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ABSTRACT. The aim of this paper is to analyze contractivity prop-
erties of Wasserstein-type metrics for one-dimensional scalar con-
servation laws with nonnegative, L>° and compactly supported ini-
tial data and its implications on the long time asymptotics. The
flux is assumed to be convex and without any growth condition
at the zero state. We propose a time—parameterized family of
functions as intermediate asymptotics and prove the solutions, af-
ter a time-depending scaling, converge toward this family in the
doo—Wasserstein metric. This asymptotic behavior relies on the
aforementioned contraction property for conservation laws in the
space of probability densities metrized with the d.,—Wasserstein
distance. Finally, we also give asymptotic profiles for initial data
whose distributional derivative is a probability measure.

1. INTRODUCTION

In this paper we show a contractivity of the flow of one-dimensional
scalar conservation laws with respect to a distance related to optimal
transportation theory and as a byproduct, we obtain new results con-
cerning the asymptotic behavior of their solutions. Given

u + f(u), =0, (1.1)

with initial condition u(z,0) = u(z), we assume the flux function f(u)
to be convex and u € L*®(R), supp(u) compact, & > 0 and, without
loss of generality, fRﬂ(x)dx = 1. We restrict ourselves to nonnega-
tive initial data mainly because our aim is to treat the solutions of
(1.1) as curves in the space of probability densities metrized with the
Wasserstein distance.

Our investigations are inspired by the arguments performed in [2],
where the asymptotic behavior of the general nonlinear diffusion equa-
tion u; = A¢(u) is studied. In particular, as a starting point, we shall
prove a contraction in a Wasserstein distance. For scalar conservation
laws, we prove such property for the d,.—Wasserstein metric in The-

orem 2.5. The proof relies on the explicit Lax-Hopf formula for the
1
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Hamilton—Jacobi equation
Ut + f (Uw) =0

satisfied by the primitive v(x,t) of our solution of (1.1) and on standard
approximation procedures.

Next, the asymptotic behavior of the Cauchy problem for (1.1) is
studied. At it is well known, the asymptotic structure of a scalar
conservation law, with flux f satisfying f”(u) > 0, f”(u) > 0 for u > 0,
is given by the so-called N-wave, that is

gla/t), —ap(t) <z <bo(t),

| (1.2)
0, otherwise.

NPVQ(ZL‘,t) = {

In (1.2), g(z) is the inverse of f'(x) with g(0) = 0, P and @ stand for
the invariants of the Cauchy problem for (1.1), namely

T —+oo
Pt [ awin Q=sw [ oy Q-P= [y

x€R —00 xER

and ap(t), bo(t) > 0 verify

0 bo(t)
P=-[ gy o= [ sy
—ap(t) 0

The asymptotic convergence of solutions of (1.1) toward (1.2) has
been proved in various cases, all of them requiring a control of the
growth of the flux function f(u) near the zero state v = 0. The first
result in this direction is contained in [10], where the author proved the
asymptotic structure of a uniformly convex conservation law is given
by the N—wave of the Burgers’ equation

1
U + —(’U/2)x = 0.
2
The same kind of techniques are employed in [7] to prove optimal rate
of convergence toward the N—wave, again in the uniform convex case.
The case of the power law

1
flu) = Zlul’s v > 1,

is investigated in [11]. In that paper, the authors proved the conver-
gence in LP (with also an algebraic rate for p > 1) for solutions with
arbitrary L! initial data toward the corresponding N-wave. Finally,
the most recent results are contained in [8, 9]. In [9] an optimal rate of
convergence toward the N—wave is established for solutions of (1.1) with
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L', compactly supported initial data without sign restrictions and for
convex fluxes satisfying the following generalization of the power law

tim )

W )

=7, v>1

The work [8] is devoted to obtain decay rates in L', L™ and some
weighted norms in the particular case of power laws f(u) = %|u|7,
v > 1, by scaling and entropy dissipation like methods.

In the present paper we propose an intermediate asymptotics for
nonnegative, L> and compactly supported solutions of (1.1), without
imposing any growth condition to the convex flux f(u). More precisely
(see Theorem 3.5) we prove the solution, after a time-scaling, asymp-
totically converges in d., toward a uniquely fixed family of functions,
the asymptotic profile, parameterized by the time variable t. We re-
mark that such a one parameter family of functions reduces to the usual
(properly rescaled) N—wave in the power law case, namely whenever the
conservation law meets properties of self-similar invariance. Moreover,
for fluxes of the form f(u) = %u” + h(u), v > 1, with h(u)u™ — 0 as
u — 0, we show that the asymptotic profile tends as t — +o0 to the
N—wave corresponding to leading term %Yzﬂ of the flux f. The existence
of this asymptotic profile is based on strict contractivity properties for
suitable scaled solutions of the scalar conservation law with respect to
the d.

In this context, let us mention that contractivity properties in Wasser-
stein distances for the derivatives of the solutions to (1.1) were obtained
in [1] for non-decreasing initial data whose distributional derivative is a
probability measure. We will also make use of these results for obtain-
ing asymptotic properties of scaled solutions. In fact, we will show that
the simplest rarefaction and shock waves give the asymptotic profiles
for convex and concave fluxes, respectively, for these initial data.

The rest of this paper is organized as follows. In Section 2 we prove
the basic contraction property in the d.,—Wasserstein metric for (1.1),
while Section 3 is devoted to the proof of the asymptotic behavior
of its solutions. We devote Section 4 to the asymptotic behavior of
initial data whose distributional derivatives are probability measures.
Finally, Section 5 is devoted to the proof of several approximation
results involving the Wasserstein metric d.,, needed to perform the
proof of the main results of this paper.
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2. CONTRACTION IN THE d.,—WASSERSTEIN METRIC

In this section we shall obtain some contraction properties for weak,
entropy solutions of (1.1), with respect to the d..—Wasserstein metric.
We shall work within the set of initial data

B— {u € I(R), u > 0, supp(u) compact, /Ru(a:)dx _ 1} 1)

We remark here that the assumption of unit mass does not affect the
generality of the problem, due to the conservation of the total mass

/Ru(:v,t)d:c:/Ru(x,O)dx. (2.2)

Relation (2.2) enables us to interpret the solutions to (1.1) as curves in
the space of probability densities B metrized by the Wasserstein metric
ds defined as the following limit

doo (U1, uz) = pg{{loo dp(u1, uz).

The Wasserstein (or Monge-Kantorovich) distance of order p [12] is
defined by

+00

dy(ur,ug)? =  inf / |x — T(x)|Pui(x)dz,
Tiug=Tyuy oo

where the constraint u, = Thu; (which is usually referred to as the

density uy being the push forward by T of the density wu;) is expressed

by the condition

[ etz = [ o as,

R

for any p € CJ(R). We recall here that such a distance is well-defined
in our framework when the initial data belong to B. Indeed, the com-
parison principle guarantees the solutions remain bounded in L*> and
nonnegative for any ¢ > 0 and their supports remain bounded (but
growing in time), due to finite speed of propagation.

Remark 2.1. In one space dimension, the Wasserstein metrics d,, p €
[1,400], have a simple interpretation in terms of the pseudo-inverses
of the primitive of the involved densities [4, 12]. Let us denote

vi(z) = / Cwlydy, i=1,2

—00

and define their pseudo-inverses v; ' : [0,1] — R as follows

v; 1(€) = inf{x : vi(z) > &}
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Then, for any p € [1, +o0],

dp(ur,uz) = [lvrt = v3 | £ego,1)-

We start by proving the desired result in the case of an uniformly
convex flux f, and when the initial data belongs to the subset of B

B. = {u € B, supp(u) connected}

by using the characterization given in Remark 2.1. The general result
will be obtained via approximation procedure. Moreover, we assume,
without loss of generality, f(0) = f’(0) = 0.

