SLOW EIGENVALUES OF SELF-SIMILAR SOLUTIONS OF THE
DAFERMOS REGULARIZATION OF A SYSTEM OF
CONSERVATION LAWS: AN ANALYTIC APPROACH

XTAO-BIAO LIN

ABSTRACT. The Dafermos regularization of a system of n hyperbolic conservation
laws in one space dimension has, near a Riemann solution consisting of n Lax shock
waves, a self-similar solution u = u¢(X/T). In [19] it is shown that the linearized
Dafermos operator at such a solution may have two kinds of eigenvalues: fast eigen-
values of order 1/e and slow eigenvalues of order one. The fast eigenvalues represent
motion in an initial time layer, where near the shock waves solutions quickly con-
verge to traveling-wave-like motion. The slow eigenvalues represent motion after
the initial time layer, where motion between the shock waves is dominant.

In this paper we use tools from dynamical systems and singular perturbation the-
ory to study the slow eigenvalues. We show how to construct asymptotic expansions
of eigenvalue-eigenfunction pairs to any order in e. We also prove the existence of
true eigenvalue-eigenfunction pairs near the asymptotic expansions.

1. INTRODUCTION
The Dafermos regularization [6, 35, 36, 37]
(11) UT+f(U)X :ETUXX

is a diffusively perturbed system of conservation laws in one space dimension. It has
many similarity solutions of the form u = u.(X/T). This property is shared by the
unperturbed system of conservation laws

(1.2) ur + f(u)x =0,
but not by the usual viscous regularization
(13) UT+f(U,)X = €UxX.

Using the change of variables
r=X/T, t=InT,
the Dafermos regularization (1.1) becomes

(1.4) ur + (Df(u) — xl)uy = €y,
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The same change of variables brings the system of conservation laws (1.2) to
(1.5) u + (Df(u) — xl)u, = 0.

In the new variables, the Dafermos regularization (1.4) appears to be a natural reg-
ularization of (1.5). It has been used to compute numerically one-parameter families
of Riemann solutions [29)].

A Riemann problem is an initial value problem for (1.2) with piecewise constant
initial data

(1.6) w(X,0) = {“Z ifX <0,

u” if X > 0.

We consider a solution of the Riemann problem (Riemann solution) consisting of n
Lax shock waves with speeds 5°,i = 1,...,n. Let 3 = —o0 and 5""! = co. Then

w(X,T)=u" ifs§ < X/T <35

The stability of solutions of (1.3) near such a Riemann solution, with small jumps in
@', is considered in [20].

We shall not assume that shock waves are weak; instead we shall assume that
the shock waves of the Riemann solution satisfy the viscous profile criterion. In
other words, corresponding to the ith shock wave there is a traveling wave solution
wX,T) = ¢'(£),€ = (X — 5'T)/¢, of (1.3). The function ¢ satisfies the traveling
wave ODE

(1.7) (Df (u) = sT)ug = uee
with wave speed s = 5%, and connects @'~! to u'.

In xt-coordinates, the Riemann solution becomes a piecewise constant, stationary
solution ug(x) of (1.5):

(1.8) ug(z) =a* for 5 < x < 5T

Using geometric singular perturbation theory [12], Szmolyan proved that near a
structurally stable Riemann solution wug(xz) of (1.5) that consists of n Lax shock
waves and rarefactions, not necessarily weak, there are, for sufficiently small ¢ >
0, stationary solutions u.(z) of (1.4) [34]. Szmolyan’s work has been extended to
other Riemann solutions [28, 22]. We will call stationary solutions of (1.4) Riemann-
Dafermos solutions.

For the Riemann solutions we consider, which have n Lax shock waves, the corre-
sponding Riemann-Dafermos solutions have n sharp internal layers near x = §%,i =
1,...,n. In fact, up(z) is the zeroth order expansion of u.(x) in regular layers. Using
the stretched variable ¢ = (z — 5%) /e, ¢'(€) is the zeroth order expansion of u.(z) in
the ith singular layer.

Because u.(z) is a stationary solution, we wish to determine its stability by studying
eigenvalues of the linearization of (1.4) at u.(x). It is known that:

(1) The initial value problem is well-posed for any initial data near wu.(z) that
approaches constants exponentially as z — +oo [19].

(2) In the space of functions of order e~®?| the essential spectrum of the lineariza-
tion lies to the left of the line ReA < —4 for some § > 0 [19].
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(3) The linearization is sectorial in the space of functions of order e=*** [17]. Thus,
from the standard theory of analytic semigroups [8, 11, 24], in such spaces linearized
stability of the Riemann-Dafermos solution is determined by the eigenvalues of the
linearization.

(4) If the Riemann-Dafermos solution is linearly stable, nonlinear stability can be
proved by a contraction mapping argument as in [7, 11].

It is known that there are both fast eigenvalues, of order 1/¢, and slow eigenvalues,
of order one. This can be explained by considering a time-dependent solution w.(z, t)
near the Riemann-Dafermos solution u.(x). Suppose that u.(z,t) has n sharp layers
near the curves xi(t). Using £ = (x — x%(t))/e near the ith singular layer, we have

cup = e — (Df () — (1) — 2(t) — puc.

In the initial time layer 0 < ¢ < €, u; = O(1/¢) near x%(t). We therefore expect to have
fast eigenvalues A = O(1/¢), with the support of the corresponding eigenfunctions
near x%(t). After the initial time layer, u; = O(1). The solution (if stable) will
look like traveling waves in singular layers, and convection in regular layer, where to
lowest order u; + (D f(u) — xI)u, = 0. We expect to have slow eigenvalues of O(1)
corresponding to this slow motion.

Fast eigenvalues can be expressed as A(e) = Z;i—1 e/ \; with A_; # 0, while slow
eigenvalues constitute the special case A_; = 0. In the ith singular layer, to lowest
order, an eigenvalue and corresponding eigenfunction satisfy

AU+ (Df(u(€)) — apD)U)e = Ug.

If A_; is in the right half of the complex plane, the limiting systems in (U, Ug)-space
at £ = +oo have exponential dichotomies. If A_; = 0, however, the limiting systems
do not have exponential dichotomies. Instead there is an n-dimensional center space,
which makes the study of slow eigenvalues more difficult. For an introduction to
exponential dichotomies, see [5, 23, 26, 27]. A variant of exponential dichotomies
with exponential rate approaching infinity is used in Lemma 5.2.

In [19] conditions for expanding fast eigenvalues and eigenfunctions to any order
in € were given. For slow eigenvalues, however, only the lowest-order terms of the
expansions were obtained. In this paper we will show how to successively construct
higher-order expansions of slow eigenvalues and eigenfunctions to any desired degree,
and we will prove the existence of exact eigenvalues and eigenfunctions near the as-
ymptotic expansions. For an alternate approach to existence of slow eigenvalues and
eigenfunctions via geometric singular perturbation theory, see [30]. The latter ap-
proach does not yield information about the asymptotic expansions, but does provide
geometric insight into the eigenvalue problem.

The assumptions used in [19] will be recalled in §2. For slow eigenvalues, these
assumptions are not sufficient to obtain higher-order expansions. To construct higher-
order expansions, we assume that to the lowest-order, the eigenvalue is simple. This
is equivalent to assuming that the SLEP function (Evans function) has a simple
zero. See §4 for details. The same condition will enable us in §5 to construct true
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slow eigenvalue-eigenfunction pairs corresponding to the asymptotic expansions. This
condition is also used in [30].

The stability of Riemann-Dafermos solutions is closely related to the stability of
Riemann solutions of conservation laws [18] and to the stability of nearby solutions of
the usual viscous regularization. At this time our understanding of these relations is
incomplete. In [19], it is explained that the fast eigenvalues correspond to eigenvalues
of individual viscous shock solutions (traveling waves) of the usual viscous regulariza-
tion, which have been studied in [1, 39, 38, 32] and elsewhere. The slow eigenvalues
are related to inviscid stability of multiple-shock-wave Riemann solutions of hyper-
bolic conservation laws, which have been studied in [2, 3, 14, 31] and elsewhere. For
a system of two equations, formulas for slow eigenvalues of Riemann-Dafermos solu-
tions near a Riemann solution consisting of two Lax shock waves were obtained in
[19]. In this case the condition that all slow eigenvalues have negative real part is
precisely the same as the condition for BV inviscid stability of the Riemann solution.
For a system of more than two equations, the relationship is more complicated, and
has recently been elucidated by Lewicka [15].

In a suitable coordinate system, the Dafermos regularization can be viewed as an
asymptotic approximation to the usual regularization

(1.9) ur + f(u)x = uxx
for large T'. Using the change of variables x = X/T,t =InT in (1.9), we obtain
(1.10) ug + (Df(u) — 2D)uy = € gy

For large ¢, e~ is small. If we freeze t = ty and let € = e, then we have (1.4), which
is a good approximation in a time interval where e~ is close to e~%. Hence the study
of the stability of Riemann-Dafermos solutions may provide information about the
asymptotic behavior of solutions of (1.10).

The remainder of the paper is organized as follows.

In §2, we state the assumptions of this paper and recall results from [19].

In §3, we show that the slow eigenvalue problem can be reduced to a system of
equations on regular layers, coupled by jump conditions derived from the singular
layers between adjacent regular layers. This approach is similar to the SLEP method
(singular limit eigenvalue problem) introduced by Nishiura and Fujii [25] for reaction—
diffusion equations. The expansion of the eigenvalue problem to order ¢ was obtained
in [19]. However, the nature of the problem is more fully revealed at order €2. We
derive expansions of the eigenvalue problem to all orders in e.

In §4, the SLEP system is converted to a system of abstract eigenvalue problems.
Under the assumption that —(Ag + 1) is a simple eigenvalue the abstract system,
where ) is the lowest-degree term in the expansion of the slow eigenvalue, we show
that formal asymptotic expansions of eigenvalues and eigenfunctions of any order can
be constructed recursively. For this purpose we show that the abstract operator is
Fredholm, and we characterize its kernel, range, and co-kernel. The SLEP matrix and
SLEP function are defined in this section. Our simplicity assumption on —(Ag + 1)
is equivalent to assuming that )\ is a simple zero of the SLEP function.
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A formal asymptotic expansion of eigenvalue (eigenfunction) satisfies the expansion
of eigenvalue equations. It becomes a true asymptotic expansion if there exists an
exact eigenvalue nearby. Notice that the exact eigenvalue can be constructed using
only the zeroth order singular eigenvalue. We discuss asymptotic expansions to any
order in this paper for their value in numerical approximation and for the completeness
in analysis.

In §5, under the same assumptions used in §4, we show that the formal asymp-
totic expansions obtained in §4 are true asymptotic expansions of eigenvalue and
eigenfunction. The proof is based on the idea of the shadowing lemma of dynami-
cal systems, plus reduction to a SLEP system similar to the one studied in §3 and
84. An asymptotic approximation of the eigenfunction to some finite order can be
viewed as a pseudo-orbit with small residual and jump errors. Correction terms can
be constructed that cancel residual and jump errors to yield an exact eigenvalue-
eigenfunction pair. Because the linear variational equation about the approximation
looks like the recursive equation for computing higher-order expansions, key lemmas
obtained in §3 and §4 apply in this section also. Since the linear variational system
around the pseudo-orbit does not have an exponential dichotomy, one cannot use the
shadowing lemma from [4] directly. The part of the solution to which the shadowing
lemma does not apply is projected to a center space. The reduced system turns out
to be closely related to the SLEP system of §4.

