H'-PERTURBATIONS OF SMOOTH SOLUTIONS
FOR A WEAKLY DISSIPATIVE
HYPERELASTIC-ROD WAVE EQUATION

M. BENDAHMANE, G. M. COCLITE, AND K. H. KARLSEN

ABSTRACT. We consider a weakly dissipative hyperelastic-rod wave equation
(or weakly dissipative Camassa—Holm equation) describing nonlinear disper-
sive dissipative waves in compressible hyperelastic rods. By fixed a smooth so-
lution, we establish the existence of a strongly continuous semigroup of global
weak solutions for any initial perturbation from H'(R). In particular, the
supersonic solitary shock waves [8] are included in the analysis.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Consider the equation

(1.1)  Opu — 02, ,u + 3udyu + 602,u = 7(281u82mu + ud? u), t>0, z€R.

trx TTT

In the case v = 1, § = 0 it is known as the Camassa-Holm equation and describes
unidirectional shallow water waves above a flat bottom: u represents the fluid veloc-
ity [1, 12]. The Camassa—Holm equation possesses a bi-Hamiltonian structure (and
thus an infinite number of conservation laws) [11, 1] and is completely integrable
[1]. From a mathematical point of view the Camassa-Holm equation is well stud-
ied, see [3] for a complete list of references. In particular, we recall that existence
and uniqueness results for global weak solutions have been proved by Constantin
and Escher [4], Constantin and Molinet [5], and Xin and Zhang [17, 18], see also
Danchin [9, 10].

When 6 = 0, it is termed hyperelastic-rod wave equation and describes the fi-
nite length, small amplitude radial deformation waves in cylindrical compressible
hyperelastic rods. The constant v > 0 depends on the material constants and the
prestress of the rod [6, 7, §].

The additional weakly dissipative term §92,u is introduced in [15]. We coin (1.1)
the weakly dissipative hyperelastic-rod wave equation.

In [3] the authors consider the case § = 0 and prove the global existence and
wellposedness of solutions belonging to L>(R,; H*(R)). On the other hand in [8]
it is showed that for § = 0 and any constants 0 < v < 3, ¢ > 0 there exists a ( € R
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such that the following peakon like function is a traveling wave solution of (1.1)

oDy o3 L erleme—cliva
(1.2) Ut z) = 2(1 7) + 2(7 1)e Vi,
called supersonic solitary shock wave. It is clear that the analysis in [3] does not
cover this kind of solutions (that do not belong to L™= (R, ; H*(R))!).
In this paper we extend the result of [3] to cover also (1.2). Roughly speaking
the idea is to look at (1.2) as a L>°(R; H*(R))—perturbation of a constant state.
Indeed we can decompose U in the following way

1
U=U,+U,, U;:= E(l - 7), Us(t,z) := E(§ — 1)67|$70t7<|/\ﬁ,
2 Y 2\y

where Uj is a classical solution to (1.1) and Us is a perturbation that lies in the
space L= (R, ; H'(R)).
To be more precise: let ¢ = ¢(t, ) be a solution of (1.1) such that

(1.3) e C*[0,00) xR), @, 0o, O, Ofip, D2pip, O3 € L (Ry. x R),

(this is the case if ¢ is periodic or constant) and

(1.4) vg € HY(R), >0, §ER.

We want to study the wellposedness of the Cauchy problem

(1.5)
Ou — 03 u + 3udyu + 602 u = v(20,ud2 u + udl,u), t>0, xR,
u(0,z) = (0, ) + vo(z), x €R.

Observe that, at least formally, (1.5) is equivalent to the elliptic-hyperbolic sys-
tem

Ou + yuOzu + 0, P =0, t>0, v eR,
(1.6) _9>.P+P— 3_77“2 +2(@0u) 400, t>0, z€R,
u(0,x) = ¢(0, ) + vo(z), z eR.

Motivated by this, we shall use the following definition of weak solution. More-
over, in the same spirit of [3, Definition 1.1] we define the admissible perturbations.

