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ABSTRACT. We study the dependence of entropy solutions in the large for hyperbolic systems of conservation
laws whose flux functions depend on a parameter vector p. We first formulate an effective approach for
establishing the L!-estimate pointwise in time between entropy solutions for u # 0 and u = 0, respectively,
with respect to the flux parameter vector . Then we employ this approach and successfully establish the
L'-estimate between entropy solutions in the large for several important nonlinear physical systems including
the isentropic and relativistic Euler equations and for the isothermal Euler equations, respectively, for which
the parameters are the adiabatic exponent v > 1 and the speed of light ¢ < co.

1. INTRODUCTION

Consider the Cauchy problem for a hyperbolic system of conservation laws in one-space dimension

OWHU) + 0,FH({U) =0, z€R,
{ Ulvoo = Do (), (1.1)

where WH, F# : R™ — R™ are smooth functions that depend on a parameter vector u = (p1, ..., ug) with
Wi € [0,u0] (i = 1,...,k) for some pug > 0, and VWH#(U) is uniformly invertible when p; € [0, uo] with
WO(U) = U when u = 0.

We are interested in the dependence of entropy solutions U* in the large to (1.1) on the parameter vector
w. System (1.1) for u = 0 is assumed to be uniformly stable in L! with the Lipschitz Standard Riemann
Semigroup S that generates the entropy solution U. We denote by U* the entropy solution to (1.1) for u # 0
which is constructed by the front-tracking method. In this paper, we first formulate an effective approach
for establishing the L!-estimates pointwise in time of the following type:

[U(t) = U@z < CTV{Uo}t ||, (1.2)

under the convergence assumption of the front-tracking approximations to system (1.1) for x4 # 0, even when
the initial data function Uy has large variation, where C' > 0 is a constant independent of the parameter
vector v and ||| denotes the magnitude of the vector p. Then we employ this approach and successfully
establish the L'-estimate between entropy solutions in the large for several important nonlinear physical
systems including the isentropic and relativistic Euler equations and for the isothermal Euler equations,
respectively, for which the parameters are the adiabatic exponent v > 1 and the speed of light ¢ < oco.

Our approach utilizes the wave front-tracking method. More precisely, for every 6 > 0, let U%* be
the d-approximate solution to (1.1) for pu # 0 constructed by the wave front-tracking method so that the
approximations U%# are globally defined piecewise constant functions with finite number of discontinuities,
as constructed as follows: First, choose a piecewise constant function Ug(z) such that

U = Upllzr < 0. (1.3)

Let o be a constant given at the outset of the construction algorithm. At each discontinuity point of UJ(x),
a Riemann problem arises and the solution consists of shocks, contact discontinuities, and rarefaction waves.
We approximate the rarefaction waves by a centered rarefaction fan containing several small jumps traveling
at a speed close to the characteristic speed and with strength of each of these fronts less than §. The piecewise
constant approximate solution can be prolonged until when the first set of interactions take place. Depending
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on the interaction, either the Accurate Riemann Solver (ARS) or the Simplified Riemann Solver (SRS) is
used to solve the Riemann problem that arises at the interaction point. ARS is basically the exact Riemann
solution except that the rarefaction waves are approximated by rarefaction fans as mentioned above, while
SRS introduces a non-physical wave front with constant speed M. ASR is employed at ¢t = 0 and at every
interaction between two physical waves when the product of the strengths of the incoming waves is |a /| > o,
and SRS is used at every interaction involving a non-physical incoming wave-front and also at interactions
where |aa/| < p. Hence, the algorithm involves three parameters: A fixed speed 5\, strictly larger than all
characteristic speeds; a threshold ¢ > 0 determining whether ASR or SRS is applied; and the maximum
strength of rarefaction fronts which is less than the front-tracking parameter 4.

To complete the construction, one needs to show that, for suitable v and p, the above algorithm produces
a d-approzimate solution U%H(t,r) defined for all ¢ > 0: U%H(t,z) is piecewise constant with discontinuities
occurring along finitely many lines in the (¢,z)-plane. The jumps can be of three types: shock fronts,
rarefaction fronts, and non-physical fronts. The shock fronts travel with the Rankine-Hugoniot speed, while
the rarefaction fronts travel with the characteristic speed of the right state and have strength less than
0. All non-physical fronts have the same speed 5\, where \ is a fixed constant strictly greater than all the
characteristic speeds. The total strength of all non-physical fronts is uniformly small, i.e., Y |a| < 4. For
more details for the front-tracking method, we refer the reader to Bressan [3], Dafermos [10], and Holden-
Risebro [14].

Our approach for the L'-estimate of dependence of entropy solutions in x can be formulated in the
following fashion. Assume that U* can be constructed by the front-tracking method as described above:

UdH — e inL},, asd—0+.

First, from the approximate initial data U and the corresponding §-approximate solution U%, we employ
the following standard formula in semigroup theory:

t o, _ T76,1
||StUg—U5’“(t)|\L1§L/ lim ing 150210 = UPHT 4+ )l ) (1.4)
0

h—0+ h ’
where L is the Lipschitz constant of the semigroup S. Observe that the limit in the integral of (1.4) is
invariant for time t between two interaction points. Then the essential ingredient for this approach is to
estimate

IS UPH(7) = UM (7 + 1)1, (1.5)
which is equivalent to solving first the Riemann problem of (1.1) when p =0 for 7 <t <7 + h with data
[ U1, ), r < Z,
(UL7 UR) - { U(S”LL(T, $), > (16)

over each front x = Z at time 7 and to comparing then the Riemann solution with U%*(7 + h). We solve the
Riemann problem only for the non-interaction times 7 of the é—approximate solution U%* since there is only
a finite number of interactions. For each front at (7, ), there exists a > 0 so that the interval (Z — a,Z + a)
at t = 7 contains only one front, i.e., only the front passing through (7, Z). Thus, it suffices to compare the
jump of the front of U%* at (7,Z) as given by (1.6) with the Riemann solution generated by the semigroup
S at time t =7+ h for © € (T — a,Z + a). If we can establish that, for sufficiently small h/a,

1 T+a
L[ ) — US4 = OQ) (U~ Ul ] + ), 07

—a

then summing over all fronts yields

t 1 T+a
18U — USH(t)]| 11 < L/ Z 7 / |SR,US (1) — U (1 + h)| dwdr

0 fronts =z (1)

— o) ( [ rviwssye ar ul + 6t)
= O (TV{Uo}t|pl +td), (1.8)
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where we use TV{U%#}(t) = O(1) TV{Up}. As 6 — 0+, we obtain
[8:U0 = U*(#)llr = OM)TV{Uo} t ||ull- (1.9)

Note that U(t,z) := SiUp(z) is unique within the class of viscosity solutions (cf. [3]). Thus the whole
sequence U converges in L' to the entropy solution U of the limit equation p = 0, as p — 0.

