PERIODIC CONSERVATIVE SOLUTIONS OF THE
CAMASSA-HOLM EQUATION

HELGE HOLDEN AND XAVIER RAYNAUD

ABSTRACT. We show that the periodic Camassa—Holm equation ut — Uzt +
3uuz — 2UzUze — Ulzer = 0 possesses a global continuous semigroup of weak

conservative solutions for initial data u|¢=op in le)er. The result is obtained

by introducing a coordinate transformation into Lagrangian coordinates. To
characterize conservative solutions it is necessary to include the energy density
given by the positive Radon measure y with pac = (u? 4+ u2)dz. The total
energy is preserved by the solution.

1. INTRODUCTION

The Camassa—Holm equation
Ut — Uppt + 3UUL — 2UpUgy — Ulgge = 0 (1.1)

was first studied extensively in 1993 [6, 7]. It can be derived as a model for shallow
water waves. Furthermore, the equation can be derived in the context of geodesic
flows of a certain invariant metric on the Bott—Virasoro group [25, 3].

The equation possesses many fascinating properties that has made it a popular
equation. In particular, it is bi-Hamiltonian, completely integrable, has infinitely
many conserved quantities, and has solitary waves, called (multi)peakons, that in-
teract like KdV-solitons. Another interesting aspect is that it enjoys wave-breaking
in finite time in the sense that the spatial derivative u, of the solution blows up
while the solution u itself as well as its energy, the H'-norm, both remain finite.
Continuation of the solution beyond wave breaking has been a challenge. Several
entropy conditions that single out the proper continuation have been analyzed.

The Cauchy problem for (1.1) has been studied in two different settings; on the
full line R and the periodic case on [0,1]. We here address the latter case, and
for reasons of space we restrict the general references mainly to the periodic case.
Constantin and Moulinet have proved [14, p. 60] that for initial data u|;—g = @ €
H'([0,1]) such that m = @ — 1z, is a non-negative Radon-measure, the equation
(1.1) possesses a unique solution u € C*((0,00), L%([0,1])) N C((0, 00), H*([0, 1])).
Furthermore, the quantities f[O,l] udx, f[o,u (u? + u2)dz, and f[o,l] (u? + uu?) dx
are all conserved quantities. Regarding blow-up, Constantin and Escher [13] have
derived the following result. Let ug € H3([0,1]). Then there exists a maximal T > 0
such that (1.1) has a unique solution u € C([0,7'), H3([0, 1]))NC* ([0, T), H?([0, 1])).
If @ is non-zero and f[0,1} (3 4+ uui2) dz = 0, then T is finite. See also [10),

The question about how to continue the solution beyond wave-breaking can be
nicely studied in the case of multipeakons (we here give the description on the full
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line). Multipeakons are given by (see, e.g., [21] and references therein)
u(t,z) = Zpi(t)e_ll_‘“(t)‘, (1.2)
i=1

where the (p;(t), ¢;(t)) satisfy the explicit system of ordinary differential equations

n n
i =Y pie '8l p =" pipssen(qi — gj)e” 44,
j=1 j=1
Observe that the solution (1.2) is not smooth even with continuous functions
(pi(t),qi(t)); one possible way to interpret (1.2) as a weak solution of (1.1) is to
rewrite the equation (1.1) as
ut + (%uQ + (1 =03 (u? + %ui))z =0.

Wave breaking may appear when at least two of the ¢;’s coincide. If all the p;(0)
have the same sign, the peakons move in the same direction, the solution experiences
no wave breaking, and one has a global solution. Higher peakons move faster
than the smaller ones, and when a higher peakon overtakes a smaller, there is an
exchange of mass, but no wave breaking takes place. Furthermore, the ¢;(t) remain
distinct. However, if some of p;(0) have opposite sign, wave breaking may incur.
For simplicity, consider the case with n = 2 and one peakon p;(0) > 0 (moving to
the right) and one antipeakon p2(0) < 0 (moving to the left). In the symmetric case
(p1(0) = —p2(0) and ¢1(0) = —g2(0) < 0) the solution will vanish pointwise at the
collision time t* when ¢ (t*) = ¢2(t*), that is, u(t*,2) = 0 for all z € R. Clearly,
at least two scenarios are possible; one is to let u(¢, z) vanish identically for ¢ > t*,
and the other possibility is to let the peakon and antipeakon “pass through” each
other in a way that is consistent with the Camassa—Holm equation. In the first
case the energy [(u?+u?2)dx decreases to zero at t*, while in the second case, the
energy remains constant except at t*. Clearly, the well-posedness of the equation
is a delicate matter in this case. The first solution could be denoted a dissipative
solution, while the second one could be called conservative. Other solutions are
also possible. Global dissipative solutions of a more general class of equations were
recently derived by Coclite, Holden, and Karlsen [3, 9]. In their approach the
solution was obtained by first regularizing the equation by adding a small diffusion
term eu,, to the equation, and subsequently analyzing the vanishing viscosity limit
€ — 0.