Definition 1.1. We call u : [0,00) xR — R a weak solution of the Cauchy problem
(1.5) if
(1) u e C([0,00) x R);

(i) u— € L>®((0,T); H'(R)), T > 0;

(791) u satisfies (1.6) in the sense of distributions;

(v) u(0,z) = ¢(0,z) + vo(x), for every z € R.
If, in addition, for each T > 0 there exists a positive constant K1 depending only
on |lvoll 1wy, @, v, T, such that

(1.7) Oz (u(t,z) — p(t,z)) < % + K, (t,x) € (0,T) x R,

then we say that u — ¢ is an admissible perturbation of (1.1).

Our results are collected in the following theorem:
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Theorem 1.1. There exists a strongly continuous semigroup of solutions associated
to the Cauchy problem (1.5). More precisely, there exists a map
S [Ov OO) X (Oa OO) X R x Hl(R) - C([Oa OO) X R)v (ta’y’ 57 UO) i St(’Yv 67 UO)(')a
with the following properties:
(i) for each vg € HY*(R), v > 0, § € R the map u(t,z) = S(7,8,v0)(x) is a
weak solution of (1.5) and u — ¢ is an admissible perturbation of (1.1);
(1) it is stable with respect to the initial condition and the coefficient in the
following sense, if
(1.8) Vo.n — vo in H'(R), Y — 7, Op — 0 in R,
then
(1.9) S(Yny Oy Vo.n) — p — S(7,8,v0) — ¢ in L>([0,T]; H'(R)),
for every {vo,n}tnen C H! (R), {m}tnen C (0,00), {dntnen C R, vo €
HY(R),y>0,8€R, T>0.
Moreover, the following statements hold:
(7it) the estimate (1.7) is valid with

2
(L10) Kr:=—= ((”||aizso|mk+xm + 1y = 31Vl e ey ) T llvo e ey
Vel 2
max (|3 =], 2y; + |3 —7
& DA BB N o 3,
Y 2 & 1z
+ ?Haﬂv(p”Lf’o(RerR) + 2; ;
3+ vy
(L11)  pr=——l10spll e (ry xm) + §||3§m@||L°°(R+xR) + 141,
for T > 0;
(iv) there results
(1.12) 0:5(7,8,v0) € LV (R, x R),
with 1 < p < 3.

Our argument is based on the analysis of the evolution of the perturbation
vi=u— .
From (1.5) we get the following equation for v
(1.13)
Opv — 03,0 + 30,0 + 390, + 3V + 502,V
= 7(20,005,0 + v ;v + 20,007, + 20,007,v + VI3, + I3 ,,0),
v(0, ) = v,
that is formally equivalent to the elliptic-hyperbolic system
O + Y00 + YOy + YO, v + 0, P = 0,
(1.14) -9’ P+P= 3= T2 4 %(8:”1))2 + (3 = 7)pv + Y0 pIpv + 60,0,
v(0, ) = vp.

Since the argument is very similar to the one in [3] we simply sketch it.
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2. VIscous APPROXIMATIONS: EXISTENCE AND A PRIORI ESTIMATES

We prove existence of a weak solution to the Cauchy problem (1.13) (and equiv-
alently to (1.5)) by proving compactness of a sequence of smooth solutions {v. }.~¢
solving the following viscous problems (see [2]):

(2.1)
By + Y000ve + Y0Dpp + YpOpv: + Oy P = 02,0

3
~9%?, P.+ P. = 5 71152 + %(GIUE)Q + (8 = ¥)pve + Y0, pIpve + 60, ve,

0:(0,°) = ve 0,
that is equivalent to the following fourth order one
Opve — 03, Ve + 3v:0,0. + 300y v. + 300, + 602, v,
= 7(20,v:02, v + 003 0 + 20,002, + 20,002, )
+ (Soagmzve + 'Usagm:@) + Eaa%xvs - Eaimxzv@
v:(0,) = ve 0.

Formally, sending ¢ — 0 in (2.2), (2.1) yields (1.13), (1.14), respectively.
We shall assume that

(2.2)

(2.3) vep € HA(R), |lveollmw) < lvollmrwy. e >0, and voo — voinH'(R).

The starting point of our analysis is the following wellposedness result for (2.1)
(see [2, Theorem 2.3]).

Lemma 2.1. Assume (1.3), (1.4) and (2.3), let € > 0. There exists a unique
smooth solution v, € C([0,00); H*(R)) to the Cauchy problem (2.1).

