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Abstract

We study the stability of some finite difference schemes for hyperbolic systems in two
space dimensions. The grid is assumed to be cartesian, but the space steps in each direction
are not necessarily equal. Our sufficient stability conditions are shown to be also necessary
for one concrete example. We conclude with some numerical illustrations of our result.
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1 Introduction

Finite difference schemes are commonly used to approximate the solutions to hyperbolic systems

of conservation laws. In this paper, we are interested in the stability of such finite difference

schemes when applied to constant coefficients hyperbolic systems in two space dimensions. When

applied to variable coefficients or nonlinear systems, the Courant-Friedrichs-Lewy condition that

we derive can be seen as a local condition that needs to be satisfied in each cell of the grid.
We consider a symmetric hyperbolic system in two space dimensions:

{(9tu+A18xlu+A26mu:0, t>0, zeR?, 1)

_ 2
Up,_y = U0 r € R-.

The matrices Ay, and A belong to My(R), and are symmetric, so that the Cauchy problem (1)
is well-posed in L2(R?), see e.g. [3]. Moreover, the solution of (1) satisfies

Vt>0, Ju®)llreme) = lluollr2ge) - (2)

We introduce a finite difference approximation of (1). Let Az, and Axy denote some space
steps in the z1, and x5 directions, and let At denote the time step. Then the vector “;'L,w where
(n,j,k) € NXZxZ, denotes an approximation of u(n At, j Azq, k Axs). Following [1], we define

\ . At At
L= Aml’ 2._A$2'

We refer to [1, chapter IV.3], and [2, chapter 6] for a general description of finite difference
schemes for two-dimensional hyperbolic systems, and we shall thus assume that the reader is
familiar with the basic L? stability theory of finite difference schemes (see e.g. [1, page 348]).
In this paper, we shall study the stability of four finite difference schemes:



The two-dimensional Lax-Friedrichs scheme:

n+1 n n n n A1 n n n n
Uik = (uj—l,k+uj+1,k+uj,k—1+uj,k+1)_7 Ay (Uj+1,k—uj—1,k)—7 Ao (UF g1 —Uj 1) -

(3)

The dimensional-splitting Lax-Friedrichs scheme:

wig = 5 Wi T k) — 5 A (W — i) "
nl _ L ( n+1/2 b2y A2 4 (w2 2
Uj & o \Wjk—1 T U)K+ o 2 Wkt T Wk—1
e The two-dimensional Godunov scheme:
n+l _ n >‘1 >‘1 u n
Ujg = Ujp — Al (Wi g —uj_1p) — & |A1| (2% k= W1k — Ui k)

A2
A2 (Uf g1 — U?,k—ﬂ - 7 |[A2| (2u}y — ufpyq —ufp_1). (5)

The dimensional-splitting Godunov scheme:

+1/2 A 1
U?k 2= (U Al (uipy p —uj_q, k) - |A1| (2uf ), — iy — Ui ), )
6
+1 _  n+1/2 )\2 n+1/2 n+1/2 n+1/2 n+1/2 n+1/2
wi =gy - DY A2( kbl T Wit ) T o |A | (2u — Uiyl T Wigt)

We do not know whether the terminology is really standard, but we hope that it is clear enough.
Recall that in (5), and (6), the matrices |A; 2| are defined as follows: let P; o denote orthogonal
matrices that diagonalize A1 o:

P1_1A1P1:diag (al,...,ad), P2_1A2P2:diag (ﬁl,...,,@d). (7)
Then the matrices |A1|, and |As|, are given by:
P A Py = diag (Jaal,...|aal), Pyt [Ag| Py = diag (|81, ..., [B4]) - (8)

Observe that |A;], and |As| are symmetric, nonnegative matrices. They are positive definite if
A1, and As are nonsingular.

When A\; = A9, the stability of (3) was completely analyzed in [4], even in the case of variable
coeflicients. The extension to different space steps is easy, but we give it here to enlight the
difference between the stability criteria for (3) and (5).