Recently, a rather different approach to the Camassa—Holm equation was taken
by Bressan and Constantin [4]. The method has been further studied and extended

to the hyperelastic-rod wave equation, see [22, 24]. As a first step one reformulates
the Camassa—Holm equation (1.1) as the following system
U + uug + Py = 0, (1.3a)
1
P — Py, =u2+§u§. (1.3b)

The equations are further reformulated as a semilinear system of ordinary differ-
ential equations taking values in a Banach space. This formulation allows one to
continue the solution beyond collision time, giving a global conservative solution
where the energy is conserved for almost all times. Thus in the context of peakon-
antipeakon collisions one considers the solution where the peakons and antipeakons
“pass through” each other. Local existence of the semilinear system is obtained
by a contraction argument. Furthermore, the reformulation allows for a global
solution where all singularities disappear. Going back to the original function u,
one obtains a global solution of the Camassa—Holm equation. The well-posedness,
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i.e., the uniqueness and stability of the solution, is resolved as follows. In addition
to the solution wu, one includes a family of non-negative Radon measures u; with
density u2 dz with respect to the Lebesgue measure. The pair (u, j1;) constitutes
a continuous semigroup, in particular, one has uniqueness and stability. See also
5, 17).

In this paper we follow [22, 24] rather than [4], and reformulate the equation
using a transformation that corresponds to the transformation between Eulerian
and Lagrangian coordinates. Let u = u(t,x) denote the solution, and y(t,&) the
corresponding characteristics, thus y:(¢,&) = u(t,y(t,£)). Our new variables are

y(t, &),
y(t,6)
U(€) = ult, y(t,€)),  H(t,€) = / (u® + ) da (1.4)

o0
where U corresponds to the Lagrangian velocity while H could be interpreted as
the Lagrangian cumulative energy distribution. In the periodic case one defines

Q- —1) / sinh(y(€) — y(n)(Uye + He)(n) dn (1.5)

»I>I>—‘

/0 sgn(& —n) exp (—sgn(€ —n)(y(€) — y(n))) (Uye + He) dn,
F= 2(e —1) / cosh(y(&) — y(m)(U?ye + He)(n) dn (1.6)

+ i/ exp (—sgn(& —n)(y(€) — y(n)) (UPye + He) dn.
0

Then one can show that
Yt = U’
Uy = -0, (1.7)
= U3 —2PU,

is equivalent to the Camassa—Holm equation. Global existence of solutions of (1.7)
is obtained starting from a contraction argument, see Theorem 2.7. The uniqueness
issue is resolved by considering the set D (see Definition 3.1) which consists of pairs
(u, ) such that (u, p) € Difu € Hy,, and p is a positive Radon measure with period
one, and whose absolutely continuous part satisfies pac = (u? +u2) dz. With three
Lagrangian variables (y, U, H) versus two Eulerian variables (u, u), it is clear that
there can be no bijection between the two coordinates systems. However, we define
a group of transformations which acts on the Lagrangian variables and lets the
system of equations (1.7) invariant. We are able to establish a bijection between the
space of Eulerian variables and the space of Lagrangian variables when we identify
variables that are invariant under the action of the group. This bijection allows us to
transform the results obtained in the Lagrangian framework (in which the equation
is well-posed) into the Eulerian framework (in which the situation is much more
subtle). In particular, and this constitutes the main result of this paper, we obtain a
metric dp on D and a continuous semi-group of solutions on (D, dp). The distance
dp gives D the structure of a complete metric space. This metric is compared with
some more standard topologies, and we obtain that convergence in Hper implies
convergence in (D,dp) which itself implies convergence in L*, see Propositions
5.1 and 5.2. The properties of the spaces as well as the various mappings between
them are described in great detail, see Section 3. Our main result, Theorem 4.2,
states that there exists a continuous semigroup 7' : D x R — D such that, for any
(@, ) € D, if we denote (u(t), u(t)) = Ti(a, @), then u(t) is a weak solution of the
Camassa—Holm equation. The topology on D is of course given by the metric dp
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and, by continuity of the semigroup, we mean that if (@, i) — (@, ) in D, then
(un(t), pn(t) = (u(t), u(t)) in D, i.e., we use the same topology on the set of initial
data as on the set of solutions, which shows that the complete metric dp is the
appropriate metric for conservative solutions of the Camassa—Holm equation. The
associated measure p(t) has constant total mass, i.e., u(t)([0,1)) = p(0)([0,1)) for
all ¢, which corresponds to the total energy of the system. This is the reason why
our solutions are called conservative.

