EXISTENCE AND STABILITY OF MULTIDIMENSIONAL TRANSONIC
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ABSTRACT. We establish the existence and stability of multidimensional transonic flows with
transonic shocks through an infinite nozzle of arbitrary cross-sections, including a slowly vary-
ing de Lavel nozzle. The transonic flow is governed by the inviscid steady potential flow
equation with supersonic upstream flow at the entrance, uniform subsonic downstream flow
at the infinite exit, and the slip boundary condition on the nozzle boundary. The multidi-
mensional transonic nozzle problem is reformulated into a free boundary problem, for which
the free boundary is a transonic shock dividing two phases of C1® flow in the infinite nozzle,
and the equation is hyperbolic in the supersonic upstream phase and elliptic in the subsonic
downstream phase. We further develop a nonlinear iteration approach and employ its advan-
tages to deal with such a free boundary problem in the unbounded domain and to solve the
multidimensional transonic nozzle problem in a direct fashion. Our results indicate that, for
the transonic nozzle problem, there exists a transonic flow such that the flow is divided into a
CH@ subsonic flow up to the nozzle boundary in the unbounded downstream region from the
supersonic upstream flow by a C'1'® multidimensional transonic shock that is orthogonal to
the nozzle boundary at every intersection point, and the uniform velocity state at the infinite
exit in the downstream direction is uniquely determined by the supersonic upstream flow at
the entrance which is sufficiently close to a uniform flow. The uniform velocity state at the
exit can not be apriori prescribed from the corresponding pressure for such a flow to exist. We
further prove that the transonic flow with a transonic shock is unique and stable with respect
to the nozzle boundary and the smooth supersonic upstream flow at the entrance.

1. INTRODUCTION

We are concerned with the existence and stability of multidimensional steady transonic flows
with transonic shocks through general multidimensional infinite nozzles with arbitrary cross-
sections. Such problems naturally arise in many physical situations, especially in the de Laval
nozzles which was first proposed by Swedish engineer Gustav de Lavel in 1887 and has widely
been used in the design of steam turbines and modern rocket engines (see Courant-Friedrichs [12],
Whitham [48], and the references cited therein). Since the nozzles in applications are usually
much longer with respect to their cross-sections, and hence the problem is often formulated
mathematically as an infinite nozzle problem. Correspondingly, such a multidimensional infinite
nozzle problem has extensively been studied experimentally, computationally, and asymptotically
(see [12, 16, 19, 27, 22, 23, 41, 42, 48] and the references cited therein). Mathematically, the
existence and stability of steady transonic flows for such nozzles in a multidimensional setup has
been opened since then; see [5, 12, 13, 44, 48].

In this paper, we focus on the infinity nozzle to establish the existence and stability of mul-
tidimensional transonic flows with supersonic upstream flows at the entrance, uniform subsonic
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downstream flows at the infinite exit, and the slip boundary condition on the nozzle bound-
ary. The potential flow equation for the velocity potential ¢ : @ C R™ — R is a second-order
nonlinear equation of mixed elliptic-hyperbolic type:

div (p(|Dy|?)Dyp) = 0, reQCR", (1.1)
where the density p(q?) is
o) = (1 0¢°)% (1.2)
and 6 = %1 > (0 with the adiabatic exponent v > 1.
The nonlinear equation (1.1) is elliptic at Dy with |Dep| = ¢ if

() +2¢°0'(¢) > 0 (1.3)
and hyperbolic if
p(q®) +24°0'(¢°) < 0. (1.4)

For this infinite nozzle problem, we first seek a multidimensional transonic flow containing
a multidimensional transonic shock dividing a subsonic downstream flow from the supersonic
upstream flow, motivated by our previous work [4, 5]. In order to construct such a transonic flow,
we first formulate this infinite nozzle problem into a free boundary problem: the multidimensional
transonic shock is a free boundary which divides two phases of C® flow in the infinite nozzle,
and the equation is hyperbolic in the supersonic upstream phase and elliptic in the subsonic
downstream phase. Since the existence of the supersonic upstream phase is a direct corollary of
the standard local existence theory of the initial-boundary value problem with the slip boundary
condition for nonlinear wave equations (cf. [28, 29, 31]), we can further formulate the free
boundary problem into a one-phase free boundary problem for a nonlinear elliptic equation by
shiffmanization, a cut-off technique (see [4, 46]).

We further develop a nonlinear iteration approach based on [4] and employ its advantages
to deal with such a free boundary problem in the unbounded domain and to solve the mul-
tidimensional transonic nozzle problem in a direct fashion. Our results indicate that, for the
transonic nozzle problem, there exists a transonic flow such that the flow is divided into a C1:®
subsonic flow up to the nozzle boundary in the unbounded downstream region from the super-
sonic upstream flow by a C*® multidimensional transonic shock that is orthogonal to the nozzle
boundary at every intersection point, and the uniform velocity state at the infinite exit in the
downstream direction is uniquely determined by the supersonic upstream flow at the entrance
which is sufficiently close to a uniform flow. The uniform velocity state at the exit can not be
apriori prescribed from the corresponding pressure for such a flow to exist. We further prove
that the transonic flow with a transonic shock is unique and stable with respect to the nozzle
boundary and the smooth supersonic upstream flow at the entrance.

One of the advantages to employ our nonlinear iteration approach is that, as long as we
know how the corresponding fixed conormal problem for (1.1) can be solved and estimated, the
solution of the free boundary problem and its estimates directly follow, even for more complicated
geometry of the domain under consideration. In this sense, the iteration approach is more efficient
than the partial hodograph approach developed in [6], since we do not need to change equation
(1.1) with fine features. This indeed plays an important role to achieve the O regularity of both
the solution and the free boundary up to the nozzle boundary and to allow the nozzle boundary
to have arbitrary cross-sections, by employing the features of equation (1.1). Also, this approach
enables us to deal with the multidimensional nozzle problem in a direct fashion, which especially
applies to the bounded nozzle problems with various different boundary conditions at the exit
by solving the elliptic problems with nonsmooth fixed boundaries, as discussed in Section 3 and
in [10, 11, 14, 24].

We point out in passing an important technical difference between the situation considered
in this paper and the one in our previous work [4, 5]. In [5], we considered a transonic flow
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in an infinite cylinder with a cross-section of the form A = (0,1)"~!, i.e., a flow in the domain
(0,1)"~ ! xR, in which, by reflections, we can reduce the problem to the domain T"~! x R, where
T"~ ! is the (n — 1)-dimensional torus. Thus, in studying the free boundary problems in [4, 5],
we were able to avoid studying the intersection of the free boundary with the fixed boundary. In
the case of arbitrary smooth cross-section in dimension n > 2, this can not be done even for the
flow in the unperturbed cylinder: indeed, if we locally flatten the boundary, the equation in the
new coordinates changes its structure and the reflection leads to an equation with discontinuous
coefficients. When we consider a flow in the nozzle (i.e. in a perturbed cylinder), we face a similar
problem even in the two-dimensional case. Thus, in the present paper, we have to consider the
intersection of a free boundary with a fixed boundary, that is, a nonlinear conormal problem in
the domain with nonsmooth boundary.

The uniqueness and stability of the nozzle problem is a question of great importance to know
under what circumstances a steady transonic flow involving transonic shocks is uniquely deter-
mined by the boundary condition and the conditions at the entrance and when further conditions
at the exit are appropriate (see Courant-Friedrich [12]). In this paper, we first identify that the
steady transonic flow involving a transonic shock is uniquely determined by the Cauchy data
at the entrance for the nonlinear wave equation and the uniform subsonic flow condition at the
infinite exit, which are natural physical conditions. Note that the pressure can not be apriori
prescribed at the exit; otherwise, it is clear from our results that there is no weak solution for
this problem.

Some efforts have been made for solving the nonlinear equation (1.1) of mixed type. In
particular, Shiffman [46], Bers [2], and Finn-Gilbarg [18] proved the existence and uniqueness of
solutions for the problem of subsonic flows of (1.1) past an obstacle (also see [15]). Morawetz
in [43] showed that the flows of (1.1) past the obstacle may contain transonic shocks in general.
In [4, 5, 6], we introduced two approaches to deal with multidimensional transonic shocks. Non-
transonic shocks (hyperbolic-hyperbolic shocks) were analyzed in [7, 25, 33, 40, 45, 49] and the
references cited therein.

In Section 2, we set up the infinite nozzle problem involving multidimensional transonic shocks
and present the main theorems of this paper. In Section 3, we develop a C'*® estimate framework
up to the wedge boundary of the cylinder for the conormal problem for second-order linear
elliptic equations of divergence form with C“ coefficients for subsequent development. In Section
4, we reformulate the transonic nozzle problem into a free boundary problem by introducing a
multidimensional transonic shock as a free boundary which divides upstream and downstream
phases of C1*® flow in the infinite nozzle. We introduce an iteration procedure to construct
approximate solutions of the free boundary problem in Section 4 and make uniform estimates
of the solutions on the bounded domains with wedge boundary in Section 6. In Section 7, we
establish the existence of multidimensional transonic flows with transonic shocks via solving
the corresponding free boundary problem in the infinite nozzle. In Section 8, we establish the
uniqueness and stability of multidimensional transonic flows with transonic shocks in the infinite
nozzle.

The main results in this paper were presented in detail at the International Symposium on
Multidimensional Conservation Laws and Related Topics (Shanghai, China), December 19-23,
2003; the Oberwolfach Workshop on Hyperbolic Conservation Laws (Germany), April 4-10, 2004;
and the Stanford Workshop on Conservation Laws and Kinetic Theory (USA), July 17-29, 2004.

2. TRANSONIC SHOCKS, NOZZLE PROBLEM, AND MAIN THEOREMS

In this section, we first set up the infinite nozzle problem involving multidimensional transonic
shocks and present the main theorems of this paper.

A function p € C%1(Q) is a weak solution of (1.1) in an unbounded domain € if
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(i) |Do(z)| <1/V0  ae.
(ii) For any ¢ € C5°(92),

/Q pIDg)Dyp - D¢ di = 0. (2.1)

We are interested in weak solutions with shocks. Let Q7 and Q™ be open subsets of 2 such
that
QtNQ™ =0, QtuN-=9Q,
and S = 90T N Q. Let ¢ € C%H(Q) be a weak solution of (1.1) and be in C*(QF) so that D¢
experiences a jump across S that is an (n — 1)-dimensional smooth surface. Then ¢ satisfies the
following Rankine-Hugoniot conditions on .S:

els =0, [mDsoF)Dso - ”L —0, (2.2)

where v is the unit normal to S from Q= to 27, and the bracket denotes the difference between
the values of the function along S on the QF sides. Moreover, a function ¢ € C*(Q%), which
satisfies |Dy| < 1/V/0, (2.2), and equation (1.1) in QF respectively, is a weak solution of (1.1),
i.e., o satisfies (2.1) in the whole domain .

Set * = p|n+. Then we can also write (2.2) as

et =p~ on S (2.3)
and
p(IDe* *)p) = p(IDe™[*)Dy™ v on S, (24)
where ¢ = D™ - v is the normal derivative on the Q% side.
Note that the function )
D(p) := (1 — 0p2)ﬁ P (2.5)
is continuous on [O, \/m} and satisfies

B(p) >0 forpe (o, \/W) . B0)=d ( 1/0) —0, (2.6)
0<®'(p) <1 on (0,c,), ®'(p) <0 on (c*, 1/0) , (2.7)

® (p) <0 on (0,c, (2.8)

where

e = VI/O+1) = 2/ + 1) (2.9)
is the sonic speed, for which a flow is called supersonic if [Dy| > ¢, and subsonic if [Dyp| < c,.
Suppose that ¢ € C*(QF) is a weak solution satisfying
|Dp| < c. in QF, |Dg| > ¢ in Q7 Dyp® - v|g > 0. (2.10)

Then ¢ is a transonic shock solution with transonic shock S dividing € into the subsonic region
QT and the supersonic region Q= and satisfying the physical entropy condition (see Courant-
Friedrichs [12]):
p(IDe™ ) < p(IDp*|?)  along S.
Note that equation (1.1) is elliptic in the subsonic region and hyperbolic in the supersonic region.
Let (2,x,) be the coordinates in R", where x,, € R and 2’ = (21,...,2,-1) € R"7 1. Let
qo € (c*7 1/\/@) and ¢ (z) := gy 2. Then ¢y is a supersonic solution in . According to

(2.6)—(2.7), there exists a unique gf € (0, c,) such that
p(@)?) g =r((a)*) a0 - (2.11)
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Thus, the function

4 Zn, zeQy =Qn{z : x, <0},

¢O(x):{ a5 T, reQf =an{z : z, >0} (2.12)

is a plane transonic shock solution in Q, Qf and €, are its subsonic and supersonic regions
respectively, and S = {z,, = 0} is a transonic shock.
Defining ¢ () := qf 5, in Q, we have

po(z) = min( (@), ¢ () for o € Q. (2.13)

In this paper, we focus on the following infinite nozzle ) with arbitrary smooth cross-sections:
Q=T(A x (—00,00)) N{x, > -1}, (2.14)

where A € R"! is an open bounded connected set with a smooth boundary, and ¥ : R"* — R"
is a smooth map, which is close to the identity map. For simplicity, we assume that

OA is in ClE1+3 (2.15)
and

19— Idlls)45.0m <0 (2.16)
for some o € (0,1) and small o > 0, where [s] is the integer part of s, Id : R" — R" is the
identity map, 0;Q := U(OA x (—o0,00))N{(z',z,) : x, > —1}, and ||tt]|m,a,p is the norm in the
Hélder space C™ (D) in the domain D. Such nozzles especially include the slowly varying de
Laval nozzles [12, 48]. For concreteness, we also assume that there exists L > Lg (say, Lo > 10

without loss of generality) such that
V(z)=xz  forany x = (2/,z,) with z, > L, (2.17)

that is, the nozzle slowly varies locally in a bounded domain as the de Laval nozzles.
In the two-dimension case, the domain ) defined above has the following simple form:

Q= {(1’1,1’2) x> —1, f_(I]CQ) <x < f+(£172)},

where || f+ — d+lls,0.r < 0 and fy = di on [L,00) for some constants dy satisfying dy > d_.
For the multidimensional case, the geometry of the nozzles is much richer.
Note that our setup implies that

o0 =08,2U 90
with
02 := U[OA x (—o0,00)] N {(z',xp) : wp > —1},
3,9 = V(A x (—o0,00))N{(2',2y,) : wp =—1}.
Then our transonic nozzle problem can be formulated into the following form:

Problem (TN): Transonic Nozzle Problem. Given the supersonic upstream
flow at the entrance 9,€2:

=9, Yo, =%,  ondo, (2.18)
the slip boundary condition on the nozzle boundary 9,2:
O, =0 on 0f2, (2.19)

and the uniform subsonic flow condition at the infinite exit x,, = oo:
() = wnllcr@@nie,>ry) — 0 as R — oo, for some w € (0, c,), (2.20)

find a multidimensional transonic flow ¢ of the problem (1.1) and (2.18)—(2.20)
in .
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As we will see below, the supersonic upstream part ¢~ of the solution can be constructed in
0 = QN {z, < 1} from the data on the nozzle entrance (2.18) by using the standard results
on initially-boundary value problems for hyperbolic equations. Thus, assuming that the C1®
supersonic solution ¢~ is given in 4, we can formulate the transonic nozzle problem (TN) as
the following one-phase free boundary problem.