In all what follows, the spectral radius of a square matrix M with complex entries is denoted
p(M). Our main result is the following:

Theorem 1. e The scheme (3) is stable in (*(Z2) if

Ve [0,2nr], p(A cos? A + Ay sind Ay) <

g‘H
[\]
—
Nej
N—

e The scheme (4) is stable in (2(Z?) if, and only if

max(/\1 p(Al) s )\2 p(AQ)) S 1. (10)



e The scheme (5) is stable in (*(Z2) if
ALp(A1) + A2 p(A2) < 1. (11)

If Ay, and Ay are nonsingular, and if A\1p(A1) + Aap(A2) < 1, then the scheme (5) is
dissipative (in Kreiss’ sense) of order 2. Namely, if G(£1,&2) denotes the symbol of the
scheme (5), there exists a constant ¢ > 0 such that

Y6 &) € |- 5o e % i a |+ EE&)) < 1-c((@ An ) + (@ AnP)

e The scheme (6) is stable in (*(Z?) if, and only if
max(A1 p(A1), A2 p(A2)) < 1. (12)

For the schemes (3), and (5), Theorem 1 only gives sufficient stability conditions. For
a particular system, one may hope to get less restrictive stability conditions. However, the
following result shows that the conditions of Theorem 1 are optimal in the general case (that is,
they can not be improved for all symmetric hyperbolic systems):

Theorem 2. Let Ay, and Ay be given by

0 1 -1 0
A1_<1 0>’ A2_<0 1)'

Then we have the following necessary and sufficient conditions:

e The scheme (3) is stable in £2(Z?) if, and only if /2 max(\1, \o) < 1, which is equivalent
to (9).

e The scheme (5) is stable in (*(Z?) if, and only if A1 + Ao < 1.

The paper is organized as follows. In section 2, we prove the first two items of Theorem 1,
and we also give a Lax-Friedrichs type scheme that is always unstable. We give this example
in order to highlight the fact that one should be cautious when constructing two-dimensional
schemes by simply adding one-dimensional schemes in each direction. Such an operation may
yield instabilities. In section 3, we prove the last two items of Theorem 1. Then in section 4, we
prove Theorem 2. Eventually, in section 5, we compare the dissipativity of the Lax-Friedrichs
and Godunov schemes with the help of numerical simulations. We shall also discuss the choice
of the space steps.

2 Stability of Lax-Friedrichs type schemes

2.1 An unstable Lax-Friedrichs type scheme

There are many possible ways to construct a finite difference schemes in two space dimensions.

As a first guess, one could think that it is enough to add the one-dimensional Lax-Friedrichs

fluxes in each direction. Such a procedure yields the following scheme (see e.g. [1, page 346)):
n+1l _ 1 n >‘2

A1
n n n n n n n n
Uik =5 (ujfl,k+uj+1,k+uj,kf1+uj,k+1_2uj,k)_7 Ay (ujJrl,k_ujfl,k)_? Az (U] pp1—u] k1) -

The symbol G of this scheme is computed by using a Fourier transform in the space variables.
We obtain:

G(fl,gg) = (COS(flA.Tl) + COS(ng.TQ) — 1) Id —1 ()\1 Sin(élA‘Tl) A1 + )\2 Sin(ngxg) Ag) .

In particular, when 1Az = £&Axs = 7, the symbol G equals —31, and the scheme is unstable
in (2(Z?).



2.2 Stability of Lax-Friedrichs scheme

We now study the scheme (3). Its symbol is computed by applying a Fourier transform in the
space variables. We get

GMF (&1, &) = = (cos(&Amy) +cos(§oAx2)) Ig—i (A1 sin(§1Am1) Ay + Mg sin(§eAxg) Ag) . (13)

N |

The matrices Aj 2 are symmetric. Therefore, the matrix G¥'(€1, &) is normal for all (&1, &s).
The scheme (3) is thus stable if, and only if:

V(&1,6) €R?, I, — GMF(&,8) GH(6,8) > 0.