Many of the ideas used in this article originate from [21] where the case of the
full line is treated and some of the proofs are indeed adaptations to the periodic
case. There is, however, one significant and important difference. It concerns the
group of transformations here denoted G acting on the Lagrangian variables. By
introducing Lagrangian variables, one introduces a degree of arbitrariness which is
captured by the group of transformation acting on the new variables and which
is removed when one takes the quotient space. The determination of the correct
group is crucial as it enables us to return to the Eulerian coordinates via the
quotient space and to construct the continuous semigroup of solutions in Eulerian
coordinates. On the full line, this group consists of the group of diffeomorphism
with some regularity condition denoted G, which is also a natural choice taking into
account the geometric interpretation of the equation, see [3, 15]. In the periodic
case, the same group G is needed but we also have to take into account that we
introduce an additional degree of freedom by considering the cumulative energy.
Indeed, the energy is like a potential and defined up to a constant. In the case of
the full line, we normalize this constant to zero at —oo. We cannot do that in the
periodic case and instead we expand the group G to G = G x R. The action of the
group (R, +) corresponds to the degree of freedom resulting from the fact that the
energy is defined up to a constant.

The method described here can be studied in detail for multipeakons, see [21]
for details on the full line. The results can be extended, as in [24], to show global
existence of conservative periodic solutions for the generalized hyperelastic-rod wave
equation

u + f(w)e + P =0,
1.8
P— P =gu)+ %f”(u)ui, (18)

where f,g € C*°(R) and f is strictly convex. Observe that if g(u) = u? and
flu) = %, then (1.8) is the classical Camassa—Holm equation (1.1).

Furthermore, the methods presented in this paper can be used to derive nu-
merical methods that converge to conservative solutions rather than dissipative
solutions. This contrasts finite difference methods that normally converge to dis-
sipative solutions, see [23] for a proof of convergence of a upwind scheme in the
periodic case, and [19] for the related Hunter—Saxton equation. See also [20)].

2. GLOBAL SOLUTIONS IN LAGRANGIAN COORDINATES

2.1. Equivalent system. We consider periodic functions. For the sake of simplic-
ity, we will only consider functions of unit period, that is, g(¢ + 1) = g(§). The
results are of course valid for any period after making the necessary adjustments.
We introduce the space V; defined as

Vi={f € HL.(R) | f(§+1)=f(&)+ lfor all { € R}.

Functions in V3 map the unit interval into itself in the sense that if u is periodic
with period 1, then wo f is also periodic with period 1. We define the characteristics
y: R — Vi, t — y(t, -) as the solutions of
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Assuming that u is smooth, it is not hard to check that (1.3) yields
(u? +u2) + (u(u? +u2)), = (u* — 2Pu),. (2.2)

We define the Lagrangian energy cumulative distribution as

y(t,€)
H(t, &) = / (u? + u?)(t, x) dx. (2.3)
y(¢,0)
Using (2.2) and (2.1), we obtain
dH ¢
T [(w® —2Pu)oy]; . (2.4)

From (2.3), the periodicity of u and the fact that y € V3, we can check that, for all
§eR,

Moreover, from (2.4), we can verify that H(¢,1) — H(¢,0) is constant in time so
that H(¢t,1)— H(t,0) = H(0,1) — H(0,0). For all ¢, H belongs to the vector space
V' defined as follows

V = {f € H} .(R) | there exists a € R
such that f(£+ 1) = f(€) + «, for all £ € R}.

We equip V' with the norm || f[ly, = [|f[[z1(jo,17)- Later we will prove that V' is a

Banach space. To simplify the notation, we will denote H*([0, 1]) by H! and follow
the same convention for the other norms we will consider.

We now derive formally a system equivalent to (1.3). From the definition of the
characteristics, it follows that

Ui(t, &) = wi(t,y) + ye(t, §us(t,y) = —Proy (L, §). (2.5)

This last term can be expressed uniquely in term of U, y, and H. From (1.3b), we
obtain the following explicit expression for P,

1 1
P(t,x) = —/e—\w—zl(qﬁ(t,z) + Zul(t, 2)) dz. (2.6)
2 Jr 2
Thus we have

Paoy(t.€) =~ [ sen(t.€) = 2)e OO e, ) + (e, ) da
R

and, after the change of variables z = y(t, ),

Ppoy(t,§) = f% / [sgn(y(t, €) — y(t,m))e @O -yt
R

< () + gttt vetn] an 2

We have
H: = (u2 + ui)oyyg. (2.8)

Therefore, (2.7) can be rewritten as

Paoy(©) = —1 [ sen(u(&) — ym) exp(— () ~ umD(UPse + H) ) dn (29)

where the ¢ variable has been dropped to simplify the notation. Later we will prove
that y is an increasing function for any fixed time ¢. If, for the moment, we take
this for granted, then P,oy is equivalent to () where

Qt,¢€) =—iésgn(ﬁ—n)eXp(—sgn(ﬁ—n)(y(f)—y(n)))(U2yg+Hg)(n) dn, (2.10)
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and, slightly abusing the notation, we write

P(6) = 1 [ exp (= sen€ — (&)~ yn) Uy + H) o (210)