Problem (FB): Free Boundary Problem. Given a supersonic upstream flow

©~, a weak solution of (1.1) in Qy, which is a C1* perturbation of ¢ :

10,0, < Coo (2.21)

le™ — o
with o > 0 small, for some constant Cy, and satisfies (2.19), find a multidi-
mensional subsonic flow T of (1.1) satisfying (2.19)—(2.20) and identify a free
boundary z, = f(2’) dividing the subsonic flow ¢ from the given supersonic
flow ¢~ so that

_f et@),  wn > f(2),
o(x) { ) a2 ) (2.22)

is a transonic shock solution.

Note that, for a solution ¢ of Problem (FB), the subsonic region Q* and supersonic region 0~
in (2.10) are of the form

O (p) ={zn > fa")}, Q7 (¢) = {2n < f(@)} (2.23)

Our main theorem for the free boundary problem, Problem (FB), is the following.

Theorem 2.1 (Existence). There exist o9 > 0, C, and C’, depending only on n, a, 7, q0+,
Co, A, and L, such that, for every o € (0,00), any map ¥ satisfying (2.16) and (2.17), and
any supersonic upstream flow ¢~ of (1.1) satisfying (2.18) and (2.19), there exists a solution
© € COY(Q) N C>(QT) of Problem (FB) such that

D¢ = g enlloo.0+ < Co. (2.24)

Moreover, the solution ¢ satisfies the following properties:
(i) The constant w in (2.20) must be q*:

w=q", (2.25)
where ¢ is the unique solution in the interval (0,c) of the equation
p((h)?)e" = Q" (2.26)
with .
QT = T/ p(|De~ 2Dy~ - vdH" L. (2.27)
1Al Jo,0
Thus ¢ satisfies
e — ¢ enller@nie,>ry — 0 as R — oo, (2.28)
and q* satisfies
¢t — a5 | < Co; (2.29)
(ii) The function f(x') in (2.22) satisfies
1fll1,0,n—1 < Co, (2.30)

and the surface S = {(2/, f(z')) : 2’ € R"1} N Q is orthogonal to 9, at every
intersection point; L
(iii) Furthermore, ¢ € CH*(QF) with

le —qtznlian, <Co. (2.31)
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If the supersonic upstream flow ¢~ has a higher regularity, then we have the following unique-
ness theorem.

Theorem 2.2 (Uniqueness). There ezists a constant oo > 0 depending only on n,«a,v,Cy, A,
L, and qa' such that, if o < o¢ and the supersonic solution @~ in Problem (FB) additionally
satisfies

o™ = ¥g ll2,0,0: < Coo, (2.32)
then the solution ¢ of Problem (FB) satisfying (2.24) is unique.

The standard local existence theory of smooth solutions for the initial-boundary value problem
(2.18)—(2.19) for second-order quasilinear hyperbolic equations implies (see Appendix) that, as
o is sufficiently small in (2.16) and (2.21), there exists a supersonic solution ¢~ of (1.1) in Qy,
which is a C*+1 perturbation of ¢y : For any a € (0, 1]:

o™ =0 lka00 < Cooy  k=1,2, (2.33)
for some constant Cy > 0, and satisfies
O~ =0 on 0,04, (2.34)
provided that (¢_, 9. ) on 9,9 satisfying
loe = ao Tallar+e + Ve —qo llgetn— <o, k=12, (2.35)

for some integer s > n/2 + 1 and the compatibility conditions up to the (s + k)*"—order, where
the norm || - ||+ is the Sobolev norm with H® = W2, In particular, as a direct corollary of
Theorem 2.1, Theorem 2.2, and Proposition A.1 in Appendix, we obtain the following existence
and uniqueness result for the transonic nozzle problem, Problem (TN):

Theorem 2.3. Let qf € (0,c.) and q; € (c*,l/\/é) satisfy (2.11), and let po be the transonic

shock solution (2.12). Then there exist o9 > 0, C, and C, depending only onn, a, v, q0+, A, and
L such that, for every o € (0,00), any map U satisfying (2.16) and (2.17), and any supersonic
upstream flow (v, ,1.) on 0,9 satisfying

lpe = go znllaere + Ve — g0 [l <o (2.36)

for s >n/2+1 and the compatibility conditions up to the (s + 2)*"—order, there exists a unique
solution p € C%1(Q) of Problem (TN) satisfying (2.23),

||S0 - 906 |2,a,Q— < 007

and (2.24). Moreover, this solution satisfies p € C%1(Q) N C>(QF) and properties (i)—(iii) of
Theorem 2.1, where (2.27) is replaced by

Qf = ﬁ /8 D P ()2 dH (237)

Remark 2.1. The smoothness conditions (2.15) and (2.16) are just for simplicity of presentation
and can be relazed: For example, in Theorems 2.1 and 2.2, we require only C** in (2.15) and
(2.16). The localization condition (2.17) is not essential to achieve Theorem 2.1; In general, it
can be replaced by an appropriate decay condition.

Remark 2.2. When the initial data (p. 0. ) = (=, %) is constant and the nozzle QN{—1 <
Tn < —14€} = A x[—1,—-1+ ¢ for some € > 0 as a de Laval nozzle, then the compatibility
conditions are automatically satisfied. In fact, in this case, ¢~ (x) = VY. x, is a solution near
T, = —1 in the nozzle.
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Remark 2.3. When n = 2, condition (2.36) for the supersonic upstream flow (¢, ,1. ) on 9,2
in Theorem 2.3 can be replaced by the C®-condition:

lee = o Tnlles +[Ye —q lle2 < o (2.38)
This can be achieved by following arguments in Li-Yu [34].

Remark 2.4. There exist g and C' depending only on the data such that equation (2.26) with
QT defined by (2.27) has a unique solution q* € (0,c,) satisfying (2.29).

This can be seen as follows: From (2.16), it follows that |[0,Q| —|A|| < Co and |v —e,| < Co
on 0,2, and hence that |v - e, — 1] < Co on 9,92. Then

Q" — p((ag)*)a5 |
=17 | WD D v = plta (1= B ot

N2y | 10,9
AI/ p(|De™ ) D™ v — p((a5 )?)ag | da +< A >p((qa”)2)qo+

<t oD PP = 105 PADy o]+ pl(a i - 0 = 1) da’ +Ci
< Co,
where we used (2.11) and (2.21). Thus, by (2.6) and (2.7), we obtain that, if o is small depending

only on the data, then there exists a unique solution ¢+ € (0,¢,) of equation (2.26) such that
(2.29) holds.

Remark 2.5. In fact, the solutions with transonic shocks of Problem (TN) in Theorem 2.3 are
also stable with respect to the nozzle boundaries and the smooth supersonic upstream flows at the
entrance; see Theorem 8.1.

Remark 2.6. For the isothermal gas v = 1, the same results can be obtained by following the
same arguments in this paper.

3. CONORMAL PROBLEMS FOR LINEAR ELLIPTIC EQUATIONS IN A CYLINDER

In this section, we develop a C1'® estimate framework up to the boundary of the cylinder for
a conormal problem for linear elliptic equations of divergence form with C® coefficients.

Let A ¢ R"! be an open bounded, connected set with C%% boundary. For @ > 0, denote

Co:=Ax(0,Q), Zb = A x {x, =0}, EQQ = 0A x (0,Q), E% =Ax{z, =Q}.

Consider the problem

n

Z (aijumj)% =f in CQa (31)
i=1
Z aijul’j Vi = gk on E’év k = ]-7 27 (32)
i=1
u=nh on X3, (3.3)

where v is the inward unit normal to Zb and Zé of Cq.

The main issue in the argument below is to show the existence and uniqueness of solutions
which are C1® up to the edge OA x {0} of the cylinder. Lieberman [37] studied general oblique
derivative problems for linear elliptic equations in the domains with wedges in which the C*# reg-
ularity of solutions is obtained near the wedges. However, these results require certain conditions
on the relative geometry of the wedge and the vector fields in the oblique derivative conditions;
Moreover, in [37], the Holder exponent /3 of the solution gradients depends on the geometry of
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wedges and the coefficients of the equation and the right-hand sides of the boundary conditions,
and 8 < « in general where « is the Holder exponent of the coefficients and the right-hand sides.
In this section, by restricting the class of equations and considering only conormal boundary con-
ditions and cylindrical domains, we obtain the sharp C'1* regularity of solutions up to A x {0},
i.e., # = «. This is important in our approach developed in Sections 4-8.

Theorem 3.1. Let \i,...,\,, and X are the constants satisfying 0 < X < \; < A™1 for i =
1,...,n. Then there exist k > 0 and C > 0, depending only on n,A,Q, and X\, such that, when

a;j(x) satisfy

llai; — /\i5§\|07a’CQ <K for i,j=1,...,n, (3.4)

and
feL>®Cqo), heH (Cy), (3.5)
g1 € CY(Zh), g2 € CO (X)), (3.6)

there exists a unique weak solution u € H*(Cq) of (3.1)—(3.3) in the sense that (3.3) holds as the
trace and

n 2
/ (Z QijUe, We, + fw)dx + Z/ grwdH" 1 =0 (3.7)
CQ =1 k=126

for any function w € H'(Cq) with w = 0 on 9Cq N {x, = Q}. Moreover, the solution u is
Ch*(Cgqy2) and satisfies

l[ulliacore < Cllullzzcq) + 1 ll0.0.cq + [191ll0,0,51 + [l92ll0,0,52)- (3-8)

Theorem 3.1 is a direct corollary of Theorem 3.2 below, stated in more technical terms. In
order to state Theorem 3.2, we introduce some notations and weighted Holder norms.

Denote L

Co=Co\{z.=0Q}, (X3 =33 \{z. =Q}. (3.9)

We will use the following weighted Holder semi-norms and norms in the cylinder Cq, in which the
weight is the distance to the portion of the boundary % = 0Cq \Cgy. Denote 4, = dist(x,%) =
Q — x, for x = (2',z,) € Cg and 6y, = min(d,,d,) for z,y € Cq. For k € R, a € (0,1), and
m € N (the set of nonnegative integers), define

[Weoe, = 2 sup (57 F|Du(a)])

A 7€Ch
[ ., = sup (5gga+k |DPu(x) — Daﬂu(yﬂ) 7
Y S mECy oAy |z —yl
e, = %y 310
=0
[ullorcy, = [elibiey, + ey

where DP = 9. 90~ 3 = (B1,...,0,) is a multi-index with 3; > 0,6; € N, and |3] =

81+ -+ + Bn. The weighted Holder norms |u|£:)a (z2 ) O the boundary part Z2Q are similarly
(g

defined.

Theorem 3.2. Let \,..., A\, and X be the constants satisfying 0 < A < \; < lambda™" for
i =1,...,n. Then there exist kK > 0 and C > 0, depending only on n,A,Q, and A, such that,
when a;j(x) satisfy (3.4) and

feL*(Cq)NLi.(Ch), heH'(Cq), (3.11)
g1 € L*(2H)NCO(3L), g2 € LA(TH) NCO*((23)) (3.12)
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with
|f|(2+n/2)| |(1+"/2)

< o0
0,0,¢5 2l0,0,(23) ’

there exists a unique weak solution u € H'(Cq) of (3.1)~(3.3) in the sense that (3.3) holds as
the trace and (3.7) holds for any w € H'(Cg) with w = 0 on dCq N {z,, = Q}. Moreover, the
solution u is CY(C") and satisfies
n/2 2+n 2 14+n/2
iy, < Cllullzzeq) + [ Fl5oer,” + 910wy, + 192150 (g2),)- (3.13)
The remaining part of this section is a proof of Theorem 3.2. To prove the existence and
regularity part of the theorem, we first consider an auxiliary problem:

> Nttare, = f+ YW, in Cg, (3.14)

i=1 i=1

Z Aillg, Vi = AUy, = g1 on Eb, (3.15)
n n—1 n—1 ]

Z Al Vi = Z Aillg, Vi = go + Z 'y, on EQQ, (3.16)

i=1 i=1 i=1

u=nh on E%, (3.17)

where we used that v = e, on EIQ in (3.15) and v - e, = 0 on EQ in (3.16). Note that smooth
solutions of (3.14)—(3.17) satlsfy

¢ =1

Qzl

+/ (91 — ¥") wda' —/ gawdH" ' =0 (3.18)
Eé) 22

Q
for any function w € H'(Cg) with w =0 on Cq N {z, = Q}.

