ASYMPTOTIC BEHAVIOR OF SMOOTH SOLUTIONS
FOR PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS
WITH A CONVEX ENTROPY

S. BIANCHINI', B. HANOUZET* AND R. NATALINI*

AsstrACT. We study the asymptotic time behavior of global smooth solutions to general entropy dissipative
hyperbolic systems of balance law in 1 space dimensions, under the Shizuta-Kawashima condition. We show

that these solutions approach constant equilibrium state in the LP-norm at a rate O(tf%(lf%)), ast — oo, for
p € [min {m, 2}, c0]. Moreover, we can show that we can approximate, with a faster order of convergence, the
conservative part of the solution in terms of the linearized hyperbolic operator for m > 2, and by a parabolic
equation, in the spirit of Chapman-Enskog expansion in every space dimension. The main tool is given by a
detailed analysis of the Green function for the linearized problem.

1. INTRODUCTION

In the following we shall consider the Cauchy problem for a general hyperbolic symmetrizable m-
dimensional system of balance laws

(1) w+ Y (falw),, = gw),
a=1

with the initial conditions
(1.2) u(x,0) = up(x),

where u = (uq, up) € Q C R™ X IR™, with n7 + n, = n. We also assume that there are 77 conservation laws
in the system, namely that we can take

(1.3) gu) = ( q(Ou) ), with q(u) € R™.

According to the general theory of hyperbolic systems of balance laws [8], if the flux functions f, and
the source term g are smooth enough, it is well-known that problem (1.1)-(1.2) has a unique local smooth
solution, at least for some time interval [0, T) with T > 0, if the initial data are also sufficiently smooth.
In the general case, and even for very good initial data, smooth solutions may break down in finite time,
due to the appearance of singularities, either discontinuities or blow-up.

Despite these general considerations, sometimes dissipative mechanisms due to the source term can
prevent the formation of singularities, at least for some restricted classes of initial data, as observed for
many models which arise to describe physical phenomena. A typical and well-known example is given
by the compressible Euler equations with damping, see [30, 15] for the 1-dimensional case and [34] for
an interesting 3-dimensional extension.

Recently, in [13], it was proposed a quite general framework of sufficient conditions which guarantee
the global existence in time of smooth solutions. Actually, for the systems which are endowed with a
strictly convex entropy function & = &(u), a first natural assumption is the entropy dissipation condition,
see [5,27, 31, 37], namely for every u, u € Q, with g(u) =0,

(& () - & @) - g(u) <0,
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where &'(u) is considered as a vector in IR” and - is the scalar product in the same space. Unfortunately,
it is easy to see that this condition is too weak to prevent the formation of singularities, see again [13].

A quite natural supplementary condition can be imposed to entropy dissipative systems, following
the classical approach by Shizuta and Kawashima [19, 33], and in the following called condition (SK),
which in the present case reads

(1.4) Ker Dg(u) N {eigenspaces of Z Df, ()&} = {0},

a=1

for every £ € R” \ {0} and every u € Q), with g(u) = 0. It is possible to prove that this condition, which is
satisfied in many interesting examples, is also sufficient to establish a general result of global existence
for small perturbations of equilibrium constant states, see [13] for a first proof in one space dimension,
and [38] for a multidimensional extension.

In this paper we investigate the asymptotic behavior in time of the global solutions, then always
assuming the existence of a strictly convex entropy and the (SK) condition. First let us describe our
approach in the one dimensional case. Our starting point is a careful and refined analysis of the behavior
of the Green function for the linearized problem, which is decomposed in three main terms. The first
term, the diffusive one, consists of heat kernels moving along the characteristic directions of the local
relaxed hyperbolic problem; the singular part consists of exponentially decaying 6-functions along the
characteristic directions of the full system. Finally the remainder term decays faster than the first one.
Notice that in the one dimensional case a first analysis of the Green function was already contained
in [39]. However, there are some differences in our analysis, and in particular we are able to give a
more precise description of the behavior of the diffusive part, which is decomposed in four blocks,
which decay with different decay rates. This description will be crucial in the analysis of the asymptotic
behavior. Let us better explain this point. Actually, we show that solutions have canonical projections
on two different components: the conservative part and the dissipative part. The first one, which loosely
speaking corresponds to the conservative part of equations in (1.1), decays in time like the heat kernel,
since it corresponds to the diffusive part of the Green function. On the other side, the dissipative part is
strongly influenced by the dissipation and decays at a rate t % faster of the conservative one. To establish
this result, we shall use the Duhamel principle and the Green kernel estimates, very much in the spirit
of the Kawashima approach for the hyperbolic-parabolic equations [19]. Unfortunately, with respect
to that result, here there is a severe obstruction given by the lack of decay of the source term, when
convoluted with the Green kernel. This is not the case for convective or diffusive terms, since they are
derivative terms, so having a better decay, of an order 1 for every derivative. However, in the present
work we have shown that there is a structural algebraic compatibility between the Green kernel and the
conservative structure of the system, by decomposing the kernel according to different linear projectors,
which yields the cancellation of its highest order and slowly decaying interactions with the source term.

In the multidimensional case, the explicit form of the Green function cannot in general be expressed,
and we have to relay directly on the Fourier coordinates. Thus the separation of the Green kernel into
various part is done at the level of solution operator I'(f) acting on L(R",R"), or L' N L2(R™,R"). This
allow to perform L? linear decay estimates, for p > 2.

Let us now shortly review some previous results concerning the asymptotic behavior of solution to
dissipative hyperbolic systems. A huge amount of work has been done during many years around the
special case of the dissipative (nonlinear) wave equation, see for instance [14, 24, 29] and references
therein. At the same time, and starting from the seminal paper by T.P. Liu [20], there were some
studies on 2 x 2 systems with relaxation, see for instance [15] for the p-system with damping, and [6]
for the general case. For more general models, we recall the paper by Y. Zeng [39] about gas dynamics
in thermal nonequilibrium and finally the paper by T. Ruggeri and D. Serre [32] about stability of
constant equilibrium states for general hyperbolic systems in one space dimension, under zero-mass
perturbations. A related result has been recently established by J.F. Coulombel and T. Goudon, who
have considered the diffusive relaxation limit of multidimensional isothermal Euler equations [7], see
Example 5.12 for a comparison with our approach. Finally let us remark that, under similar assumptions,
stability of shock profiles for general relaxation models has been considered in [26].
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The paper is organized as follows: Section 2 is devoted to recall some basic results about hyperbolic
systems with entropy dissipation and the Shizuta-Kawashima condition. In this section we also in-
troduce the decomposition of the linearized system, which will be called the Conservative-Dissipative
form. Section 3 contains a very detailed analysis of the Green kernel in one dimension, while the mul-
tidimensional case is presented in Section 4. Finally, Section 5 is devoted to the study of the decay
properties of the nonlinear system. Not only we shall prove the decay results for both the conservative
and the dissipative part of the solution, but we shall show also that the conservative variable approaches
the conservative part of the solution of the corresponding linearized problem, faster that the decay of
the heat kernel for m > 2. Then, we prove that the solution of the parabolic problem, given by the
Chapman-Enskog expansion, approximates the conservative part of the solution of the nonlinear hy-
perbolic system. For m > 2 the Chapman-Enskog operator is linear, while, in one space dimension, the
decay of the nonlinear part has a stronger influence, and so we can only show the faster convergence
towards the solution of a parabolic equation with quadratic nonlinearity.

Finally, let us point out again that these results were obtained by assuming all the time the condition
(SK). Unfortunately, this condition is not satisfied by many models, as for instance in one space dimension
for the Kerr-Debye system, which describes the propagation of electromagnetic waves in nonlinear Kerr
medium [12, 16, 13], for perturbations around a null electric field. Another interesting example is given
by the equations of gas dynamics in thermal nonequilibrium, which has been investigated in [39], where
however global existence of solutions has been established, even if condition (SK) is in general violated,
thanks to a splitting of the system in two parts, one of them being linearly degenerated. The situation is
even worst in more space dimensions, since there are more possibilities to violate condition (SK). This
is the case for for every equilibrium state for the 3-dimensional version of Kerr-Debye model, as shown
by a simple check. However, a physically relevant class of systems which verify the (SK) condition is
given by the rotationally invariant systems in Example 4.7 below. Other examples are given by the BGK
models proposed in [1], under the Bouchut stability condition [3]. Actually, we expect that, for many
physical systems not satisfying the (SK) condition, we could consider the influence of other factors, like
the existence of linearly degenerate fields, or, in several space dimensions, the well-known faster time
decay of the Green function, even for the nondissipative case. Some preliminary results about systems
violating the condition (SK) will be presented in [25].

2. BASIC STRUCTURE OF THE ENTROPY DISSIPATIVE HYPERBOLIC SYSTEMS

2.1. Entropy dissipation. In the following we shall consider a general m-dimensional system of balance
laws given by equation (1.1), with the source term g = g(u) verifying (1.3).

According to the general theory of hyperbolic systems of conservation laws [8, 31], we shall assume
that the system satisfies an entropy principle: there exists a strictly convex function & = &(u), the entropy
density, and some related entropy-flux functions ¥, = ¥, (1), such that for every smooth solution u € Q
to system (1.1), there holds

1) Ew) + ) (Faw),, = Gw),
a=1

where " = (F,)'& and G = & - ¢. Let us introduce the set y of the equilibrium points:
y ={u € Q;g(u) =0}
Definition 2.1. The system (1.1) is non-degenerate if, for every i € v, it holds
(2.2) Gu, (@) is non singular.
Definition 2.2. The system (1.1) is entropy dissipative, if, for every il € y and u € Q, we have
23) (& (u) - & (1)) - glu) < 0.
Following [11, 10, 2], it is now useful to symmetrize our system by introducing a new variable, the
entropy variable, which is just given by
(2.4) W =E&(u).

Actually, since & is a strictly convex function, we can inverse & to recover the original variable u
by the inverse map ® = (&)L, Let us set now Ag(W) = @'(W), Co(W) = Df,(P(W))Ao(W), and
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0
QW)

forevery a =1....,m, C4(W) is symmetric. Then, selecting W as the new variable, our system reads

G(W) = g(d(W)) = ) It is easy to see that the matrix Ao(W) is symmetric positive definite and,

(2.5) Af(W)Wr + ) Cal W)Wy, = G(W).

a=1

Now, as proved in [13], if the system is entropy dissipative and non-degenerate, the set of equilibrium
points is locally reduced to a single smooth manifold. More precisely, in the entropy coordinates, we
have that, setting 77 = &(y), the entropy dissipation condition reads

(2.6) (W, — W) - Q(W) <0,

for every W, € R™ such that there exists W; € R" with W = (W;, W) € 7, and every W € &(Q). In
this case, i.e. if the system is entropy dissipative and non-degenerate, we have that, if W € , then every
W € &(Q) is also an equilibrium point if and only if W, = W, see [13].

Observe now that our definition of dissipative entropy is just invariant for affine perturbations of the
form Eu) = ) + a + - u, for @ € R, p € R". Therefore, without loss of generality, we can suppose
it = 0 € y and consider system (1.1) with g(0) = 0, and fix f,(0) = 0. Moreover, we always can assume
that the entropy function & is a quadratic, i.e. such that

&0)=0, &(0)=0¢7.

Next, following the above considerations, and according to the actual structure of many systems
arising in physical models [36, 28, 37, 13, 31], we focus our investigation on a slightly restricted class of
entropy dissipative non-degenerate systems, namely the systems such that

(2.7) Q(W) = D(W)W,, with D(0) negative definite.

In the following we shall refer to these systems just as strictly entropy dissipative systems.

2.2. The Shizuta-Kawashima condition and the global existence of solutions. To continue our anal-
ysis of smooth solutions for dissipative hyperbolic systems, we need some supplementary coupling
conditions to avoid shock formation. A very natural condition was first introduced by Shizuta and
Kawashima in [33], for hyperbolic—parabolic systems. Here we first state the condition for the original
unknown, i.e. for system (1.1), just assuming that u = 0 is an equilibrium point with g(0) = 0.

Definition 2.3. The system (1.1) verifies condition (SK), if every eigenvector of Y.y D fo(0)&, is not in the null
space of Dg(0), for every £ € R™ \ {0}.

Since this condition is invariant under diffeomorphisms which conserve the origin, in the case of
strictly entropy dissipative systems, Definition 2.3 is equivalent to

for every A € R and every X € R™ \ {0}, the vector ( i)(

) € R" is not in

(2.8) m

the null space of AAy(0) + Z Ca(0)&,, for every & € R™ \ {0}.
a=1

Let us consider now the linearized version of system (1.1), namely, setting A, = Df,(0) and B = Dg(0),
m
2.9) w+ ) Agiy, =By, ucR',xeR"tecR",
a=1

with B of the form

0 0

(2.10) B :[ D, D,

}, D1 € Rmxnz,Dz € anxnz’

with n = ny + n,. Set A(&) = Yn_; Au&a. According to the previous discussion, we can assume that
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(H1) there is a symmetric positive definite matrix Ay such that A,Ag is symmetric, for every a =

1,...,m,and
0 0
BAO_[O D],

where D € R™*"™ is negative definite;
(H2) any eigenvector of A(&) is not in the null space of B, for every & € R™ \ {0}.

To use the condition (SK), we have to give a reformulation which takes into account the kernel
E(i¢) = B~ iA(S).
This is the content of the following lemma, which is an extension of Theorem 1.1 in [33] to the case of a
non symmetric matrix D (the proof is omitted).
Lemma 2.4. Under the assumption (H1), assumption (H2) is equivalent to any of the following:
i) there exists K = K(&) € R™" such that, for every & € R™ \ {0}, K(E)Ay is a skew symmetric matrix and

SKEAE©A) + AGAKT©) - 5(BAy + AoB)

is strictly positive definite;
ii) if A(z) is an eigenvalue of E(z), then R(A(i&)) < 0 for every & € R™ \ {0};
iii) there exists ¢ > 0 such that
5
1+[EP

2.11) RA(E)) < —c

for every & € R™ \ {0}.
About the existence of a solution, we recall the following result [13, 38].

