E.Yu. Panov

Existence of strong traces for generalized solutions of multidimensional scalar conservation laws^1

Abstract

In the half-space t ¿ 0 a multidimensional scalar conservation law with only continuous flux vector is considered. For the wide class of functions including generalized entropy sub- and super-solutions to this equation we prove existence of the strong trace on the initial hyperspace t = 0.

§ 1. Introduction.

In the domain Ω ⊂ Π = R_+ × R^n, R_+ = (0, +∞) we consider a first-order conservation law

u_t + div_xφ(u) = 0, (1) φ = (φ_1, . . . , φ_n) ∈ C(R, R^n), u = u(t, x), (t, x) ∈ Π. Let us remind the definition of a generalized entropy solution of (1) in the sense of S.N. Kruzhkov [1].

Definition 1. A bounded measurable function u = u(t, x) ∈ L^∞(Π) is called a generalized entropy solution ( briefly - g.e.s. ) of the equation (1) in the domain Ω if a) ∀k ∈ R |u − k|_t + div_x[sign (u − k)(φ(u) − φ(k))] ≤ 0 (2)

in the sense of distributions on Ω ( in D^′(Ω) ).

Condition (2) means that for any test function f = f(t, x) ∈ C^∞_0 (Ω), f ≥ 0 ∫ Ω {|u − k|f_t + sign (u − k)(φ(u) − φ(k), ∇_xf)}dtdx ≥ 0. 1Supported by Russian Foundation for Basic Research (grant RFBR No. 03-01-00444), Ministry of Education of Russian Federation (grant No. E02-1.0-216) and the Programm ”Universities of Russia” (grant No. UR.04.01.022)

Here and below we use the notation (·, ·) for the scalar product in a finitedimensional Euclidean space. We also denote by | · | the corresponding Euclidean norm.

Setting in (2) k = ±‖u‖_∞, one can easily derive that u_t + div_xφ(u) = 0 in D^′(Ω) and u(t, x) satisfies (1) in the sense of distributions, i.e. u(t, x) is really a generalized solution ( g.s. ).

It is well-known ( see for example [1, 4] ) that condition (2) can be rewritten in the equivalent form: for any convex function η(u) ∈ C^1(R) ( entropy )

η(u)_t + div_xψ(u) ≤ 0 in D^′(Ω), (3)

where ψ(u) = (ψ_1(u), . . . , ψ_n(u)) ∈ C(R, R^n) is the corresponding flux vector of the entropy, defined up to an additive constant by the equality ψ(u) = η^′(u)φ(u) − ∫ u 0 φ(s)dη^′(s) ( so that in the case φ ∈ C^1(R, R^n) the usual relation ψ^′(u) = η^′(u)φ^′(u) holds ).

If we replace the condition (2) by one of the following conditions

((u − k)^+)_t + div_x[sign^+(u − k)(φ(u) − φ(k))] ≤ 0 in D^′(Ω), (4) ((u − k)^−)_t + div_x[sign^−(u − k)(φ(u) − φ(k))] ≤ 0 in D^′(Ω), (5)

where (u−k)^+ = max(u−k, 0), sign^+(u−k) = sign ((u−k)^+) = ∂ ∂u (u−k)^+;

(u − k)^− = max(k − u, 0), sign^−(u − k) = −sign ((u − k)^−) = ∂ ∂u (u − k)^−, we obtain notions of a generalized entropy sub-solution (g.e.sub-s.) and a generalized entropy super-solution (g.e.super-s.) respectively ( see [2, 3, 4] ). Obviously, a function u(t, x) is a g.e.s. of (1) if and only if u(t, x) is a g.e.subs. and g.e.super-s of this equation simultaneously.

In [5] the so-called isentropic solutions (briefly - i.s.) of the equation (1) were introduced, for which the condition (2) is satisfied with equality sign:

|u − k|_t + div_x[sign (u − k)(φ(u) − φ(k))] = 0 in D^′(Ω). (6)

Now, we formulate our main assumptions. Let u = u(t, x) ∈ L^∞(Π) be a function that is defined on the whole subspace Π and satisfies the following general condition: for some dense set F ⊂ R of values k

η_k(u)_t + div_xψ_k(u) = −γ_k in D^′(Π), (7) γ_k = γ_k(t, x) ∈ M_{loc}(Π̄), where M_{loc}(Π̄) is the space of locally finite Borel measures γ on Π̄ = [0, +∞) × R^n such that

Var(γ)({0} × R^n) = 0, (8)

and η_k(u) = |u − k|, ψ_k(u) = sign (u − k)(φ(u) − φ(k)) are the Kruzhkov’s entropy pairs. From (7) with k > ‖u‖_∞ it follows that

u_t + div_xφ(u) = −γ in D^′(Π), (9) γ ∈ M_{loc}(Π̄). Remark that a g.e.s. u(t, x) satisfies (7) for all k ∈ R, moreover in this case γ_k ≥ 0. Indeed, as it follows from the known representation of nonnegative distributions, η_k(u)_t + div_xψ_k(u) = −γ_k in D^′(Π), where γ_k is a nonnegative locally finite measure on Π. Any of the measures γ_k can be considered as a Borel measure on Π̄, after the unique prolongation satisfying (8). Show that this measure is locally finite on Π̄ as well. For this, choose a function β(t) ∈ C^∞_0 (R) such that supp β ⊂ [0, 1], β(t) ≥ 0, ∫ β(t)dt = 1 and set for ν ∈ N δ_ν(t) = νβ(νt), θ_ν (t) = ∫ t 0 δ_ν(s)ds, so that θ^′_ν (t) = δ_ν(t). Clearly, the sequence δ_ν(t) converges as ν → ∞ to the Dirac δ-measure in D^′(R) while the sequence θ_ν (t) converges pointwise to the Heaviside function θ(t) = { 0 , t ≤ 0, 1 , t > 0. Let f(t, x) ∈ C^∞_0 (Π̄), f(t, x) ≥ 0. Applying the equality η_k(u)_t +div_xψ_k(u) = −γ_k to the test function f(t, x)θ_ν (t − t_0) ∈ C^∞_0 (Π), where t_0 > 0, we derive that ∫ Π f(t, x)θ_ν (t − t_0)dγ_k(t, x) = ∫ Π η_k(u)f(t, x)δ_ν(t − t_0)dtdx + ∫ Π [η_k(u)f_t(t, x) + (ψ_k(u), ∇_xf)]θ_ν (t − t_0)dtdx. Supposing that t_0 is a Lebesgue point of the function t → ∫ R n η_k(u(t, x))f(t, x)dx, we obtain, in the limit as ν → ∞, that ∫ (t0,+∞)×R^n f(t, x)dγ_k(t, x) = ∫ R n η_k(u(t_0, x))f(t_0, x)dx + ∫ (t0,+∞)×R^n [η_k(u)f_t(t, x) + (ψ_k(u), ∇_xf)]dtdx ≤ ∫ R n η_k(u(t_0, x))f(t_0, x)dx + ∫ Π [η_k(u)|f_t| + |ψ_k(u)| · |∇_xf|]dtdx ≤ C, where the constant C does not depend on t_0. Passing to the limit as t_0 → 0 we derive the estimate ∫ Π f(t, x)dγ_k(t, x) ≤ C, which implies, in view of arbitrariness of the nonnegative test function f(t, x) ∈ C^∞_0 (Π̄), that the measure γ_k is locally finite on Π̄.

