let f , h be smooth maps satisfying f(0, θ) = h(0, θ) = 0

and hypothesis (h1). There exists a global free energy Ψ(F, θ, A) satisfying

(2.6) and (2.7) if and only if h(·, θ) is a dissipative map with its inverse

j = h−1 a gradient. If h in addition satisfies that ∇Fh is invertible then h

is the negative gradient of a convex function Wv(F, θ),

h(F, θ) = −ρ0
∂Wv(F, θ)

∂F
. (h2)

The free energy is defined by (2.8) with G(·, θ) a convex function such that

∇AG = −h−1.

Proof. Suppose there is a free energy Ψ solution of (2.6), (2.7). Then Ψ

has the form (2.8) and j = −∇AG satisfies (2.9). Lemma 2.1 then implies
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that h = j−1 is a dissipative map. The converse also follows from the same

lemma.

The maps h and h−1 are connected by h ◦ h−1 = id. If ∇Fh is invertible

then

∇A(h−1) = (∇Fh)
−1 .

Since h−1 is the gradient of a concave function then ∇A(h−1) is symmetric.

Therefore ∇Fh is also symmetric and there is a convex function Wv(F, θ)

generating h via (h2). �

Remark 2.3. It is instructive to summarize the results in terms of stored

energy functions. When f is generated by a stored energy via (h1) and h is

generated by a stored energy via (h2), the equilibrium stress is

T (F ; θ) = f(F ; θ) + h(F ; θ) = ρ0
∂W (F, θ)

∂F
, with W = WI −Wv .

The compatibility of the model with the Clausius-Duhem inequality requires

that Wv = WI −W is convex,

−∇Fh(F ; θ) = ρ0∇
2
FWv(F, θ) = ρ0∇

2
F (WI(F, θ) −W (F, θ)) > 0 . (2.11)

In summary, we have considered a model of viscoelastic stress relaxation

(with thermal effects)




∂tFiα = ∂αvi

ρ0∂tvi = ∂αSiα + ρ0bi

ρ0∂t

(
e+ 1

2 |v|
2
)

= ∂α(viSiα + k∂αθ) + ρ0vibi + ρ0r

∂t(Siα − fiα(F, θ)) = −1
ε (Siα − Tiα(F, θ))

(2.12)

and derived in Proposition 2.2 conditions for global compatibility with the

Clausius-Duhem inequality. Under such conditions the model is equipped

with the entropy dissipation identity

ρ0∂tη − ∂α

(
k
1

θ
∂αθ

)

=
1

ε
ρ0

1

θ

∂Ψ

∂Aiα
(Aiα − hiα(F, θ)) + k

|∇θ|2

θ2
+ ρ0

r

θ
.

(2.13)

Under the framework of Proposition 2.2 the first term on the right of (2.13)

captures the dissipation due to the viscoelastic stresses and is positive.
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3. Isothermal stress relaxation and the H-theorem

Next, the case of isothermal stress relaxation is considered. From a me-

chanics viewpoint, isothermal conditions are achieved by regulating the ra-

diation heat supply r so as to keep the temperature constant, θ = θ0, and

accordingly the heat flux Q = 0. The energy equation is automatically sat-

isfied and the equations determining the isothermal process account solely

for mechanical effects:

∂tFiα = ∂αvi

∂tvi = ∂αSiα

∂t(Siα − fiα(F )) = −
1

ε
(Siα − Tiα(F ))

(3.1)

where for simplicity we took ρ0 = 1 and b = 0.

3.1. H-theorem. Henceforth, we work under the framework

T (F ) =
∂W (F )

∂F
= f(F ) + h(F ) ,

where f(F ) =
∂WI(F )

∂F
, h(F ) = −

∂Wv(F )

∂F
,

and Wv = WI −W is convex.

(a)

The implications of (a) are outlined in Proposition 2.2 and Remark 2.3. The

isothermal model is compatible with the Clausius-Duhem inequality, and

the entropy dissipation inequality (2.13) together with the energy balance

law (2.12)3 give (by eliminating r) an equation for the dissipation of the

mechanical energy. This reads:

∂t

(
1

2
|v|2 + Ψ(F, S − f(F ))

)
− ∂α(viSiα)

+
1

ε
(Fiα − h−1

iα (S − f(F )))(Siα − Tiα(F )) = 0 . (3.2)

Note that, under (a), the last term expresses the dissipation arising from

the viscoelastic stresses and is positive.

Equation (3.2) provides for the relaxation model (3.1) an analog of the

H-theorem, and yields what is called in the literature of relaxation systems

an “entropy” function [7]. It is worth emphasizing that the existence of the

free-energy functional Ψ(F,A) does not require any convexity assumption on
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the equilibrium potential W (F ), but rather that the equilibrium potential

is dominated by the instantaneous potential (see (2.11)).

Condition (a) should be compared to the classical subcharacteristic con-

dition which is typically needed to control hyperbolic–hyperbolic relaxation

limits (e.g. [7]). Another perspective to (a) is provided by the classical

Chapman–Enskog expansion for the relaxation limit of (3.1). Indeed, if we

set

Siα = S0
iα + εS1

iα +O(ε2)

in (3.1), the Chapman–Enskog procedure leads to the expression for Siα:

Siα = Tiα(F ) − ε

(
∂2W (F )

∂Fiα∂Fjβ
−
∂2WI(F )

∂Fiα∂Fjβ

)
∂βvj +O(ε2) .

Thus, the first order correction of system (3.1) is given by
{
∂tFiα = ∂αvi

∂tvi = ∂αTiα(F ) + ε∂α

((
∂2WI(F )
∂Fiα∂Fjβ

− ∂2W (F )
∂Fiα∂Fjβ

)
∂βvj

)
,

which is a dissipative approximation if and only if (a) holds.

Next, conditions for convexity of the free energy function are derived (cf.

[16], [22] for 1-d cases).

Proposition 3.1. (i) If a function Ψ(F,A) of the form

Ψ(F,A) = WI(F ) +AiαFiα +G(A) (3.3)

is convex ∀(F,A), then the functions WI(F ) and G(A) are uniformly convex.

(ii) Let h(F ) be globally invertible. Assume that, for some constants δ1, δ2 >

0, we have

∇F f(F ) = ∇2
FWI(F ) ≥ δ1I > 0 (3.4)

and

δ2I ≥ −∇Fh(F ) = ∇2
F (WI −W )(F ) > 0 . (3.5)

If δ1 ≥ δ2 then the function Ψ(F,A) defined in (3.3), with G(A) given

by ∇AG(A) = −h−1(A), is convex in (F,A). If δ1 > δ2 then Ψ(F,A) is

uniformly convex.

Remark 3.2. The conditions in Proposition 3.1 involve the convexity of WI

and (in an indirect way) the convexity of W . Indeed, observe that δ1 >



VISCOELASTICITY TO ELASTODYNAMICS 17

δ2 implies that ∇2
FWI > −∇Fh = ∇2

F (WI −W ), that is the equilibrium

potential W is convex, ∇2
FW > 0.

Proof of Proposition 3.1. We use the notation HΨ(F,A)[(H,K), (H,K)] for

the quadratic form associated with the Hessian of Ψ at the point (F,A)

evaluated along (H,K); similarly HWI
(F )[H,H] is the quadratic form asso-

ciated with Hessian of WI at F along H. We then have

HΨ(F,A)[(H,K), (H,K)] = HWI
(F )[H,H] + 2H ·K +HG(A)[K,K] .

To show (i) we proceed by contradiction. Assume there exist sequences

Fn and Hn with |Hn| = 1 such that

HWI
(Fn)[Hn, Hn] → 0 , as n→ +∞ ,

Then, for a fixed Â,

HΨ(Fn, Â)[(λHn, Hn), (λHn, Hn)]

= λ2HWI
(Fn)[Hn, Hn] + 2λ|Hn|

2 +HG(Â)[Hn, Hn]

≤ λ2HWI
(Fn)[Hn, Hn] + (2λ+M)|Hn|

2 , (3.6)

where M > 0 is a fixed constant depending on Â, and by choosing 2λ < −M

and n sufficiently large in (3.6), we haveHΨ(Fn, Â)[(λHn, Hn), (λHn, Hn)] <

0, which is in contradiction with the convexity of Ψ(F,A). Clearly the same

argument applies to the function G(A).

Let now (3.4), (3.5) hold with δ1
δ2

≥ 1. Then

∇2
AG(A) ≥

1

δ2
I

and thus, for all δ > 0,

HΨ(F,A)[(H,K), (H,K)] ≥ δ1|H|2 + 2H ·K +
1

δ2
|K|2

≥

(
δ1 −

1

δ

)
|H|2 +

(
1

δ2
− δ

)
|K|2 .

If δ1
δ2
> 1, we select δ such that 1

δ2
> δ > 1

δ1
and deduce uniform convexity.

In the limit case δ1
δ2

= 1 we only deduce convexity. �

Under (3.4) and (3.5) the function Ψ is uniformly convex, and we may

assume without loss of generality Ψ(0, 0) = ∇(F,A)Ψ(0, 0) = 0. Then (3.2)
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provides an L2 estimate and control of the distance from the equilibrium

manifold, namely
∫

R3

(
|v|2 + |F |2 + |S − f(F )|2)

)
dx+

1

ε

∫ +∞

0

∫

R3

|S − T (F )|2dxdt

≤ C

∫

R3

(
|v|2 + |F |2 + |S − f(F )|2

) ∣∣∣
t=0

dx . (3.7)

3.2. Relative energy. Let (v, F, S) be a smooth solution of (3.1) and (v̂, F̂ )

be a smooth solution of the elasticity system

∂tF̂iα = ∂αv̂i

∂tv̂i = ∂αTiα(F̂ ) .
(3.8)

The notion of relative energy [11] is used in order to establish stability of

classical solutions in systems of conservation laws or convergence of viscosity

approximations.