Lemma 3.1. Let Ay,..., \,, and \ be the constants satisfying0 < A< \; < X! fori=1,...,n
Let
feL?(Co)NLis.(Co), ¥ =(....9") € H(CQ) N C*(Cq), he H'(Cq),
_ (3.19)
g1 € L*(2H)NCY(2Y), g2 € C(Cu) NL*(23) N C™*(Ch)
with

24n/2 14+n 2 1+n 2
l5ael? s Wlomer? lgalgacr’ < oo. (3.20)

Then there exists a unique weak solution u € H'(Cq) of (3.14)~(3.17) in the sense that (3.17)
holds as the trace and (3.18) holds for any w € H'(Cq) with w = 0 on 8Cq N {z, = Q}. The

solution u is CY*(C') and satisfies

2
Il o) + 1l
<C (2+n/2> (1+7/2)
< CIfllz2(cq) FllYllzzco) + ¥loacr, +l191llo.0.my
1 n 2
g2l 2 sz, + 192l hay + Il co)) (3.21)
and
2 24n/2 14+n/2 1+n/2
{2, < Olullzzicay + 111G, + WASLER + ooy + ol i), (3:22)

where C' depends only on n, A, Q, and .
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Proof. We prove this lemma in six steps. The constant C' in the argument below is a universal
constant depending only on n, A, @, and A, and may be different at each occurrence.

Step 1. First we show the uniqueness of weak solutions. Suppose u; and us are two weak
solutions of (3.14)—(3.17). Then u; —us =0 on Z%. Thus, writing the weak forms (3.18) for uq
and ug respectively and subtracting the expressions with w = u; — us yield

n
0= / Z )\l|6xl(u1 — ’U,2)|2d.73.
CQ 4 =1
Since u; — us = 0 on EZ) and A; > 0, we conclude u; = ug a.e. in Cg.

Step 2. We now focus on the existence of solutions and estimate (3.21). First we show that the
problem can be reduced to the case where the right-hand side of the boundary condition (3.15)
vanishes. We can extend g, from ¢, = A x {0} to the whole hyperplane {(z',0) : 2’ € R""'}
such that the extension g € C§(R" 1) satisfies [|g5]/0.a. rn-1 < C||g1]|0,a,a- Now, as in [21, page
124-125], we choose a nonnegative n € C3(R"~") with [g,._, 7(y')dy’ = 1 and define

Gla'sa) = it [ i’ =t/ )y

Then G € CH*(R7) with
Gll1aco < Cligilloara-r < Cligillo,a.n (3.23)

and

MGe, =91 =01 on A x {z, =0}.
Thus, u is a weak solution of (3.14)—(3.17) if and only if v = u — G is a weak solution of the same
problem with modified right-hand sides: f,, g1, and go are replaced by f = f,.4! = ¢* — \;Go,,
g1 =0, and go = go. Using (3.23), it is easy to check that (3.21) and (3.22) for v in terms of

f,1, g1, and go implies (3.21) and (3.22) for u in terms of f,1, g1, and go.
Thus, from now on, we assume

g1=0 on Zb. (3.24)
Step 3. We also note that we can assume without loss of generality that
" =0  on . (3.25)

Indeed, if u is a weak solution of (3.14)—(3.17), then u is also a weak solution of (3.14)—(3.17)
with 9™ replaced by ¢¥™: Y™ (2, z,) = " (2, z,,) — " (2, 0) for (z/,x,) € Cq. Since

n T (14n/2 14+n/2
19" 22y + [P16aer” < CUI" 22y + 1#l6acr):

it follows that (3.21) and (3.22) in terms of the right-hand sides with ™ replaced by ¢" implies
(3.21) and (3.22) in terms of the original functions.

Clearly, ¢" satisfies (3.25). Thus we can assume (3.25) from now on.

Step 4. With (3.24) and (3.25), we extend the problem (3.14)—(3.17) to the cylinder C_q ¢y =
Ax(—Q,Q). Set E%nyQ) =0A x (-Q,Q).

Note that, with (3.24) and (3.25), u is a weak solution of (3.14)—(3.17) if (3.17) holds as the
trace and, for any w € H'(Cg) with w = 0 on 9Cq N {z, = Q},

/ (Z Ay, Wy, — Zwiwzi + fw)dx — / gwdH" ' =0. (3.26)
¢ i—1 22

Q =1 Q

We use the even reflection to extend u, f, h, g2, ¥, ..., "1 to C(~q,q) and the odd reflection
to extend Y™ to C(_g,g). That is, for 2’ € A and z,, € (0,Q), we define, by using the same
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notations for the original and extended functions,

Sﬁ(l‘lvixn) = 30(93/71‘,7,) fOI‘ QO € {uafah5927¢17"'7wn71}7 (3 27)

¢n($/a 71’77.) = 7/(1)”((5/7 xn) '
Obviously, for u € H'(Cg) and f,%, h, and go as in Lemma 3.1 with (3.25) for ", the extended
functions satisfy

we H'(C—q.), [E€L*C-q.q) NLin(Cl_gq): ¥€H (Cqq)NCCl_g0))

he H'(Cqq) 92€C* (S g.0)NL*(EF g.0)

where C(_(%)Q) = Ci—g,) U i()_Q’Q). Moreover, defining the weighted Holder semi-norms and
|m;a;CE7QTQ) ‘m;a;E?iQ )

C(—q,q) (resp. E?_QQ)) and

norms | - and | - by (3.10) with the supremums taken over the domains

0, = dist(x,9C_q,0) \ Z%fQ!Q)) =min(Q — z,,Q +x,) for x = (2", 2,) € C_g,0)

we get
2+4n/2) 24n/2 14+n/2) 14+n/2)
‘f|(+/ )§O|f|(+/) |w|(+/ <C«|w|(+/

’ / >~ ’
OOC —0,0 O,O,CQ ) OozC< Q.Q) OozC ’

(3.28)
(14n/2) (14n/2)
|92 ‘o X2 g0 < Clg2 0,0,Cl
where the norms on the right-hand sides are finite by (3.20).
Then it follows from (3.26) and (3.27) that the extended functions satisfy

/ Z)\Zugﬂwac - Zﬁziwmi + fw | dx 7/ gwdH" ' =0 (3.29)
C-a.@ i=1 57

i=1 (=Q,Q)

for any w € H'(C(_q,q)) satisfying w = 0 on {z, = £Q}. Indeed, (3.29) holds separately when
the integration is over subdomains {z,, > 0} and {x,, < 0} (the last follows by the change of
variable ©,, — —x,,). Thus, the extended function u is a weak solution of

> Nittga, = f+ > UL in C_o.0), (3.30)
i=1 i=1

n n—1 n—1
Z AUy, Vi = Z Az, Vi = g2 + Z iy, on E%_QQ), (3.31)
i=1 i=1 i=1
u=nh on (Ax{-Q}HU(Ax{Q}). (3.32)

Conversely, if u is a weak solution of (3.30)—(3.32) (i.e. (3.29) holds for w as above), then u
satisfies u(2’, —x,) = u(2’, z,) for 2’ € A and z,, € (0,Q). To see this, we first note that a weak
solution of (3.29) is unique: The proof similarly follows the proof of uniqueness for (3.1)—(3.3)
by using the fact that, if u; and uy are two weak solutions of (3.30)—(3.32), then we can use
w = uy —ug in (3.29). Now, the properties in (3.27) for f, h,v, and go imply that, if u(z’,z,) is a
solution of (3.29), then u(a’, —x,,) is also a solution. Thus, by uniqueness, u(z’, —x,) = u(z’, z,).
Now, using the properties (3.27) for u, f, h,1, and g2, we see that, for all the integrals in (3.29),
the integrals over subdomains {z,, > 0} and {z, < 0} are equal. Thus, (3.29) implies (3.26).
Then, in order to solve (3.14)—(3.17), it suffices to solve (3.30)—(3.32) for the extended right-hand
sides.

Step 5. We now derive some estimates for the weak solution u € H*(C(_g,q)) of (3.30)~(3.32).
We first derive the energy estimate. We can use w = u — h in (3.29) and then use the ellipticity
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and Holder inequality to obtain

lullaic oo = CUlfllrac .o T I1¥lLze 0.0

kg + o2l 2z ) (3.33)

Note that, by the standard local regularity results for the conormal problem for the elliptic
equations in the domain with C1'* boundary (e.g. [36]), we get u € CI’Q(CE_Q Q)

Now we derive the estimates for the Holder norms of u. We first recall the standard estimates
for the conormal problem for the elliptic equations in a unit ball By = B1(0) and half-ball
Bf = B1(0) N {x, > 0}. If u € H(By) is a weak solution of the equation

> (aijua))e, = F+ > UL in By, (3.34)
i,j=1 i=1
where a;; € C*(By) satisfy the ellipticity condition: there exists some A > 0 such that, for any
T € Bl,

n

AP <) a(@)&8 < AP for any ¢ e R", (3.35)
i,j=1
and, if f € L>(By) and ¢ € C*(By), then u € C**(By 3) with
ullra.B,)e < Clllullz2sy) + 1Ly + [P ll0.0.8:), (3.36)

where C' depends only on n, A, and ||a;;||0,a,5,- This follows from [21, Theorem 8.32], combined
with [21, Theorem 8.17]. Similar estimates can be obtained for the conormal problem, in which
u € HY(B) is a weak solution of (3.34) in B;” with the conormal condition

> anjuz, =g+4"  on d'Bf :=0Bf N{x, =0}, (3.37)
j=1

where g € C’a(§+). Then u € C’l’a(Bf/Q) with
ol s, < OClullagasy + WLty + Wl 0t + Iollowoss)s  (3:39)

where C depends on 7, A, and ||a;; Ho,a,Bf' This can be inferred, e.g., by simplifying the estimates
of [36] to the case of linear equations.

Let p € (0,1/2). By scaling, we obtain the corresponding local estimates for weak solutions of
(3.34) in B, and for weak solutions of the conormal problem (3.34) and (3.37) in B}. We write
only the estimate for the conormal problem in B:, since the interior estimate in B, differs only
in that it does not have the terms with the norms of g on the right-hand side. Thus, if u is a
weak solution of (3.34) in B:/2 and satisfies (3.37) in B N {z, = 0}, then u € C’l’a(B;m) with

|l 0,0,B7, + p||Du||070)1.3’-3¢./2 + p1+a[Du]0,a’B+

P/ p/2

Y 3.39
< Cl "l gy + 021l e gy + o0l 0 5 (339

+p1+°‘[¢]o,a,3p+ + p||g||o7o,3/B;r + p1+a[g}o,a7a/3j)-

This estimate is obtained by introducing the function v(z) = u(px) in Bj, writing the equa-
tion and conormal condition satisfied by u in terms of v, using estimate (3.38) for v with the
corresponding right-hand sides of the equation and conormal condition satisfied by v, and then
rewriting that estimate in terms of wu.

Now we get similar estimates for weak solutions of (3.30)-(3.32). Using that A is C1:
and compact, there exits » > 0 and M > 0 such that, for any z € Z%—Q,Q) and any positive

p < min(r, ), there is a C*® diffeomorphism F that flattens Z?7Q7Q) in B,(2) NC_q,q), i-e.,

B:/M C F(By(2)NCig,q)) C BLP, and ||(F, F~1)||¢1.« depends only on A. The transformed
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function v(y) := u(F~!(y)) satisfies a conormal problem of the form (3.34) and (3.37) in B;’/M,
where the equation is elliptic (with ellipticity constant A/2) and the C'® norms of the coefficients
ai; depending only on the C1® norms of A, and the appropriate norms of right-hand sides of
the original and transformed problems are estimated by one in terms of another with a constant
depending only on the C'*® norms of A. This can be seen by choosing the function w supported
in B,(#) in (3.29) and changing variables ¢ — y = F(z) in (3.29). Now we get estimate (3.39)
for v, which implies the following estimate for wu:

||u||O7O7Qp/2(Z) 10,Q2,/2(2) + p1+a[Du}070‘79p/2(2)
< Clp™?lull 20, 2) + PPNl (@, 2)) + PlYll0,0.0,0) + P T [¥0.0,0, () (3.40)

0,0'9,(z) T P 920,000, (2))

+pllg2
for any z € Z%iQ,Q), 0 < p < min(r,d,), with C' depending only on n,A, L, and A\, where
Q,(2) == By(2) N C—q,@) and 0'Q,(z) := B,(z) N E? 0,0) We also have the corresponding
interior estimates: for any z € C_g,q) and 0 < p < dist(z,0C(_q,q)), we obtain (3.40) for
Q,(z) = B,(z) without the terms involving the norms of g» on the right-hand side. Multiplying

the interior and boundary estimates (3.40) by p™/? and using a standard argument (e.g., [21,
Theorem 4.8]) yields

(n/2) (2+n/2)
| |10¢C( Q.Q) S C(HUHLZ(C(_Q Q)) +|f|00c( 2,Q) (341)
(1+n/2) (1+n/2)

—Hw‘OaC’ QQ)+| |0a§]2 Q,Q)).

Obviously, estimates (3.33) and (3.41) imply (3.21). Also, (3.41) implies (3.22).