The derivatives of @ and P are given by

1 1
Q¢ = _EH — (§U2 — P) ye and Py = Qye. (2.12)

For ¢ € [0, 1], using the fact that y({ + 1) = y(§) + 1 and the periodicity of He and
U, these expressions can be rewritten as

Q= 5y || S (w() — w0 P+ ) o)

- i/o sgn(& —n) exp (—sgn(€ —n)(y(€) —y()) (Uye + He) dn  (2.13)

and

1

r= 2(e—1) /o cosh(y(&) — y(n))(U?ye + He)(n) dn

+ i/ exp (—sgn(& —n)(y(&) —ym)) (UPye + He)dn.  (2.14)
0

Thus P,oy and Poy can be replaced by equivalent expressions given by (2.10)
and (2.11) which only depend on our new variables U, H, and y. We now derive
a new system of equations, formally equivalent to the Camassa—Holm equation.
Equations (2.5), (2.4) and (2.1) give us

ye =0,
Up = —Q, (2.15)
H, = [U* —2PU;.
Differentiating (2.15) yields
yer = Ug,
Ut = %Hg + <%U2 - P) Ye, (2.16)
Hep = —2Q Uy + (3U? — 2P) U.
The system (2.16) is semilinear with respect to the variables y¢, Ue, and He.

2.2. Existence and uniqueness of solutions of the equivalent system. In
this section, we focus our attention on the system of equations (2.15) and prove,
by a contraction argument, that it admits a unique solution. Let Id denote the
identity, i.e., Id(§) = £&. We claim that the linear map A: (o,h) — f =0+ hld is
an homeomorphism from H!  x R to V where H!_ denotes the Banach space

per per
Hpe, = {0 € Hige(R) | o(6 +1) = 0(¢) for all € € R}
with the norm |||/ 51 = [lo|| g1 It is clear that A is invertible and, for any f € V/,

its inverse (o,h) = A71f is given by h = f(1) — f(0) and ¢ = f — hId. Let
f = A(o,h), we have

2
[l < lloll e + [RIIA] g2 = llo]l g + \/;Ihl
and therefore A is continuous. Conversely,

b = 1F(1) = FO)l < 2| fllpee <2C N1l g1
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and

2
ol < NF g + 20170 oo (Ml g2 < (1 + 2\/;0) (Rl

where the constant C' denotes the constant of the Sobolev embedding H!' C L°°.
Hence, A™! is continuous. Since le,er x R is a Banach space, V is also a Banach

space. We introduce ¢ = y — Id and (o,h) = A~Y(H), i.e., h = H(t,1) — H(t,0)
and 0 = H — h1d. The system (2.15) is then equivalent to

G=U,
Ui = —Q,
o, = [U® — 2PV, (217)
he = 0.

We will prove that the system (2.17) is a well-posed system of ordinary differential
equations in the Banach space E where

E=H' xH! xH! xR

per per per
There is a bijection (¢,U,0,h) — (y,U, H) between E and Vi x H},. x V given by
y=C(+1d, H =0+ hld and U is unchanged, so that in the remaining we will
use both set of variables. However, for the contraction argument it is important to
have a Banach space and we use E and the variables ((,U, o, k) (note that V7 and

a fortiori V7 x HI},er x V are not Banach spaces). The following lemma gives the

Lipschitz bounds we need on @) and P.

Lemma 2.1. For any X = ((,U,0,h) in E, we define the maps Q and P as
Q(X) = Q and P(X) = P where Q and P are given by (2.10) and (2.11), re-
spectively. Then, P and Q are Lipschitz maps on bounded sets from E to H;er.
Moreover, we have

Qc=—5(0e + ) - (307~ P) 1+ o) (2.18)

Pe=Q(1+C). (2.19)

Proof. Let By = {X = ((,U,0,h) € E | | X|gp < M}. Let us first prove that
P and Q are Lipschitz maps from By to L3,. Let X = ((,U,0,h) and X =
(5, U,s, iL) be two elements of B);. We have

[yl e = 1Td+Cll o <1+ CClln < 1+ CM).

and ||g]l,~ < (1 4+ CM). Since the map x +— coshz is locally Lipschitz, it is
Lipschitz on {z € R | || < 2(1 4+ CM)}. Hence, if we denote by C a generic
constant that only depends on M, we have

[cosh(y(€) = y(n)) — cosh(G(€) — F(m)| < C ly(&) = 5(€) — y(m) + F(n)
<cle-dl,.
for all £, 7 in [0,1]. It follows that, for all £ € [0, 1],
cosh(y(€) = y(-DUZye( ) = cosh(3() —5(-NT*5e(-)|| ,

c(fe=g],.+v-o

B

1 .
and the map X = ((,U,0,h) +— g0 Jo cosh(y(€) — y(n))(UPye)(n) dn which
corresponds to the first term in (2.14) is Lipschitz from By to Lg,. We handle the
other terms in (2.14) in the same way and we prove that P is Lipschitz from B, to