We show here that guided by the appropriate thermodynamics framework,

this idea can be adapted in the context of relaxation approximations. For

the relaxation system (3.1), define the relative energy Er(v, F,A; v̂, F̂ , h(F̂ ))

generated by the mechanical energy (of the isothermal relaxation model)

relative to an equilibrium,

Er :=
1

2
|v − v̂|2 + Ψ(F, S − f(F )) − Ψ(F̂ , h(F̂ ))

−
∂Ψ

∂F
(F̂ , h(F̂ )) · (F − F̂ ) −

∂Ψ

∂A
(F̂ , h(F̂ )) · (S − f(F ) − h(F̂ )) .

From the thermodynamic relations in Section 2 we have

∂Ψ

∂F
(F, h(F )) =

∂WI

∂F
+ h(F ) =

∂W

∂F
,

∂Ψ

∂A
(F, h(F )) = F + ∇AG(h(F )) = 0

and (by selecting an appropriate normalization) Ψ(F, h(F )) = W (F ). The

relative entropy then reads

Er =
1

2
|v − v̂|2 + Ψ(F, S − f(F )) −W (F̂ ) −

∂W

∂F
(F̂ ) · (F − F̂ ) , (3.9)

while the associated relative fluxes turn out of the form

Fα
r = (vi − v̂i)(Siα − Tiα(F̂ )) .

The relative energy computation is performed as follows: observe that

(v, F, S) satisfies (3.2) and that (v̂, F̂ ) being smooth satisfies the energy
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identity

∂t
1

2

(
|v̂|2 +W (F̂ )

)
− ∂α

(
v̂iTiα(F̂ )

)
= 0 . (3.10)

From

∂t(Fiα − F̂iα) = ∂α(vi − v̂i)

∂t(vi − v̂i) = ∂α(Siα − Tiα(F̂ ))

and (3.8) we derive the identity

∂t

( ∂W
∂Fiα

(F̂ )(Fiα − F̂iα) + v̂i(vi − v̂i)
)

− ∂α

(
Tiα(F̂ )(vi − v̂i) + v̂i(Siα − Tiα(F̂ ))

)

= ∂t

( ∂W
∂Fiα

(F̂ )
)
(Fiα − F̂iα) + (∂tv̂i)(vi − v̂i)

− (∂αTiα(F̂ ))(vi − v̂i) − (∂αv̂i)(Siα − Tiα(F̂ ))

= −(∂αv̂i)
(
Siα − Tiα(F̂ ) −

∂2W

∂Fiα∂Fjβ
(F̂ )(Fjβ − F̂jβ)

)
. (3.11)

Then combining (3.2), (3.10) and (3.11) we deduce

∂tEr − ∂α

(
(vi − v̂i)(Siα − Tiα(F̂ ))

)

+
1

ε
(Fiα − h−1

iα (S − f(F )))(Siα − Tiα(F ))

= (∂αv̂i)
(
Siα − Tiα(F̂ ) −

∂2W

∂Fiα∂Fjβ
(F̂ )(Fjβ − F̂jβ)

)
.

(3.12)

The relative energy identity can be used to obtain stability and conver-

gence of the relaxation system (3.1) as long as the solution of (1.2) remains

smooth.

Theorem 3.3. Assume that WI , W satisfy for some γI > γv > 0 and

M > 0 hypotheses (a),

∇2
FWI(F ) ≥ γII > γvI ≥ ∇2

F (WI −W )(F ) > 0 , (b)

|∇2
FWI(F )| ≤M . |∇3W (F )| ≤M , ∀F . (c)

Let (vε, F ε, Sε) be smooth solutions of (3.1) and (v̂, F̂ ) be a smooth solution

of (1.2) defined on R
3 × [0, T ] and emanating from smooth data (vε

0, F
ε
0 , S

ε
0)

and (v̂0, F̂0). Then the relative energy Er defined in (3.9) satisfies (3.12),

and for R > 0 there exist constants s and C = C(R, T, γI , γv,M,∇v̂) > 0
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independent of ε such that
∫

|x|<R
Er(x, t)dx ≤ C

(∫

|x|<R+st
Er(x, 0)dx+ ε

)
.

In particular, if the data satisfy
∫

|x|<R+sT
Er(x, 0)dx −→ 0 , as ε ↓ 0 ,

then

sup
t∈[0,T ]

∫

|x|<R

(
|vε − v̂|2 + |F ε − F̂ |2 + |Aε − h(F̂ )|2

)
dx −→ 0 .

Proof. Fix R > 0, t ∈ [0, T ) and consider the cone

Ct = {(x, τ) : 0 < τ < t, |x| < R+ s(t− τ)}

where s is a constant to be selected. The aim is to monitor the quantity

ϕ(τ) =

∫

|x|<R+s(t−τ)
Er(x, τ)dx , 0 ≤ τ ≤ t .

Proposition 3.1 and (b) imply that Ψ(F,A) is uniformly convex and thus

for some c = c(γI , γv) > 0

Er ≥ c
(
|v − v̂|2 + |F − F̂ |2 + |A− h(F̂ )|2

)
.

Proposition 2.2, together with (a) and (b), imply ∇AG = −h−1,

∇2
AG(A) =

(
−∇Fh

)−1
=
(
∇2

F (WI −W )
)−1

≥
1

γv
I

and
D := (F − h−1(S − f(F ))) · (S − T (F ))

= (∇AG(A) −∇AG(h(F ))) · (A− h(F ))

≥
1

γv
|A− h(F )|2

=
1

γv
|S − T (F )|2 .

(3.13)

Observe next that by (a) and (c)
∑

α

|Fα
r |

2 =
∑

α

∣∣∣
∑

i

(vi − v̂i)(Siα − Tiα(F̂ ))
∣∣∣
2

≤ |v − v̂|2|S − T (F̂ )|2

≤ |v − v̂|2(|A− h(F̂ )| + |f(F ) − f(F̂ )|)2

≤ C
(
|v − v̂|2 + |F − F̂ |2 + |A− h(F̂ )|2

)2
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and thus we can select s so that
(∑

α

|Fα
r |

2
)1/2

≤ sEr . (3.14)

Consider now the identity (3.12),

∂tEr − ∂αF
α
r +

1

ε
D = Q ,

Q = (∂αv̂i)
(
Siα − Tiα(F̂ ) −

∂2W

∂Fiα∂Fjβ
(F̂ )(Fjβ − F̂jβ)

)
,

in the weak form

−

∫∫ (
Er∂tφ−Fα

r ∂αφ−
1

ε
φD

)
dxdτ

−

∫
Er(x, 0)φ(x, 0)dx =

∫∫
φQdxdτ

(3.15)

with φ Lipschitz continuous with compact support in R
d × [0, T ). Following

[13, Thm 5.2.1], with R, t ∈ [0, T ), s fixed as precised above, and δ > 0 such

that t+ δ < T , we select the test function φ(x, τ) = θ(τ)ψ(x, τ) where

θ(τ) =





1 0 ≤ τ < t

1 − 1
δ (τ − t) t ≤ τ ≤ t+ δ

0 t+ δ ≤ τ ,

ψ(x, τ) =





1 τ > 0 , |x| −R− s(t− τ) < 0

1 − 1
δ

(
|x| −R− s(t− τ)

)
τ > 0 , 0 < |x| − s(t− τ) −R < δ

0 τ > 0 , δ < |x| −R− s(t− τ) .

Then (3.15) gives

1

δ

∫ t+δ

t

∫

|x|<R
Erdxdτ +

1

δ

∫ t

0

∫

0<|x|−R−s(t−τ)<δ
(sEr −

∑

α

xα

|x|
Fα

r )dxdτ

+
1

ε

∫ t

0

∫

|x|<R+s(t−τ)
Ddxdτ +O(δ)

=

∫

|x|<R+st
Er(x, 0)dx+

∫ t

0

∫

|x|<R+s(t−τ)
Qdxdτ . (3.16)

By (3.14) the second term in (3.16) is positive. Letting δ → 0 and using

(3.13), we have
∫

|x|<R
Er(x, t)dx+

c

ε

∫∫

Ct

|S − T (F )|2dxdτ

≤

∫

|x|<R+st
Er(x, 0)dx+

∫∫

Ct

|Q|dxdτ . (3.17)
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In order to handle the right hand side of (3.17) we use the bounds
∫

Ct

∣∣∂αv̂i

(
Tiα(F ) − Tiα(F̂ ) −

∂Tiα(F̂ )

∂Fjβ
(Fjβ − F̂jβ)

)∣∣dx ≤ C

∫

Ct

|F − F̂ |2dx ,

∫

Ct

|∂αv̂i(Siα − Tiα(F ))|dx ≤
c

ε

∫

Ct

|S − T (F )|2dx+ Cε ,

where C is a positive constant depending on the
(
L∞ ∩L2

)
(Ct)-norm of ∇v̂

on the cone Ct = {0 < τ < t, |x| < |x| < R+ s(t− τ)}, the bound M and T .