In our applications of this approach to several nonlinear physical systems of Euler equations in this paper,
we use the Standard Riemann Semigroup S to the isothermal Euler equations:

0 Oy =0,
bp + O (pu) 5 (1.10)
(pu) + 0z (pu® + k%p) =0,
with large initial data
(p, pu)lt=0 = (po, poto) (), (1.11)

where p > 0 and u is the density and velocity of the fluid, respectively. System (1.10) can be rewritten in a
conservation form as (1.1) with g = 0 by setting

U = (p, pu), woU) =1, FOU) = (pu, pu® + k%p) T

The existence of entropy solutions in BV of (1.10)—(1.11) was first established by Nishida [23] via the Glimm
scheme; and the construction of the Standard Riemann Semigroup to (1.10) is presented in Colombo-Risebro
[9] when the total variation of the initial data is not necessarily small. More precisely, for fixed two states
U_ and Uy in © and a constant M > 0, there exist a domain D C BV (R), a semigroup S : [0,00) x D +— D,
and a constant L > 0 such that

(i) D contains the L!—closure of the set of those functions U : R —  such that U — U_ € L(—o00,0),
U-U; € L'(0,00) and TV{U} < M;
(ii) S is L'-Lipschitz continuous with constant L, i.e.,

[S:Uo — SsWollpr < L (U0 — Wol[zr + [t = s]);

(iii) If Uy is piecewise constant, then, for small ¢, the map (¢, z) — S;Up(x) coincides with the solution to
(1.10)—(1.11) obtained by piecing together the Lax solutions of the Riemann problems determined
at the jumps of Uj.

Then the Standard Riemann Semigroup is unique and the trajectory S;Up is an entropy solution to (1.10)—
(1.11), which is unique in the class of viscosity solutions with interaction potential locally uniformly bounded.
These are exactly what we require for our approach for S;Uj.

For the most relevant work in the literature, we refer the reader to Temple [29] and Bianchini-Colombo
[2].
Temple [29] considered systems of conservation laws when the flux depends on a parameter p and estab-
lished the existence of entropy solutions by observing that the nonlinear functional employed in the Glimm
scheme [13] depends only on the properties of the equations at u = 0, for which the dependence of the
interaction estimates on the parameter u was studied. Our approach here is to establish similar bounds on
the L!-difference between entropy solutions to such systems for u # 0 and p = 0, respectively.

Bianchini-Colombo [2] studied the dependence of entropy solutions on the flux functions. They considered
the systems with smooth flux functions F : Q — R"™ with F' € Hyp(Q)), i.e., F that generates a Standard
Riemann Semigroup S with domain DF,| compared two systems with flux functions F, G € Hyp()) with
DG c DF, by introducing a distance function between F and G, and showed that the Standard Riemann
Semigroup is a Lipschitz function with respect to the C°-norm of derivative of F, i.e. DF. Note that, in
[2], both systems are required to generate a Standard Riemann Semigroup, which has been established if
the initial data is small (cf. [3]) or if the initial data is large for the isothermal Euler equations (y = 1)
and the relativistic Euler equations (y =1, ¢ < 00) (cf. [9]). Thus, they apply their result to establish the
convergence of the entropy solutions of the relativistic Euler equations for the case vy = 1 and ¢ < oo to the
classical limit (the isothermal Euler equations, v = 1). In this paper, we formulate a different approach to
study the dependence of entropy solutions on the parameters of the flux function. To compare two systems
of conservations laws, we require only that one of them generates a Standard Riemann Semigroup and the
second system has a global entropy solution obtained by the front-tracking method. In this way, we can
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apply our approach to hyperbolic systems even if the initial data is not necessarily small and treat other
models of Euler equations for which the stability of entropy solutions has not been established yet.

In Sections 2-4, we present four applications of this effective approach and establish the L'-estimate
pointwise in time between entropy solutions for the isothermal Euler equations and those for (i) the isentropic
Euler equations, (ii) the relativistic Euler equations for conservation of momentum, and (iii) isentropic
relativistic Euler equations, as well as between entropy solutions for the relativistic Euler equations for
conservation of momentum for v = 1 and those for the general relativistic Euler equations for conservation
of momentum for v > 1. Furthermore, the approach presented in this paper will be further applied to solving
more complicated physical systems in our forthcoming papers.

We remark that the results in this paper show that entropy solutions away from the vacuum of these
physical systems are L!-stable when the adiabatic exponent v > 1 tends to 1 and the light speed ¢ tends
to co. It would be interesting to study the stability of entropy solutions containing vacuum states of these
physical systems, especially when the adiabatic exponent v > 1 tends to 1 for the isentropic Euler equations.
The existence of such entropy solutions containing vacuum states in L has been established for the isentropic
Euler equations in [4, 11, 12, 22, 21] (also see [5]) and the isothermal Euler equations in [15] (also see [16]).

2. ISENTROPIC EULER EQUATIONS

In this section, we study the isentropic Euler equations

{ Iep + 9 (pu) =0, (2.1)

Or(pu) + 0 (pu? + p(p)) =0

for a perfect polytropic fluid with the pressure-density relation: p(p) = k?p?, v > 1, where u is the velocity
of the fluid. Set

System (2.1) can be rewritten in a conservation form by setting U = (Uy,Us)" = (p, pu) and
We(U)=U,  F°(U)=(p,pu’+r°p>*")T
with Cauchy initial data
Uli=o = Uo(x) := (po(x), po(x)uo(x)) . (2:2)
System (2.1) is strictly hyperbolic with two distinct eigenvalues when p > 0:
M =u-— ﬁﬁp%l, Ao =u+ m\/ﬁp%l. (2.3)

Denote the entropy solution to (2.1)—(2.2) by U® obtained as a limit of the front-tracking approximations.
Our aim is to first establish the front-tracking method and then investigate the dependence of the entropy
solutions U€ for £ > 0 by employing the approach described in §1.

