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WELLPOSEDNESS FOR A PARABOLIC-ELLIPTIC SYSTEM

G. M. COCLITE, H. HOLDEN, AND K. H. KARLSEN

ABSTRACT. We show existence of a unique, regular global solution of the
parabolic-elliptic system us + f(¢,z,u)e + g(t, z,u) + Pr = (a(t,x)uz). and
—Prz + P = h(t,z,u,uz) + k(t,z,u) with initial data u|i=o = ug. Here
inf(y z) a(t,z) > 0. Furthermore, we show that the solution is stable with re-
spect to variation in the initial data ug and the functions f, g etc. Explicit
stability estimates are provided. The regularized generalized Camassa—Holm
equation is a special case of the model we discuss.

1. Introduction. In this paper we study a system that constitutes a generalized
and regularized Camassa—Holm equation. More specifically, we consider the system

Uy + (f(t,x,u))m +g(t,z,u)+ Py = (a(tmc)ugg)z7

=Py + P =h(t,x,u,uy) + k(t, z,u), (1.1)
U‘t:o = U,
on the domain (t,z) € IIp := [0,7] x R. Consider the special case, where we in

particular assume the inviscid case a = 0, given by

1
U + §(U2)x + P, =0,

1
~Puy + P =1 + 5 (us)” + 70, (1.2)
u|t:0 = Up.

This system formally reduces, by applying the operator u — u — u,, to the first
equation in (1.2), to the Camassa—Holm equation

Ut — Utgy + YUy + FUUL = 2UgUzy + Ulggg-

Due to the presence of the term a(t, z) in (1.1), we see that it constitutes a viscous
regularization of a spatially and temporally varying Camassa—Holm equation. In
this paper we address the question of wellposedness of the system (1.1). In par-
ticular, we focus on stability of solutions with respect to variation not only in the
initial data, but also variation with respect to the functions f, a, etc. Furthermore,
we are interested in the vanishing viscosity limit of (1.1), i.e., when a — 0, and this
problem is discussed in a subsequent paper [4].

Formally, by applying the operator (1 — 92)~! to the second equation, we see
that the system (1.1) can be written as the integro-differential Cauchy problem

U + (f(t,x,u))x + g(tvxvu)

10

+ 35, /Re—lz—yl (h(t,y,u(t,y),ug;(t,y)) + k(t,y,u(t,y)))dy = (alt,2)u,) .

2000 Mathematics Subject Classification. Primary: 35A05; Secondary: 35B30.

Key words and phrases. Parabolic-elliptic system, wellposedness, Camassa—Holm equation.

Partially supported by the BeMatA program of the Research Council of Norway and the
European network HYKE, contract HPRN-CT-2002-00282. KHK has been supported in part by
an Outstanding Young Investigators Award from the Research Council of Norway.



2 COCLITE, HOLDEN, AND KARLSEN

u‘t:() = Up.

The Camassa—Holm equation [2] has received extensive attention the last decade.
It can be used as a model of unidirectional gravitational shallow water waves on
a flat bottom when ~ is positive [8]. The velocity is given by u. The equation
possesses intriguing properties; it has a bi-Hamiltonian structure, it is completely
integrable, and it experiences wave breaking, that is, the breakdown of smooth
solutions in finite time, for a large class of initial data. The Cauchy problem has
been extensively studied. We refer to [5, 7, 14, 15] and references therein for more
complete information. Furthermore, Dai [6] derived the equation

as a model for small amplitude radial deformation waves in cylindrical compressible
hyperelastic rods.

Another related example in the inviscid case is that of a simplified model for
radiating gases given by the hyperbolic-elliptic system

1
wt 5 (0)e = ~Gr, —lao +q=—ta, ulio =, (1.3)

see [9, 11]. However, this system is not covered by our assumptions because of
presence of the viscous term in (1.1) and the assumptions on the functions f, h

In this paper we study the Cauchy problem for the viscous regularization. More
precisely, we study the system (1.1) where a is bounded away from zero. We
establish short-time existence of a unique smooth solution by showing a contraction
mapping principle. An energy estimate makes it possible to extend the result to
a global result in time. Stability is established by a homotopy argument, see also
[1, 3], where one connects by a smooth path two distinct solutions u and v with
different data and coefficients. Our main result reads: Let u and v be solutions of

ug + (fo(t,:v,u))I + go(t,z,u) + P, = (ao(t,x)um)w,
—Ppw + P = ho(t, z,u,us) + ko(t, x,u), (1.4)
U‘t:o = Uo,
v + (fl(t,x,v))x +q(t,z,0)+Q, = (cn(t,a:)vm)z,
—Qua + Q = hi(t, 2, v,v;) + k1 (t, 2, v),
v]i=0 = o,
respectively. In addition to certain regularity assumptions (essentially boundedness
of various derivatives) on the functions, we assume that
hi(t,,u,q)q — %fi,uu(t, z,u)q® < Co(u® 4+ ¢*), i=0,1,
|hi(t, z,u,q)| < Co(ju| +u? +4¢%), i =0,1,
fox(t,z,0) = f1.(t,2,0),
go(t,x,0) = g1(t, 2,0),
ko(t,x,0) = k1(t, z,0),
how(t,z,0,q9) = h14(t,2,0,q),
ho,q(t, z,u,0) = hy 4(t, ,u,0).
Then we show that
Ju(t, -) —v(t, ')HHl(R) < luo — UO“Hl(R) efo! (1.5)
+ Kt [ e — fouell ez + 110 = Joull g
+ 191, —

)
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+lla1,e — a2l o () T 1101 = @0l oo (1)
+ ||h07U - hLU”LOO(j) + Hk(),u - kl,uHLoo(I)
+ ||h0,q - hl,q”Loo(j)]a

where
T =TIy x [7@ 9} T =Tx {

Oy O
e )

AN

and Ky, K7 and Cs are constants that may only depend on the time horizon T and

on the viscous coefficient a.

2. Existence and uniqueness. We consider the parabolic-elliptic initial-value

problem
U + (f(t,x,u))m +g(t,z,u)+ Py = (a(t,ac)ugc)z7
—Ppw + P =h(t,x,u,uy) + k(t, z,u),
ult=o0 = uo,

for (t,x) € Iy, where T > 0.