We obtain

ϕ(t) ≤ ϕ(0) + C

(
ε+

∫ t

0
ϕ(τ)

)

and conclude via the Gronwall lemma. �

4. Strong dissipation and modulated relative energy for

convex equilibrium potentials

In this section we analyze the case of a viscoelastic material with linear in-

stantaneous response and uniformly convex equilibrium potential. Consider

the system
∂tFiα = ∂αvi

∂tvi = ∂αSiα

∂t(Siα −EF ) = −
1

ε
(Siα − Tiα(F )) ,

(4.1)

under the hypotheses

Tiα(F ) =
∂W (F )

∂Fiα

where the stored energy satisfies

γI ≤ ∇2
FW (F ) ≤ ΓI (4.2)

for some constants γ, Γ, with Γ < E, and ∀F . We shall assume, without

loss of generality, W (0) = ∇FW (0) = 0, and note that the instantaneous

potential 1
2E|F |2 dominates the equilibrium potential W (F ) and thus a

global free energy exists for this model.

The system (4.1) can be rewritten as a regularization of the equilibrium

system by a wave operator,

∂tFiα − ∂αvi = 0

∂tvi − ∂αTiα(F ) = εE∂α∂αvi − ε∂2
t vi .

(4.3)
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This reformulation of (4.1) allows to uncover the dissipative nature of the

relaxation process. It is possible to correct the mechanical energy, by in-

corporating higher order corrections associated with acoustic waves, so that

the resulting modulated energy

Em =
1

2
|v|2 + εvi∂tvi +

1

2
ε2λ|∂tv|

2

+W (F ) +
1

2
ε2λE

3∑

α=1

|∂αv|
2 + ελ∂αviTiα(F )

(4.4)

is positive definite and dissipates. This idea is introduced in [22] for the

one-dimensional variant of (4.1) and was effective in connection with a re-

laxation approximation of the Euler equations [5]. It provides an estimate

that captures the dissipative nature of the relaxation process, under the

condition

E > ∇2
FW (F ) .

We call it “strong dissipation estimate” to contrast it to the weaker dissipa-

tion captured by the H-theorem in (3.2).

Lemma 4.1. Any smooth solution of (4.3) verifies

∂tEm − ∂α

(
viTiα(F ) + εEvi∂αvi + ε2λE∂tvi∂αvi + ελ∂tviTiα(F )

)

+ ε

(
E

3∑

α=1

|∂αv|
2 − λ∂αvi

∂2W (F )

∂FiαFjβ
∂βvj

)
+ ε(λ− 1)|∂tv|

2 = 0 , (4.5)

where λ is an arbitrary constant.

Proof. We start with the usual energy of the equilibrium system. We mul-

tiply (4.3)1 by Tiα(F ) and (4.3)2 by vi and integrate by parts to get

∂t

[
1

2
|v|2 + εvi∂tvi +W (F )

]
− ∂α[viTiα(F ) + εEvi∂αvi]

+ εE

3∑

α=1

|∂αv|
2 − ε|∂tv|

2 = 0 . (4.6)

We next add corrections to (4.6) in order to obtain a coercive and dissipa-

tive energy, under appropriate conditions on the constant E. To this end,

multiply (4.3)2 by ελ∂tvi to obtain

ελ|∂tv|
2 = ελ∂tvi∂αTiα(F ) − ∂t

[
1

2
ε2λ|∂tv|

2

]
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+ ∂α[ε2λE∂tvi∂αvi] − ∂t

[
1

2
ε2λE

3∑

α=1

|∂αv|
2

]
. (4.7)

Next, using the identity

∂tvi∂αTiα(F ) = ∂αvi∂tTiα(F ) − ∂t[∂αviTiα(F )] + ∂α[∂tviTiα(F )]

= ∂αvi
∂2W (F )

∂Fiα∂Fjβ
∂βvj − ∂t[∂αviTiα(F )] + ∂α[∂tviTiα(F )]

we rearrange terms in (4.7) to get

∂t

[
1

2
ε2λ|∂tv|

2 +
1

2
ε2λE

3∑

α=1

|∂αv|
2 + ελ∂αviTiα(F )

]

− ∂α[ε2λE∂tvi∂αvi + ελ∂tviTiα(F )]

+ ελ|∂tv|
2 − ελ∂αvi

∂2W (F )

∂Fiα∂Fjβ
∂βvj = 0 .

Finally, adding the above equality to (4.6) we get (4.5). �

If E > 0 is sufficiently large the quantity Em in (4.4) is positive definite

and decays along smooth solutions of (4.3). More precisely, we assume an

enforced version of the subcharacteristic condition (2.11):

E > Γ , E >
Γ2

γ
, (4.8)

where γ and Γ are defined in (4.2), and prove a stability estimate in the

L2-norm

ψ(t) :=

∫

R3

(
|v(x, t)|2 + |F (x, t)|2 + ε2

(
|∂tv(x, t)|

2 +

3∑

α=1

|∂αv(x, t)|
2
))
dx .

Theorem 4.2. Assume that (4.2) and (4.8) hold and let (v(x, t), F (x, t)) be

a smooth solution of (4.3), with data (v0, F0), which decay sufficiently fast

to zero as |x| → +∞. Then

O(1)ψ(t) ≤

∫

R3

Em(x, t)dx ≤

∫

R3

Em(x, 0)dx ≤ O(1)ψ(0) .

Proof. Thanks to (4.8), there exists a constant λ > 1 such that

E > λΓ , E > λ
Γ2

γ
,
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and let us consider relation (4.5) for this fixed λ. We first prove that the

energy Em defined in (4.4) is coercive. To this end, we have

εvi∂tvi ≥ −
1

2δ1
|v|2 −

1

2
ε2δ1|∂tv|

2 ,

for a fixed constant 1 < δ1 < λ and

ελ∂αviTiα(F ) ≥ −
1

2δ2
λε2E

3∑

α=1

|∂αv|
2 −

δ2λ

2E

3∑

i,α=1

|Tiα(F )|2

= −
1

2δ2
λε2E

3∑

α=1

|∂αv|
2 −

δ2λ

2E

∣∣∣∣∣
∂2W (F̃ )

∂Fiα∂Fjβ
Fjβ

∣∣∣∣∣

2

≥ −
1

2δ2
λε2E

3∑

α=1

|∂αv|
2 −

δ2λ

2E
Γ2|F |2 ,

where δ2 is a fixed constant such that

1 < δ2 <
Eγ

λΓ2
.

Hence, since W (F ) ≥ γ
2 |F |

2, the above estimates imply there exists a posi-

tive constant C = C(E,Γ, γ) such that

Em ≥
1

C

(
|v|2 + |F |2 + ε2

(
∂t|v|

2 +

3∑

α=1

|∂αv|
2

))
.

Moreover, since E > λΓ,

ε

(
E

3∑

α=1

|∂αv|
2 − λ∂αvi

∂2W (F )

∂FiαFjβ
∂βvj

)
> 0

and ε(λ− 1)|∂tv|
2 > 0, because λ > 1. Integrating (4.5) in x and t, we end

up with ∫

R3

Em(x, t)dx ≤

∫

R3

Em(x, 0)dx ,

which provides the result. �

Let now (v, F ) be a smooth solution of (4.3) and (v̂, F̂ ) be a smooth

solution of the limit system
{
∂tF̂iα = ∂αv̂i

∂tv̂i = ∂αTiα(F̂ ) .
(4.9)

The objective is to control the L2-norm of the difference thus proving rigor-

ously the relaxation limit from (4.3) towards smooth solutions of (4.9). To

this end, a variant of the relative energy is introduced accounting for higher
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order corrections introduced by a modulated energy, in the spirit of [5, 1].

We define the modulated relative energy

Emd :=
1

2
|v − v̂|2 + +ε(vi − v̂i)∂t(vi − v̂i) +

1

2
ε2λ|∂t(v − v̂)|2

+W (F ) −W (F̂ ) −
∂W

∂Fiα
(F̂ ) (Fiα − F̂iα)

+
1

2
ε2λE

3∑

α=1

|∂α(v − v̂)|2 + ελ∂α(vi − v̂i)(Tiα(F ) − Tiα(F̂ ))

(4.10)

and the associated flux

Fα, md :=(vi − v̂i)(Tiα(F ) − Tiα(F̂ ))

+ εE(vi − v̂i)∂α(vi − v̂i) + ε2λE∂t(vi − v̂i)∂α(vi − v̂i)

+ ελ∂t(vi − v̂i)(Tiα(F ) − Tiα(F̂ ))

and establish the following remarkable identity.

Lemma 4.3. Let (v, F ) and (v̂, F̂ ) be smooth solutions of (4.3) and (4.9)

respectively. Then we have

∂tEmd − ∂αFα, md

+ ε

(
E

3∑

α=1

|∂α(v − v̂)|2 − λ∂α(vi − v̂i)
∂2W (F )

∂Fiα∂Fjβ
∂β(vj − v̂j)

)

+ ε(λ− 1)|∂t(v − v̂)|2

= ∂αvi

(
Tiα(F ) − Tiα(F̂ ) −

∂Tiα(F̂ )

∂Fjβ
(Fjβ − F̂jβ)

)

+ ε(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i) + ε2λ∂t(vi − v̂i)(E∂α∂αv̂i − ∂2

t v̂i)

+ ελ∂α(vi − v̂i)

(
∂Tiα(F )

∂Fjβ
−
∂Tiα(F̂ )

∂Fjβ

)
∂tF̂jβ, (4.11)

where λ is an arbitrary constant.