Theorem 2.5. Assume that system (1.1) is strictly entropy dissipative and condition (SK) is satisfied. Then there
exists 6 > 0 such that, if |luglls < 6, with s > [m/2] + 2, there is a unique global solution u of (1.1)—(1.2), which
verifies

u € C°([0, 00); H(R™)) N C'([0, 0); H*™'(R™)),
and such that, in terms of the entropy variable W = (W1, W»),

(212) sup [IW(IE + fo (INWy (@I, + WD) dT < COIWoIR,

0<t<+oo
where C(0) is a positive constant.

2.3. The Conservative-Dissipative form in the linear case. We now consider a linear system with
constant coefficients:

m
(2.13) wy + Z A wy, = Bw,
a=1

where w = (wy, w,) € R™ X IR™. We assume also that the differential part is symmetric:
(2.14) foralla=1,...,m, AZ =A,.

Definition 2.6. Under assumption (2.14), the partially dissipative system (2.13) is in Conservative-Dissipative
form (C-D form) if there exists a negative definite matrix D € R™, such that

(0 0
(2.15) B:(O D)'

In the following w; = w, is called the conservative variable, while w, = wy is the dissipative one.

We notice that, thanks to assumption (H1), system (2.9) is already in the C-D form if Ay = I. We shall
prove in the following that there exists a linear change of variable such that (2.9) takes the C-D form in
the general case of Ay symmetric and positive definite.

Take u a solution of (2.9). First, we use the classical transformation

V= Aal/zu,
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which yields
(2.16) v+ Z Ay, = Bo,
a=1

where A, = Aal/ ZAaA(l)/ 2, B= Aal/ ZBA(l)/ 2. Notice that system (2.16) has a symmetric differential part, but
the matrix B does not satisfy (2.15). However, by the assumptions on the matrix B, for B there exists a
null space of dimension 711, while the other eigenvalues are strictly negative. We shall construct the C-D
variables using the projection Qp on the null space and the complementing projection Q_ =1 - Qy. We
compute Qo by using the explicit formula, see [18]:

1

Qo = o (B—&DTdE.
T Jigl<t
We have:
-1
5 -1 _ al/2 a 14172 _ 12| —EAo1 —EAgx 172
(B - &) = AV2(BAy - EA) AV = Al [_é I il
-1
=A(1)/2 ([ —5130,11 —5130,12 ](I+O(€))) Aé/z
~(Ao11)L/E  —(Ag11)1Ag1aD"!
=A(1)/2(I+O(E))[ ( 0,101) ( 0,11)D_1 0,12 A(l)/z
1 ap| —(Ac)™ 0| 1
= 24} [ ; o |42+ o).
We thus obtain that

_ael Q)™ 0| e
Qo = Al [ WA

Note that due to the assumptions on Ay, this projector is symmetric. In particular we can choose left and
right projectors Ly € R™™, Ry € R"*", so that

(2.17) Qo = RoLy, LoRg =1 e R"™™, Ly=R{.

Note that by the last condition also Rg, Lo are unique: in fact they are given by
A -1/2

(2.18) Ro=A)? [ ( 0,1(1)) ] Lo=[ (Aoa)™ 0 A}

We define the complementary projection Q_ to be
(2.19) Q.=1-Qy=R.L, LR =IeR?, [_=RIL

The last condition follows because also Q- is symmetric, and the matrices R_ € R"™*", L_ € R™" are the
unique left and right projectors which satisfy (2.19): one can check that these projectors are given by

0
(AgH2) ™2

Set now wy = Lov, w, = L_v. We have
v=(Qo+Q-)y =RoLpv+R_L_v

(2.20) R_=A01/2[ ] L=[0 (A5 |a"2,

= Rowy + R_w;,
and by (2.16):

m
(L()’U)t + Z L()A_a(Rowl + RJLUz)xﬂ = L()B(Rowl + R_ZUQ),

a=1

m
(L_v); + Z L_Aq(Row; + Rws)y, = L_B(Row; + R_wy).

a=1
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Now notice that

LoB =0, BRy = 0.
Therefore w = (wy, w,) are Conservative-Dissipative variables and system (2.16) is equivalent to the C-D
form system (2.13), where A, are the symmetric matrices

i LOALYRO LOA_aR—
(2.21) Aa —( L_ARy L_A,R_ )
and
N
(2.22) B—( 0 D )
with
(2.23) D =L-BR- = (A9 )) *D((Ag ) *

is negative definite.
Proposition 2.7. If u is a solution to system (2.9), then, under assumption (H1),

(Ao1) 12 0
(2.24) w=Mu= u

((AgH22) (A2 (Agh))'?
is a solution to the C-D form system (2.13) with (2.21), (2.22) and (2.23).

Remark 2.8. 1f system (1.1) is non degenerate and entropy-dissipative, we can apply Proposition 2.7 to
the linearized system (2.9). Therefore, in the following, we are always going to assume that the unknown
u is chosen in such a way that (2.9) is in conservative-dissipative form. In this case, we say that also
system (1.1) is in conservative-dissipative form and we shall set u = (u, ;) € R"™ x R".

Remark 2.9. More generally, we can look to the set of linear transformations w = Mu, such that, starting
from system (2.9), under assumption (H1), the new system is in C-D form. To obtain the symmetry of
the differential part, we have to take M such that (M'M)~! is a symmetrizer of the system. Hence, we
can choose M such that

(2.25) M™ = A"
Now, to verify condition (2.15), we obtain the relations

M] M1 = (Ao11) ™,
Mz =0,

(2.26)
Mz = (M},)" M (Ag M1,

M3, Mz = (A3 ).

In particular, a special choice is to take M;; and My symmetric and we obtain (2.24) with D given by
(2.23).

Example 2.10. The p-system with relaxation. Let us consider system

u+d,v=0,
2.27)
010 + dyo(u) = h(u) — v,

with ¢’ (1) > 0. Its linear counterpart is given by

Ju+dv=0,
(2.28)
20+ A2 =au—ov,
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where A = 4/0’(0) and a = h’(0). Therefore

0 1 0 0
A= , B= .
A2 0 a -1

We can use the symmetrizer Ay given by
1 a
A = ,
a A?

which is positive definite if it holds the subcharacteristic condition A > |a|. It is easy to verify that
assumption (H1) is verified, since
a A? 0 0
’ BAO = .
0 a*-A2

A2 g)?
To recover the C-D form, we first compute the inverse matrix A~! which is given by

2 _
3 1 A a
A= ——
’ A2 —a? —-a 1

AAp =

This yields
1 0
M =
—a(\? —a?) (A2 -a?):
and so we obtain the matrices of the C-D form

a (A2 —a?): 0 0
A= ,B= )

[ )=u(3)

and reporting in (2.27), we obtain its conservative-dissipative form

Setting

aue + (A2 — a?)2uy 0
+dy =

Uc
(2.29) o [
(A2 = a2)1 (o (ue) — dPue) — aug (A2 = )2 (h(ue) — aue) — ug

Ug

3. THE GREEN KERNEL FOR LINEAR DISSIPATIVE SYSTEMS IN ONE SPACE DIMENSION

Aim of this section is to compute the Green kernel I'(f) for a linear dissipative hyperbolic system. The
fact that we are in dimension one will help us in inverting the Fourier transforms, hence giving explicit
form to the principal parts of I'(t).

We can consider directly a system in C-D form, according to the results of Subsection 2.3. So we write
our system as

(3.1) w; + Aw, = Bw,

where w = (w,, wy) € R™ X R"™2. We assume that the differential part is symmetric, and there exists a
negative definite matrix D € R">*"2, such that

0 0
(3.2) B:(O D)’

so we have (H1). We assume also that (3.1) verifies condition (SK), then we have also (H2). We notice
that, by contrast with [39], we are not assuming that the matrix B is symmetric. This is necessary to deal
with some specific examples, as for instance the Jin-Xin relaxation system, see [17, 13].
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We want to study the Green kernel I'(t, x) of (3.1), which satisfies

I + AT, = BT
(3.3)
T'0,x) = o6(x)I

Taking the Fourier transform
It &) = f T(t, x)e~"**dx
R
of (3.3) we obtain

df’/dt (B —iEA)T

(3.4)

£(0,¢) I

To study the large time behavior of the Green kernel I', we use the approach already proposed in [21],
[39].

3.1. Perturbation analysis. Consider the entire function
(3.5) E(z) = B — zA.
It is clear that the solution to (3.4) is given by

+00

n
(36) Pt &) = eHr = )" %(B —iZAY",
n=0
so that
(3.7) T'(tx) = p.v.i f EEOGIE e = Tim 1 N CEO it g
271 R N—o+o0o0 27T _N

and I'(t, z) = eF@"! is an entire function of z. The next analysis follows using some ideas in [18].

The function E(z) given by (3.5), as a matrix valued function, has a constant number s of distinct
eigenvalues A(z) iff z is not one of the exceptional points, which are of finite number in the plane. In fact
these points are the solutions to

(3.8) det(B —zA - /\I),

which is a polynomial equation with holomorphic coefficients. It follows that its roots A(z) are branches
of one or more analytic functions with algebraic singularities of at most order n. As a consequence the
number of eigenvalues is constant, with the exception of a finite number of points, called exceptional
points, in each compact set of the complex plane. Since we can write

E(z) = z(-A + B/=z),

then the same occurs in a neighborhood of z = oo, so that in our case the number of exceptional points
is bounded in the whole complex plane. Even if z is not an exceptional point, differently from [39], the
matrix E(z) is in general not diagonalizable, due to the fact that B is negative definite but not symmetric:
we say that E(z) is permanently degenerate.

In any region where there are no exceptional point, the functions A(z), j = 1,...,s, are holomorphic,
with constant multiplicities m;, j = 1,...,s. In general these A; are branches of one or more algebraic
functions, denoted again as A;, j = 1,...,s. The exceptional points can be either regular points for
these algebraic functions, or a branch point for some A;(z). In the first case the eigenprojectors remain
bounded, while in a branch point the projectors have a pole.

In general, the function E(z), if z is not exceptional, is represented as

(3.9) E() = ) A@Pi(2) + ), Dit2),
j j

where A; are the eigenvalues of E(z), Pj(z) the corresponding eigenprojections, given by the formula

1
(3.10) Piz) = 2mi ﬁ—)\.(z)l«l(E(Z) —ehTs,
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and D; are the nilpotent matrices, due to the fact that in general E is not diagonalizable, defined by

(3.11) Di(z) = (E(z) — A{(2)])P(2).
Note that by construction the eigenvalues of D; are 0, so that
(3.12) DT’(z) =0,

where m; is the multiplicity of A;.

We now study which consequences have the assumptions (H1), (H2) on E(z) and ['(t, z) near the point
z = 0 and z = oo. Both points are in general exceptional points: for z — 0, n; eigenvalues different from
0 converges to 0. When |z| — oo, the matrix A is diagonalizable, but it can have common eigenvalues:
then the perturbation B/z will in general remove part of this degeneracy.

We are going to show that, near z = 0, semisimple eigenvalue of B, the matrix E(z) has a decomposition

(3.13) E@) = ) (Ax@)Pi(@) + Di(2)) + Ex(2),

jk
where the Aj; are diagonal 7 X n matrices composed by the n; eigenvalues, which converge to 0, the P
are spectral projectors, the D are nilpotent operators commuting with Pj. From assumption (H1), we
can control the behavior of the matrix E1(z).

In a similar way, near z = oo, since the eigenvalues of A are semisimple, E(z) has a canonical decom-
position as

(3.14) E@) = ) (Yi@Pi(@) + Djx(2)).
ik
The entries in the matrix Aj have an expansion in the form
(3.15) Az) = —Z/\Jl- - zzcjk +0(2%),
where the A! are the eigenvalues of the symmetric block Aj;.
On the other hand, the entries in the matrix Y have an expansion in the form
(3.16) v(z) = —zAj + b + O(1/z),

where the A; are the eigenvalues of A. As a consequence of the assumption (H2), which is equivalent to
the condition (SK), the coefficients cjx and bj have strictly negative real part.

3.1.1. Case z = 0. The total projector P corresponding to all the eigenvalues near 0 is

(3.17) P(z) = _2i7zi Sé‘ 1(E(z) — &Nl

The point z = 0is in general an exceptional point, and the projections corresponding to the eigenvalues
with negative real part (i.e. not in any of the jk families defined in (3.15)) can have poles in z = 0.
Nevertheless, the projection

(3.18) P_(z) = - P(2)

corresponding to the whole family of eigenvalues with strictly negative real part is holomorphic near
z = 0, see [18] or the analysis below.
To simplify computations, we introduce the projectors

(3.19) Ly=Ry =[5, 0] L. =Rl=[0 I, |
and
I, O 0 0
(3.20) Q0=R0LO=[ 0], Q_:I—QO:[O Inz]'
For & close to 0, we have
L1 N 0
(321) (B—&D™ = ~2Qo + RAD - &D) 'L = [ 0 (D—cp ]
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We recall also the expansion of the resolvent

RE2)=(B-2A-2)" = (B- &) (1-24B - D7)

=(B-&D"' +2(B-ED)TTAB - &) + 22 (B - &) (AB - )T + O(2)

(3.22) = Ro(&) + ) 2"Rul€).

n>1
The total projector P becomes here
(3.23) P(z) = Py + Z 2P,

n>1

where P, is given by the integral
(3.24) Pi=-=d RO

2mi el<1

By using (3.21) we have the zero order coefficient,

1 e {1 0
(325) PO - i |é|<<1(B 51) dé = QO - [ 0 0 ]/
while the coefficient for z is given by
Py = - L (B—&EDTTAB - ED7YdE = QuAR_D'L_ + R_.D'L_AQ,
27-(1 |&l<1
0 A12D_1
3.26 = _ .
( ) [ D 1A21 0 ]

For completeness we will also compute the coefficient for z2. Integrating as before Ry(&), we have
Py = Qu(AR_D'L_Y? + R_-D'L_AQyAR_D™'L_ + (R_D'L_A)*Qy
—(QuA)*R_D2L_ —R_D2L_(AQy)?> — QuAR_D’L_AQ,

—A;pD2An ApD 1Ay D™t - A1 AnD?
(3.27)

D'ApD Ay — D2AAn D'AnApD!