Step 6. It remains to prove the existence of a weak solution u € H'(C(_q,q)) of (3.30)-(3.32).
We first assume that f,¢ € C*(C(_q,q)) and go € C* ( 0 Q)) Then, since E%fQ,Q) is a %

surface and gs + 2?2—11 Yy, € CL ("(22_ )), we can ﬁnd G e C% *(Clo, Q) ) such that
n—1
Z ANiGa Vi = go + Z iy, on Z%7Q7Q). (3.42)

To construct such a function G, we first extend the right-hand side of (3.42) to E% 20,20) =
OA x (—2Q,2Q) so that g € C1(¥? (_20.20)) With § = g2 + > ' iy; on Z( 0,0)- Then, for
every x,. € OA x (=3Q/2,3Q/2), we can locally flatten E(f 20,2q) by a C? diffeomorphism
U :R" - R", ie, for some r > 0, U(B.(z.) N (A x R)) = B1(0) N {x, > 0} with U(B,(x,) N
(OA x R)) = B1(0) N {x,, = 0}. Then condition (3.42) is transformed into

Zcz(x’)é% =g on {z, =0}, (3.43)

C12(R"1) with compact support is obtained by transforming § by ¥ and extending to R™~*.
Now, by the argument similar to [21, page 124-125], we choose a nonnegative n € C3(R" 1) with
Jrn—1 (¥ )dy" =1, define the function

A g(l‘/ — xny/) / /

G2 n) = dn T N d )

(' xn) =2 /Rni1 cn(x’—xny')n(y) Yy
and show that G is C%**(R7) and satisfies (3.43). Transforming G back by U1, we obtain
G = G% € C%((A x R) N B,(z,)) satisfying (3.42) on E% 20,20) 1 Br(.). Gluing these local
functions by using a partition of unity, we get a C%“ function G in a neighborhood of the

where ¢; € C12(R" 1) with ¢, > min(\1,...,\,)/2 > 0 if r is chosen sufficiently small, and § €
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boundary part Z?_QQ) in C, which satisfies (3.42) on E?_Q,Q). Finally, we extend G to the
whole cylinder C(_q q) with G € CQ""(Cg 2.0))-
Now, denoting f = f + S (WL — NiGaya,), we have fe C(C—q,q))- Thus we can solve the

variational problem of mlmmlzmg

1 -
I[] = /C( i (5 Z Aivy, + fo)dx
-Q, i=1
on the set {v € H'(C(_g,q)) : v=h—G on A x {z, = £Q}}. If v is a minimizer, then
u=wv+ G is a weak solution of (3.30)—(3.32).

For general f, 1) € L*(C(_g,q)) and g3 € L2(Z%7Q7Q))7 we approximate by fi, 9 € C*°(C_q,0))
and gb € C=(2F_4 ) such that (fi,¢1) — (f,¢) in L*(C(—q,q)) and gb — g2 in L*(X7 ¢ o))
Then, for each I, we can find a weak solution u; € H'(C(_g,q)) of (3.30)~(3.32) with functions
f1,91, and gb on the right-hand side. Since uy, — u; satisfies (3.30)—(3.32) with fi — f1,¥r — 11,
g% — gb, and h = 0 on the right-hand side, we apply (3.33) to see that {u;} is a Cauchy sequence
in H'(C(_q,q)) and its limit u is a solution of (3.30)~(3.32) with the original right-hand sides.
Now Lemma 3.1 is proved. |

Proof of Theorem 3.2. If x is small depending on A, then (3.4) implies the ellipticity (3.35)
with %)\ instead of \. We choose such k below.

First we show the uniqueness of weak solutions. Suppose u; and uy are two weak solutions of
(3.1)-(3.3). Then u; —us =0 on E%. Writing the weak form (3.7) for u; and wus respectively,
subtracting the expressions with w = u; — ug, and then using the ellipticity yields

3
0= Z 50z, (U1 — u2)0q; (U1 — ug)dr > f)\/ |D(uy — us)|?de.
Co 4 Je

1,7=1 Q

Since u1 — us = 0 on ¥3,, we conclude u; = uy a.e. in Co.
We now apply the Banach contraction fixed point theorem to prove the existence and regularity
of the weak solution u € H'(Cg) of (3.1)—(3.3) for sufficiently small x > 0 in the space:

K ={veH'(CQ)NCH(C) + Ilk = vlancq) +1vlie, < oo}

We now define a mapping J : K — K. For v € K, consider the problem (3.14)—(3.17) with
functions f , h, J1, g2, and w on the right-hand sides, where

f = f7 h = h7 §2 = g2, (344)
g1(z) =g1(z) + Z (Aid? — aij(x))vg; (x)vi(z) for x € Eé = A x {0}, (3.45)
ij=1
Vi) = Xn:(/\zéf — aij(2))va, () for x €Cq, i=1,...,n, (3.46)
j=1

where f, g1, g2, and h are from (3.1)~(3.3). Since v = e, on Xf,, we have
g1 = Z — Gnj)Vz; = g1+ " on r € Eé. (3.47)

By (3.4) and v € K, the functions g and ¢ satisfy the conditions of Lemma 3.1. Thus, by Lemma
3.1, there exists a unique weak solution u of (3.14)—(3.17) with the right-hand sides described
above which satisfies (3.21) and thus implies u € K. We define the mapping J : K — K by
setting Jv = w.
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Now we show that J is a contraction mapping in the norm || - ||k if & > 0 is small. Let
vt v? € K and uk = Juvk for k = 1,2. Then u! — u? is a weak solution of (3.14)—(3.17) with the
following functions f, h, g1, g2, and 1 on the right-hand sides:

f:07 §2:07 BZO?

(@) =Y (Nid! = aij(@)(vy, (2) =02 (x))  for w€Cq, i=1,...,m,

(@) = 3] — any@) (), (2) — 02, (2)  for = € Th.

j=1
By (3.4), we get
1Pll2cq) < CrIDV' = Do?|lr2(cq) < Crllo! = o?|Ix;
|z/1|él;r2{2 < Cr|Dv' - Dv2|8;r72£22) < Cklv' —v* gnfc)b < Crllvt = v?||k;
[1lo.053, < CHID" = Do?llo 0,53, < Cx| Do = D[ 0/
< COklp' — v2|("/2) < Crk||vt —v?|k.

l,oz,Cb

Thus, from (3.21),

lut =2l < Crllo! — 02|k
Therefore, the mapping J : K — K is a contraction mapping in the norm || - || if K < 1/C, i.e.,
k is small depending only on n, A, @, and .

For such k, there exists a fixed point u € K satisfying Ju = uw. Then u is a weak solution of
(3.1)—(3.3). Indeed, since Ju = u, then u satisfies (3.18) with right-hand sides given by (3.44),
(3.45), and (3.46) computed with v = u. Rearranging and taking into account the last expression
in (3.47) yields (3.7). Also, since u satisfies (3.18) with right-hand sides given by (3.44), (3.45),
and (3.46), u satisfies (3.22) with these right-hand sides, which implies, by estimating Y and §,
similar to the estimates of z@ and ¢; above and with v = u:

(14n/2) (n/2)
,ZlQ + ‘92‘0@7(22@)/) + CK’|U|1 a, C/ .

n/2 24n/2
[l "2, < Clllullizieq) + F1500l” + lon

If x is small, this implies (3.13). Theorem 3.2 is proved.

4. FREE BOUNDARY PROBLEMS IN THE INFINITE NOZZLE

In order to solve Problem (TN), we first reformulate it into a free boundary problem for the
subsonic part of the solution, since Problem (TN) is originally hyperbolic-elliptic mixed.

We first modify equation (1.1) to make it uniformly elliptic so that it coincides with the original
equation in the range D¢ in the subsonic region Q7 for ¢ satisfying (2.31) with sufficiently small
o. The details of the truncation procedure are in [4, Section 4.2].

Let € = (¢« — g )/2. Then there exists p € C11([0,00)) and ¢; > 0, = 1,2, 3, depending only
on qo+ and +, such that

pla®) =plg®) if 0<g<ec —e, (4.1)
plq?) = co + %1 if g>ce—e (4.2)
0<c < (ﬁ(qz)Q)/ <ecp  for g€ (0,00). (4.3)
Then the equation
Lip = div (31Dl Dg) = 0 (1.4)

is uniformly elliptic, whose ellipticity constants depend only on qar and 7.
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To formulate the problem into a free boundary problem, the main point is to replace the
pointwise gradient condition {|D¢(z)| < ¢} defining Q1 (¢) by a condition stated in terms of ¢
so that our problem is formulated into the framework of free boundary problems.

To do that, we first need to construct a local C*® supersonic solution ¢~ in the domain
O :=QN{-1< z, <1} of the initial-boundary value problem (2.18)—(2.19) for the nonlinear
hyperbolic equation (1.1) such that

100, < Cio (4.5)

le™ — vy

when o is sufficiently small. This is ensured by the local existence theorem, Proposition A.1 in
Appendix. By the standard extension argument (see [5] and Section 7.2), we can extend ¢~ to
the whole infinite nozzle ) such that

le™ =g l1,0.0 < Coo, ¢, laa = 0. (4.6)

Then the following heuristic observation motivates our formulation: By (2.13) and ¢; > qf ,
we have QF (o) = {z € Q : po(z) < ¢y (z)}. Since ¢~ is a small CH* perturbation of ¢y

and g > qd , then we expect that ¢ is close to ¢ in C1*(Q+(¢)) so that we can expect that
Q) ={z€Q: p(x) <yp (2)}.
We also perform the corresponding truncation of the free boundary condition (2.4):

A(|Dp*) ey = p(|De~*)Dp™ -v on 8. (4.7)

On the right-hand side of (4.7), we use the original function p since p # p on the range of
|Dp~|?. Note that (4.7), with the right-hand side considered as a known function, is the conormal
boundary condition for the uniformly elliptic equation (4.4).

We first solve the following free boundary problem (TFB), which is a truncated version of
Problem (FB), in which the gradient condition that determines Q% in Problem (TN) is also
replaced by the condition ¢ < ¢~ in Q with the definition Q7 := {p < =} N Q.

Problem (TFB): Truncated Free Boundary Problem. Given a supersonic
upstream flow = € CL*(Qq) of (1.1) satisfying (4.5), (2.18), and (2.19) for
small o > 0 and some constant Cp, find ¢ € C () such that

(i) ¢ satisfies

p <~ in Q (4.8)

and conditions (2.18) and (2.19) on the boundary and (2.20) at infinity;

(ii) ¢ € CL(QF) N C%(QF) is a solution of (4.4) in QF := {p < ¢~} NQ, the
non-coincidence set;

(iii) the free boundary S = 9QT N is given by the equation z,, = f(z’) so that
Ot ={x, > f(2')} N Q with f € C1;

(iv) the free boundary condition (4.7) holds on S.

In this paper we develop the iteration approach based on [4, 5], uniform estimate techniques
at infinity, and the regularity estimate techniques near the nonsmooth boundary to construct a
unique solution of Problem (TFB). Finally, we use an estimate for |Dy| to conclude that the
solution of the truncated problem, Problem (TFB), is actually a solution of Problem (FB) and
thus Problem (TN).

5. ITERATION PROCEDURE AND UNIFORM ESTIMATES

We now introduce an iteration procedure to construct approximate solutions of Problem (TFB)
in the domain €2 and make uniform estimates of the solutions on the unbounded domain with
nonsmooth boundary.
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5.1. Iteration Set. Let M > 1. We set

Kari= {0 € CH@ 0= ¢ anlhan < Mo, (1)

where ¢* is defined by equation (2.26) (see Remark 2.4) and o € (0,1). From the definition,
K is convex. Now we will show that Kps is compact in the weighted Holder space C(l’_oi/)Q(ﬁ)
as defined below.

For o € (0,1), m € N (the set of nonnegative integers), and k € R, the definition of the spaces

CEZ)Q(Q) is

m,o 'y m,a () . k
Cr (@) ={ueCc™ @ |l o < oo}, (5.2)
k k k .
where Hu”'En,)oz,Q = Hu”v(n,)O,Q + [u]fn;)a;ﬂ with

g = 37 (3 sup (85|DPu(x)])),

. xEQ

0<j<m |B|=j
5 1D%u(@) = D7u(y)
ey )

Wi =Y. sup
|8=m z,yeEQ,x#y

where 6, = |z, | + 1 for = (2/,2,) € D and d, , = min(dg, d,) for z,y € D.
Lemma 5.1. If a > (3> 0, then Ky is a compact subset of C’(l’_ﬁl)(ﬁ).

Proof. Let ¢; € Ky for j =1,2,.... By astandard argument, we can extract a subsequence (still
denoted by) v;, which converges in C 1.8 on every compact subset of Q2 to the limit ¢ € C1*(Q).
Then || — g7 2n]l1,0.0 < Mo and thus ¢ € Ky It remains to show that |[¢; — 1/J||§_61)Q — 0 as
j — oo.

Fix 0 < € < 1. Then ||ij§,7al,)Qﬂ{7;n>1/a} < (Mo + q*)e, and the same estimate holds
for ¢. Also, since 1; — 1 in CYP(Q N {x, < 2/e}), there exists jo such that, for j > jo,

Il — @Z’”g_glzzm{znﬂ/s} < e. Then, for j > jo, we have [|¢); — 1/)||§_51)Q < Ce, and the assertion is

proved. O
5.2. Construction of the Iteration Scheme. Let 1) € K. Since ¢y > qf , it follows that, if
-+
90 — Y4
< 5.3
700+ (53)
with large C' depending only on n, then (4.5) implies
4 — 4y
(07 =)z, () > T—=>= >0 in Q (5.4)

2
and ¢~ > on {z, > 1}. Then the set QT (v)) := {¢p < »~} N Q has the form:

QOF W) ={zn > f@)}NQ,  [[fliar < CMo (5.5)

with C depending only on ¢, — q(')".
The inward unit normal to Sy := {z,, = f(2/)} NQ of QT is
Dy~ (z) — Dy(x)
vy(x) =
#) = De=@) ~ Duta)
By the definition of s and (5.3), formula (5.6) also defines v () on §2; and
vy — enllo,a0, <CMo  with C=Clqf,q5) (5.7)

for z € Sy. (5.6)

Motivated by (4.7), we define the function
Gy(@) = p(|Dp™ (2)]*) Dp™ (z) - vy(z)  on . (5-8)
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Then we consider the following elliptic problem in the domain Q7 (1):

div (5(|D¢|*) D) = 0 in QF(y), (5.9)
A(|Dp) g, = Gy () on Sy :={z, = f(z')}, (5.10)
0, =0 on 9T =90 () NN, (5.11)
Rlijnoo e — ¢" @nll Lo (@t () {zn>RY) =0, (5.12)

show that there exists a unique solution ¢(z), and extend the solution to the whole domain 2 so
that p € KCpy.
We rewrite problem (5.9)—(5.12) in terms of function u(x) = ¢(x) — ¢*x,,. We first note that
the boundary condition (5.11) is equivalent to
(IDe)p, =0 on B0

Now u(z) is a solution of the following problem:

div A(Du) =0 in Q1 (y), (5.13)
A(Du) - v = gy(x) on Sy, (5.14)
A(Du) -v=—p((g")*)g v e, on 90", (5.15)
Jim{ull < @+ w)ngea>ry) =0, (5.16)
where
A(P) = p(|P+ g en*) (P +qTen) = p((a7)*)aTen  for PeR", (5.17)
gu(2) = Gy(z) = p((¢"))a v - en. (5.18)
Thus, u(x) satisfies the uniformly elliptic equation with the same ellipticity constants as in (4.4):
MeP < 3 A (Piet, <A forany P.Ec R (5.19)
ij=1
Moreover, from the definition of A(P), (4.1), and (4.2), A(P) satisfies
A(0) =0, (1+|P|)|DpA%, (P)| < C. (5.20)

Finally, we state a linear problem corresponding to (5.13)—(5.16). Namely, we use (5.20) to
find that, for i =1,...,n,

A (Due)) = 3 i), 2), - e) = / Al (tDu(a))dt.