The condition (7) is also satisfied for g.e.sub-s. (and g.e.super-s.) u(t, x). Really, assume for definiteness that u(t, x) is a g.e.sub-s. of (1). From (4) it follows, in the same way as for g.e.s., that ∀k ∈ R

((u − k)^+)_t + div_x[sign^+(u − k)(φ(u) − φ(k))] = −β_k,

where β_k ∈ M_{loc}(Π̄), β_k ≥ 0.

In particular, taking in this relation k < −‖u‖_∞, we obtain that u_t + div_xφ(u) = −β in D^′(Π), where β ∈ M_{loc}(Π̄), β ≥ 0. Taking into account that η_k(u) = |u − k| = 2(u − k)^+ − (u − k), ψ_k(u) = sign (u − k)(φ(u) − φ(k)) = (2sign (u − k) − 1)(φ(u) − φ(k)),

we derive the equality η_k(u)_t + div_xψ_k(u) = −(2β_k − β) that is (7) is satisfied for all k ∈ R.

One could easily show that a g.e.s. (g.e.sub-s., g.e.super-s.) u(t, x) of equation (1) in the arbitrary domain Ω ⊂ Π with the regular enough boundary will satisfy (7) if to extend u(t, x) on Π setting u(t, x) = 0 for (t, x) /∈ Ω.

The main result of the present paper is the following theorem on existence of the strong trace of u(t, x) on the initial hyperplane t = 0:

Theorem 1. Suppose a function u(t, x) satisfies the entropy condition (7). Then there exists a function u_0 = u_0(x) ∈ L^∞(R^n) such that ess lim t→0 u(t, ·) = u_0 in L^1_{loc}(R^n) (strongly).

Remark, that the result of Theorem 1 for g.e.s. was recently established in [6], but under very restrictive assumptions. Namely, it is required in [6] that the flux φ(u) ∈ C^3(R, R^n) and satisfies the nondegeneracy condition: ∀ξ ∈ R^n \ {0} the function u → (ξ, φ^′(u)) is not constant on sets of positive Lebesgue measure. In the present paper we keep the main scheme of the paper [6] but, instead of the key regularization result from [7], we utilize more refined approach based on the techniques of H-measures and induction in the spatial dimension. The notion of the H-measure was introduced in the papers [8, 9] and was further developed in [10, 11, 12]. Localization principles for H-measures associated with sequences of measure valued functions allow to apply the initially ”linear” device of H-measures to nonlinear problems. In particular, on the base of this device in the indicated papers [10, 11, 12] the property of strong precompactness was established for families of entropy (and measure valued) solutions to general multidimensional scalar conservation laws with only continuous flux vectors satisfying the weak nondegeneracy condition.

§ 2. Preliminaries.

We prove firstly existence of the weak trace ( in the ∗-weak topology of L^∞(R^n) ).

Let u = u(t, x) ∈ L^∞(Π), η(u) ∈ C(R), ψ(u) ∈ C(R, R^n), and

η(u)_t + div_xψ(u) = −γ in D^′(Π), (10)

where γ = γ(t, x) is a locally finite Borel measure on Π̄. We denote

E = { t ∈ R_+ | (t, x) is a Lebesgue point of u(t, x) for a.e. x ∈ R^n }. (11)

Obviously, E is the set of full measure in R_+. We have the following proposition:

Proposition 1. There exists a function v_0(x) ∈ L^∞(R^n) such that η(u)(t, ·) → v_0 ∗-weakly in L^∞(R^n) as t → 0, t ∈ E.

Proof. Let M = ess sup_Π |η(u(t, x))|. Then ∀t ∈ E ‖η(u(t, ·))‖_∞ ≤

M and by weak precompactness of bounded sets in L^∞(R^n) we can find a sequence t_m ∈ E, m ∈ N, t_m →_{m→∞} 0 and a function v_0(x) ∈ L^∞(R^n) such that η(u(t_m, ·)) → v_0 as m → ∞ ∗-weakly in L^∞(R^n).

If τ ∈ E then t_m < τ for large enough m. We fix such t_m < τ and set χ_ν(t) = θ_ν(t − t_m) − θ_ν(t − τ), where the sequence θ_ν(t), ν ∈ N was defined above, in the Introduction.

Let f(x) ∈ C^∞_0 (R^n). Then for large enough ν ∈ N the function f(x)χ_ν(t) ∈ C^∞_0 (Π). Applying relation (10) to this test function, we obtain, after simple transforms, that ∫ +∞ 0 (∫ R n η(u(t, x))f(x)dx ) δ_ν(t − τ)dt − ∫ +∞ 0 (∫ R n η(u(t, x))f(x)dx ) δ_ν(t − t_m)dt = ∫ Π (ψ(u), ∇_xf)χ_ν(t)dtdx − ∫ Π f(x)χ_ν(t)dγ. (12) Passing in (12) to the limit as ν → ∞ and taking into account that t_m, τ ∈ E are Lebesgue points of the function I(t) = ∫ R n η(u(t, x))f(x)dx, and also that the sequence χ_ν(t) converges pointwise to the indicator function of the interval (t_m, τ] and is bounded, we derive the equality I(τ) − I(t_m) = ∫ (tm,τ]×R^n (ψ(u), ∇_xf)dtdx − ∫ (tm,τ]×R^n f(x)dγ(t, x), which implies in the limit as m → ∞ that

I(τ) − I(0+) = ∫ R n η(u(τ, x))f(x)dx − ∫ R n v_0(x)f(x)dx = ∫ (0,τ]×R^n (ψ(u), ∇_xf)dtdx − ∫ (0,τ]×R^n f(x)dγ(t, x) →_{τ→0} 0, (13) i.e. ∀f(x) ∈ C^∞_0 (R^n) ∫ R n η(u(τ, x))f(x)dx →_{τ→0} ∫ R n v_0(x)f(x)dx. This, together with boundedness of u(τ, ·), τ ∈ E and density of C^∞_0 (R^n) in L^1(R^n), implies that η(u(t, ·)) → v_0 ∗-weakly in L^∞(R^n) as t → 0, t ∈ E. The proof is complete.

Corollary 1. If u(t, x) satisfies (9) then there exists a function u_0(x) ∈ L^∞(R^n) such that u(t, ·) → u_0 ∗-weakly in L^∞(R^n) as t → 0, t ∈ E.

Remark that existence of the weak trace of u(t, x) also follows from the general result of the paper [13].

Next, we prove existence of the strong trace for isentropic solutions of the equation (1).

Proposition 2. Let u(t, x) ∈ L^∞(Π) be an i.s. of (1). Then u(t, ·) → u_0 in L^1_{loc}(R^n) as t → 0, t ∈ E.

Proof. If u = u(t, x), v = v(t, x) are two i.s. of the equation (1) then by the Kruzhkov method of ”doubling variables” (see [1]) one can derive the relation

|u − v|_t + div_x[sign (u − v)(φ(u) − φ(v))] = 0 in D^′(Π). (14)

Consider this relation with i.s. u = u(t, x) and v = u(t, x + Δx), where Δx ∈ R^n. Let f(x) ∈ C^∞_0 (R^n), f(x) ≥ 0, τ, T ∈ E, τ < T . Here E ⊂ R_+ is a set of full measure defined by (11).