11

As we will see later, the coefficient we are interested is the 22 coefficient: in fact we see that we can write

(3.28) P(z) = [ [+0(z%) zA1D™ + O(2%) ] '

zDVAn +0(z%) 22D 'ApnAnD™ + O(Z%)
We introduce the right and left eigenprojectors of P(z), R(z) € R™™, L(z) € R"*", which verify
P(z) = R(z)L(z), L(z)R(z) = L.
We can find the power series of L(z) and R(z) by means of the relations
L(z)P(z) = L(z), P(z)R(z) = R(2).
We have in fact for L(z) = Lo + zL1 + z>L; + O(z%), with Ly given by (3.19),
(Lo + 2Ly + 2Ly + O@))(Po + 2Py + 22Py + O(2%)) = LoPo + 2(LoP1 + L1 Po)
+22(LoPy + L1 Py + LoPo) + O()
=Ly +zLoAR_D'L_ + 2’ Lo(AR_D7'L_)? — 22LoAR_D™2L_AQ,
— 22 L)AQuAR_D™2L_ + 2’ LiR_D'L_AQq + Z’L,Py + O(z%),

so that we see that

(3.29) L1 =L)AR-D'L_=[ 0 ApD™ | Ry=RD'L AR = U
D™ Ay
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L, = Lo(AR_D_lL_)Z - L()AQ()AR_D_ZL_ = [ —A12D_2A21/2 A12D_1A22D_1 —A11A12D_2 ],

(3.30)

_ -2
Ry = (R.D'L_AYRy— R_D2L_AQyARy = [ ApD™Ax /2 }

D 'A»D 1Ay — D2 AnAn

where we used a similar computation for R;, Ry. Note that since D! is not symmetric, these projectors
do not satisfy L(z) = R(z).
Next, we can decompose E(z) according to the right and left operators:

(3.31) E(z) = R(z)F(z)L(z) + R_(z)F-(z)L_(z),
where F(z) = L(z)E(z)R(z) € R™*" and F_(z) = L_(z)E(z)R_(z) € R"*",
We have

F(z) = (Lo + 2Ly + O@))(B - zA)(Ro + 2Ry + O(z%))
— zLyARg — z°LoAR_D'L_ARy + O(z°)
- ZA]1 - ZZAlzD_lAzl + 0(23).

(3.32)

The matrix Aj; is symmetric, from assumption (H1), so that we can write for some eigenvalues )\}, with

T
iy

multiplicity m;., j=1,...,m’, and left and right eigenprojections /; € ]Rm;'xm, rj € ]R”lxm;, with [; = ;

»
(3.33) An = Z Alril;
j=1

Lemma 3.1. Under the assumption (H2), the matrix ApD 1Ay is negative defined.

Proof. Let r be an eigenvector of Ay for the eigenvalue Al. Then, since D! is strictly negative and

A1 = Al , we have that

d= TTAlzD_1A211’ <0
if As17 # 0. On the other hand, we have that

and
r|_ Apr | | Alr
Al 5=l dar <] A |

Therefore [ r ] is an eigenvalue of A if A7 = 0, and assumption (H2) implies that A7 # 0. O

0

We can again reduce (3.32) by considering the right and left projections r;(z), 1;(z), with r;(0) = r;,
1(0) = I}, for each family of eigenvalues A; = —Z/\} + O(z%). We can now expand the projectors as

pi(z) =rjl;j + zp} +0(z%), ri(z) =rj+ zr} +0(z%), liz) = 1; + zl} +0(z%),
where rJl. = p}r]-, l} = p}lj. Therefore
Fi(2) = [{(@F@)rj(2) = —zAlLy, - 22 (LiAnD " Anry) - 22 (L Aur; + LAnr}) + O@).
Now, using formula (II-2.14) in [18], it is possible to prove that the third term vanishes. So, we obtain
(3.34) Fi(z) = —Z/\Jl.l — Z2(Anr)' D Y (Anrj) + O@).

As before, (A rj)TD’l(An r;) has eigenvalues with strictly negative real part. Let cj be the eigenvalues,
with multiplicity m/, of the reduced matrix (A7 )TD™Y(Azr;), and let pj € R"7" be the corresponding

eigenprojections, with d € R"/™"

(3.35) Fiz) = Z Fiu(z) = Z(—zA} — 2ej)pi - 22dy + OF).
k k

i the nilpotent matrices. We obtain finally that
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The eigenvalues tending to 0 belong to jk families, whose z expansion can be expressed by
(3.36) Aj(z) = —Z/\Jl. - zzcjk +0(2).

Note that since all cj are different, then the total projection for each family is holomorphic near z = 0,
and similarly the nilpotent part. They can be expressed as

(3.37) Pi(z) = Rorjpj(Ror))" +O(2),  Djl2) = ZRorjdjx(Ror))" + O(2).
Therefore, we obtain the projection of E(z) on the null eigenvalue as
(3.38) R(2)F(z)L(z) = Z(—zA}I —Z2cpl + O(ZS))ij(Z) + Djx(2).

jk

Remark 3.2. As we have noticed before, in general inside the jk family there are different eigenvalues
whose projections have a pole in z = 0. We just say that the total projection P j(z) of the whole jk family
does not have poles in 0: as we showed, this follows because F(z) can be decomposed as the sum of
F(z), acting on different subspaces.

We study now the term F_(z) = L_(2)E(z)R-(z). As before, we expand the left and right projections of
P_(z)asL_(z) = L_ +zL! + O(z%) and R_(z) = R_ + zR! + O(z?). We obtain

_ -1
(3.39) L'=[-D74y 0] Rl'= [ A%D ] :
This yields
(3.40) F_(z) = D — zAy + O(Z%).
We sum up the previous results in the following statement.
Proposition 3.3. We have the following decomposition near z = 0
(3.41) E@) = ) (Ax@)Pi(@) + Di(2)) + Ex(2),

jk
where the Aj are diagonal n X n matrices composed by the ny eigenvalues A j given by (3.36), the coefficients

Cjx having strictly negative real part, thanks to assumption (H2). The spectral projectors Py and the nilpotent
operators Dy are given by (3.37) and verify

Pi(2)Pji(z) = 0jjore Pix(z), Djx(2)Pix(z) = Px(2)Djr(z) = Djx(2),
Nj(2)P(z) = Pi(2)Aj(z) = Aju(z),  Pi(2)E1(z) = E1(z)P(z) = 0.

The term E1(z) is given by R_(z)F_(z)L_(z), where F_(0) = D, which, by assumption (H1), has eigenvalues with
strictly negative real part.

3.1.2. Case z = co. We do now the same analysis when |z| — 0. We have
E(z)=B-zA=z2 (—A + %B) = 2E(1/2),
where

(3.42) EQ) =-A+CB.

Since A is symmetric, we can write

(3.43) A=Y ARR],
7

where A; are the eigenvalues with multiplicity m;, R; € R™" are the right eigenprojections, normalized
by R],TRj =1 € R™*™i. As before, by considering the total projection for the family of eigenvalues
converging to A; as C — 0, we obtain the reduced equation for each A,

(3.44) Fi(C) = A1 + CRTBR; + O(C?).
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If one decompose now R].TBR jas
RIBR; =Y bupj+dj, Py dje € R,
%

we obtain that we can reduce further the F; by

(3.45) Fir(Q) = (=A; + Copic + Cdj + O(C).

As before, one obtains the jk families of eigenvalues for |z| — oo have the z series

(3.46) Aj(z) = =zAj + b + O(1/z2),

and the projectors and nilpotent parts

(3.47) P = R,»;aij]T +0(1/z), Dy = R]-d“ij]T +0(1/2).

Lemma 3.4. Under the assumption (H2), the eigenvalues b j of R].TBRj have strictly negative real part.

The proof follows by arguing as in Lemma 3.1.
Proposition 3.5. We have the following decomposition near z = oo
(3.48) E@) = ) (Y@Pi@) + Di2),
jk
where Y ji is the diagonal matrix whose entries are the eigenvalues of the jk family (3.46), the coefficients b j having

strictly negative real part, thanks to assumption (H2). The spectral projectors P j and the nilpotent operators D jx
are given by (3.47) and verify

Pix(@)Pjr(z) = 0jy o Pix(2), Di(2)Pir(2) = Pix(2)Djx(2) = Djr(2),
Yi(@)Pi(z) = Pi(2)Yix(z) = Yix(2).

3.2. Green function estimates. In the general case, assuming that the matrix A is symmetric, we have
that I'(t, x) = 0 if x > At or x < Af, where

(3.49) A= max Aj, A= mjin Aj,
namely, the support of I is contained in the wave cone of A. Therefore we have
(3.50) T(t,x) = T(t, )x{At < x < A1),
where y is the characteristic function. In conclusion, in the following we shall assume all the time
Sl<cC.
t

Now, we are ready to estimate the global behavior for large t of the Green kernel I'(, x) using the local
expansions contained in Propositions 3.3 and 3.5. We associate a diffusive operator with Green function
K(t, x) to the expansion (3.41), and a dissipative transport operator with Green function K(¢, x) to (3.48),
and we estimate the remainder term

R(t, x) =T'(t,x) — K(t,x) — K(¢, x).

3.2.1. Estimates near z = 0. In the following we shall consider the Green kernel as composed of 4 parts,
acting on we, wy:

(3.51) T(t, 2) =[ LoT'(t, x)Ro  LoI'(t, x)R- ]_ Loo(t,x)  To-(t,x)

L.T(t,x)Rg L_-T(tx)R_ |~ [ T_o(t,x) T__(tx) } )
Using the expansion of L(z), R(z) given by (3.29), (3.30) it follows that
Pji(z) = Pj(2) + Rjx(2)

_ [ ripT; zrjpjrj ApD™! ]+[ 0% 0@ ]

(3.52) 2D AgripirT 2D Agyrpr” ApD ™ 0z 0@
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We can associate to each term of F(i¢) given by (3.35) the the parabolic equation
(3.53) w; + /\}wx = —(cjkl + djk)wxx, weR™,
where cj; is in general complex valued, but its real part is strictly negative:
(3.54) Cik = —Hjk — iij, Hijk > 0.
Its kernel can be computed explicitly. If yjx = \/=Cjx = +/pjx + ivjx is the square root with positive real
part, so that arg y i € (—7t/4, 7/4), then

1 (x - )\]1.15)2 (x - /\jl.t)z‘

———expi——————— ZMjk,li,[ .
2y i \nt Aujp + vt | (& ((uji + vj)t)
The matrix valued coefficients M, are due to the fact that we have a nilpotent part Dj: the maximal
value of tis mj — 1, where mj is the multiplicity of c;. Note that we have in any case that for some c > 0

1 —(v—21p2
(3.56) lgix(t, 0)| < OL\[)e DT yk (t,x) € RT X R.
t

(3.55) giult ) =

Similarly, one can see that the inverse Fourier transform of

_ oA 2 _
F(t, Z) - Z e zAjt-2 C7kte_ZZkatij(Z)

ik
is given by the function
dg'k
ri(gik(t, x)pjk)r]T —7; (d—aipjk) r]TAlzD‘l
(3.57) Ktx)=)" o 2
= 14 [B8F N g (SR ) -1
jk D™ At —xp]k Pkt D™ Anr; ﬁp]k rjAlzD

The function K(t, x), as we will see later, collects the principal parts of each component (3.51) of the Green
kernel T'(t, x).
By the Proposition 3.3, we can compute e

(3.58) PE@ — Z efz/\}t—zzcjkte,zztD]HO(zat)ij(Z) +R. (z)eF’(z)tL_(Z).
jk

E@t near z = 0:

We associate to kernel of the parabolic equation (3.53), the function
gjk(z) = —(Z/\Jl- - ZZC]'k)I - szjk~
In the same way, to the Green function K(¢, x) we associate the function

Z [ Tjgjk(Z)ijVJT zrjgjk(z)pjkr]TAuD‘l

3.59 K@) = ) $i(@Pilz) = . 5 - 5 -
(3.59) &) ;gﬂ‘(z) i) 2D Anrigu@ppr] 22D Anrigi(@)pjrj AD™!

jk
Consider the following integral:

1 P S
Ri(t,x) = 7 f (eE(“)t - eK(’g)t)e’gxdé

€

1 € ) . = .
_ 2: %f ezé(x A}f)+5267kf(eéztD;k+0(£3t)ij(Zé) _ e.EZtD]kpjk(lg))dg
jk B

(3.60) +ifR_(i€)eF(ié)fL_(ié)ei-{xda
2 J_,

The constant € is sufficiently small. The meaning of the above integral is that for low frequencies &, the
main parts of I'(t, x) is given by the parabolic diffusion process described by (3.53). Moreover, we are
taking into account the principal parts of each component of I'(t, x), as in (3.51).

Using (3.40), and since D has strictly negative eigenvalues, it is clear that for some positive constant C

(3.61) ’% f R_(i&)eF-UML_(i&)e* dé&| < Ce/C.



16 S. BIANCHINI, B. HANOUZET AND R. NATALINI

Iz

T -argyj

02 03

argy jk

Rz

01

Ficure 1. The path ¢ in the complex plane in the case x — )\Jl.t > 0.