An important by-product of the analytic approach is that properties of linear op-
erators studied in this paper will be useful in solving (1.4) for initial data near the
Riemann-Dafermos solution. After a Laplace transform, the linearized system in the
dual variable s is closely related to the eigenvalue problem studied in this paper.
When s is not an eigenvalue, the linear operator obtained from Laplace transform
is invertible. With some estimates on the transformed solution, the time dependent
solution and its stability can be obtained.

[ am grateful to the referee for pointing out the work of Suzuki, Nishiura, and Ikeda
on a relation between the Evans function and the SLEP method [33].

2. ASSUMPTIONS AND PREVIOUS RESULTS

We first define a so-called structurally stable Riemann solution of (1.2) that consists

of exactly n Lax shock waves with speeds §' < 5% < ... < 5. In the new variables
(x,t) = (X/T,InT), this is a piecewise constant function ug(z) having jumps at
r=35,i=1,...,n.

A Lazx i-shock for (1.2) that satisfies the viscous profile criterion is a function

u- forx<s
2.1 = ’
(21) u(z) {u+ for x > s,

where x = )T—(, together with a solution ¢(&) of the traveling wave ODE
(2.2) = f(u) = f(u") = s(u—u),
such that:

(L1) f(u®) = f(u™) = s(u” —u7) = 0.
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(L2) The eigenvalues vy < ... <w, of Df(u™) satisfy v,_; < s <, .

(L3) The eigenvalues v;” < ... < of Df(u") satisfy v;" < s <vj;.

(L4) q(§) approaches u~ as £ — —oo and u™ as £ — 0.
Notice that (L1), (L2), and (L3) imply that for (2.2), u* are hyperbolic equilibria,
the unstable manifold of ©~ has dimension n — i + 1, and the stable manifold of u™
has dimension i. Assumption (L4) says that these manifolds intersect. Generically
the intersection is a curve (see (S2) or (S2') below).

A solution of the Riemann problem (1.2), (1.6), that consists of n Lax shock waves,
each satisfying the viscous profile criterion is a piecewise constant function
(2.3) ug(z) =u', fors <x <35t i=0,...,n,
where x = %, together with R™-valued functions ¢*(§), i = 1,...,n, such that:

(R1) @° = u* and @™ = u".

(R2) For each i =1,...,n, the triple (@;_1, 5;, U;), together with the function ¢*(€),

defines a Lax i-shock.
Define a mapping G : R"*2" — R by

Gu®, st ut,. . u" s ") =
(flu') = fu®) = s'(u' =), flu") = f@"7h) = " (u" — "))
Notice that
(2.4) G, &, at, ..., a" 5" a") = 0.

The Riemann solution just defined is structurally stable provided

(S1) DG(u°, s, at, ... ,u"t, 5", u"), restricted to the n?-dimensional space of vec-
tors (UY, S, UL, ..., U1 8", U™) with U° = U™ = 0, is invertible.

(S2) For each ¢ = 1,...,n, the unstable manifold of %~! and the stable manifold
of @' for the traveling wave ODE @ = f(u) — f(a"™!') — §(u — u"~!) meet
transversally along ¢*(€).

If (S1) and (S2) are satisfied, then for each set of Riemann data (u’,u") near
(@®, u™), there is a Riemann solution near the original one.
Condition (S1) can be restated as follows:

(S1) If we set (U°,U™) = (0,0), then system of linear equations
(Df(a") — 8 NHU" — (Df(u"™ ") —sNHU - S"(@ —a" ") =0, i=1,...,n,
has only the trivial solution
(st ut,..., U™, 5" =(0,0,...,0,0).
A condition equivalent to (S2) is the following:

(S2') For each i = 1,...,n, the linear differential equation

(Df(q'(€)) =5 T)U)e = Uge

has, up to scalar multiplication, a unique solution that approaches zero expo-
nentially as & — Fo0. It is g¢(§).
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Asymptotic expansions of Riemann-Dafermos solutions have been obtained under
these conditions. Let the location of the ith layer be z’(€), let the solution in the
regular layer (that is, not near z(¢)) be u?(x), and let the solution in the ith singular
layer (that is, near x%(€)) be u'(¢), where & = (z — 2%(¢))/e. Then

xi(e):ZeJx i=1,...,n,
uf(2) =) duf(a),
u(€) =) dui(€).

At lowest order, zi = 5, u (&) = ¢*(€) and uff(x) = @' is just the piecewise constant
Riemann solution of the conservation law (1.5). Furthermore, to all orders of €, uf(z)

is constant on each regular sublayer (z§, x5"™),0 < i < n, where 23 = —o0, 2{ = oco.

As mentioned in the Introduction, asymptotic expansions of slow eigenvalues and
eigenfunctions to lowest order in € were obtained in [19] and will be outlined below.

3. REDUCTION OF THE EIGENVALUE PROBLEM TO A SLEP SYSTEM

In this section, we derive formal expansions of the eigenvalue equations. We also
show that at each order €/, the eigenvalue problem can be reduced to a SLEP system.
Define the matrices in regular and singular layers respectively,

Df':= Df(u}), x € lxh, i), i=0,...n,
Df'(€) = Df(d'(§)), §€R, i=1...n
In the regular layer we will use D f for D f(ull(x)) if no confusion should arise.

3.1. Some lemmas. We need to study nonhomogeneous equations as in Lemma 3.1
and Lemma 3.2. Proofs of the two lemmas are deferred to the end of the section. Let
E}, be the Banach space of continuous functions defined on R or R* that are O(1+|¢|).
Let E,; be the Banach space of continuous functions that are O(e=®¥l(1 + |£]¥) Let
the norms of F' € Ej, and E, ; be

| Flx = Slgp(l + €M),
1 F |y = sup el (1 + €5y F(©)].

We assume that
0 < a<min{|oeDf(uy ") —xb|, |[oDf(uy) — x| :i=1,...,n}.
Lemma 3.1. Consider the equation
(3.1) Ue = (Df'(§) —aD)U +G(§), €E€R.
If G, € Ey, then there exists a unique solution Uy € Ej, with U(0) L ¢.(0). Denote

3
the solution by U'(¢,G). Moreover,

(1) If there exists a > 0 such that G € Eqy for € >0 or € <0, then U'(-,G) € Eqp
for&>0o0r€ <.

(2) If G is a polynomial of order k, then as § — +oo respectively, Uz(ﬁ, G) approaches
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two polynomials of order k.
(3) If G(&) approaches two polynomial of order k as & — Foo respectively, then

U’(f’, G) approaches two polynomials of order k as & — +oo. In particular, if 5 is a
constant vector, then as & — +oo, U'(E, B) approaches exponentially the limits

52) U'(+00,8) = —(Df* — x4 )73,
' U'(—00,B) = —(Dfi=! =z I)7'B.

Lemma 3.2. Consider

(3.3) Usge = (Df(€) = 2pD)U)e +9(€), E€R
Assume that there exists a positive integer k such that g € Ey. Then

. 3
U= [ gl

is a particular solution for (3.3) in Exyq with ||U||xs1 < Cllg|lk. The general solution
of (3.3) is

. £ . .
U= 0. [ glo)ds) + 07, 0) + e
0
where the parameters € R", ¢ € R.

3.2. Formulation of slow eigenvalue problems. Recall that to lowest order, for
i=1,...,n, x} is the location of the ith singular layer, denoted by S*. With x) =
—o0, 70T = o0, let R' = (z}, z5t") be the ith regular sublayer. Figure 3.1 shows the
ordering of regular and singular layers.

0 1 i-1 i
R, R R, R, 'R
1 i+1 n

S Si'l Si S S

FiGURE 3.1. Ordering of regular and singular layers.

We look for slow eigenvalues and corresponding eigenfunctions of the form

(3.4) Ae) = Zej/\j, Ult(z,e) = ZerJR(m), U'&e) = ZEJU;@)

We use U and U' to denote the function U in regular and singular layers respectively.
The stretched variable £ = (z — x%(€))/e is used in the ith singular layer. Denote
U (z,€) and Uj*(x) on R' by U (x,€) and U/*(x) respectively.

Let C*(v),7 > 0 be the space of continuous functions on R with continuous deriv-
atives up to order k, for which the norm

1Ullwy = sup{(IU ()] + [U"(2)] + - + 05U (2)])e™ 1}

is finite. Functions in C*(y), v > 0 satisfy the decay property
(3.5)
10;U(x)] < Ce " j <k, in the sublayers R® = (—o0,z}) and R" = (z},00),



SLOW EIGENVALUES OF DAFERMOS REGULARIZATION 9

for some constant C'. In [19], it is shown that the initial value problem is well-posed
for initial data close to u(z,€) in C?(v). We also have the following result from [19].

Lemma 3.3. (a) To all orders in €, eigenfunctions UR(x,€) that satisfy (3.5) are
zero in the regular sublayers R® = (—oo,z}) and R" = (zl,00). That is, UJRi =0 for
all 3 > 0 and v = 0,n.

(b) To lowest order, UR = 0 in the regular layer, i.e., U =0 for 0 <i < n.

It is known that A = —1 is an eigenvalue with eigenfunctions representing shifts in
layer positions [19]. Therefore in this paper we assume that A\g + 1 # 0.

Let 2*(e) = Y- €/x) be the position of the ith singular layer and let £ = (z —2"(¢))/e
in S*. The linear variational equation of (1.4) around u, is

U+ ((Df(ue) —xl)U), + U = €Uy,.
Hence the expansions of eigenvalues and eigenfunctions must formally satisfy
(3.6) A+ DU+ (Df(ue) —2)UR), = UL in the regular layer,
(3.7) e+ DU+ (Df(ue) — 2'(e) — €U e = Ugig in the singular layer S".

The expansions of eigenfunctions in inner and outer layers satisfy the following

matching principle. Let the inner expansions of the two outer layers adjacent to z%(e)
be

Zeﬂ~; Z JURl Ye€ + b + et + Exh 4.,
0 0

ZEU ZEJUR’e£+x0+ew1+62w§+...).
0

0

Note that Uj™ = 0 and U;’i,j > 1, is a polynomial of degree j — 1.
Matching Principle: There exists a > 0 such that

(3.8) U5 ()] + ‘Ué,g(f” < Ce @k,

Moreover, for j > 1, we have

U5(©) = U7~ (O < CL+[eP e, ¢ <0;

3.9 . Ny ,
39 U5(€) = U (I < CA+ [P e, >0

Ule(€) = Ul (O < C(L+ [ ekl ¢ <o;
UL (&) = U] < CA+ 6P Ne >0

(3.10)

If we assume that |UF(£) — U;’i(§)| — 0 as £ — +oo, then the exponential decay
rate in (3.9) can be proved by induction. We give the rates explicitly for convenience.

We now prove that (3.10) is a consequence of (3.9).

Lemma 3.4. If the matching conditions (3.9) are satisfied, then the matching of
U;@(g) with U;f(ﬁ’) for each j, as in (3.10), are satisfied also.
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Proof. (U™ (€,€), Vit(£,€)) is a solution of the system
e =V, V= ((Df(u) - 2'(€) — €€)0)e + e+ 1)T.
(U(&,¢€), V(£ €)) is a solution of the system
U:=V' Vi=((Df(u) —2'(e) = eU)e + (A + 1)U".

