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Abstract. The algebraic aspect of singular solutiodsshocks) to systems of conservation laws

is studied. Namely, we show that singular solution of the Cauchy problem generates algebraic
relations between distributional components of a singular solution (“right” singular superpositions
of distributions). These “right” singular superpositions of distributions are constructed.
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1. SINGULAR SOLUTIONS TO SYSTEMS OF CONSERVATION
LAWS

Let us consider the Cauchy problem for the hyperbolic system of conservation laws

{UM{HUD = 0 in R x (0, o),

X
1
Uu = U inR x {t =0}, @)
whereF : R™ — R™ andU? : R — R™ are given smooth vector-functions, abid=

U (X t) = (ur(X,t),...,um(Xt)) is the unknown functionx € R, t > 0.

As is well known, even in the case of smooth (and, certainly, in the case of discontin-
uous) initial dataJ°(x), we cannot in general find a smooth solution of (1). In this case,
it is said thaty € L™ (]R X (O,oo);Rm) is ageneralized solutionf the Cauchy problem
(2) if the integral identities

fy [ (08P axar [U%)-gicoax=o (2)

hold for all compactly supported test vector-functignsR x [0,c0) — R™, where - is
the scalar product of vectorg,f (x) dx denotes the improper integrff,, f (x) dx.
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Consider two particular cases of the above system of conservation laws:
Ll[U,V] = U+ (F(U,V))X:O, LZ[U,V] =Wt + (G(U7V))X:O7 (3)

and
v+ (G(u,v)), =0, (uv)+ (H(u,v)), =0, (4)

whereF (u,v), G(u,v), H(u,v) are smooth functiondjnear with respect tov; u=
u(x,t), v=v(xt) € R; xe€ R. The well-known zero-pressure gas dynamics system
is a particular case of system (4), wh&eéu,v) = uv, H(u,v) = u?v, andv(x,t) > 0 is
density, andi(x,t) is velocity.

In numerous papers (e.g., see [1], [4]- [7], [13]- [18] and the reference therein)
it is shown that for some cases of hyperbolic systems (3) and (4) “nonclassical” sit-
uations may occur, when the Riemann problem does not possess d fxsakution
except for some particular initial data. Here timear componenv of the solution may
contain Dirac measures and must be sought in the space of measures, while the non-
linear component of the solution has bounded variation. In order to solve the Cauchy
problems in these nonclassical situations, it is necessary to introduce new singulari-
ties calledd-shocks, which are solutions of hyperbolic systems (3) or (4), whiose
ear components have the form{x,t) =V (x,t) +e(x,t)d(I), I is a graph in the up-
per half-plane{(x,t) : x € R;t > 0}, V € L*, ee C(I'), and thenonlinear component
ueL®(R x(0,00);R),

Unfortunately, by using Definition (23-shockscannot be definedndeed, as can be
seen from (3), (4), if integrating by parts we transfer the derivatives onto a test function
¢, under the integral sign there still remain terarslefined in the distributional sense
since the componenrtmay contain Dirac measures.

Recently, the theory od-shock type solutions for systems of conservation laws has
attracted intensive attention and several approaches to salwstgpck problems are
known (see the above cited papers and the references therein). One of them is the
weak asymptotics methaghich was developed in [3]- [5], [14]- [16]. In [4], [5],
in the framework of thaveak asymptotics method definitions ob-@hock wave type
solutionby integral identities were introduced for two classes of hyperbolic systems of
conservation laws (3), (4) (for system (3) see Definition 1 below). These definitions give
natural generalizations of the classical definition of the wé&ksolutions (2) relevant
to the structure 0d-shocks.

Moreover, in [13], in the framework of thweak asymptotics methofibr the system
of conservation laws

w+ (f(w), =0, w+(f'(uv), =0, w+ (f"(uV+f(uw), =0, (5)

a definition of a new type of singular solutions to systems of conservation laws, namely,
d’-shock wave, was introduced. Roughly speaking,-ahock wave type solution is a
such a solution of system (12) such that its second compemaay contain Dirac mea-
sures, and the third componesmtmay contain a linear combination of Dirac measures
and their derivatives, while the first componerntf the solution has bounded variation.
It is clear that by using Definition (2))’-shockscannot be also defined

In fact, to introduced-shocksand &’-shocks we must devise some way to define a
singular superpositionf distributions (for example, product of the Heaviside function



and the delta function This problem in connection with the constructingsigular
solutionsof systems of conservation laws in the framework of weak asymptotics
methodwas discussed in [3], [4], [8]-[10], [13], [15]-[17]. For some cases this problem
can be solved by usingonconservative produdgil]: g(u)g—g, whereg: R" — R" is

locally bounded Borel function, and : (a,b) — R" is a discontinuous function of
bounded variation. There is another approach associated with the name of J. Colombeau
(see [2], [12] and the reference therein).