Proof. The argument to derive (4.11) combines a relative energy argument

with a (higher order) modulated energy correction of the relative energy in

the spirit of (4.5). We mention only the main differences relative to the

previous case.
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The energy estimates for the relaxing system (4.3) and the equilibrium

system (4.9) are given by

∂t

[
1

2
|v|2 +W (F )

]
− ∂α[viTiα(F )] = εEvi∂α∂αvi − εvi∂

2
t vi , (4.12)

∂t

[
1

2
|v̂|2 +W (F̂ )

]
− ∂α[v̂iTiα(F̂ )] = 0 . (4.13)

The differences v − v̂ and F − F̂ verify the equations

∂t(Fiα − F̂iα) = ∂α(vi − v̂i) ,

∂t(vi − v̂i) = ∂α(Tiα(F ) − Tiα(F̂ )) + εE∂α∂α(vi − v̂i) − ε∂2
t (vi − v̂i)

+ ε(E∂α∂αv̂i − ∂2
t v̂i) . (4.14)

Using the symmetry of ∂Tiα( bF )
∂Fjβ

= ∂2W ( bF )
∂Fiα∂Fjβ

, we obtain

∂t

(
Tiα(F̂ )(Fiα − F̂iα) + v̂i(vi − v̂i)

)

− ∂α

(
Tiα(F̂ )(vi − v̂i) + v̂i(Tiα(F ) − Tiα(F̂ ))

)

= −∂αv̂i

(
Tiα(F ) − Tiα(F̂ ) −

∂Tiα(F̂ )

∂Fjβ
(Fjβ − F̂jβ)

)

+ εEv̂i∂α∂αvi − εv̂i∂
2
t vi . (4.15)

Subtracting (4.13) and (4.15) from (4.12) and rearranging the derivatives as

in the proof of Lemma 4.1, we end up with

∂t

[
1

2
|v − v̂|2 +W (F ) −W (F̂ ) − Tiα(F̂ )(Fiα − F̂iα) + ε(vi − v̂i)∂t(vi − v̂i)

]

− ∂α[viTiα(F ) − v̂iTiα(F̂ ) − Tiα(F̂ )(vi − v̂i) − v̂i(Tiα(F ) − Tiα(F̂ ))

+ εE(vi − v̂i)∂α(vi − v̂i)]

+ εE

3∑

α=1

|∂α(v − v̂)|2 − ε|∂t(v − v̂)|2

= ∂αv̂i

(
Tiα(F ) − Tiα(F̂ ) −

∂Tiα(F̂ )

∂Fjβ
(Fjβ − F̂jβ)

)

+ ε(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i) . (4.16)

The above estimate is corrected by adding the relation

∂t

[
1

2
ε2λ|∂t(v − v̂)|2 +

1

2
ε2λE

3∑

α=1

|∂α(v − v̂)|2

]
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− ∂α[ε2λE∂t(vi − v̂i)∂α(vi − v̂i)]

+ ε2λ|∂t(v − v̂)|2 − ελ∂t(vi − v̂i)∂α(Tiα(F ) − Tiα(F̂ ))

= ε2λ∂t(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i) (4.17)

obtained by multiplying (4.14) by ελ∂t(vi − v̂i) and rearranging derivatives.

The last term in the left of (4.17) can be recast in the form (by inter-

changing the x and t derivatives)

− ∂t(vi − v̂i)∂α(Tiα(F ) − Tiα(F̂ )) = −∂α(vi − v̂i)∂t(Tiα(F ) − Tiα(F̂ ))

+ ∂t[∂α(vi − v̂i)(Tiα(F ) − Tiα(F̂ )] − ∂α[∂t(vi − v̂i)(Tiα(F ) − Tiα(F̂ )]

= −∂α(vi − v̂i)
∂2W (F )

∂Fiα∂Fjβ
∂β(vj − v̂j)

− ∂α(vi − v̂i)

(
Tiα(F )

∂Fjβ
−
Tiα(F̂ )

∂Fjβ

)
∂tF̂jβ

+ ∂t[∂α(vi − v̂i)(Tiα(F ) − Tiα(F̂ )] − ∂α[∂t(vi − v̂i)(Tiα(F ) − Tiα(F̂ )] .

Using that identity, (4.17) and (4.16) yield (4.11). �

The relative energy is estimated by using condition (4.8) and the uniform

convexity of the potential W (F ). Introduce the L2-norm of the difference

of two solutions

ψd(t) :=

∫

R3

(
|v − v̂|2 + |F − F̂ |2 + ε2

(
|∂t(v − v̂)|2 +

3∑

α=1

|∂α(v − v̂)|2
))
dx .

Theorem 4.4. Assume (4.2), (4.8) and |∇3
FW (F )| ≤M for some M > 0.

Let (vε, F ε) and (v̂, F̂ ) be smooth solutions of (4.3) and (4.9) respectively,

defined on R
3 × [0, T ], decaying sufficiently fast to zero as |x| → +∞ and

emanating from smooth data (vε
0, F

ε
0) and (v̂0, F̂0). Then, there exists a

constant C = C(T,E, γ,Γ,M, v̂, F̂ ) > 0 independent of ε such that

ψd(t) ≤ C
(
ψd(0) + ε2

)
. (4.18)

If moreover ψε
d(0) → 0 as ε ↓ 0, then

sup
t∈[0,T ]

(
‖vε(·, t) − v̂(·, t)‖L2(R3) + ‖F ε(·, t) − F̂ (·, t)‖L2(R3)

)
−→ 0 ,

as ε ↓ 0.
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Proof. Let us denote by ϕ(t) the quantity

ϕ(t) =

∫

R3

Emd(v, F ; v̂, F̂ )dx ,

where Emd is defined in (4.10). Then, following the proof of Theorem 4.2,

conditions (4.2) and (4.8) imply

1

C
ψd(t) ≤ ϕ(t) ≤ Cψd(t)

and

ϕ(t) ≤ ϕ(0) +

∫ t

0

∫

R3

|Rε|dxds , (4.19)

where C = C(E, γ,Γ, t, v̂, F̂ ) > 0 is a given positive constant and Rε stands

for the right hand side of (4.11) which we shall estimate term by term. Let

C be a positive constant depending on E, γ, Γ, M and on the equilibrium

solution (v̂, F̂ ) and its derivatives. Then
∫

R3

∣∣∣∂αv̂i

(
Tiα(F ) − Tiα(F̂ ) −

∂Tiα(F̂ )

∂Fjβ
(Fjβ − F̂jβ)

)∣∣∣dx ≤ C

∫

R3

|F − F̂ |2dx ,

∫

R3

∣∣ε(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i)

∣∣ dx ≤ C
(
ε2 +

∫

R3

|v − v̂|2dx
)
,

∫

R3

∣∣ε2λ∂t(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i)

∣∣ dx ≤ C
(
ε2 +

∫

R3

ε2|∂t(v − v̂)|2dx
)
,

∫

R3

∣∣∣ελ∂α(vi − v̂i)
(∂Tiα(F )

∂Fjβ
−
∂Tiα(F̂ )

∂Fjβ

)
∂tF̂jβ

∣∣∣dx

≤ C

∫

R3

(
ε2

3∑

α=1

|∂α(v − v̂)|2 + |F − F̂ |2
)
dx .

Thus relation (4.19) becomes

ϕ(t) ≤ ϕ(0) + Cε2t+ C

∫ t

0
ϕ(s)ds

which implies (4.18) in view of the aforementioned coercive nature of ϕ(t)

and thanks to the Gronwall lemma. As a consequence, we obtain con-

vergence of the relaxation system as long as the limit solution remains

smooth. �

Remark 4.5. 1. The essential hypotheses of Theorem 4.4 are that W (F ) is

convex and satisfies the condition E > ∇2W . The rest of the hypotheses are

there to account for the lack of a-priori L∞-bounds, and could be removed

if a-priori L∞ estimates were available.
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2. The same stability argument applies to the approximation of elasto-

dynamics by viscoelasticity of the rate type,
{
∂tFiα = ∂αvi

∂tvi = ∂αTiα(F ) + ε∂α∂αvi .
(4.20)

In (4.20), the viscoelastic stress of the rate type is

Siα =
∂W (F )

∂Fiα
+ ε∂αvi .

This result is a direct consequence of the general result in [13, Thm 5.2.1].

By contrast, for the case of relaxation one needs the corrections resulting in

the modulated relative energy, or the approach of relative energy employed

in Theorem 3.3.

5. Polyconvex elastodynamics

Consider now the system of elastodynamics

∂2
t yi = ∂αTiα(∇xy) (5.1)

for y ∈ R
3. Equation (5.1) can be rewritten as a system of conservation

laws for the velocity vi = ∂tyi and the deformation gradient Fiα = ∂αyi as

follows
∂tFiα = ∂αvi

∂tvi = ∂αTiα(F ) .
(5.2)

The equivalence of the two formulations holds for functions F that are gra-

dients. Note that F = ∇y if and only if it satisfies

∂βFiα − ∂αFiβ = 0 (5.3)

and, technically, the system (5.1) is equivalent to (5.2) subject to the dif-

ferential constraint (5.3). The latter relation is an involution [12]: if it is

satisfied for the initial data then (5.2)1 propagates (5.3) to hold for all times.

Therefore, for the equivalence of the two formulations, it suffices that (5.3)

is satisfied for the initial data.

5.1. The symmetrizable extension of polyconvex elastodynamics.

Consider next the uniformly polyconvex case, when

T (F ) =
∂W (F )

∂F
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and the stored energy W : Mat3×3 → [0,∞) factorizes as a uniformly convex

function of the minors of F :

W (F ) = g ◦ Φ(F ) ,

with g : Mat3×3 × Mat3×3 × R → R uniformly convex and

Φ(F ) = (F, cof F, detF ) . (5.4)

Here the cofactor matrix cof F and the determinant detF are

(cof F )iα =
1

2
εijkεαβγFjβFkγ ,

detF =
1

6
εijkεαβγFiαFjβFkγ =

1

3
(cof F )iαFiα .