Remark 2.2. For further use, we remark that B, is dense in B with re-
spect to the d,, only if p is finite. Indeed, a probability density « having
a support with two connected components cannot be approximated in
d~ by a sequence in B., because this would imply uniform convergence
of the corresponding (continuous) pseudo—inverses to a discontinuous
function. Therefore, (B.,d) is not dense in (B, dw).

As it is well known, given a solution u to (1.1) with initial datum
u € B, the primitive

et = [ utw)iy
solves the Cauchy problem for the Hamilton—Jacobi equation
v+ f(vg) =0
o(x,0) = 0(z) = / a(y)dy. (23)

Since the total mass of u(t) is finite, we have v(t) € L> at any t > 0.
Moreover, since u stays bounded in L* for any ¢ > 0, the function v(t)
is Lipschitz continuous at any t > 0. Therefore, the Lax—Hopf formula
gives the following explicit expression for the function v

v(z,t) = min {tf* (JC ; y) + U(y)} : (2.4)

yER

where f* stands for the Legendre transform of the flux f. We remark
that f* is also uniformly convex and satisfies f*(0) = (f*)'(0) = 0.
In the next lemma, we shall state an explicit formula for the pseudo—
inverse v~! under the assumption u € B..

Lemma 2.3. Let f be a uniformly convex function and let u € B,.. Let
v the primitive of u defined in (2.3). Then, the function v(t) defined
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in (2.4) is strictly increasing from 0 to 1 on a connected interval of R.
Moreover, for any & € (0,1), v=1(&,t) verifies

v (€,1) = max {tF (%) +v_1(w)}, (2.5)

0<w<¢
where F' is the inverse of [* restricted to [0, +00).

Proof. As a straightforward consequence of generalized characteristic
method [6], we can assert that the support of u(t) remains connected
for any t > 0, and this implies that v(t) is a strictly increasing function
from 0 to 1 on an (time—depending) interval. Given £ € (0, 1), the
inverse function v=*(¢, ) is implicitly defined by the relation

€ = min {tf* (M) + @(y)} .

Let us start by proving that
-1 _ . « (T Y = _ .
vlien= sup et () ) = € b= mlE 0. (26
{yeR: v(y)<&}
Indeed, let us fix (£,¢) and assume there exists y with v(y) < £ such
that
vt <,

where x is chosen such that

tf* (x_y) T a(y) = €. (2.7)

t

Then, we apply v(-,t) to obtain
£ <wv(z,t),

which gives a contradiction because of (2.7) and (2.4). Thus v=1(¢,t) >
zo(€,t). Assume now that v=1(&,t) > zo(£, ). Then v=1(£,t) > z for

any y such that
« [T —Y —
o (S5 o) =¢

t
We apply once again the function v(+,t) to that relation to conclude

>z, t) = min {tf* (%) + @(y)} =¢,

which is impossible and therefore (2.6) is proved. Now, let us denote
with © = z(y, £, t) the biggest value x such that

£ (xzy) _ 5—5(9)7
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for any fixed &, y,t. Due to the convexity of f*, such a value is given

by
- (ﬁ—f(y)) oy,

where F : [0,+00) — [0,+00) denotes the inverse of the ‘positive
branch’ of f*. Therefore

vHE ) = sup {tF (—f — U(y)) + y}
{yeR: v(y)<¢} t

S () ) e

where the last step is justified by the strict monotonicity of ¥ on the
support of @. Finally, since for any fixed £ € (0, 1) the function

tF <€_Tw) + v~ Hw)

is continuous with respect to w € [0,&], then the supremum in (2.8) is
indeed a maximum and the proof is complete. O

At this point, we are ready to prove the first result of contraction in
Wasserstein metric.

Proposition 2.4. Let us assume that the fluz in equation (1.1) verifies
f"(u) > 0 for any u. Let us consider two solutions u; and us of such
equation with initial data uy, us € B.. Then, for any t > 0,

doo(ul (t), Ug(t)) S doo(ﬂl, 'ﬁg). (29)
Proof. Due to maximum principle, the solutions u; and wuy verify

[willoo < M = max{||tn o, [[U2lloc}, = 1,2

and therefore f”(u) > ¢(M) > 0 for any u under consideration. Hence,
denoting with v; the primitive of our solutions u;, ¢ = 1,2, we are in
the hypotheses of Lemma 2.3, namely

v (€, ) = max {tF (g—_w) +U;1(w)}, i=1,2.

0<w<g t

Let w; be the point where the maximum is attained in the formula for
v1, that is

o6t =tr (S50 4 (e
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Then
(&) =3 (1) Ssz(g _twl>+ o () — tF("C _t“_“)+ oy (1)

= o7 (@) = 57" (@)

< sup |o; ! (w) — o7 H(w)].
0<w<E

Finally, interchanging the role of v; and vy we get
o (&) — v H(§ )] < sup oy (w) — oy ()],
0<w<{

which reduces to (2.9) taking the supremum over all £ € [0, 1], in view
of the considerations in Remark 2.1. O

In the main theorem of this section we shall prove relation (2.9) for
solutions to scalar conservation laws (1.1) with general (non uniformly)
convex flux. The initial data will be chosen to belong in one of the two
subsets of B

supp(u) compact and
Bfe=4q ue L*(R), u >0, with a finite number of ,/ u(z)dr =15,
connected components /R

BBV =BN BV(R)

Theorem 2.5. Let us consider solutions u and v to (1.1) with initial
data u,v belonging either in By, or in By and assume the flur f in
(1.1) is convex. Then, for any t > 0,

doo (u(t), (1)) < doo (@, D). (2.10)

Proof. The result of this theorem is a consequence of the previous one,
via an approximation procedure. Consider sequences u,,, v, € B, such
that

, — u in L'(R)

v, — v in L'(R)
and such that ||t ||r, ||n]|ze < M uniformly in n, with the notation
M = max{||a||p~, ||0]|z=}. As proven in Section 5 (Theorem 5.4 and

Theorem 5.5), given § > 0 arbitrarily small, it is always possible to
choose the sequences u,, v, € B, in such a way that

oo (U, U) < doo (W, ) + 0. (2.11)
In addition, let us consider a sequence f¢ of smooth functions such

that f¢ — f in the (uniform) topology of C*([—M, M]) and such that
(f)"(u) > € for any u € [—=M,M]. Note that we can choose the
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sequence f€ in such a way that (f°(u)) < C for any u € [-M, M], C
independent on e. Therefore the speed of propagation of

w4 f (), =0 (2.12)

is bounded uniformly with respect to e. Let us denote with s, vy,

respectively the solutions of (2.12) with u,, v, as initial datum. Then
we can apply Proposition 2.4 and conclude

doo(us, (1), 5, (1)) < doo(Tn, Un), (2.13)
which together with the choice (2.11) implies
(5 (1), 05(8)) < daol,0) + 6, (2.14)

for any p € [2,00). As it is well known (see for instance [6]), scalar
conservation laws enjoy L' contraction property for any ¢ > 0, which
in particular gives

[, () = u ()| 21y < Mt — Ul 1(w)
v, () = v ()| 1) < |00 — V| 2r (),

where we have denoted with u¢, v¢ the solutions of (2.12) with u, v as
initial data. Hence, for any ¢ > 0, uf (t) — u(t) and vS(t) — v°(t), as
n — +oo, strongly in L'(R) and, passing if necessary to subsequences,
almost everywhere and bounded. Hence, since all functions involved
here have compact support uniformly in n, we can pass to the limit as
n — 400 in the left hand side of (2.14) due to the continuity of all the
p—th moments of @, and 7, (see [12]) and obtain

dp(u(t),v(t)) < dso(u,v) +9, pE€[2,00)
and, since the left hand side does not depend on 9, we also have
dp(u(t),v(t)) < doo(u,0), p € [2,00). (2.15)