Expanding in powers of €, we find that AV; := VJZ — f/]“L is a solution of

AVie = (Df'(§) — mp])AV; + AR(€),
where by induction

[ARS()] < C(L+[gl e, g > 0.

The homogeneous part of the equation has an exponential dichotomy on R*. We also
know that [AV;] < C(14[£)771) for £ > 0. Therefore, from Lemma 3.1 below,

AV < CA+ [P e, g >0.
A similar proof applies to AV} := VJZ — f/j“ O
More generally, one can prove the following result.

Lemma 3.5. Under the matching conditions (3.8), (3.9), for any integer k > 0,
dk
gk

The matching principle (3.9) requires that each U ;({) asymptotically approach a

Ul — U <O+ P Ne ekl ¢ eR™ or RY.
J J

limiting polynomial as £ — +oo. For any polynomial p(§) = Z?:o ci€l, ¢p is called
the constant term and the ¢;¢%, i = 1,...,d, are called the non-constant terms.

Definition 3.1. Assume that lim¢ 4 U;(g) is two polynomials. If the constant

terms of the limiting polynomials agree with those of U;’i, then we say that the
matching is satisfied on constant terms. If coefficients of the non-constant terms
agree, then we say the matching is satisfied on non-constant terms.

Using the Taylor expansion

(3.11) Uy (&) = UM (2h) + DU (zd) (@) + &) + ...,

we find that the only contribution of U JR’i to (~]JZ+ is a single term U ]R’i(xf)). Similar

expressions hold for U ]’_(f) Therefore
U;H(€) — UM (ah) = €08,
Us=(€) — Uf’i_l(xé) =(-0-t.

J

(3.12)

Throughout this paper, ¢ - o -t (lower order term) denotes terms that involve lower
indices and have been obtained in a recursive process (less than j here).

From Ul = 0 for all z, we find that U;™(¢) = 0. It can be shown by mathematical
induction that U ;i(f) is a polynomial of degree 7 — 1.

We now expand (3.6) and (3.7) in powers of e.
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At the lowest order €, we obtain
(3.13) Mo+ DUE+((Dff —2DU, =0 in the sublayer R’,
(3.14) (DfH(&) = x()Ug)e = Upee in the singular layer S°.

Expansion of eigenvalues and eigenfunctions up to order € has been discussed in
[19]. In particular, using the conditions for structural stability, it is shown that at
order €°,

Ugl(x) =0, Ui(&) =chge(§), i=1,...,n.
At order €', we have
(3.15) o+ DU+ ((Dff —2D)Uy), =0  in R,
(Mo + VUG + (D2£(g ) — (2 + ) D)UY
+((Df(&) —apD)Ui)e = Ue  in S".
The matching principle yields

i) — {

(3.16)

Ufi(zh—) & — —o0
Uft(zp+) € — oo
Let A" = @) —ug ', Then [T gid{ = A’ Integrating (3.16), we have the jump
condition of U at x{:
(3.17) (Mo + D)cHA" + (Df* — (1)U (z(+)
—(Dft =i DU (2 =) =0, i=1,...,n.
It is shown in [19] that if we can find
(Mos €, -+ ¢, Ui'(2))

satisfying (3.15), (3.17) with U(z) = 0 on ROUR", then there exist U(§), 1 < i < n,
that satisfy (3.16) and matching condition (3.9).

Although the expansion at order €? is a special case of €/,j > 2, it is presented in
detail to help illustrate the idea.

At order €2, we have
(3.18) (Ao + VU + MUY + (Dff — x)USY), + (D* f(uh)aiUy), = U,
(319) (Ao +1)Ui +MUg + (Df(€) — 2 Us)e + (D*f(g')uy — 21 — E)U})e

+ (D f(q")(u1)?/2 + D* f(q")uy — 25)Up)e = Usee.

At order €/, we have
(3.20) Mo+ DUF + XU + (Dff — 2D)U, = W,
(3.21) (Ao + D)Uj_y + AjmaUs + (Df(€) — 26D)Uf)e + Hj(§) = Ulee-
I/Vj? and H} involve terms with indices lower than j only, and can be expressed as
Taylor polynomials of UM Ui k < j— 1.

We can think (U, Uj) as an eigenfunction for system (3.15), (3.16) corresponding
to the eigenvalue (Ao + 1). In System (3.20), (3.21), we solve for (Uf,U?) with a
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undetermined parameter \;_; that is multiplied to the eigenfunction (U, Uj). If this
system defines a Fredholm operator, then to construct higher order expansions, we
need conditions that ensure the eigenvalue A\g + 1 is simple (or at least semi-simple).
However, we will not show that this linear system is Fredholm. Instead, we will show
in the next section that the system can be reduced to a lower dimensional system
(SLEP) and that the reduced system is Fredholm. The simpleness of Ay + 1 will be
imposed on the reduced lower dimensional system.

3.3. Reduction of the eigenvalue problem to a SLEP system. As is done in
[19] at order €, we first want to show that for any order €/, systems (3.20), (3.21) and
the matching condition (3.9) can be reduced to a system of equations in regular layers
and a set of jump conditions across singular layers. The reduced system is similar to
the SLEP system introduced by Nishiura and Fujii [25].

Observe that the non-homogeneous terms in (3.19) are O(1). Naturally, we look
for [U3(&)| = O(1+[£]). Using Lemma 3.2 and induction, we can show that |U5(£)| =
O+ [¢P).

As € — 400, U(€) must match with Uy (€), which is a first-order polynomial on
each side of zj+. In Lemma 3.6 below, we show that the matching of coefficients of
the first-degree powers of ¢ is automatically satisfied. Only the constants must be
matched at each recursive step.

At the expansion of order €?, we assume that U = U{™ + ¢igf, where Uj' has
been uniquely obtained with U{*(0) L ¢¢(0) while ¢} is undetermined. By integrating
(3.19) and matching the constant terms, we obtain the jump condition of Uf(x) at
=z

(Ao + DAA" + McpA" + (DfF — DUy (x+) — (D = ag DUy (xh—) = Js.
Here Jj involves U§, Uit and U, (z{+) only and is a special case of (3.23).

As § — oo, Uj(£) must match with ﬁj’i(g), which by induction is a polynomial of
order j — 1 on each side of z5. Meanwhile, since Hj is a Taylor polynomial of Uy, k <
7 — 2 and U;fl, by induction it can be shown that H}(ﬁ) approaches polynomials at
¢ = 400 respectively. By Lemma 3.2, U;({) approaches polynomials as ¢ — +o00. In
Lemma 3.6, we will show that the matching of coefficients of the non-constant terms
is automatically satisfied. From Lemma 3.2, the solution of (3.21) can be expressed
as

(3.22) Ui = zﬂ(-,/O (o + DUy + A\ya Ui + HI)E) + T, B + cil

The parameters 37 and ¢} are undetermined.

By the induction assumption, U;_l and H}(@ approaches polynomials of degree
j—2as & — +oo.

In this paper we often encounter functions that approach polynomials as & —
+00, and we are interested in the constant terms of the limiting polynomials. For
convenience, we introduce the following notation. Let ). be an operator that projects
a polynomial to its constant term, i.e.,

Qc(CO + le + -+ lek) = Cp-
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If (&) —» P(&) =co+ 1€+ -+ &F as € — —oo or oo, then define
Qe(9(£0)) := Qe(P) = co.

We now introduce a recursive procedure that reduces the coupled inner-outer sys-
tem to a system of equations in outer layers {R’ 1 coupled with a set of jump
conditions between two adjacent outer layers R™' R i = 1,...,n. The reduced
system is called the SLEP system following Fujii and Nishiura. We will derive the
equations in R! and the jump conditions. We also will show inductively that if the
SLEP system can be solved, then we can find U},i = 1,...,n, in the inner layers
so that the matching conditions (3.9), (3.10) are satisfied. To this end we need two
lemmas. The first shows that the matching of non-constant terms is always satisfied.
The second shows that the matching of constant terms can be achieved by choosing a
parameter in solving the inner systems for U}. In fact, we derive the jump conditions
across singular layers based on the matching of constant terms only. (Otherwise we
would have too many jump conditions, each for a particular power of §.)

Define J} as follows:

S EEXY A OTSEeAY e OTS

+ (Ao + D(Qe(Uj21(00)) = Qe(UjL1(~0))

(323) +(Df - xa YT (a3) = U o)

—(Df - )Qd Ui () = U
- QC(U;;;(%) e (20))-
By (3.12), UH( vy — URi(xd) and U ( 0y — URl Y(zi) only involve lower-order
terms. Also by differentiating (3.11), we find that U ZJr(aco) U] ¢ (z§) only involves

U,fx for k <j —1. Thus J; ¢ can be calculated from terms with indices lower than j.
The jump condition on U jR at z}, comes from the matching of constant terms:

)
()

(324) (/\0 —I— 1)0;_1Ai +)\] 1CéAi
(Dfl % )UR($0+) (D A xo )UR(xo ):JZ:-

J

Lemma 3.6. Assume that the expansion of eigenfunctions (UR U’L, c], ), g <{-2,
and (UL, U}L)) have been computed such that they satisfy systems (3.20), (3.21) and
the matching principle (3.9), (3.10) up to j < € — 1. If (UF, N\_1,c} ;) have been
obtained that satisfy (3.20), (3.24) with any Ji, and U is a solution of (3.21) as in
(3.22) with any B} and ¢}, then the matching as in (3.9), (3.10) with j = ¢ is always

satisfied for non-constant terms. Moreover,

d . P

d_f(UZ(@ —U;5(€) =0, ¢&— +oo.
Proof. Except for the constant terms, we show that other higher-order terms in

Ui(€) — U (€) are always matched, regardless the choice of 8. The proof here
is similar to [9, 16].
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Consider the formal expansion of U (&, €), the inner expansion of outer solutions.
We find that U, Z’Jr satisfies an equation similar to that of Uj:

Ao+ DUy + A1 Ug + (DfF — 2h)U})e + Hi(€) = U,

where H} can be expressed as a Taylor polynomial of U ;, j < ¢ —1. Comparing the
above with (3.21), we find that the difference AU := U} — Uj satisfies

(3.25) AUg = ((Df'(€) — ah])AU )¢ + (\o + 1)(U;_, — U;_y)
+ A1 (U] = UY) + Hi(€) — Hi(&) + (D (€) — DHUI(E))e-

By the induction assumption, the forcing term H}(€) approaches H(£) exponen-
tially as € — oo. Also observe that Df(§) — D f* as £ — oo. From Lemmas 3.2 and
3.1,

AU = U} (&) — Uy (€) — constant as € — oo.
Similarly,
Ui(€) — Uy~ (€) — constant as € — —oo0.

Therefore the matching of non-constant terms is satisfied for any 3:.
Integrating (3.25), we find that AU(§) approaches constants as || — oo. The
constants must be zero, or AU () would not have constant limits as || — oo. O

Lemma 3.7. Under the same hypotheses as Lemma 3.6, if (UF, Ne_1,¢_,) is a so-
lution to the reduced system (3.20), (3.24) for j = {, with J} as in (3.23), then we
can choose (35 so that the solution U} of (3.21) as in (3.22) satisfies the matching
principle (3.9), (3.10) with j = £.