(2.1)

Remark 2.1. Since efm/Q is the Green’s function of the operator u — —uz, + u,

(2.1) is equivalent to the following integro-differential Cauchy problem
Ut + (f(tvxvu))x + g(ta z, ’LL) + P = (a(tax)um)xa

1
P(t,x) = 5/ 6"“"(h(t,y,U(t,y)vum(t, v)) +k(t,y,U(t,y)))dy, (22)
R
u|t:0 = Up-
Regarding the initial data ug: R — R we assume
ug € HE(R) for some ¢ > 2. (2.3)
In the following sections we shall assume:
(H.1) the coefficients a, f, g, h, and k are smooth;
(H.2) there exists a constant Cp > 0 such that the following hold
f(',',O):O, (24&)
1
— <af(-,-) < C, (2.4b)
Co
Haif( Wl <G, 1<i<e+1 (2.4¢)
oxt P I 0 ) =t = ) .
da oI f
— — < i>1,2<i4+j</{+1 2.4d
I L R T
ol -l | 920w < Colul, 0<i<e, (2.40)
0" C 1,1 (+1 2.4f
- - < ) > <7 ) < .
Haxlauﬁ I 0, J=zlL1<i1+y<£64+1, ( )
Otk o 00 L
U — HM ) L 8D LE.(R), 0<i+j<{+1, (24g)
9titrp, oo 2 S
(an) — Hm(7 'vu7Q) 100 1S 1n LIOC(R )a 0 S Z+.] +pS€+17
(2.4h)
1
h(t7 z,u, q)q - 5fuu<t7 Z, U)q3 < CO(’U/Q + q2)a (241>
1h(-, @)l e < Collul +u? + ¢%), (2.4j)
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for (t,z) € Il and u,q € R.
In particular, (2.4d) shows that f,, is bounded, and hence f is at most quadratic
in u.

Example 2.2. Consider the viscosity approximation of the generalized Camassa—
Holm equation

Ou, o % . oP. _682%
at " or T or T “on2
9°P 1 v OuN2 vy
G P = el + 5 (GE) - el e

ue't:O = Ue,0,

where u. satisfies (2.3). With f = yu®/2, h = v¢*/2, and k = g(u) — 2u* + ku,
we see that our assumptions are fulfilled, see [4]. With e = 0 the system formally
reduces to, with u = ue,

1
which is denoted the hyperelastic-rod wave equation, see [6].
The main result of this section is the following.

Theorem 2.3. Let T' > 0. Assume (H.1), (H.2), and (2.3). Then there exists a
unique smooth solution u € C([0,T]; HY(R)) of the Cauchy problem (2.1).

The proof of this theorem is divided into a local (in time) existence result, which
is discussed first, and an extension theorem.

2.1. Local existence and uniqueness. We begin by proving the following result.

Theorem 2.4 (Local existence). Assume (H.1), (H.2), and (2.3). There exists
a positive time Ty such that (2.1) has a unique, local, smooth solution defined on

[0, TQ] x R.

Let G = G(t,s,x,y) be the Green’s function associated to the operator u +—
Uy — (a(t, x)ugﬂ)x, see [10, Chapter IV, Section 11]. Let Ty > 0. Define the following
quantities:

U(tvx) ::/RG(tvoax’y)uO(y)dyv
M)ta)i= [ [ Gt [(Fsmuts), + (s s, ) |duds.

As(u)(t,x) = %/0 RXRG(t,s,m,y)e‘“’_ﬂ {h(s,g,u(s,f),ug(s,ﬁ))

+ k(s,g,u(S,f))}dfdyds,
Alu) :=U — A1 (u) — Ao (u),
for each (t,z) € Iy, u € C([0, Tp]; H' (R)).
The following lemmas are needed.
Lemma 2.5. Let Ty > 0 and assume (2.3), (H.1), (H.2). Then

Ueolo ' ®), O e oo, 1) B (R). (2.5)

Moreover, U is the smooth solution of

U = (a(t, 2)Uz)a, t>0, xR,
U‘t:() = Ug.
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Proof. Due to regularity of ug, the fact that U solves (2.6) is consequence of [10,
Chapter IV, Section 14]. We have to prove (2.5). From (2.6) and (2.4d), we get
d 1
— | Z(U? +U?)dx :/ (UU + U Uy, ) de
R

- / (aU2 + a,UyUyy + aUZ, ) da
R

[ - C

Clearly this implies that U € L*([0,7Tp]; H'(R)). Writing U as convolution of
the Green’s function G and of the initial condition ug, the first part of (2.5) is
consequence of [10, Chapter 13, (13.3)]. For the second part, we consider equation
(2.6) and observe that U, € C([0,Tp); H~1(R)). O

Lemma 2.6. Let Ty > 0 and assume (2.3), (H.1), and (H.2). Then

O, (u)

M) € COTLET®), =5

€ C([0, To|; H'(R)), (2.7)

for each u € C([0, Ty]; H'(R)), and

1A (ur) = A (ug) | oo (o, 10110 (R)) < Cre“ N/ Tollur — uallFoe o 1)1 my)» (2-8)

for each uy, uz € C([0, Tpl; H(R)) and some constant C1 = C1(Cy) > 0. Moreover,
v = Ay (u) is the smooth solution of

{Ut = (a’(t’x)vfb)fb + (f(tvx’u))x +g(t7xau)a t> Oa T € R,

2.9
V=0 = 0, r €R. (2.9)

Proof. Due to regularity of f, g, u, the fact that A;(u) solves (2.9) is consequence
of [10, Chapter IV, Section 14]. We have to prove (2.7). From (2.9) and (H.2) we
get1

d 1
o Ri(vz—l—vi)dﬂc:/R(th—i—vivm)dm
:/(_a'l]i—f—a;wvi_avgx—vg;f—i_vg_vajaj(f)aj_vzwg)dm

R

1 a Co Co 24 C? Co

< L 2 2 zz 2 Lo o Lo g 02—2)d
*/R((CO a)(vx+vzx)+ 2'Uz-|- 2U+2(f)m+ 4C, g+4f x

Co

< 7””(@ M @) + allult, )z,
for some constant ¢; = ¢1(Cy) > 0. Hence, using the Gronwall inequality
011 o (fo,70]. 211 (m)) < eCOT0/2T0Hu”éllﬂo([O,To];Hl(]R))' (2.10)

Clearly this implies v € L>([0, Tp]; H*(R)). Writing U as convolution of the Green’s
function G and of the source, the first part of (2.5) is consequence of [10, Chapter
13, (13.3)]. For the second part, we look at the equation (2.9) and observe that
Ve € C([0,Tp]; HH(R)).