Moreover, we can use once again the contraction in L' of (2.12) to prove
that the sequences u(t) and v¢(t) are equibounded and equicontinuous
in L'(R) and therefore we obtain, up to subsequences, the convergence,
as € | 0, u(t) — u(t), v°(t) — v(t) strongly in L'(R) and bounded
almost everywhere. Finally, we can use the lower semi—continuity of
the d,’s with respect to L' convergence (see [12]) in order to pass to
the limit in (2.15) as € | 0. Thus, we obtain

dp(u(t), v(t)) < doo(u, v)

which implies (2.10) by taking the limit as p — 400 in the left hand
side. U
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As it is well known [3], the estimate proved in the previous theorem
gives also a control of the speed of propagation of the supports of the
two solutions u(t) and v(t). We establish this property in the next
corollary.

Corollary 2.6. Let us consider solutions u and v to (1.1) with initial
data @,V belonging either in Bg. or in By and assume the flux f in
(1.1) is convex. Then

[inf [supp(u(t))] — inf [supp(v(1))]] < doo (4, 0),
[sup [supp(u(t))] — sup [supp(v(t))]] < dw(a, v).

Remark 2.7. By refining the argument of Theorem 5.4, it is actually
possible to enlarge the class of initial data By, to the case of an initial
datum in B having an countably infinite number of connected com-
ponents in its support, which accumulate only in a finite number of
points.

We conclude this section with a proof of the optimality of the result
of Theorem 2.5, by testing (2.10) for two N-waves, solution of the
Burgers’ equation.

Remark 2.8. Let us consider the Burgers’ equation
1
up + §(u2)$ =0 (2.16)

and its solutions Ny(z,t) and Ny(x,t) = Ni(z — x¢,t) emanating from
initial data @;(x) and us(x) = @ (x — o) defined by

B 1 fo<eg<1 1 fag<ax<ag+1
Uy (r) = ly(x) =

0 elsewhere, 0 elsewhere.

Then, for any ¢ > 2 (namely, when all the interactions in the solutions
have already occurred), the solutions take the form

xr
T o<z < Vo
Nl(a:,t):{t BUST=

0 elsewhere

and
T — 2o

if 2o < < xo+ V21
0 elsewhere .

Now, let us denote with ;" : [0,1] — [0,1] and with ©;* : [0,1] —
[0, xo + 1] the inverses of the primitive of the initial data @, and .
Then, a direct calculation gives

0H(€) =€ 3(§) = xo + &, forany € € [0,1].

NQ((L’, t) =
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Therefore,

doo (i1, U2) = |07 = Ty " [| e 0,1)) = o
Moreover, denoting with V; (-, ¢) : [0, 1] — [0, v/2t] and with V, (-, 1) :
[0,1] — |20, 70 + V2] the inverses of the primitive of the solutions
Ni(+,t) and No(+,t), t > 2, we have

Vi (€ 1) = V28, Vi (€) = mo + /2€¢, for any € € [0,1], > 2.
Thus,
e (N1 (£), Na(8)) = Vi (6) = Vi~ ()l (o) = o, for any £ > 2.
Finally, let us fix a t* € (0,2]. Then from (2.10), we get
doo(N1(t"), Na(t*)) < doo(i1, u2) = .

In addition, since (2.16) is autonomous, for any ¢t > 2, i = 1,2, we can
consider N;(z,t* 4 t) the solution at time ¢ emanating from the initial
datum N;(z,t*). Hence, using once again (2.10), one has

Ty = doo (N1 (t" + 1), Nao(t* + 1)) < doo(N1(t7), No(t")).

Hence, the d,,—Wasserstein distance between the two solutions consid-
ered here, two shifted N—waves, is constant in time. In fact, it is equal
to the distance between the infimum of the two supports and therefore
the result of Theorem 2.5 is optimal.

3. INTERMEDIATE ASYMPTOTICS

In this section we propose a nonlinear time—dependent scaling of the
solutions to (1.1) in order to study their asymptotic behavior. Let
P(R) be the space of probability measures on R. For u € P(R), we
denote the second moment of p (eventually infinite) by

1

_ 1 2
We define the manifold
M ={pePR), b[u] =1, supp(n) compact} . (3.1)

It can be easily checked that the metric space (M, d) is complete (see
[12]). We shall deal with initial data for (1.1) belonging in the following
subsets of M:

My=MnNB
M.=MnNBEB.
MfC:Mﬂch

Mpy = M N Bgy (3.2)
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Throughout this section we shall denote by 6[u] (by abuse of notation)
the second moment of a probability measure which is absolutely con-
tinuous with respect to Lebesgue measure having u as Radon—Nicodym
derivative.

Let ug € M, and let u(z,t) be the unique entropy solution of the
equation (1.1) with wu as initial datum. We observe that, since wu(t)
has compact support, the second moment of the solution @fu(t)] is
finite at any time ¢ > 0. Hence, we can define a renormalized flow map
S(t) : My — M, in the spirit of [2] as follows. For u € M, we set

(St)a) (x) = Olu(t)]*u(0[u(t)]'*x,1) (3.3)

where u(-,-) is the solution to (1.1) with initial datum w. A straight-
forward computation yields S(t)u € M,. Following the ideas in [2],
we want to establish a strict contraction result for the map S(¢) with
respect to a suitable metric. Due to the contraction result proven in
the previous section, our choice is the Wasserstein distance d..

We first establish one of the main ingredients of our machinery,
namely, we show that the second moment of any solution to (1.1) di-
verges as t — +oo, provided the flux f satisfies the additional assump-
tion

Jae(0,1), 7+ f(r)'™ is convex on (0, +00). (3.4)
Under the requirement (3.4), it has been proven in [11] that the L°—
norm of any solution w(¢) to (1.1) with initial data in M, decays to
zero as t — +00. More precisely, using the results in [5], they are able
to show [11, Proposition 2.1] that

@l < 5 (L) (35)

for all ¢t > 0. The decay in L™ provided by (3.5) is crucial in the
proof of the next lemma, which is contained in [2, Lemma 2.1] where
an analogous result is shown for nonlinear diffusion equations.

C(a)

Lemma 3.1. Let u(t) be the entropy solution to (1.1) with initial datum
u € My. Then, Qlu(t)] — +o0 as t — +oo uniformly in the set of
wnatial data My.

Now we state a general result for Wasserstein distances, which will
be useful in the sequel.

Lemma 3.2. Let u, v be two compactly supported probability densities
such that u # v on a set of positive Lebesque measure. Suppose also
Olu] = 0[v] =60 > 0. Fora >0 let

vala) = (14 @) 0((1 + a)/2a).
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Then, for any p € [2,400|, there ezists a universal constant C = C(p)
not depending on u, v and 0 such that

dy(u,v) < Cdy(u,v,) (3.6)
for all a > 0.