We replace u = ¢ — ¢, in the definition of the coefficients a;; by ¢ — ¢z, for ¢ € Kas to
define

1
a;j(z) = al(-;b) (x) = /o A;,j (t(Dy(z) — qten)) dt for z€Q, i,7=1,...,n. (5.21)

The ellipticity (5.19) of A(P) implies that the coefficients {al(-;-p) (x)} satisfy the ellipticity condition
(3.35) for any = € Q.
Also, from (5.17) and (5.21),

) (x) (5.22)
1
-/ {ﬁ(ltD¢(x) (1= Ogten)s
0
L2 (D) + (1 — g  enl?) (1000, () + (1 — )g+67) (1850, (@) + (1 — t>q+5§>}dt

for z € Q, where (5{ =1ifi=j and 5{ = 0if i # j. In particular, we have a;; = a;;.
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We note that, for 1]}0 = ¢, the corresponding coefficients d;; defined by (5.22) are constants
and satisfy '
ELij = /ﬂdﬁ for i j = 1 n, (523)
where k; = 5 ((¢7)?) fori=1,...,n—1; and &, = ¢/(q ) for (b( ) = p(s?)s. We have
A<k <XP 0 for i=1,...,n.
Now, for ¢ € Kps, we use (5.22) and (4.1)—(4.3) to obtain
lal? — dijllo,00 < CMo. (5.24)

Thus we formulate the following conormal fixed boundary elliptic problem:

n

Z (G’Ej})ul])m =0 in Q+(¢)> (525)
ij=1

n

> i usvi=gu(x)  on Sy, (5.26)
ij=1

Z Dug,v=—p((@"))a v en  on ART(Y), (5.27)
ngnoo lullc@+w)n{zn>ry) = 0. (5.28)

Since the coefficients are only C, we can expect to find only a weak solution u € CH*(QF(¢)))
of (5.25)—(5.28) in the sense that u(a:) satisfies (5.28) and, for any w € C}(R"),

/ Uy Wy, d +/ gy wdH" ! (5.29)
Q+<w>” | Su

_/ p(a"))gtv - enwdH" ! = 0.
Ot (v)

We will determine the iteration map J(¢) = ¢ by solving (5.25)—(5.28) for u, extending u
from QT () to Q so that u + ¢Tx, € Ky, and defining ¢ = u+ g+ x,. A fixed point of this map
is obviously a solution of Problem (TFB) in Q. In Sections 6-7, we prove the existence of such
a map J, as well as its fixed point.

6. FIXED BOUNDARY PROBLEMS IN A BOUNDED DOMAIN ng(w)

In order to find a solution of (5.25)—(5.28) in the unbounded domain Q% (1)), we first solve the
corresponding problem in the bounded domain

Q) == (W) N {zn <R}, R>L,

and then pass to the limit as R — oco. Thus we consider the following problem:

n

ijfl
Z aU ux]VZ = gy(2) on Sy, (6.2)
i,j=1
> o= Al Pt e, on 0940) (63)
i,j=1
u=0 on 0N (Y)N{z, =R}, (6.4)

where o) are defined by (5.21) and 9,5 (v) = AT N IVE ().

)
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We first note several properties of g, which will be used later.

Lemma 6.1. There exists C > 0 depending only on the data and independent of M and R such
that

g ll0.a.0, < Co. (6.5)
This is proved in [5, (4.48), page 334]. Another property of gy, is

Lemma 6.2.

/ gydH" ! =ﬁ((q+)2)q+/ v-endH" !
Sg

a0k

Proof. Note that

0 = Az,) = —/ e, - vdx' —/ en - vdH" ! —/ en - vdAH" 1,
Qg Ax{z,=R} Sy aQk
where v is the inward unit normal. Since v = —e,, on A x {x,, = R}, then, from the last equality,
we get
/ en - vdH" ! +/ en - vdH" 1 = |A]. (6.6)
Sy a0
We also note that
Guan™ = [ (D™D v, (6.7)
Sy 2002

since Gy, is defined by (5.8) and ¢~ € Ch*(Q\ Q1 (¢)) is a weak solution of (1.1) in Q\ QF ()
and satisfies the boundary condition (2.19).
Then we have

| gt gt Pt [ v,
Sy ok

:/ GudH™ ' = 5((gT)H) g™ (/ u.endH“*W/ u~endH”1>
S Sy a0k

- /S GudH™ — 3((q")2)g Al = 0,
f

where we used (6.7) and the fact that ¢* satisfies (2.26) and (2.27). O

6.1. Existence of Solutions and Their Uniform Estimates Independent of R for the
Linear Fixed Boundary Problem in Q}(¢). In this section, we fix ¢ € Ky and write QF,
for QE(q/}) and a;; for ag’) to simplify the presentation. Also, C' denotes a universal constant
depending only on the data and independent of M and R, which may be different at each
occurrence. Furthermore, there exists ogp > 0 depending only on M such that, when o < oy,
Sy C {—1/10 < z, < 1/10} by (5.5); we always assume o < oy below.

Lemma 6.3. Let 0 € (0,00) be sufficiently small, depending only on the data and M. Let
u € HY(QF), R > L, be a weak solution of (6.1)-(6.4) in the sense that

(i) u=0 on 9Q} N {x, = R} as the trace;

(ii) for any w € HY(Q}) satisfying w =0 on 00} N {x, = R} in the sense of traces,

/ Z Qijle, Wy, dx + / gpwdH™ ™ — / p((gH)HgtTv e, wdH™t =0. (6.8)
Q% ;=1 Sy 0%
Then

[1Dull 2 (o1 < Co. (6.9)
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Proof. We use the approach in the proof of [5, Lemma 4.2]. We first choose w = w in (6.8) to
obtain

/Q"’ Z AUy ; Ug, dr = — /Sf Gy dH" Jr/ ﬁ((q+)2)q+1/ “€n udH" 1.

+
Rij=1 oy

Now, if @) is a constant which will be chosen below, we use Lemma 6.2 to obtain

/m 2": Al Ug, AT = 7/ gy (u— Q) dH" ’/ pa") gty -en (u—Q)dH !,

+
Rij=1 Sy a8y

where we used that v - e, = 0 on 9,Q} \ 9,Qf by (2.14) and (2.17).

1
Choosing @ = (u)r = 7/ u(z)dz and using the L? estimate of the boundary

197 ()] Jag @)
traces of functions in the Sobolev space H' (2} (1)), (6.5), and |v-e,| < Co by (2.16), we obtain

n 1/2 1/2
susunde < ([ gawe) ([ - o
/Q; i,jZ:1 ! ( Sy v Sy
1/2 1/2
+p((g")*)gt (/ V.en|2d7-(”_1> (/ (u_(u)L)gdHn_l)
a9y a9
1/2
= </ <<“—<U>L>2+Du|2)d””>
(%)
<

1/2
Co / | Du|*dx ,
Q5 (@)

where, in the last estimate, we used the Poincaré inequality in the domain Q7 (1), and thus the
constant C' depends only on n, L, the norms in (2.15) and (2.16), and || fy||1,a,o- On the other
hand, if o < ﬁ, then || fyll1,a,a < C with C' > 0 independent of M, R, and 9 € Kp;. Now, using

(3.35), we get
) n o 1/2
/ | Dul?dx < 7/ E QijUg, Ug, dr < —O / | Dul|?dx .
Qt A Jar 7 A ot
R R

Ri,j=1
This completes the proof. O

Since 9,0 N 9N, is C1<, then, by [36], the weak solution u of (6.1)—(6.4) is in
a (ot <N
e (R \ (83 U o = RY)).

Lemma 6.4. Let o and u be as in Lemma 6.3. Then, for any x,, € (L, R), there exists 2’ € A
such that u(z', z,) = 0.

Proof. We follow the scheme of the proof [5, Lemma 4.3, Step 2]. Fix z € (L, R). Suppose that
there is no 2’ € A such that u(a2’,z) = 0. Then we can assume u(z’,2) > 0 for all 2/ € A, since
the case u(2’,z) < 0 for all 2/ € A can be handled similarly. From the compactness of A and
continuity of u, there exists a constant x > 0 such that

uw(@,z) > k>0 for all 2’ € A.
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Consider domain D := A x (z, R). Then u € C(D)NC?*(D\ W), with W = §;QN {x,, = R}, and
u is a weak solution of

n

Z (aijte;)e;, =0 in D,

ij=1

Z iUz Vi =0 on 9,D=0DNJN{z, < R},
ij=1

u>k>0 on IDN{z, =z},

u=0 on 0DN{z, = R}.

Thus, by the maximum principle, v > 0 in D. In particular,
Uy = —Uy, >0 on (DN{zx, =R})\W. (6.10)

By the strong maximum principle [21, Theorem 8.19], « > 0 in the interior of D. Also, denoting
Ds ={xz €D : dist(z,dQ) > d}, where 6 > 0 is fixed to be small so that Ds # ), we have

aij € C¥*(Dyy2), u € CH*(Ds ).
Thus, by [5, Lemma A.1],
Uy = —Uy, >0 on DsN{z, = R}. (6.11)

Since u = 0 on A x {z, = R} and a,, > A > 0 from the ellipticity, we conclude from (6.10) and
(6.11) that

>0 on (0DN{x, = R})\W,

n
Z AUy, Vi = —Applg, o
i,j=1 >0 on DsN{z, = R}.

Since any, and u,, are continuous on Ds N {z, = R}, we conclude

ﬁ > aijug,vi dH"! >0, (6.12)

Qn{z,=R} ij—=1

On the other hand, from (6.1)-(6.3),

0 = / Z(a;@uwj)widx
QFf =1
= +/ +/ ai»uggjuidH"_l
</su, aak Qﬁ{:cn_R}> Uzz:l !

/ gpdH" ™t —/ ﬁ((q+)2)q+y-endH"_1+[ > aijug, vidH" !
Sy aQk on{zn=R} ;=1

n
n—1
[ E aijuwj V; dH 5

Qn{z,=R} ij=1

where the last equality follows from Lemma 6.2. Thus we conclude a contradiction with (6.12),
which completes the proof. O

From (2.14)—(2.17), there exist r > 0 and C' > 0 with the following properties: For any
xo € OQN{x, > —1/2}, there exists an orthonormal coordinate system (y1, ..., y,) with ¢, = =,
and a function ¢ : R"~! — R such that

QN Bior(zo) = {y1 > (W2, - -, yn)} N Bior(z0),  |[¢ll1,0.rn-1 < C, D{(x9) =0.  (6.13)



24 GUI-QIANG CHEN AND MIKHAIL FELDMAN

Proposition 6.5. Let u(z) be as in Lemma 6.3. If o is sufficiently small, depending only on the
data and M, then, for any 2° = (29,...,2%) € Q% o, with R —10r > 2% > L+ 1,

rn

1Duly 5w < CUDUl a5, ey (614)

Proof. We use the fact that w — K also satisfies equation (6.1) and the conormal boundary
conditions (6.2) and (6.3) for any constant K € R.
When z( satisfies Ba,(zg) C QIE, we apply [26, Theorem 3.13] to u — K and get

||DU’||0704,BT(1'U)OQ;; < Cllu— K‘|L2(B4T(m0)msz;)' (6.15)

When zo € 9,QF with R —10r > 2% > L + 1, then, since the right-hand side of (6.3) vanishes
on 9,Q" N{z, > L}, we use (5.24) and (a linear version of) the estimates for the conormal
derivative problem [36], applied to u — K, to obtain

HDUHO,(X,BT(I())QQ; < Cllu— K”CU(BZT(;EO)QQE)' (6.16)

Now we use the standard estimates [21, Theorem 8.17] for the equations of divergence form
(extended to the case of local estimates near the boundary for the conormal problem, see e.g. [38,
Chapter 4, Section 10] where these modifications are indicated in the parabolic case; note that
the Lipschitz regularity of the boundary in our case allows to use the weak form of the conormal
problem) to obtain

|w — KHCO(BQ,,,(wO)mQ;) < Cllu— K||L2(B4,,,(wo)msz;)'
That is, (6.15) is satisfied for the case zo € 9,Q},.
1

| Bar(20) N Qx| J B,y (zo)nat;
that the constant in the Poincare inequality can be chosen independent of zy € QE by (6.13), we
complete the proof. O

Now choosing K = u dx, using the Poincare inequality, and noting

Proposition 6.6. Let o and u(x) be as in Lemma 6.3. Then

Co.

||u|‘co(@) <

Proof. Lemma 6.3 and Proposition 6.5 imply that
|Du| < Co on QLN{L+1<uz,<R-10r}.
Combining this with Lemma 6.4, we have
lu| < Co on Qfn{z, € (L+1,R—10r)}.