The next step in our analysis is to derive the following a priori estimates:

Lemma 2.2. Assume (1.3), (1.4) and (2.3), and let € > 0. Then the following
estimates hold:

j) (Energy Conservation) for each t > 0

t
2 2
(24) H%@Wmm+%AH@MﬂWmmM§8W%@%ﬁ
Jj3) (Oleinik type Estimate) for any 0 <t <T and z € R,
4
(2.5) O ve(t,x) < p + K,

where K is defined in (1.10);

jj) (Higher Integrability Estimate) for every 0 < a < 1, T > 0, and a,b €
R, a < b, there exists a positive constant Cr depending only on ||vol| g1 (w),
v, a, T, a and b, but independent on €, such that

T b
(2.6) / / |8xvg(t,m)|2+a dtdx < Cr.
0 a

Remark 2.1. Due to [13, Theorem 8.5], (2.3) and (2.4), we have for each t > 0

ePt

1
(2.7) lve(t, )l oo r) < NG llve(t, )l ey < \/§||U0||H1(R)~
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Proof of Lemma 2.2. We begin with j). Multiplying (2.2) by v, integrating on R,
and integrating by parts we get
1d
—— [ (V2 + (0p0.)?) dz + 5/ ((02v2)* + (02,0:)) dz < p/ (02 + (9yv:)?) da,
where p is defined in (1.11). Hence (2.4) is consequence of (2.3) and the Gronwall
Lemma.
We continue by proving jj). Introduce the notation

qe = Oz 0¢.
From (2.1) we get the following equation for g.
(2.8) 0¢qe + %qz + 002G + 'szaﬁx@ + 70 pqe — qe
-3
+7p0aqe + 5 Ve + (7 = B)pve + Pe — e07,0: = 0.

Using the fact that e~1%/ /2 is the Green’s function of the operator 1 — 62,

29) Pty =5 [ o (S5 RR ) + L @ntn)”

+ (B = )¢t y)ve(t,y) + 1020(t, y) e (t, y)) dy.
It follows from (2.4) and (2.7) (see [3, Proof of Lemma 3.1]) that

=3 o
2.10 H .02 3 — 7). + P < Lr,
( ) VVeOro P + 2 Ve + ( W)SD/U + Loo((0,T)xR) — T
for some constant Ly > 0. Then, from (2.8),
0¢qe + %qﬁ + Y00y e + V0upqe — 6qe + VpDyqe — €02,q: < L.

Since )

Y Y YO0rp — 0

§£2+(781w—5)52152—7( d ), £ ER,

Y

we conclude
(2~11) Orqe + lq&% + ryveanE + ’Y‘Pawq‘s - 58336(15

4

52 ~
S LT + 27”6:890”%00(R+><]R) + 27 =: LT.

Employing the comparison principle for parabolic equations, we get

(2.12) ge(t,z) <h(t), 0<t<T, zeR
where h solves
dh  v,0 7

(2.13) o T =L h(0) = 110sve o]l -
Since the map

4 4L

Ht):=— 4/ =L, t>o0,
e Y

is a super-solution of (2.13) in the interval [0, T]. Due to the comparison principle
for ordinary differential equations, we get h(t) < H(t) for all 0 < t < T. Therefore,
(2.5) is proved.
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Finally, we consider jjj). The argument is very similar to the one of [3, Lemma
4.1]. Pick a cut-off function x € C*°(R) such that

1, it x € [a,b],
0<y<l, =
=Xx= X(@) {0, if 7€ (—00,a—1] U [b+1,00),

consider the map 6(¢) := §(|§H—1)a, ¢ € R, then multiply (2.8) by x6'(g-), integrate
over (0,7) x R and use (2.4). O

3. COMPACTNESS

Lemma 3.1. The family {P-}e=o is uniformly bounded in L>([0,T); WH>(R))
and L>([0,T); H (R)) for each T > 0.

Proof. The argument is the same of [3, Lemma 5.1]: use the integral representation
of P. (2.9) and then employ (2.7). O

Lemma 3.2. There exists a sequence {€;};en tending to zero and a function v €

L>([0,7); HY(R)) N H([0,T] x R), for each T > 0, such that

(3.1) ve, = v weakly in HY([0,T] x R), for each T >0,
(3.2) ve; — v strongly in Lig.([0,00) x R).