Proof. Assume that we have constructed (U (x), Ui(€)),j <€ —1, and \;, j < {—2,
that satisfy the formal equations and matching conditions, except for the term U} _,,
which has the form

: . o
Uiy = Uiy + ¢4

where Ut satisfies Uy, (0) L ¢¢(0) and is determined but ¢j_, is still undetermined.
We look for (UF, Ui, A\_1) that satisfies (3.20), (3.21) and the matching condition
(3.9) at j = £. At the same time we also determine ¢_;.

In the next section, we solve for Uf(x), A\p_; from (3.20) with j = ¢ and the jump
condition (3.24) with J; defined in (3.23). Here we assume that this is done and
we construct the inner expansion U} that satisfies (3.21) and the matching condition
(3.9) at j = (.

Substituting J; from (3.23) into (3.24) with j = ¢, and using

Qe(Ui-1(00)) = Qe(U;_1(=00)) = Qc(U;=1(00)) = Qe(UpZy(=00)) + cp_y A
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we have
0. / " Hi(e)d) — Quf / T Hi©)de)

+ (Mo + 1)(Qe(U;1(00)) = Qe(U;_(—00))
(3.26) + A1(Ug(00) = Ug(—00))
+ (D = 2 D)Qe(Uy ™ (x7))
— (Df! = 2 DQ(Uy ™ ()
= Qc(Uy¢ (x0) — Upg ().
Now solve (3.21) for U;. Using Lemma 3.2, the solution can be expressed as (3.22)

with j = £. The limits of ¢jg¢(£),§ — oo, are both zero and do not affect the

matching. Therefore the value of ¢} cannot be determined from the expansion to

order €t.

Plug U} as in (3.22) into (3.21) and apply the integral operator fog -d€ to (3.21).
Observing that all the terms approach polynomials as & — +o0o0, and keeping only
the constants in the limit, we find the jump of constants between the two limits is:

0. / " Hi(e)de) — Q. / T Hi©)de)

+ (Ao + D(Qc(Up_1(00)) — Qe(Uy_, (—0))
(3.27) + A1 (Up(00) = Ug(—00))
+(Df' = 2p1)Qe(Uj ()
— (Df7 = 2 )Qe(Uy (—00))
= QU ¢(00) = Uy ¢(—00)).
Recall that from the last statement of Lemma 3.6,
Qelze(00) = QU (1), QelUj(—00) = Qe ().
Comparing (3.26) and (3.27), we have
(3.28) | .
(D =) (Qe(Up(00)) =Qe(Uy ™ () = (D'~ =2 (Qe(U; (—00)) = Qe(U} ™ (7))
We choose /3 so that the constant terms of Uf(+00) and U,*(€) are matched. To
this end, observe that from (3.22),

. . 3 . . . . .
Qu(Ui(00)) = Qu(Tri (o0, / (o + DUy + (her + DU + Hi)dE)) + U (00, ).

The first term above is independent of 3¢, but the second term U'(co, 31) = — (D fi —
2i1)~16:. There is a unique value of 8} such that Q.(Uz(c0)) = Q.(U*). Choosing
this 52, we have Q.(Uj(00)) — Q.(Uy™ (z4)) = 0. From (3.28), we have Q.(Uz(—oc)) —
Q.U (x})) = 0. The matching of constant terms at both ends has been achieved.
U
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We summarize the reduction to a SLEP system in Theorem 3.8. Note that the
original SLEP method of Fujii and Nishiura dealt with the lowest-order expansion of
eigenvalues and eigenfunctions, whereas we give a recursive procedure for expansions
to any desired order.

Theorem 3.8. Assume that the expansion of eigenfunctions (U]R,U]’:L,c;'»,/\j),j <
0 —2, and (UL, Uit)) have been computed such that they satisfy systems (3.20),
(3.21) and the matching principle (3.9), (3.10) up to j < —1. If (U, N1, ¢h_ ) is a
solution to the reduced system (3.20), (3.24) at j = {, with J} as in (3.23), then there
exists a unique (3} so that the solution Uj = U™+ cjqi of (3.21) as in (3.22) satisfies
the matching principle (3.9), (3.10) with j = €. The parameters cj,i = 1,...,n
remain undetermined.

Remark 3.1. In [19] we defined V(z) = (Df(ul(z)) — QJI)UJR(a:). Then V(z) is
piecewise C'!' and has a jump at each layer position z{. The singular layer simply
provides a delta function type forcing to the equation in the regular layer (3.20).

This was the point of view of Nishiura and Fujii, who introduced the SLEP system
[25]. The idea of SLEP is also used in [9, 16].

Proof of Lemma 3.1. Since the homogeneous part of the limiting systems of (3.1)

Us = (Df' — 2y 1)U, Ue= (Df""' -z 1)U,
has real nonzero eigenvalues, the homogeneous part of (3.1) has exponential di-
chotomies on R* respectively [5, 23]. Let the the principal matrix solution be de-

noted S(&,7n) and the stable and unstable projections related to the dichotomies be
Py(&) + P,(¢) = 1. Solutions on R* can be expressed as

¢
U(¢) = S(§70)¢s<0)+/0 S(&m)Ps(mGm)dn +UT(E), £=>0,

13
U@zsmm%@+AS@mamam@+w&xgsa

where

&
W@=/T%mawmwm

[e.e]

£
U@:/I%wawmwm

¢s(0) = Ps(0)U(0),  ¢u(0) = Pu(0)U(0).
The solution U(£),€ € R can be found by matching U* at € = 0 as follows.
To have U(0—) = U(0+), we need
U™(0) + ¢5(0) = U(0) + 6u(0).
Since that unstable subspace of the dichotomy on R™ and the stable subspace of the
dichotomy on R intersect transversely, we can find ¢, and ¢, such that

¢5(0) — ¢, (0) = U~ (0) = UT(0).
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The choice of (¢, ¢s) is unique if we require that U*(0) + ¢5(0) L g(0).

The proof of (1) is left to the reader.

To prove (2), assume that G is a polynomial of order k. Let U+ be the polynomial
solution to the equation

(3.29) Us = (Df =z )U +G.
Let AU = U(-,G) — U*. Then
(AU)e = (Df'(§) = 2p1)(AU) + (Df(§) = DF)U™.
Since for £ > 0 the forcing term for the equation of AU is
(DS (€) = DFYU = O(e™ €11+ [¢]"),
we have |AU| = O(e=FI(1 + [¢[*), € > 0.
Similarly, let U~ be the polynomial solution to
Ue = (D — 2y U + G.

We have [U(§,G) = U~| = O(e~¥I(1+ [¢]F), £ < 0.

The proof of (3) can be achieved by combining the results of (1) and (2). (3.2)
can be derived by observing that Df*(§) — Df* as £ — oo and Df(§) — Dfi™! as
§ — —ooin (3.1). d
Proof of Lemma 3.2. Let G(§) = fogg(s)ds. Then G(£) < C(1 + |€[**). Integrating
(3.3), we have

U = (DF(€) — siD)U + G(€) + .

The general solution of (3.3) can be obtained from the superposition principle.
O

4. EXPANSIONS OF EIGENVALUE AND EIGENFUNCTIONS

The procedure of recursively computing UJR,)\j and 02_1 that satisfy (3.20) and
(3.24), with J]’f defined by (3.23), is equivalent to a system of eigenvalue problems of
abstract operators. In (H1) below, the simpleness of the eigenvalue will be imposed
on the abstract problem. Generalization to the case that the eigenvalue is semi-simple
is straitforward in the abstract setting and will not be discussed in this paper.

Let H be the linear space of sequences of n-vectors

H = {{h}}|n' € R"}.
Let ‘H; be a subspace of 'H defined as:

Hy = {{c'A"}"|c € R}.
Let £ be the linear space of n + 1 continuous functions each defined on R’ =
[z, 25, i =0,...,n:

& = {{U"}8|U"(z) is continuous on R',U° = 0,U" = 0}.
Let & be a subspace of £ defined as
& = {{U'}s € E|U' € CY(RY)}.
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Let £: (&1, H1) — (€, H) be a linear operator defined as follows:
If (U}, {1 = LHU NG A"},
then U'(z) = ((Dfi — U (2)),,
and J' = (D — ah U (ah) — (DF~" = b 1)U (a}).

Let Uf(z) = UR(x),x € R'. Then the eigenvalue problem can be recast into
(A1) (£+ o+ DDHHUT, {A'}) =0,
(42) (£+ o+ DDHHTL" S5 AT + M{U" e A A ) = {(Wals, {2 1),
(43) (L4 Qo+ DDHUF G A + N ({75 {aAT})

= {(Wi3 A1)
Here ({W;}5,{J;}7) as in (3.20), (3.23) denotes terms that involve indices lower than
the jth order. We assume that
(H1) The operator £ has a simple eigenvalue —(\g + 1) with ({Uf}7, {ciA"}7) as
an eigenvector.

We will show that from (H1) all the higher order expansions of the eigenvalue
equation can be solved successively and \;_; can be uniquely determined in the €/th
expansion.

In the next subsection, we will show that £ is Fredholm. We will introduce the
SLEP matrix M(\) and the SLEP function p(\) = det M(A). We will show that
(H1) is equivalent to that p(A) has a simple zero at Ag.

4.1. Preliminaries. We now discuss properties of £+ (Ag + 1)I and show that it is
a Fredholm operator. Let ®'(y, z, \g) be the principal matrix solution for the system
in R:

(4.4) N +0)U+(Dft —2)U), =0, x€ R"

Let V = (Df' — xI)U, and Q'(y,z, o) be the principal matrix solution for the
associated system

(4.5) Ao+ 1)(Dff —2l)"'V +V, =0.
Clearly, we have
' (y, 2, \o) = (Df —yI) ' Q' (y, x, o) (D f — ).
Let ¥'(z,y, \g) be the principal matrix solution for the adjoint system to (4.4).

(4.6) Ao+ 1Y — (Dff —xl)", =0, z€R.
It turns out that (4.6) is the adjoint system for both (4.4) and (4.5) in the sense that
d

, d
JR— DZ— [ = — - .
dx<< fr=al)U ¢ > dx<V,¢> 0

We have the following results:
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Lemma 4.1. For any § € R' and p € C(RY), the general solution for the monhomo-
geneous equation in R

(Mo + DU + ((Df* = 2I)U), = p()

can be expressed as
U(w) = V(& 2V + [ ¥ n 2D D) o).