We will consider separately each of the integrals
1 ispnipeee, _
(3.62) Rt x) = o f PCs A}t)+¢,2crkt(eéztD,-k+0(<E3t)pjk(i5) _ eéztDjkij(iE))dé‘
—€

Since the integrand is holomorphic (because we are considering the whole eigenspace P j, see Remark
3.2), we can change the path of integration in such a way that, when we take the real part of the exponent
inside the integral, we will obtain a strictly negative exponent (it is clear that such a thing do not happens
for the path considered in (3.67)). Let cj = —ujx — ivj, and denote as before y = +/ujx + ivjx its square
root with positive real part. Note that for all jk we have

(3.63) argyjx € (—m/4+C,m/4-0), C>0.
By the change of coordinates & = ¢7/3%8 7z, we can write the exponent as
(3.64) gw—@o—éﬁyafmwwu—ﬂﬂ—mmﬁn

integrated along the path z = e'8YikE, & € [—¢,€]. Since all integrands (3.67) are holomorphic, we can
deform the path as in fig. 1: denoting with y the constant

(3.65) y = min{lx = A}t/ @y Pt), €/2),
consider the path
o= {—eeiarg”f" +isgn(x — )\}t)r]e_i a8V, n €0, y]}
U{—neiarg)’f* + isgn(x — /\}t)ye_iargyfk; ne [—6, e]}
U{eei BV — jsgn(x — A}t)ne_iarg Vik;n € [—y,O]}
(3.66) =01U0y Uas.

We now estimate:

1 i 138 jk 5 (A 1)— % . L=
(3.67) Rjk(tr x) = > 9§eze 87k 5 (x Ajf) |V]k|222t(e§2tD7k+O(Jt)ij(lé) _ ethD,kpjk(lg))

[

—iargyjkdz.

gze—z argy j . e

We begin with the following lemma.
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Lemma 3.6. If D is a complex nilpotent matrix, then for all 6 > 0 and a € C, there exists C = C(0) such that

(3.68) eOD+A _ eaD| < Celo+Cll|4

for every matrix A.

Proof. Let 0 < w << 1. Since D is nilpotent, there exists an invertible change of base R = R(w), with
IRl = 0(1), IR™'| = O(@™™Y),

such that the matrix

(3.69) Y := RDR™!
verifies
Y] =
In fact, there exists S € R™", such that
0 1 0
0
1
’ _ -1 _
D' =SDS™ = 0
0
0
0

We introduce the diagonal matrix
T(w) = diag(cu”_l, "2, w,1)

and its inverse
T(w)™! = diag(w™, 0™™2,...,07},1),
and set R(w) = T(w)S, which yields (3.69) with Y = wD’. We can now compute

e~ aDpaD+A _ I| — |(Z;§) ﬂ) (Z+oo M) h I'

n! m=0 " m!

m=0 m‘(n m)!

= ‘R—l (Z;g n-1 (—aY)"(aY + RAR- 1)n m) ‘

IA

|
C S Lo iy Tt syl Y " |IRARY

i=1 {(n—m—i)!

IN

CYAS Ty gl IRARTY Yty ol

m=0 m!(n—i—m)!

= CL,52" L my (@YD" IRARTf
= CIr% Z((aliYl + [RARTL™ = (I Y1)")

= C(ez<|auY|+|RAR-l|> - ez|a|m) < CeRlllYI+CIAl 4.

Therefore, we obtain
(370) |eaD+A _ eaD| < CES\(X||Y|+C|A||A|
and the conclusion follows.

We introduce now
Aj(z) = eSO _ pEMDy

Recall that we set & = e7'@8Vikz, Using (3.68), we obtain the estimate

(3.71) |Aj(2)| < CeFROEPDPE < C2e PPt

17
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with € # 6 and 6 < 1. Note that we only assume here that |z| is small, but it may happens that z3¢ is
large. The importance of the above lemma is in the fact that we do not require any assumption on the
norm of A.

We have

eFDItOEN P (18) — e PR Py (i8)| <

riAi(2)p ]-kr]T zriAjk(2)p jkr]TAlzD‘l
ZD_1A21 rjAjk(Z)pjkpjkro ZZD_1A21 T’jAjk(Z)pjkT]TAlzD_l

+

EEZtD]-ﬁO(ésf) (ij(ié) - p]k(lé))|

Using (3.71), (3.68) and (3.69), we obtain

(372) |e§2tDjk+O(§3t)ij(i£) _ EE'ZtDjkp]'k(ié)| — (|Z3|t + |Z|)€25|Z|2t|: 0(1) O(l)lZl ]

Ozl O(D)lzl?

What we are going to obtain is the following result: the principal terms of I'(, x) are the heat kernels
gjk(t, x) or their derivatives, and the error terms for each principal part are of higher order. Using (3.67),
we will thus integrate along the path o the function

(3.73) 2P (2P + 1) exp {R (i "8 rz(x — ALt) = 2y t) + 26124},
forp=1,2,3.

On o4, observing that |z| = O(e), one has
(3.74)

%ﬁl(...)dz

Y
< CeP(e*t +1) f exp{— cos(2arg )/]-k)(nlx - /\]1-t| + ijklzezt - Iy]zklnzt) + 26(62t)}d77
0

< Ce’*l(e’t + 1) exp {—%yjkezt} < Cel*lexp {—%t} < Ce '€,

for some large constant C and if ¢ is sufficiently small. The same estimate can be obtained on 3.
On o0, we have
(3.75)

%éz(...)dz

<C f exp{— cos(2arg yj)(ylx - AL+ by PPt = [y i2y2t) + 2602 |(t(yl + n)? + 1)yl + Inl)dn.

Recall now that y = min{lx - /\}tl/(2|7/jk|2t), 6/2}. Ife < |x— /\}tl/lylzt, then we can evaluate (3.75) as before,

(3.76) Ce* (et + 1) ex L w2ty < CeC,
p 81”]
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Fore > |x — )\}tl/lylzt we have

(3.77)
1
o 56 (...)dz
¢ x—/\}t‘2 (3(x—/\}t)2
<C f exp |~ cos(argy )| - [yt | + 40t + o (#y1+ 1D + 1)1yl + InhPdn
—€ ] ]

8ly It

{ (=A%) 1 (k=AY
< Cexp{—cos(2argy )
8|)/|2t t(1+p)/2 ” \/Z

=0

(x=AM2) e
< Cexp{—cos(2argy jx) ———— e 2R (It + vt + 1)(In| + y)'d
P 87 nmt+y n+yyan
—€

C AR et
= {1+p)/2
Observe here that in (3.62), Rj is bounded for 0 < ¢t < 1. Then, using also (3.50), we can write that the
rest part near & = 0 is of the order of

_ —-atprge | O+ OQ)(1 + )32
(3.78) Ritx)= ) e [ o)1+ 572 O1)1 + 12
i
3.2.2. Estimates near z = co. In this case, we can associate to each term of zF k(1/z) in (3.45), the Fourier
transform of the Green kernel of the transport equation

(3.79) wi + Ajwy = (byl + dj)w, w € R™*.
We can write it explicitly by

~ . £
(3.80) Gyt x) = 8(x — Ajt)e"t Z —p),

L
Note that by our assumption R(bjx) < —c < 0, so that we have the estimate
(3.81) 13jk(t, 0)| < Co(x — Ajt)e™"  Vk, (t,x) € R* X R,
We associate to the kernels g, the hyperbolic Green function
(3.82) K(t,x) = Y Rigiult, )R]
jk

Using (3.47) and Proposition 3.5, we obtain

(3.83) K(t,x) = Z 8(x = Ayl PP (00).
jk

Observe that K (¢, x) is the Fourier transform in x of

(3.84) Kt &) = Z NI DK (o),

jk
From the Proposition 3.5, near z = co we have the expansion for E(z) as
1 1
(3.85) E(z) = Z((—z)\j +bgr -+ 0(1)2—2)1 + Dy@)P),
3
so that we can compute its exponential as

(3.86) O = Z e—zA,-t+b,kt+(b}k§+0(1>}2)t etl)jk(z)pjk(z).
i
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For N sulfficiently large, we define

1 . . .
3.87 Ro(t,x) = — EGOt _ (8, &)) e dE.
(387) 0= g (ko)

We have

1
|R2(t/x)| < E
F 2n

f eié(x—A/f)+bjkt(etDik(ié)H(b}k 0 1)%2)17)]"‘(1.5) a etDjk(m)ij(OO))dé| .
=N

We have
bLLl+0)= =D, LDl +0(1) (=), Piie) =P L+ 0(1) (=
Di(iE) + Vg 1+ O) 5 = Do) + 205 + O3, Putie) = Pifeo) + 7%, + 00 3)-
We denote by deP the derivative of the application
D —éP.

So, it holds

Pt —eP — deP Al < CIAP? sup [d%eP+4| < CePHAAP,
s€[0,1]

which in the case
DstD, IDI<6 A (é)A, Al/IE] < 6,

becomes

dDH(E)A _ D _ gptD (é)A

< Cet(D|+|(§)A|)( )|A|2 < C( ) Cot
B &

From the Lemma 3.6 and (3.69) we can suppose that |D j(c0)| < 6.
Therefore, for N large enough, we obtain

Pi(ie) = |¢2rIPy(e0) (29 (£) (D) + 0 (1)) + 01) (&) e |

+O(1

etZ)jk(ié)H(b L1

x [ij(oo) + 1P+ 00) (i)]
We conclude that

Wi . 1
(3.88) MDD, (i5) — DHOP (c0) = [1d(¢24) DjP () + 24P | + OME.

o=

Finally, for 6 small enough, we obtain

f ey t)
IEI=N

3.2.3. Estimates in between. To complete the study of the Fourier transform of I', we have to study which
terms are left: these are the parabolic kernel K for || > € and t > 1, the transport kernel K for || < N,
and the kernel E(z) for € < |£| < N. We thus have to consider here 3 cases.

First, one has immediately that if K is the parabolic linearized Green kernel. Set

ZC@ ‘”f —dé < Ce ™™,

5|>N

(3.89) IRo(t, x)| < Z Ceat
jk

(3.90) Rt =5 [ R0,
270 Jigjse
and we obtain
e

(3.91) IR3(t, x)| < Zc f L 1 P e t>1.

ik |E]>€ \/E
Similarly, we introduce
(3.92) Ry(t,x) = 5= K(t, &) de,

21 Jig<n
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N
f P01 g
-N

(3.93) IR4(t, x)| < Ce™* Z

]

< Ce™ min{N, 1/Jx — A,
]

Finally, we set

1

(3.94) Rs(t,x) = — f X g5
21 Jeqgian

and, thanks to Lemma 2.4, we can use the estimate (2.11), which follows from the Shizuta-Kawashima
condition:

(3.95) IRs(t, x)| < C f e NN ge < CemtC,
e<[¢]<N
for some large constant C.

3.2.4. Global estimates. Notice that, thanks to (3.50), we have to study only the case |x/t| < C. By means
of (3.78), (3.89), (3.91), (3.93), (3.95), we have

R(t, x) =T(t, x) — K(t, x) — K(¢t, x)

0(1) o()(1+ 1712 ] Lcetle,

e—(x—A}t)z/Ct
(3.96) - : ?[0(1)(1”)—1/2 oma+n™

for some large constant C. Moreover, using again |x/f| < C, we have that in (3.96) the first term on the
RHS dominates the second one, so that we can write

e o) O()(1 + )12
(3.97) R(f'x):;T[oaxnt)—m o)1+ }

We have then proved the main result of this section.

Theorem 3.7. Let I'(t, x) be the Green function of system (3.1), under the assumptions (H1) and (H2). Let K(t, x)
be the Green function of the diffusive operator given by (3.57) and K(t, x) the Green function of the dissipative
transport operator given by (3.82). Then, we have the decomposition

(3.98) T(t,x) = K(t, 0x{At < x < At 2 1)+ Kt x) + Rt 0x{At < x < At

where R(t, x) can be written as

—(x—}\jl. t)?/ct

R(,%) = ) —=——(RoOM)Lo + RyOM)(1 + H )L
j

(3.99) +R_(O(1)(1 + )Yy + R_(O(1)(1 + t)-l)L_),

for some constant c. Here O(1) denotes a generic bounded matrix, /\} are the eigenvalues of the symmetric block
A11 of A, used in expansion (3.15), and the projectors are given by (3.19) and (3.20).

4. THE MULTI DIMENSIONAL GREEN FUNCTION

In this section we prove an analogous theorem for multi dimensional systems. Since, in general, the
form of the Green function is not explicit, we have to relay directly on the Fourier coordinates. Thus the
separation of the Green kernel into various part is done at the level of solution operator I'(t) acting on
L*(R™,R"), or L N L2(R™, R"). In the following we will consider the last space, even if one can study the
equation for initial data only in L?. Our aim is in fact to obtain decay estimates.
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4.1. General setting and first estimates. We consider the Cauchy problem for the linear relaxation
system in the Conservative-Dissipative form

m
4.1) wy + ZAawxa = Bw, w e R,
a=1
4.2) w(0,-) = w’.
We assume that A,, @ = 1,...,m, are symmetric matrices and that we have, as in (3.2),
0 0
[0 5]

where D is a negative definite matrix € R"*"2. So we have (H1).
Set, for £ e R",
43) A©) =) Eahe,  E(i) = B—iA().
a=1
We assume also that we have (H2), and we recall that, from Lemma 2.4, there exists a ¢ > 0 such that if
A(i€) is an eigenvalue of E(if), with & € R™, then

€2
1+ &R

(4.4) RAGE)) < —c

Let us introduce the polar coordinates in IR™

E=pC p=1l&l, Cesm!
and set
E(ip, C) = E(ipC).
More generally, in C® S"1,

(4.5) E(z,C) = E(z0) = B = zA(0).

Moreover, since S"~! is compact, then when E(z, C) is considered in C ® S}, the points z = 0, z = o0
are uniformly isolated exceptional point for all C, while in general there are a finite number of exceptional
curves for 0 < |z| < co. Thus we can expand E(z, C) near z = 0 and z = oo as in the one dimensional case.

As before, we want to study the Green kernel I'(t,x) of (4.1). We recall that the support of I is
contained in the wave cone of (4.1), so that, for ¢t > 0, I'(t,-) has compact support. The solution of the
Cauchy problem (4.1)-(4.2) is given by

(46) w(tl ) = r(tl ) * wO
and, using the Fourier transform, we have
(4.7) w(t, &) = [(t, (&) = X&),
We now use (4.4) to obtain our first decay estimates. For a > 0, we have:
2
. —c——t

(4.8) [x(&l > a) " < Ce "1+a?,

-l
(4.9) [x(&l < a)ef@ < Ce 1+a2™

We have the following natural decomposition

w(t, ) = My(w® + My(t)w,
with
(4.10) Mo’ = x(&] > a) eF a0 (&),

@.11) Ma(yw® = x (€] < a) P10 (&),
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For the high frequencies we obtain
IMa(Ow’lliz = Clix(I€] > a) e DO(E)lr2

a

—c—t
<Ce 1+a* |2

and, more generally, for any derivative D? in the space variables:

G

—c——t
4.12) IDP M (|2 < Ce 1+ a% ||DPw”| .