Proof. Fix T > 0. Observe that, from (2.1),
Dpve = €02 Ve — Y00p0. — Y000 — YPOpve — Oy P,

hence, by (2.7), (2.4), Lemma 3.1, and the Holder inequality, {ve}eso is uniformly
bounded in H([0,T] x R) N L>=([0,T); H'(R)), and (3.1) follows. Finally, since
HY(R) cc L. (R) C LE (R), (3.2) is consequence of [16, Theorem 5. O

loc loc

Lemma 3.3. The family {P-}.>o is uniformly bounded in Wli)’cl([O7 T) xR) for any
T > 0. In particular, there exists a sequence {€;}jen tending to zero and a function

P e L>([0,T); WE>(R)) such that for each 1 < p < 00
(3.3) P., — P strongly in L}, ([0, 00) x R).

loc

Proof. The argument is analogous to the one of [3, Lemma 5.3]. Using the integral
representation (2.9) of P and then employing (2.7) we get the uniform boundedness
of {0:P.}__, in Li,.([0,00) x R). Then, due to Lemma 3.1, {P:}.5¢ is bounded

loc
in I/Vlicl([O,T) x R). Finally, using again Lemma 3.1, we have the existence of a
pointwise converging subsequence that is uniformly bounded in L*°([0,T) x R).

Clearly, this implies (3.3). O

Lemma 3.4. There ezist a sequence {€;}en tending to zero and two functions
qge L ([0,00) xR), ¢? € L}, ([0,00) x R) such that

loc loc

(3.4) g, = q in L} ([0,00) X R), G, Xg in LES([0,00); L2(R)),

loc
(3.5) @, =@ in L([0,00) x R),

for each 1 <p <3 and 1l <r < 3/2. Moreover,

(3.6) @(t,x) < @2(t,x) for almost every (t,x) € [0,00) x R
and

(3.7) 0,v =q in the sense of distributions on [0,00) x R.
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Proof. Formulas (3.4) and (3.5) are direct consequences of Lemma 2.1 and (2.6).
Inequality (3.6) is true thanks to the weak convergence in (3.5). Finally, (3.7) is a
consequence of the definition of ¢., Lemma 3.2, and (3.4). O

In the following, for notational convenience, we replace the sequences {v, }jen,

{CI&:; }jENa {st }jeN by {ve}e>0, {Ge}e>0, {P:}e>0, Tespectively.
In view of (3.4), we conclude that for any n € C'(R) with 1’ bounded, Lipschitz
continuous on R and any 1 < p < 3 we have

(3.8) m(ge) =nlg) in Lf.([0,00) xR), n(ge) =n(g) in Lis([0,00); L*(R)).
Multiplying the equation in (2.8) by 7'(ge), we get

(3.9)  9n(ge) + 702 ((ve + ©)n(qe)) — £02,m(q) — en’ (¢e) (Dn(ge))? — vgem(ge)
+ 02,01 (¢e) + ¥020(a=n'(a=) — n(qe)) — 6¢=1'(¢c)

—3
T 2020 (g2) + 2620 (2) + (v — 3)oven (g2) + Perf (g2) = 0.

* 2 2

Lemma 3.5. For any convez n € CY(R) with ' bounded, Lipschitz continuous on
R, we have

(3.10) 9en(q) +70x ((v + ¢)n(q)) — van(a)

+ 2,0 (q) + 100 (an'(q) — n(q)) — dqn’(q)

+ 15 5 773 e + %qzn’(q) + (v =3)pvi/(q) + Py (q) <0,

in the sense of distributions on [0,00) x R. Here qn(q), ¢*>n'(q) and n'(q)q denote
the weak limits of q-n(q:), ¢?1'(ge) and ' (q:)ge in L ([0,00) x R), 1 < r < 3/2,
respectively.