We review a symmetrizable extension of polyconvex elastodynamics [15],

based on certain kinematic identities on detF and cof F from [17]. The

components of ΦA(F ) in (5.4), for A = 1, . . . , 19, are null Lagrangians and

satisfy for any smooth map y(x, t) the identities

∂

∂xα

(
∂ΦA

∂Fiα
(∇y)

)
≡ 0

or equivalently

∂α

(
∂ΦA

∂Fiα
(F )

)
= 0 , ∀F with ∂βFiα − ∂αFiβ = 0 . (5.5)

The kinematic compatibility equation (5.2)1 implies

∂tΦ
A(F ) =

∂ΦA(F )

∂Fiα
∂αvi

= ∂α

(
∂ΦA

∂Fiα
(F )vi

)
− vi∂α

(
∂ΦA

∂Fiα
(F )

)

= ∂α

(
∂ΦA

∂Fiα
(F )vi

)
, ∀F with ∂βFiα − ∂αFiβ = 0 .

This motivates to embed (5.2) into the system of conservation laws

∂tvi = ∂α

(
∂g

∂ΞA
(Ξ)

∂ΦA

∂Fiα
(F )

)

∂tΞ
A = ∂α

(
∂ΦA

∂Fiα
(F )vi

)
.

(5.6)

Note that Ξ = (F,Z,w) takes values in Mat3×3 × Mat3×3 × R ' R
19 and is

treated as a new dependent variable. (Since the components of F constitute
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the first nine components of Ξ, equation (5.2)1 is included as the first part

of (5.6)2.)

The extension has the following properties:

(i) If F (·, 0) is a gradient then F (·, t) remains a gradient ∀t.

(ii) If F (·, 0) is a gradient and Ξ(·, 0) = Φ(F (·, 0)) then F (·, t) remains

a gradient and Ξ(·, t) = Φ(F (·, t)), ∀t. In other words, the system of

elastodynamics can be visualized as constrained evolution of (5.6).

(iii) The enlarged system admits a strictly convex entropy

η(v,Ξ) =
1

2
|v|2 + g(Ξ)

and is thus symmetrizable (along solutions that are gradients).

Remark 5.1. 1. The relations

∂tΦ
A(F ) = ∂α

(
∂ΦA

∂Fiα
(F )vi

)

do not form what is usually called entropy-entropy flux pairs in the theory

of hyperbolic conservation laws, because they hold under the differential

structure (5.3).

2. Property (iii) is again based on the null-Lagrangian structure and η is

not an entropy in the usual sense of the theory of conservation laws. To see

that, let us rewrite system (5.6) as

Ut − ∂αA
α(U) = 0 , (5.7)

where

U =

(
vi

ΞA

)
, Aα(U) =

(
∂g(Ξ)
∂ΞA

∂ΦA(F )
∂Fiα

∂ΦA(F )
∂Fiα

vi

)
.

Then (η(U), qα(U)) is an entropy pair for (5.7) if it satisfies

22∑

k=1

∂η(U)

∂Uk

∂Aα(U)k

∂Uj
=
∂qα(U)

∂Uj
, for any α = 1, 2, 3 and j = 1, . . . , 22 .

Now, our pair (η, qα) does not verify the above definition, because

3∑

i=1

vi
∂

∂Uj

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

)
+

19∑

A=1

∂g(Ξ)

∂ΞA

∂

∂Uj

(
∂ΦA(F )

∂Fiα
vi

)

=
∂

∂Uj


∑

i,A

vi
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα


+

∑

i,A

vi
∂g(Ξ)

∂ΞA

∂

∂Uj

∂ΦA(F )

∂Fiα
(5.8)
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and the last term of the above equality is different from zero when we differ-

entiate the terms cof F or detF of Φ(F ) with respect to Uj = Fiα. However,

η verifies

∂t

[
1

2
|v|2 + g(Ξ)

]
− ∂α


∑

i,A

vi
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα


 = 0 ,

along F that are gradients as is easily verified using (5.5). The extra term

in (5.8) vanishes, when we multiply this equation by ∂αUj and sum with

respect to j and α, because

∑

i,A

vi
∂g(Ξ)

∂ΞA
∂α
∂ΦA(F )

∂Fiα
= 0 ,

by (5.5). This particular nature of η is crucial in the relative energy estimate

of the following section.

5.2. Relative energy for polyconvex elastodynamics: Viscosity ap-

proximation. Let (v̂, Ξ̂) ∈ R
22 be a smooth solution of




∂tΞ̂

A = ∂α

(
∂ΦA( bF )

∂Fiα
v̂i

)

∂tv̂i = ∂α

(
∂g(bΞ)
∂ΞA

∂ΦA( bF )
∂Fiα

) (5.9)

and let (v,Ξ) be a solution of the viscosity approximation of (5.6)



∂tΞ

A = ∂α

(
∂ΦA(F )

∂Fiα
vi

)

∂tvi = ∂α

(
∂g(Ξ)
∂ΞA

∂ΦA(F )
∂Fiα

)
+ ε∂α∂αvi .

(5.10)

(System (5.10) bears the same relation to the viscosity approximation (5.17)

as (5.9) bears to (5.2).) For both solutions we assume that F satisfies (5.3),

or equivalently for the initial data F (x, 0) = ∇y(x, 0).

The goal is to obtain a relative energy estimate among the two solutions.

To this end, we define the relative entropy

ηr(v,Ξ; v̂, Ξ̂) :=
1

2
|v − v̂|2 + g(Ξ) − g(Ξ̂) −

∂g(Ξ̂)

∂ΞA
(ΞA − Ξ̂A)

and note that the associated (relative) flux will turn out to be

qα
r (v,Ξ; v̂, Ξ̂) :=

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA

)
(vi − v̂i)

∂ΦA(F )

∂Fiα
,

α = 1, 2, 3.
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Lemma 5.2. Let (v,Ξ) and (v̂, Ξ̂) be smooth solutions of (5.10) and (5.9)

respectively. Then

∂tηr − ∂αq
α
r + ε

3∑

α=1

|∂α(v − v̂)|2

= Q+ ∂α

(
ε(vi − v̂i)∂α(vi − v̂i)

)
+ ε(vi − v̂i)∂α∂αv̂i ,

(5.11)

where Q is quadratic of the form

Q :=
∂2g(Ξ̂)

∂ΞA∂ΞB
∂αΞ̂B

(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)
(vi − v̂i)

+ ∂αv̂i

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA

)(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)

+ ∂αv̂i

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA
−

∂2g(Ξ̂)

∂ΞA∂ΞB
(ΞB − Ξ̂B)

)
∂ΦA(F̂ )

∂Fiα
. (5.12)

Proof. Property (5.5) gives for a smooth solution (v̂, Ξ̂)

∂t

[
1

2
|v̂|2 + g(Ξ̂)

]
− ∂α

[
v̂i
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

]
(5.13)

and for (v,Ξ) solution of (5.10),

∂t

[
1

2
|v|2 + g(Ξ)

]
− ∂α

[
vi
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

]
= εvi∂α∂αvi . (5.14)

Subtracting (5.9) from (5.10) we obtain

∂t(vi − v̂i) − ∂α

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
−
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

)
= ε∂α∂αvi ,

∂t(Ξ
A − Ξ̂A) − ∂α

(
∂ΦA(F )

∂Fiα
vi −

∂ΦA(F̂ )

∂Fiα
v̂i

)
= 0

which, in turn, implies by (5.9) and the identities (5.5),

∂t

[
v̂i(vi − v̂i) +

∂g(Ξ̂)

∂ΞA
(ΞA − Ξ̂A)

]

− ∂α

[
v̂i

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
−
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

)

+
∂g(Ξ̂)

∂ΞA

(
∂ΦA(F )

∂Fiα
vi −

∂ΦA(F̂ )

∂Fiα
v̂i

)]

= (∂tv̂i)(vi − v̂i) + ∂t

(
∂g(Ξ̂)

∂ΞA

)
(ΞA − Ξ̂A)
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− ∂αv̂i

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
−
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

)

− ∂α

(
∂g(Ξ̂)

∂ΞA

)(
∂ΦA(F )

∂Fiα
vi −

∂ΦA(F̂ )

∂Fiα
v̂i

)
+ εv̂i∂α∂αvi

= −∂α

(
∂g(Ξ̂)

∂ΞA

)(
∂ΦA(F )

∂Fiα
vi −

∂ΦA(F̂ )

∂Fiα
v̂i −

∂ΦA(F̂ )

∂Fiα
(vi − v̂i)

)

− ∂αv̂i

(∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
−
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα
−

∂2g(Ξ̂)

∂ΞA∂ΞB

∂ΦB(F̂ )

∂Fiα
(ΞA − Ξ̂A)

)

+ εv̂i∂α∂αvi

=: I + εv̂i∂α∂αvi , . (5.15)

Next, we subtract (5.13) and (5.15) from (5.14) and conclude

∂tηr − ∂α

[
vi
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
− v̂i

∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

− v̂i

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
−
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

)

−
∂g(Ξ̂)

∂ΞA

(
∂ΦA(F )

∂Fiα
vi −

∂ΦA(F̂ )

∂Fiα
v̂i

)]

= −I + ε(vi − v̂i)∂α∂αvi . (5.16)

Since

ε(vi − v̂i)∂α∂αvi = ε(vi − v̂i)∂α∂α(vi − v̂i) + ε(vi − v̂i)∂α∂αv̂i

= ε∂α∂αv̂i(vi − v̂i) + ∂α[ε(vi − v̂i)∂α(vi − v̂i)] − ε

3∑

α=1

|∂α(v − v̂)|2 ,

it remains to control the term I. This term is not quadratic in v − v̂ and

Ξ− Ξ̂, but may be corrected using a divergence term in order to obtain the

quadratic expression in (5.11). Indeed, I satisfies the chain of identities:

−I = ∂α
∂g(Ξ̂)

∂ΞA

(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)
vi

+ ∂αv̂i
∂g(Ξ)

∂ΞA

(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)

+ ∂αv̂i

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA
−

∂2g(Ξ̂)

∂ΞA∂ΞB
(ΞB − Ξ̂B)

)
∂ΦA(F̂ )

∂Fiα
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=
∂2g(Ξ̂)

∂ΞA∂ΞB
∂αΞ̂B

(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)
(vi − v̂i)

+ ∂αv̂i

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA

)(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)

+ ∂αv̂i

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA
−

∂2g(Ξ̂)

∂ΞA∂ΞB
(ΞB − Ξ̂B)

)
∂ΦA(F̂ )

∂Fiα

+ ∂α

[
v̂i
∂g(Ξ̂)

∂ΞA

(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)]
,

where we used once again the null–Lagrangian property (5.5) for both ΦA(F )

and ΦA(F̂ ).