On the other hand, for the low frequencies, we have
c

e
IDPMatyell~ Scfs f e 1+a2'" g0 (©)lIEmdIElC
m—1 0

< C(a, B) min (1, t-%-'ﬁ—') T

and
1

c 2
—— &Pt
|IDF M (£l sc[ f f ST |5|2“|w0(£)|2Iél’"‘ldléldc}
sm-1.Jo

< C(a,1Bl) min (1, t”) [

More generally, for § € N™ and p € [2, +o0], we obtain the decay estimates:
_mq_1y_B
(4.13) IDPMa (8wl < Ca, |l) min (1,t B(1-})-7 )“ZUO”U-

To obtain a more refined estimate, we have to use the Conservative-Dissipative form in (4.13), by
expanding E(i&) for the low frequencies.

4.2. Low frequencies estimates. We now study the expansion of E(z, () = B — zA(C) near z = 0. We can
use the result of Section 3, noting that the matrix A in (3.5) is simply replaced by A(C). We introduce
the total projector P(z, () corresponding to all the eigenvalues near 0, and P_(z,C) = I — P(z, () is the
projector corresponding to the whole family of the eigenvalues with strictly negative real part (see (3.17)
and (3.18)). The principal part of P(z, ) is the projector Qo = RoLo, the principal part of P_(z, () is the
projector Q_ = R_L_, and the projectors Ry, Ly, R_, L_ are given by

(4.14) L0=Rg=[1n1 0], L_=RT=[0 I, ]

As in Section 3.1, we can write the expansion of the eigenprojectors L(z, C), R(z, C) corresponding to the
vanishing eigenvalues. By formula (3.29) we obtain

L(z,C) =Lo+zLoA(QR-D'L_ +O(@?)
(4.15) =Ly+2[ 0 Ap@D™ |+0(@z)
=[ I, zAn@D™ |+0@).
R(z, Q) =Rg+2zR_-D'L_A(Q)Ry + O(z?)

=Ro+z +0(z%)

0
(4.16) [ DAz (0) ]

I,
- [ zD™1 A (Q) ] +0@).
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Thus, as in (3.32), we obtain
F(z,C) = L(z, QE(z, OR(z, C)
= —zAn(0) - 22An(OD ' Ax(0) + 0@
(4.17) =F(z,0) + O().
In the same way, using (3.39) and (3.40), we obtain

F_(z) =L_(z,QE(z,OR_(z,0C)
(4.18)
=D - zAn(0) + O(2?).

Let us recall that near z = 0 we have
P(z,0) = R(z, )L(z, 0), L(z,OR(z,C) =1,
P_(z,0) =R_(z,0)L_(z,0), L.(z,Q)R_(z,0) =1,

and

E(z,C) = R(z, O)F(z, Q)L(z, C) + R_(z, O)F -(z, O)L(z, ).
This yields
(4.19) eFOE = R(GE)TIOML(i&) + R_(1E)e - L_(i&).

Take now a constant 2 small enough, such that we can use decomposition (4.19) in (4.11):

M) = x(I€] < ))RGEE)EFOLGE) + x(E] < a)R_(iE)eF-TE1L_(iE)
(4.20)
= M,,,/l(t\)w0 + Mo ()wb.

Lemma 4.1. Assume a << 1. There exist two constants c,C > 0, such that

(4.21) |x(1E] < a)eF-E] < ce™t,

. 2
(4.22) (€l < aper@| < cemelel,

Proof. The matrix D is negative definite, thus (4.18) implies (4.21). To obtain (4.22), we use again the
polar coordinates p = |£], £ = pC, to write

F(i&) = —ipAn(C) + p*A12(Q)D1 A2 (C) + O(p®)

= F(i&) + O(p?).

The matrix Aq1(C) is real symmetric, and, by Lemma 3.1, the matrix A1 (0D 1A% (Q) is negative defined
(uniformly in $™71). If u is an eigenvalue of the matrix

—iA11(C) + pA12(0)D 1 Ax (D),
there exists a constant ¢ > 0 such that
R(u) < —cp, 0<p<a).

Therefore, if u(i) is an eigenvalue of F(i£), we have

(4.23) R(u(ic)) < —ce?,  (0<lxl<a),
which yields (4.22). Let us underline that these inequalities are a direct consequence of assumption
(H2). O

Next, we fix a > 0, such that estimates (4.21) and (4.22) hold, and we make a decomposition of the
Green operator:

(4.24) T(t) = K(t) + K1),

where

K(t) = Maa(t),  K(E) = Maa(t) + Ma(d).
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For every function w® € L' N L2(R™, R"), the solution w(t) = T(H)w® of (4.1), (4.2) can be decomposed as
(4.25) w(t) = THw® = KO’ + K ()’

Using (4.12) and (4.21), we can estimate the second term on the RHS: there exist two constants ¢, C > 0,
such that, for all space derivative D?#, it holds

(4.26) IDPKC(t)e?)l2 < Ce™CEIDPw|);-.

We can now establish the decay properties of K(t), using the Conservative-Dissipative form. Using (4.15),
(4.16), (4.20), and (4.22), we have that there exist two constants ¢, C > 0, such that

[LoK@| < CemeFt(Lgad) + L)
(4.27)
—_— 2
IL-K(Bwd| < eIt (|gl|Loa®) + |EPIL-2).

Using (4.27) we obtain
o _ 2 . . B
ILoKBOIZ, < C [, [ e 2P H(1Loa0(@)P + [EPIL-a0(&)P )il dIEldC
< Cmin{1, t"/2}||Lo@°|*. + C min{1, t‘"’/z‘l}llL_zizollim

< Cmin(1, t7"2)|[Low” %, + Crmin(1, "2 Il w'|,,

ILK@IE, € C [y [ e 2AEPH(ERILGa0 O + [EFIL- a0 (E)) i€ dlEwC

< Cmin{l, t"”/z‘l}llLowolli1 + Cmin{l, t‘"’/z‘z}IlL_wolli].

Similarly, it is easy to prove that for every multi index B the coefficient £% appears in the integrand, so
that

ILoDPK (B> < Cmin{1, ™4 B2}|Lya|l,1 + Cminf1, /41272 L 20| 1.
IL_DPK(Hw||> < Cmin{1, /42 BI2)|Low®||;1 + Cmin{1, /4 B2 L_w?||1.
We can estimate also the decay in every p € [2, +o0]. We have that
2
IDPLoK(B’| < C f e g (Lol + IENL -0l )dE

<C min{l, t_m/z_lﬁl/z}HLowollLl +C min{l, t—'"/z—l/z-‘ﬁ‘/2}||L,w0||L1,

IDPL_K(#)w®| < Cmin{1, £ 2 A2 YILow||,, + Cminf1, t—'"/2—1-‘ﬁ‘/2}||L,w0||L1,

so that, if f is a multi index, for p € [2, +o0] we have also the “K(t) estimates”:

ILoDFK (el < C(BD) min(1, £ 207920
(4.28)
n 1
+C(Bl) min{1, £~ 2D 0

IL-DFK(elly < C(Il min{1, £ 2097220,
(4.29)
m 1
+C(ID min{1, £ 2020
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4.3. Decay estimates. We thus collect the results in the following theorem.

Theorem 4.2. Consider the linear PDE in the Conservative-Dissipative form

m
(4.30) w; + Z Auwy, = Bw,

a=1
where A,, B satisfy the assumption (SK) of Definition 2.3, and let Qo = RoLo, Q- = I — Qo = R_L_ be the
eigenprojectors on the null space and the negative definite part of B. Then, for any function w® € L' N L>(R™, R"),
the solution w(t) = T(Hw® of (4.1), (4.2) can be decomposed as

(4.31) w(t) = T(Hw® = K’ + K(H)w®,
where the following estimates hold: for any multi index p and for every p € [2, +o0],
K(t) estimates:

ILoDFK (bl < C(BI) min{1, ¢ 20D HL a0y,

(4.32) + C(|pl) min(1, t—%“—%>-1/2-'ﬁ'/2}||L_w°||U,

IL-DFK (£l < (D) minf1, ¢ =122 o0y

(4.33) + C(|p)) min{1, t-%<1—%>-1-'ﬁ'/2}||L_w°||L1 ;
K (t) estimates:
(4.34) IDPKC(t)e?)l2 < Ce™CEIDPw|),2.

Remark 4.3. Let us notice the relation among the Green kernel for (4.1) and the parabolic 111 X 111 system
in m dimensions

m m
(435) wy + ZA,X,HZU% = - Z AallzDilAﬁ,zlwxﬂxﬁ, w e R™M.
a=1 a,p=1

This relation will be exploited better in the Sections 5.4, 5.5. Here we want to prove that the above system
satisfies the following assumptions:

(1) there exists a unitary matrices C(C), C € S,—1, such that
T Y -1 _|0 O
(436) c (c)(a;1 CalpAAaaD ™ Agan )OO —[ 0 DO ]

with D(C) negative definite (also its dimension depends on (, in general);
(2) any eigenvector of }’, (4Aq 11 is not in the null eigenspace of

m
Z CalpAa 12D Aoy,
a,p=1

It is easy to verify that the above assumptions correspond to Shizuta-Kawashima condition along any
direction C for the parabolic system (4.35). To prove (1), let C(C) € R™*™ be the change of coordinates so
that

(i GO =[ 0 KO |
a=1

with Ker(K(C)) = {0}. Since Ay 12 = AZ 1o» we thus obtain

CT@(icaAam)TD-l(icaAm)C(o=[ . ]D-l[ 0 KQ |
L, G L, G KT (0

Jo 0
“ 1 0 KNODTKQ) |
The matrix KT(C)D™'K(C) is negative definite, since D! is negative definite and Ker(K(C)) = {0}.
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Assume now that v(C), eigenvector of )., CoA4 11, is in the null space of the viscosity matrix of (4.35).
The it follows that is in Ker(}., C4Aq21), so that the vector Ryv is an eigenvector of ), C.A,. But this
contradicts our assumptions, because is in the null space of B. For a related discussion about this remark,
in a slightly different framework, see [38].

Remark 4.4. We note here that we cannot expect any estimate of the form
lo(®)ll < Clio’li,

because for large ¢ the function Lyw behaves like the solution to

m
We,t + Z LOAaROwc,xa =0,
a=1
and it is knows from [4] that this estimate is not true in general. The L* estimate depends strongly on
the presence of a uniform parabolic operator, so that it is lost in the hyperbolic limit.

Remark 4.5. We note here that by means of the explicit form of the kernel in the one dimensional case it
follows that the decay estimates holds for p € [1, +00], with the same decay rate.

Remark 4.6. Since in general we are not able to give the explicit form of the kernel part K(t), one may
suspect that even if the kernel K(t)R_L_ has the same decay estimates of a derivative of the heat kernel,
it is not a derivative of a heat like kernel. This is striking different from the one dimensional case.
However, a simple observation shows that the function LoI'(t, xX)R™ is actually a derivative. Note that
in one space dimension we only proved that its principal part LoK(f, x)R_ is an x-derivative. Thus we are
obtaining a new result also in one space dimension.
By replacing w, with @, + eP'w,(t = 0), we obtain that the equations for (w., @) are

Wep + Za Aa,llwc,xa + Za Aa,lZZDd,JQY = - Za Aa,lZethd,xa (t=0)
(4.37)
wd,t + Za Aa,Zl We,x, + Aa,ZZTZJd,xD, = Dwd - Za Aa,ZZethd,xa(t = O)

with initial data (w.(t = 0),0). The solution can be written by Duhamel formula as

we wc(t 0) a, eP SWay, (t =0)
( ) I - ( ) Zfr(t_s) ( a;ie wzxa(t— ))ds

B wc(t 3 Ag 2 wa(t = 0)
(4.38) =T() *( ) Zaxa fo I(t—s) *( et = 0) )ds.
In particular, one sees that the
¢
_ _ Ds 0
(4.39) T(t, )R- = Z‘axw ( fo T(t—s,x)AR_e ds) +( D) |-

This remark is useful to deal with the case m = 2 in Section 5.4.

Example 4.7. Rotationally invariant systems. If we assume that system (4.30) is invariant for rotations,
it is possible to give a more precise expansion of the parabolic part K(t) of the kernel I'(t). Consider for
example the linearized isentropic Euler equations with damping, which can be written as
Pt + divo =0
(4.40)
»+Vp=-v
To fix the ideas, take m = 3, n = 4 = n; + n, = 1 + 3. Clearly the system is already in the Conservative-
Dissipative form and the condition (SK) is satisfied. In this case one can decompose K(t, x) as
G(t,x)  (VG(t,x)"
VGt VRG(y |TRiE)
where G(t, x) is the heat kernel for u; = Au, and the rest term R;(¢, x) satisfies the bound

e/t [ 0Q) o)1 +1)71/? ]

(4.41) K(t,x) = [

(442) Rl =G0 | oma+n12  oa)ya -+
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In particular the principal part of I'(t) is given by the heat kernel G(¢, x).
A more interesting example is the system

pt +divo =0,
(4.43) v+ Vp+divk =0,
R; + Vo = =R,

wherep e R, v € R3, and R € R?. In this case, thanks to the invariance for rotations of the Green kernel,
we can use the one dimensional decomposition (3.57) to find that the main smooth part Ko (t) of the
Green kernel I'(t) is given by

0 ] [(WOO*G)(t,x) Wor=ONED) 14 R (1 ).