Proof. In (3.9), by convexity of n, (3.2), (3.4), and (3.5), sending ¢ — 0 yields
(3.10). O

Remark 3.1. From (3.4) and (3.5), it is clear that

G=ar+q =T +7, ¢ =(g)+@)?  @=(g)?+ ()
almost everywhere in [0,00) x R, where &4 = £X[0,400)()s §— = EX(=00,0(§),
¢ € R. Moreover, by (2.5) and (3.4),

4
(3.11) qe(t,x),q(t,z) < p + Kr, 0<t<T, zeR
Lemma 3.6. There holds

(3.12) 0yq + 70, ((v+ 9)q) — %(72+ Y0020+ L=20% + (y — 3)pv+ P — g = 0,

2

in the sense of distributions on [0,00) X R.

Proof. Using (3.2), (3.3), (3.4), and (3.5), the result (3.12) follows by ¢ — 0 in
(2.8). O

The next lemma contains a renormalized formulation of (3.12).
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Lemma 3.7 ([3, Lemma 5.8]). For any n € C1(R) with ' € L>°(R),
(3.13) 9n(q) + 7= ((v + ©)n(q)) — van(q) — 7(% - q2>77/(Q)
+ 02,01 (q) + 100 (an’ (¢) — n(q)) — dan(q)
ol
(

~3
+ T”Qn’(Q) + (v = 3)pvn'(q) + Pn'(q) = 0,

in the sense of distributions on [0,00) X R.

Following [3, Section 6] and [17], we improve the weak convergence of ¢. in
(3.4) to strong convergence (and then we have an existence result for (1.5)). The
idea is to derive a “transport equation” for the evolution of the defect measure
(? — qQ)(t7 ) > 0, so that if it is zero initially then it will continue to be zero at
all later times ¢t > 0. The proof is complicated by the fact that we do not have a
uniform bound on ¢, from below but merely (3.11) and that in (2.6) we have only
o<1

Lemma 3.8. Assume (1.3) and (2.3). Then for eacht >0

) [ (@) - @) de

¢
< 26)‘t/ / e S(s,x) [7 (s, ) — q4 (s, 2)] dsdz,
o Jr
where

A= Y020l Loy xr) + 2[0],

S(s,2) = —v(s, 2)0,0(5,7) + = 202(s,2) + (3 — )p(s, 2)o(s,2) — P(s, ).

2

Proof. Let T > 0, R > Kr (see (2.5)). Subtract (3.13) from (3.10) using the
renormalization
R¢—R?/2, if € > R,

k(€)= €°/2, if 0SE<R,
0, if € < 0.
Arguing as in [3, Lemma 6.4] we get

G | [@F @) do<n [ (@7 - @o?) dov2 [ Sto)iar - o) do.

for 4/(v(R — Kr)) < t < T. First we have to apply the Gronwall Lemma to the
previous inequality on the interval (4/(v(R — Kr)),T). Then sending R — oo and
using (see [3, Lemma 6.2])

(3.15) Jim | (k@) ~nia2)) de =0, R>0

Lemma 3.9. For anyt >0 and any R > 0,

16 [ [R@(te) -z dr

<

Re [t N
5 //Re‘ (YR = 2702 +20) (R + @)X (~o0,~ r)(q) dsdz
0
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ReM [t N
[ [ R = 210004 25) (R4 X,y la) d
0 JR

2Bt /0 t [ (@ = (a0 ?) dss
9B [ [ (1500 — ) dsda

t
e [ [ 8 (s,) [0 (@) - (07 (0)] dd
o JR
Proof. The argument is very similar to the one of [3, Lemma 6.3]. We begin by
subtracting (3.13) from (3.10), using the renormalization
0 if £>0,

ng(§) =4 &/2, if —R<¢<0,
—R¢— R%/2, if £ < —R.

Then we integrate on R and use the Gronwall Lemma and (see [3, Lemma 6.2])

g Jin [ (R@ED) - wplata) do =0 R>0

Lemma 3.10. There holds 2 = ¢ almost everywhere in [0, 00) x R.

Proof. We follow the argument of [3, Lemma 6.6]. We add (3.14) and (3.16). Using
the concavity of § — (R +&)X(—cc,—r) (&), the Gronwall Lemma, (3.15), (3.17) and

. 2 _ . *2 _ 2
tli%:_ Rq (t,x) dm—tl_lglJr/Rq (t,x) dgc—/R(Z?Ivo) dx,

we conclude that
/R (; [W — (q+)2:| + [WE(Q) - TIE’(Q)D (t,z)dx =0, for each 0 <t < T.