The Riemann invariants of (2.1) are

c—1 ¢ —1
r:u—l—m/2a+1p—, s=u—rV2e+ 1= (2.4)
€ €
Note that, as € — 0+, the corresponding Riemann invariants are
r=u+klnp, s=u—klnp (2.5)

to the isothermal Euler equations (1.10).
From now on, we measure the strength of a front that joins the states Uy, and Ug by a = pr/pr. The
following lemma presents the well known relations of shock and rarefaction curves on the (r, s)-plane:
4



Lemma 2.1. The shock curves are

. T ARt B o et}
B D T I
g TL—TRzFJPi(\/(a_l)(OjEH ) —\/ﬁaagl)a
. sL—SR—/@paL(\/(a_l)(a%H_1)+\/ﬁa:_1), a <1
The rarefaction curves are
Ry:rp—rr=0, SL—SR:2I£M;)ELQ:_1, a <1,
RQZTL—TR:—2H\/mpiaEE_1, sp —s=0, a>1.

The existence of entropy solutions to (2.1)—(2.2) was first established in Nishida-Smoller [24] by the Glimm
scheme [13]. This was recently captured by the front-tracking method by Asakura [1].

Lemma 2.2 (Asakura [1]). Assume that there exist p < p such that

0<p<po(z) <p<oo. (2.6)
Then there exists a constant N > 0 such that, if
eTV{Up} < N, (2.7)

for every & > 0, the Cauchy problem (2.1)~(2.2) admits a 6-approzimate front-tracking solution U%, defined
for allt > 0.

By standard arguments (cf. [3]), we arrive at

Lemma 2.3. Under assumptions (2.6)—(2.7), the Cauchy problem (2.1)~(2.2) has an entropy solution
Us(t, ) defined for all t > 0 obtained as a limit of the front-tracking approzimations U% in L}

loc*

Using our approach described in §1, we have the following theorem.

Theorem 2.1. Assume that Uy satisfies (2.6)—(2.7). Let S be the Standard Riemann Semigroup to the
isothermal Euler equations (1.10) and (2.2). Let U be the entropy solution to (2.1)—=(2.2) for e > 0 obtained
by the front-tracking method. Then, for everyt > 0,

18Uy — U (t)|| 11 = O(1)TV {Up} te. (2.8)

Proof. As explained in §1, it suffices to consider the front-tracking approximations U%¢ to (2.1)-(2.2),
where § > 0 is the front-tracking parameter for ¢ = (y — 1)/2 € [0,50]. By Lemma 2.2, U%¢ exist for all
t > 0 and converge to U¢ as § | 0. Thus it suffices to show that, for each ¢t > 0,

|S:U8 = U (t)|| 12 = OQ) (TV{Up}e +6)t  for all § > 0. (2.9)

In view of the approach developed in §1, establishing (2.9) is equivalent to studying the trajectory of the
semigroup S to (1.10) with Riemann data front (Ur,Ug) of the approximations U%¢ at the discontinuity
point (7,Z) of U%¢, but away from the interaction, over the time interval (7,7 + h). There are three cases
to be investigated: shock fronts, rarefaction fronts, and non-physical fronts.

Case 1: Shock Front (Up,Ug). We first focus on a 1-shock front of (2.1), for which the speed of the
front is given by
PLUL — PRUR
olg) =—"—""—"=
PL — PR
and the strength is @ = pr/pr. We define the jump on the Riemann invariants along the shock curves to be

B - (a=1)(a2tt-1) 2 1 a®—1
HS) (a,e) = ( TLTTR ) I a V2e+ 1) ., a>1for I-shock; (2.10)
SL = SR rpf, () @D T et
(e €
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£ (a—1)(a2ett-1) /2 1 at—1
HS) (a,¢) = < TLTTR ) [ el a eH1e) . a<1for2shock. (2.11)
SL = SR k() @A P T el
[0 €

The Riemann solution to (1.10) (i.e., € = 0) with data (Ur,Ur) consists of 3 states, Ur, U*, and U,
joined by either 1- and 2- shocks, or by 1-shock and 2-rarefaction waves as shown in Figure 1. Without loss
of generality, let (7,Z) = (7,0).

51 B2

UL Ur

U X Ugr
FIGURE 1. The Riemann solutions for e =0

Since Uy, and U* are joined by a 1-shock, we have

6\1/%1 — lnﬁl), sp, — s = ﬁ(ﬁ + lnﬁl) (2.12)

with strength 8; = p*/pr. Depending on whether the 2-wave is a shock or rarefaction wave of strength
B2 = pr/p*, we obtain either

B1—1

rL—r*:m(

1— 05 15
r—rgp ==k —Inps), s —sp==k +1n 37), 2.13
R ( T f2) R ( N f2) (2.13)
or
r*—rp=—2klnfBs, s —sgr=0, (2.14)
respectively. We define G(32) to be either
1- 62 1- 62 T
G(B) =k —In s, +1nGs) ", <1 for 2-shock, 2.15
(B2) = ( N B2 75 2) Bo (2.15)
or
G(B2) = (—2k1In3,0)", By > 1 for 2-rarefaction wave. (2.16)

By (2.10) and (2.12)—(2.15), we have
H®(a,e) = HS)(B1,0) + G(Ba).

It is easy to check that H(®) and G are C?functions of their arguments. For example, we can view the term
in H) as
af —1 1
= (a— 1)/ (1+ p(a—1))"tdu € C2. (2.17)
€ 0

It is a straightforward calculation to check that the rank of matrix
OH®) 98G B -2k
(5—61’ 5—62) ’{ﬁlza,mﬂ} - ( K(zal? + 30732+ ) 0 )
is two. The Implicit Function Theorem yields that 3; and (B2 are C? functions of (a,¢):
p1 = Br(a€), B2 = Pa(a,€).
Moreover, £1(a,0) = «, B2(e,0) =1, f1(1,e) = 1, and B2(1,e) = 1. Thus,
bi=a+0)|a—1le, P2=1401)|a—-1|e. (2.18)

Let )
- [ Up for z€(T—a,x),
U(I)_{ Ur for z € (z,z+a).
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We now compare the Riemann solution S,U with the front states (Ur,Ug) of U%(T + h,z) over z €
(Z—a,z+a):

(i)

(i)

(iii)

Interval I: We first compare the speeds of the a- and (;-waves. Recall that the speed of the a-wave
is

o(e) = PLUL = PRUR. (2.20)
PL — PR
The speed of the (1-wave is
g = PRUL TP Y (2.21)

pL — p*
The fact that H®) is C? in ¢ and pg,ur € C? in ¢ € (0,&¢) yields o(¢) € C? in e for a > 1. As
e — 04, f1 — a and (p*,u*) — (pr,ur); hence o(0) = o;. This implies that () = o1 + O(1)e.
Furthermore, the length of Interval I is h|o(e) — 01| = O(1)he. Thus the total contribution in
Interval I is

|Ur, — Ug| - [length of interval] = O(1)h|UL — Ug| . (2.22)