Proof. STEP 1. Let u,v be fixed and suppose § = 1. We proceed by
contradiction. Let us first suppose p < oo. Inequality (3.6) being
false for any C' > 0 is equivalent to say that there exists a sequence of
positive real numbers {a, },en such that

dp(u,v) > nd,(u,v,,),
and this trivially implies

hIE dy(u,v,,) = 0. (3.7)
By well known properties of the p-Wasserstein distance (see [12]), (3.7)
implies 0[v,,| — O[u] = 1. A direct computation yields 0[v,,| = 1+ a,,
which implies a,, — 0. But this fact, together with the definition of
Vg, , implies

Vg, — U in the sense of measures, as n — +00.

n

Finally, elementary properties of the d, (see [12]) imply

dp(u,v) <liminf d,(u,v,,) =0,

which implies © = v almost everywhere, and this is in contradiction
with the hypotheses on u and v. The assertion for p = 400 can be
obtained in a similar way by sending p — +o00 in the above statements.

STEP 2. Let u be fixed. We prove that C' in (3.6) is independent of
v in a similar fashion as in step 1. For some a > 0, take a sequence v"
such that

dy(u,v"™) > nd,(u,vy).

This implies d,(u,v)) — 0 and 6[v}] — 1 which is in contradiction
with 0[v?] = 1 + a for any n.

STEP 3. The constant C' is independent on u, as it can be seen by
repeating the same argument of step 2 with a sequence u,, such that
dy(tn,v) > nd,(up,v,) for some v and some a > 0.

STEP 4. The general case 6 > 0 follows by rescaling u and v in order
to obtain two densities with unit second moment and by applying the
result for 6 = 1. In particular, it is clear that the constant C' does not
depend on the fixed temperature 6. O
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We remark that the constant C' in (3.6) equals 1 in Euclidean case

p =2 (see [2]).
Another important ingredient in our asymptotic analysis is a uniform
control of the support of the generalized N-wave after the scaling (3.3).

Proposition 3.3. Suppose f: R, — R, is C' and such that (3.4) is
satisfied. Let

N(,) = {<f’>1 (£) 0<w <)

0 otherwise

be the N-wave solution of the scalar conservation law u; + f(u), = 0
having mass M > 0. Then, given

() = / 22N (2, t)dz,

the support of the function
N(x,t) = 0[N (0)] /> N(26[N(6)]'/*, 1)
stays globally bounded in time.

Proof. STEP 1. We start by providing an explicit formula for b(t). The
conservation of the mass implies

o / ) . t/o(f')_l(b(t)/t) ()
= [ o0 - s (@) tenm)]

The convexity of f and its regularity assumptions imply the following
explicit expression of the Legendre transform f*

Fr(u) = (f) " (wpu = F((F)H (w),

for uw > 0 sufficiently small. Therefore, since b(t)/t — 0 as t — o0,
for ¢ larger than a certain t* we have

Hence, we can consider the nonnegative branches of f and f* in order
to have their inverses well-defined. This implies

b0 =1 (). (33)
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STEP 2. We provide an explicit expression for ||N(t)||pe. Since N
is nondecreasing with respect to x on its support, we have

IN()lle = N (@t) — () (@) |

Thanks to (3.8), we have

V@l = ) (0 (F): (39)

t

STEP 3. By means of the identity (3.9), we can estimate the temper-
ature of N(t) from below as in [2, Lemma 2.1]. We obtain the following
inequality

M3 1
P —
= N -

STEP 4. The support of N(t) at any time ¢ > 0 coincides with the
interval [0, [(t)], where

(3.10)

_ b
10 = g

Therefore, from (3.8), (3.9) and (3.10) we obtain the estimate

< ()0 (0 ().

Due to the following property of the Legendre transform
(=0,
we recover

(3.11)

STEP 5. Thanks to (3.4) we have
flu) < Cus,

for some a € (0,1). Since the Legendre transform of u — Cuts
equals Chu!'/® for some positive C, by using the estimate for f in the
definition of Legendre transform we obtain

£ () > Crut/e
for some C; > 0, and this implies
(f*) " (u) < Cou® (3.12)
for some Cy > 0. To simplify the notation, let us denote g := (f*)~!
and € = M/t. We want to control the term on the right hand side of
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(3.11) uniformly for large times. Such term, with the new notations,
reads

C 9(e) (e — 0).

Let us denote
h(e) == g(e'/®).
We have .
W(e) = —eatg/ (/).
a
Since ¢’ is nonincreasing on a right neighborhood of 0 (g is concave),
the limit
. /
Ly
exists. But estimate (3.12) implies
M9 oo
€
which forces the previous limit to be finite. Therefore,

which implies

for small e. In terms of g, we have
g(e'*)
el/e

which completes the proof. O

< Og' ('),

The previous result guarantees the support of an N—wave solution of
a conservation law, scaled with respect to its second moment, lies in
a compact interval [—R, R], with R depending solely on its mass M.
By comparison with the N—wave solution, we generalize this property
for any solution of (1.1) with initial datum @ € M., that is, for S(¢)u,
with S(t) given by (3.3) for ¢ sufficiently large.

Proposition 3.4. Suppose f: Ry — R, is C' and such that (3.4) is
satisfied. Let u be a solution of the scalar conservation law (1.1) with
initial datum w € M.. Then, given

1
Olutt)) = 5 [ lePute.tyds
there exists a time t* > 0 such that the support of the function
ST = Ou(t)]Y*u(z0[u(t)]V?,t) =: a(z, t)
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lies in [— K, K], with K depending solely on its mass M > 0, for any
t>tr.

Proof. Let N(x,t) be the (shifted) N-wave of (1.1) with mass M > 0
and initial datum N € M.. Let us define for any ¢ > 0

6(t) := min{B[u(t)], O[N ()]}

and consider the mass—preserving scaling

(1) = a(t)2u (a(t)2z, 1) alt) = e[g((t?],
N, t) = B(0)2u (B(t) /2, 1) B(t) == 6[,0{\(7 g”.

In this way, we leave unchanged one of the two solution and decrease
the second moment of the other to match the second moment of the
first one. Moreover

S(t)a = a(x, t) = 0(t)/*u (5@)1/%, t)
SN = N(z,t) = 0(t)/2N (5@)”%, t) .

An elementary scaling property of the p—Wasserstein distance for p > 2
(see [12]) together with the above identities gives

doo (ST, S()YN) < 0(8) " doo (u(t), N(1)).
Moreover, with the aid of Lemma 3.2 we obtain
doo (TU(t), N (1)) < Cdoo(uft), N(t))
and the contraction property of Theorem 2.5 gives
doo(u(t), N(t)) < doo(T@, N).
Hence, we end up with the inequality
doo (S(t)T, S(t)N) < CO(t) ™ 2do (@, N) < 1,

for any t > t*, with t* > 0 sufficiently large, in view of Lemma 3.1.
Finally, the result follows from Proposition 3.3 and the well-known
control of the distance between the supports of S(t)u = u and S(t)N =

N in terms of the distance do (see Corollary 2.6). O

We are now ready to state the main theorem of this section. We first
introduce the notation

My :={p € P(R), 0[u] =1, supp(u) compact and connected} .
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We remark that the space (Mo, ds) is complete (in terms of pseudo
inverses of the distribution functions, such space is the space of continu-
ous functions on the interval [0, 1] endowed with the uniform topology).

Theorem 3.5. Let f : [0,+00) — [0,+00) be a C' conver function
such that f(0) = f'(0) = 0 and such that (3.4) is satisfied. Then,
there exist a fized t* > 0 and a one parameter family of functions
{U e € M, such that, for any ug belonging either in Mg, or in
Mpy we have

doo (S(t)ug, U®) — 0, as t — 400, (3.13)

where the map S(t) is defined in (3.3). Moreover, for any fized t > t*,
U® is characterized as the unique fived point of the map

S(t): M — M.

The profiles U have connected compact support uniformly bounded in
time.