To extend this bound to the domains Qf N {R — 10r < z,, < R} = A x (R—10r, R) and 9}, we
note that these domains are of the fixed size and structure (cylinder and a small perturbation
cylinder of the form A x (a,b), respectively). Note that, on the boundary parts {x,, = L} C 9Q}
and {z, = R—10r} C 9(Ax (R—10r, R)), we have |u| < Co, as we proved above. Moreover, the
right-hand sides of (6.2) and (6.3) are estimated in L*> by C'o from (2.16) and (6.5), respectively.
Thus we can use the standard estimates [21, Theorem 8.15] for the equations of divergence form
(extended to the case when we have the conormal boundary conditions on a part of the boundary,
see e.g. [38, Chapter 4, Section 10]). O

Proposition 6.7. If o is sufficiently small, there exists a unique weak solution u € Hl(QE) of
(6.1)-(6.4). Furthermore, u € CH*(Q4f_,,,) satisfies (6.9) and

||“||1,O¢,QI+2 < Co. (6.17)

—107
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Proof. Since the map ¥ in (2.14) satisfies (2.16), then, if ¢ is sufficiently small, there exists the
inverse map ¢ : R® — R" of ¥. The map & satisfies

H(P - Id”g’a’Rn S CU (618)

Then, from (2.14),
B(9,02) C IA x (—00,00). (6.19
Note that, if o is small, then, by (2.16), (4.5), and (5.4), we conclude that the set ®(Q*(¢)) =

{po¥ < p~ 0T} N (A x R) has the form

S (1) = {2n > @)} N(AXR) with [|f].cr1 < CMo. (6.20)
Now we consider a map
d=>0lod:R" - R, for ®' (', z,) = (2, 20 — n(zn)f(2')), (6.21)

where n € C*°(R) is nonincreasing and satisfies n = 1 on (—00,1/8) and n = 0 on (1/4, ).
From this definition, we have .
||(I) - IdHl,oc7R" S CMo.
Thus, for small Mo, the map @ is invertible and
|@~! — Id||1,0,r» < CMo.

In particular, for small Mo

~ 1 ~ 1

O — Idly grr < —, O — Id1 omrr < —. .22

| hare < 75 | hare < 15 (6.22)
Moreover, if Mo is small, then

Ax(0,p) = (Qf N {zn < p}) for p>1/4. (6.23)

Define the function v(y) := u(z) = u(®~(y)) for y € Cr := A x (0, R). Then u is a weak

solution of the conormal problem (6.1)—(6.4) if and only if v € H'(Cr) is a weak solution of the
corresponding problem of the form (3.1)—(3.3) in Cr. To obtain the expressions of the coefficients
a;; and the right-hand sides f, g1, and go of problem (3.1)-(3.2) for v, in terms of the data of
problem (6.1)—(6.3) and the map ®, we make the change of variables y = ®(z) in (6.8). Then
we get ‘

llaij — kidllo,a.cn < CMo  for i,j=1,...,n, (6.24)
with ; defined by (5.23), where we used (5.24) and (6.22). In this case, the right-hand side in
(3.1) is f = 0; to estimate g; and g, in (3.2), we use (2.16), (6.5), (6.22) to obtain

g llo.a.5, < Co, k=1,2. (6.25)

Also, from (6.4) and (6.23), we see that h = 0 in (3.3) for v.

Now the existence and uniqueness of v(y) follows from Theorem 3.1. Thus u(x) := v(®(z)) is
a unique weak solution of (6.1)—(6.4). Estimate (6.9) follows from Lemma 6.3.

It remains to prove (6.17). For any x € Qf N {1 < z, < R — 10r}, the standard interior
estimates [21, Theorem 8.32] and the estimates for oblique derivative problems [36] imply

||u||17a,BT(mo)ﬁQ; < C(HUHCO(BM(I())HQE) + ||ﬁ((q+)2)q+V : en”o,a,BT(zo)naQ;) < Co, (626)

where we used Proposition 6.6 and (2.16). Thus it suffices to obtain an estimate in Q}N{z, < 1}.
By (6.22) and (6.23), it is sufficient to show that

[vll1,0,ax(0,1) < Clo, (6.27)

since the similar estimate then holds for ||uH1)a7Q;m{an1}.
To show (6.27), we note that using (6.22), (6.23), and Proposition 6.6 yields

[0l L2 (ax(0,2)) < 2llull 2@t fe, <2y) < CO-
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Now estimate (3.8), applied to v in the cylinder A x (0,2), with the use of (6.25), implies (6.27),
if o is small depending only on M and the data. O

7. EXISTENCE OF SOLUTIONS OF THE FREE BOUNDARY PROBLEM
We now show the existence of a solution of the free boundary problem.
7.1. Solutions of the Fixed Boundary Problem in the Infinite Nozzle. We first have

Proposition 7.1. If o is sufficiently small, then there exists a unique weak solution u €
CLe(Q* () of (5.25)—(5.28). This solution satisfies

| Dull 2o+ (p)) < Co, (7.1)
llull1,0.0t @) < Co,
pli)rgo Hu”l,a,Qﬂ{mn>p} =0. (73)

Moreover, we have

(i) u = Rlim ur, where ug is the unique solution of (6.1)—(6.4) for each R > 0 and the
— 00

convergence is in C18 on any compact subset of Qt () for any 0 < B < «;
(ii) For every R > L, there exists ' € A such that u(z’, R) = 0.

Proof. We first show that any weak solution u € CH*(Q+ (1)) of (5.25)—(5.28) satisfies (7.3).
From (5.28), for any ¢ > 0, there exists p > L such that

lulle@ne,>pn <&
Note that (2.17) implies that the right-hand side of (5.27) vanishes on 9;,Q" (¢)) N {z, > p}.
Then the standard estimates [21, Theorem 6.2, Lemma 6.29] imply that, for x = (2/, z,,) with
Ty > L+ 2r,
[[ul

La,Br(x)nQ < CHu”O,O,BgT(x)ﬁQ <e.
Thus, (7.3) follows.
Now we prove the uniqueness of weak solutions of (5.25)—(5.28) in C1*(Q+(v))). Let u,v €

C1(Q+ (1)) be two solutions of (5.25)—(5.28). Then, for any R > L + diam(A), define

(@) := nr(z)(u(z) — v(z)),
where nr(z) = n(|z|/R) and n € C>(R) is a nonnegative function such that 7 = 1 on [0,1].

Then ¢ € CHR" N QT). Using ¢ as a test function in (5.29) for u and v respectively and
subtracting them, we get

0= /+ Z agp) ((uxl — Vg, ) (Uz; — Ve, )R + (U — V) (Ug, — vxj)axim:g) dx.
Q

i,j=1
Thus,

- C
/m Z aﬁ}”)(um = Vg,) (U, — Uy )T < — ([Dul + [Dv])(|u| + [v])dz.

ig=1 R Jo+n(Bar(0)\Br(0)

Note that |Q1 N (Bar(0) \ Br(0))|] < 2R|A|. Thus, using the ellipticity of ag;ﬁ), we get
A |Du — Dv|*dz < O([[ull10,0\Br0) + []1,00\8x(0))
Q*ﬁBR(O)
for large R. Now we send R — oo and use (7.3) to get
)\/ |Du — Dv|*dz = 0.
OFf
R

Thus, u — v = const., which yields u = v by using (7.3).
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It remains to prove the existence of a weak solution of (5.25)—(5.28) satisfying (7.1), (7.2), and
properties (i)—(ii) of Proposition 7.1.

The existence of a unique solution ur € C1*(Q}_,,,.) N HY(QE) of (6.1)—(6.4) for any R > L
follows from Proposition 6.7.

Now, let R; — oo. Using estimates (6.9) and (6.17) for ug, which hold by Proposition
6.7, we can extract from {ug,} a subsequence converging in CY/2 on compact subsets of Q
to a function u € C1*(Q) that satisfies (7.1). Indeed, this can be achieved by extracting a
subsequence converging in Cl’a/z(QJLrH), a further subsequence converging in Cl’o‘/z(QJLFH),
etc., and by using the diagonal procedure. Obviously, u is a weak solution of (5.25)—(5.27), since
we can pass to the limit in (5.29) for any fixed w € C}(R" N Q7).

Moreover, this solution u satisfies property (ii): Indeed, for fixed Ry > 1, R; > Ry for
sufficiently large j. For such j, by Lemma 6.4, there exists z/; € A such that ug, (z}, Ro) = 0.

Then there exists a subsequence of {z;} converging to some point z’ € A. Since ug, (-, Ro) —
u(+, Ro) uniformly in A, we have u(z’, Rg) = 0. Thus, the solution u satisfies (i) and (ii).
Also, since each up satisfies (6.9) and (6.17) with C' independent of R, then (7.1) and (7.2)
hold.
Now we prove that u satisfies (5.28). From (7.1), for any € > 0, there exists p > L such that
|‘DUHL2(Q+ﬁ{zn>p}) <e.
Then, by Proposition 6.5 (which holds for u as ug),
‘|Du||0,a,ﬂ+ﬁ{mn>p+1} < Ce.
From this estimate and property (ii) proved above, we have
[ullco@tnfa,>pr1y) < Ce
Now (5.28) is proved. O

7.2. Iteration Map. We first define an extension operator Py, similar to [4, Proposition 4.5]
and [5, Proposition 5.1], to obtain

Proposition 7.2. Let o > 0 be sufficiently small and ¢~ satisfy (4.5). Then, for any ¢ € Ky,
there exists an extension operator Py : CH*(Q+(y)) — CH*(Q) satisfying the following two
properties:

(i) There exists C' depending only on n,'y7q0+, and « (but independent of M, R, o, and )

such that, for the solution u € CH(Q+(v))) of problem (5.25)—(5.28) and ¢ = u+ g x,,
[Py — q+xn”1,a,ﬂ < Co; (7.4)

(ii) Let B € (0,a). Let a sequence vy € Knr converges to 1 € CH8(Q) in the norm || - ||§7ﬁ122

defined in (5.2). Then ¢ € Kyr. Let up € CH¥(QF (¢r)) and u € CH(Q+(y)) be the
solutions of problems (5.25)—(5.28) for vy and v, respectively, and let o = up + g,

and ¢ = u+ qtz,. Then Py, pr — Py in the norm || - ||§_51)Q'

Proof. Let ¢ € K. We first define an appropriate extension operator Py : C12(Q+(y)) —
C(Q).

Let ¢ € CH(QF(¢;)) and u = ¢ — gt 2,. Then v = uo &~ satisfies v € C1%(Cg,o0)) With
Cla,p) = A x (a,b), where ® is defined by (6.21).

We first define the extension operator & : C1#(C(g,00)) — C1P(C(_2,)) for any B € (0,1).
Let v € Cl’B(M). Define £1v = v in C(o,00)- For (2, 2,,) € C(_1,0), define

2
X
5111(58,, JL‘n) = Z Ci’U(ZU,, —TH),
1=1
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where ¢; = —3 and ¢ = 4, which are determined by 37, ¢; (=1)™ =1 for m = 0,1. Note that,
by (6.22) and for sufficiently small o, we have Q C i)(C(_z,OO)). Thus, (£1v) 0 ® € C1*(Q).
Finally, we define
Pu(p)(@) = (E1v) 0 D(2) + ¢ 2.
Obviously, Py (p) € C12(Q). Also, since ®(Q+(1))) = C(g,00), We have

Py(p)(@) = vod(z) +q 2y = u(2) + ¢z, = p(x)  forzeQ(y),

ie., Py : CLo(QH(y)) — C1*(Q) is an extension operator.
Now, using (6.22), the following estimate is obtained as in the proof of [4, Proposition 4.5]:

1Py = q"nll1a0 < Cle = a"nllia0t@w)- (7.5)

Then, if u and ¢ are those defined in (i), we have (7.2) for u = ¢ — ¢*x,, by Proposition 7.1, and
thus (7.5) implies (7.4). The assertion (i) is proved.

Now we prove assertion (ii) of the proposition. First, by Lemma 5.1, ¢ € KCpy.

By (7.4) applied to 1; and by Lemma 5.1, there exists a subsequence (still denoted by) ¢;(z)
such that

Py — ¢ i CH () (7.6)

for some ¢ € C%(Q).