Finally, we combine the last term with the flux term of (5.16) to obtain

∂α

[
vi
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
− v̂i

∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

− v̂i

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
−
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

)

−
∂g(Ξ̂)

∂ΞA

(
∂ΦA(F )

∂Fiα
vi −

∂ΦA(F̂ )

∂Fiα
v̂i

)

+v̂i
∂g(Ξ̂)

∂ΞA

(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)]

= ∂α

[(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA

)
(vi − v̂i)

∂ΦA(F )

∂Fiα

]
= ∂αq

α
r

and the proof is complete. �

Due to properties (i) and (ii) of Section 5.1 the relative energy identity

(5.11) can be restricted to solutions (v,Ξ = Φ(F )) with F = ∇y, and (v̂, Ξ̂ =

Φ(F̂ )) with F̂ = ∇ŷ. The resulting relative energy and corresponding flux

read

Hr = ηr(v,Φ(F ); v̂,Φ(F̂ ))

=
1

2
|v − v̂|2 + g(Φ(F )) − g(Φ(F̂ )) −

∂g

∂ΞA
(Φ(F̂ ))(Φ(F )A − Φ(F̂ )A) ,

Qα
r = qα

r (v,Φ(F ); v̂,Φ(F̂ ))

=

(
∂g

∂ΞA
(Φ(F )) −

∂g

∂ΞA
(Φ(F̂ ))

)
(vi − v̂i)

∂ΦA(F )

∂Fiα
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and will be used to obtain stability estimates in the sequel.

Let (vε, F ε) satisfy the viscosity approximation

∂tFiα = ∂αvi

∂tvi = ∂αTiα(F ) + ε∂α∂αvi

(5.17)

and (v̂, F̂ ) be a smooth solution of (5.2). Our next objective is to prove

convergence of the viscosity approximation to polyconvex elastodynamics

as long as the limit solution is smooth, by controlling the L2-norm

Ψd(t) :=

∫

Rd

(
|v − v̂|2 + |Φ(F ) − Φ(F̂ )|2

)
dx , d = 2, 3 .

To this end, we assume

0 < γI ≤ ∇2
Ξg(Ξ) ≤ ΓI , |∇3

Ξg(Ξ)| ≤M , (5.18)

and prove:

Theorem 5.3. Let (vε,Φ(F ε)), F ε = ∇yε, and (v̂,Φ(F̂ )), F̂ = ∇ŷ, be

smooth solutions of (5.10) and (5.9), defined on R
d × [0, T ], d = 2, 3, that

decay sufficiently fast as |x| → +∞ and emanate from data (vε
0,Φ(F ε

0)),

F ε
0 = ∇yε(·, 0), and (v̂0,Φ(F̂0)), F̂0 = ∇ŷ(·, 0). Assume g verifies (5.18).

Then, there exists a constant C = C(T, γ,Γ,M, v̂, Ξ̂) > 0 such that

Ψd(t) ≤ C
(
Ψd(0) + ε2

)
. (5.19)

If moreover the data satisfy Ψε
d(0) → 0 as ε ↓ 0, then

sup
t∈[0,T ]

(
‖vε(·, t) − v̂(·, t)‖L2(Rd) + ‖Φ(F ε(·, t)) − Φ(F̂ (·, t))‖L2(Rd)

)
→ 0 ,

as ε ↓ 0.

Proof. On account of (5.18), there exists a positive constant C = C(γ,Γ)

such that

1

C
ψd(t) ≤ ϕ(t) :=

∫

Rd

ηr(v,Ξ; v̂, Ξ̂)dx ≤ Cψd(t) ,

where

ψd(t) :=

∫

Rd

(
|v − v̂|2 + |Ξ − Ξ̂|2

)
dx .

Integrating (5.11) over R
d × [0, t] we obtain

ψd(t) ≤ C

(
ψd(0) +

∫ t

0

∫

Rd

|Rε| dxds

)
, (5.20)
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where Rε = Q+ ε(vi − v̂i)∂α∂αv̂i.

Let now C be a positive constant depending on Γ,M and the functions

v̂, Ξ̂ and their derivatives. We have

∫

Rd

∣∣∣∣∣
∂2g(Ξ̂)

∂ΞA∂ΞB
∂αΞ̂B

(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)
(vi − v̂i)

∣∣∣∣∣ dx

≤ C

∫

Rd

(
|v − v̂|2 +

∣∣∣∂Φ

∂F
(F ) −

∂Φ

∂F
(F̂ )
∣∣∣
2
)
dx ,

∫

Rd

∣∣∣∣∣∂αv̂i

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA

)(
∂ΦA(F )

∂Fiα
−
∂ΦA(F̂ )

∂Fiα

)∣∣∣∣∣ dx

≤ C

∫

Rd

(
|Ξ − Ξ̂|2 +

∣∣∣∂Φ

∂F
(F ) −

∂Φ

∂F
(F̂ )
∣∣∣
2
)
dx ,

∫

Rd

∣∣∣∣∣∂αv̂i

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA
−

∂2g(Ξ̂)

∂ΞA∂ΞB
(ΞB − Ξ̂B)

)
∂ΦA(F̂ )

∂Fiα

∣∣∣∣∣ dx

≤ C

∫

Rd

|Ξ − Ξ̂|2dx ,

∫

Rd

|ε(vi − v̂i)∂α∂αv̂i| dx ≤ C

(
ε2 +

∫

Rd

|v − v̂|2dx

)
.

Then (5.20) gives

ψd(t) ≤ Cψd(0) + Cε2t

+ C

∫ t

0

(
|v − v̂|2 + |Ξ − Ξ̂|2 +

∣∣∣∂Φ

∂F
(F ) −

∂Φ

∂F
(F̂ )
∣∣∣
2)
ds .

(5.21)

From the identities

∂ detF

∂Fiα
= (cof F )iα ,

∂(cof F )iα

∂Fjβ
= εijkεαβγFkγ ,

we have
∣∣∣∂Φ

∂F
(F ) −

∂Φ

∂F
(F̂ )
∣∣∣ ≤ C|Φ(F ) − Φ(F̂ )| .

We now restrict (5.21) to solutions of the form (v,Φ(F )) and (v̂,Φ(F̂ )) and

use the above identities to deduce

Ψd(t) ≤ C
(
Ψd(0) + ε2t+

∫ t

0
Ψd(s)ds

)
,

whence (5.19) follows via the Gronwall lemma. �
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6. Strong dissipation and modulated relative energy for the

relaxation approximation of polyconvex elastodynamics

Next, consider the extended system

∂tΞ̂
A = ∂α

(
∂ΦA(F̂ )

∂Fiα
v̂i

)

∂tv̂i = ∂α

(
∂g(Ξ̂)

∂ΞA

∂ΦA(F̂ )

∂Fiα

) (6.1)

and the associated relaxation approximation

∂tΞ
A = ∂α

(
∂ΦA(F )

∂Fiα
vi

)

∂tvi = ∂αSiα

∂t(Siα −EFiα) = −
1

ε

(
Siα − T̃iα(Ξ)

)
.

We assume W (F ) = g(Φ(F )) is polyconvex, assume (with no loss of gener-

ality) W (0) = ∇FW (0) = 0, and denote by

T̃iα(Ξ) =
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
.

As in the previous section, F and F̂ are deformation gradients, or equiv-

alently F (x, 0) = ∇xy(x, 0) and F̂ (x, 0) = ∇xŷ(x, 0). Also, the relaxation

system may be expressed in the form of approximation by wave operator

∂tΞ
A = ∂α

(
∂ΦA(F )

∂Fiα
vi

)

∂tvi = ∂αT̃iα(Ξ) + εE∂α∂αvi − ε∂2
t vi .

(6.2)

We recall here that (6.1) and (6.2) reduce respectively to

∂tF̂iα = ∂αv̂i

∂tv̂i = ∂αTiα(F̂ )
(6.3)

and
∂tFiα = ∂αvi

∂tvi = ∂αTiα(F ) + εE∂α∂αvi − ε∂2
t vi

(6.4)

for the special solutions (v̂,Φ(F̂ )) and (v,Φ(F )). Our objective is to study

the relaxation limit from (6.4) to polyconvex elastodynamics (6.3), and ob-

tain the structural identities for the modulated energy in Lemma 6.1 and
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modulated relative energy in Lemma 6.3 in the polyconvex case as well as

corresponding stability estimates.

The modulated energy for system (6.4) takes the form

Epm =
1

2
|v|2 + εvi∂tvi +

1

2
ε2λ|∂tv|

2

+ g(Ξ) +
1

2
ε2λE

3∑

α=1

|∂αv|
2 + ελ∂αviT̃iα(Ξ) .