To simplify the computations, we denote (; = & Axy, k = 1,2. Following [4], we compute

Iy — GMF(&,8) G (&4,8) = (%(sim2 1 +sin® &) + i<cos ¢1 — cos @)2) I

— ()\1 sin (1 A1+ Ao sin © A2)2 .
Choosing ¥ such that

sin¢; = cos ¥ \/sin® ¢, +sin?(y,  sin (s = sind y/sin® ¢ + sin? (o,

we end up with
1
Iy — GH (&, &) GH(6,&) > (sin? ¢ + sin® (o) (5 Io— (M1 cosd Ay + Xy sinﬂAQ)Q) :

The first item of Theorem 1 follows, by recalling that for a hermitian matrix H (and more
generally for a normal matrix), the hermitian norm of H (that is, the norm induced by the
hermitian norm in C%) equals the spectral radius p(H).

2.3 Stability of the dimensional-splitting Lax-Friedrichs scheme
We now study the scheme (4). Its symbol is given by
GLFS(£1,€2) == [COS(€2A$2) Id - i)\z sin(§2Am2) AQ] [COS(élA‘Tl) Id — i)\l Sin(élel) Al] . (14)

Choosing either £ = 0, or {; = 0, it is clear that the stability of (4) implies the stability of
each corresponding one-dimensional Lax-Friedrichs schemes. Therefore, if (4) is stable, then
A1p(Ar), and Agp(Az) are both less than 1.

Assume now that both A\jp(A;), and Aap(Az) are less than 1. From (14), we see that the
symbol GF3(¢, &) is the product of two normal matrices, each of which has a spectral radius
bounded by 1. For a normal matrix, the spectral radius coincides with the hermitian norm,
which implies that the hermitian norm of G**(£1, &) is less than 1. This ensures that (4) is
stable.

3 Stability of Godunov type schemes

3.1 Stability of the two-dimensional Godunov scheme

The symbol of the Godunov scheme (5) is

§1Azy
2

2
—1 ()\1 sin(flel) A+ Ao Sin(ngxQ) Ag) . (15)

G(&1,82) = 1q — 2 <)\1 sin®( ) [AL] + Az SiHZ(SQAxQ) \AZO



In general, the matrix G(&1,&2) is not normal for all values of (£1,&2). As a matter of fact, the
reader can check that G(&1,&2) is normal if, and only if the matrices A, and Ay satisfy

Aq|Ag| — |A2| A1 = Ag|Ay] — |A1] A2 = 0.
We shall not assume that these conditions are satisfied. Instead, we are going to show that
under the condition (11), one has

1

VieC, H>1,  8(E.&) - =17 < o

(16)

where || - || denotes the usual hermitian norm in C9, as well as the induced matrix norm.

From the well-known Kreiss’ matrix Theorem, see e.g. [2, Theorem 5.2.4], the inequality
(16) yields the stability of the difference scheme (5).

Assume first of all that, under the condition (11), we can prove the inequality

VX eC!, [X*G(&.&)X| < X7 (17)

In particular, the spectral radius p(G(&1,£2)) is less than 1. Furthermore, let z € C with |z| > 1,
let Y € C%, and let X € C? be the unique solution to

(G(&1,62) —2ly) X =Y.

We get
Z|X)* = X* G (€1, &) X — X*Y . (18)

Using (17), and the Cauchy-Schwarz’ inequality, (18) yields
(2l = D IX > < IX[HIY

from which we obtain (16). We thus only need to prove (17).
It is convenient to define ny = & Ax/2, k = 1,2. Then the symbol G(&1,&2) reads

G(fl,fz) =1;—-2 ()\1 sin2 1 ‘Al‘ + Ao sin2 72 ’AQ‘) —1 ()\1 sin(2771) A+ )Xo sin(2772) Ag) .
Let X € C?, with ||X| = 1. Using the symmetry of Ay, |A;], As, and |As|, we compute:
# . « . . 2
1X*G(&,&) X = [1—2(\; sin®n X*|A1|X + Ao sin® o X*[Ao] X)]
+ [A1 sin(291) X* A1 X + Ay sin(2n2) X* A X)% . (19)
Observing that
|)\1 Sil’l(2771) X*AlX + )\2 sin(2n2) X*A2X| S )\1 | sin(2n1)| X*|A1|X + )\2 | sin(2n2)| X*|A2|X s
we can expand (19), and derive the inequality:
|X*G(&1,&) X|? <1 —4(puy sin?ny 4 pg sin® n) + 4(p1 sin? ny + pg sin? ny)?
+ (p1 [ sin 2 | + pa sin|22])*, (20)

where we have set

k= A\ XF| Al X, k=1,2. (21)
Expanding the right-hand side of (20), we obtain
1 X* G(61,&) XI* < 1+ 4(u — ) sin® my + 4(u5 — pa) sin® 1y
+ 2pu1 g (4 5in® my sin® g + | sin 21 || sin 2ma]) . (22)