Proof. We split the proof into three steps. Let us define the complete
metric space (M, ds ), where Mg C M is defined by

M ={n € P(R), 0lu] =1, supp(p) C [-K, K]}, (3.14)

where K > 0 is the constant provided in Proposition 3.4. In the first
step we establish a contraction result for the map S(t) (for large enough
t) in the subset

Mch =M. NMg C Mg.

In the second step, for ¢ sufficiently large, we extend the map S(t)
to the closure (Mo N Mg, dy) in order to apply Banach’s fixed point
Theorem and obtain a family of fixed points in that space. Finally, we
repeat the fixed point argument in the whole complete metric space
(M, dy) to get the final result.

STEP 1. Thanks to the result in Proposition 3.4, the renormalized
flow map S(t) defined by (3.3) is a well-defined operator on the space
M i for t larger than a waiting time ¢*. Consider then two elements
Uy, Uy € M, . Let uy and uy be the entropy solutions having u; and w,
as initial data respectively. Proceeding as in the proof of Proposition
3.4, we define for any ¢t > 0

0(t) == min{0[us (1)), 0us (1))}

and we introduce the mass—preserving scaling

Uz, t) = oy (t)u, (ai(t)l/Q:U,t) a;(t) == ———, i=1,2.
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After the above scaling procedure, one of the two between u; and us
(namely, the one with less second moment) remains unchanged, while
the other one is rescaled in such a way that u; and %, have the same
second moment. Moreover, for further use we observe

StV (x) = 0(1) /4, <§(t)1/2:1:,t> L =12 (3.15)
Since [u;(t)] > 6(t) for i = 1,2, we can apply the result in Lemma 3.2
which implies

oo (1 (1), T () < Cog (11 (1), us(t)). (3.16)

Using once again the scaling property of the Wasserstein distances and
the identity (3.15) yield

doo (S(O)T, (1)) < O(8) ™ dog (T (1), Ta(1)) ,
which, together with (3.16) implies
oo (S(t)u1, S(t)U2) < CO) ™ 2dog (ur (1), us(t)).

Finally, thanks to Lemma 3.1 and to the contraction result of Theorem
2.5 we have, for a sufficiently large ¢7,

doo (S(t)T1, S(£)) < B(t)dow (1, o) (3.17)

for a suitable function [t], +00) 3t — ((t) € (0,400) such that 5(t) <
1 for all ¢ > t7 and such that §(t) — 0 as t — +o0.

STEP 2. We now extend the map S(t) to the space of measures MyN
M for t sufficiently large. Consider p € Mo N Mg. Thanks to the
result in Theorem 5.6, we can construct a sequence {uy, }, C M, k such
that deo(tn, 1) — 0 as n — 400. Due to (3.17), the sequence S(t)u,
is Cauchy in Mgy N M. Hence, by completeness of (Mg N Mg, dy),
S(t)u, has a limit v in My N Mg, and such a limit does not depend
on the chosen approximating sequence, due once again to (3.17). We
then define S(t)u = v. It easily seen that inequality (3.17) holds true
when u; and s belong to MyN M. Moreover, in view of Proposition
3.4, S(t)u € My for any t > t5. We can then apply Banach’s fixed
point Theorem for ¢ > t* = max{t},¢5}, which yields the existence of
the desired family of fixed points {U*} € MyN M.

STEP 3. Let us now consider the whole space of measures M. Pro-
ceeding as in STEP 2, we can prove the map S(t) to be a contraction
in the dense subspace My, for any ¢ > t*. By means of the approx-
imation Theorem 5.7, we can extend S(t) to be a contraction on the
whole (complete) space of measures M as in STEP 2. Hence we can
apply Banach’s fixed point Theorem in (M, d.,) and obtain a family of
fixed points in this larger space, which indeed coincides with {U°}, due



20 J. A. CARRILLO, M. DI FRANCESCO, AND C. LATTANZIO

to uniqueness. Finally, the limit (3.13) follows by choosing in (3.17)
u; = up and uy = UP°, namely the fixed point of S(t), because, as
shown before, U/® has a support in [— K, K| for ¢ sufficiently large and
therefore dy,(ug, U7®) is uniformly bounded in t.

At this stage, we only have to prove the additional properties over the
fixed points U*°. From the results in [11], there exists a unique entropy
solution to (1.1) even in the case of initial datum in M. Hence, the
fixed points US° must be in L. O

Remark 3.6. We stress that, in the case f(u) = %|u|7, the family of fixed
points U;® is independent on time and equals the N-wave N o(z,1,)
defined in (1.2) with P = 0 and @@ = 1 evaluated at the time ¢, when it
has unit second moment. This fact is a consequence of the self-similar
structure of the N-wave in the case of a power law flux f. A slightly

more general result is contained in Corollary 3.9 below.

Remark 3.7. Just by using the L*°-decay shown in (3.5) and Lemma
3.1, one can obtain a uniform estimate from below of the divergence in
time of the temperature 0[u(t)] of any solution and thus one obtains an
explicit decay rate in time for (3.13) in terms of the inverse of f (see
the proof of Lemma 2.1 in [2]).

Remark 3.8. By slightly changing the rescaling in (3.3), we can carry
out the previous procedure by working on the manifold

M = {nePR), 6[u] =0, supp(n) compact }

for any # > 0. We then obtain a two parameter depending family of
fixed points UPz which reduces to Uy® in case of unit second moment

6. Moreover, U is independent on time when f(u) = %|u|7 and it
coincides with the N-wave Nj o(z, ) defined in (1.2) evaluated at the

time ¢ when it has second moment 6.

Finally, we can show that our asymptotic profile converges at t —
400 to a universal profile for perturbations of power law fluxes.

Corollary 3.9. Let f : [0,+00) — [0,+00) be a C' convex function
such that f(0) = f'(0) = 0 and such that (3.4) is satisfied. Moreover,
let us assume that f(u) = %Qﬂ + h(u), v > 1, with h(u)u™ — 0
as u — 0. Then, the one parameter family of functions {U®°}i>e
constructed in Theorem 3.5 verifies

doo (U7, N4y (-, 1)) — 0, as t — 400,

where N.,(x,t,) is the N-wave of the leading behavior %Yu” at the time
t, in which it has unit second moment. As a consequence, for any ug
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belonging either in My, or in Mpy we have
doo(S(t)ug, Ny (-, t,)) — 0, as t — 400, (3.18)
where the map S(t) is defined in (3.3).

Proof. Let us denote by Ny(x,t+ t*) the N-wave solution correspond-
ing to the nonlinearity f and t* the time at which it has unit second
moment. Therefore, taking uy = Ny(x,t*) in (3.13), we have

Ao (S(t)Ns(-, "), U*) — 0, as t — 4o00.

Let us denote 0¢(t) the temperature of Ny¢(x,t +t*).
Using that N,(x,t,) is a fixed point of the corresponding evolution
through the conservation law with f(u) = %u”, i.e., the self-similarity

of N,(z,t), we deduce that
Ny (x,to) = 97(25)1/2]\7%97(75)1/2%25 + 1)

where 6.(t) denotes the temperature of N, (x,t + t,). Now, we can
estimate

(SN (). ) < g

by Lemma 3.2, where () = min(6(¢), 0,(t)).
Under the assumption f(u) = %u” + h(u), with h(u)u™ — 0 as
u — 0, it is tedious but not difficult to show that

o (Ne( t +1t%), Ny(-, t+ t,))

1
thm Q( )d (Nf(',t‘l’t*)an('at‘i‘to» =0

that concludes the proof. O

4. NONDECREASING SOLUTIONS

In this section we turn our attention to solutions to the scalar con-
servation law (1.1) with initial data in the class

T = {u € L*(R), u non decreasing, u(—oc0) =0, u(+oo) =1}.