Now, we take g(t, x) = f(x)χ_ν(t), where χ_ν(t) = θ_ν(t − τ) − θ_ν(t − T ), ν ∈ N, and apply (14) to the test function g(t, x) ∈ C^∞_0 (Π). After simple transforms we obtain that ∫ +∞ 0 ∫ R n |u(t, x) − v(t, x)|f(x)dxδ_ν (t − T )dt − ∫ +∞ 0 ∫ R n |u(t, x) − v(t, x)|f(x)dxδ_ν (t − τ)dt = ∫ Π sign (u − v)(φ(u) − φ(v), ∇_xf)χ_ν(t)dtdx. It is easy to see that the values τ, T ∈ E are Lebesgue points of the function t → ∫ R n |u(t, x)−v(t, x)|f(x)dx and from the relation above we derive, in the limit as ν → ∞, the equality ∫ R n |u(T, x) − v(T, x)|f(x)dx − ∫ R n |u(τ, x) − v(τ, x)|f(x)dx = ∫ (τ,T )×R^n sign (u − v)(φ(u) − φ(v), ∇_xf)dtdx, which implies the estimate: ∫ R n |u(τ, x) − v(τ, x)|f(x)dx ≤ ∫ R n |u(T, x) − v(T, x)|f(x)dx + ∫ (0,T )×R^n |φ(u) − φ(v)| · |∇_xf|dtdx. (15)

Denote

ω^0_f (h) = sup_{|Δx|<h} ∫ R n |u(T, x + Δx) − u(T, x)|f(x)dx, ω_f (h) = sup_{|Δx|<h} ∫ (0,T )×R^n |φ(u(t, x + Δx)) − φ(u(t, x))| · |∇_xf|dtdx. By continuity on the average ω^0_f (h), ω_f (h) → 0 as h → 0 for all f ∈ C^∞_0 (R^n). Then from (15) it follows that ∀Δx ∈ R^n, |Δx| < h ∫ R n |u(τ, x + Δx) − u(τ, x)|f(x)dx ≤ ω^0_f (h) + ω_f (h) →_{h→0} 0 for all τ ∈ (0, T ) ∩ E, f ∈ C^∞_0 (R^n), f ≥ 0. Thus, the family u(τ, ·), τ ∈ (0, T )∩E is equicontinuous in L^1(R^n, f(x)dx) and uniformly bounded (by the condition u ∈ L^∞(Π)). By the Hausdorff criterion this family is precompact in L^1(R^n, f(x)dx) and in L^1_{loc}(R^n) ( because f is arbitrary ). Therefore there is a function u_0 ∈ L^∞(R^n), which is a strong limit point of u(τ, ·) as τ → 0. Obviously, u_0 is a weak limit point for u(τ, ·) as well and must coincide with the limit function from Proposition 1. In particular, the strong limit function u_0 is uniquely defined, and we derive existence of the limit u(t, ·) → u_0 in L^1_{loc}(R^n) as t → 0, t ∈ E. The proof is complete.

In the general case we have the following simple sufficient condition for existence of the strong trace:

Proposition 3. Let u(t, x) ∈ L^∞(Π) to satisfy (7) and there is a sequence t_m ∈ E such that t_m →_{m→∞} 0, and u(t_m, ·) →_{m→∞} u_0 in L^1_{loc}(R^n). Then u(t, ·) → u_0 in L^1_{loc}(R^n) as t → 0, t ∈ E.

Proof. By Proposition 1 and Corollary 1 as t → 0, t ∈ E

u(t, ·) → u_0, η_k(u) → v_k ∗ -weakly in L^∞(R^n) ∀k ∈ F,

where u_0, v_k ∈ L^∞(R^n). Since |η_k(u) − η_r(u)| ≤ |k − r| we can conclude that the limit relation η_k(u) →_{t→0,t∈E} v_k ∗-weakly in L^∞(R^n) remains valid for all k ∈ R. By our assumptions, as m → ∞ u(t_m, ·) → u_0 in L^1_{loc}(R^n). Therefore, also η_k(u(t_m, ·)) → η_k(u_0) in L^1_{loc}(R^n). Thus, it is necessary that v_k = η_k(u_0). Let M = ‖u‖_∞. By weak convergence η_k(u(t, ·)) → η_k(u_0) ∀k ∈ R we have the relation ∫ M −M η_k(u(t, ·))dk →_{t→0,t∈E} ∫ M −M η_k(u_0(·))dk ∗ -weakly in L^∞(R^n).

Taking into account that u_0(·), u(t, ·) ∈ [−M, M] for t ∈ E a.e. in R^n, and ∀u ∈ [−M, M] ∫ M −M η_k(u)dk = ∫ M −M |u − k|dk = u^2 + M^2, we obtain that u^2(t, ·) → u^2_0(·) ∗-weakly in L^∞(R^n) as t → 0, t ∈ E. This, together with ∗-weak convergence u(t, ·) → u_0(·), implies strong convergence u(t, ·) → u_0 in L^1_{loc}(R^n). Indeed, if ρ(x) ∈ L^1(R^n), ρ(x) ≥ 0 then ∫ R n (u(t, x) − u_0(x))^2ρ(x)dx = ∫ R n (u^2(t, x) − u^2_0(x))ρ(x)dx − 2 ∫ R n (u(t, x) − u_0(x))u_0(x)ρ(x)dx → 0 as t → 0, t ∈ E. The proof is complete.

Let u(t, x) ∈ L^∞(Π) to satisfy the condition (7). We consider a sequence ε_m > 0, m ∈ N such that ε_m → 0 as m → ∞ and set u_m = u_m(t, x) = u(ε_mt, ε_mx+y), where y ∈ R^n is treated as a fixed parameter. By Corollary 1 there exists the function u_0(x) ∈ L^∞(Π) such that u(t, ·) → u_0 ∗-weakly in L^∞(R^n) as t → 0, t ∈ E. We set also u_{0m}(x) = u_0(ε_mx + y).

The following lemma was essentially proved in [6] ( Lemma 3 ).

Lemma 1. There exists a subsequence of ε_m ( we keep the notation ε_m ) such that for a.e. y ∈ R^n u_{0m}(x) → u_0(y) = const in L^1_{loc}(R^n) as m → ∞.

Evidently, u_m(t, x) satisfies equalities like (7), namely

η_k(u_m)_t +div_xψ_k(u_m) = −S^y_m(γ_k) = −ε_mγ_k(ε_mt, ε_mx+y) in D^′(Π).(16)

The operator S^y_m is defined on the space M_{loc}(Π̄) by the equality S^y_m(γ) = ε_mγ(ε_mt, ε_mx + y) understood in the sense of distributions. This means that ∀f(t, x) ∈ C_0(Π) < S^y_m(γ), f >= (ε_m)^{−n} ∫ Π f(t/ε_m, (x − y)/ε_m)dγ(t, x). The following lemma can be proved in just the same way as Lemma 2 in [6].

Lemma 2. If γ ∈ M_{loc}(Π̄) then, after possible extraction of a subsequence, for a.e. y ∈ R^n S^y_m(γ) →_{m→∞} 0 in M_{loc}(Π̄). As usual, the topology in M_{loc}(Π̄) is generated by seminorms ‖γ‖_K = Var(γ)(K), where K is a compact set in Π̄.