To complete the proof, we shall use the following Lemma;:



Lemma 1. Let (n1,m2) € R?, and let T denote the triangle:

T :={(y1,y2) € R*/y1 >0, 92 >0, y1 +y2 < 1}.

Then for all (y1,y2) € T, one has

(y% — 1) sin? 1 + (y —y2) sin’ 1 + 21 2 (sm m sin® g, + — ]sm 2m| | sin 2ns]) < 0.

From the definition (21), we have u1 > 0, and ug > 0. The inequality pq + po < 1 follows
from the condition (11). Then using Lemma 1 in (22), we obtain (17). (Note that it is sufficient
to prove (17) on the unit sphere by homogeneity). We now prove Lemma 1. Define

9(y1,y2) = (yi — 1) sin 4 (Y3 — ya) sin® np + 2y1y2(sin® 1y sin® 1 + —| sin 211 || sin 2nz|) . (23)

Using the inequality

s1n2m s1n2n2 + Z]s1n2771Hsm2772] = | sinny || sinne|(] sinny || sinnz| + | cos n1 || cos n2])
< [sinm || sinne|,

one easily checks that g is a convex function. Therefore, the maximum of g on the triangle 7 is
attained on the edges of the triangle. We compute g on each edge of 7

9(y1,0) = (y — 1) sin®m <0,
9(0,92) = (y3 — y2) sin®np <0,

. . . . 1 . .
gy, 1 —p) = (y% — Y1) sin® m + sin® N2 — 2(51112 m sin? o + Z| sin 2n;||sin 2ms])| < 0.

Consequently, g is nonpositive on 7, and Lemma 1 is proved.

3.2 Dissipativity of the Godunov scheme

We now assume that the matrices Aq, and Ay are nonsingular, and that A\jp(A;1) + Aap(A2) < 1.
Consequently, there exists a constant § > 0 such that for all X € C?, with || X|| = 1, one has

Hni = )\1X*|A1|X25, Ho = )\QX*|A2|X25, p1+pe <1-—96.
For such a positive constant §, we define the triangle:

Ts = {(y1,92) ER*Jy1 >, 42> 6, y1 +y2 < 1—6}.

In order to show the dissipativity of the scheme (5), we use the inequality:

p(G(&1,&))* < o 1X*G(&,6)X|* < 1+4(yrga)x 9(y1,92) ,

see (22), and (23). It is therefore sufficient to derive an upper bound of the function g on the
triangle 75. We have the following result:

Proposition 1. Let § > 0 be fived as above. Then for all (n1,m2) € [~7/2,7/2]%, one has

max _ g(y1,y2) <0
(y1,y2)€7;5 ( ) ’

and the mazximum is zero if, and only if (n1,m2) = (0,0). Moreover, there exists a positive

constant ¢ such that for all (n1,m2) € [-7/2,7/2)%, one has

max _ g(y1,y2) < —c(n +13). (24)
(y1,y2)€T5



Proof. From the definition (23) of the function g, it is clear that we only need to prove the result
when (11,m2) € [0,7/2]?, which we assume from now on. Moreover, we already know that g is
convex, so it is sufficient to estimate the maximum of g on the edges of the triangle 75.

When y2 € [0,1 — 26], one has

. . . . 1. .
9(6,y2) = ((52 —9) sin?n + (yg —y2) sin® g + 26y (sm2 n1 sin? ny + 1 sin 27y sin 2ny)
1
< (6% = 0)(sin® gy + sin®n2) + 26 (1 — 26) (sin? 5y sin 7 + 1 sin 2n; sin 2ny)
2 . . 2 2/ . 92 .9 1 . .
< (0% = §)(sinny — sinny)® — 267 (sin® ny sin” ny + 75 2m; sin2n9) < 0.
In a completely similar, way, for y; € [0, 1 — 2], we obtain
1
g(y1,6) < (0% = 8)(sinmy — sinng)? — 262 (sin? 1y sin gy + 1 sin 2mp sin2ny) < 0.