By the Fatou Lemma, Remark 3.1, and (3.6), sending R — oo yields

og/(?—qQ)(t,x)dxgo, 0<t<T,
R

and, since the argument holds for each 7' > 0, we are done. (]

4. PROOF OF THEOREM 1.1

In this last section we prove Theorem 1.1. The first step consists in the proof of
the existence of solutions for (1.5).

Lemma 4.1. Assume (1.3) and (2.3). Then there exists an admissible weak solu-
tion of (1.5), satisfying (iii) and (iv) of Theorem 1.1.

Proof. The conditions (%), (i), (iv) of Definition 1.1 are satisfied, due to (2.3), (2.4)
and Lemma 3.2. We have to verify (ii). Due to Lemma 3.10, we have

(4.1) g — q strongly in L% _([0,00) x R).

loc

Clearly (3.2), (3.3), and (4.1) imply that v is a distributional solution of (1.14).
Therefore u := v+ ¢ is a weak solution of (1.5) and v is an admissible perturbation



10 BENDAHMANE, COCLITE, AND KARLSEN

of (1.1). Finally, (¢i) and (iv) of Theorem 1.1 are consequences of (2.5) and (2.6),
respectively. ([

The second step is the existence of the semigroup.

Lemma 4.2. There exists a strongly continuous semigroup of solutions associated
with the Cauchy problem (1.5)

S : [0,00) x (0,00) x R x H'(R) — C([0,00) x R),

namely, for each vg € HY(R), v > 0, 6 € R the map u(t,r) = S¢(7,5,v0)(x) is an
admissible weak solution and u— ¢ and admissible perturbation of (1.5). Moreover,
(#4i) and (iv) of Theorem 1.1 are satisfied.

Clearly, this lemma is a direct consequence of the following one and of the ones
in the previous sections.

Lemma 4.3. Let {e,}nen, {ftn}nen C (0,00) and v, w € L*([0,T]; H*(R)) N
HY([0,T] x R), for each T >0, be such that €, pin, — 0 and

Ve, — v, v, — v, stronglyin L=([0,T); H'(R)), T >0,
then
v =w.

Proof. Let t > 0. From [2, Theorem 3.1], we have that

[0e(t, ) = vt ) @) < Aty e + p)llvo.e — voullm @) + Bt e + p)le — pl,
with

A(t,e +p) = (f)(et/(s+u))7 B(t,e 4 p) = O(et/(6+/0),

for each €, p# > 0. Hence
t/(6+u)(

[[ve,, (t,) — Upin, (t, ')HHl(R) < ce len — tnl + ||U0,5n — V0,pn Hl(R))a neN,

for some constant ¢; > 0. Choosing suitable subsequences as in [3, Lemma 7.2] we
get v = w. ([

The third and last step is the stability of the semigroup.

Lemma 4.4. The semigroup S defined on [0,00) x (0,00) x R x H'(R) satisfies
the stability property (ii) of Theorem 1.1.

Proof. Fix € > 0 and denote by S° the semigroup associated to the viscous problem
(21) and S := S—(,O. Choose {vo,n}nGN C Hl (R)v {’Yn}nGN - (07 OO), {5n}n€N - Rv
vo € HY(R), v > 0, § € R satisfying (1.8). The initial data satisfy vocn, vor €
H?(R) and (2.3). Finally, write
Ven = SE(’anéna”O,n)a Up = S('Vny(;navO,n)a v = 5(77577)0)'
Let t > 0. Due to Lemmas 3.2 and 4.1,
on(t, ) = 00t s ey = B loen(t, ) = velt, Vlars oy
Using [2, Theorem 3.1], we have that
[ven(t,) = ve(t, )y < Alt,€)l[vo,n — voll ey + B(t,€) (Ivn — ] + |00 — 9]),
with
A(tvs) = O(eT/E)v B(t,€) = O(GT/g)a te [OvT]
Now, using the same argument as in [3, Lemma 8.1] we prove the claim. (I
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Proof of Theorem 1.1. 1t is direct consequence of Lemmas 4.2 and 4.4. O
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