0
(1.44) KOO(“z[ 0 GlxP |T| WG (Wi Gt x)

Here  : (L2(R%)® — (L% (R%)® is the orthogonal projection of L? vector fields on the subspace of
divergence free vector fields. Pv is characterized by

Po € (L2(R%)?, divPv = 0, curl(v — Pv) =0,
and so we have that
v—Pov=Vy, with Ay = divo.
This yields
(4.45) Pv =v— V(A divo).
In fact, in Fourier coordinates, we have
(4.46) Po(E) = B(E) — EI2(E - A(ENE = 0(E) — E2EET - 0(&).
The matrix valued function

(4.47) W(t,x) = Wi(t, x) + Wa(t, x) = Woolt, ) Wm(t’x)] [0 0 ]

Wio(t,x)  Wi(t, x) 0 o(x)P
is the matrix valued Green function of the system

0

Pt + divo

»uw+Vp = 0

and it can be written by means of the fundamental solution to the wave equation uy = Au. In fact, Woo
is the solution of u; = Au with initial data u = 6(x), u; = 0, and

Woo VI9,(—A)" Woo

(4.48) MU= 0, -A) TWoy  —V2(=A) " Woo

In particular one can check that W, corresponds to incompressible vector fields, while W; corresponds
to curl free vector fields. Finally the rest R (f, x) satisfies

IRi(t, x)| < (1+ 872Gt 0| + (1 + HTV2|(W + G)(t, %)|-

From (4.44), one sees that the asymptotic behaviour of I'() is a function (0, vy), with vy divergence free
vector field, which remains close to the origin, and a function (p,v1), with v; curl free, which diffuses
around the sound cone {|x| = t}. Due to the finite speed of propagation of (4.43), we can restrict Koo (t) to
the light cone {|x] < V2. Finally, let us notice that the main part of the kernel Ky is the Green function
of the fully parabolic system

pr +divo = Ap,
(4.49)
v+ Vp = Av.
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5. DECAY ESTIMATES IN THE NONLINEAR CASE AND MORE ACCURATE ASYMPTOTIC BEHAVIOR

In this section we study the time decay properties of the global smooth solutions to a nonlinear
entropy strictly dissipative relaxation system in conservative-dissipative form. We shall prove that the
conservative variables u. = Lou decays as the heat kernel and derivatives, while the dissipative variable
ug = L_u decays faster. Following (3.51), we set

LoK(HRy  LoK(£)R- ]_[ Koo(t) Ko(f)]
L_K(H)Ry L_K(H)R- |~ | Koo®) K__(t) |

Moreover we shall prove that u.(t) approaches the conservative part Koo(t)Lou(0) of the linear solution
I'(t)u(0) faster that the decay of the heat kernel for m > 2. In one dimension we shall show that u.(t)
converges to the solution of a parabolic equation with quadratic nonlinearity, in the spirit of Chapman-
Enskog expansion.

K(t) =

5.1. Decay estimates in L”. We now prove the decay estimates in L (IR"; IR"), p € [2, +o0], for the solution
u with initial data in L' N H*, with s sufficiently large, for the non linear equation

(5.1) w+ Y (fa@), = g(w),

a=1
with £,(0) = g(0) = 0 and initial condition

(5.2) u(x, 0) = up(x).

We shall assume that the system (5.1) is strictly entropy dissipative and condition (SK) is satisfied. Under
the assumptions of Theorem 2.5, we consider the global solution u of (5.1)-(5.2), with

(5.3) u € C° ([0, +00); F(R™)) N C' ([0, +o0); H(R™)),

and we can assume that there exists ¢ > 0 such that, for (¢, x) € [0, +o0) X R™,

(5.4) lu(t, x)| < 6.

Consider now the associated linearized problem

(5.5) t+ Y DfalO)ity, = D(O)u.
a=1

Thanks to Proposition 2.7 and Remark 2.8, we can assume , without loss of generality, that this system
is in the Conservative-Dissipative form (C-D form) of Definition 2.6. Therefore, thanks to Theorem 4.2,
the associated Green function can be decomposed as

(5.6) I'(t) = K(t) + K1),

and the estimates (4.32), (4.33), and (4.34) hold true.
We can write the solution u to (5.1) by Duhamel’s formula as

m f
u(t) = T(tu(0) + ) | fo Dy, I(t = 5)(Dfa(O)u(s) — fa(u(s)))ds
a=1

t
(5.7) + jo‘ I'(t —s)(g(u(s)) — Dg(0)u(s))ds.

Remark 5.1. We now observe that the only terms acting on g(u) — Dg(0)u are the exponential decaying
terms K(t), and the terms Ko—(f) and K__(f). Thus when projecting on the conservative variables, the
term with the slowest decay is Ko_(t), while when projected on the dissipative variables the leading term
is K__(t). A similar observation can be made for the product I'y, (t — s)(Df,(0)u(s) — fa(u(s)), where the
principal part for u. is Koo(f) while for u,(t) is K_o(t).

We first prove that the solution decays as the heat kernels and derivatives, with no distinction among
the conservative part 1, = Lou and the dissipative one u; = L_u. We next prove that the dissipative
part decays faster, as a derivative of the conservative one. Finally we shall study the decay of the time
derivative.
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For the § derivative, we shall use the formula

DPu(t) = DPK(t)u(0) + K () DPu(0)

m t/2

+ ; I) DFD, K(t — S)(Dfa(O)M(S) - fa(u(S)))ds
m t

+ ; Lz D, K(t - S)Dﬁ(Dfa(O)u(s) - fa(M(S)))ds

t/2
+ fo DFK(t - s)R_L(g(u(s)) — Dg(0)u(s) )ds

t
+ ft/ 2 K(t - )R_DPL_(g(u(s)) — Dg(0)u(s))ds

m t
(5.8) + Z fo K (t - $)DP(Dx, (D f2(0)u(s) — fulu(s))) + (3(u(s)) — Dg(O0)u(s)))ds,
a=1

observing that for § = 0 we do not need to split the integral in time.
Now we recall some well-known inequalities in the Sobolev spaces H°(IR"). The basic remark is the
fact that for s > %, H*(R™) is a Banach algebra, i.e., for any u, v in H*(R™), we have:

(5.9) lluollps < Cliullg|oles.

More generally, we need some Moser-type calculus inequalities, see for instance [23, 35].
For every u, vin H*(R™) N L*(IR™) (s 2 0), and |B| < s

(5.10) IDuo)ll> < C(llullesIDPoll2 + ol IDPull,z ),
so that, if u,v € H*FI(R™),
(5.11) IDP o)l < C(lullee IDPolliss + [folls Dl )-

For every smooth function /1 : R = R, every u € H*(R™) N L*(IR™) (s > 1), which verifies inequality (5.4),
and  # 0, || < s, we have

(5.12) IDP ()l < Coll o guissgllllf 1D ulz.
Moreover, if 1(0) = 0, we have
(5.13) Il < C (80, Wl quizon) (1 + llulli).
As in [6], we use the following crude, but useful Lemma:
Lemma 5.2. Foranyy,6>0,t>2
(5.14) Q= min{y, 5,y +6-1,
then it holds
e y,6#1

¢
(5.15) f min{1, (t — s)77} min{1,s%}ds < C - 91 +Int) y<1l,6=1ory=1,0<1
0 ¢ y>1,6=1lory=1,6>1
, 1 6>1
(5.16) fmin{l,s_b} =C-{Int 6=1
0 0 0<6<1

t
(5.17) f e~ min{1,57} < Cmin{1,s7}, y>0,
0
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5.1.1. H° estimates. Let us set now

(5.18) E, = max{[u(O)lls, [4(O) 1},

and

(5.19) Mo(t) = sup {max{1, o/}l )
0<t<t

We are going to estimate the H* norm of u(t) in (5.7).
For shortness we denote (the products below should be intended as tensor products)

(5.20) fo) = DfaO)u = tPho(w),  g(u) — DgO)u = u”h(u).
Using Theorem 4.2 and recalling Remark 5.1, we have the estimate

lu@)llgs < ConinfL, /4 ju(O)l + Ce™|[u(0)|

(5.21) +C [} min{1, (¢ - s)-'”“-”z}(zzz;1 2R ()l + ()l )ds

+C [ e =T 1Dy, (o Db + ()l )

It is obvious that
Cmin{L, 4 }u)ll;: + Ce™Hu(0)|l: < Cmin{1, t™/4)E..

For the third term, using (5.4), we have:
Yo 1P ha (@)l + ll?h(u(s))

(5.22) < C (L Whallisquison) + Wellsguise ) ()12,

< Cmin{1, s/} (My(s))*

Let us consider now the fourth term in (5.21). We have to estimate ||D(u2h(u))||p for B=0and |f| = 1.
More generally we have the following result.

Lemma 5.3. Fixs > 3 and f € IN", and let u € H" which verifies inequality (5.4), withr > s +|B|. Then we have
(5.23) IDP (2Rl < (S0, Hells, Wl ooy el 1DP .
Proof. First we consider the case § = 0. We have
()l < NPhO) s + llu® () = h(O)) .

Using (5.9) and (5.11) yields

l?h@)lles < Cllull el + lulleol1Ge) = ROl [l

H [l ol 1 ue) = ROl ).
So, by (5.13), we obtain (5.23) for § = 0. For || > 1, using twice (5.11) yields
IDP (R ()l < C||”||L°°(||“||L°°”Dﬁh(u)”Hs + ()l 1DPul ).
Since |f| > 1, we can use (5.12) to obtain
IDPR@)llss < CO0)I llcies1 ooy 1D ullss,

which implies (5.23) with C = C (8o, lhllc-+niussy) ) o
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Now, inequality (5.23) gives

m

(524) Y D (o))l + ()l < Cliull ulle

a=1

Collecting inequalities (5.22) and (5.24) in (5.21), we obtain

t
lu@®llg: < Cmin{1, ™4 E, + C (Mo()* f min{1, (t — s) ™4 Y2}y min{1, s"/?}ds
0
(5.25)
t
+CMo(t)Ess1 f e~ min{1, s7"/*)ds.
0

1/4 1/2

By means of Lemma 5.2, for m = 1 the first integral decays as t "'/4, while form = 2 decaysast™ ! Int < t71/2,

and for m > 3 as t /4712 < t~m/% So, we obtain in (5.25)

(5.26) Mo() < C(Eq + (Mo(£))* + Ess1Mo(#)).
Then, if E;,; is small enough, we have the bound

(5.27) Mo(#) < CE,,

which implies

(5.28) llu®llg: < Cmin{1, t™4}E,.

5.1.2. L* estimates. We now estimate the L norm of the solution. Set as before

No(t) = sup {max{l, T"l/z}nu(f)um}.

0<7<t

From (5.8) and Theorem 4.2, we have, using (5.22) and (5.27),

lu(®)liz> < Cmin{1, 2 Nlu(O)llp + Ce™Hu(O)llsomers
(5.29) +CE%m/2]+1 fot min{l, (t - S)—m/2—1/2} min{l, S—m/Z}ds

+CNo(H)Em/2141 fot e=C(t=3) rnin{l, s””/z}ds.
Using Lemma 5.2, for m > 2, we obtain
(5.30) No(t) < C(Epmya1+1 + Epmya141No(t) + Efm/z]ﬂ),
which implies
(5.31) ()l < Cmin{1, 72| Eppyapen,
if Epjoj+1 is small enough.

For m = 1, using the decomposition of Theorem 3.7 and the estimate (5.27), we can estimate the first
integral as

t

t
f (IK(®)ll2 + IRe(Bllz2 12l < CNo(t)Ex f min{1, (t = s)"*/*} min{1,s7/4}ds
0 0
< Cmin(1, £'2|Ny(t)Ey,

and for E; is uniformly small, the inequality (5.31) holds also for m = 1.
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5.1.3. DPu estimates. We set now for b € N

(5.32) My =Y sup max{l,Tm/4+‘ﬁ‘/2}||Dﬁu(T)||Hs},

OSlﬁle 0<t<t
and we assume that for 0 < b < b the following estimates hold:
(5.33) My(t) < CEpys < 1.

Now we estimate the || = b derivative using Theorem 4.2 with the decomposition (5.8) and Remark
5.1. We have

IDPu(®)lls < Cminf1, "4 B2} lu(O)l|: + Ce™HIDPu(0)l

t/2 m
+C f min(1, (¢ — s)"/4-1271A/2) [Z [[12ha (u(s)) I + ||u2h(u(s))||L1] ds
0 a=1

(5.34)

2

t m
C in{1, (t — s)”™/4"1/2 DD, u’h,, 1 + [|DPuPh ' )d
+ ft mm{ (t—5s) }(;II v (W(s))llr + [[DPu (u(s))IIL)s

+ m
c | et=9(Y 1D, uh, -+ IDPuh Jds.
+C [ e =Y DD s+ NP s

a=1

For the first integral we obtain, using (5.22), (5.27), and Lemma 5.2:
¢/2
f min{1, (¢ — )42 (R lu2ha (u))I + k() ) ds
0

5.35 12

(5:35) < CEff min{l, (t- s)‘m/4‘1/2_|ﬁl/2} min{l,s‘m/z}ds
0

< Cmin{1, /4" AII2}E2,

For the second integral we need to prove the following estimate

(5.36) (Z IDP Dy 1?ha ()l + ||D5u2h(u)||L1) < Cmin(1, t-m/z-'ﬁ'/z}(ﬁgw1 + ESM,-,).

a=1

We just consider the first term on the left. Using the chain rule, we have
DFD, uhy(u) = DF ((Dy,u)uh(u))

=Z Z Z Cla, B, v, 6:;)(DF27 Dy u)(D” u)(D®ui) - - - (D*u)h® (us).

a<p y<p-a O1+--+o=a
Following the proof of Lemma 3.10 in [35], we obtain for the generic term
(DF=*= Dy, u)(D?u)(D*'u) - - - (D*u)llps < [(DF~*7Y Dy )|z - (DY u)(D%' ) - - - (D)2
< ClIDF=*=7 | DY+l 2.