Lo, Similarly, one proves that Q: By — Ly, is Lipschitz. Direct differentiation



8 HOLDEN AND RAYNAUD

gives us the expressions (2.12) for the derivatives Pr and Q¢ of P and Q. Since, as

we have just proved, P and Q are Lipschitz from By to Lpg,, we have
12(X)e = Q(X)e]| .
. ~ 1 . _ -
=[P - 5P () - 02 - Ot o - 51—
LZ

<o HP(X) - P(X)HLDO + HU - UHLw + HCg - 5&‘

L+ lloe = Gell o + |h = A|)
<cfjx-|
E

<

LOO
C HU — UH . Hence, we have proved that Q: By, — HI},er is Lipschitz. We prove
LOC

where we have used the fact that U and U are bounded in By so that HU2 — 02‘

that P: By — HI},er in the same way, and this concludes the proof of the lemma. O

In the next theorem, by using a contraction argument, we prove the short-time
existence of solutions to (2.15).

Theorem 2.2. Given X =((,U,5,h) in E, there exists a time T depending only
on HXHE such that the system (2.15) admits a unique solution in C*([0,T), E) with
initial data X .

Proof. Solutions of (2.15) can be rewritten as
¢
X(t) =X +/ F(X(7))dr (2.20)
0

where F: E — E is given by F(X) = (U, —Q(X), [U® — 2P(X)U]5,0) where X =
(¢,U,0,h). The integrals are defined as Riemann integrals of continuous functions
on the Banach space E. To prove that X — [U3 — 2P(U)U]5 is Lipschitz from
bounded set of E to H! , we proceed as in the proof of Lemma 2.1. Hence, F'

per?
is Lipschitz on bounded set, and the theorem follows from the standard theory of
ordinary differential equations, see, for example, [1]. O

We now turn to the proof of existence of global solutions of (2.15). We are
interested in a particular class of initial data that we are going to make precise later,
see Definition 2.5. In particular, we will only consider initial data that belong to

[WL22]® x R where Wk = {f € WEX(R) | f(£+1) = f(£) for all & € R}, which

per per

is a Banach space for the norm ”f”W;éroO = | fllwie- Of course, [Wgé?of’ x R is

a subset of E. Given X = (¢,U,,h) € [WH*®]3 x R, we consider the short-time
solution X = (¢,U,0,h) € C([0,T], E) of (2.15) given by Theorem 2.2. Using the
fact that Q and P are locally Lipschitz (Lemma 2.1) and, since X € C([0,T], E),
we can prove that P and @ belongs to C([0,T], H},,). We now consider U, P, and

per

Q as given functions in C([0, 7], H;er). Then, for any fized £ € R, we can solve the
system of ordinary differential equations in R3 given by

d

—a(t, &) = Bt

Salt,€) = B(1,6),

d 1 _ 1,

SH(LE) = 506+ B) + | (GU? ~ P)O)| (L+ a(t,€), (221)

La(6:6) = ~ QU6 (1 + alt,6) + [BU? — 2P)(1,6)] 5(1,6),

and which is obtained by substituting (¢, Ue and o¢ in (2.16) by the unknowns a,
0 and =, respectively. We also replaced h(t) by h since h(t) = h for all t. We have
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to specify the initial conditions for (2.21). Let A be the following set
A={EeR [ U] < [|Ue]l ;- 106 < el e » 1€ < [|<e]l 1}

Since we assumed X € [W1>]3 x R, we have that A has full measure, that is,

meas(A) = 0. For & € A we define (a(0,€), 3(0,€),7(0,€)) = (C(€), Ue(€), 5¢(€))-
However, for £ € A° we take («(0,¢&), 5(0,£),7(0,€)) = (0,0,0).

) =
Lemma 2.3. Given initial condition X = (E U,5,h) € [WH]3 x R, we consider
the solution X = (¢,U,0,h) € CY([0,T), E) of (2.21) given by Theorem 2.2. Then,
X € ([0, T),[Wh=]3 x R). The functions o(t, &), B(t,€) and v(t,&) which are
obtained by solving (2.21) for any fized given & with the lmtwl condition specified
above, coincide for almost every & and for all time t with (¢, Us and o¢, respectively,
that is, for allt € [0,T], we have

(Oé(t, 5)7 ﬁ(tv 5)7 7(t> f)) = (Cﬁ(t’ 5)7 Uﬁ(t’ 5)7 Uﬁ(ta E)) (2'22)

for almost every £ € R.

Thus, this lemma allows us to pick up a special representative for (¢, U, o¢)
given by (a, 3,7), which is defined for all £ € R and which, for any given &, satisfies
the ordinary differential equation (2.21) in R3. In the remaining we will of course
identify the two and set (¢, Ug, 0¢) equal to (o, 3,7y). To prove this lemma, we will
need the following proposition which is adapted from [28, p. 134, Corollary 2].