Such a class of functions is invariant under the semigroup induced by
(1.1). It is clear that, if u € Z, then its distributional derivative v’ is a
probability measure. Hence, the p—Wasserstein distances between the
space derivatives of any two solutions u(t) and v(t) with initial data
belonging in Z can be computed. This issue has been addressed for the
first time in [1], where the authors proved the contraction property

dp(uz(t), v2(t)) < dp(us(0),02(0)), ¢ =0, (4.1)

for any entropy solutions w, v to (1.1) with initial data in Z and f
locally Lipschitz function and for all p > 1. By means of the contraction
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inequality (4.1), we shall prove that the fixed point approach developed
in the previous section can be easily generalized to the space derivatives
of the solutions to (1.1) with initial data in Z. More precisely, let
v € M, where the class of probability measures M is defined in (3.1).
Let us define .

o) = [ o),

where it is clear that uw € Z. For fixed t > 0 we define
(T()0) (x) := Olua(0)]*ua (O[un ()], 1), (4.2)

where wu(z,t) is the unique weak entropy solution to (1.1) with @ as
initial datum. It is worthy to point out that the scaling defined in
(4.2) has to be understood as the definition of a measure by duality
on how they act on continuous functions and thus the scaling is done
accordingly on the test functions.

It is clear that for any ¢ > 0 the map T'(t) : M — M is well defined.
We shall analyze the evolution of T'(t)v for a general v € M in the
next Theorem 4.1.

To this point, no particular assumption regarding the convexity of
the flux has been done. Let us assume f € C? and f(0) = 0 without
loss of generality. Under convexity, f” > 0, or concavity, f” < 0,
assumptions on the flux, we have some particular explicit solutions.

In the convex case, a special self-similar rarefaction wave solution to
(1.1) with initial datum in Z is given by

0 ifx <0
Ue(x,t) =< g (%) if0<az<f() (4.3)
1 itz > (1,

where ¢ is the inverse function of f’

g(@) = (f)""(a), a>0.

In the concave case, a special shock solution to (1.1) with initial
datum in 7 is given by

0 ifz<f(l)t

1 ifz > f(1)t (44)

U>(x,t) = {

For any ¢t > 0, the profiles U™(-, ), in each case, have a distributional
derivative in the space of probability measures.

Now, let t* be the time such that the second moment O[U>(-,t*)]

equals 1. Then, it can be easily checked that the profile U>(-,t*) is a

fixed point of the map T'(¢) defined in (4.2) in each case. We remark
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that in this case the fixed point is constant on t. We are ready to state
the following

Theorem 4.1. Let p > 2. Let f : R — R be a C? function such that
either " > 0 or f” < 0 and f(0) = 0. Then, there exists a unique
VR — [0,+00) such that, for any v € M

d,(T(t)o, V=) — 0 (4.5)
ast — +oo. Moreover,

Ve(z) = U (x, 1)
where U™ is defined by (4.3) for conver fluxes and by (4.4) for con-
cave ones. The time t* is chosen such that UX(-,t*) has unit second

moment. Finally, V°° is characterized as the unique fixed point of all
the maps T'(t), t > 0.

Proof. The proof of the present theorem can be carried out by means
of the same steps as in Theorem 3.5 or in [2]. Therefore, we shall not
perform all of its details. We only point out that the main ingredients
are the contraction inequality (4.1), the result in Lemma 3.2, that for
the Euclidean Wasserstein distance was obtained in [2], and the fact
that the temperature of u,(t) tends to +00 as t — 400 for any solution
w of (1.1) uniformly in the set of initial data @ such that @, € M.

To show this last statement, we will make use of our particular ex-
plicit solutions: the rarefaction wave or the shock wave. Let us remark
that by inequality (4.1), we deduce

do(uz(t),00) > do(UX(t + 1), 00) — do(U2(t + ), ux(t))
> do(U7S(t +17), 00) — do(UE (1), )
> do(UP(t +t7),00) — 2,
due to the fact that both u,, U (t*) € M. A direct computation shows
that
OlU° (-, t)] — +o0,as t — +oo
in both cases. Taking into account that

da(u.(t), do) :/xQUx(:E,t) dx and do(US°(t), 6o) :/xQU;’O(m,t) dx,
R R

then the uniform divergence of the second moment in the set of initial
data of this theorem is proved. U

Remark 4.2. The only point in which the explicit solutions depending
on the convexity of the flux were used in the previous theorem was to
obtain a uniform bound on the divergence of the second moment of
the derivatives, uniform in the set of initial data. We do not see how
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to prove such a property for neither convex nor concave general fluxes.
Being this true, previous theorem will apply giving the existence of an
asymptotic profile for general fluxes.

Remark 4.3. Again estimating precisely the divergence of the temper-
ature of US°(t), we obtain an explicit uniform estimate from below of
the divergence in time of the temperature 0[u,(t)] of any solution and
thus one obtains an explicit decay rate in time for (4.5).

5. APPROXIMATION RESULTS

In this section we collect some approximation results we needed in
the proofs of some previous theorems.

Given f : R — R and zy € R, throughout this section we shall use
the notations

Theorem 5.1. Let f : [0, 1] — R be strictly increasing, right—continuous
and bounded. Then, there exists a sequence {f, : [0,1] — R, n € N}
of strictly increasing functions such that

e Fach f, has a finite number of discontinuities,

o fu— fin L>=(]0,1]).

Proof. Since f is strictly increasing, then f has at most a countable
number of jump discontinuities. We denote by {,}2 the sequence of
all the points of discontinuity of f, and by

Sn = f(gn"i‘) - f(gn_>

the jump of f at &,, n € N. Since f is bounded, the following condition
must be satisfied

an < +o00. (5.1)
n=1

Let n be fixed. We define the approximating f, as follows. For any
positive integer k£ we set

o fo<e<g
o= {sk g <E<l.

Hence, for any £ € [0, 1] we set

Fal€) = F(©) =D _ril€)

k>n
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(note that the previous definition makes sense also for n = 0). By
definition of f,, it is clear that

Jo— f
uniformly on [0, 1], because || f, — f|l is controlled by the n—th re-
mainder of the converging series (5.1). We prove that f, is continuous
in any ¢ € [0, 1] except for &, ..., &, (in particular, fy is continuous on
the whole [0,1]). For any £ € [0, 1], by definition of 7 we have

Fal64) = Fal€=) = F(EH) =D s = FE=) + D sn
§p<§ §p<€
= (&) — F(E=) =D sn
§p=¢
and the previous expression clearly vanishes if either £ is a point of
continuity of f or & = & for some k > n (we observe that in the

previous expression the term denoted by summation consists of one
addend at most). O

Lemma 5.2. Under the same notations and assumptions of Theorem
5.1, suppose in addition

ff>C>0
almost everywhere on [0,1]. Then, there exists a constant K > 0 such

et fo(§) — fo(n)
0 — Jo\m

for any n, € € [0, 1].

Proof. We start by observing that f; is a continuous function. It is
also clear that fy is nondecreasing, and therefore differentiable almost
everywhere. Moreover, the a. e. derivative f; is summable on [0, 1],
and the following estimate is true for all £, 7 € [0, 1]

£
fol) — foln) > / f(0)dc.

By definition of f; it is clear that f’ = f] almost everywhere. Hence,
in view of the hypotheses above we can write

fo(§) = fo(n) = C(§ —n)
which concludes the proof. U

Theorem 5.3. Let u € Bgy. Then, there exists a sequence u, € By,
such that

o doo(Up,u) — 0 as n — +o0,
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o u, —u a. e andin L'.