For x,y € R*, we have ' '
\Ill('ra Y, /\0) = Ql*<y7 xz, >\0)
Moreover, W' can be expressed by ®¢, vise-versa.
\Iji(x7 Y, )‘0) = (Dfl - II)_I’*qu*(ya Zz, )‘0)(sz - yI)*v
ch(:U? xz, )\0) = (Dfl - y[)ilqji*(l‘? Y, AO)(D]” - :CI)

The proof of Lemma 4.1 shall be omitted.
We will extend the domain of Q% and ¥? to R x R. Define

Q(%a :E%, )‘0) = Qi_l(wéa xf)_l; )‘0) s Qj(xé+17 $67 )‘0)7 > 7.
For i < j, let Q(xé,x%,/\p) = Q(x), 28, \)"". Finally let Q(zi, 2%, \) = I. For
gh <z <aittal <y <alth let

Q(y, z.0) = Q' (y, 2, M) Q(h, 257, M) Q' (6™, 2. M)
Finally, let
U(z,y,No) = Q*(y, 2, \o)-
Let c €eR,i=1,...,nand b', g € R",i =0,...,n. Motivated by (3.17), define

G ({0 — ',
g =N+ DA + (DfF — 25)b" — (D — 2h) @ (ah, x5, Ao)b L.
For convenience, we assume that b° = b® = 0. Since the domain and range of G are

both n2-dimensional, G is Fredholm with index 0.
We have the following obvious lemma:

Lemma 4.2. ({U'}0, {¢'A"}}) is an eigenfunction of L with respect to the eigenvalue
—(Xo + 1) if and only if

{H AU (@)} € ken(G).

Let
Hy := {G{0}7, {b'}1~ 1), for all b’ € R"}.
One can show that H, consists of all the jumps coming from solutions of the homoge-
neous equation (4.4). The space Hy is n(n — 1) dimensional, i.e., with ¢’ = 0, G maps
{b"}"~! injectively into H. This can be shown by using Schecter’s condition on struc-
tural stability of Riemann solutions. (If the mapping from {b"}"* to the jumps were
not one-to-one, then there would be a Riemann solution with zero Rankine-Hugoniot
jump at each shock.) Observe that H; = {G({c'}}, {0}77") for all ¢' € R}. It should
be clear that the dimension of ker(G) is the dimension of H; N Ha.
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We now introduce a matrix, similar to the SLEP matrix in Schecter & Lin [19] and
Nishiura & Fujii [25] that helps to determine the kernel and co-kernel of G.
Assume that G({c'}7, {6}~ ') = 0. Define

K= (Dff —ziDV, fori=1,....n—1, k' =k"=0.
Then from
(Dff —apD)b' = (Df'™F = ap) @~ (@', 25 5 M) ™ — (Ao + 1) A,
we have
(4.7) k= Q7 wh, ap 5 M)k — (Ao + 1)’ A",
From (4.7),

B =—0o+1) Y Qa5 o)A,

j=1
K==+ 1) dQaf, xh, M)A = 0.
7j=1

Definition 4.1. (SLEP matrix and the SLEP function) The SLEP matrix M(Xo) is
the n X n matrix whose jth column is the vector Q(z§, 3, \g)A?. The SLEP function

p(A\) = det M(N).
Note that £" = 0 implies that {c¢'}7 is a right eigenvector of M (\g):
M(A){c'}T =0, with p(Xg) = 0.

Once {c'}7 is determined, {b°}}~" can be calculated through {k*}7~".
We now characterized the co-kernel of G. Let {d'}} € H such that {d'}} L range G.
> Mot <d A >+ < d (Dfi—ah)b— (D —a) O (wh, 2 M) >= 0.
1

1

The above is valid for all vectors ({c'}7, {b'}771). Recall we assume that Ao + 1 # 0.
If we let b = 0 for all 4, then we have < d', A’ >=0,i =1,...,n. Consequently,

Y < d (Dff —ap)b — (DfH = ah) @ (@h al T Ao)b T >= 0.
1

Therefore, {d'}? is a vector in H determined by
{d'}} L Hy + Ho.

Notice that the above also implies that the dimension of the linear space of such {d’}"
is the dimension of ‘H; N Hy which is the dimension of kerG.
Using k' = (Df* — z{I)b", the conditions on {d}} can be expressed as

Yo <d B — Q7 (ah,ah M)k T >
1
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Recall that Q™ (x,y, \g) = ¥i(y,z, \g). Therefore,
Yo <d =W (ah, ™ Ag)d T K >=0.
1

Since k' is arbitrary, we have the system that determines {d’}} up to a scalar multiple:
<d A">=0, i=1,...,n,
d'— U (zh, 5™ No)d' T =0, i=1,...,i—1.
Then if d" is known, d*,i < n can be obtained from
(4.8) d' = W(xh, xf; No)d".
Since < d*, A" >=0, i = 1,...,n, we have
<d", Q(xl,xh; M)A >=0,i=1,...,n.

This means that d" is a left eigenvector of the matrix M(Ag). Once we have calculated
d", the other vectors d',i = 1,...,n — 1 can be obtained by using (4.8).
We summarize the results in the following lemma.

Lemma 4.3. —()\g + 1) is an eigenvalue of L iff p(Ao) = 0. Then ({c'}7, {b1}}71) is
in the kernel of G iff

M){c Yy =0, with p(Xg) =0,
b ==+ D)(Df =)™ dQaf, xh, M)A
j=1

Furthermore, {d'}? is orthogonal to the range of G iff
(d")" M(Xo) = 0,
d' = W(xh, x0; No)d", i< n.
Lemma 4.4. Assume that p(A\g) = 0. Then ({z'(z)}a,{d'}}) is orthogonal to the
range of L+ (Ao + 1)1 if and only if
{d'}7 L Range(G),
and {z'}2 satisfies the adjoint equation (4.6)
N+ 12" = (Dff =)zt =0 i=1,...,n—1,
with 2'(x™1) = d"™'. Moreover, 2'(zh+) = 27! (xf—).
517’001”- If < (L+ Mo+ DD {U}5 {'ADY), ({2'(2)}5, {d'}]) >= 0 for all ({U'}, {'}),
en

0:2/, <N+ VU + (Dff —2x)UY,, 2" > dx

+) < (Dff =2 DU (') = (D =2’ DU (@) + (Ao + 1A' d >
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Let U* = 0. Then since ¢ is arbitrarily, we have
<Ad'>=0, i=1,...,n.
Integrating by parts, we have

n—1

0= Z < (Df —xD)U'(x), 2 (x) >

xi+1
2zt

2+1
—Z/ <U N+ 12" — (Dff — D)2 > da

+Z < (Dff = ' DU (") — (DF~" = ' DU (@), dF >

If U € C(x',x"1), i=1,...,n— 1, then we find that 2" must satisfies the adjoint
equation (4.6):

Mo+ 12" = (Dff —2D)*2t =0 i=1,...,n— 1.
The boundary terms satisfy

0= i(< (Dff =2 DU (@), 2/ (@) > — < (Df' = 2" 1)U (a"), 2" (a") >)

+Z P U ') — (DFi~ — U2, d' >
=Z (Dff = 2 DU (), (d — (%)) >

=) < (DfTH =2 DU ), (d - 2 o) >

Since U'(2%) and U*~!(z") can be arbitrary constants, we have

ZHaY) =22 =d, i=1,...,n
Define z(z) = 2'(z) for z € [z',2'"!]. Then z is continuous on [z}, z}].
(4.9) 2(2%) = d' = W(z', 2™, \o)d".

Using < A%, d* >= 0 for all i, and U* = @, we have
< AL U(2", 2", N\o)d" >= 0,
< Q(a™, 2", X\g) A", d" >= 0.
By the definition of M ()\g), we have
(4.10) d™ M(Xg) = 0.

That is, d" is a left eigenvector for the matrix M (o). Based on Lemma 4.3, it follows
from (4.10) and (4.9) that {d'}} is orthogonal to the range of G. O
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Definition 4.2. Let K()\g) be the linear space of continuous functions defined on
(2§, 23] such that if z € K(\g) then

(1) z is piecewise continuously differentiable and satisfies the adjoint equation (4.6)
on Rii=1,...,n—1;

(2) {z(z{)}7 is orthogonal to the range of G.

From the definition, it is clear that z € K()\g) if and only if

2 (xg)M(Xo) =0,
2(x) = V(z, xy, Ao)z(xp).

We can state the basic properties of £ + (Ao + 1)I as follows:

Theorem 4.5. —(\g + 1) is an eigenvalue for the operator L iff p(Ag) = 0. Then
L+ (Mo + VI is Fredholm with the index zero. The condition for ({U}5, {c'A"}7)
being an eigenvector is

M) {c'} =0,

U'(zh) = —(No+ 1)(DfF —afl)~! Z&Q(mé,xé, Ao) A,
=1
Ul(x) = ®'(z, 25, \o)U'(2h), xh <a < ahth,

Furthermore, ({W*}e, {J'}7) € R(L + (Ao + 1)I) if and only if for all z € K(X\o),

n ' ' n—1 mé+1 .
Z<z(xg>,f>+z/ < 2(2), Wi(z) > dz — 0.
1 1 I%)

Proof. The kernel part of the theorem follows from Lemma 4.2 and Lemma 4.3. If
(W36, {J'}1) € R(L+ (Ao + 1)1), then

(4.11) N+ DU+ ((Df* — 2)UY), = W,
(4.12) (Ao + DA +(Dff — 2l DU (zl) — (DfF7 — 2l DU Haf) = J°.

Let b* = U'(z{). Then

T

U' (o) = (e + [ (DS~ nl) W )

Zo

Plug into (4.12), we have

4.13) Mo+ DA+ (Df — 2t Db — (D — 2t DO (el 2l )bt
0 0 070

i
)

— (ot —ai) [

1
B

O (g m)(DfT = D)W () + .
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The above has a solution iff the right hand side of (4.13) is in the range of G, i.e., for
each {d'}} that is orthogonal to the range of G as in Lemma 4.3, we have

0=> <d J+(Df" —ail /i_ (g, ) (DS =)W (n)dn >
1 T
:Z<d",Ji>

0
+Z / (DfF = nI) @ (wh,p, Ao) (D f4 — b D)*d’, W () > dy.

Define
2'(n) = (Dff —nl) =™ (gt n, Ao)(Df' — a1 d™, xf <n < aff!
— \Iﬂ(nu lerl’ )\O)dz+1~
Then

O—Z<d2J’>+Z/ ), Wl (n) > dn
—Z<di,Ji>+Z/‘O < 2'(n), W'(n) > dn.
1 1 Yo

The functions {z*}}~" can be glued together to be a continuous function z defined
on [z}, 28]. We clearly have z € K(\g).
O

The following lemmas characterizes the condition that —(Ag + 1) is a simple eigen-
value of L.

Lemma 4.6. The eigenvalue —(Ag + 1) of L is semisimple if and only if for any
eigenfunction ({Uf(x)}n,{ci}1), there exists at least one z € K()\g) such that

"Z/x < z(2), Ui"(x) > dz #0.

Proof. If there exists one z € IC()\g) such that

n n—1 Litl
o 0 ,
0 # Z < z(xy), A" > +Z/ < z(x),Ul"(z) > dax.
1 1 7
then ({U{¥(z)}7, {ci}7) is not on the range of £+ (Ao + 1)I. Since < z(zf), A" >=0
for all 7, the desired result follows. O

Lemma 4.7. The condition that —(X\o + 1) is a simple eigenvalue of L is equivalent
to that the SLEP function p(\) = det M(X) has a simple zero at A = \.
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Proof. Let the ith column of M(X) be M;(\).
M) = (M1 (A), Ma(A), ..., M,(N)) .

Without loss of generality, let Ay = 0. We assume that the geometric multiplicity of
A = 0 for the matrix M(0) is one since this is the consequence of either p’(0) # 0 or
—(Ag + 1) is a simple eigenvalue of L.
Let {¢'};—;, {e;}7-, be the right and left eigenvectors of ./\/l( ), unique up to scalar
multipliers. Without loss of generality, we assume that ¢ = 1. Then M,(0),j =
2,...,n are linearly independent and

{e;} L span{M;(0)}j_,.