(6.5)

This corrected energy is positive definite and dissipates along the relaxation

process and thus gives estimates for the relaxing solutions, provided an

appropriate subcharacteristic condition is assumed, namely for E sufficiently

big (see (6.11)).

Lemma 6.1. Any smooth solution of (6.2) verifies

∂tEpm − ∂α

(
viT̃iα(Ξ) + εEvi∂αvi + ε2λE∂tvi∂αvi + ελ∂tviT̃iα(Ξ)

)

+ ε

(
E

3∑

α=1

|∂αv|
2 − λ∂αviW̃

jβ
iα (Ξ)∂βvj

)
+ ε(λ− 1)|∂tv|

2 = 0 , (6.6)

where

W̃
jβ
iα (Ξ) =

∂2g(Ξ)

∂ΞA∂ΞB

∂ΦA(F )

∂Fiα

∂ΦB(F )

∂Fjβ
+
∂g(Ξ)

∂ΞA

∂2ΦA(F )

∂Fiα∂Fjβ

and λ is an arbitrary constant.

Proof. Thanks to the null–Lagrangian nature of Φ(F ), the following estimate

holds

∂t

[
1

2
|v|2 + εvi∂tvi + g(Ξ)

]
− ∂α

[
vi
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα
+ εEvi∂αvi

]

+ εE

3∑

α=1

|∂αv|
2 − ε|∂tv|

2 = 0 . (6.7)

At this point, we shall correct the above estimate by adding an energy

estimate for the wave operator in (6.2). Thus, we proceed as in the proof of

Lemma 4.1 to obtain the following relation

∂t

[
1

2
ε2λ|∂tv|

2 +
1

2
ε2λE

3∑

α=1

|∂αv|
2 + ελ∂αvi

∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

]

− ∂α

[
ε2λE∂tvi∂αvi + ελ∂tvi

∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

]
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+ ελ|∂tv|
2 − ελ∂αvi∂t

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

)
= 0 . (6.8)

Finally, using once again the null–Lagrangian property of Φ(F ), we have

∂t

(
∂g(Ξ)

∂ΞA

∂ΦA(F )

∂Fiα

)

=

(
∂2g(Ξ)

∂ΞA∂ΞB

∂ΦA(F )

∂Fiα

∂ΦB(F )

∂Fjβ
+
∂g(Ξ)

∂ΞA

∂2ΦA(F )

∂Fiα∂Fjβ

)
∂βvj ,

and we sum (6.7) and (6.8) to obtain (6.6). �

To exploit the strong dissipation estimate we assume that g is uniformly

convex

∇2
Ξg(Ξ) ≥ γI, Ξ ∈ R

19 , (6.9)

and consider a framework of a priori uniformly bounded solutions. That is,

we assume that the solutions F of (6.4) and F̂ of (6.3) satisfy the uniform

bounds

|F |, |F̂ | ≤M . (6.10)

Define now Γ > 0 such that

max
|F |≤M

∇2
FW (F ) ≤ ΓI .

The energy Epm defined in (6.5) is positive definite and dissipates if the

following subcharacteristic condition holds:

E > Γ , E >
Γ2

γ
. (6.11)

Under (6.11), we can exploit the structural identity in Lemma 6.1 and obtain

a dissipation estimate for the L2-norm

ψ(t) :=

∫

R3

(
|v(x, t)|2 + |F (x, t)|2 + ε2

(
|∂tv(x, t)|

2 +

3∑

α=1

|∂αv(x, t)|
2
))
dx .

Theorem 6.2. Let (v, F = ∇y) be a smooth solution of (6.4), with initial

datum (v0, F0 = ∇y(x, 0)), such that condition (6.10) holds and which decays

sufficiently fast to zero as |x| → +∞. Let us assume conditions (6.9) and

(6.11) hold. Then

O(1)ψ(t) ≤

∫

R3

Epm(x, t)dx ≤

∫

R3

Epm(x, 0)dx ≤ O(1)ψ(0) .
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Proof. Set

ϕ(t) =

∫

R3

Epm(x, t)dx

and consider the identity (6.6). For any λ > 1, by the uniform convexity of

g we have for some c = c(λ) > 0

Epm ≥ C(|v|2 + ε2|∂tv|
2) +

1

2
γ|Ξ|2 +

1

2
ε2λE

3∑

α=1

|∂αv|
2 + ελ∂αviT̃iα(Ξ) ,

for any (v,Ξ).

For a smooth solution of (6.2) that decays sufficiently fast to zero as

|x| → +∞, we obtain upon integrating (6.6) in x and t

∫

R3

(
c(|v|2 + ε2|∂tv|

2) +
1

2
γ|Ξ|2 +

1

2
ε2λE

3∑

α=1

|∂αv|
2 + ελ∂αviT̃iα(Ξ)

)
dx

+ ε

∫ t

0

∫

R3

(
E

3∑

α=1

|∂αv|
2 − λ∂αviW̃

jβ
iα (Ξ)∂βvj

)
dxds ≤ ϕ(0) . (6.12)

We now employ estimate (6.12) for the special solution Ξ = Φ(F ), with F

verifying the aforementioned assumptions. Also λ > 1 is fixed so that

E > λΓ , E > λ
Γ2

γ
.

Since |Φ(F )|2 ≥ |F |2 and

T̃iα(Φ(F )) = Tiα(F ) =
∂W (F )

∂Fiα
, W̃

jβ
iα (Φ(F )) =

∂2W (F )

∂Fiα∂Fjβ
,

we utilize the condition on E as in Theorem 4.2 to show that Epm generates

a positive definite quantity, equivalent to the norm ψ(t). �

We conclude the section with the relative energy estimate and the result-

ing control of the relaxation process. We introduce the modulated relative

energy for system (6.4),

Epmd :=
1

2
|v − v̂|2 + +ε(vi − v̂i)∂t(vi − v̂i) +

1

2
ε2λ|∂t(v − v̂)|2

+ g(Ξ) − g(Ξ̂) −
∂g

∂ΞA
(Ξ̂) (ΞA − Ξ̂A)

+
1

2
ε2λE

3∑

α=1

|∂α(v − v̂)|2 + ελ∂α(vi − v̂i)(T̃iα(Ξ) − T̃iα(Ξ̂)) ,

(6.13)
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its flux

Fα, pmd :=

(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA

)
(vi − v̂i)

∂ΦA(F )

∂Fiα

+ εE(vi − v̂i)∂α(vi − v̂i) + ε2λE∂t(vi − v̂i)∂α(vi − v̂i)

+ ελ∂t(vi − v̂i)(T̃iα(Ξ) − T̃iα(Ξ̂))

and compute first a structural identity for the modulated relative energy.

Lemma 6.3. Let (v,Ξ) and (v̂, Ξ̂) be smooth solutions of (6.2) and (6.1)

respectively. Then we have

∂tEpmd − ∂αFα, pmd

+ ε

(
E

3∑

α=1

|∂α(v − v̂)|2 − λ∂α(vi − v̂i)W̃
jβ
iα (Ξ)∂β(vj − v̂j)

)

+ ε(λ− 1)|∂t(v − v̂)|2

= Q+ ελ∂α(vi − v̂i)
(
W̃

jβ
iα (Ξ) − W̃

jβ
iα (Ξ̂)

)
∂αv̂j

+ ε(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i) + ε2λ∂t(vi − v̂i)(E∂α∂αv̂i − ∂2

t v̂i) , (6.14)

where W̃ jβ
iα (Ξ) is defined in Lemma 6.1, Q is given by (5.12) and λ is an

arbitrary constant.

Proof. To control the quadratic part of the energy 1
2 |v|

2 + g(Ξ) with respect

to (v − v̂,Ξ − Ξ̂), we use the same arguments of Lemma 5.2 to obtain

∂t

[
1

2
|v − v̂|2 + g(Ξ) − g(Ξ̂) −

∂g(Ξ̂)

∂ΞA
(ΞA − Ξ̂A)

]

− ∂α

[(
∂g(Ξ)

∂ΞA
−
∂g(Ξ̂)

∂ΞA

)
(vi − v̂i)

∂ΦA(F )

∂Fiα

]

= Q+ ε(vi − v̂i)(E∂α∂αvi − ∂2
t vi) . (6.15)

Moreover,

ε(vi − v̂i)(E∂α∂αvi − ∂2
t vi) = ε|∂t(v − v̂)|2 − ∂t[ε(vi − v̂i)∂t(vi − v̂i)]

+ ∂α[εE(vi − v̂i)∂α(vi − v̂i)] − εE

3∑

α=1

|∂α(v − v̂)|2

+ ε(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i) . (6.16)
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As we already did in the previous cases, we must correct the above estimate

by adding the acoustic energy of the wave equation (6.2)2, namely

∂t

[
1

2
λε2|∂t(v − v̂)|2 +

1

2
λε2E

3∑

α=1

|∂α(v − v̂)|2

]

− ∂α

[
λε2E∂t(vi − v̂i)∂α(vi − v̂i)

]
+ λε|∂t(v − v̂)|2

− λε∂t(vi − v̂i)∂α(T̃iα(Ξ) − T̃iα(Ξ̂))

= λε2∂t(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i) , (6.17)

where λ is an arbitrary constant. Now, we interchange the x and t derivatives

in the last term of the left hand side of (6.17), by using the identities

∂t

(
∂α(vi − v̂i)(T̃iα(Ξ) − T̃iα(Ξ̂))

)
− ∂α

(
∂t(vi − v̂i)(T̃iα(Ξ) − T̃iα(Ξ̂))

)

= ∂α(vi − v̂i)∂t(T̃iα(Ξ) − T̃iα(Ξ̂)) − ∂t(vi − v̂i)∂α(T̃iα(Ξ) − T̃iα(Ξ̂))
(6.18)

and

∂t(T̃iα(Ξ) − T̃iα(Ξ̂)) = W̃
jβ
iα (Ξ)∂βvj − W̃

jβ
iα (Ξ̂)∂β v̂j

= W̃
jβ
iα (Ξ)∂β(vj − v̂j) + (W̃ jβ

iα (Ξ) − W̃
jβ
iα (Ξ̂))∂β v̂j .