Proposition 2.4. Let R be a bounded linear operator on a Banach space X into

a Banach space Y. Let f be in C([0,T], X). Then Rf belongs to C’([O,T],Y) and
therefore is Riemann integrable, and fo 7] Rf(t) Rf[o 7] f@)

Proof of Lemma 2.3. We introduce the Banach space of everywhere bounded pe-
riodic function BSS. whose norm is naturally given by ||f||Boo = supgeoq | f(§)]-

per
por We define (o, B,7) as
the solution of (2.21) in [BS2 } with initial data as given above. Thus, strictly

per
speaking, this is a different definition than the one given in the lemma but we will
see that they are in fact equivalent. We note that the system (2.21) is affine (it con-

sists of a sum of a linear transformation and a constant) and therefore it is not hard

Obviously, the periodic continuous functions belong to BSS

to prove, by using a contraction argument in [ngr] , the short-time existence of
solutions. Moreover, due to the affine structure, a direct application of Gronwall’s
lemma shows that the solution exists on [0, 7], the interval on which (¢,U, o, h) is
defined. For any given £, the map f — f(¢) from B, to R is linear and continuous
(the space Bp¢, was precisely introduced in order to make this map continuous).
Hence, after applying this map to each term in (2.21) written in integral form and
using Proposition 2.4, we recover the original definition of o, § and ~ as solutions,
for any given ¢ € R, of the system (2.21) of ordinary differential equations in R3.
The derivation map jg is continuous from Hper into Lper We can apply it to each
term in (2.15) written in integral from and, by Proposition 2.4, this map commutes

with the integral. We end up with, after using (2.18) and (2.19),
t
Gelt) =G+ [ Uetryar,
0
_ tr1 - 1,
Ue(t) = Ue + 5(a—f +h)+ (§U - P)(1+¢) | (r)dr, (2.23)
0

oe(t) = G¢ + /O (—2QU(1+ ¢) + (3U? — 2P)U¢) () dr.

The map from B, to Lf,er is also continuous, we can apply it to (2.21) writ-
ten in integral form, and again use Proposition 2.4. Then, we subtract each
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equation in (2.23) from the corresponding one in (2.21), take the norm and add
them. After introducing Z(t) = ||a(t, -) — Ce(t, <)l 2 + 18, -) = Ue(t, )|l ;2 +
lv(t, ) —oe(t, - )|| 2, we end up with the following equation

Z(t) < Z(O)JrC/tZ(T)dT
0

where C is a constant which, again, only depends on the C([0,7], H')-norms, of
U, P, and Q. By assumption on the initial conditions, we have Z(0) = 0 because
a(0) = (¢, B(0) = Ug, 7(0) = &¢ almost everywhere and therefore, by Gronwall’s
lemma, we get Z(t) = 0 for all ¢t € [0,7T]. This is just a reformulation of (2.22), and
this concludes the proof of the lemma. O

It is possible to carry out the contraction argument of Theorem 2.2 in the Banach
space [WgéC;OP x R but the topology on this space turns out to be too strong for our
purpose and that is why we prefer ' whose topology is weaker. Our goal is to find
solutions of (1.3) with initial data @ in le,er. Theorem 2.2 gives us the existence of
solutions to (2.15) for initial data in E. Therefore we have to find initial conditions
that match the initial data @ and belong to E. A natural choice would be to use
7(&) = y(0,¢) = &€ and U(€) = u(€). Then y(t, &) gives the position of the particle
which is at £ at time ¢ = 0. But, if we make this choice, then I—_If = 4% + 42 and
H¢ does not belong to L2, in general. We consider instead (7, U, H) given by the

relations v
g(&) _
[ vy a o = 0 e
0 i (2.24)
_ B g(&)
0(€) = aopl©) and () = [ (a*+ ) do.
0

where h = fol(a2+a§) dz = ||@||%: . The definition of § is implicit, it is well-defined
per
as the function y +— foy (@?+1u2) dz+y is continous, strictly increasing and therefore

invertible. Later (see Remark 3.10), we will prove that (g—Id, U,H-h1d, ﬁ) belongs
to G where G is defined as follows.

Definition 2.5. The set G is composed of all (¢,U, 0, h) € E such that

(¢, U,0,h) € [Wh=]* xR, (2.25a)
ye > 0, He > 0,y¢ + He > 0 almost everywhere, (2.25Db)
yeHe = y§U2 + U§2 almost everywhere, (2.25¢)

where we denote y(§) = ((§) + ¢ and H = o + h1d.

If (¢,U,0,h) € G, then h > 0. Indeed, since He > 0, H is an increasing function
and h = H(1) — H(0) > 0. Note that if all functions are smooth and ye > 0, we
have u, oy = Z—E and condition (2.25¢) is equivalent to (2.8). For initial data in G,
the solution of (2.15) exists globally.