Eventually, for y; € [§,1 — 24], we compute

. . . . 1 . .
g(y1,1 =0 —y1) = —y1(1 — 6 —y1) sin® m + sin® Ny — 2(Sm2 m sin? N2 + 1 sin 2y sin 27)

—dyy sin?n — 8 (1 =8 —y1) sin?ny
< (267 = 0)(sinmy — sinnz)? — 62 (sin® gy + sin® 1)
46°

< —0% (sin® iy + sin’ 1) < ——5 (7 +5).
Consequently, the maximum of g on 75 is nonpositive, and the maximum is zero if, and only if

m =mnz = 0.
When (n1,72) € [0,7/4]2, one has

9(6,y2) < 4(52 —9) sin? it ;772 cos® it ‘5772 — 262 sin ny sinng cos(n — n2)
< —c(8) ((m —m2)® +mn2) < —c(6) (ni +n3),
and similarly
9(y1,8) < —c(8) (0} +n3) -

We have thus obtained (24) when (n1,72) € [0,7/4]2. When (n1,7m2) € [0,7/2]% \ [0,7/4]2, we
have

max _ g(y1,y2) < —c(6) < —c(0) (nf +n3)
(y1,92)€7T5

so the proof of (24) is complete. O

Using (24), we thus obtain:

cmi +m3) <1-p(G(&1,&))* <2[1-p(G(&,&))]

so the scheme (5) is dissipative (in Kreiss’ sense) of order 2.



3.3 Stability of the dimensional-splitting (Godunov scheme
The symbol of the scheme (6) is given by:

Az
2

G*(&1,&2) = <Id — 2 sin®( )| Ag| — i)g sin(ggAxQ)A2>

§1Axy
2

<Id — 2)\1 sinz( )|A1| — ’i)\l sin(ﬁlAml)fh) .

Observe that A, and |A;| commute, as well as Ay, and |Az|. Therefore, G*(£1,&2) is the
product of two normal matrices. Then the proof of the last item of Theorem 1 follows exactly
the arguments that we have used to study the dimensional-splitting Lax-Friedrichs scheme.

4 Necessary stability conditions for a particular system

In all this section, we study the finite difference schemes (3), and (5) when the matrices A1, and

Ao are given by:
0 1 -1 0
a=(1 ) a3 ) (25)

Observe that for all (£1,&) € R?, the eigenvalues of the matrix £ Ay + & Ay are (€7 + £3)/2.

4.1 Lax-Friedrichs scheme

We first consider the two-dimensional Lax-Friedrichs scheme (3). According to Theorem 1, the
scheme is stable if (9) holds. In the particular case (25), (9) is equivalent to

Vo e [0,2n], A cos®?+ A3 sin®0 <

)

DN | —

and this condition is equivalent to max (A1, o) < 1/v/2.
Assume now that the scheme (3) is stable. Its symbol is given by (13). Using the notation
Ck = Ek A.%'k, k= 1727 we get

1
p(GLF(fl,fg))2 =1 (cos (1 + cos <2)2 + )\% sin? 1+ )\% sin? (s

The spectral radius of GFF'(£1, &) is less than 1 for all (£1,&2). Consequently, the mapping

1
ri (GG) g (cos Gt cos (o) AT sin o+ A sin Gy,

has a global maximum at the origin, therefore its hessian matrix at the origin is nonpositive.

9 _(2A1 -1 0
DT(O’O)_< 0 23-1)°

We compute

and we get max(Ag, A2) < 1/v/2.

4.2 Godunov scheme

When the matrices A; o are given by (25), one computes |A;| = |As| = I3, and the symbol of
the Godunov scheme (5) is given by

§1Axq
2

A
)+ Ao sinQ(§2 2

G = (1 — 2()\1 Sil’lQ( ))) I — Z()\l sin(ﬁlAacl) A+ Ao Sin(szxz) Ag) .