Interval II. Assume that U* is connected to Ug via a 2-shock of strength 82 = pr/p* and speed os.
Then, f0r0<£§p* <P < o0,

p*—pr=p"(1—F2) = O(1)]a — 1, (2.23)
u'—ugp=1r"—rrp+krlnfs=G1(F) + klnfB2 = O(1)|a — 1]e. (2.24)

Furthermore, the length of Interval I is h|oy — 02| = O(1) h. Indeed,

ut —pru
lew:uL—2A\/51<O, 61> 1,

p* —pL
and
PRUR — p*u” 2k
o= P m g+ = >0, <L
PR— P VB2

Since, when ¢ = 0, there exists p > 0 such that 0 < p < p < p~ 1, then |o1| + |o2| is uniformly
bounded, which implies |01 — 02| = |o1| + |o2| = O(1).
Thus the total contribution on Interval II is

|U* — Ug| - [length of interval] = O(1) h |a — 1] &. (2.25)

Note that the total variation of the Riemann data is |Ur — Ur| = O(1) |a — 1].

Interval III: If U* is connected with Ugr via a 2-rarefaction wave, then we also need to treat this
interval. Denote the solution over this interval by U(€), where £ = x/t € [£5,&2] := [A2(U*), A2(Ur))-
Note that

&2 — &l = 0M)|U" = Ur| = O(1)|a —1]e (2.26)
by the estimates over Interval IT. Thus, by (2.23) and (2.26), for £ € [&5, &3],
a©) == 2 = 6 + OWIG; — ol = o + OV — 1] (2.27)

Hence, we can estimate |U(§) — Ug| as follows:

p(&) —pr=p" = pr+p*(B2(§) —1) = O(1)]a — e,
w(€) —ur =7(€) —rr+rInGa(E) = G1(B2(E)) + kIn G2(€) = O(1)]er — 1] e.

Then the difference of the speeds is
02(83) — 02(&2)] = [A2(U") — A2(Ur)| = O(1)|U* = Ur| = O(1)[e — 1] .
Thus, the total contribution over Interval IIT is
/ |S,U — Ug|dx = O(1)h|UL — Uglla — 1| 2. (2.28)
IIr
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This completes the 1-shock front case. Similarly, we can treat the 2— shock front case for a < 1. Therefore,
we have

h 3 / ISWUP(r) = UB<(r + B)| dz = O(1) '3 (1+ela—1)la—1]e

shock shock
fronts fronts
=0(1) Y (I+ela— 1)U (r,2—) — U (7, 2+)|e. (2.29)

shock
fronts

Case 2: Rarefaction Front (Ur,Ug). We first focus on the 1-rarefaction front case. Then the jump
across this front is less than J by construction. Denote the speed by

o(e) := A{(Ur) = ur — sv/2e + 1p7"™

and the strength by « = pr/pr, whence 1 — o < 6.

FIGURE 2. The Riemann solutions for ¢ =0

To deal with the rarefaction fronts, we introduce

_ B e at—1 ) , a<1 for l-rarefaction wave,
H® (a,¢) = ( R > = ( - QH oL (2.30)
L R ) , a>1 for 2-rarefaction wave,

< 2/@«/254— o *1

corresponding to (2.10)—(2.11).

As before, the solution to (1.10) with Riemann data (2.19) consists of three states, U, U*, and Ug joined
by either 1-rarefaction wave and a 2-shock or 1- and 2-rarefaction waves, as shown in Figure 2. Denote the
strength of these waves by 31 and (32, respectively. Without loss of generality, let £ = 0. If U* and Uy are
joined by a 2-shock, then

Ur, x/t<)\1(UL),
Ut.o) = 50() = { 0 2= O T e O A el v e (caa
Ug, LL‘/t > 09,
(2.31)
otherwise
Ur, x/t<)\1(UL),
- Ri(s;UL), z/t =X (Ri(s;UL)) € [M(UL), \(U")],
Ut,z) =8§U(z) = U, z/t € [M(U*), A2 (U], t€[0,h], z € (—a,a).
Ro(s;U7), o/t = A(Re(s;UL)) € [M(U”), A (Ur)],
Uk, z/t > X2(Ur),
(2.32)
For a < 1, we have the relation
H P (a,e) = HP(B1,0) + G(5a), (2.33)
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where G is given in (2.15)-(2.16), 31 = p*/pr, and (2 = pr/p*. Note that HF) and G are C? with respect
to their arguments. It is easy to check that we can also apply the Implicit Function Theorem in this setting
to obtain

and

61 = 61(0556)5 62 = 62(@,5),

fr=a+0)|a—1le, B2=1+01)|a—1]e. (2.34)

Then we proceed as before by estimating the contributions on the different intervals.

(i)

(i)

(iii)

Interval I: Denote the solution by U(€), where £ = z/t € [&1,&7] := [M(UL), \1(Ur)]. Let

Bi(§) = p(&)/pL, (2.35)
hence (31(&1) =1 and $1(&F) = p*/pr. We compare the speeds of the a- and 3;-waves: The speed of

By is
01(§) = MU(€), M(Ur) &=/t < Mi(Ug).
Since 0(0) = A1(Ug), we obtain
lo(e) —o1] = O0Q)(|UL —Ug|+¢) =0(1)(6 +¢)

for o1 := 01(&1) = M (UL). Moreover, the length of Interval I is h|o(e) — o1 = O(1) h (§ + €). Thus
the total contribution over Interval I is

|Ur, — Ug| - [length of interval] = O(1)h |Ur — Ug| (6 + €). (2.36)
Interval II: Note that |£5 — &;| = O(1)d so that
pi(§) = % =1+ O(1)4. (2.37)

We estimate |U(§) — Ug| for £ € [£1,&7] to obtain
p(&) = pr = pr(l — ) +pr(Ai(§) — 1) = O)(0 + [a — 1fe),
uw()—urp=ur —ugr—cInF1(§) = O1Q)(6 + |a — 1]e).
Now we compare the speeds to have
|01(§1) — 01 (&) = OM)|UL = U*| = O()|UL — Uk|e.
Moreover, the length of Interval I is h|o1(&1) — 01(&5)| = O(1) h|Ur — Ug|. Thus the total contri-
bution is
/ |SLU — Ug|dx = O(1)h|UL — Ug| (§ + |a — 1]¢) &. (2.38)
II
Interval III: Assume that U* is connected to Ug via a 2-shock. We estimate |[U* — Ug| to obtain
p*=pr=p (B2 —1) = O(1)]a —1]¢,
u —up=1r"—rp+krlnfs =G1(62) +klnfs = O(1)|a — 1] e.