To prove (2.8), observe that Aj(u1) — Aj(uz) is the smooth solution of

{vt = (a(t,x)vg)s + {f(t,x,ul) - f(t,:v,uQ)]m + {g(t,x,ul) —g(t,xz,us)|,

vlt:O = O’

LObserve that, e.g., fs and (f)y are distinct as (f)z = (f(t, z,u(2, 1))z = fo + fulle.
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since the source is in L>([0, Tp]; H*(R)), we can argue as for (2.10). O
Lemma 2.7. Let Ty > 0 and assume (2.3), (H.1), (H.2). Then
Oz (u)

As(u) € O([0, To]; H' (R)), e O([0, To|; H'(R)), (2.11)

ot
for each u € C([0,Tp); H'(R)), and

[A2(u1) — Ao (u2)| Lo (jo,10): 1 (R)) (2.12)
< CoV/To(Jlur — vzl o o, 1) () + Il — uQ”%N([O,To];Hl(R)))v

for each uy, uz € C([0,Tp]; H(R)) and some constant Cy = Co(Co) > 0. Moreover,
w = Ao (u) is the smooth solution of

wy = (at, )wy)s + P, t>0, zeR,
—Ppy + P = h(t,x,u,uy) + k(t, z,u), t>0, x €R, (2.13)
w|t:0 =0.

Proof. Due to regularity of h, k, u, the fact that As(u) solves (2.13) is consequence
of [10, Chapter IV, Section 14] and Remark 2.1. We have to prove (2.11). From
(2.13) and (H.2), we get

d 1
7 —(w? +w?)dx = / (wwt + wxwm)dl‘
tJr 2 R
= / (—aw?+ %wi — awl, + WPy + we P — wyh — wyk)dx
i
1 C C
< /]R ((C—O —a)wl —aw?, + a%wi + 70h2 + 70k12)d$
Co
< 5 lhwlts )l ey +C2<||U(ta i@ + lult, @)

for some constant ca = c3(Cp) > 0. Clearly this implies w € L>([0,Tp]; H*(R)).
Writing U as convolution of the Green’s function G and of the source, the first part
of (2.5) is consequence of [10, Chapter 13, (13.3)]. For the second part, we have
simply to consider equation (2.13) and note that w,, € C([0, Tp]; H *(R)).

To prove (2.12), observe that Aj(u1) — Aq(u2) is the smooth solution of

wy = (a(t, x)wy )z + P,

_wa +P= |:h(t7 T, Uy, ul,x) - h(tv T, Uz, u2,x>):| + |:k(t7 €T, ul) - k(t7 Zz, UQ)] )

w|t:0 =0.
and use the previous argument. O
Proof of Theorem 2.4. Choose a time

0 < Ty <min{l, c3, cs},

where
1

 6CEU N o, 11,11y + 30762
B 1
 8C3(IU = (o, ) + 20U (10,171 yy +3)
and consider the ball
B={ue C0. T} H*®R) | [t = Ul e o,y < 1}
Observe that
u€B= Au) € B,

C3

Cq -
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u, v € B=[[A(u) = A)l[ L= o, 11 (r) < %HU = ]l Lo (o, 7)1 (R))
indeed, by (2.8) and (2.12),
[A(w) = Ullpee (jo,mo)s 2 (R)) < 1AL (W) oo (0, 70]; 12 () + 1 A2(w) || Loe (0,705 11 ()
< Civ/Toe“ ™ ||ullF e (10 101,11 ()
+ Co/To ([l o= (fo, 7351 (RY) + 417 (fo,70]: 1 )))
<201V Toe ™ (Jlu—U L) T U oo (0,151 RY))
+ 02\/ITO(||u = Ullze (0,10} ®)) + Ul Lo (0,1]; 51 (R))
+ 2w = Ul 0,150 ) + 21U 17 (10,1751 (R)))
< 20170 /Ty (1 + U7 0.13:5 )
+ Cz\/f)@ U Lo o111 ®)) + 21U 120 ((0,17: 10 ()

= 1 1
< —_
<2\/2c 2\/2&) — V2
[A(u) = M) || o (jo,70): 1 (m))
< A1 (w) = Ar ()| zos o, 1) (m)) + [1A2(w) — A2 (V)] oo (0,700 5 (R))

< Cy/ToerTo l|u — 'UH%OO([O,TO];Hl(]R))
+ Co/To ([[u = oll e o) ) + 14 = 0l (0,700,109

< VTollw = vl poe o, 1) )
X [(C’lec1 + Cz)(l + lu = Ull Lo (o,m0); 51 (R)) + [V — U||L°°([0,To];H1(R)))]
< VT3 [01601 + Ca]llu — | L (0,15) 11 ()

< \/>( 2\ﬁ>||u — || oo ([0, 10); H (R))

1
< —llu—wv oo CH1 )
< ﬁll | o< (0,703 111 (R))

for each u, v € B. Hence, the operator A is a contraction on B. Due to the
contraction mapping principle, there exists a unique u € B such that

u=A(u).
In particular,
u € C([0,To]; H'(R)),
and from (2.5), (2.7), and (2.11), we get

ou

e € C([0,Tp); H Y (R)),
namely u is the unique weak solution of (2.1) defined on [0,75] x R. The proof
of the smoothness of this solutions follows by the classical regularity theory for
parabolic problems (see, e.g., [13, Section 2.2]). Here, we simply sketch the steps
of the argument. We begin by observing that u, € LZ ([0, Tp] x R), then we prove
that

2 041 ¢ 9" u 2 1
we LX([0, 7o) ™ (R) N C([0, Tos H'(R)), 5 € L*([0, Tol; H'* (R)),

for k =0,...,|(¢+1)/2], where || denotes the largest integer not exceeding z,
and where

o[-k it k=0 l0/2),
" e, if k= |(0+1)/2].
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To conclude we use Sobolev embedding. O
A trivial consequence of the previous theorem is the following corollary.