8



In this case, the symbol G is normal for all (£1,£2), and the scheme is stable if, and only if the
spectral radius p(G) does not exceed 1 for all (£, &2).

To simplify the subsequent calculations, we denote ny = & Axy/2, k = 1,2. The eigenvalues
of the symbol G are

1 —2()\; sin? gy + g sin? ) + 2\/)\% sin?(2m1) + A2 sin?(212) .
After some simplifications, we thus compute
p(G)? =1+4(\2 — A1) sin®n; +4 (A3 — Xo) sin® 7 + 8 A1 Ao sin 1y sin® 1, .
The scheme (5) is thus stable if, and only if the following inequality holds true for all (11, 72) € R?:
(A2 — X)) sin?n1 + (A2 — \o) sin?my + 2\ Ag sin? 7y sin 72 < 0. (26)

Choosing 11 = n2 = 7/2, (26) implies the necessary condition A1 + Ay < 1.
When A; 4+ Ay < 1, the scheme (5) is stable according to Theorem 1. Therefore, the condition
A1 + A2 <1 is sufficient and necessary for the stability of (5).

5 Numerical results

E B B B B BE 8 & B

Figure 1: Left: scheme (3). Right: scheme (5)
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Figure 2: Left: schemes (4). Right: scheme (6).

In this section, we compare the dissipativity of the schemes (3), (5), (4), (6). We consider
the system
Ou+ Ay Oz, u+2 A2 0pu =10, (27)

where the matrices A 9 are given by (25). (Observe the scaling in the x5 variable). We run
each of the four finite difference schemes on the square [—2,2] x [—2,2]. To avoid the problem



of boundary conditions, we choose some initial data that are supported in the square [—1,1] x
[—1,1], and we stop the computations when the support of the solution reaches the boundary
(that is, at time T'= 1/2). The initial data are

uo(z1, 32) = <(COS($1 7/2) cos(xa 71'/2))2> ’

cos(xy 7/2) cos(zom/2)

when (z1,x9) € [—1,1] x [-1,1], and 0 outside.

In the x5 direction, we consider a space step Azg = 4/300 (which corresponds to 300 points),
while in the z; direction, the space step is first Az; = 4/450, then Az; = 4/600, and, at last,
Az = 4/750. We always choose the maximal time step that ensures stability (see Theorem 1).
In the first case, one has A\1p(A1) < A2p(2A42), in the second case, one has A\1p(A1) = Aap(242),
and in the last case, one has A\p(A;) > Aop(242). In figures 5, and 5, we plot the ratio
lu(®)|lz2/|lwol|z2 on the interval [0,7]. The dotted line represents the case Azx; = 4/450, the
dashed line represents the case Az; = 4/600, and the solid line represents the case Az = 4/750.

The numerical results show the following fact: the schemes (3), (4), and (6) do not diffuse
when A\ip(A1) = A2p(2A42), and in any case, (6) is the less diffusive scheme. Surprisingly, the
two-dimensional Godunov scheme (5) has a more and more diffusive behavior as Az decreases.
In particular, it is still diffusive when A\;p(A;1) = A2p(243).

These observations are easily explained by computing the modified equations of the finite
difference schemes (3), and (5) (we shall not detail here the modified equations of the schemes
(4), and (6)). For the test case (27), the modified equation of the scheme (3) is

1 1y, 1

Oru+ Ay Oy, u+ 2 A3 0p,u = At [(— — )0 ut (W
2

—2)5? u}
427 2 )

ToT2
In particular, when A\; = 2 Ay = 1/1/2, there is no diffusion in the modified equation.
For the test case (27), the modified equation of the scheme (5) is

1 1

1
0w+ Ay O, u + 2 Ay Opu = At [(ﬁ — 5)6§1x1u + ()\—2 — 2)8:321211] .

When A\; = 2\ = 1/2, there is a positive definite diffusion tensor in the modified equation, and
the scheme (5) is dissipative. Note that the ideal choice would be A1 = 2X\y = 1, but in this case
the scheme is unstable according to Theorem 2 (this is confirmed by numerical simulations).
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