(6.19)

The identity resulting from (6.17), (6.18) and (6.19) is combined with the

identities (6.15) and (6.16) to obtain (6.14). �

The relative energy established in the above lemma allows us to control

the following L2 distance between the relaxation and the limit solutions

ψd(t) :=

∫

R3

(
|v − v̂|2 + |F − F̂ |2 + ε2

(
|∂t(v − v̂)|2 +

3∑

α=1

|∂α(v − v̂)|2
))
dx

in the framework of solutions verifying (6.10), provided the uniform poly-

convexity and subcharacteristic conditions (6.9) and (6.11) hold.

Theorem 6.4. Let (vε, F ε), F ε = ∇yε and (v̂, F̂ ), F̂ = ∇ŷ be smooth

solutions of (6.4) and (6.3) defined on R
3 × [0, T ] that decay sufficiently fast

as |x| → +∞ and emanate from initial data (vε
0, F

ε
0), F ε

0 = ∇yε(·, 0) and

(v̂0, F̂0), F̂0 = ∇ŷ(·, 0). Assume the a-priori bounds

|F ε(x, t)|, |F̂ (x, t)| ≤M ,
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and that conditions (6.9) and (6.11) hold. Then, there exists a constant

C = C(T, γ,Γ,M, v̂, F̂ ) > 0 such that

ψd(t) ≤ C
(
ψd(0) + ε2

)
.

If also ψε
d(0) → 0 as ε ↓ 0, then

sup
t∈[0,T ]

(
‖vε(·, t) − v̂(·, t)‖L2(R3) + ‖F ε(·, t) − F̂ (·, t)‖L2(R3)

)
−→ 0 ,

as ε ↓ 0.

Proof. As in the proof of Theorem 6.2, we take a fixed λ > 1 such that

E > λΓ , E > λ
Γ2

γ
,

and we consider relation (6.14) for this λ. Let us denote by ϕ(t) the quantity

ϕ(t) =

∫

R3

Epmd(v,Ξ; v̂, Ξ̂)dx ,

where Epmd is defined in (6.13). Then, integrating (6.14) in x and t we have

ϕ(t) + ε

∫ t

0

∫

R3

((
Eδiαδjβ − λW̃

jβ
iα (Ξ)

)
∂α(vi − v̂i)∂β(vj − v̂j)

)
dxds

≤ ϕ(0) +

∫ t

0

∫

R3

|Rε|dxds , (6.20)

where

Rε = Q+ ελ∂α(vi − v̂i)
(
W̃

jβ
iα (Ξ) − W̃

jβ
iα (Ξ̂)

)
∂αv̂j

+ ε(vi − v̂i)(E∂α∂αv̂i − ∂2
t v̂i) + ε2λ∂t(vi − v̂i)(E∂α∂αv̂i − ∂2

t v̂i)

stands for the right hand side of (6.14). Moreover, the uniform convexity of

g implies

Epmd ≥ C(|v − v̂|2 + ε2|∂t(v − v̂)|2) +
1

2
γ|Ξ − Ξ̂|2

+
1

2
ε2λE

3∑

α=1

|∂α(v − v̂)|2 + ελ∂α(vi − v̂i)(T̃iα(Ξ) − T̃iα(Ξ̂)) ,

for a positive constant C = C(E, γ,Γ). Therefore relation (6.20) becomes

∫

R3

(
C(|v − v̂|2 + ε2|∂t(v − v̂)|2) +

1

2
γ|Ξ − Ξ̂|2

+
1

2
ε2λE

3∑

α=1

|∂α(v − v̂)|2 + ελ∂α(vi − v̂i)(T̃iα(Ξ) − T̃iα(Ξ̂))

)
dx
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+ ε

∫ t

0

∫

R3

(
E

3∑

α=1

|∂α(v − v̂)|2 − λ∂α(vi − v̂i)W̃
jβ
iα (Ξ)∂β(vj − v̂j)

)
dxds

≤ ϕ(0) +

∫ t

0

∫

R3

|Rε|dxds . (6.21)

Thus, we exploit relation (6.21) for the special solutions with Ξ = Φ(F ) and

Ξ̂ = Φ(F̂ ) and, since 1
2γ|Ξ − Ξ̂|2 ≥ 1

2γ|F − F̂ |2 and

T̃iα(Φ(F )) = Tiα(F ) =
∂W (F )

∂Fiα
, W̃

jβ
iα (Φ(F )) =

∂2W (F )

∂Fiα∂Fjβ
,

we utilize the conditions on E as in Theorem 4.4 to have

ψd(t) ≤ C

(
ψd(0) +

∫ t

0

∫

R3

|Rε|

∣∣∣∣
(Ξ,bΞ)=(Φ(F ),Φ( bF ))

dxds

)
,

where C = C(E, γ,Γ,M) > 0. Moreover, the quadratic term |Q| of |Rε|

is controlled as in the proof of Theorem 5.3 and the last three terms are

controlled as in the proof of Theorem 4.4. Therefore, there exists a positive

constant C = C(γ,Γ,M, v̂, F̂ ) such that

ψd(t) ≤ C

(
ψd(0) + ε2t+

∫ t

0
ψd(s)ds

)

and the conclusion follows from the Gronwall lemma. �
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Appendix A. Comparison of modulated energy and the

H-estimate near equilibrium

It is interesting to compare the dissipation structure that emerges from

the H-theorem with the structure associated to the modulated energy. Both
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structures are globally defined in the state space, the first is motivated from

thermodynamic ideas and essentially of kinetic theory flavor, while the sec-

ond is motivated from energy considerations of continuum physics origin.

Our objective is to compare the two structures near the “Maxwellian” equi-

libria, using the Chapman-Enskog expansion.

For the sake of clarity, we discuss the one dimensional model of stress–

relaxation 



∂tu− ∂xv = 0

∂tv − ∂xσ = 0

∂t(σ −Eu) = −1
ε (σ − g(u)) ,

(A.1)

where W ′(u) = g(u) and W convex. For (A.1), the equation (4.5) for the

modulated energy Em becomes (for λ = 1)

∂t

(
1

2
v2 +W (u) + εv∂tv +

1

2
ε2E|∂xv|

2 + εg(u)∂xv

)

− ∂x

[
vg(u) + εEv∂xv + ε2E∂tv∂xv + ε∂tvg(u)

]

+ ε
(
E − g′(u)

)
|∂xv|

2 = 0 . (A.2)

The subcharacteristic condition (4.8) implies that the last term is nonneg-

ative and Em is coercive. On the other hand, (4.8) implies the free energy

function Ψ(u, a), which presently reads

Ψ(u, a) =
1

2
Eu2 + au−

∫ a

0
h−1(ξ)dξ ,

is uniformly convex in (u, a). The associated (weak) dissipation estimate

coming from the H–theorem (3.2) is

∂t

(1

2
|v|2 + Ψ(u, σ − Eu)

)
− ∂x[vσ]

+
1

ε
(u− h−1(σ − Eu))(σ − g(u)) = 0 ,

(A.3)

where the last term capturing the dissipation of viscoelastic stresses is non-

negative.

We next investigate the relations of these two dissipative estimates in

terms of the Chapman–Enskog expansion of (A.1). Carrying out the expan-

sion up to order ε2 gives

σ = g(u) + ε(E − g′(u))∂xv + ε2
(
g′′(u)|∂xv|

2 + (g′(u) −E)∂2
xg(u)

)
.
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The corresponding Burnett approximation of (A.1) reads

∂tu− ∂xv = 0

∂tv − ∂xg(u) = ε∂x

(
(E − g′(u))∂xv

)

+ ε2∂x

(
g′′(u)|∂xv|

2 + (g′(u) − E)∂2
xg(u)

)
.

Consider now the H-estimate (A.3) and perform the Chapman–Enskog ex-

pansion. A tedious but straightforward calculation, keeping terms up to

order O(ε2), gives

∂t

(
1

2
|v|2 + Ψ(u, h(u)) +

1

2
ε2(E − g′(u))|∂xv|

2

)

− ∂x

(
vg(u) + εv(E − g′(u))∂xv + ε2v(g′′(u)|∂xv|

2 + (g′(u) −E)∂2
xg(u))

)

+ ε(E − g′(u))|∂xv|
2

+ ε2
(

3

2
g′′(u)(∂xv)

3 + 2(g′(u) −E)(∂xv)∂
2
xg(u)

)
= 0 . (A.4)

Note that (A.4) is an expansion that holds near the equilibrium manifold

σ ∼ g(u), while (A.2) holds on the entire state space. To compare the two

(for ε near zero), note that

Ψ(u, h(u))′ = g(u) = W ′(u)

and that

∂x[εvg′(u)∂xv] = ∂x[εv∂tg(u)]

= ∂t[ε∂xvg(u)] − ∂x[ε∂tvg(u)] + ∂t[εv∂tv] ,

because in the Chapman–Enskog expansion we assume the variables are near

equilibrium, that is

∂tu = ∂xv , ∂tv = ∂xg(u) . (A.5)

Using the above identities we see that the expansions of the two identities

near ε ∼ 0 coincide up to terms of order O(ε), and deviate from each other

already from the terms of order O(ε2).
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