Denote 9y, := ¢, o ¥ and 1) := 1) o U. Then, by (2.16), Yr — ¥ in CHP(A x [~1,1]). Now
denote by fi(z') the function from (6.20) for ¢y (z). Then, by (2. 16), (4.5), and (5.4), fk — fin
CYP(A). Now let ®;, and ® be the maps from (6. 21) for fk and f, respectively. Then @), and ®
and their inverse maps satisfy (6.22), and d;, — & and <I> — & 1in Y on compact subsets
of R™. Note vy := u 0@ ' € C1*(A x [0,00)). Recall that uy, is a weak solution of (5.25)—(5.28)
in the domain Q% (¢x), with coefficients al(-;b’“) defined by (5.22) for ¢; and the corresponding
right-hand sides (5.18) and (5.27) for ;. Then, by Proposition 7.1, each wuy, satisfies (7.1) and
(7.2). Then

| Dvk |l L2 (Ax (0,00)) < Co, (7.7)
(0,00) < Co for k= 1, e (78)

Moreover, vy, is a weak solution of a conormal problem

n

Z B0, ) = 0 in A x (0,00), (7.9)
Z b(w’“)&;jvkz/i = Gy, (2) on A x {0}, (7.10)
t,j=1
Z b(w’“)axjvkui = hy, () on OA x (0,00), (7.11)
t,j=1

where b(w’“), Gy, » and hy, are defined by the coefficients and right-hand sides of (5.25)—(5.27) for

W) _, )
@ij

1 and by CD ! In particular, since a;; in C%# on compact subsets of Q as k — oo,

which follows from (5.22), and since <I> — &1 in CYP on compact subsets of R"), it is easy
to show that, for any compact K C A x [O, 00),

b = in CYO(K)  and  (Gyyshe,) — (G hy) in CF(K),

where bl(;b), Gy, and hy, are the coefficients and right-hand sides of (7.9)-(7.11) for ¢. By (7.8),
there exists a subsequence v, which converges in C'# on the compact subsets of A x [0, 00) to
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some v € CVP(A x [0,00)). Then, choosing w € C}(R™) in the weak formulation (5.29) for the
conormal problem (7.9)—(7.11):

[ LR
Ax(0,00)

Q=1 A
We pass to the limit for the subsequence {k,,} and conclude that v is a weak solution of the
problem (7.9)—(7.11) with coefficients b§j’) and right-hand sides gy and hy. Note also that v
satisfies (7.7) since each vy, satisfies (7.7). Transforming back, we conclude that @ := v o ®
is a weak solution of the problem (5.25)—(5.27) for ¢, and @ satisfies (7.1). Now the proof of

Proposition 7.1 implies that @ satisfies (5.28). Then the uniqueness assertion of Proposition 7.1
implies u = @ on Q% (¢)). Thus

Gy w d’ —/ By, wdH™™ = 0.
x{0} AOA % (0,00)

Py(p) = (E1v) 0 @ + ¢ Ty, (7.12)
Finally,
P, () = (E1vk,) 0 Ppp +q 20 — (E10) 0@ +¢T2,  in CHP(K)

for any compact K C €, since &, — ®, v, — v in CYP(K), and & : CYP(Clo,00)) —
Clﬁ(C(,QLOO)) is continuous. From this, using (7.12) and (7.6), we get Py, (¢r,.) — Py(p)
in C(lfl) (Q). Moreover, by the same argument, from any subsequence of Py, (¢x), we can extract

a further subsequence converging in C’(l;ﬁl)(ﬁ) to the same limit Py (¢). Thus the whole sequence
Py, (pr) converges to this limit. Proposition 7.2 is proved. O

Now we can define the iteration map J : Ky — C1*(Q) by
Jib =Py (7.13)

with ¢(x) = u(x) +q*z,, where u € C1*(Q+ (1)) is the unique solution of problem (5.25)—(5.28)
with ¢ € K. By Proposition 7.2(ii), J is continuous in the C'#(Q)-norm for any positive
8 < a.

7.3. Existence of Solutions of the Free Boundary Problem. Now we can prove the exis-
tence of solutions of the free boundary problem. We denote by ¢ both the function ¢ in Q% (1))
and its extension Py .

Choose M to be the constant C' from (7.4). Then, for ¢ € Ky, we have from Proposition
7.2(i) that ¢ := Jv € Ky if o > 0 is sufficiently small and depends only on n, v, ¢*, and €, since
M > 0 is now fixed. Thus, (7.13) defines the iteration map J : Kp; — Kps and, from Proposition
7.2(ii), J is continuous on Ky in the C*%)* (2)-norm.

In order to find a solution of Problem (TFB), we seek a fixed point of the map J. We use the
Schauder Fixed Point Theorem (cf. [21, Theorem 11.1]) in the following setting:

Let o > 0 satisfy the conditions of Proposition 7.2. By Lemma 5.1, the set K, is a compact

convex subset of C'(lﬁ/)Q(Q). We have shown that J(Ka) C Kar and J is continuous in the

C(lfléz ()-norm. Then, by the Schauder Fixed Point Theorem, J has a fixed point ¢ € KCy;.
If o is such a fixed point, then

¢(x) = min(p™ (), p(x))
is a classical solution of Problem (TFB) and S, is its free boundary.

It follows that ¢ is a solution of Problem (FB), thus Problem (TN), provided that ¢ is small
enough so that (7.4) implies that |Dp(z)| < c. — ¢, where ¢ = (c. — g )/2. Indeed, then
(4.1) implies that ¢ lies in the untruncated region for equation (4.4). Also, |D@| < ¢x — € on
Q@) == {@(z) < ¢ (x)} and |D@| > ¢, on 2\ 2T since p = ¢ on V() and p = ¢~ on
Q\ Q.
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8. UNIQUENESS AND STABILITY

We now prove the uniqueness and stability of solutions of Problem (TN) when o~ € C%<.
We first prove the following lemma.

Lemma 8.1. Let ¢~ satisfy (4.5). Let o € C%Y(Q) be a solution of Problem (TN) with w € (0, c)
satisfying (2.24). Then there exists o9 > 0 depending only on n, «, v, and qo+ such that, if
o € (0,00), ¢ satisfies (2.23), (2.30), and

[De — wenllco@niz,>ry) — 0 as R — oo. (8.1)

Proof. The proof that ¢ satisfies (2.23) and (2.30) is the same as in [5, Lemma 7.1].
Now we prove (8.1). Setting w(z) := ¢(z) — wz, and using (2.17), (2.23), and (2.30), we see
that w satisfies

Z (aijw%‘)xi =0 in QN {z, > L},
=1

Z AWy, Vi = —p((gH)HqTv-en on 9,Q" N{x, > L},
ij=1

E}l—{noo lwlle@niz.>ry =0,

where
o) = [ {p(Deta) + 1= wen )]

+25' ([tDp(z) + (1 — tywen |?) (tpa, (z) + (1 — t)wd?) (tpa, () + (1 — t)wdy) }dt.

By (2.24), the equation is elliptic if o is small. Then the proof of (8.1) is similar to the proof of
(7.3) in Proposition 7.1. O

Now we show that w in Problem (TN) is uniquely determined by ¢~ .

Proposition 8.2. There exists o9 depending only on the data as in Lemma 8.1 such that, if o~
satisfies (4.5) and o € CO1(Q) is a solution of Problem (TN) with w € (0,c.) satisfying (2.24),
then w = ¢ in (2.20), with ¢+ defined by (2.26) and @(z) satisfies (2.28).

This can be achieved by following the proof of [5, Proposition 7.2] and using Lemma 8.1 instead

of [5, Lemma 7.1].
It remains to prove the uniqueness of solutions of Problem (TN) satisfying (2.24).

Proposition 8.3. There exists og depending only on the data as in Lemma 8.1 such that, if o~
satisfies (4.5), then the solution ¢ € C%1(Q) of Problem (TN) with w = q* satisfying (2.24) is
UNLQUE.

The rest of this section is to prove Proposition 8.3 by using a version of the partial hodograph
transform developed in [6].

8.1. Extension of ¢~ to the Domain (). Since ¢~ satisfies (2.19) and (4.5) in the domain
Q1 :=QnN{x, <1}, then we can extend ¢~ to € so that the extension (still denoted by) ¢~ is
in C%%(Q), coincides with the original ¢~ in QN {z, < 1/2}, and
H(p_ — ¥ |2,04,Q < C(n, O‘)Uﬂ (8.2)
supp(¢~ — ¢y ) C QN {z, < L}, .
O~ =0 on 9,1, (8.4)
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where ¢y (z) = gg . To construct such an extension, we first note that we can modify the
mapping ¥ and replace it by a mapping ¥; € C%*(R" R") such that ¥, satisfies (2.14),
1@y — Id||2,0.r» < Co, (2.17), and

DU, (z)vac(z) = ((z)vg,a(P1(x)) for any = € 0C,

where C = Ax(—00,00), voc(-) and vy,q(+) are the inward unit normals to IC and 9;€ respectively,
and ||¢ — 1||2.a,0¢c < Co. To construct such ¥y, we first define the corresponding C% mapping
U, between sufficiently small neighborhoods (depending only on A and o) of dC and 9,9 by

Uy (z 4 svapc(z)) = U(z) + svg,a(¥(2))
for z € 9C and s € (0,¢), where € > 0 depends only on A and L. Then we let

V(@) = 1 (dae() V1 (@) + (1~ 1:(dan(2)) ¥(z),
where dg,q(-) is the distance function to 9;Q2 and 7. : R — R is a smooth function satisfying
0<n.<1onR,n. =1on[—00,7¢/8), and n. =0 on (¢,0). Now we define ¢~ (z) = ¢~ (¥ (x))
on U1 (Q4). Then, if o is small, ¢~ is defined at least on Ax (—7/8,7/8) and satisfies D@~ v = 0
on OA x (=7/8,7/8). Now we define

95_(37) = 777/8(mn)95_(m) + (1 - 777/8(xn))q_-rn on A x (_7/87 00)7

and finally the function ¢~ () = ¢~ (U !(x)) is a C** extension of ¢~ satisfying (8.2)—(8.4).
Denote

g=div(p(Dg~P)Dg) Q. (8.5)
Since ¢~ satisfies (1.1) in £y, then, from (8.2)—(8.3), we have that g satisfies
geC*@,  llgloan < Co, 6

g=0 on (Qn{zx, <1hu@n{z, >L}).
From now on, we use the extended function ¢~ = ¢~ (z), and C may denote a different

constant at each occurrence, depending only on the data, unless otherwise is specified.

8.2. Partial Hodograph Transform. Let ¢ be a solution of Problem (TN) with w = ¢© and
satisfy (2.24). Then QF := {|Dyp| < c.} has the form (2.23) and (2.30). Define a function u in
Qt by
w@) = ¢ (z) = p(2).
Then (2.31) and (8.2) imply
lu— (g5 — ¢ )nll1 a0+ < Co. (8.7)
In particular, if o is sufficiently small, we use (2.29) to get
0< (g9 —qi)/2 <us,(®) <2(qy —qf) for any x € Q7. (8.8)
Furthermore, (2.28) and (8.3) imply

lu— (g5 —a")znllor@nfa,>ry) — 0 as R — oo (8.9)
From (2.24) with sufficiently small o, ¢ satisfies (1.1) in Q% and (2.4) on S. Then, since
S C Q; and ¢~ satisfies (1.1) in 1 and (8.4) on 9,2, we see that u is a solution of the following
problem:
div (A(z, Du)) = —g in QF,
A(z,Du)-v=0 on S, (8.10)
A(z,Du)-v=0 on 9,07,
where, for x € Q1 and P € R",

Az, P) = p(|D¢™ (z) = PI*)(Dp™(2) = P) = p(| D™ (2)]*) D™ (). (8.11)
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The equation in (8.10) is uniformly elliptic for w if o is sufficiently small, which follows from
(4.5) and (8.7), since

0<co<®(q) =p(d®) +24°'(¢>) <C  for g mear g7,

for some constants ¢y and C' > 0. Note that u satisfies the weak form of problem (8.10):
/ (A(z,Du) - Dn —gn)dx =0 for any € C§(R™). (8.12)
O+

Since ¢ = ¢~ on S, it follows that
u=0 on S. (8.13)

Now we make a change of variables z = ®(z) to rewrite problem (8.12) into a cylindric domain
CT := ®(Q7"), where ¥ and its inverse ® are the maps in (2.14), (2.16), and (6.18). It follows
that, if o is sufficiently small, then

€ = (Ax (=00,00) Nz > F)} [ fllamens < CMo, (s.14)
and OCt = ,CT U S, where
OCT == (DA x (—00,00)) N {z, > f(2)} = B(HNT),
S = (A x (—00,00)) N {zn = f(')} = ©(S).
Also, QT = ¥(C"). Consider the function
u(z) = u(¥(z)) for z € CT.
Then (2.16), (2.17), and (8.7) imply
@ — (g9 —a")znll1acr < Co. (8.15)
In particular, @ satisfies (8.8) if ¢ is small. By (8.9) and (2.17),
1o — (g9 —a")znllor(ax(rooy — 0 as R— oc. (8.16)

From (8.13), @ satisfies

=0 on S. (8.17)
Moreover, 4 is a weak solution of a fixed boundary problem of the form (8.10) in the domain
C* with modified functions A(z, P) and §(z) satisfying A € C*(A x (—1,00) x R") and § €
C*(A x (—1,00)). Precisely, @ satisfies

/ (A(z, D) - Dy — gn)dz =0 for any n € CL(R™). (8.18)
o+

This is obtained by using the test function n o ¥, making the change of variables  — ¥(z) in
(8.12), and obtaining the expressions for Ain Ct x R" and § in C* in terms of A, g, and the
map ¥ which are well defined in A x (—1,00) x R™ and A x (=1, 00), respectively. We do not
write the explicit expressions of A and §, but only point out some properties of A and §, which
can be obtained readily by using these expressions. First, we emphasize that A and g are given
in terms of the original functions A, g, and the map ¥, which are independent of a solution ¢ of
Problem (TN). Next, using (2.17), we see that, for any R > 0, there exists Cr > such that

|DpA(¥(z), P) — DpA(z, P)| < Cg|¥|cirny  forany z€CF, PeR", |[P|<R. (8.19)
Furthermore, from (2.17), it follows that A = A for a,, > L, i.e.,
A(z, P) = A(x, P) for any z € A x (L,00), P € R™. (8.20)
Similarly, from (2.16), (2.17), and (8.6), we conclude that g satisfies

geC*(A x [-1,00)), 19ll0,0,a % (~1,00) < Co,

g=0 on (Qn{z,<1/2hHu(Qn{z, > L}) (8.21)
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if o is sufficiently small. Define

F(a' x,) = /:n g(z',s)ds  for (2',z,) € A x (—1,00). (8.22)
Then, from (8.21) and (8.22), we have
F,FE, € C%A x [~1,00)), (8.23)
1Ell0,0,8%(~1,00) < €y || F, llo,ax (~1,00) < Co, (8.24)
F=0 inAx(-1,1/2), (8.25)
F is independent of z,, € A x (L, o). (8.26)

Note that, from (8.14), for sufficiently small o, the free boundary S lies within the domain
A x (=1,1/2). Then, by (8.25), the function F' vanishes on S. Using also (8.14) and (8.23), we
can rewrite (8.18) as

/c+ (A(z, D@) + F(z)ey,) - Dndz =0 for any n € Ca(R™). (8.27)
Thus, @ is a weak solution of the following conormal problem:
div (A(z, Du) + Fe,) =0 in Ct, (8.28)
(A(z, Du) + Fe,) -v =0 on S, (8.29)
(A(z, Du) 4 Fe,) -v =0 on 9,CT. (8.30)

Now we make the partial hodograph transform. Define a mapping F : C+ — R™ by
(@, 2n) = (¥, yn) = (&, 0(2", 20)).