Applying Lemma 2 to the measures γ_k, k ∈ F , we see that there exists a subsequence of the sequence ε_m ( we keep the notation ε_m for this subsequence) and a set Y ⊂ R^n of full measure such that S^y_m(γ_k) → 0 in M_{loc}(Π̄) as m → ∞ ∀y ∈ Y . Below we shall assume that the dense set F ⊂ R is countable. Then, using the standard diagonal extraction, we can choose the indicated subsequence being common for all k ∈ F .

Thus, we can assume that the sequence ε_m and the set Y ⊂ R^n of full measure are chosen in such way that the assertions of Lemma 1 and Lemma 2 ( for each γ = γ_k, k ∈ F ) hold.

Our interest to the sequence u_m(t, x) is stipulated by the following theorem:

Theorem 2. Existence of the strong trace ess lim_{t→0} u(t, ·) = u_0 in L^1_{loc}(R^n) is equivalent to the condition that, after possible extraction of a subsequence, for a.e. y ∈ R^n the sequence u_m(t, x) converges in L^1_{loc}(Π).

Proof. Suppose ess lim_{t→0} u(t, ·) = u_0 in L^1_{loc}(R^n) and y ∈ Y , We denote ρ(y) = e^{−|y|}. Then for a.e. (t, x) ∈ Π ∫ |u(ε_mt, ε_mx + y) − u_0(ε_mx + y)|ρ(y)dy = ∫ |u(ε_mt, z) − u_0(z)|ρ(z − ε_mx)dz →_{m→∞} 0. Integrating this relation over (t, x) weighted p(t, x) = e^{−t−|x|}, and using the Lebesgue dominated convergence theorem we derive the relation ∫ (∫ Π |u(ε_mt, ε_mx + y) − u_0(ε_mx + y)|p(t, x)dtdx ) ρ(y)dy →_{m→∞} 0. From this it follows that, after possible extraction of a subsequence, u_m(t, x)− u_{0m}(x) → 0 as m → ∞ in L^1_{loc}(Π) for a.e. y ∈ Y . By Lemma 1 we see also that u_{0m}(x) → u_0(y) in L^1_{loc}(Π) and we can conclude that for a.e. y u_m(t, x) → u_0(y) in L^1_{loc}(Π), as required.

Conversely, suppose that ∀y ∈ Y_1, where Y_1 ⊂ Y is a set of full measure, the sequence u_m(t, x) converges in L^1_{loc}(Π) to some function v(·, y) ∈ L^∞(Π).

Passing to the limit as m → ∞ in (16) and taking into account that for k ∈ F S^y_m(γ_k) → 0 in D^′(Π), we obtain that ∀k ∈ F

η_k(v)_t + div_xψ_k(v) = 0 in D^′(Π). (17)

Since the left-hand side of this equality is continuous by k in D^′(Π), while F ⊂ R is dense we conclude that (17) holds for all k ∈ R, i.e. v(t, x, y) is an i.s. of the equation (1) for all y ∈ Y_1.

Now, we fix y ∈ Y_1. By the relation like (13) with u = u_m(t, x), η(u) = u we see that for a.e. τ > 0 ∀f(x) ∈ C^∞_0 (R^n)

I_m(τ) − I_m(0+) = ∫ R n u_m(τ, x)f(x)dx − ∫ R n u_{0m}(x)f(x)dx = ∫ (0,τ]×R^n (φ(u_m), ∇_xf)dtdx − ∫ (0,τ]×R^n f(x)dγ^{(m)}(t, x), where γ^{(m)} = S^y_m(γ), and γ is the measure from (9).

From this equality we derive the estimate

|I_m(τ) − I_m(0+)| ≤ C_f · τ + |γ^{(m)}|((0, T ] × K), (18) C_f = const, K = supp f,

which holds for a.e. τ ∈ (0, T ). Here the constant C_f depends only on ‖u‖_∞.

Observe that γ = γ_k for large enough k ∈ F and by our assumptions the conclusion of Lemma 2 holds, that is |γ^{(m)}|((0, T ] × K) → 0 as m → ∞. Further, for a.e. τ > 0 u_m(τ, ·) → v(τ, ·) as m → ∞ in L^1_{loc}(R^n) (after possible extraction of a subsequence), and also u_{0m}(x) → u_0(y) in L^1_{loc}(R^n) (by Lemma 1). Therefore, from (18) it follows, in the limit as m → ∞, that for a.e. τ > 0, ∀f(x) ∈ C^∞_0 (R^n) | | | | ∫ R n v(τ, x, y)f(x)dx − ∫ R n u_0(y)f(x)dx | | | | ≤ C_f τ → 0, i.e. ess lim_{t→0} v(t, ·, y) = u_0(y) ∗-weakly in L^∞(R^n). By Proposition 2 the i.s. v(·, y) has the strong trace, therefore, ess lim_{t→0} v(t, ·, y) = u_0(y) in L^1_{loc}(R^n). In particular, v(·, y) is a g.e.s. to the Cauchy problem for (1) with the constant initial data u_0(y). By the maximum principle ( see for instance [2, 3, 4] ) this solution is constant as well: v(·, y) = u_0(y) a.e. in Π. Remark that in the case under consideration the flux vector is only continuous and a g.e.s.

to the Cauchy problem can be nonunique if n > 1 ( see [2, 4] ). But, in the case of constant initial data uniqueness of g.e.s. follows from the maximum principle ( or the comparison principle ). Thus, u_m(t, x, y) − u_0(y) → 0 as m → ∞ in L^1_{loc}(Π) ∀y ∈ Y_1. By Lemma 1 also u_m(t, x, y) − u_{0m}(x, y) → 0 in L^1_{loc}(Π) for a.e. y ∈ R^n. Then, for f(x) ∈ C^∞_0 (R^n), ρ(y) = e^{−|y|} ∫ R n ∫ Π_T |u_m(t, x, y) − u_{0m}(x, y)|f(x)dtdxρ(y)dy →_{m→∞} 0, (19) where Π_T = (0, T ) × R^n, T > 0.

Changing the order of integration in (19) and making the change of variables z = ε_mx + y in integral over y, we obtain the equality ∫ R n ∫ Π_T |u_m(t, x, y) − u_{0m}(x, y)|f(x)dtdxρ(y)dy = ∫ Π_T ∫ R n |u(ε_mt, ε_mx + y) − u_0(ε_mx + y)|ρ(y)dyf(x)dtdx = ∫ Π_T ∫ R n |u(ε_mt, z) − u_0(z)|ρ(z − ε_mx)dyf(x)dtdx = C ∫ Π_T ∫ R n |u(ε_mt, z) − u_0(z)|ρ(z)dtdz + α_m, α_m →_{m→∞} 0, C = ∫ R n f(x)dx. Then from (19) it follows that ∫ Π_T ∫ R n |u(ε_mt, z) − u_0(z)|ρ(z)dtdz →_{m→∞} 0 and, after possible extraction of a subsequence, for a.e. t ∈ (0, T ) u(ε_mt, ·) → u_0 in L^1_{loc}(R^n). Obviously, the value t can be chosen in such way that t_m = ε_mt ∈ E ∀m ∈ N. By Proposition 3 we conclude that u(t, ·) → u_0 in L^1_{loc}(R^n) as t → 0, t ∈ E. The theorem is proved.

§ 3. Reduction of the space dimension.