Corollary 2.8 (Uniqueness). Assume that (H.1), (H.2), and (2.3) hold. The
initial value problem (2.1) has at most one smooth solution defined in [0,T] x R.

2.2. Energy estimate. We prove the following a priori estimates.

Theorem 2.9 (H!-estimate). Assume that (H.1), (H.2), and (2.3) hold. Let u
be the unique, local, smooth solution to (2.1). Then

e11C0t/2

1
HU(R')HLuqR)E§;7§ [t ) gy < l[wol| 1 () (2.14)

for each 0 <t <Tpy. In particular,
ue C(0,T; HY(R)).

Proof. Fix 0 < t < Ty. Multiplying the first equation in (2.1) by u and integrating
over R, we get

/utudx:/ (a(t,x)uw ) udx— / Z,u) u+g(t x,u)u+ Py u)dm (2.15)
R R

Integrating by parts and using (H.1) .2),

((ree
1), (H
1d 2
Jude =55 [0 do= 551t i

/ (a(t, 2)uy) ude = — / a(t,z)u? dr <0,
R ' R

/g(t,x,u)udngo/u2 dz,

R R

[ Gta) e = = [ sty de
R R

:—/H{Fu(t,x,u)uw dx
——/@uxm)m+4&w%ww

where ;
Fltos) = [ JltoQ)de,  0<t<T.zzeR
0

Hence, from (2.15) we get

2dt H (t, )||2L2(R) < C’O;/]Ru2 dx—/RP_Tudx. (2.16)
Differentiating the first equation in (2.1) with respect to x, we have
Uty + (fm(t, x,u) + fu(t, x, u)ugc)ch + 9.tz u) + gu(t, x, u)u,
= (az(t, 2)u, + a(t,x)um)x — Pyy (2.17)
= (aa(t, 2)uy + a(t, 2)ugs)  — P+ h(t, x,u,up) + k(t, 2, u).
Multiplying this equation by u, and integrating on R, we get

/umux dx = —/ (fa(t,z,u) + fult, z, u)ug) g da
R R
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(gz(t, xz,u) + gu(t, x, u)um)uz dx

+ [ (ax(t, )us + alt, ac)um)wum dz (2.18)

|
——

Pu, dx + / h(t, z,u, uy )u, do + / k(t, z,u)u, dz.
R R
Again, integrating by parts and using (H.1) and (H.2), we find

1d [, 1d )
/Ru“”u“”dm zdt/“mdxziﬁnuf(t")”B(R)v

/ (az(t, x)ug + alt, x)um)Tumdx
. x

1
—f/am(tsc /atmu dz
2 Jr R

1 C
< /am(txu dx < O/U dz,

=3 2 Je

_/ (f:v(tax,u)+fu(t7$,u)uw)zug; dx
R

1
= —/ (fm(t,ac,u)ug; + §fugg(t,a:, u)ui + ffuu(t,m,u)ui) dx
. 2 2
5 2 1 3
<Coz [ usde— - [ fuult,z,uw)u d,
2 Jr 2 Jr

_/ (gl.(t,a:,u) —|—gu(t,x,u)uw)u£da: < C’o/ luug| dx + Co/ u? dx
R R R

1
SC’Of/uZdas—FC'o%/uid:z:,
2 Jr 2 J/r

/Rk(t,:z:,u)ux dx:/]R(K(t,x,u))wdxf/RKx(t,z,u) dx

—/Km(t,x,u)dzg @/uzd:r,
R 2 Jr

where

K(t,z,z2) ::/ k(t,z,¢)dC, 0<t<T, z,z€R.
0

Therefore, from (2.18) and (H.2), we get

1d
2 dt (s (2, )||L2(R)

§Co/u2dx+009/uida:+/ (huw— fuuu )dm—&—/Pmudm (2.19)
R 2 Jr R

11
g200/u2d$+00—/uidx+/P$udx,
R 2 Jr R

using (2.4i). Summing (2.16) and (2.19),

1d 7 11 11
5 et e SC’O§/Ru2dw+COE/Ru§dxSC’O?Hu(t, Wi - (2:20)

The Gronwall inequality implies

et s ey < lwollz g € 0<t < T, (2.21)
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that proves the second inequality in (2.14). Finally, since (see [12, Theorem 8.5])

1
lu(t, )l oo my < EHU(@ e @) - 0 <t<To,
also the first one is proved. O

Remark 2.10. Estimate (2.19) requires the assumption (2.4i). In the case of the
Camassa—Holm equation [4] we can improve (2.19) and obtain the energy conser-
vation. Observe that the system for radiating gases, see equation (1.3), does not
satisfy (2.41), and indeed in that model there is no energy conservation.

2.3. Global existence. In this section we prove Theorem 2.3. The following
lemma is needed.

Lemma 2.11 (HZ%-estimate). Let Ty > 0. Assume that (H.1), (H.2), and (2.3)
hold. Let u be the unique, local, smooth solution to (2.1). Then, there exists a
positive constants such that

B
2 2
”Umm(t? ')HL2(]R) < HUO,mm”Lz(R) eAt + Z(eAt - 1), (222)
for each 0 <t <Tpy, where
A:=2[27CF ol ) €T + 6CF + Co],
1
B = 2[3903 ||u0H12L[1(R) e11CoT + (5 + 600) ||U0||A;{1(R) 6220"T]

In particular
u e C(0, To; HA(R)).