Then, to obtain (5.36), we have to use (5.33) for the cases y + @ # 0 and y + a # B.
For the third integral, the inequality (5.23) yields

(2211 IDP Dy, tho (u(s)lls + IID’guzh(u(S))IIHs) < Cllulle=lIDPullgse

< Cllulle=1DF ullgzsz,
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where || = b—1. We use the L™-estimate (5.31) and the induction hypothesis (5.33) (replacing s by s +2),
to obtain

(5.37) (3 108Dl + 1D ) < ConinL, £ Ep e e

a=1

Substituting the above inequalities into (5.34) yields

IDPu®lly < Cmin{L, /4 B12) (Eg,., + E2)

t

+C (E? + ESME(t)) f min{l, (t- s)_’"/4_1/2} min{1, s> 1A12)4s

(5.38) bs—1 "

t _
+CEpm21+1 Eprsra f e—C(t ~9) min({1, S_m/4_g Jds.
0

Using again Lemma 5.2 we finally obtain

(5.39) IDPu(t)lle < Cminf1, 402} (Eg, + E2 + E2, | + Efaet Epsonr + ESM(t)).

If E, is small enough, we have
Mi(t) < CEpys,

with C = C(Ep,,,;)- So, we can conclude
(5.40) IDPu(t)ll: < Cmin{l, /4 FIZE g, .

To obtain the L™ estimates we use the following inequalities from [35], Proposition 3.8:

IDFut)lie < CID 2 DPu(hI D DPu(hlIL?,

with k = [m/2] —1if mis evenand k = [m/2] if m is odd. So, we just use (5.40) with s = [m/2] + 1 to obtain
(5.41) IDPu(t)lir < Cmin{l, /2 BI2E g, 00
Actually, it is possible to show, by a direct calculation, that the following estimate holds:
(5.42) IDPulle < Cmin{1, 2 W2 E g gia.
Therefore, we easily obtain the decay estimate in the L/-spaces

_m=1y_
(5.43) IDPu(t)llpr < Cominf1, ¢ 20T E G o,

with p € [2 + o0].
Let us state our global decay estimate for .

Theorem 5.4. Let u(t) be a smooth global solution to problem (5.1), (5.2). Let E; = max{llu(O)IlLl, [122(O)|| s }, and
assume Epy o142 small enough. Let p € [2, +oo]. The following decay estimate holds

_m=1y_
(5.44) IDPu(®lly < Cmin{1, £ 20 EG s,

with C = C(Ejg+o), for o large enough.
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Remark 5.5. For m = 1 we can estimate also the L! norm, since with the same computation as above we
have

IDPu(®)ls < Cmnin{1, 2} u(O)l: + Ce[IDFu(O)l

+CE? min{l, t*5/2*1/2} fo " min{l, s’l/z}ds

+CE2 min(1, #71/2-/2} ft/ ; min(1, (t — 5)""/2}ds

t
+CE5+1Eﬁf e—c(t—s) min{l,s‘l/z_ﬁ/z}ds,
0
which yields
(5.45) IDPu(®ll: < C (minf1, 72| Egy + e IDPu(0)Il1 ),

with the constant C = C(Eg,»), so that, for m = 1, Theorem 5.4 holds for p € [1, +o0].

5.2. Decay estimates for the dissipative variables. We now study the faster decay of the dissipative
variables. Set u, = Lou(t) for the conservative variables, and u,4(t) = L_u(t) for the dissipative ones, where
the projectors Ly and L_ are given by (4.14). We have that

DPuy(t) = DPL_K(H)u(0) + LK (£)DPu(0)

m £/2
£y fo DDy, LK(t = 5)(Dfu(O)u(s) — fu(u(s)))ds
a=1
m t
— B —
+; ft/ Do L-K(t =)D (Df(O)u(s) - fulu(s)))ds
£/2
+ f DPL_K(t - s)R_L_(g(u(s)) - Dg(O)u(s))ds
0

t
+ f L_K(t - s)R_L_D*(g(u(s)) - Dg(0)u(s))ds

/2
m t
(5.46) £y fo L-K()D(Ds, (Df2(0)u(s) = fu(u(s))) + (804(5)) - D(0)u(s)))ds.
a=1

As we see form the above formula, in this case one gains t~/2 in the estimates of the convolution with

the smoothing kernels, because the principal terms in the initial data is K_y and in the convolutions are
DK_y and K__(t), respectively, but no gain in the singular part L_K(t).
We start with the L? norm of the B derivative: we have

IDPug(t)llz < Cminf1, £ A= B/2712)y(O) |1 + Ce™CF (0l

t2
+Cf min{l,(t—s)_m/4_1‘|/3|/2:IIM(S)zllles
0

5.47 ' m
C4 +C f min(1, ( - s)_’”/4_1}(2 IDP12ha ()l + IDPUh(u(s))lr )ds
t

/2 a=1

¢ m
+C f et =9} IDP Dy (s + DGl s
0 a=1
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Using (5.36) and (5.33),we have

(548) Y IDPuha(u()li + IDPuh(u()lip < Cin{1, 22 (B2 |+ By Epgemiar) -
a=1

Next, using (5.23) and then (5.44) and (5.40), yields

m
Z IDP Dy, 1o (u(s)llr2 + IDPuPh(u(s)llr2 - < Cllulle 1DPul g2
(5.49) o=l

< Cmin{l, t_m/z}E[m/2]+1 min{l, t_"l/‘l_‘ﬁvz}E|5|+[m/2]+2.
Therefore, we use the above inequalities in (5.47), to give

||Dﬁud(t)||L2 < Cmin({1, tfm/47‘ﬁ‘/271/2}E|ﬁ|

t/2
+C min{l,t‘m/4‘1“ﬁ‘/2} (fo min{l,s‘m/z}ds) E%n1/2]+1

(5.50)

t
+C min{l, ¢mi21pY 2} ( ft/ , min{l, (t- S)_m/4_l}ds) (Eﬁ‘}H[m/Z] + E[m/2]+1E|ﬁ|+[m/2]+1)

t
+C (f e_c(t_s) min{1, S_sm/4_|ﬁ|/2}ds) E[m/2]+1E|ﬁ|+[m/2]+2.
0

Then, for m > 2, we obtain

IDPug(t)ll> < Cmin{l, /4 W22y E g 4+ Ef o1 + E|zﬁ|+[m/2] + Epm/21+1Ejgi[my2142),
which implies
(5.51) IDPuy(t)llr> < Cminfl, f_m/4_|ﬁl/2_1/2}E[m/2]+|/3|+1,

with C = C(E|‘3|+[m/2]+2).
About the L* norm, we can use (5.51) and, by arguing as in (5.41), we have

(552) IDPug(B)ll < Cmin{L, "2 P22

for m > 2. Actually, it is also possible as before, to show by a direct calculation, that the following
estimate holds:

(5.53) IDPu(t)llp < Coin{1, /222 E Lo,
We also obtain the L7-decay estimate

. _m_1y_ -
(5.54) IDPug ()l < C mm{l,t 2(-p)lAf2 1/2}E|ﬁ|+[m/2]+1,

withp € [24+ o], m > 2.
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For m = 1, we recall that, thanks to (3.57), L_K(t)R_ = K__ = D?S__, where S__ is a heat like kernel.
Therefore, we will consider the equation

DPuy(t) = (DPL_K(#) + DPL_R(t))u(0) + K (t)DPu(0)
t/2
DPYL_K(t —s) + L_R(t — s))(Df(0 - d
o [ DP(LKE=9) + LR 9)(DAONE) - Fu))is
t
L_K(t —s) + L_R(t — s))DF*Y{Df(0 - d
+ f/ (LK(t =9+ LR (=)D (DO — F)ds

t/2
+ fo DF(D?S__(t = 5) + R__(t - 5))L_(g(u(s)) — Dg(0)u(s) )ds

t
+ jt‘ DS__(t - s)L,Dﬁ”(g(u(s)) - Dg(O)u(s))ds

/2
t
+ ft/ 2 R__(t = s)L-DF(g(u(s)) - Dg(0)u(s))ds
t
(5.55) + fo LK (t - s)DP(D(DFO)u(s) - f(u(s))) + (8(u(s)) — Dg(O)u(s)))ds.

Thanks to this decomposition we can prove the L? estimate for m = 1. Using (5.48) and, for the fifth
integral, the L!-estimate of R__ coupled with (5.23), we have

IDPug(t)ll2 < Ceminfl, t=1/4-/2712)E,

+C min{l, t‘1/4‘1‘ﬁ/2} (ft/z min{l, s_l/z}ds) E?
0

+C min{l,t‘l‘ﬂ/z} (ft min{l, (t- S)_3/4}ds) Eg+2Egs1
¢

(5.56) 12

t
+Cmin1, +-%/4-412} ( f min{1, (t - s)_3/2}ds) EiEpi
t/2

t
+C ( f e~ min(1, s3/4ﬁ/2}ds) EqiEgso.
0

Therefore, we have (5.51) for m = 1. On the other hand, we can estimate the L*-norm as follows. First
we have

IDPug(B)li < Cmin(L, P2 u(O)ls + Ce~ IDPu(O)l-
t/2
+C [ minfL - 9702 P
0

t
+C [ minft, ¢ -9V IDH (o)l -ds
t/2

t
+ Cf min{l, (t— s)‘3/2}IIDﬁuzh(u(s))IILwds
)

t
+C [ e D + 1Dl s,
0
By using (5.42), we have

(5.57) IDPuh(u(t))ll> < Cmin{l,t_l_ﬁ/z}Eﬁ+lEsup(ﬁ,l)/
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which yields
IDPug(B)llie < Cmin{1, £ 1F2}ju(0)l|x + Ce ™ Egy,

+CE? min{l, t‘3/2‘ﬁ/2} f:/z min{l,sfl/z}ds

t
+CEpuaEgar min(L, 492772} f min{1, (t - 9)2)ds
t/2

t
+CE§Jrl min{l, t‘l_ﬁ/z} Lz min{l, (t- s)_3/2=ds
+CEﬁ+2Eﬁ+1 min{l, t_l_ﬁ/z}.
Therefore, we conclude
(5.58) IDPuy(Dll~ < Cmin{l, 1 F2}Eg,4,
with C = C(Eﬁ.;.z)

Theorem 5.6. Under the assumptions of Theorem 5.4, we have the following decay estimates for the dissipative
part of u:

—m_Lly_1/0-
(5.59) IDPug(Blly < Crnin{1, £ 202N B, o,
with C = C(Ejg+o), for o large enough, and p € [2, +0].

Remark 5.7. As previously, for m = 1, we can estimate the L! norm. By the decomposition (5.55), and
using (5.48), we have

IDPuy(®)llps < Coninf1, €22 u(O) 1 + CeIDPu(0)

+ CE% min{l, t‘l_’g/z} f:/z min{l,s_l/z}ds

+ CEB+1Eﬁ+2 min{], t—l_ﬁ/2} ft min{l’ (t S)—l/Z}ds
t/2
t
+ CE;H min{1, l‘_l/z_ﬁ/z} ft/z min{l, (t- s)‘3/2}ds

¢
+ CEg+1Eg+2 f e_c(t —9) min{l,s_l/z_ﬁ/zds}
0

(5.60) < Cmin(1, 72 FRE;
which yields
(5.61) IDPuaBllp < C(min{1, 22 Eg.y + e IDPu(O)Il1 ),

with the constant C = C(Eg,2), so that, for m = 1, Theorem 5.6 holds for p € [1, +o0].

5.3. Decay estimates for the time derivative. We estimate now the decay of the time derivative of the
solution. Directly from equations we obtain

IDPuy (Bller < Z IDPDy, foa(@)ll + CID gl + IDP(g(u) = D(O))llr

a=1
. —ma—ly_g)/2—
(5.62) < Cmin{1, ¥R R, o,
where p € [2, +00]. For m = 1, as previously,

(5.63) IDPuy(B)lpr < Cmin{1, #7272 Eg o + CemIDF1u(0)].
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About the dissipative variables, we write
m m
(ue)e + Y Da(0)at)s, = DOt = Y ((Dfa(0) = Dfa(w)urs, + (Dg(u) ~ Dg(O))us,
a=1 a=1

so that we obtain
DPug(t) = DPL_K(t)us(0) + K (t)DPu;(0)

mo A2
Y, fo DDy, L K(t — $)((Dfu(0)u(s) - Dfo()is(s))ds

+ Z f Dy, L_K(t — $)D((D.(0) = Df(t))u(s) )ds
a=1 V12
£/2 s
DPL_K(t — s)R_L_((Dg(u1) — Dg(0))us(s))d
« [ (t — R L-((Dg(w) ~ Dg(O))us(s))ds

+ ft L_K(t - s)R_DPL_((Dg(u) — Dg(0))us(s))ds

/2
m t

(5.64) +Y fo K (HDF(Ds, (D2(0) = Dfut))it(s)) + (Dg(w) — D(O))us(5))ds.
a=1

It holds

L-DPK()RoLouy(0) = = Y . DDy, L_K())RoLofa(1(0)),

and
L_DPK(HR_L_u;(0) = — Z DD, L_K(t)R_L_ f,(u(0)) + DPL_K(t)R_L_g(u(0)).
Since f,(0) = g(0) = 0, we have || f, (W)ll1, Ig)ll = OD)||ullp:, which can be used, for m > 2, to yield

IDPug (Bl < Cinl, ¢4 P21 (0)|x + Ce_CtE|ﬁ|+[m/2]+2

t/2
+CE[m/2]+2min{l,t_’"/4_1_|ﬁ|/2}f min{l,s""/z_l/z}ds
0

t
+ CE|5|+[m/2]+2 min{l, t—m/Z—\ﬁ\/Z—l/Z} f min{l, (i’ - s)_’”/4_1}ds
t/2

+ CEjgl+[m/21+3 min{l, g3m/AIpl2=1 2}

(5.65) < Cmin(1, i‘_m/4_|ﬁ|/2_1}E‘/;‘+[m/2]+3.

It follows by using the same analysis of (5.58) that for all p € [2, +00]

(5.66) IDPug (Dl < Conin{1, £ 2D e s,

Repeating the computations we did above for m = 1, it follows that the above estimate holds also for
m=1.