Suppose that one of the components of the flux vector, say φ_n, is absent, i.e. equation (1) has a form

u_t = n−1∑ i=1 φ_i(u)_{xi} = u_t + div_x0φ(u) = 0, x^′ = (x_1, . . . , x_{n−1}), φ(u) = (φ_1(u), . . . , φ_{n−1}(u)) ∈ R^{n−1}.

It is natural to consider the equation

u_t + div_x0φ(u) = 0, u = u(t, x^′) (20) in the half-space Π^′ = R_+ × R^{n−1} with reduced space dimension.

Below, to justify the inductive jump in the proof of Theorem 1, we shall need the following result

Theorem 3. For a.e. x_n ∈ R the function ũ(t, x^′) = u(t, x^′, x_n) satisfies condition (7) for equation (20).

To prove this theorem we shall need the following lemma. Lemma 3. Let N ∈ N and γ be a locally finite measure on R^N × R.

Then for a.e. λ ∈ R there exist a locally finite measure γ_λ on R^N such that ∀f(x) ∈ C_0(R^N) lim_{ν→∞} ∫ R N+1 f(x)δ_ν(s − λ)dγ(x, s) = ∫ R N f(x)dγ_λ(x).

Proof. We denote |γ| = Var γ and assume firstly that

|γ|(R^N × [a, b]) < +∞ for any segment [a, b] ⊂ R. (∗) Then we can define a projection m = pr^∗ |γ|, which is an image of |γ| under the map pr(x, s) = s. It is clear that m is a locally finite nonnegative measure on R. Further, for any function f(x) ∈ C_0(R^n) the correspondence g → ∫ R N+1 f(x)g(s)dγ(x, s), g ∈ C_0(R) defines a bounded linear functional l_f on C_0(R), moreover | < l_f , g > | ≤ ‖f‖_∞ ∫ R N +1 |g(s)|d|γ|(x, s) = ‖f‖_∞ ∫ R |g(s)|dm(s). (21) In particular, | < l_f , g > | ≤ ‖f‖_∞m(K)‖g(s)‖_∞, K = supp g, which implies that the functional l_f is in fact continuous. By the known representation theorem l_f is given as the integral < l_f , g >= ∫ R g(s)dμ_f (s) over some locally finite measure μ_f , and, as it follows from (21), its variation |μ_f | ≤ ‖f‖_∞ · m. The latter implies that the measures μ_f are absolutely continuous with respect to the measure m and by the Radon-Nikodym theorem μ_f = α_f (s)m, where α_f (s) are measurable over the measure m, and also |α_f | ≤ ‖f‖_∞ m-a.e. on R. Now, we consider the Lebesgue decomposition m = β(s)ds + σ, where β(s) ∈ L^1_{loc}(R), β(s) ≥ 0, and σ is a singular measure. By known properties of measures ( see for instance [14] ) there exists a set of full Lebesgue measure A ⊂ R, on which the measure σ has the null derivative over the Lebesgue measure ds that is ∀λ ∈ A lim_{ν→∞} ∫ δ_ν(s − λ)dσ(s) = 0. (22)

We choose a countable dense set G ⊂ C_0(R^N) and consider the set A^′ ⊂ A consisting of common Lebesgue points for the function β(s) and the countable family of functions ρ_f (s) = α_f (s)β(s) with f ∈ G. Since |ρ_f (s) − ρ_h(s)| = |α_{f−h}(s)|β(s) ≤ ‖f − h‖_∞β(s) ∀g, h ∈ C_0(R^N) and G is dense in C_0(R^N) we conclude that λ ∈ A^′ are Lebesgue points of all functions ρ_f (s), f ∈ C_0(R^N). For λ ∈ A^′ we have ∫ R N+1 f(x)δ_ν(s − λ)dγ(x, s) = ∫ R δ_ν(s − λ)α_f (s)dm(s) = ∫ R δ_ν(s − λ)ρ_f (s)ds + ∫ R δ_ν(s − λ)α_f (s)dσ(s). (23) Since λ is a Lebesgue point of the functions ρ_f (s) then ∫ R δ_ν(s − λ)ρ_f (s)ds → ρ_f (λ) as ν → ∞. Further, in view of (22) | | | | ∫ R δ_ν(s − λ)α_f (s)dσ(s) | | | | ≤ ‖α_f ‖_∞ ∫ R δ_ν(s − λ)dσ(s) ≤ ‖f‖_∞ ∫ R δ_ν(s − λ)dσ(s) →_{ν→∞} 0 and from (23) it follows that ∫ R N+1 f(x)δ_ν(s − λ)dγ(x, s) → ρ_f (λ) as ν → ∞. (24)

For a fixed λ ∈ A^′ the correspondence f → ρ_f (λ) determines a bounded linear functional on C_0(R^N) and, taking account of the estimate |ρ_f (λ)| = |α_f (λ)β(λ)| ≤ β(λ)‖f‖_∞, we have the representation

ρ_f (λ) = ∫ R N f(x)dγ_λ(x), (25) where γ_λ is a finite Borel measure such that |γ_λ|(R^N) ≤ β(λ), λ ∈ A^′. From (24), (25) it directly follows the conclusion of the Lemma.

In the general case of arbitrary locally finite measure γ we introduce measures γ^l = γ|_{Bl} , where B_l is a ball |x| ≤ l, l ∈ N. We see that the measures γ^l can be considered on the whole space R^N and satisfy the condition (*). As we have already proved, there are sets A_l ⊂ R of full Lebesgue measure and finite Borel measures γ^l_λ such that ∀λ ∈ A_l lim_{ν→∞} ∫ R N+1 f(x)δ_ν(s − λ)dγ^l(x, s) = ∫ R N f(x)dγ^l_λ(x). (26) It is clear that the set A = ∩_{l∈N} A_l has full measure and for λ ∈ A relation (26) holds for all l ∈ N. This, in particular, implies that measures γ^l_λ are compatible: γ^l

0_λ |_{Bl} = γ^l_λ for l^′ > l. Therefore, there exists a locally finite measure γ_λ on R^N such that γ_λ|_{Bl} = γ^l_λ ∀l ∈ N. From (26) it follows that for λ ∈ A ∀f(x) ∈ C_0(R^N) lim_{ν→∞} ∫ R N+1 f(x)δ_ν(s − λ)dγ(x, s) = ∫ R N f(x)dγ_λ(x), as was to be proved.

Proof of Theorem 3. Remark firstly that the measures γ_k from (7) can be extended on the whole space R^{n+1}, so that the extended measure of a Borel set A ⊂ R^{n+1} equals to γ_k(A∩Π). As it is easy to see, the extended measures are locally finite and by Lemma 3 there exists a set A ⊂ R of full measure such that for λ ⊂ A the following limit relation holds: ∀k ∈ F, f(t, x^′) ∈ C_0(Π^′) lim_{ν→∞} ∫ Π f(t, x^′)δ_ν(s − λ)dγ_k(t, x, s) = ∫ Π0 f(t, x^′)dγ^{k,λ}(t, x^′), (27) where γ_{k,λ}(t, x^′) are locally finite measures on Π^′. We also utilize the fact that the set F is countable, which allows us to choose the set A being common for all k ∈ F .