Proof. Fix 0 < t < Tp. Differentiating (2.17) with respect to x,

Utzz = —(foz + 2fuztic + fuutts + fullea) (2.23)
— (9o + Gutia) , + (Goaltic + 204tss + QUaes)
— P, + (h(t, x,u,uw))w + (k(t,x,u))x.
Multiplying (2.23) by u,, and integrating on R, we get

/ UtzzUze AT = — / (fra + 2fuztie + fuutih + fulies) Usad
R R

- /R (92 + gutiz) Uped +/R (Gzatin + 202 Ups + QUsrs) Uzed
(2.24)

_ / Py dx +/ (h(t,x,u,ux))zumd:c +/ (k(t,:c,u)):Eumd:c.
R R R
Observe that, by (2.14), (H.1), and (H.2), we find

1d )
/Rutmumda: = 5 g It 2y -
- / (fo + 2fuztic + fuutis + fulles) UsodT
R

R

3C )
2 Jr 6Co Jr
8o

IA

1
5 (Colu| +2Co|us| + CouZ + Coum)de + — / UZ e
- R

6Co
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1
SGC’O/ (C’g|u|2+4C§|uz|2+Cgui+C’§uiz)dx+—/uimd:r
R 600 R

< e gy +0CHllt e

60 et ey + 5 [ wEaad
< 2GR ut, sy + 18CHult, ) eyl )y

2

60t ey + 7 [ whaad

< 24C5e O Jug || ()
. 1
+ 603 (36 ol ey + 1) ot s + G [ 1wl

R R

_ 3G
- 2

1

§3CO/(u +u )dx—i—%/ u?, dx
R 0

1

(gz + guu, ) 2dz + 6%0 / u?, de

< 305’6110““%”?11(11@) + ﬁ/ﬂ{uimd%

/ (aratic + 200Uy + Qligay) Upedz
R

= —/amumumwdx—Z/ag;umuxmdm—/ mxdx
R R R
3C 5
2 R CO ]R

3C3 )
20 et ey + / traide — oo / ol

308 |10 5
S O ol gy + Co ot )~ g | e

/(h(t,x,u,um)) Uy dT = f/ ht gy dx
R

R
300/ ) 1 /
hdx + — d

9 . + 600 mam €z
§6C8/R(u +ut4u )dx—i—%/ u?, dx
< (6CF + l[ut, 7o (my) llult, ~>||L2<R>

4008 et sy + 5 [ e
< (603 + flult, ')HLOO(]R)) [[u(t, ')||L2(R)

+ 188 Jult, ) oy a0, ooy + G [ nals

\ /\

IN
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1
< (663 + 5 ol ry €M) lluoll3s gy €2

2 1
+ 903 HUOHHI(R) €HCOt ”Um:( )”L?(]R) + o= 6C, Rugzcacz

/(k(t,x,u)) umdx:—/kumzdx
R R

3C°/k2d +—/ ul, dx
2 R

3C3 1
= TS ult, ey + G [ whend

3C3 2 11C 1 2
S ol gy € " + 6Co / Ul .
Here we have used the inequality

ot (8, ) oy < 3t M ooy 1t () 2y

which follows from

/ui(t,x)dx :/ ((uul)y — Butiug,)de
R R

2
= —S/uuxum dx
R

< 3 lut, ) poo ry [|u(t HLz(R) uae(t: ) 2 r)

using the generalized Holder inequality.
Finally, we have to estimate the nonlocal term P. Observe that

—/Pmumdx:/Pumzdxg @/P2d:ﬂ+i/ugmdx,
R R 2 Jr 6Co Jr

moreover, using Remark 2.1 and (H.2),

Plta) = 5 [ e (bt utton). (b)) + k(e ut.0)) )y
< Co(P1 + P),

where
Pi(t,x) = / 1o u(t, y)|dy,
Py(t, ) = / eV (a2 (1 y) + 2 (1 y))dy.

Since
/ e”levldy =2,
R

using the Tonelli theorem and the Holder inequality, we find

/R|P1(t,z)|2 dx:/R(/Re*Im*y\ lu(t,y)| dy)zd:c
< [ ([ ery)e o ute)f dody
:2/R (/Re—\-f—yldx) lu(t, )2 dy

— ault, )y < Alult )y -
Py(t,2)| = / eI (W2 (1 y) + 2 (1 y) ) dy

(2.25)

(2.26)

(2.27)

(2.28)
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S/R(UQ(t,y)Jruz(t,y))dz:||u(t, N -
[Pt de= [ ) 4 ) dedy
R RxR
:/R(/Re—lx—y\dx) (W (t,y) +ui(t,y))dy = 2 ||u(t, .)||§{1(R)’

hence

/R IPy(t,2) P da < |Pat, Mgy I1Palts Moy < 20ty Mgy~ (2:29)

Therefore, from (2.26), (2.27), (2.28), (2.29), and Theorem 2.9, we get
2 4 1
R R

2 dx.

< 603 11Cot HU‘OHHl (1 + 61100t ||u0HH1 ) + = u:mc:b
6Co

Then, from (2.24),

d
||UM( )HL2(]R) < Alluaa(t, )HHl(R) + B, (2.30)

where A and B are deﬁned in the statement. Then, using the Gronwall inequality
we are done. O

Proof of Theorem 2.3. We know that the initial value problem (2.1) is locally well-
posed in time (see Lemma 2.4); it remains to prove that the solutions are defined
in the large. Due to Theorem 2.9 and Lemma 2.11, there exists a unique (global)
solution that belongs to C'([0,T]; H2(R)), which is a subset of C([0, T]; W (R))
(see [12, Theorem 8.5]). We have to prove that

Ju(t, Maew < +o0,  0<t<T, (2.31)

and
u€ C*(0,T) x R). (2.32)
We begin by proving (2.31). Since the argument is similar to the one of Lemma 2.11,
we only sketch it. Let ¢ € {0,...,¢}. Differentiating (2.17) 4 times with respect to
x we find
az‘+1u 6i+1 81 ai+1P 8i+1
OtoT + Oitl (f(t,2,u)) + Oz (9(t, 2, u)) + Opitl  Ypitl

(alt,z)uy). (2.33)

@

3]
Multiplying (2.33) by 5‘71?’ integrating over R and summing on ¢,
x

e ‘ .
aerlu az 82+1 o
' ft, ~d,
;/R otox? axl Z/ 6$1+1 ‘T7u)) Oz T
4

0" OtLIP 9ty
Z/ 83@’( 9(t,z,u) —da:th/ Dzt axl

8”1 d'u
Z/ 81‘”‘1 a(t, um)%dz. (2.34)