As is well known, in the general case, the product of distributions is either not a
Schwartz distribution or it is a Schwartz distribution which is not uniquely defined.
Nevertheless, in this paper, we show thatimgular solutionof the Cauchy problem
generates algebraic relationsetween distributional components of a singular solution
(“right” singular superpositions of distributions). Otriight” singular superpositions
(contextual singular superpositions) avell defined and uniqu8chwartz distributions.

To illustrate our results we considérshock type solutions for hyperbolic system of
conservation laws (3) with the simplest initial data

@) ={ V) xS e ©

(U+,V+), X > 07

whereuy, v, are given constants. We also consider two important particular cases of
system (3). Namely, the system

w+ (f(u), =0, w+(g(uyv), =0, (7)

(hereF (u,v) = f(u), G(u,v) = vg(u)) and the well known Keyfitz—Kranzer system

U+ (U2 —V)x =0, vt+<%u3—u)xzo (8)
(hereF (u,v) = u? —v, G(u,v) = 2u® —u).

In this paper explicit formulas (14), (15), (22), (23), (25), (26) for toatextual sin-
gular superpositionsgenerated by solutions of the corresponding Cauchy problems are
constructed. According to Theorem 2, in fact, the contextual singular superpositions are
determined by the structure of linear termsv; and the Rankine—Hugoniot conditions.

It remains to note that, since in the systems (8) there is no terms of the type of
g(u)g—)‘ﬂ, it is impossibleto construct a-shock wave type solutidior it by using the
nonconservative produgi1].

In this way explicit formulas for the “right” singular superpositions of distributions
generated by’-shock type solution can be constructed (see [13], [17]).

2.0-SHOCK GENERALIZED SOLUTION AND THE
RANKINE-HUGONIOT CONDITIONS

2.1.Suppose that = {y : i € |} is a graph in the upper half-pladqéx,t) : xc R, t €
[0,00)} € R? containing smooth arcg, i € 1, andl is a finite set. Bylp we denote a
subset ofl such that an arg for k € I starts from the points of theaxis. Denote by
o= {XE k€ lp} the set of initial points of arcg, k € lo.



Considerd-shock wave type initial datai®(x),v0(x)), where
V(x) =VO(x) +€°5(To),

w,vo e L®(R;R), €°0(Mg) = Tkel, €03 (x— X)), € are constants € I.

Definition 1. ( [4], [5]) A pair of distributions(u(x,t),v(x,t)) and a grapH , where
v(X,t) is represented in the form of the sum

v(x,t) =V (x,t) +e(x,t)o(I),
u,V € L®(Rx (0, »);R), e(x,t)d(I") = Yic a(x,t)d()), a(x,t)eC(r),iel,is called

ageneralized-shock wave type solutiai system (3) with thé-shock wave type initial
data (u%(x),VP(x)) if the integral identities

/m/ u¢t+F(u,V)¢X dxdt-l-/uo(x)d)(x,O)dx = 0,

/ / Vi +G(u,V)px dth+Z/axt 0¢ xt

+/v° p(x0)dx+ T P00 = 0,

k€|0

d I (9)

hold for all test functionsp(x,t) € Z(R x [0, »)), where d¢é>l<,t)

derivative on the graph, fy. - dl is the line integral over the ang.

is the tangential

2.2.In [15], [16], within the framework of Definition 1, the Rankine—Hugoniot con-
ditions for d-shock were derived.