Lemma 2.6. Given initial data X = ({,U,&,h) inG, let X (t) = (C(t),U(t),a(t), h(t))
be the short-time solution of (2.15) in C([0,T], E) for some T > 0 with initial data
(¢,U,5,h). Then,

(i)  X(t) belongs to G for all t € [0,T],

(i)  for almost every t € [0,T], ye(t,€) > 0 for almost every £ € R.

We denote by A the set where the absolute values of (¢(€), 7¢(€), and Ug(€) all

are smaller than and where the inequalities in (2.25b) and (2.25¢)

I
are satisfied for g¢, Ug and He. By assumption, we have meas(A°) = 0 and we
set (Ce, Ue, G¢) equal to zero on A°. Thus, as allowed by Lemma 2.3, we choose
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a special representative for (((¢,£),U(t,€),0(t,£)) whose derivative satisfies (2.16)
as an ordinary differential equation, for every £ € R. The proof of this lemma is
almost the same as in [22]. We repeat it here for completeness.

Proof. (i) We already proved in Lemma 2.3 that the space [IW>°]3 x R is preserved
and X (t) satisfies (2.25a) for all ¢ € [0,7]. Let us prove that (2.25c¢) and the
inequalities in (2.25b) hold for any £ € A and therefore almost everywhere. We
consider a fixed ¢ in A and drop it in the notation when there is no ambiguity.
From (2.16), we have, on the one hand,

(yeHe)r = yer He + Hepye = UeHe + (3U?Us — 2yeQU — 2PUg)ye,
and, on the other hand,
(WEU? + U) = 2yeyeU? + 292 UU + 2U¢, U
= 3UcU?ye — 2PUcye + HeUe — 2y QU.

Thus, (yeHe — yzU? — UZ); = 0, and since ye He(0) = (ygU? + UZ)(0), we have
YeHe(t) = (ygU? + UZ)(t) for all t € [0,T]. We have proved (2.25c). Let us
introduce t* given by

t* =sup{t € [0,T] | ye(t') > 0 for all t' € [0,¢]}.

Here we recall that we consider a fixed £ € A and dropped it in the notation.
Assume that t* < T'. Since ye(t) is continuous with respect to time, we have

ye(t*) = 0. (2.26)
Hence, from (2.25c) that we just proved, Us(t*) = 0 and, by (2.16),

yer(t*) = Ue (") = 0. (2.27)
From (2.16), since y¢(t*) = Ug(t*) = 0, we get
* * 1 *
1) = Ugu(t") = L He(t"). (2:28)

If He(t*) = 0, then (ye, U, He)(t*) = (0,0,0) and, by the uniqueness of the solu-
tion of (2.16), seen as a system of ordinary differential equations, we must have
(ye, Ue, He)(t) = 0 for all ¢ € [0, T]. This contradicts the fact that y¢(0) and He(0)
cannot vanish at the same time (7¢ + He > 0 for all £ € A). If He(t*) < 0, then
yerr (t*) < 0 and, because of (2.26) and (2.27), there exists a neighborhood U of
t* such that y(t) < 0 for all t € U \ {t*}. This contradicts the definition of ¢*.
Hence, He(t*) > 0 and, since we now have y¢(t*) = yet(t*) = 0 and yen(t*) > 0,
there exists a neighborhood of ¢* that we again denote U such that ye(t) > 0 for
all ¢ € U\ {t*}. This contradicts the fact that t* < T, and we have proved the
first inequality in (2.25b), namely that ye(¢t) > 0 for all ¢ € [0,T]. Let us prove
that He(t) > 0 for all ¢ € [0,T]. This follows from (2.25¢) when y¢(¢) > 0. Now, if
ye(t) = 0, then Ug(t) = 0 from (2.25¢) and we have seen that He(¢) < 0 would imply
that ye(t') < 0 for some ¢’ in a punctured neighborhood of ¢, which is impossible.
Hence, H¢(t) > 0 and we have proved the second inequality in (2.25b). Assume
that the third inequality in (2.25c) does not hold. Then, by continuity, there exists
a time ¢ € [0,T] such that (ye + He)(t) = 0. Since ye and He are positive, we must
have y¢(t) = He(t) = 0 and, by (2.25¢), Ue(t) = 0. Since zero is a solution of (2.16),
this implies that y¢(0) = U¢(0) = H¢(0), which contradicts (ye + He)(0) > 0.
(i) We define the set

N = {(t,f) € [O7T] x R ‘ yf(tﬂé) = O}
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Fubini’s theorem gives us

meas(N) = /Rmeas(/\/'g) d¢ = meas(N;) dt (2.29)

[0,7]

where N and N, are the ¢-section and ¢-section of NV, respectively, that is,
Ne ={t€[0,T] | ye(t,€) = 0} and Ny = { € R | ye(2,€) = 0}