=0

Observe that by integrating by parts,

8z+1u 81 1d
Z/ i 50 = 5 g et ey (2.35)
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From (2.4b) and (2.4d)

¢ i+1

o1 i+ 1\ 89a 0912y Ot
ZZ;/R 3x1+1< alt, ) dm lz;jzo/ < ) Oz Oxi=i+2 9zt dw (2.36)
5 / ey
N ) 9w dri—it2 9z
=0 j=2
0" 2y O'u Oa 0"y Olu
+ Z/ 833“’2 or’ P Z +1) (933 Qxitl Pt o
B == ' Oxd Qxi—i+2 9xt
3“‘1 Oa 01y Oy
B Z/ z+1 da: Z / 92 92 9t
< aulutt, W - g | 5o e

where ¢1 = ¢1(£,Co) > 0. From (2.4c) and (2.4d)
Z / ;Z:l (t x,u))g;fjdx (2.37)
:‘Z/ gi(f(t,x,u))%dm
Z/ 8xl txu )dw—i— Z/ g;:_l

2

smwaw@®+ﬂ%%;nwm®,

where ¢y = c2(€, Co, [[uol| g2 (r), T') > 0. From (2.4e) and (2.4f),

d'u
Z/ 8x’ g(t,z,u )811 dx (2.38)

. 2
_52/ Em g(t,z,u)) dx—l— Z/ ri d:ngcg)“u(t’.)”m(m

where c3 = c3(¢, Co, ||uol| g2 (r), T') > 0. From (2.4e), (2.4g), and (2.4h), since u, u,
are bounded,

g P 9iu
Z / ST i (2.39)
- Z / oot
o Ozt 8x1+1
8z+1
Z/ 8IEZ QCO Z/ 81171+1

< caflu(t, )HH’Z(R) REbTN 2Cy H )’

A

+ Cyq,
H(R)
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where ¢4 = c4(¢, Co, ||uol| m2(r), T) > 0. Then, by (2.34), (2.35), (2.36), (2.37),
(2.38) and (2.39),

d
%Hu(t, ey < esllult )l zremy + css

where c5 = c5(¢, Co, ||uo|| 2wy, T) > 0, clearly this implies (2.31).
We conclude by proving (2.32). Let 0 < 7 < T. Consider the new Cauchy
problem

wy + (f(t, :v,w))m +g(t,z,w) +Qp = (a(t,ﬂc)wgc)z7
_QIZE + Q= ho(taxawaww) + ko(t,l‘,(ﬂ),
UJ|t=0 = U(T7 )

Since u(r, -) € HY(R) (see (2.31)), by Theorem 2.4, there exists a unique smooth
solution w = w(t, ) defined on the strip [, 7+¢) X R, for some € > 0. By Corollary
2.8, we have

u(t,z) = w(t — 7, 1), T<t<Tt+4e¢ z€R,
and, due to the smoothness of w, this implies (2.32). O

3. Stability. Let u = u(t,z) be the solution of the Cauchy problem (see Theorem
2.3)

Uy + (fo(t,x,u))w +go(t,z,u) + P, = (ao(t,z)ux)$,
—Ppp + P = ho(t,z,u,uy) + ko(t,z,u), (3.1)
u‘t:O = Uo,
for (¢t,z) € Iy, and v = v(¢, z) be the solution of
v + (fl (t,z, v))x +g1(t,z,0) + Qr = (al(t,x)vm)z,
—Quz +Q = hy(t,x,v,v,) + k1 (t, 2,v), (3.2)
v[i=0 = o,
for (t,x) € II7. Regarding the initial data ug, vp : R — R, we assume
ug, vo € HY(R) for some ¢ > 2. (3.3)

In the following sections we shall assume:

(H.3) the coefficients f;, ¢;, a;, h; and k; are smooth;
(H.4) there exists a constant Cp > 0 such that the following hold

fi('a'70)207
L cat<a
CO ? 0
o f;
Haf;(""“)L <Colul, 1<I<E+1,
x o
o f
laillc DOl mecm j>1L2<l+j<l+1,
d'gi
sz,a:( a-7u)||Loo . (7’u) Lo SCo‘ul, 0<i<y,
8l+jgi
Haxlauj ngcm i>1,1<l4+5<0+1,
8l+]]€
Ha il W . 2 in L (R), 0<i+j<f+1,
! Ou oo
aH—ﬁ—ph ,
Haxlﬁujaqp 7~,'U/7q) . is in Lf:C(R) 0§l+]+p§£+17
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1
hi(tamvuv q)q - §fi,uu(t; ﬂf,u)qg S CO(U2 + q2)a
||h’l( ty T, U, Q)HLOO S CO(|U| + U2 + q2)7
for every for i = 0,1, (¢t,2) € Uy, and u, ¢ € R;
(H.5) the following identities hold

Joo(t,2,0) = f1.(t,z,0),
go(t,x,0) = g1(t, z,0),
ko(t,z,0) = k1 (t, z,0),

how(t, 2,0,q) = h14(t,2,0,q),

ho,q(t,z,u,0) = hy 4(t, z,u,0),
for every (t,z) € Il and u, ¢ € R.
Clearly, these assumptions are satisfied in the case of the viscosity approximation
of the generalized Camassa—Holm equation (see Example 2.2).
From Theorem 2.9 and Lemma 2.11 we know that
Ju(t, ')||H2(R) s v (e, ')||H2(R) < Oy, 0<t<T, (3.4)

where
Cs = (”uOHHl(]R) + lvoll g1 () Jettcet

B
+ (”UO,m”Hl(R =+ ||”0,m||H1(]R) )61100T6A1T + A (eAlT -1),
1

Ay =2[9¢1C5 (| \UOHHl(R) + ”'UOHHl(R) et 6C + Col.
2[3900 ”uO”Hl(]R) + ”vOHHl(R ) Het

+ (5 +600) (ol ey + ool ey ) 40257 ].
The main result of this section is the following.