Theorem 1. ([15], [16]) Let us assume th& C R x (0, «) is some region cut by a
smooth curvd = {(x,t) : x = ¢(t)} into a left- and right-hand part€; = {(x,t) :
+(x—@(t)) > 0}, (u(xt),v(xt)) andrl is a generalized-shock wave type solution
of system(3), whereu(x,t), v(x,t) are smooth inQ_.. Then the Rankine—Hugoniot
conditions ford-shocks

oty = "V e — (o) - )

U Ix=e() [u]

, 10
x=0(t) (10)

hold alongl", wheree(t) def e(@(t),t). Here[a(u,v)] =a(u_,v_) —a(u;,v) is ajump
in functiona(u(x,t),v(x,t)) across the discontinuity curJe

2.3. Denote byOy/(€?) the collection of distributionsf (x,t,&) € 2'(Rx) such
that (f(x,t,e), Y(x)) = O(e?), for any test functiony(x) € Z(Rx). Moreover,
(f(x,t,€),Y(x)) is a continuous function ity and the estimat®(e?) is understood in
the standard sense and is uniform with respett Tthe relationoy (€9) is understood
in a corresponding way.



Definition 2. ([4], [5]) A pair of functions(u(x,t, £),v(xt, €)) smooth ag > Ois called
aweak asymptotic solutioof system (3) with the initial datéu®(x),V0(x)) if

Liu(x,t,e),v(x,t,&)] = ow(1),  ux,0,e) = uW(x)+04 (1), (1)
Lo[u(x,t,e),v(x,t,&)] = om(1),  Vv(x0,8) = VO(X)+04 (1),

ase — +0, where the first two estimates are uniforntin

Roughly speaking, theveak asymptotic solutioils a smooth (as > 0) approximate
solution of a system of conservation laws which satisfies this system up,tl),
€ — 40 (for details, see [3]- [5], [14]- [16]).

Let us recall that within the framework of theeak asymptotics methpde find ad-
shock wave type solutiaf the Cauchy problem as the weak limit olv@ak asymptotic
solution

U(X,t) = Simkous (th)a V<X7t) = gir:]ovt'(xat)' (12)

Constructing thaveak asymptotic solutioand multiplying the first two relations (11)
by a test functionp (x,t) € Z(R x [0, )), integrating these relations by parts and then
passing to the limit as — +0, we will see that the pair of distributions (12) satisfy the
integral identities (9).

3.0-SHOCK SINGULAR SUPERPOSITIONS

Let us consider the Cauchy problem (3), (6). According to [4], [5], [14]- [®&$hock
wave type solution of this Cauchy problem has the form

Uy + [UH(=Xx+@(t)),
Vi + [VIH(=x+ @(t)) +e(t) 3(—x+ ¢(t)),

(13)

wheree(t), @(t) are the desired functiong,= ¢@(t) is the discontinuity curvet (x) is
the Heaviside functionj(x) is the delta-function.

Theorem 2. Let (u,v) be a d’-shock type solutiorf13) and let (ug,ve) be a weak
asymptotic solution of the Cauchy probl€B), (6). Then fort € [0, ) we can define
explicit formulas for the “right” singular superpositions:

Fuy) E lm F(Ue,ve) = F (U, vi) + [FU V)] H(-X+ o), (14)

e—+40

def ..
G(u,v) = Iim G(ug, Vv,
(7) E—>+0(87e)

= G(uyVe) + [BUY)] g H X+ (1) +e0POS(—x+ (1), (15)

where functiongp(t), e(t) are given by(10), and the limits are understood in the weak
sense.



Proof. Let (ug(x,t),Ve(x,t)) be aweak asymptotic solutioof the Cauchy problem (3),
(6), i.e., in view of (11), the relation

Ugt + (F(Ug,Ve)), =0gr(1),  Vet+ (G(Ug,Ve)), = 0sr(1), €—+40.  (16)

and relations (12) hold, wher@i(x,t),v(x,t)) is a -shock wave type solution (13) of
the Cauchy problem (3), (6).
By definition, the*right” singular superpositionsare defined as the weak limits

F(u,v)dz lim F(ug,vg) G(u,v) 7 Jim G(ug,vg) (17)