As in Case 1, the length of Interval 1T is h |61 (&f) — 02| = O(1) h. Then the total contribution over
Interval IIT is

|U* — Ug| - [length of interval] = O(1)h|a — 1] e. (2.39)

Interval IV: If U* is connected to Ug via a 2-rarefaction wave, then we also need to treat this region.
Denote the solution over this interval by U(§), where & = z/t € [£5,&2] := [A2(U*), A2(Ur)]. Then
we estimate |U(§) — Ug| as before to have

p(&) —pr=p"(1 = B2) + p"(B2(&) — 1) = O(1)(6 + ela — 1),

w() —ur =7(§) —rr+ £ B2(§) = O(1)(6 + £l — 1]).
Moreover,

l02(63) — 02(&) = [A2(U”) = A2(Ur)| = O()|U* = Ur| = O()|UL — Ukrle,
9



hence the length of Interval IV is h [02(£5) —02(&2)| = O(1) h|UL —URg| €. Thus, the total contribution
over Interval IV is

/ |ShU—UR|dI:O(1)h|UL—UR|(5—|—E|CM—1|)E. (2.40)
v
This completes the rarefaction front case with the following estimate:

1 Tr+a
Ly / SAUS(7) — US<(r + b)| da

. T—
rarefaction

fronts

=0(1) Z o — 1| (6 +e+ela—1] + &6+ &|a—1])

rarefaction
fronts

=0(1) Y |U(rz-) = U (r,z4)|(0 + e+ |a—1]e). (2.41)

rarefaction
fronts

Case 3: Non-Physical Front (Up,Ug). By construction, the sum of strengths of these fronts is less
than §. The speed of the front is A, strictly greater than the characteristic speed A; for all i = 1,2. We
measure the strength of the front by o = pr/pr and know that |Ur, — Ug| = O(1)]a — 1].

h

FIGURE 3. The Riemann solutions for e =0

Without loss of generality, we assume that the solution to the Riemann problem consists of two shocks
with strengths (37 and B>. We treat the case of rarefaction waves as in Cases 1 and 2.

(i) Interval I: Because of the structure of system (1.10), the total variation is decreasing. Hence
|Uv>k — UL| S |UL — URl = (’)(1)|a — 1|

Moreover, the length of Interval I is h|o; — ga] = O(1) h. Thus the total contribution over Interval
Iis
|U* — Ug| - [length of interval] = O(1) h|a — 1]. (2.42)

(i) Interval II: The length of the interval is h |y — A| = O(1) h. Thus the total contribution is

|Ur, — Ug| - [length of interval] = O(1) h|a — 1]. (2.43)
Thus,
1 T+a
- > (SUP(r) = U (r+ h)[de=0(1) Y Ja—1]<4. (2.44)

non-physical non-physical
fronts fronts

10



By (2.29), (2.41), and (2.44), we conclude

t 1 T+a
||StU6’8(0) _ Ué,g(t)”Ll < L/ Z E[ |ShU5’E(T) _ U(S’E(T—i-h”dx

0 fronts z=z(T)

=0(1) ((a +6) /t TVU% (1) dr + 5t>
0
=O0()t(TV{Uo}e+9). (2.45)
The proof is complete. =

Remark 2.1. The L'-estimate in t in (2.8) of order one is in fact optimal, which can be easily seen when
the initial data is Riemann data.

3. RELATIVISTIC EULER EQUATIONS FOR CONSERVATION OF MOMENTUM

The relativistic Euler equations for conservation of momentum are

(p+pc?) w? u
8t( 02_u2+p + 0y (p4—pc2)c2_u2 =0,

2
¢ y .2 (3.1)
2 2
O ((p+p0)762_u2>+81 ((p+p0) +p>=0,

2 — y2

where u is the classical velocity, p the mass-energy density, and p = p(p) is the pressure of the fluid, and ¢
is the speed of light. We consider a perfect polytropic fluid with the pressure-density relation: p(p) = x2p7,
v :=2¢+ 1> 1. The corresponding physical region is

Q= {(p1): 0= p< pomass Jul < c}, (3.2)

where ppq: = sup{p : p'(p) < c¢*}, which represents the fact that the fluid speed is always less than the light
speed. System (3.1) can be written in the conservation form by setting U = (p, pu) " and

.
p+pc?)  u? 9 U
2_u2+p7(p+pc)02_u2 9

WH(U) = (WD), W) = (<

c? c

FIU) = (FAU), FEU)T = (<p+pc2>—

N !
a2 PP s +p> ;

where 1 = (g, %).
The system is strictly hyperbolic with the following two eigenvalues:

u+ (=1)'k/2e + 1p°

Ai(U) = . ; 3.3
@) 1+ (=1)" kuy/2e + 1 p=/c? (8:3)
and two linearly independent eigenvectors
- T
(—1) ky2e 4+ 1p° )
ri(U) = ( 3 T3 571 5] i=1,2. (3.4)
c uc K+ p +pc

Consider the Cauchy problem to (3.1) with initial data Uy = (po, pouo). Global BV solutions for € = 0
were first constructed by Smoller-Temple [28] by the Glimm scheme [13] with large variation of the initial
data. Later, Chen [8] established the result for € > 0 under the usual condition on the initial data. In view
of our approach in §1, to achieve our goal, we first need to obtain global BV solutions by the front-tracking
method. As it is shown by Li-Ren [19], we expect that the total variation will be uniformly bounded,
independent of p. We first state the following preliminary results.