We have the following decomposition
ML} = aM{ej} + ) B,(NM;(0).
j=2

Since the left hand side is O(\) we have
a(\) =00, BN =00), j=2.....n.
det M(X) = det (M(A\){c'}, Ma(N), ..., M,(N))

= dot ( Nies) + Zﬁj (0), Ma(N). . Mnm) .

Since the first column is of O(A) if we replace M;(\) by M;(0), we have:

p(A) = O(X?) + det ( Me;) + Zﬁg (0), M2(0), . Mn(O))

= O()\2) + det ((M){e;}, M2(0), ..., M,(0))
= O(N\?) + a(\) det ({e;}, M2(0), ..., M,(0)).

d;‘ip(o) = o/ (0) det ({e;}, M5(0), ..., M,,(0)).

Assume that ) |e;[* = 1. Then
a(A) = {e; ' MA){c'}

Differentiating and setting A = 0, we have
d i
250(0) = {ej} S M(O0){e).
Let V(z) = 0,Q(x, x}, 0)A". Then

Vi+ Mo+ 1)(Df =)'V + (Df —2I)7'Q(x, z(, 0)A" = 0,
with the initial condition V(z) = 0. Thus

n
Lo

V(zg)=— [  Qz5,y,0)(Df — yI) " Q(y, x5, 0)A'dy.

1
o

(4.14)
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From (4.14), and using Theorem 4.5 for Uf¥(x), we have

d : o

Lo =3 < ek / Q3. .0)(Df —yI) Q. 0)A'c' > dy
=1

g , -

= Z < ‘If(y,fﬂg,O){ej}, | (Df —yI)7'Q(y, x5, 0)A'¢ > dy
.’176+1 ]
- Z / SDF - 1) Q. )N > dy
J=1
~(Ao+1)” Z/ x), Ul (x) > du.
Here z € K(0). The final result follows from Lemma 4.6. O

4.2. Solving the SLEP recursively. Assume that )\ is a simple root for the SLEP
function p(A). From Lemma 4.7, Hypothesis (H1) is satisfied. To solve (4.1), we let
{ci}1 be a right eigenvector of M(\g). Then from Theorem 4.5,

U (25) = (Ao + (DT = 2pD) ™" Y Q. i, o)A,
=1

Ui (x) = Q(z, x5, \o) U (0).

The kernel of M(\g) is one-dimensional. Therefore, IC(\g) is also one-dimensional.
We then proceed by induction. If (4.3) has been solved for j < k — 1, then to solve
(4.3) for j = k, we need to select \;_; so that

M ({735, A — (Wi to . { k1Y)
is in the range of L+ (A\o+1). Let z be a nonzero vector in IC(Ag). From Theorem 4.5,

=
(4.15) /\k_l/ < 2(x), U (z) > dx

—Z<z ), Ji > — Z/ x), Wi_,(z) > dx = 0.

Since —(A\g + 1) is a simple eigenvalue, based on Lemma 4.6, we have

24
/ < 2(x), U (z) > dx # 0.
T
Thus, Ag—1 can be solved from (4.15). With this Az_;, there exists a nonunique
{15 {ch1 A3 o

To uniquely determine ({UZ}n {ci | A}7), we assume that

i i
E Cr_1¢o = 0.

1
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This is a unnatural restriction on eigenfunctions. Multiplying an arbitrary analytic
function a(e) to the eigenfunction, we recover all the eigenfunctions associated to the
eigenvalue —(Ag + 1).

5. EXISTENCE OF TRUE EIGENVALUE/EIGENFUNCTIONS

Assume that we have the expansion of the slow eigenvalue up to €™ !, and the
associated eigenfunction up to €”™,m > 1. Let 0 < 8 < 1 be an arbitrary constant.
Define the inner layer I := {z|z} — ¢’ < 2 < 2} + ¢’} and the outer layer O! :=
{o|zd +€® < o < aitt — €®}. For brevity, let o’ = 2} + %" = 2it" — €’ so0
that O! = [a’,b]. In the classical singular perturbation theory, ¢’ is so called an
intermediate variable [21, 10]. Note that in the z variable, the length of inner layers
goes to zero as € — 0, but in the stretched variable £ = (z —z}) /e, the length O(e”~1)
goes to infinity as € — 0. Therefore, the dynamics in both inner and outer layers are
dominated by the exponential dichotomies using the variable &.

Define the approximation of eigenvalue/eigenfunctions by

m—1
Aop =Y €N, m>1,
0
Uﬁo = ZerJR, for all z € O,
0

Uép = ZEjU}, —TI << i+ = eIl
0
Notice that U5 = g¢(§), Us® = 0. In the expression U = Uit + clgi, the terms
U;l, 7 < m, and cé-, j < m — 1, are determined while ¢! is still undetermined.
Without loss of generality, let ¢!, = 0.

Gluing the approximations in outer and inner layers together in the order of
O° 11 OLIZ, ... 1" 0",

we have a so called pseudo orbit with small residual and jump errors:

(Aap + DU + (Df(ue) = xD)Ugh) s — eUpy, o = b, in O,
€(Aap + D)Ug, + ((Df(ue) — 2*(€) — €§)U,,)e — Uppee = €h’,  in I,
Ul (=" 1) = Ul (z} — €’) = —oU"",

e (—€"Th) = €U (a — ) = —o6U; ™,
Ugpl@ + €”) = Up ("71) = —0U™,

eUR (2 4+ %) - Ul (7)) = —5Ug’+.

ap, ap,§

(5.1)

The residual and jump errors satisfy
eht = O(™), eh' = O(™[¢[™*) = O™+,
|SUE| + U] < Cemo (271,



28 XTAO-BIAO LIN

If m>1and 1/2 < <1, then
R — O(e™), B — O(€2ﬁfl+ﬂ(m*1)) =0
The exact eigenvalue/eigenfunctions satisfy
Aew + VUL + (Df(ue) — 2)UL), = UL

er,rx)

6(>\e:c + 1)U(7;x + ((Df(u6) - $Z(e) - Eg)Uéac)& = Uia:,ff'

[

, €—0.

Write the exact eigenvalue/eigenfunctions as approximations plus correction terms:
Az = Aap + A,
Ueli = Uﬁ, —l—eUR, T e Oi,
U = U;p +eU + emciqé(f), el

We easily find that the equations for (X, U, U?) can be written as a linear varia-
tional system with forcing terms:

(5.2) (Mo +DUR+ AU+ (Df(ull) — 2D)UR), — eUE = —n% + NE(UE A, €),
(Mo + D)ge(€) + AU + [(D* f(q')uy — (2] + €)' qee
(5.3) + (Df(q") — ah)U")e — Ufe = —h' + N*(U", X, ¢ e).
Equation (5.2) is valid in outer layers O?,0 < i < n while (5.3) is valid in inner layers
I',1 < i < n. The nonlinear terms N N? are small if (U®, U )\, ¢, €) are small.
NEUE X, €) = O(e| U cr + €] \]),
NY(U" A ¢, €) = O(|Uer + €|A] + ele| + [c']|A]).

Jump conditions that cancel the jump errors of approximations between two adja-
cent inner and outer layers are prescribed:

U= — UR(z} — %) = U,
Ug(—eﬁ_l) — eUR (2l — ) = 5Ug’_,
UR(zh 4 7)) — U'("7) = U™,
Uzl + ) — Ui(") = oU¢™.

As before, boundary conditions for x — +00 must be satisfied:
(5.5) (U, U,) =0(eehy zec0uor

In Theorem 5.7, the nonlinear system (5.2)—(5.5) will be solved by the contraction
mapping principle. To this end, we consider the following linear non-homogeneous
system with the same jump and boundary conditions (5.4) and (5.5):

(5.6) (Mo 4+ DWUR £ AU + (Df(ull) — 22U, — eUE = —hB(2),
(5.7) (Ao + 1)cge(€) + AU + (D f(g')uy — (2] +€)I)c'qe
+(DI(a) — ey DU)e — Ue =~
The usual way of writing (5.6) as first order systems, i.e.,
U, =V, Vpy=...,

(5.4)
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does not work well in our case because the variables (U, V') do not capture the fast—
slow behavior of the singularly perturbed problem. If a system is autonomous, fol-
lowing the general instruction of [13], §1.6, the slow variable should correspond to
eigenspaces of zero eigenvalues while the fast variable should correspond to eigenspaces
of nonzero eigenvalues. If we write our equation in outer layers using { = (x—2) /e, T €
O!, the homogeneous part of the equation becomes

(Df(ug) = (T + e€)1)UT)¢ = Uge = 0.

We find that the system is slow varying and can be approximated by an autonomous
system. If we free x = T in the coefficients by letting ¢ = 0, the above system has
n zero eigenvalues and n eigenvalues with nonzero real parts. If € is small, the slow
varying equation also admits a splitting of center subspace of dimension n and and a
hyperbolic subspace of dimension n. This wonderful theorem in a more general form
can be found in [5] and can also be proved by geometric singular perturbation theory
after adding equations & = ¢, é = 0 to the system.

By calculating eigenvalues and eigenvectors for ¢ = 0. We find that the eigenspace
that corresponds to eigenvalues with nonzero real parts is spanned by (U,Us) =
(r;,vjr;), any (U,U;) in such space must satisfy eU, — (Df(ull) — 2I)U = Us —
(Df(ull) — zI)U = 0. We thus introduce a new variable

VE .= eUE — (Df(ull) — 2 U = UgR — (Df(ug) — D)UY,z €O

For simplicity, the symbol Df or Df? represents D f(ulf) (constant matrix) in
outer layers O and Df(¢*(£)) in inner layers I'. When e = 0, the eigenspace that
corresponds to zero eigenvalues is (U, Ug) = (U, 0). If we make the change of variable

AUR =UR+(Df —2l)"'VE = (Df — 2I)"'U¢,
then the eigenspaces corresponding to zero and non-zero eigenvalues are
{(AUR, VE)AUR =0} and {(AUR, VE)|VE =0}

respectively. Using (AU® V) the system in O! becomes (5.23) and (5.24) (with
A = 0) which captures the fast-slow behavior and exponential trichotomies of the
dynamics. This new coordinates will be used in proving Lemma 5.3.

In inner layers, define

Vi=U{— (Df —x()U', zel.

The counter part of AU is undefined in inner layers. Therefore, for the coupled
inner and outer system such as in Lemma 5.6, we will retain the variable U together
with the new variable V' as state variables.

We need to derive the jump conditions for V# and V?, between outer and inner
layers. Let u. be the exact Dafermos viscous shock solution. At each x = x{ + ¢, by
(5.4), we have

eUi () = (Df (u(x)) — aD)U(x) = [UL("™H) = (Df (ue(x) — xD)U ()]
=0U" — (D f(ue(x)) — al)sU™
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Replacing D f(uc(xf + €°) by Df(uli(zf + €°) in O, and by Df(¢(¢’~1) in I!, we
have

(5.8)  VE(ah+ €)= Vi) = oU" — (Df(ue(x)) — al)sU + N*H(UR, U,
where x = i) + €%, and the small term N is
N =[(Df(ug') = Df @)U + [Df(ue) — Df(¢"))U" = O(e(|U"| + [U"])).
Similarly,
(5.9) V(=) = VE(ah — €’) = 6US™ = (Df(ue(x)) — =1)6U™ + N>~ (UR, U?),
where z = 2} — €”, and the small term N®~ is
N'" = [Df(u) = (Df(w)JU™ + [Df(q") — Df (u)]U" = O(e(|UT| + |U])).