Proof. Since u € BV, then u has a right continuous representative. Let
F be the distribution function of u and let F'~! be its pseudo inverse.
Since F~! is strictly increasing, bounded and right—continuous, we can
construct the corresponding approximating sequence f,, as in Theorem
5.1. For any integer n, let F,, : R — [0, 1] be the pseudo inverse of f,,
namely
Fu(e) = inf{€ © f,(€) > o},

By definition of the approximating sequence f,, we can easily deduce
for all z € R

PN (Fy(x)) = F, (Fu(2) + ) ru(Fa(z)),  n>0.
k>n

By applying F' to both member of the above identity we obtain

Fo(z)=F <Fn1(Fn(x)) + Zrkwn(x))) . (5.3)

In order to simplify the expression (5.3), we distinguish between the fol-
lowing two cases. If x € R is such that F),(z) is a point of continuity of
fun, then f,(F,(y)) = x for y belonging in a small enough neighborhood
of x, and then F,!(F,,(z)) = z. In case F,(z) is a point of discontinuity
of f, (we recall that f, has a finite number of discontinuities), then

7 € [fa(Fn(x)=), fu(Fn(@)+)] = [fn(Fa() =), fu(Ea(2))].
This clearly implies

w4 Y rp(Fa())

€ [alFa(@)=) + Y ri(Ful@), ful Fa(@)) + ) ra(Fa())].

By (left) continuity of the jump function >, ri(-) at the point F,(z)
(because F,(z) does not belong to the set of points of discontinuity of
the jump function) and by using the definition of f,, we have

2+ 3 r(Fa(@)) € [F(Fu()=), F (Fa(2)4).

Since F, () is also a discontinuity point for F~!, then F is constant on
the interval in the above expression. Thus,

F ( ¥ zrkw(m))) — F (F;1<Fn<a:>> - me») ,

k>n
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and (5.3) can be simplified to

F,(z)=F (x +) rk(Fn(a:))> = Flap(2)), (5.4)

where we have set

an (@) ==+ Y re(Fo(z)). (5.5)

k>n

Due to the fact that >, s — 0asn — 400, we see that o, (z) — 2™
as n — +00. We now observe that, in view of the result in Lemma 5.2,
the approximating function Fj is globally Lipschitz. This is due to the
fact that fy is continuous and strictly increasing (and therefore Fj is
the real inverse of fy) and due to the identity

1
&) ==
u(f(§))
which guarantees f’ > C' > 0 almost everywhere (as requested by the
previous lemma). Now it is easy to check that, for all n > 1 and for all
x,y € R,

for a. e. £ € [0,1],

Fo(x) — Fu(y) < Fo(z) — Fo(y), (5.6)

which implies that all F, are absolutely continuous functions (because
Fy is globally Lipschitz). Now we can define

d
up(x) == dan(x),
where we clearly have F,(z) = [* u,(y)dy and u, € L*. Moreover,
by differentiating with respect to z in (5.4) we easily see that u,(z) =
u(ap, (7)) almost everywhere on the set of all points where the function
x — ay(x) is differentiable. Since such set is the complement of a zero
measure set (the jump function in (5.5) has a zero almost everywhere
derivative), by right continuity of u and due to «a,(z) > x, we have

Uun () = u(a, (7)) = ulas(x)) = u(z) a.e.
By Lebesgue’s dominated convergence Theorem we also have
U, — u in L

and since f, is the pseudo inverse of the distribution function of wu,,
thanks to the results in Theorem 5.1 we have

doo(Up,u) — 0

and the proof is complete. U
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Theorem 5.4. Let 4,0 € By.. Then there exist two sequences

{@n}n, {Onin C Be

such that
ngrfw dy(tn, vy) = dp(u,v), for any p < 400 (5.7)
oo (Un,; Un) < doo (T, D) (5.8)
Uy — U, Uy — 0 a.e. in L'(R). (5.9)

Proof. Let F,G be the distribution functions of u,v respectively, and
let F~1, G~ be their pseudo-inverses. The definition of the space By,
implies that F~! and G~! may not be continuous. By the hypothe-
ses of finite number of connected components stated above, F~! and
G~! have at most a finite number of (jump) discontinuities. We shall
construct the approximating sequences u,, v, by means of the corre-
sponding pseudo-inverses F; ' G, ! in such a way that F;! — F™!
and G,' — G~ almost everywhere and such that both sequences are
uniformly bounded. This fact trivially implies (5.7). Since we want
to obtain the inequality (5.8), our approximating sequences has to be
carefully constructed according to several cases. In the sequel of the
proof we provide the rigorous definition of F'~! and G~! and we check
that property (5.8) is verified in all cases.

Let us start with the simplest case: let & € [0,1] be such that F~*
(G™! resp.) is continuous at & and such that the distances between &,
and all the points of discontinuity of F~! (G~! resp.) are larger than
1/n. Then we fix F;1(¢) :== F71(&) (G} (&) := G1(€) resp.).

Suppose now that F'~! has an isolated discontinuity at & and G—!
is continuous at &. Then, in case both F~1({—) and F~1(&+) are
larger than G~1(&) we define F;! by modifying the graph of F'~! only
on the interval (§y — 1/n,& + 1/n) and by setting

F~H(&—) +n[F (& +1/n) — F~H(&—)](€ — &)
F7NE) = if £ € [0, & + 1/n]
F1(¢) if £ € [&— 1/n, &)

In case both F71(§—) and F~1(&+) are smaller than G~1(&), again
we define F;! by modifying the graph of F~! only on the interval

'In this definition and in the following ones, we shall modify the graph of F~!
and G~! by linear interpolations on a neighborhood of radius 2/n centered at
a discontinuity point &;. It could happen the linear part of the graph run the
neighborhood of another discontinuity point. This can be avoided by choosing n
large enough.
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(& — 1/n,& + 1/n) and by setting

F~1(¢) if £ € [§0, &0 + 1/n]
FNE) = Q F M (&o+) = n[FH (Got) — F7H (& — 1/n)](& — €)

if £ € [§o — 1/n, &l
Finally, in case F~!(&—) < G71(&) < F71(&+) we set
FH(€) = G (&) +n[F~H (& +1/n) — F7 (& — 1/n)](§ — & + 1/n),

for all € € [§y — 1/n, & + 1/n]. It easy to verify that in all three cases
we have

[FHE) = GLHOI < [FH(E) = G
for all £ € [ — 1/n,& + 1/n]. Clearly, if G™! is discontinuous at &
and F~! is not, we can define the two sequences by interchanging the
roles of F~! and G1.
Suppose now &, is an isolated jump discontinuity for both F~! and
G~!. Suppose first

F7H (&) < G7H(&—) < F7H(&+) < GH(&ot)-

In this case we set

Fol(e) = G (&) ;r F~'(&+)

+n[F (& +1/n) — F~ (& — 1/n)](§ — & + 1/n),
GL(E) = G~ (&) ‘g F=(&+)
+n[G (& +1/n) — G (& — 1/n)](E — & + 1/n),

for all £ € [§o — 1/n,& + 1/n]. Suppose now
F7H&—) < F7H(&+) < G7H(&—) < GTH (&)
In this case we set

G (&—) +n[GH (& + 1/n) — G (&—)](€ — &)
G, (&) = if & € [£o,& +1/n]
F(&) if £ € [& — 1/n, &)

and

F*l

n

Y(&ot) = n[F~1(&+) — F (& — 1/n)] (& =€)

F1(¢) if € € [£0,60 + 1/n]
€ =qF"
if £ € [& — 1/n, &)
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Again, interchanging the roles of F~! and G~ allows to cover all pos-
sible cases and we have once again

[EH(E) = GO S [FH(E) = GTH(9)]

for all € € [ —1/n,& + 1/n].