Lemma 3.1. The mapping (p,u) — (W' W) is uniformly 1-1, and the Jacobian of the mapping is con-
tinuous and non-zero in the region QN {p > 0} for e € [0,e0] and ¢ € [cp,0). Moreover, the convergence
WH = (p,pu)", F*U) — (pu, pu® + s2p* )7 (3.5)

as ¢ — oo is uniform in any bounded region {U : 0 < p < p, |u| < ¥ < ¢}, where p and v are positive
constants.
11



One of the important properties of (3.1) is the invariance under the Lorenz transformation:

. c—Iw cx —crt T+
tzic {fzi u =

Y Y 1 Y
Vi-e Vi-& T
where the barred coordinates (£, ) move with velocity 7 as measured in the unbarred coordinates (¢,z), u
denotes the velocity of a particle as measured in the unbarred frame, and 4 denotes the velocity in the barred
frame.
Due to the Lorenz invariance, if there are two states (pr,ur) and (pr,ur) connected by a shock, we can

assume the velocity state of the left-hand side of the shock in the barred coordinates is ;, = 0. Hence the
Lax entropy and Rankine-Hugoniot conditions imply (see [6, 8, 17, 19]):

N

|~I
NS

Lemma 3.2. The shock curves in the barred coordinates are given by

= a2t — 1) (a—1)

Sy ap = —kc? ( , a= > 1, or p> pr, 4 < g =0;
S \/(,{zazsﬂ + 1) (K2p% + ac?) p/pL forp>pr L

_ 25+1_1 -1

Sa: fip = —c” o S — 1) , a=p/pL <1, forO<p<pp,a<tg=0.

(K22t 4 pZZECQ)(Kpr%E + ac?)
The rarefaction curves in the barred coordinates are given by

(4

Ry: gln (Zi_Z) + V2 + 1§ (arctan (%) — arctan (g)) = const. for0<p<pp,u>up=0;

1 V2e+1 i

Ry: —cln (C+ u) P + (arctan (ﬂ) — arctan (E)> = const. for p> pr,u>1ur =0.

2 c—u € c c
Since
) (@21 — 1)(a —1) o 1] (26 + 1) f; (1 + Ao — 1))22dA
c =|a—
(K202t + pr2¢2) (k2% + ac?) (K22t /2 + p°%) (K2p% [ + @)

and

£

lcln(c—’—u) + ¢ 2e+1 (arctan(ﬁp ) — arctan (E))
2 c—u € c c

_1/1 ud\ i/l V2e +1dA k(p® —1)
2 ) 1+ /e Sy T+ R2(1+ A(pE —1))2/c? € ’

then these expressions can be viewed as C*° functions of («, p, p) near « = 1 and for € € [0, &0}, ¢ > ¢p, and
p € [p,p]. The following proposition is crucial to obtain the wave interaction estimates.

Proposition 3.3. Consider two shock curves of the first family, which start from the points (ro,s1) =
(r(Uo), s(U1)) and (ro,s0) = (r(Uop), s(Up)) and are continued to the points (r,s2) and (r,s), respectively.
Then

so—8— (81— 82) = O()e(s1 — s0)(ro — 1), (3.6)

where O(1) depends only on po, p1 € [p,p] and co, independent of € > 0 and ¢ > ¢y > 0.

Proof. Let sy = s*(g,1/c?, Ar, As), where Ar = r — rg and As = s; — s9. By Lemma 3.2 and following
[24], s* is a smooth function of its arguments and satisfies

5%(0,1/¢%,0,0) — s*(0,1/c%, Ar,0) — (s*(0,1/c?,0,As) — s*(0,1/c%, Ar, As))
=po—p—(p1—p2) =0.

12



Then
(so—8) — (s1— $2)
=5%(,1/c%,0,0) — 5*(e,1/c?, Ar,0) — (s*(g,1/c%,0, As) — s*(g,1/c%, Ar, As))
= (s"(£,1/¢%,0,0) — s¥(0,1/¢*,0,0)) — (s* (e, 1/c*, Ar,0) — s*(0,1/c*, Ar,0))
— (s*(,1/c,0,As) — 5%(0,1/c%,0, As)) + (s*(e,1/c?, Ar, As) — s*(0,1/c*, Ar, As))

1
za/ I3d\,
0
where

I3 =s:(\e,1/¢,0,0) — s¥ (e, 1/c? Ar,0) — 55 (Mg, 1/c2,0, As) + sX(\e, 1/c%, Ar, As) = O(1)ArAs. (3.7)
This completes the proof. m

We denote by Uy, Uy, and Ug the three constant states from left to right, which are connected by two
incoming waves, and denote by v + 3 — 3’ + +' the interaction of a 2—wave v with a 1—wave 3 which
produces an outgoing 1—wave 3’ and a 2—wave 7'; the other case can be written in a similar way, while the
rarefaction waves are denoted by 0. Using the above lemma, we can carry out the same steps as in [24] to
derive the following interaction estimates.

Lemma 3.4. Assume that 0 < p < p < oo. Then there exist C > 0 and § € (0,1) depending only on the
system, p, and p such that the following estimates hold for the corresponding interactions:
(1) v+ B8 — B ++': One of the following holds:
(a) 18] < 18|+ CelBllyl, V' < v+ CelBlIyl;
(b) 181 =18l = ¢ | < vl + CelBllv] + n;
(©) Wl=Wl=¢ |81<I8]+CelBy] +n, 0<n<dC;
(2) y+0—=0+7" | =]l
(3) Mm+72 =0+ [ =nl+ el
(4) v+0—= "+~ orv+0— ' +0: There exist 1—shock By and 2—shock o such that the interaction
Yo+ Bo — B+ is the same as in (1) and |Bo| + 70| < || = ColBol;
(5) 0+~ — B +7 or 04+~ — 3 +0: [Y[+18] < |- Cold|;
(6) 0+0—0"+0,
where C' and Cy are constants independent of €, 8,7, p € [p,p], and ¢ > ¢p.

This lemma enables us to introduce the Glimm functional for the approximate solutions which are con-
structed by the front-tracking method with the same notations as in [1]. Let J be the space-like curve and
denote S;(J) as the set of j—shock waves crossing J, and S(J) = S1(J) N S2(J). We define

L~(J) =) {lal: aes()},
Q(J) = Z{|ﬁ||7| : Be€S1(J), v € S2(J) and § and v are approaching},

and set F'(J) := L~ (J) +4CeQ(J). Let O stand for the initial I—curve as defined in [24]. Then we follow
[24] to obtain

Lemma 3.5. If CeF(O) < C’ for some constant C', then F(J2) < F(J1) for Jo > J1. Therefore, L~(J) <
F(O).

Following [1] (see also [24]), the §—approximate solutions U%* are globally defined and converge to the
entropy solution U* to (3.1) as § | 0. See Lemmas 2.2 and 2.3.
Now, we present the principal result of this section.