Dropping N%* in (5.8) and (5.9), we consider the following jump conditions for the
variables V' and V%

(5.10) VAl + ) = VIl = oVt = 0UT — (D f (ue(x)) — 21)sU",
(5.11) V(=) =V —€’) =6V :=6U;" — (Df(ue(x)) — 2I)sU"".

For brevity, we denote W = (U, V) and §W* = (6U* §V4%). See (5.4), and
(5.10), (5.11) for these jumps.

Proposition 5.1. Consider the first order non-homogeneous systems (5.12)—(5.15)
that is equivalent to (5.6) and (5.7). The coupled system in outer and inner layers is
augmented by the jump conditions (5.16), (5.17) and boundary conditions (5.18):

(5.12) eUR = (Df —2)UR + VE,

(5.13) VE =N+ 1)U+ AU + b (2),

(5.14) Ui=(Df —a,)U" + V',

(5.15) Ve =[N+ D" + Acglge + [(D* (g )uy — (2] + &) T)c'gele + h'(€),
(5.16) Wzl + ) — Wi(P) = Wi,

(5.17) Wi (=1 =Wl — #) = sWi™,

(5.18) (UR VEY =0(e ), for z € R, R™.

The unknown parameters X and {c'} must also be solved from the system. Then
there exists a unique solution (UT VE {U} {Vi} N, {c'}) that satisfies the system.
Moreover,

U+ [VE + KU+ {VH 105 + 105+ [V + VAL 4 A+ {e
< C({oW ™} + [{oW™ =} + [nF] + M {RT}).

The proof of Proposition 5.1 depends on several lemmas and shall be deferred to
the end of this section when all the lemmas are stated and proved. Among them,
Lemma 5.3 treats nonhomogeneous systems without the concern of prescribed jump-
ing conditions; Lemma 5.6 treats homogeneous systems with prescribed jumping con-
ditions and boundary conditions at R?, R". By adding results from the two lemmas,
the entire system is solved by the super-position principle.
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Let C(7) be the space of continuous functions such that the norm

U], = sup{]U ()e™} < oo,

where the sup is taken over the domain O or O". Let L'() be the space of locally
integrable functions such that the norm

U1y = / \U(z)|e"ldz < oo,
where the integral is in the domain OS or O7.

Lemma 5.2. (i) Let T'(x,y) be the principal matriz solution for the following equation
in0,1<i<n-—1:
(5.19) eU, — (Df —xI)U = h(x).

If € > 0 is sufficiently small, then the system has exponential dichotomy on O with

super exponential decay rate, i.e., there exist projections P,(x)+ Ps(x) = I, exponent
afe >0 and a constant K that is independent of €, such that

T(xz,y)Ps(y) = Ps(2)T (2, y),

T (z,y) Poly)| < Ke @00/ x>y,

T (z,y)Pu(y)| < Ke W2/ y > o
Moreover, in O, the rank of P, is n — i and the rank of Py is 1.

(ii) Consider the same equation (5.19) in O° or O". Then the solution is unstable
in O° and stable in O™ with super exponential decay rate:

r<ye0),

T(z,y)| < Ke ®==vlle for
7w, 9)] < o

(11i) For each Ay € C, let ®(x,y) be the principal matriz solution for the following
equation in O° and O":
(5.20) Vo + Mo+ 1)(Df —2l)™'V = h(z).
Then the homogeneous part of the system has very slow growth rate either forward or
backward in these layers. That is, for any 6 > 0, there exists K(0) > 0 such that
|®(x,y)| < K(§)e® Yz yec0’uor,

Moreover, for h € C(v), orh € L*(v), § <, there exists a unique solution V € C (7).
The following estimates hold

VI, < Clhly, VI, < Clhlpi).
Proof. We prove Part (iii) only. There exist © > 0 such that for |x| > ©, we have
(Mo + 1)(Df —zI)™'| < §. Thus, for z,y > O or z,y < —O, we have |®(z,y)| <

K (8)e’l*=vl. The same estimates hold for z,y € OY U O™ with maybe a larger K(§),
uniformly for 0 < € < €. For clarity, consider O”. Let

Vi) - [ " @ (e, y)h(y)dy.

[ee]
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Assuming that 0 < «. Using the exponential estimate for |®(z,y)|, it is elementary
to verify that V' € C(v) if h € C(v) or L'(~) and the desired estimates hold. O

We say that a solution of (5.19) satisfies the standard boundary condition on O! =
[a®, b] if
P,(a")U(a') =0, P,0"U®') =0.

Lemma 5.3. Let A = 0. In outer layer, For each h € C(0%),1 < i < n —1,
system (5.12),(5.13) has a unique solution (UR VD) = FRI(WE) if URT satisfies the
standard boundary condition on O and V% (a') = 0. Moreover F% is a bounded
operator and the solutions satisfy

\UR| +|VE| < Cle|n®| + [hR|11),  |AUR| < Ce(|h"] + |n"|11).

In inner layers, assume A\ = 0,¢' = 0. For each h' € C(I?), system (5.14),(5.15) has a
unique solution (U, V) = F5i(h?) that satisfies U(0) L ¢*(0),V*(0) = 0. Moreover
F% is a bounded operator and the solution satisfies:

U+ |V < CeP7HR.

Proof. The proof for system (5.14), (5.15) in inner layers shall be omitted.

In outer layers, if £ = x/e variable is used so that €U, = Ug, then the length of the
outer layer is O(1/¢). If one uses variational of constant formula on (5.12) and (5.13)
to get a solution with forcing term, then the desired estimates on the solution will
not be satisfied. Exponential dichotomies must be used in the proof.

Consider the auxiliary equations

(5.21) eU, — (Df —xI)U = hy(x)
(5.22) Vo+ Ao+ 1)(Df —2l) 'V = hy(x).
Using the standard boundary condition and exponential dichotomy on the first equa-

tion and the variation of constants formula on the second equation, we have the
unique solutions

U= Fi(h), V = Fy(hs),
Fi:C(07) — C(0)), Fy: LY(O;) — C(0y),
U] < Clhal, [VE] < Clhalps.

Using (AU® VE) (5.12), (5.13), with A = 0, become

(5.23) eAUR — (Df — 2)AU® = ¢[G(AUR, V) + (Df — o)~ 'hl,
(5.24) VEL N+ 1)(Df —2D)'VE = (N + DAUR + BE.
Here

GAUR VEY = (N + 1)(Df — 2I) P AU"
+[(Df —al);' = o+ 1)(Df — D) N(Df —xl) " VE,
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System (5.23), (5.24) can be written as a fixed point problem
AU = eF (GAU™ V) + (Df — aI)'h"),
Vit = Fo((Mo + DAUF + b7,

The mapping defined by (AUR, V) — (AU, ViF) is a contraction if € is sufficiently
small. Therefore, there is a unique fixed point (AU%, V) which is also a solution to
the coupled system (5.23),(5.24).

Since F; is a bounded operator, we have |[AUR| < Ce(|AUE| + |V E| + |h%|). This
simplifies to

|AUR| < Ce(|VE| + |n)).
On the other hand since F; is a bounded operator,
VE < CLIATT| + [hF|p) < Co(Ce(VE| + [RF]) + 7] ).
Thus |VE| < C(e|h®| + |hf|1). Plug back into the estimate for |AU%|, we have
[AUT| < Ce(|h"| + [h"| ).

Finally |Uf| < C(|AU®| + |[VE]) < C(e|hff| + |hF|L0).

U

Lemma 5.4. (i) In the semi-infinite outer layers R° and R", let hy € C(v) and
¢ € R". Then There exists a unique solutions U € C(v) for the boundary value
problem

Uzy) = o0 2 € RO,

Ulxg) = ¢f", v € R™

(ii) Let hy € C(v) or L' (7). Then there exists a unique solutions V € C(v) for the
single equation without boundary conditions

(5.26) Ve + Mo+ 1)(Df —2I)~'V = hy.

(iii) For h'* € C(y)NL'(v), consider the non-homogeneous boundary value problem
U(zy) =0, z € R,
U(xg) =0, z € R™.

(5.25) €U, = (Df —2l)U + hy, {

(5.27) U, = (Df —2)U +V, {

(5.28) Ve = (Mo + DU + BE,
Then, there exists a unique solution (U, V') € C(v) such that
Ul + V], < C(thH + ’hR‘Ll('y))-
Moreover, let AUR =U + (Df —xI)"'V, then
[AUR, < Ce(|hf], + 1h%| 1))

Proof. We shall only prove the case x € O only. The proof is a mimic of that of
Lemma 5.3.

For brevity, let a® = —oco, b = 2} — €?, OV = (—o0, 1?).

Proof of Part (i): The unique solution U € C(7) of (5.25) can be written as

UR(o) = [ T )P0y + 7o )05

0
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Using exponential dichotomy on O?, we have
U= Fi(h,6.°), Ul < C(Illy +[62°).
Proof of Part (ii): The unique solution V' € C(v) of (5.26) can be written as

Vit (z) = / O(x, y)ha(y)dy.
Using exponential estimate in O° we have
VI, = Fa(hg), |V < Clholy or C|R?|1ay).
Proof of Part (iii): Using (AU®, V), (5.27), (5.28), become

(5.29) eAUE — (Df — ) AU = [G(AUR, VE) + (Df — 2l) " h",
(5.30) VE L N+ 1D)(Df — D) 'WE = (N + 1)AUE + nE.
Here

G(AUER, VE) = (N + 1)(Df —xI) ' AUR
+[(Df —aD);' — (N + 1) (Df —2I) M (Df — 2l)VE.
System (5.29), (5.30) can be written as a fixed point problem
AUE = eF (GAUR, VEY + (Df — 21)7*h%,0),
Vi = Fo(No + DAUT + pf).

The mapping defined by (AU, VE) — (AU, V{F) is a contraction if € is sufficiently
small. Therefore, there is a unique fixed point (AU, V®) which is also a solution to
the coupled system (5.23),(5.24).

Since F; is a bounded operator, we have |AU%|, < Ce(|AUE|, + |[VE|, + |nfY],).
This simplifies to

‘AURH < C€(|VR’7 + ’thv)'
On the other hand since F5 is a bounded operator,
|VR|7 < Cl(|AUR|7 + |hR|L1) < CI(C€(|VR|7 + |hR|7) + |hR|L1(W))~
Thus [VE], < C(e]hf|, + |hf|11(5)). Plug back into the estimate for |[AU*|, we have
AU, < OB, + (17110,
Finally |UR|7 < C’(|AUR|7 + |VR|’Y) < C(thlw + |hR|L1(W))-
O

Lemma 5.5. Consider the system of V -equations in Oi, 0<i<nand Ij,l <i<mn,
with h* =0 and h = 0:

V4 Mo+ D)(Df —2l)'VE= AU,

Ve = [0+ 1)c" + Acglge + [(D*F(q")uy — (21 +E))c'gele,

V(g + ) = V() = oV,

Vi(=ef) — VRl — ) = sV,

VE=0(@e"), forxzeR° R"
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Then the above system has a unique solution (VI {Vi} {c'},\). Moreover,
[VE -+ {VH + H{H A+ A < CH{VE 3+ [{oVEH3).