£e—+0 £—+0

where(u, V) is given by (13).
Next, according to (16), (12), we have

Jim . ) 4 Jm ((F (ue.ve)) 8) = m (0,1(1).0) =

£—+0
Jim (v, 6} + im ((G(Ue.ve)),9) = lim (05(1).9) = o, @9
forall ¢ (x,t) € Z(R x [0,)). Thus (18), (17) imply that
(F@)o0) = Ime ol (FlUeve)) )= —(woh
(GUV)#) = lime—0(G(Ue,Ve)),, ) = — (W, ),

forall ¢ (x,t) € Z(R x [0, «)).
Using the first relation in (19), formulas (13), and the first Rankine—Hugoniot condi-
tion for -shocks (10), we obtain in the weak sense

(F(uv)), = —t = —(us + [UH(—x+ (1)),
= —[Ue(t)3(—x+ (1)) = —[F (u,V)]6(—x+ ().
Integrating the last relation with respecttonve have
F(u,v) = [F(u,v)JH(—x+ ¢(t)) +C, (20)

whereC is a constant. Since according to (18—, oF (Ug(X,1),Ve(X,1)) = F(uy,vy)

for x > ¢(t), we conclude that (20) impli€S = F(u,, v, ). Thus relation (14) is proved.
Using the second formula in (19), formulas (13), and the Rankine—Hugoniot condi-

tions for d-shocks (10), we have in the weak sense

(G(U,V))y = W = — (v + MH (—x+ (1)) +e(t) 5(—x+ (1)),
= —([Vi@(t) +&(t)) 3(—x+ @(t)) — e(t) p(t) &' (—x+ @(t))
= —[G(u,v)]5(—x+ @(t)) —e(t) (1) 8" (—x+ @(1)).
Integrating the last relation with respecttowe obtain
G(u,v) = [G(u,V)JH(—x+ (1)) + &) 9(t)3(—x+ (1)) +C, (21)

whereC is a constant. Sinckm;_, o G(Ug (X,t),Ve(X,t)) = G(us, v, ) for x > @(t), we
haveC = F(uy,v, ). Consequently, relation (15) is proved. O



Thus one can see that the generalized solution (13) of the Cauchy problem (3),
(6), generates algebraic relationd.4), (15) between distributional componentss of
solution (13).

4. TWO PARTICULAR EXAMPLES

4.1. Let us consider the Cauchy problem (7), (6). This Cauchy problem was solved
in [4], [5]. In this case for &-shock wave type solution (13) of the Cauchy problem (7),
(6), according to Theorem 2, the “right” singular superpositions are defined as

F(u) = fup) + [ (U)H(=x+@(1)), (22)

vg(u) = vi-g(uy) + [Ve(u)[H (=x+ @(t)) +e(t) @(t) o (—x+ @(t)). (23)
Here in view of (10), the Rankine—Hugoniot conditions dishocks are given as
o(t) = 5, et) = (Iva(u)] - ML)
In fact, by (23), we define thanique “right” product of the step function and the
delta function:

e(t)a(—x+cp(t))U(x,t)=e(t>5(—X+<P(t)>{ ﬂl: i i 2283
:e<t>[f[$)]5(—x+ o(1)). 24

4.2.Let us consider the Cauchy problem (8), (6). This Cauchy problem was solved
in [14], [15]. Similarly to the previous example, fodashock wave type solution (13) of
the Cauchy problem (8), (6), Theorem 2 implies that the “right” singular superpositions
are defined as
U2 —v= U2 — vy + [ = V]H(=x+ @(t)), (25)
13

1 1 [u?—V]
3u —u_éui—u++[§u3—U}H(—X+§0(t))+e(t) m O(—x+o(t)), (26)

. 2_ 2_
where in view of (10)g(t) = % &t) = ([Fud—u — [V [“M"]).

The Keyfitz—Kranzer system (8) hasspecificproperty. We stress that, in contrast
to system (7), in the case of systems (8) de not define (!)the product of the
Heaviside function and thé-function Moreover, although according to (13)(x,t)
does not dependn the terme(t)d(—x+ ¢(t)), the “right” singular superposition
%ug’ — u determined by (26)does dependn this term. Thus one can say that the term
e(t)d(—x+ @(t)) “appears from nothing”. Analogously, the left-hand side in (@8)
pendson the terme(t)d(—x+ @(t)), but the right-hand side in (28)oes not dependn
this term.

Thus a‘right” singular superpositionis determined only in theontextof solving the
Cauchy problem. Moreover, this is the Schwartz distribution.
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