Theorem 3.1. Suppose that 0 < p < po(z) < p < o0 and e TV{Uo} < N. Let S be the Standard Riemann
Semigroup to the isothermal Fuler equations (1.10)=(1.11). If U* is the entropy solution to (3.1) with € > 0
and ¢ > ¢y obtained by the front-tracking method, then, for every t > 0,

18:U0 = UH(#)l| L = OM)TV{Uo} t ||, (3:8)

where ||p|| =& +1/c2.
13



Proof. We follow the proof of Theorem 2.1. Here, we emphasize only the estimates required to deal with
system (3.1). As before, we study the three possible types of fronts.

Case 1: Shock Front (Up,Ug): Assuming that this is a 1-shock front of strength a@ = pgr/pr > 1
without loss of generality. By Lemma 3.2, we have

ur + ﬁR
for 7 = uy,. The speed of the front is
( ) 1 ( 2 2a+1 + pRre )u ( 2 2€+1 + pre )UL (3 10)
o(pu) = — . .
" Wi (Ugr) — W{(UrL) c2—uR c2—uL

Note that ar = ug(a, u) € C? in (a,e, &) for a near 1, € € [0,&0], and ¢ > ¢o, whence ug — ur, € C*(a, ).
Also, o(u) € C*(n) for a > 1. Without loss of generality, we assume that the Riemann solution consists of
a 1-shock and a 2-shock. We treat the 2 rarefaction wave as in the proof of Theorem 2.1. Then we have

1—p
ut—up =k s P —pr=pL(Pr—1),  Hi=1,
VB

* 62_1 * *
up —u* =K ;o prR—p =p(B2—1), B2<1,
VB2
where 51 = p*/pr, and B2 = pr/p*. Hence
—1
PR_PL:PL(ﬁl—l)‘FPR%v

uR—uL:nl_ﬁl 52—1
AR

We define
HS (o, p) = (pr — prour —ur)" € C? in (a,p)
for a near 1, € € [0, q], and ¢ > ¢p. Also,
G(0a) == (pr — p*,ur —u*)".

By the relation

H (o, 1) = H®(1,0,0) + G(52)
and the Implicit Function Theorem, we obtain C? solutions £, = 31(«, 1) and B2 = [B2(a, p) that satisfy

Bi(l,p) =Pa(l,p) =1, Bi(,0,0) =a, [2(c,0,0) =1.

Therefore

B = Pila, p) =a+O)|a — 1| [l (3.11)

B2 = Ba(a, ) = 1+ O(1)]ar — 1| | (3.12)
for e € [0,£0], ¢ > co, and ||| = € +1/c%. Now we compare the Riemann solution S,U with the front states
(Ur,Ug) of US*(1 + h,z) for x € (T — a,T + a) (see Fig. 2).

(i) Interval I: Denote by o; the speed of the i-shock. Then

prur, — p*u*

o =———— 3.13
! pL — p* (8.13)

and 0(0,0) = o1. Since o(u) € C? for @ > 1, we have
lo(p) — o1 = O@) |l (3.14)

Moreover, the length of Interval Iis h|o(p) — 01| = O(1) h||u||. Then the total contribution over
Interval I is

|Ur, — Ug| - [length of the interval] = O(1) h|Ur, — Ug| ||| (3.15)
14



(i) Interval IT: We use (3.12) to estimate |U* — Ug|:
p*—pr=p"(1=F2) = O(1)]a — 1] [ul],
u' —ugr = G1(F2) = O()|a = 1[[u].
Interval IT has length h |0y — 02| = O(1) h. Thus the total contribution over Interval II is
|U* — Ug| - [length of the interval] = O(1) h|Ur — Ug| ||1]|- (3.16)

(iii) Interval IIT: We need to work on this interval only if there is a 2-rarefaction wave instead of a 2-shock.
We treat this in the same way as Case 1 in Section 2.
Thus, for all shock fronts, we conclude

- Z/ |SL U (1) — U (1 + h)| dz

shock
fronts

=0(1) Y (+|ullla =P (r,z=) = U (r,z2+)|[|u].- (3.17)

shock
fronts

Case 2: Rarefaction Front (Uy,Ug). The strength of this front is less than ¢ by construction. If this
is a l-rarefaction front with speed

ur — k2 +1p%
1 —Kkurv2e+1p%/c?

and strength o = pr/pr, then 1 —a < §. The solution S,U consists of three states as given in (2.31)—(2.32).
Define H® similarly. Then we have the identity

H (o, ) = HP(81,0,0) + G(B2) (3.19)

and conclude (3.11)—(3.12). We study each interval in Figure 2 as proceed as in Case 2 of Theorem 2.1.
(i) Interval I: As before, if o7 is the speed of the (1-wave, by (3.18), we have

lo(p) — o1l = OM)(JUL = Ur| + [lpll) = O(1)(6 + [|ul])-

Thus the total contribution is

o(p) == M(u)(Ur) = (3.18)

|Ur, — Ug| - [length of interval] = O(1)h |Ur — Ug|(d + ||ul])-
(i) Interval II: By (3.11),
|SLU(z) — Ur| = O(1) (8 + |a — 1] || p]]) forz € (T —a,Z + a), (3.20)

where U is given in (2.19) and the length of the interval is O(1)h |Ur, — Ur| || |-
(iii) Interval IIT and IV are treated similarly.

Thus, we have

1 T+a
- Z‘ /H |SyUSH (1) — UM (1 + h)| dx
T et
=0(1) > |UM(r,a—) = UM(ra ) (0 + (1 + o — 1] +6)|ul))- (3.21)

rarefaction
fronts

Case 3: Non-Physical Front. We follow the same argument as in Theorem 2.1 to obtain

1 Tr+a
- > S, U () — U (1 4 h)| dz < . (3.22)

. T—a
non-physical

shocks
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Thus, by (3.17) and (3.21)—(3.22), we conclude

T+a
1S, US — USH(t |\L1<L/ > / |Sy U (1) — USH(1 + h)| dx
0

fronts x=z(7)

=0 tTV{Uo}(l|ull + 9), (3.23)

and the result follows. m
Now consider the relativistic Euler equations (3.1) for € = 0. In Colombo-Risebro [9], it was shown that
(3.1) for € = 0 generates a Standard Riemann Semigroup S¢. Thus we have

Theorem 3.2. Suppose that 0 < p < po(x) < p < oo and e TV{Up} < N. Let S be the Standard Riemann
Semigroup to the relativistic Euler equations (3.1) for e = 0. If U%¢ is the entropy solution to (3.1) fore >0
and cy > ¢ < 0o obtained by the front-tracking method, then, for everyt > 0,

IS;Us — US(t)|| L = O)TV{Up} te, (3.24)
where O(1) depends only on co > 0 and is independent of €,¢ > co,t, and TV{Uy}.