Let A_1 ⊂ A be a set of λ ∈ A such that for a.e. (t, x^′) ∈ Π^′ (t, x^′, λ) is a Lebesgue point of the function u(t, x) = u(t, x^′, s). Obviously, A_1 is a set of full measure on R. Let λ ∈ A_1, f(t, x^′) ∈ C^∞_0 (Π^′). We choose a test function g(t, x) = f(t, x^′)δ_ν(x_n − λ). By condition (7), applying to the test function g, ∀k ∈ F ∫ Π [η_k(u)f_t+(ψ_k(u), ∇_x0f)]δ_ν(x_n−λ)dtdx^′dx_n = ∫ Π f(t, x^′)δ_ν(x_n−λ)dγ_k(t, x^′, x_n). Passing in this equality to the limit as ν → ∞ and taking account of (27), we find that ∫ Π0[η^k(u(·, λ))f^t + (ψ^k(u(·, λ)), ∇^x0f)]dtdx^′ = ∫ Π0 f(t, x^′)γ^{k,λ}(t, x^′). Since f(t, x^′) ∈ C^∞_0 (Π^′) is arbitrary, we obtain that ∀k ∈ F ∂ ∂t η_k(u(·, λ)) + div_x0ψ_k(u(·, λ)) = −γ_{k,λ} in D^′(Π^′),

i.e. the function ũ = u(·, λ) satisfies to (7) for equation (20). The proof is complete.

§ 4. H-measures associated with sequences of measure valued functions.

We shall need the notion of measure valued function ( see [15, 16] ). Let Ω be a domain in some Euclidean space R^N. We recall that a measure valued function on Ω is a weakly measurable map x → ν_x of the set Ω into the space of Borel probability measures having compact supports on R. Weak measurability of ν_x means that for any continuous function f(λ) the function x → ∫ f(λ)dν_x(λ) is Lebesgue measurable on Ω.

A measure valued function ν_x is said to be bounded if there is a constant M > 0 such that supp ν_x ⊂ [−M, M] for a.e. x ∈ Ω. The minimal of such M will be denoted by ‖ν_x‖_∞.

Finally, measure valued functions of the kind ν_x(λ) = δ(λ − u(x)), where δ(λ − u) is the Dirac measure at the point u, are called regular and they are identified with the corresponding functions u(x). Thus, the set MV(Ω) of bounded measure valued functions on Ω includes the space L^∞(Ω).

We shall use also the following notions:

Definition 2. Suppose ν^m_x ∈ MV(Ω), m ∈ N; ν_x ∈ MV(Ω). We shall say that

1) the sequence ν^m_x is bounded if for some constant M > 0 for all natural m ‖ν^m_x ‖_∞ ≤ M; 2) the sequence ν^m_x converges to ν_x weakly if ∀f(λ) ∈ C(R) ∫ f(λ)dν^m_x (λ) →_{m→∞} ∫ f(λ)dν_x(λ) ∗-weakly in L^∞(Ω);

3) the sequence ν^m_x converges to ν_x strongly if ∀f(λ) ∈ C(R) ∫ f(λ)dν^m_x (λ) →_{m→∞} ∫ f(λ)dν_x(λ) in L^1_{loc}(Ω). Measure valued functions are naturally arised as weak limits of bounded sequences in L^∞(Ω) in the sense of the following theorem of Tartar ( see [16] ).

Theorem 4. Let u_m(x) ∈ L^∞(Ω), m ∈ N be a bounded sequence. Then there exist a subsequence u_r(x) = u_{mr} (x) and a measure valued function ν_x ∈ MV(Ω) such that u_r(x) → ν_x weakly ( that is the sequence of regular measure valued functions ν^r_x = δ(λ − u_r(x)), identified with u_r, converges weakly to ν_x ).

Besides, ν_x is regular, i.e. ν_x = δ(λ − u(x)) if and only if u_r(x) →_{r→∞} u(x) in L^1_{loc}(Ω) that is ν^r_x → ν_x strongly.

The notion of H-measure was introduced in [8, 9] and was further extended in [10] to the case of sequences of bounded measure valued functions.

Let ν^m_x ∈ MV(Ω), m ∈ N be a bounded sequence of measure valued functions weakly convergent to a measure valued function ν_x ∈ MV(Ω). For x ∈ Ω and p ∈ R we set

V_m(x, p) = ν^m_x ((p, +∞)), V_0(x, p) = ν_x((p, +∞)).

It was shown in [10] that for m ∈ N ∪ {0}, p ∈ R the functions V_m(x, p) ∈ L^∞(Ω) and 0 ≤ V_m(x, p) ≤ 1. Let

P = P (ν_x) = { p_0 ∈ R | V_0(x, p) →_{p→p0} V_0(x, p_0) in L^1_{loc}(Ω) } . The following lemma was proved in [10]:

Lemma 4. The complement CP = R \ P is at most countable and for p ∈ P V_m(x, p) →_{m→∞} V_0(x, p) ∗-weakly in L^∞(Ω).

Let U^p_m(x) = V_m(x, p) − V_0(x, p). By Lemma 4 for p ∈ P U^p_m(x) → 0 as m → ∞ ∗-weakly in L^∞(Ω). We introduce the following notation: F (u)(ξ), ξ ∈ R^N is the Fourier transform of u(x) ∈ L^2(R^N); S = S^{N−1} = { ξ ∈ R^N | |ξ| = 1 } denotes the unit sphere in R^N; u → ū, u ∈ C , is complex conjugation.

Proposition 4 ( see [10] ). 1) There exists a family of complex-valued locally finite Borel measures {μ^{pq}}_{p,q∈P} on Ω × S and a subsequence U_r(x) = {U^p_r (x)}_{p∈P} , U^p_r (x) = U^p_m(x) for m = m_r such that ∀Φ_1(x), Φ_2(x) ∈ C_0(Ω), ψ(ξ) ∈ C(S) ⟨μ^{pq}, Φ_1(x)Φ_2(x)ψ(ξ)⟩ = lim_{r→∞} ∫ R N F (Φ_1U^p_r )(ξ)F (Φ_2U^qr )(ξ)ψ(ξ/|ξ|)dξ. 2) The map (p, q) → μ^{pq} is continuous as a map from P × P into the space M_{loc}(Ω × S) of locally finite Borel measures on Ω × S.

Definition 3. The family {μ^{pq}}_{p,q∈P} is called the H-measure corresponding to the subsequence ν^r_x = ν^m_x , m = m_r.

In the following lemma some important properties of the H-measure are collected (see [10]):

Lemma 5. 1) ∀p ∈ P μ^{pp} ≥ 0; 2) ∀p, q ∈ P μ^{pq} = μ^{qp}; 3) for p_1, . . . , p_l ∈ P and for any bounded Borel set C ⊂ Ω × S the matrix a_{ij} = μ^{pipj} (C), i, j = 1, . . . , l is positively definite;

4) μ^{pq} = 0 ∀p, q ∈ P if and only if the sequence ν^r_x is strongly convergent as r → ∞. Now, let φ(u) ∈ C(R, R^N) be a continuous vector function. Suppose that the sequence ν^r_x satisfies the condition:

C) ∀p ∈ R the sequence of distributions

L^p_r = div_x ∫ (p,+∞) (φ(λ) − φ(p))dν^r_x(λ) is precompact in H^{−1}_{loc} (Ω).

Here, as usual, the space H^{−1}_{loc} (Ω) consists of distributions u(x) such that for all f(x) ∈ C^∞_0 (Ω) the product fu ∈ H^{−1}_2 . The topology in H^{−1}_{loc} (Ω) is generated by seminorms ‖fu‖_H�1_2 , f ∈ C^∞_0 (Ω).