Proof. Let Al := ¢(¢°1) — ¢*(—€”1). The second equation in I? can be integrated
once to yield

VP = V(=) = [(ho + 1) + A )AL+ O(e=" | ).

The small factor e=*’ " comes from qi(€) for € = €', The small term can be handled
by contraction mapping principle and shall be omitted for convenience. Consider

(5.31) Vi) = Vi(="1) = [(Ao + 1)’ + Ach] AL
Combining this with V%~ and §V%~, we find that

(5.32) VE@) + ) = VE@ — ) = [(No + 1) + M)A + 677,

where

87" =0V + VT
In the spirit of SLEP method, the whole system reduces to a system in outer layers
coupled with jump conditions:

VR 4+ o+ 1)(Df —al) VR = \UF,
VE(h 4+ %) = V@l — 7)) = [(Ao + 1) + A AL + 677
Let
z%:=(Df — D)7V,
We have VE = (Df — 2I)Z®. The system in outer layers can be written as
(Df =20 Z5) + (Ao + 12" = MUY,
(5.33) (Df —axD)Z%(xl + ) — (Df — al) Z5(z}) — €°)
= [(Ao + 1)’ + A\HJAL + 67"
If we substitute AL by A% + ¢(e571) — ¢'(00) + ¢'(—o0) — ¢'(—€’~1) and add the
following equations to (5.33)
(Df —a)Z (xh+) — (Df — xI) Z' () + €°)

— / jé+€ﬁ AU+ b — (Ao + 1) Z%(y)]dy,
(Df - wl)Z'(xy — ") = (Df = x1) Z' ()
S /ﬁ AU + 1 — (Ao + 1) Z%(y)]dy,
2=
we have

(Df —a)ZY(xi+) — (Df — 2D Z (xh—) = [(Mo + 1) + A A  + 671+ N(\, ¢, Z7),
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where

N Z7) = [(Mo + 1)c + Al (q'(¢°7) = ¢'(00) + ¢'(—00) — g (=)
6 whte?

—/wﬁnﬁ—MMJMWM@—/ VR = o+ 1)2%(y)]dy

i i
6—¢? o

is a small term.
Consider a simplified problem

(Df —a)Z%), 4+ (Mo + 1) 2% = \UE,
(Df —al)Z(xi+) — (Df —al)Z(xi—) = [(Xo + 1) + Ach] AT + 67"

Note that from Lemma 5.4, Z° and Z" can be solved first without the jump conditions.
Then to solve for Z%,1 < i < n—1, replacing Z°, Z" by zeros, and consider the abstract
system

LUZTY ACAT) + (o + 1)({Z7)5, {CA})
+A{UT G AAD) = (W, {T1),
where
J'=67", 2<i<n-—1,
Jt =624 Z8(x} — €°),
J"=02" — Z8(xn + 7).
By the result of section 4, the above system has a unique solution, denoted by
(2" A A{c}) = F({62'D).
Then the original system can be written as a fixed point problem:
(Z" XA =F{62°} + NN {c'}, Z27)).
By contraction mapping principle, the above has a unique solution. Il

Lemma 5.6. Consider the linear homogeneous system

(5.34) eUR = (Df —2)UR 4+ VE,

(5.35) VE= (N + 1)U+ \UE.

(5.36) Ui = (Df =z )U" + V",

(5.37) Ve = [(ho + 1) + Acglge + [(D*f(q")uy — (21 +€)I)cgele.
with jump conditions and boundary conditions:

(5.38) W@l + %) — Wi = Wi,

(5.39) Wi(—e*=1) —WE(@al — ) = sWi,

(5.40) (UR VEY=0(e 1), forz € R®, R™.
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Then there exists a unique solution to the homogeneous system with the prescribed
boundary condition and jump conditions. Moreover,

U5+ [VE[ + KU + {VH + (U], + U+ VR, 4 [V,

< C({oW™ 3} + {oW ™" })).
Proof. As before, let AUR = UR + (Df — 2I)~'VE. The second equation (5.35) of
the system is equivalent to
(5.41) VEL N+ 1)(Df —aD)'VE = (N + DAUR + \UE.

The proof is divided into three steps:

STEP 1: Dropping (Mg + 1)AU% in (5.41), we have a simplified equation for V.
This is coupled with (5.37) to be a system of V-equations, and will be solved with
jump and boundary conditions (5.38)-(5.40). We will determine approximate values
of A and ¢/,1 < i < n at this stage also. The result is stated in Lemma 5.5.

STEP 2: With (VI V%) obtained from STEP 1, we solve a coupled system of
U-equations with jump and boundary conditions:

eUR = (Df —2)UR 4+ VE,

U= (Df — ) U + V*,

Ul(zl + €°) — Ui ("71) = U™,
Ul(—’™1) — UR(zl) — %) = 6U",
UR =0(e), forxz € R°, R".

For brevity, let a’ = z} + €, b = 23" — ¢”. Then O = {a’ < x < b'}. See Figure
5.1 for the illustration of symbols used in this proof.

() elae  O. be
| | |
| [

‘ . . . .
o o ot 0,(0)

i 0F vl P IL0) o
|
|
1

FIGURE 5.1. Notations for the initial data ¢ etc. The solutions

passing through them decay exponentially in the direction indicated by
the arrows.

In O! using exponential dichotomies, we have

T

U (x) = / T(x,y)P(y)V (y)dy + /b T, y) Pu(y) V™ (y)dy
+ T(z,a") ¢t + T'(x, b))
Let I' = I'(¢) U I'(r) where

L) = (=¢"71,0), Ii(r) = (0,¢").
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In each of the subintervals I’(¢) and I’(r), using exponential dichotomies, we have

Ui(e) = / L SEnRV@a [ SEnRmVons
G0 + SE 0G0 € € ),

/Sén v+ [ sEnrmvionn
FS(E SN0 +SE 065 () €€ ).

To satisfy the jump conditions, we need
h-1 i

o — §5i(r) = / S ) Pu(m)V () — / (', y)Pu(y)V ™ dy
0 bi

+ S(#71, O)QSf’i(r) —T(a", bl + 6U"T,
bi71 _eﬁ—l

630~ ol = [ R@VE )y - [ S PV )y
ai—1 0
PTG (e 0)5 () + U
In the right hand sides, if (¢5(r), %) of the first equation and (¢~ ¢5(¢)) of
the second equation are given, then using transverse intersections of stable and unsta-
ble subspaces, we can calculate terms in the left hand sides: (¢f%, ¢5(r)) of the first
equation, and (¢3(¢), ¢f~1) of the second equation. Then from the lemmas, we have
(UB# USY), from which the terms in the right hand sides: ¢%%(r), &t @fti=1  ¢5i(f)
can be calculated again. The above can be viewed as an fixed point problem:
(@5, 00, 03" (0), 62" (1) — (92, o', 62 (£), 9" (1))
(5.42) — (UR’Z US’Z)
— (@, o, 03 (0), 62 (1))
Owing to the exponential decay of

S(E7L0)e0(r), T a™ el T(a'),0)er",  S(=e",0)g5"(0),

the process in (5.42) is also a contraction mapping. Therefore it has a unique fixed
point (¢ ¢t ¢%i(0), ¢%%(r)), which can be used to determine (U US4).

With (UR ULVE VN ) from STEP1 and STEP 2, (5.41) is satisfied without
the term (Ao + 1)AUR Now using this U® and V' define AUT — UF 4 (Df(ul) —
)7V We show that AU® is small in suitable norms. We can verify that

AU — (Df —z) AU = eG(VE, N).
Where
GVEN) =[(Df —aD);' =N+ 1)(Df —2l) Y (Df —xl) WVELXNDf —2I) UL
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Using the exponential dichotomy in O!, we have

T

AUR(E) = / T, y) P(y)elGVE, ) ()dy

(543) + [ T PGV Ay
+ Tb(x, a")Py(a" ) AUR(a') + T'(z, b") P, (b)) AUE ().
By definition,
AU < |UF|+ (Df —a) VI < C{EW™ Y + [{sWHH}).
If we observe that
IGVE N < CIVE[+ [A) < C{W T} + {oW"*}),

then the sup norms of the two integrals of (5.43) are bounded by Ce(|6W**|). There-
fore, their L!(x) norms are bounded by Ce(|6W5%|). Due to the large negative expo-
nential rate —a/e, the two boundary terms,

T, )Py AUR(a') + T, 1) P () AUF(H),
are bounded by €|/AUR| < Ce(|6W*|) in L'(z) norm.

In summary
AU oo < CO{OW T} + oW FY),  JAU | 11ay < Ce({OW' T} + [{SWH3).
STEP 3: Consider the following system in O':

Ul = (Df —2)UR + VE,

VE4L N+ 1D)(Df —2I)7'WE = (N + DATUR + (X + 1)AUE,

Using Lemma 5.3 with (A\g+1)AU?® as a forcing term, the above system has a solution
that satisfies

U+ [VH] < C(el AUT| + |AU"| 1) < Ce([{oW 7} + [{oW ).

By adding (UF,VE) to (UE, VE) obtained in STEP 1 and STEP 2, the new
(UR, VE) will satisfy (5.34) and (5.35). However, the jump conditions are not satisfied
and the error of which is bounded by

(U VI < Ce({oW T} + HoW  }) < S (KW} + {ow™*}),

N —

if € is sufficiently small.

The process of calculating (U?, VE U? Vi X c!) from jump conditions, that is the
three steps as in the proof of this lemma, can be repeated infinitely many times, each
time reducing the jump error by at least 1/2. The limit of the iteration process is a
true solution of system of this lemma. 0

Proof of Proposition 5.1. The proof can be obtained by combining the results of Lem-
mas 5.3 and 5.6. O
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Theorem 5.7. Assume that Hypothesis (H1) is satisfied, or equivalently, Ao is a
simple root for the SLEP function p(A) (Lemma 4.7), there exist unique eigenvalue
and eigenfunctions near the approzimation (Agp, Ug,, {U})-

Proof. Let the solution mapping of Proposition 5.1 be
(U, VA U} VA () = FUIWH ), (oW, %, (1)),
Then the eigenvalue problem (5.2), (5.3), (5.4), (5.5) can be expressed as

(5.44) (URVE AU AV N {cD)
= F{WH T LW Y, B+ NE(UE N e), {h" + N (U, N\, ¢, e)}).

Using the estimates on NE(U, X\ €), N'(U%, \, ¢!, €) and Proposition 5.1, we find if
1/2 < B < 1, then €71 << 1. Equation (5.44) can be solved by the contraction
mapping principle to obtain a unique solution.

Finally, it is easy to verify from the contraction mapping that

I VEAT T AVEAASHI < C(HeW™ ) {oW =} 1 {1}
< O(Em + €ﬁ(m—l—l)—l + 6—0466’1 (eﬁ—l)m < Oeﬂ(m—&—l)—l‘

As e — 0, (URVE AU} {V} N {c}) — 0. The exact eigenvalue and eigen-
functions are asymptotically O(e?™~D+29=1) near the approximations Ay, U and
{Usp}- 0
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