The proof can be carried out in a similar way by combining the proofs of Theorems 2.1 and 3.1.

4. ISENTROPIC RELATIVISTIC EULER EQUATIONS

The Euler system of conservation laws of baryon number and momentum in special relativity reads:

o, (\/#7%» + 0, (\/#72/62> =0 (4.1)
o (W) o, (I nlon )

1—u?/c? 1—u?/c?

where p, p, u, and n represent the proper energy density, the pressure, the particle speed, and the proper
number density of baryons, respectively. The proper number density n is determined by the first law of
thermodynamics:

0dS — dp  p+p
n

5—dn, (4.2)

where 6 is the temperature and S the entropy per baryon. For isentropic fluids, .S is constant, hence

n=n(p) = ng e:tp(/lp . _|_pd(s)/cz) (4.3)

and for a perfect polytropic fluids, p(p) = k?p?, > 1. The corresponding physical region is
Q={U : 0<p < pmaa, |t <c} (4.4)

as in the relativistic model discussed in the previous section. We rewrite (4.1) in conservation form by setting

WH(U) = ( n (P+p/02)U>T, FrU) = < n (p +p/c*)u? +p>T

- 1 Vi—wjE 13

for U = (p, pu) ", where u = (e, CQ) The system is strictly hyperbolic in  and has two distinct eigenvalues

when p > 0:
vy ut 7

MU =T e T uvp )@

Ao (U) = (4.5)

The corresponding eigenvectors are

.
() = (oo n_ o ut+(=D)IVY ._
r;(U) = a;(p, )<p+p/02, m) . j=1,2 (4.6)

(=D 2vP(p+p/c®)  (L+uvp'/e®)?

pp" +2p + (pp” = 2(p')?)/c? 1 —u?/c2)3/?
16
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Moreover, the system is invariant under Lorenz transformation:

|

ct—7x  _  cx—ecrt T+
r = —]/— u =

2 2 14+ %
-z = ¢

Lemma 4.1. The shock curves in the barred coordinates are given by
G G*(p) — H?(p)

t_:

3
“|§\

as in the previous section. Then

Si:a=— u< =0

1° U c ) forp>pr,u<up=0;

_ G?(p) — H?

Sy i =—c (v) (p) for0<p<pr,u<ur=0,
G(p)

where G(p) = 2nr(p + pr/c?) > 0 and

H(p) = —nlp —p)/¢ +/n2(p — pr)? /e + 4n (0 + pr /) (p + p/ ).

The rarefaction curves in the barred coordinates are given by
_ 1 P /
Riirim tem (Y 4 [f W@

T3 c—u 1w+ plw)/c?

w = const. forO<p<pp,u>urp=0;

_ 1 c+u P (w) _
Ry: s := 501n(c—u)_ ) Wcﬂw:const. for p>pr,u>1ur =0.

Note that, as ¢ — 00, system (4.1) and the curves in Lemma 4.1 tend to the corresponding expressions of

the classical isentropic Euler equations (2.1) as presented in Section 2.

Global existence of entropy solutions to the Cauchy problem (4.1) was first established by Pant [25] for
¢ = 0 and later by Li-Shi [20] for e > 0 with ¢ = 1. See also Chen-Li [7] for the uniqueness and asymptotic
stability of Riemann solutions. The recent result by Li-Geng [18] establishes the global existence of entropy
solutions independently of c. However, all the results mentioned were obtained by the Glimm scheme. Now
the goal is to establish the convergence of the front-tracking method and obtain the bounds independent of
the adiabatic exponent « > 1 and the speed of light ¢ > ¢¢ for large ¢y. The next lemma is useful to obtain

the corresponding result to Proposition 3.3 in this setting.

Lemma 4.2. There is a smooth function g(u, p, p1) such that

/@) = H(p)

g(ﬂvPaPL) = G(p)

forc>co,e>0, and p > pr.

Proof. A direct computation yields

E(GP(p) ~ HHp) = I + I - 2P
where
[, 2ny/p+pi/ e = pr)(n —ny)
Vot oL/ +\/p+p/c
and

2 3 _ 3
I, = n’(p—pr)

On the other hand,

1
p== e+ 1) [ (pr+ A= ) A (o= pr)
and

1
0
nen= [ S+ Mo = p)dA (- p)
o Op
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(4.8)

(4.12)
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Then there is a smooth function g; such that

e/ G*(p) — H?*(p) = (p — pL)g1 (1, p, pr) (4.14)

for ¢ > cg, € >0, and p > pr. Since G > 0, we arrive at the result. m
Then, in a similar way, we have

Proposition 4.3. Consider two shock curves of first family, which start from the points (ro, s1) = (r(Up), s(U1))
and (1o, s0) = (r(Uy), s(Up)) and are continuous to the points (r, s2) and (r,s), respectively. Then there exists
a constant cg > 0 such that, for ¢ > ¢,

S0 — s — (81— s2) = O(1)e(s1 — s0)(rg — 1), (4.15)
where O(1) depends only po, p1 € [p,p] and co > 0.

Again, following [1] (see also [24]), we obtain the wave interaction estimates corresponding to Lemma 3.4
and conclude the existence of a global entropy solution U* to (4.1) by the front-tracking method.

Theorem 4.1. Suppose that 0 < p < po(z) < p < oo and e TV{Up} < N. Let S be the Standard Riemann
Semigroup to the isothermal Euler equations (1.10). If U is the entropy solution to (4.1) for € > 0 and
¢ > ¢y constructed by the front tracking method, then, for everyt >0,

[8:Uo = U*(t)]| Ly = OL)TV{Uo} t ||l
where ||p|| =&+ 1/c2.
Proof. The proof follows closely the proofs of Theorems 2.1 and 3.1. Given two front states (Ur,Ug)
of the d-front tracking approximate solution U%* at a non-interaction point (Z,7) with strength «, consider

the Standard Riemann Semigroup S,U to (1.10) that consists of three states of strength 4, and (. In the
case of a shock front, the speed of the a-wave is

- 1 NRUR nruy,
o) = Wi (Ug) — W{"(Ur) V1i—uk/2 J1—u2/c? ’
and, as usual, one gets
lo(p) — o1 = O 1ell-
where o1 denotes the speed of the B1-wave. Also, by employing the smoothness of the functions for « close
to 1, € € [0, 0], and ¢ > ¢g, we have

fr—a=pr—1=01)a—1]|u.

Using the standard techniques developed in the two previous sections, we prove the result. m
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