Theorem 3.1. Assume (H.3), (H.4), (H.5), and (3.3). Then

[u(t, -) = ot )l gre) < llwo = voll g () effot (3.5)
+ Kot [ || f1ue — fo,quLoo(z) + 1 fru — fo,uHLw(I)
+lg91,u — go,u”Loo(z)

+lla1e — a0l oo () + a1 — aoll gy

+ 1hou = h1ull oo 7y + IR0w = Frull poe

+ ||h0,q - hlquLOO(J) ]7

for each 0 <t <T, where

7 —HT><|: %\C/%]
J=Tx {—%\C/g}

Ky := K,(CQCQ + 03022 + CS’CQZ + Cy + 1),

Ko (/20 e,

for some positive constant k independent of T, Cy, ug, and vg.
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3.1. The homotopy argument. Our approach, as in [3], is based on the following
homotopy argument. Let 0 < # < 1. The function wy interpolates between the
functions v and v. More precisely, denote by wy the solution of the initial value
problem (see Theorem 2.3)
wo ¢ + (f@(ta T, we))z =+ gG(ta wi9) + QG,E = (ae(f, I)we,m)x,
—Qp 0 + Qo = ho(t, 2, w9, wo,2) + ko(t, 7,wp), (3.6)
wy =0 = Bvg + (1 — B)uo,

where
ap = 0a; + (1 — 0)ay,
fo=0f1+(1-0)fo,
9o := g1 + (1 — 0)go,
hg = 0hy + (1 — 0)hy,
kg := 0k1 + (1 — )k
Clearly
wo = U, w) =
Indeed

0 — wp(t,x)
is a curve joining u(t,z) and v(t,z), and
[u(t, =) = vt ) g gy = dista(r) (ult, -),v(t, -)) <lengthg g (wa(t, -)), (3.7)
for each t > 0.
Lemma 3.2 (Smoothness of § — wy). Assume (H.3), (H.4), and (3.3). The curve
6 € [0,1] — wy(t, -) € C*(R)

is of class C*. In particular, we infer

1
lengthHl(R) (O.)g(t, )) = /
0

foreach 0 <t <T.

6(4}9
- (& .)‘ do, (3.8)

H(R)

Proof. Consider the map
F=(F1,F): D — C(R,H(R)) x H2(R),
Fi1(0,w, Q) := wy + (fg(t,x,w)):c +go(t,z,w) + Qyp — (ag(t,x)wz)
Fo(0,w,Q) :i= —Qup + Q — hy(t, 2, w, wy) — ko(t, z,w),

x?

where
D= {(H,w,Q) € [0,1] x C([0,T); H'(R))® | wli—o = Ovo + (1 — H)uo}.

From the definition of wy and €y,

F(6,ws, ) =0, 0<6<1. (3.9)
Observe that F is of class C!, and
OF
8791(070‘)’9) = (fl(t,ZE,W) - fO(t7$7w))$

+ 91(t, z,w) — go(t, z,w) — ((ar(t, ) — ao(t, z))ws) ,
%(Q,W,Q) = hO(t)x;w,wx) - hl(tvqj’w’wm)
+ko(t, v, w) — k1 (t, 7, w),
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O 0,0.0[,2,2)] = .,
%(O,w, N[(,2,2)] = —Zpo + Z.
Using
OF; , _0F; .
aw (9,&),9)[(972,2)]* aE (97w+€Z7Q) 8:07 7’71727
we find
OF, ,
o (0,0, V[0, 2,2)] =z + (foult,z,w)2)  + gou(t,z,w)z — (as(t, x)2,) ,
%7:2 (0, w,) [(9’, Z, Z)] = —hou(t, z,w,wy)z — ho q(t, T, w, wy) 2y — koo (t, 2, w)z.
Observe that (6', 2z, Z) € D satisfies the equation
OF , B
m(ea w, Q) [(9 y %y Z)] - (C, 6)

if and only if (€', z, Z) is solution of the linear initial value problem
2t + (fou(t,z,w)2) 4 gou(t, 2, w)z + Zy = (ag(t,2)2:)  + ((t, @),
Ly + Z = hgu(t,z,w,wg)z + koo (t, x,w)z
+ hoq(t, z,w,ws) 2 + E(2, ),
Z‘t:() = 9”[)0 + (1 — HI)U().
Since this problem admits a unique solution (see Theorem 2.3), 8(w ay (0, w, Q) is

invertible. By the implicit function theorem, the curve 6 —— wy is of class C* and
clearly (3.8) holds. This concludes the proof. O

Differentiating the equations in (3.6) with respect to 6, we have

82w9 af& aWQ 0
ot00  ox G 2t ,wa) St ) + 5 (fa(t 3 we) = folt,@,w0))
020,

0ge Owg
+ a0 (T we) 5y 9200
0 8%09 0 Owg

= %(‘“’(t’x)a ae) + i<(a1(t’m) - “0“’@)%)’

83Qg 899 o 6h9 8&)9 ahg 62w9
~ 9200 T 0 = gu LB wewee) 5o+ 5o m w0 wen) 5mg

+ (gl(ta x, (.09) - gO(t7 x, WH))

00 0q
+ (hl (tax?weawe w) - ho(t7x7w97w9,$))

kg Owy
+ = ou (t x (.Ug) 90 (kl(t,mvwa) _kO(tv‘rawﬁ))'
Denoting
8w9
zp 1= 90
o0
Z@ = 8007
_Ofe
a(f,t,x) = a—(t,:mwg),
i
0
B(0,t,z) = %(t,x,wg),

~v(0,t,x) := %(fl(t,x,wg) - fo(t,m,wg)) + (g1(t, 2, wo) — go(t, ,wp))
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- % ((al (t,x) — adt,x))%),

5(0,t,x) := ag(t,x),

19

n(eatax) = (ho(t xaw97w9,w) - (t $>w97w9,aj)) + (ko(t7$7w9) - k1<t7x;w9))7

oh, Okg

w(f,t,x) = 8ue (t, z,wg,wp o) + —— 5 (t x,wp),
oh,

v(f,t,xz) = 6(]0 (t, z,wg, wo q),

for each 0 < 6 < 1, we find
zo4 + (ozg)  + Bzo +7+ Zow = (620.2)
—Zp e + Lo = p2e + V2o + 1,
for (¢,z) € IIp. Moreover, observe that
2|t=0 = Vo — Uo, 0<6<1.