From the results of [11] (see Lemma 2 and the proof of Theorem 4) it directly follows the theorem, which plays key role in the proof of our main Theorem 1.

Theorem 5. Suppose that the H-measure {μ^{pq}}_{p,q∈P} corresponding to the sequence ν^r_x is not trivial and the condition C) is satisfied.

Then there exists a nondegenerate segment I = [p_0, p_0 + δ] and values q ∈ P and ξ ∈ S such that (ξ, φ(u)) = const on I and μ^{pq} ≠ 0 ∀p ∈ P ∩ I.

In particular from Theorem 5 it follows that under the nondegeneracy condition

∀ξ ∈ S the function u → (ξ, φ(u)) is not constant on nondegenerate intervals

μ^{pq} ≡ 0 and, therefore, the sequence ν^r_x is strongly convergent.

In [12] this result was generalized to the case when the flux vector φ depends also on the spatial variables x.

§ 5. Proof of Theorem 1.

We shall use the method of mathematical induction in the spatial dimension n.

If n = 0 (the base) then we use that u = u(t) satisfies to condition (9): u^′ = −γ in D^′(R), where γ is a locally finite measure on [0, +∞). This implies that u(t) has bounded variation on any interval (0, T ), T > 0. Therefore, we can find u_0 ∈ R such that lim_{t→0−} u(t) = u_0, as required.

Assuming that the conclusion of Theorem 1 is true for n − 1 space variables, we prove it for dimension n. So, suppose that the function u = u(t, x) satisfies (7) for the origional equation (1).

We introduce the set I of segments I = [a, b], a, b ∈ F , such that for some nonzero vector ξ̄ = (ξ_0, ξ) ∈ R^{n+1} the function u → ξ_0u + (φ(u), ξ) is constant on I. Since the set F is assumed to be countable, the set I is also countable (or empty).

Let I = [a, b] ∈ I. We set v = v(t, x) = max(a, min(u, b)) so that v(t, x) ∈ I. Let us show that the function v(t, x) also satisfies to condition (7). Take k ∈ F . Then k^′ = max(a, min(k, b)) ∈ F and one can easily verify that

η_k(v) = |v − k| = η_k0(u) − (η_a(u) + η_b(u))/2 + (b − a)/2, ψ_k(v) = sign (v − k)(φ(v) − φ(k)) = ψ_k0(u) − (ψ_a(u) + ψ_b(u))/2 + (φ(b) − φ(a))/2,

which implies that in D^′(Π)

η_k(v)_t + div_xψ_k(v) = (γ_a + γ_b)/2 − γ_k0 ∈ M_{loc}(Π̄)

for all k ∈ F , i.e. v(t, x) satisfies (7).

Now, recall that ξ_0v + (φ(v), ξ) = const for v ∈ I. In particular, from this follows that ξ ≠ 0. Hence, we can find a nondegenerate linear change of variables z = z(t, x) = ct+Ax ∈ R^n, t = t (here c ∈ R^n, A is a nondegenerate n × n-matrix) such that z_n = ξ_0t + (ξ, x). After this change equation (1) reduces to the form

u_t + div_zφ̃(u) = 0, where φ̃_n(u) = ξ_0u + (φ(u), ξ) = const ∀u ∈ I.

Therefore, for u = u(t, z) ∈ I the last component φ̃_n(u) vanishes, and the equation can be written as follows

u_t + n−1∑ i=1 φ̃_i(u) = 0. (28)

We consider the function v as a function of new variables (t, z), so that v(t, z(t, x)) = v(t, x). Clearly, the function v(t, z) = v(t, z^′, z_n) satisfies condition (7) for equation (28), here z^′ = (z_1, . . . , z_{n−1}) ∈ R^{n−1}.

By Theorem 3, for a.e. z_n ∈ R the function v(·, z_n) ∈ L^∞(Π^′) satisfies condition (7) for equation (28), defined on the domain Π^′ = R_+ × R^{n−1}. As it is well-known ( see for instance [14] ), the set

M = { (t, z) = (t, z^′, z_n) ∈ Π | (t, z) is a Lebesgue point u, (t, z^′) is a Lebesgue point u(·, z_n) }

has full measure. Therefore, for a set E_1 of full measure of values t > 0 the sections M_t = {z ∈ R^n | (t, z) ∈ M } have full measure on R^n. Observe that E_1 ⊂ E, where the set E is defined by (11). Now, we choose a sequence t_r ∈ E_1, t_r →_{r→∞} 0, and introduce the sets Z_r ⊂ R consisting of values s ∈ R such that (z^′, s) ∈ M_{tr} for a.e. z^′ ∈ R^{n−1}. Clearly, Z_r have full measure, consequently Z = ∩_{r∈N} Z_r is also a set of full measure. We see also that for s ∈ Z all t_r ∈ E(s), where E(s) is defined by (11) for the function u(·, s) on Π^′ = R_+ × R^{n−1}.

As we have already established, for a.e. z_n ∈ Z v(·, z_n) satisfies condition (7) for equation (28) on Π^′. By the inductive assumption v(t_r, ·, z_n) → v_0(·, z_n) in L^1_{loc}(R^{n−1}) as r → ∞, where v_0 = v_0(z^′, z_n) ∈ L^∞(R^n). Using the Lebesgue dominated convergence theorem, we conclude that as r → ∞ also v(t_r, z) → v_0(z) in L^1_{loc}(R^n). This easily implies the same limit relation under origional variables x: v(t_r, x) →_{r→∞} v_0(x) in L^1_{loc}(R^n). By Proposition 3 v(t, x) has the strong trace on the hyperspace t = 0, i.e. v(t, ·) → v_0 in L^1_{loc}(R^n) as t → 0, t ∈ E. Then, by Theorem 2 we can find a subsequence of the sequence ε_m from § 2 such that the corresponding sequence v_m = v_m(t, x) = v(ε_mt, ε_mx + y) converges strongly ( that is in L^1_{loc}(Π) ) for a.e. y ∈ R^m.

The established property remains valid for any choice of the segment I ∈ I. Since I is countable then, using the diagonal extraction, we can choose the subsequence ε_m and the set Y ⊂ R^n of full measure to be common for all I ∈ I. More exactly, we can assume that the conclusions of Lemma 1 and Lemma 2 ( for all γ = γ_k, k ∈ F ) hold, and ∀I ∈ I, y ∈ Y v_m = v_m(t, x) is strongly convergent as m → ∞, where v_m = Q_I (u_m), and for I = [a, b] Q_I (u) = max(a, min(u, b)), u_m = u_m(t, x) = u(ε_mt, ε_mx + y).

Now, we fix y ∈ Y . According to Theorem 4 we can extract a subsequence ε_r = ε_{mr} such that the corresponding sequence of the regular measure valued functions ν^r_{t,x}(λ) = δ(λ − u_r(t, x)) ( with u_r(t, x) = u_{mr} (t, x) ) converges as r → ∞ weakly to a measure valued function ν_{t,x}, and for this sequence the H-measure μ^{pq} = μ^{pq}(t, x, ξ̄) ∈ M_{loc}(Π × S), p, q ∈ P is determined, where S = S^n = { ξ̄ = (ξ_0, ξ) ∈ R^{n+1} | |ξ̄| = 1 } is the unit sphere, and the set P ⊂ R is defined as in the previous section.