The nondegeneracy property (8.8) of @ implies that the mapping F is one-to-one on Ct and,
from (8.8), (8.13), and (8.14),

FCH) =Ax(0,00),  F(S)=Ax {0},

i.e., the free boundary S is mapped to the fixed boundary A x {0}. Also, by (8.8) for @, there
exists a function v € CH*(A x (0, 00)) such that, for (2/,x,) € C* and y,, > 0,
w@ x,) =y,  ifandonlyif  v(z,yn) = 2. (8.31)
Thus,
FY yn) = (0 ym)).

Differentiating the identity a(x’, v(2’, y»)) = yn, which holds for any (2/,y,) € A x (0,00), we

find
Uy, >0 in A x (0,00)

and

Dyu= —U;Dyrv, Uy, = Uyln’ (8.32)
where the left-hand and right-hand sides are taken at the points (2/, z,,) and F(2/, x,), respec-
tively. In particular, property (8.8) of @ implies

0< _r <y, (y) < =z
2q —a3) ~ " do —do

From this and (8.15), we get

for any y€C™. (8.33)

[[v = voll1,a,Ax(0,00) < C0, (8.34)
where vo(y) = yn/(qg — ¢7). From (8.16) and (8.33),

||’U — vO”C“(AX(R,oo)) — 0 as R — OQ. (835)
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Now, since #(z) is a solution of the conormal problem (8.27) in CT, then v(y) is a solution
of the corresponding problem in A x (0,00). In order to show that this problem has also a
conormal structure, we make the change of variables x — y = F(z) in the weak form (8.27) of
problem (8.28)—(8.29). In order to do that, we especially need to change the variables in the test
function 1. For that, we note that the function ¥ (y) := no F~1(y) = n(y',v(y',yn)) satisfies
¥ € CHA x (0,00)) and, if » = 0 on R" \ Bg, then ¢ = 0 on (A x (0,00)) \ Bg, for some
Ry, ie., ¢ = w|m for some v € C3(R™). Similarly, for any ¢ € C}(R"), there exists
n € CZ(R™) such that ¢|R71 =noF ' and n(z) = ¢ o F(z) for x € C*. We differentiate the
identity n(x) = ¥(2’,u(a’, z,)) and use (8.32) to obtain

Vyn

Yy,
DI/‘]] = Dy/’llj — v Yn

Dyv,  n,, = -t (8.36)

Yn Uyn

Now, in (8.27), we make the change of variables z — y = F(z), use (8.32) and (8.36), note that
the Jacobian of F~1 is JF~!(y) = v, (y), and write A(z’, z,,,p’, p,) for A(x, P) and F(2',2,,)
for F'(z) to obtain

/ (B(y’, v, Dv) + F(y/, v)en) Diypdy =0  for any ¢ € CH(R™), (8.37)
Ax(0,00)
where, for v/ € A, z € R, P= (p/,p,) € R" 1 x R,
/
. - 1
Bz(y’,z,P):Al(y',z,—p—,—)pn for i=1,...,n—1,
Pn DPn
(8.38)
- p o1 ) fﬁ( , p1 )
Bn y/azvp :ATL y/aza_iﬂi - ly7za_777pi-
( ) ( Pn Pn 1 Pn DPn

Thus, v(y) is a weak solution of the corresponding conormal problem in A x (0, c0).
Note that the conormal problem (8.37) is elliptic for the functions satisfying (8.34) with small
o, that is, there exists A > 0 such that

NEP < Y By, v(y), Do(y)&g; < AHel (8.39)

ij=1
for any y € A x (0,00), £ € R™, and v satisfying (8.34). To see this, from (8.38), we compute

/

Z B]’L)] (y/az7p)£1£] = Z A;)] (y/,z’ 7p7

1
y glgv
Pn pn) !

i,j=1 ,5=1
where p= (plv oo 7pn) = (p/apn), C’L = Ez - pign/pn for i = 1,...,n—1, and Cn = gn/pn Since
(8.28) is a uniformly elliptic equation for u = ug := (g —qg )@n, it follows from (2.16) and (8.19)
that (8.39) holds with the constants depending only on the data for any v satisfying (8.34).
Now, using also the C1:® dependence of B(y,p) on y which follows from ¢~ € C%%(A x [0, 00))

and ¥ € C%%(R"), the standard estimates for elliptic equations imply the interior regularity
v € C%Y(A x (0,00)) with
|D*v(y)| < Cody™"  for d, = dist(y, O(A x Ry)). (8.40)
Note that the functions B(y’,z, P) and F(y/,z) and the domain A x (0,00) in (8.37) are
independent of a solution ¢ of Problem (TN).
Conversely, let v(y) is a solution of (8.37) satisfying (8.34) and (8.35) with sufficiently small o

depending only on the data so that (8.33) holds. Then the corresponding solution ¢ of Problem
(TN), satisfying (2.24), can be determined. Indeed, from (8.33),

Cti={(z",v(a',yn)) : 2’ €A, y, >0} (8.41)
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has the form (8.14), and a function @ € C»*(C*) can be defined such that (8.31) holds. Then
(8.27) holds. Moreover, (8.34) implies (8.15). Next, we conclude that QT := ¥(C*) has the form
(2.23) and (2.30), and u(z) := a(P(x)) satisfies (8.12). Moreover, (8.15) implies (8.7). If o is
sufficiently small, then (8.7) and (8.15) imply (8.8) for u and @, respectively. Now, (8.35) implies
(8.16) and further (8.9). Then it follows that ¢, defined by ¢ = ¢~ —w in Q" and ¢ = ¢~ in
0\ Q7 is a weak solution of Problem (TN) satisfying (2.24).

Thus, the uniqueness of solutions of the conormal problem (8.37) satisfying (8.34) and (8.35)
implies the uniqueness of solutions of Problem (TN) satisfying (2.24).

8.3. Uniqueness of Weak Solutions of the Conormal Problem (8.37) Satisfying (8.34)
and (8.35). Suppose v; and v are two solutions of (8.37) in A x (0, 00) satisfying (8.34) and
(8.35). We assume that o is small so that (8.33) holds for v; and vy. Consider the function
w = vy — v1. It satisfies

[wll1,0,a%(0,00) < 2C0 (8.42)
and
[wll1,0,4% (R,00) — 0 as R — oo. (8.43)
Also, subtracting equations (8.37) for v; and v, we get

n

/ Z aij (Y)wy, @y, + Z bi(y)wey, | dy =0 (8.44)
Ax(0,00) i1

ij=1

for any ¢ € C}(R™), where a;; and b; are defined by
1
ai;j () =/ B, (v, (1 = thui(y) + tvz(y), (1 — ) D1 (y) + tDv2(y))dt,
0

1
bi(y):/0 <Bi(y”(1t)vl(y)thUQ(y)’(lt)Dvl(y)+tDv2(y)) (8.45)

LSO E (Y (L o (y) + tv2<y>)) dt.

Note that a;;,b; € CY(A x [0,00)) with
laij(y)| + |bi(y)| < C forany y € A x (0,00), 4,j=1,...,n, (8.46)

which follows from (8.2), (8.11), (8.19), (8.24), (8.33), (8.34), and (8.38). Moreover, using (8.3),
(8.20), and (8.26), we see that

=0 on {y, > L} for i=1,...,n, (8.47)
where Ly = 2L/(qy — qg ). Also, using (8.40) for v; and vy yields
|D?v(y)| < Ccrdgfl, where d, = dist(y, d(A x (0,00))). (8.48)

Note that, by (8.39), the coefficients a;;(y) satisfy the ellipticity condition (3.35) with constant
A for any y € A x (0,00).
We first prove that w > 0 by choosing the following test function ¢ in (8.44): For fixed € > 0
and R > 0,
(w—mpg)"
v (w—mpg)t+¢’

where

mp:=max |0, sup w(y) | <o
yEAX(R,00)
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by (8.42). Then ¢ € C%1(A x [0,00) and ¢ = 0 on A x [R,c0). Thus we can substitute this ¢
into (8.44) to obtain

/ <saijw;rt((wm3)+)yj ebjwt ((w—mg)")y
Ax@©,r) \ ((w—mpg)t +¢)? ((w—mpg)* +¢)?

Then using the ellipticity, (8.47), and (8.46) yields
A/ {Dmﬂkﬂw—mmﬂdf@:A/
Ax(0,R) A

<[ (M

- ((w—mpg)* +¢)?

<C ’Dlog (1+(w—m3)+/5)’dy
Ax(0,L1)

+mR/ 1bldS + mR/ | Dbldy
B[AX(0,L1)] Ax(0,L1)

1/2
<C / | Dlog (1+(w—mR)+/e)’2dy +C,
Ax(0,L1)
where we used (8.45) and (8.48) in the last estimate. Thus, for R > Ly,

/ | Dlog (1+(w—mR)+/€)|2dy§C’.
Ax(0,R)

j)dySO.

|D(w —mg)*|?
«(0,r) ((w—mpg)T +¢)

5y

Since log (14 (w —mp)*/e) =0 on A x {y, = R}, it follows from the Poincaré inequality that

/ |log (1+(w—mR)+/e)|2dy§C’,
Ax(0,R)

where C depends on the data and R, but is independent of ¢. Letting ¢ — 0, we conclude
(w—mpg)t =0in A x (0, R), which, from the definition of mg, implies w < mpg in A x (0, 00).
Letting R — oo and noting that Rlim mpr = 0 by (8.43), we get w < 0 in A x (0,00). Similarly,

w > 0in A x (0,00). Thus the uniqueness is proved.

8.4. Stability. As a consequence of the uniqueness, nondegeneracy, and regularity of solutions
of the free boundary problem, we have the following stability theorem.

Theorem 8.1. There exist a constant og > 0 and a nonnegative nondecreasing function G €
C([0,00)) with G(0) = 0, depending only on n,a,v,Co, A, L, and qi , such that, if

(i) 0< k<o <og;

(ii) ¥:R™ — R" satisfies (2.16), and (2.17), and ¥ : R™ — R™ satisfies (2.17) and

19 = Dll3 0,0 (-3.3) < 5 (8.49)

22

(iii) ¢~ (z) satisfies (2.32) and ¢~ (x) satisfies
o~ 0¥ —¢ 0 qj_l”Q,a,AX(—%,%) <K, (8.50)

then the unique solutions p(x) and @(x) of Problem (TN) for the nozzles defined by the mappings
U and ¥ in (2.14) and supersonic upstream flows ¢~ (x) and @~ (x), respectively, satisfy

1 fo = Follan < G(5), (8.51)
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where ﬁ,(x’) and f@(x’) are the free boundary functions of the cylindric domains CT(p) =
D(QT(p)) and CH(p(x)) := ®(QT(P)) in (8.14), respectively, where ® = ¥~ and & = U1,

Its proof repeats the one of [4, Theorem 6.1]. See also the remarks on the proof of the stability
part of [5, Theorem 2.3]. In the present case, as an additional step, the mapping from 2 to C is
involved.

APPENDIX A. EXISTENCE OF SMOOTH SUPERSONIC UPSTREAM FLOWS IN THE NOZZLE

In this paper, we require a local C''** supersonic solution ¢~ in Sections 3-7 and C? super-
sonic solution ¢~ in Section 8 in the domain 7 := QN {—1 < z,, < 1} of the initial-boundary
value problem (2.18)—(2.19) for the nonlinear wave equation (1.1) such that

le™ = #o Ik < Coo,  k=Tor2, (A1)

for some Cy > 0 independent of o, when o is sufficiently small. This is a direct corollary of the
standard local theory of smooth solutions of the initial-boundary value problem for the nonlinear
wave equations.

Proposition A.1. Let the nozzle boundary satisfy (2.15) and (2.16). Let the Cauchy data
(po . ) on 0, satisfies
loe — qo Tnlls+x + 1Yo — qg |zs+e—1 < o, k=1 or2, (A.2)

for some integer s > n/2 + 1 and the compatibility conditions on the intersection O N J,Q up
to the (s + k)" —order. Then there exist oo > 0 and Co > 0 such that there evists a unique
classical solution p~ € C*T1(Qy) of problem (2.18)—(2.19) for the nonlinear wave equation (1.1),
respectively for k =1 or 2, such that, when o < o,

o™ = g [[k+1,0,0, < Coo. (A3)
If, in addition, the conditions (2.15), (2.16), and (A.2), as well as the compatibility conditions
holds for higher order derivatives, then the solution ¢~ has correspondingly higher regularity.
As in Section 8, we set
w(z) == ¢~ (z) — gy Tn-
Then w satisfies the following initial-boundary value problem:

divA(Dw) = 0, (A.4)
(wy wxn)|$n:—1 = (80; + 4o, ¢g - QO_)’ (A5)
wu|8,Q = —(qq Vn, (AG)

as well as the compatibility conditions up to the (s + k)"~order, where

A(P) = p(|P + qq enl®)(P + g5 €n) — p((45)*) 45 €n-

Since q; > ¢, then (A.4) is strictly hyperbolic, nonlinear wave equations with respect to the
xn-direction (whose role is as the time direction) for a small perturbation of the trivial solution
u = 0. By the standard energy estimates and the iteration procedure (cf. [28, 29, 31] and the
references cited therein), then, for small o > 0, there exists a unique solution

w(a’,zn) € MEECY([-1,1]; HEH77(Q))

such that
s+k

Z lwllci (=117 m41-5 @) < Co,
j=0

for k =1 or 2, respectively. Since s > n/2 4+ 1, the Sobolev embedding theorem implies (A.3).
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