3.2. Energy estimate. In this section we prove Theorem 3.1.
Remark 3.3. By (H.4), (H.5), and (3.4), we infer

HO‘”LOO < ”fO,u”Loo(I) + Hfl,u”Loo(I) < (s,

ol < I fouelpoe 2y + Il oz
 (Wowall o2y + I 1ol o ) ) V2 < Cs,
180~ < g0l 2y + 91l ) < C

||6acx||Loc < ||a0,acx||Loo(HT) + ||a17$$||L°°(HT) < Cs,

(3.10)

(3.11)

(3.12)

HIUHLDC < ||h07u||L°O(j) + ||h1,u|‘L00(j) + ”kO,u”Loo(I) + ”kl,uHLoo(I) < 037

V]l < < Cs,
where
Cg = 0200027
for some positive constant co independent on Cy, ug, and vyg. Moreover,
1
— <4 )< C
CO ( ) =~ 0,

7O, t, 2@y < I f1ue — fouellze@llwa(t, -2 )
+ 110 = foullLoe @ lwo,o(t; )llz2w)
+ 11910 — 90,ull oo (1) [lwa (t, )||L2(R)
+ a1, — a0zl Lo (i) l|wo,e (t; <)l 22 (w)

+ [lar — aoll Lo (11p) lwo ez (2, )||L2(R)

< Gl frue — fouallLoe@) + 11 — foullL=(z)

+ 91,0 — 9o,ullL=(7)
+ llar,e = aoellLoeupy + llar = aollLoo 1)) 5
In(0,t, )2 < lhou (t 2w
+ llko,u — k:1 aullLe (@ llwe (2, )||L2(R)
+ ho,g = h1gllLe () lwo,.a (ts )l L2(r)
< Ca[lho,u = hiullLe(s)
Hllko.u = krullze@) + ho.q = Mgl )],
foreach0<0<1and0<t<T.

(3.13)

(3.14)
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The following lemma is needed.
Lemma 3.4. Assume (H.3), (H.4), (H.5), and (3.3). Then
2 2 t
[[20(t, ')HHl(R) < |26 (0, ')”Hl(R) eftt (3.15)

5C, [*
4 5% / K2 30,7, ) 2oy d7
2 0

t
+ [ (0.7, ey
foreach 0 <t<T and 0 <80 <1, where
Ky :=5C3 + C3 + 3CoC3 + Ca + 2.

Proof. Let 0 < 6 < 1 and ¢ > 0. Multiplying the first equation of (3.10) by zp and
integrating on R,

/zevtz‘gdx:—/ (aze) zedxf/ﬂzgdx (3.16)
R R gE R
,/fyzed;z:f/ngzedz+/ (52971) zpdx.
R R R ¥

Integrating by parts and using (H.3), (H.4), (H.5), (3.12),

- [ s < Bl [ sFdn < Callalt, sy (3.17
R R

/ (52'9@)1,29(13: = — / (52’373061.1‘ <0,
R R
— azg) zedxr = | azgzg pdx
| (o), z0o = [ azoz
R R

1 1
||a||%m§/z§dx+§/z§7zda:
R R
2

C?? 2 1 2 CS 2
< 7||29(t, Miz@ + §||ze,w(t, Nz < 7”29(757 M @)

1 1 1 1
_/wdz < f/Vde—l—f/ngxS f/%dwfnz@(t, ST
e 2 Ja 2 Ja 2 Jx 2

Then from (3.16) and (3.17),

1d 1
335 I20(t, Miae < Callott, Wiy = [ Zoszoda-t 6.8 Miaey - (319

where

IN

cz 1
Cyi=0Cq+ =2 + =,
4 3+2+2

Differentiating the first equation in (3.10) with respect to z, we have
20,10 + (w20+020.2)  + (B20)0 + Va (3.19)
= —Zg20 + (0u20.0 + 520,zz)m
= —Zg+ pzo +vzgp +n+ (00200 + 529,za:)m-

Multiplying this equation by zp , and integrating on R, we get

/zamz.g@da:: —/ (awzg—i—aze@)zze@dx (3.20)
R R
_/ (ﬁZQ)IZ‘ngZ‘—/’)/IZQ,xdl'
R R

—/Zng7Ld$+/HZ929de+/Vzgldx
R R R
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Jr/nza,zder/ (5r2971+529,m)m2971dx.
R R

Again, integrating by parts and using (H.3), (H.4), (H.5), (3.12),

1d 1d
w29 odr==— [ 22 dx - 3.21
[ riwrondn =55 [ Bade=5Tle0alt M, (320

—/ (ozxzp + az‘g,xhza’x dr = / (ozxz'g + azg,x)ze@x dx
R R

3C, 1

< TO . (ax'z@ + OlZQ,x) dx + 37610 ZG,w;cdx
3C,C2

< S a0t Wy + 3 [ Bl

—/ (Bz6) 20, ndx = /ﬂzwe,mdx
R

3C) 9 9 /
< —
= /ﬂ d + o4 300 ZG,a:xd]"

3C,C2
ot sy + 55 [ st

3Cy
_/R’sza,w dr = /RVZG,MCZI < T/ 2d +ﬁ/20,wwd‘x’

/MZezmde IIMHLoc/IZ(aZe,mIdI
R R

Co Co Cs
<G [ apto+ G [ sfade = Flaott, M,

/uﬁwxswmg/£st%wmfw§my
R R

<

/ (53629795 + 5z9,m)$297xd1‘ = —/ (5 29,0 + 020 m)zp 22dT
R

:—7/5 % 2) dz—/dzexxdaz

1

< = | 6422 ,d d
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Therefore, from (3.20) and (3.21),

1d

L et ey < G, m§®+/zmwm (322)

2
+T||'Y( )||L2(R)+ (0.t )72y »

where
. 3COC§ Cy 3C3 1
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Summing (3.18) and (3.22),

1d
5170 Mlinw < (Cat Cs)lz02(t )i e (3.23)
5Co 1
+ THW(@J, 2@y + §||77(9at, 2wy
The claim now follows from (3.23) and the Gronwall inequality. O

Proof of Theorem 3.1. The claim is direct consequence of (3.8), (3.11), (3.15),
(3.13), and (3.14). O
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