We introduce, as in § 4,

V_r(t, x, p) = ν^r_{t,x}((p, +∞)) = sign^+(u_r(t, x) − p), V_0(t, x, p) = ν_{t,x}((p, +∞)), U^p_r (t, x) = V_r(t, x, p) − V_0(t, x, p), here (t, x) ∈ Π, p ∈ P . Let us show that the sequence ν^r_{t,x} satisfies to condition C). Indeed,

L^p_r = ∂ ∂t ∫ (p,+∞) (λ − p)dν^r_x(λ) + div_x ∫ (p,+∞) (φ(λ) − φ(p))dν^r_x(λ) = ∂ ∂t (u_r − p)^+ + div_x[sign^+(u_r − p)(φ(u_r) − φ(p))]

and from the equalities

(u − p)^+ = (η_p(u) + (u − p))/2, sign^+(u_r − p)(φ(u_r) − φ(p)) = (ψ_p(u) + φ(u) − φ(p))/2, relations (7), (9), and (16) it follows that for p ∈ F

L^p_r = −S^y_r (β_p), where β_p = (γ_p + γ)/2.

By Lemma 2 the sequence S^y_r (β_p) → 0 as r → ∞ in M_{loc}(Π̄) and, according to the Murat’s lemma ( [17] ), L^p_r → 0 in H^{−1}_{loc} .

Further, if f(t, x) is a function in Sobolev space H^1_2 (Π) having compact support K ⊂ Π then, as it easily verified, | < L^p_r − L^q_r, f > | ≤ C_K(|p − q| · ‖f_t‖_2 + |φ(p) − φ(q)| · ‖∇_xf‖_2) ≤ C_K(|p − q| + |φ(p) − φ(q)|)‖f‖_H1_2 , which implies that the sequence L^p_r is equicontinuous over the parameter p in H^{−1}_{loc} (Π) and, since L^p_r → 0 in H^{−1}_{loc} for the dense set p ∈ F , this limit relation remains valid for all p. Thus, condition C) is satisfied and we can use the conclusion of Theorem 5. We shall show that the H-measure μ^{pq} ≡ 0. Otherwise, by Theorem 5 one can find a nondegenerate segment I = [a, b] ∈ I and q ∈ P such that μ^{pq} ≠ 0 ∀p ∈ P ∩ I. We set v_r = Q_I (u_r). As we have seen above, the sequence v_r is strongly convergent. Hence, the H-measure corresponding to this sequence μ̃^{pq} = 0. Now, since for p ∈ P ∩I V_r(t, x, p) = sign^+(u_r(t, x) − p) = sign^+(v_r(t, x) − p), we conclude that μ^{pq} = μ̃^{pq} = 0 for p, q ∈ P ∩ I. In particular, μ^{pp} = 0 ∀p ∈ P ∩ I. But, as it follows from property 3 in Lemma 5, μ^{pq} = 0 ∀p ∈ P ∩ I, q ∈ P . This contradicts to our choice of the segment I. Thus, μ^{pq} ≡ 0 and by property 4 in Lemma 5 the sequence u_r is strongly convergent as r → ∞. Besides, as it follows from the proof of Theorem 2, the limit function is uniquely defined and equals to u_0(y). So, this limit function does not depend on the choice of the subsequence u_r, and we conclude that the origional sequence u_m(t, x) converges strongly to u_0(y). Thus, for all y ∈ Y u_m = u_m(t, x) = u(ε_mt, ε_mx + y) →_{m→∞} u_0(y). Then, by Theorem 2 ess lim_{t→0} u(t, ·) = u_0 in L^1_{loc}(R^n), so that u = u(t, x) has the strong trace at t = 0.

According to the method of mathematical induction, the proof is complete.

Remark. The obtained result can be easily extended to more general case when the flux vector in (1) depends also on variables (t, x). Note also that existence of the strong trace could be proved on an arbitrary regular enough noncharacteristic hypersurface. This case reduces to the model case of the hyperspace t = 0 after a suitable change of variables.

References

[1] Kruzhkov S.N. First order quasilinear equations in several independent variables. Mat. Sbornik. 1970. V. 81. No. 2. P. 228–255; English transl. in Math. USSR Sb. 1970. V. 10. No. 2. P. 217-243.

[2] Kruzhkov S.N., Panov E.Yu. Osgood’s type conditions for uniqueness of entropy solutions to Cauchy problem for quasilinear conservation laws of the first order. Annali Univ. Ferrara Sez. 1994-1995. V. XL. P. 31–53.

[3] Benilan Ph., Kruzhkov S.N. Conservation laws with continuous flux functions. Nonlinear Diff. Equat. Appl. 1996. V. 3. P. 395-419.

[4] Panov E.Yu. On generalized entropy solutions of the Cauchy problem for a first order quasilinear equation in the class of locally summable functions. Izvestiya RAN. 2002. V. 66. No. 6. P. 91–136; English transl. in Izvestiya: Mathematics. V. 66. No. 6. P. 1171–1218.

[5] Panov E.Yu. Generalized solutions to the Cauchy problem for quasilinear conservation laws. Kandidat thesis. Moscow State University, Moscow, 1991.

[6] Vasseur A. Strong Traces for Solutions of Multidimensional Scalar Conservation Laws. Arch. Ration. Mech. Anal. 2001. V. 160. P. 181– 193.

[7] Perthame B., Souganidis P.E. A limiting case for velocity averaging.

Ann. Sci. Ecole Norm. Sup. (4). 1998. V. 31. P. 591–598. [8] Tartar L. H-measures, a new approach for studying homogenisation, oscillations and concentration effects in partial differential equations. Proceedings of the Royal Society of Edinburgh. 1990. V. 115A. No. 3-4. P. 193–230.

[9] Gerárd P. Microlocal defect measures. Comm. Partial Diff. Equat.

1991. V. 16. P. 1761–1794.

[10] Panov E.Yu. On sequences of measure-valued solutions of first-order quasilinear equations. Matem. Sbornik. 1994. V .185. No. 2. P. 87–106; English transl. in Russian Acad. Sci. Sb. Math. 1995. V. 81.

[11] Panov E.Yu. On strong precompactness of bounded sets of measure valued solutions for a first order quasilinear equation. Matemat. Sbornik. 1995. V. 186. No. 5. P. 103–114; Engl. transl. in Sbornik: Mathematics. 1995. V. 186. P. 729-740.

[12] Panov E.Yu. Property of strong precompactness for bounded sets of measure valued solutions of a first-order quasilinear equation. Matemat. Sbornik. 1999. V. 190. No. 3. P. 109–128; Engl. transl. in Sbornik: Mathematics. 1999. V. 190. No. 3. P. 427–446.

[13] Chen G.-Q., Frid H. Divergence-Measure fields and hyperbolic conservation laws. Arch. Ration. Mech. Anal. 1999. V 147. P. 89–118.

[14] Saks S. Theory of the integral. Warsaw. 1937.

[15] DiPerna R.J. Measure-valued solutions to conservation laws. Arch. Rational Mech. Anal. 1985. V. 88. P. 223–270.

[16] Tartar L. Compensated compactness and applications to partial differential equations. Research notes in mathematics, nonlinear analysis, and mechanics. Heriot-Watt Symposium. 1979. V. 4. P. 136–212.

[17] Murat F. Compacité par compensation. Ann. Scuola Norm. Pisa Sci.

Fis. Mat. 1978. V. 5. P. 489–507.