Theorem 5.8. Under the assumptions of Theorem 5.4, we have the following decay estimates for u;

_m_Lly_1/2=
(5.67) IDPus(t)lly < Cmin{l,t 2(1=3)-1/2 'ﬁ'/z}EWWM,

. —m-Lly_1-
(5.68) IDPug (Bl < Comin{1, £ 20D B2 B, s,
where C = C(Ejg1) for o large enough and p € [2, oo].
For m = 1, as previously,

(5.69) IDPug (1)1 < Coninf1, €71 F2}Eg 5 + Ce|IDF1u(0) 1.
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5.4. Decay to linear solution. We consider here the difference among the solution of the nonlinear
equation (5.1) and the linearized one

m 0
(5.70) i + ;Dfa(o)”x“ = ( D, q(0)ug )

where we have already considered the conservative-dissipative variable pair. The idea is that if the
dimension m is sufficiently large, then the decay of the non linear parts is faster than the linear part.
Since it is easy to show that the following results do not hold in the case m = 1, we will consider in the
following m > 2, thus estimating only the L” norm, p € [2, +c0].

By using the representation (5.7), it follows that

m t
u(t) —w(t) = Y| fo Dy, Tt = 5)(Dfa0)u(s) = fu(u(s)))ds
a=1

¢
(5.71) + f I'(t = s)(g(u(s)) — Dg(0)u(s))ds.

0
Repeating the estimates leading to (5.38) and (5.51), it follows that for m > 3

m

(5.72) IDP(u(t) = wn(®)lh> < min{1, ¢ PENER
By arguing as previously, it follows also that

. —m1-1y_ -
(5.73) IDP (u(t) — wi ()l < mm{l,t 2 (1=5)-1pl/2 1/2}E|2ﬁ|+[m/2]+1’

for m > 3. If one tries to repeat the above computations for m = 2, one finds that there is a critical integral
of the form

¢
_Z':fL_K(t—s)R_L_(g(u(s))—Dg(O)u(s))ds,
0

which we can only estimate at order Int/t, since, directly using Theorem 4.2, we obtain that

¢
. R | . 1
1|2 < Cfo mm{l, (t—-s) }mm{l,s }ds.

However, using Remark 4.6, we can actually write
t t—s
I =00) Z f ( f L_K(t—s— T)AaR_eTD“dq(O)dT) Dy, (g(u(s)) — Dg(0)u(s))ds.
~ Jo \Jo
Therefore, estimating the Kernel in L! and the term D, (g(u(s)) — Dg(0)u(s)) in L2, we obtain

¢
, . —o-1/2) -3/2 : -1}
L2 < Cj(; mm{l, (t—-s) }mm{l,s }S Cmm{l,s }

We thus conclude with the following result.

Theorem 5.9. Let u; be the solution of problem (5.70), (5.2), under the assumptions of Theorem 5.4, for m > 2
and p € [2, co], we have the following decay estimate

(5.74) IDP(u(t) — w()lly < Cminf1, ¢ 2D E L
with C = C(Eg1), for o large enough.

We notice now that for the conservative part we have that
Lowi(t) = LoI'() (RoLou(0) + R-L-u(0))
= Koo(t)Lou(0) + LoK(f)R-L_u(0) + LoK (t)u(0).
So, using Theorem 4.2, and by arguing as for Theorem 5.9, we obtain another interesting approximation.
Theorem 5.10. Under the assumptions of Theorem 5.9, the following decay estimate holds
(5.75) 1D (1(£) ~ Koo(DLow(O)lly < Crmin1, ¢~ 2007220, oy
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Let us notice that, by definition, the pseudo-differential operator Ko is always fully parabolic.

5.5. Chapman-Enskog expansion. We show now how the solutions to the parabolic Chapman-Enskog
expansion approximate the conservative part of the solutions to the nonlinear hyperbolic problem:

m
0

5.76 u; + As(Wu, = ,
(5.76) Z() (q(u))
where A, (u) = Df,(u). We use the conservative-dissipative decomposition of u:

m m m
(5.77) er+ Y AatiOtie, + Y Aa12(Otay, = Lo Y (Aa(O)tt = fow), ;

a=1 a=1 a=1

(578) ttgs+ Y Aat O, + ) Aaa(O)tta, = Dy @O +L- Y (AaO)tt = fu(w), +(q(1t) = Dy, g(O)t) .

a=1 a=1 a=1

We can compute u,; using (5.78), which yields, inserting in (5.77):
e + Loy A1 (0, + Z?;:l Yot Aa,12(0)(DuM(0))_1A/§,21 (0)tte .,

(5.79) = Lo Xomy (Aa(O)u = fo(w)), + Xos; Aa12(0)(Dy,q(0) ™" (q(u) — Diyyg(0)ua),.

= Xty Aa12(0)(Dy,9(0) ! (ud,m + Ly Ap 22Ot — Ly Lo (Ag(O)u = fp(w)) )

xaxﬁ

We consider the linear parabolic equation

(5.80) W+ Y A Ows, + Y Y Aq12(0)(Dy 9(0)) ™ Apar (0)ev, i, =0,
a=1 =1 a=1

and we denote by u,(t) the solution of the weakly parabolic equation (5.80) with
(5.81) up(0) = Lou(0).
Using Remark 4.3 and by arguing again as for Theorem 5.9, it is possible to prove the following result.

Theorem 5.11. Let u, be the solution of problem (5.80), (5.81), under the assumptions of Theorem 5.4, for m > 2
and p € [2, co], we have the following decay estimate

(5.82) IDP (ue(t) — up(H)lly < Cmin{l, t_%(l_F)_I’gl/z_l/z}E|5|+[m/2]+1,
with C = C(Ep4o), for o large enough.

Notice that the same faster decay holds for the difference between the solution u, to the weakly
parabolic problem and the solution KgoLou(0) of the“fully” parabolic pseudo-differential problem.
Example 5.12. Rotationally invariant systems Consider the isentropic dissipative Euler equations

pr + div(po) =0,
(5.83)
(po); + div(pv ® v) + %VpV = -0.

We can linearize the system around the constant state (p, ) = (1, 0), so obtaining system (4.40) of Example
4.7. In that case we can immediately apply Theorems 5.4, 5.6, 5.9, and 5.11. In particular, by eliminating
v in (4.40), we obtain the estimate

IDF(p(t) = pu()lie + IDF(p(t) — py()llr < Cnin{1, ¢~ 272712
where p,, and p, are respectively the solutions of the m-dimensional dissipative wave equation equation
Puw,t + Pwit — Apw =0,
and the m-dimensional heat equation

Pyt = App = 0.
These estimates improve on previous results about this problem contained in [34] and [7].
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Consider now the relaxation system

pt + div(pv) =0,
(5.84) (pv); + div(pR) + Vp =0,

(pR): + V(pv) = pv®v — pR.

Its local relaxation limit is given by the (non dissipative) isentropic Euler equations. However, its
linearized version around the state (5,7,R) = (1,0,0), is just given by system (4.43) of Example 4.7.
Again, we can explicitly identify the asymptotic limits, with analogous decay rates, in terms of the linear
hyperbolic system (4.43) and, thanks to the analysis in Example 4.7, of the fully parabolic system (4.49),
which corresponds to the kernel Koy given by (4.44). Finally, thanks to Theorem 5.11, the same behavior
is shown by its Chapman-Enskog expansion, which is given in this case by the weakly parabolic system

pt +divo =0,

v+ Vp = Av.

The Chapman-Enskog expansion in the case m = 1. For m = 1, we need to consider together with the
linear part the nonlinear terms of the order of u2, because the decay of u? convoluted with the linear
kernel and integrated in time gives the same decay estimate of u. We will prove that forall 0 < u < 1/2,
the difference among the conservative variables and the solution to an approximated Chapman-Enskog
expansion decays as t~1/21=1/P=t in [7 if the initial data is sufficiently small: their size goes to 0 as
u—1/2.

Let us introduce the operators

(5.85) A = 2 (LoD2£0) = An(0)(Dug©) D% 400),
(5.86) B = A12(0)(D1,,9(0)) ™" A1 (0).

We rewrite (5.79) as

(5.87) Ues + (Au(O)uC + Aue, “C))x +Bucy = Sy,
with

S= Lo(A(Ou - f(u) + 1D? f(O)(ue, 1))
+A1(0)(Dy,(0)) ™ (9(u) = Dy, q(O)1ty — 102 (0) (utc, )

~A12(0)(Dy,9(0) " (tt4s + A (0)ttgc — L- (AQ)u — f(u)), ).
In the same way, we replace (5.80) by the nonlinear parabolic equation
(5.88) w; + (An(O)w + Aw, w))x + Bw,, = 0.
We introduce Fg, with F; = E; and, if > 1,

Eﬁ+1/ if P € [2r OO],
(5.89) Fyo =
Egi1 + [IDPu(0)ll;,  otherwise.

Theorem 5.13. Let u, be the solution of problem (5.88), (5.81), under the assumptions of Theorem 5.4, for m =1
and p € [1, o], for u € [0,1/2), if Eq sufficiently small with respect to (1/2 — ), then we have the following decay
estimate

(5.90) 1D ue(8) — ()l < Crninf1, 20D F2)E,

where C = C(u, Fg1o), for o large enough.
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Proof. We denote by I';(t) the Green kernel of the linear parabolic equation

(5.91) w; + A11(0)wy + Bwy, = 0.
Using Remark 4.3, I';() can be written as
(5.92) T,(t) = Koo(t) + K(t) + R(t),

where Ky(t) is the 00 component of the principal part K(f) of the relaxation kernel I'(f), given by (3.57).
We take the difference among u.(t) and u(t):

t/2
DP (uc(t) = up(#)) = fo DPD(Koo(t = 5) + R(t = 9))(A(up(5), 14,(s)) = Althe(s), 1(s)))ds
/2 p _ p
DFPD(Kogo(t — R(t—-19)])S
+f0 (Koo(t = 5) + R(t = 5))S(s)ds

t
- f D(Koo(t — ) + R(t = )DF(Auy(s), 1y(5)) — Alute(5), 1e(5)) + S(5))ds
t

/2
t

(5.93) + f K (t — $)DPD(A(uy(5), 14y(5)) = Aue(s), ue(s)) + S(s) )ds.

0
By the previous estimates on DFu, DPuy, DPuy;, we have that

. —1/2(1-1/p)-1-p/2
(5.94) HDﬁs”U < Cmin(L, ¢ PR\ o,
Let us define, for a fixed u € [0,1/2),
(5.95) mo(t) = sup {max{L, T/ Y|jue(r) — 1y ()ll2).
0<t<t

Taking the L2 norm of (5.93), for f = 0 we have
t
e (£) = up (B2 < CEymo(f) f min(1, (t - 5)"/*} min{1, s~/ #ds
0
t
+ CF3 f min{l, (t- s)_3/4} min{l,s_l}ds
0

t
+ C(E;Eq + F4)f e_C(t —9) min{l,s*5/4}ds
0

< Cmin{l,s_1/4_"}(E1E2 +Ey + Fy + (1/2 = p) " Eymg (8)).
It follows thus
(5.96) mo(t) < CFy,

for E; sufficiently small with respect to (1/2 — u).
Assume now that for y < f8

(5.97) 1D (tte = 4, )z < Caa) minfL, 74 RYE, 4y,

with y <1/2, and set

(5.98) mg(t) = sup {max{l, TP HIDR (1) = 1y (0))lg2)-
<t<t

Using the induction assumption (5.97), we obtain

IDF(A(ue(s), 1e(s)) = Alup(s), up@ip < C Loy (IDFutell + IDF sy lIp2) 1D* (ot = 14yl
+Clllull> + e ll2)IDP (e = )2

< Cmin{1, #7124 2N(C(u)Ega Fpas + Evmg(1)).
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Using this inequality, (5.94) and (5.96) in (5.93) yields
t/2
IDP (uc () — (D)2 < CE? fo min(1, (t - 542} min(1,57"/2 4 }ds
t/2
+ CF; f min{l, (t- s)_3/4_’5/2} min{l,s_l}ds
0
t
+ C(C(1)Ep+1Fps3 + Eamg(t) f min(1, (¢ - 5)*} min{1, s7/27#F/2}ds
t/2

+CFpra j; min{l, (t - S)_3/4} min{l,s‘l‘ﬁ/z}ds
t

t
+ C(EgsaFr + Fpea) f ¢~ =) minf1, 57412 s,
0

It follows that m(t) < C(u)Fg+4, and we have (5.97) for .
As for the estimate (5.41), we have the L*-estimate

(5.99) 1D (ue(t) = (Ol < Cor) min{1, #7124 F2Fy

Finally, we estimate the L'-norm in (5.93):
£/2
IDP (uc(£) = up (D)l < CE2 fo min{1, (t - 5)"22} min{1, 571/ ¥ ds
t/2
+ CF3 f min{l, (t- s)_l/z_ﬁ/z} min{l,s_l}ds
0
¢
+ C(C(u)Egs1F + Exmges(h)) f min(1, (¢ - 5)/2} min{1, s/27#F/2}ds
¢/2

+CFpra f/; min{l, (t- S)_l/z} min{l,s‘l_/g/z}ds
t

t
+(C(Eps2Fpea + ErFyss) + Fpa) f e~ =) minf1, 571 #2)ds.

It follows that
(5.100) IDP (ue(#) = up(E)ll < Cminf1, £+ FP2YF, .
Therefore, we obtain the conclusion. m|

Example 5.14. The p-system with relaxation. We can apply Theorem 5.13 to the Example 2.10. In this
case the Chapman-Enskog expansion is given by the semilinear parabolic equation

1
(5.101) U+ h (0)up,, + Eh”(O)(uﬁ)x - (A% - az)up,xx =0.

For previous results about this example see [6] and [22]. Notice that in [6], the data are chosen in a
special class, which allows to take y = 1/2 in Theorem 5.13. However, even for this special example,
our C-D decomposition gives a more precise description on the behavior of the solution, in terms of the

dissipative part uy = (A% — a2~ (v — au).
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