In order to complete the proof, we have to prove (5.9). This can be
done by observing that the previous definitions of the approximating
sequences F-' G- imply small rearrangements of the mass in the

graphs of u and v. Consider for instance the case of a discontinuity
& for F~! modified on the right neighborhood (&y,& + 1/n) as in the
first case of the present proof. In this case u is modified only on the
interval (F'~1(&—), F~1(& + 1/n)) as follows

n(x) = [n (F &+ 1/n) = F 1 (&-))] ",

for all z € (F~1(&—), F~'(& + 1/n)). Hence 4, — 0 on the interval
(F~Y(&—), F~*(&+)) and @, — u otherwise. We skip the details of
all the cases, which can be proven in a similar way. 0

As a trivial consequence of the previous theorems we have the fol-
lowing

Theorem 5.5. Let u,v € By and let 6 > 0. Then there exist two
sequences Uy, U, € B, such that

oo (TUn, Up) < doo(, ) + 6

U, — U, Uy — 0 a.e. and in L'(R).
Proof. Take two sequences u,, v, € By, such that

Up — U, v, — U a.e. andin L!
and such that
doo(Up,u) — 0,  doo(vy,0) — 0, asn — +00
as guaranteed by Theorem 5.3. Thanks to Theorem 5.4, for any n there
exist two sequences u,, ,v,, € B. such that
Aoo(Uny , Uny ) < doo(Un, Vp)

Up, — Up, Up, — U, a.e. andin L'(R) as k — 4oo.

k k

Hence, by choosing
Up = Up,, Up:=Un,,
we have
oo (U, V) < doo(Un, Vn) < 0+ doo(, D)

for n sufficiently large. 0
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In the previous theorems the approximating sequences were required
to be converging almost everywhere, in L' and in the d., topology. In
the following theorems we prove some density results of certain subsets
of the space of measures (M, ds,) without any requirement on the L'
convergence. Such results are needed in the proof of Theorem 3.5 and
the notations concerning the spaces involved are those defined in (3.2).
We remark that the measure space M defined in (3.14) is a closed
subset of the space M for any K > 0. Hence, some density properties
needed in the aforementioned theorem can be obtained via intersection

Theorem 5.6. (M., dw) is dense in (Mg, dw).
Proof. For 1 € My, let

F(z) := p((—o0,z])
be the distribution function of u. Let f : [0,1] — R be the pseudo
inverse of F. For € > 0 we define

fe(&) = f(&) + €
gy =

1f ell 2o,
Since u has unit second moment, then f has unit L? norm, therefore
fe — f uniformly on [0,1] and in L?([0,1]). Let F. be the pseudo
inverse of f.. Due to (f.(£)) > € for any & € [0,1] and in view of
I fllzz — 1 as € — 0, we have

fe(g) - f6<77) > 2‘5(5 - 77)

for small enough e. Moreover, since f is strictly invertible on [0, 1], the
above inequality implies the uniform bound

Fe(x) — Fe<y) < l

T—y - 2e
for any z,y € R. Therefore F, is absolutely continuous, and its first
derivative almost everywhere u, := (F.)" belongs in L'(R). The above
estimate of the difference quotients implies u, € L*>. Since F, is the
primitive of u., the uniform convergence of f. to f is equivalent to
doo(t, ue) — 0 as € — 0. O

Theorem 5.7. (Mj.,dw) is dense in (M, ds).

Proof. We want to prove that, for any u € M, there exists a sequence
of {pr}r C My, such that

doo(fty pir) — 0, as k — +oo0.
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The proof can be performed in the same way as in the proof of Theorem
5.1. In the present case, one has to define the distribution function

F(z) := p((—o0, z])

and its pseudo inverse f : [0,1] — R. Let {&}xr be the sequence of
the discontinuity points of f. As in the proof of Theorem 5.1, we can
define for any positive integer k

(€)= if0<€&<&,
* Fl&t) = &) if&<e<1

and, for any £ € [0, 1] and n > 0, the sequence of functions

TaO) = FO - Y n(©+ ¢

k>n

In order to have the approximating sequence in M, we must normalize
it as follows B
1l 220,17

It is easily seen that f,, has a finite number of discontinuities and
fn — f uniformly on [0,1] (we recall that ||f||zz = 1 because the
corresponding measure g has unit second moment). Once again, as
in the proof of the Theorem 5.6, we have to make sure that f, has a
corresponding density u € L* such that u € My.. More precisely, let
F,, be the pseudo inverse of f, for any n > 0. We recall (see Theorem
5.1) that the function f, defined before is continuous and satisfies

Fo) = F) =

n
almost everywhere for all n > 0. Hence, we have

Fol€) = Toln) = ~(& ~ ),

which implies a uniform bound (with respect to &) for the difference
quotients of the pseudo inverse F as in Theorem 5.6. By means of the
same argument leading to (5.6) in the proof of the Theorem 5.3, we
can deduce that the difference quotients of F,, are uniformly bounded
over the real line, which implies that all F,, are absolutely continuous.
Therefore, so are the pseudo inverses F;, of the approximating functions
fn, and this implies that F}, is the distribution function of a probability
density u,,. Moreover, since (F},)" is essentially bounded, then u,, € L,
and wu, has a finite number of connected components in its support
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because f,, has a finite number of discontinuities. Finally, f, — f
uniformly implies du(tp, 1) — 0 as n — 400. O

For the sake of completeness, we also prove the following approxima-
tion theorem, which is a direct consequence of the previous theorem.

Theorem 5.8. (Mpy,dy) is dense in (M, dw).

Proof. Thanks to the result in the previous Theorem 5.7, it is sufficient
to prove the assertion when the measure p is supported on a finite
number of connected subsets of R. Let once again F' be the distribution
function of p and let f be its pseudo inverse. Let &;,...,&, be the
(finite) discontinuity points of f. As before we can define the jump

functions 7, for k= 1,...,n. As proven in Theorem 5.1, the function
Fo©) = £(©) = D ()
k=1

is continuous and (f,) = f’ almost everywhere. We want to regular-
ize the function f, in such a way that the corresponding approximat-
ing densities belong in M. For a small ¢ > 0, let p° be a standard
Friedrichs’” mollifier. We set

Fol€) = p"x Fo(€) + €.
It is easily seen that
° 7_(6)66 C*>([0,1])
o (fo) Ze€
Let F,, be the pseudo inverse of f;. We have
ey (fo)"(Fo(x))
Fy)'(z) = .
RN (AT ENE

Therefore, F, € C*(K.,) for all € > 0, where K, is the support of (F,)’
which is a Compact subset of R. In view of that, the probability density

a0y = (Fy)
is compactly supported and BV. We define now

7 —fo +Zrk

Let F be the pseudo inverse of f  and let
w () = (F).
It is easily seen that u€ is still a BV function. Indeed,
TV (@) < TV(@) + 20]th 1~



34 J. A. CARRILLO, M. DI FRANCESCO, AND C. LATTANZIO

In order to prove the previous estimate we only need to observe that
the support of u° has n connected components K, ..., K, and

u(z) =ug(r — o), forallze Kj, j=1,...,n

for certain constants aq,...,a,. Hence, the increase in the total vari-

ation of u° is just a byproduct of the finite number of jumps occurring

at the extremal points of the sets K, j =1,...,n. We now consider

I

&) = =—"—
[FIPEICRY)

From the previous definitions it is clear that

1f< = fllze oy — O

as € — 0. Finally, let F'° be the pseudo inverse of f¢. Then, the
probability density u¢ := (F*€)’ is compactly supported and BV. Hence
u € My and dy(u, 1) — 0 as € — 0 which completes the proof. [
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