Let us prove that, for all £ € A, meas(Ng) = 0. If we consider the sets Ng‘ defined
as

¢ ={te[0,T] | ye(t,§) =0 and ye(t',€) > 0 for all t’ € [t — 1/n,t + 1/n] \ {t}},

then

Ne= [ Mg (2.30)

neN

Indeed, for all t € N¢, we have ye(t,§) = 0, yei(t,€) = 0 from (2.25¢) and (2.16)
and yeu(t,€) = 2He(t,€) > 0 from (2.16) and (2.25b) (y¢ and He cannot vanish at
the same time for £ € A). This implies that, on a small punctured neighborhood
of ¢, y¢ is strictly positive. Hence, ¢ belongs to some Ng‘ for n large enough. This
proves (2.30). The set Ng’ consists of isolated points that are countable since, by
definition, they are separated by a distance larger than 1/n from one another. This
means that meas(NV/') = 0 and, by the subadditivity of the measure, meas(N¢) = 0.
It follows from (2.29) and since meas(.A°) = 0 that

meas(N;) = 0 for almost every ¢ € [0, T]. (2.31)

We denote by K the set of times such that meas(N;) > 0, i.e.,
K ={t € R} | meas(N;) > 0}. (2.32)
By (2.31), meas(K) = 0. For all t € K¢, y¢ > 0 almost everywhere and, therefore,
y(t, &) is strictly increasing and invertible (with respect to &). (I

We are now ready to prove global existence of solutions to (2.15).

Theorem 2.7. For any X = (y,U,H) € G, the system (2.15) admits a unique
global solution X (t) = (y(t),U(t), H(t)) in C* (R4, E) with initial data X = (y,U, H).
We have X (t) € G for all times. If we equip G with the topology inducted by the
E-norm, then the map S: G x Ry — G defined as

Si(X) = X (1)
18 a continuous semigroup.

In the formulation of Theorem 2.7, we write (y,U, H) where we really should
have written (¢,U,o,h) with y = ( +1d and H = o + h1d. In the remaining we
will continue abusing the notation in the same way because the relevant variables
are really (y, U, H) which correspond to Lagrangian variables.

Proof. The solution has a finite time of existence T only if ||((,U,o,h)(t, - )|
blows up when t tends to T" because, otherwise, by Theorem 2.2, the solution can
be prolongated by a small time interval beyond T'. Let (¢, U, o, h) be a solution of
(2.15) in C(]0,T), F) with initial data ({,U, &, h). We want to prove that

sup [[(¢(t, ), U(t, -),o(t, -), h(t)HE < 0. (2.33)

t€[0,T)

It is clear from (2.17) that h(t) = h for all time. We now consider a fixed time ¢ €
[0,T") and to simplify the notation we omit it in the notation. From (2.15), we infer
that H(0) = 0. Since He > 0, H is an increasing function and ||H||;. < H(1) =
H(1)—H(0) = h. Hence, as 0 = H—h1d, ||o| . <2handsupycoryllo(t, )l p )
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is bounded by 2h. For ¢ and 7 in [0,1], we have |y(¢) — y(n)| < 1 because y is
increasing and y(1) —y(0) = 1. From (2.25¢), we infer U?ye < H¢ and, from (2.13),
we obtain

1
QI < —/ sinh(y(€) — (1)) He () dn+/ e WOV () dy.

Hence, |Q| < C(H H(0)) = Ch = Ch for some constant C' and supeo,r) Q) 1o (r)

is finite. Sumlarly, one prove that supyc(o 1) [P(t; )|l oo () < 00. Since Uy = —Q, it

follows that sup,ejo 7y |U (%, )l oo (r) < 00 and, since ¢¢ = U, supyepo 1y [1C(t; )l oo ()
is also finite. We have proved that

Cr= sup {|U(t, )l + 1P )pe + Q)| o}
tel0,T)

is finite. Let Z(t) = |lye(t, - )| 2 + [|Ue(t, - )|l 2 + [[He(t, -)||,»- Using the semi-
linearity of (2.16), we obtain

Z(t) < Z(O)JrC/tZ(T)dT
0

where C' is a constant depending only on Cy. It follows from Gronwall’s lemma
that supcpo 1y Z(t) is finite and, as ¢ = y¢ —Id and 0 = H — h1d, it proves that
(2.33) holds. From standard theory for ordinary differential equations we infer that
S; is a continuous semi-group. ([l

3. FROM EULERIAN TO LAGRANGIAN COORDINATES AND VICE VERSA

Even if the H'-norm is conserved by the equation and therefore H_ . could be
seen as the natural space for the equation, the conservative solutions are not well-
posed in this space. There are cases, see [4, 20, 21] for the non periodic case, where
the energy density (u?+wu2) dx becomes a singular measure. The appropriate space
which makes the conservative solution into a semigroup is the D defined as:

Definition 3.1. The set D is composed of all pairs (u, ) such that u belongs to
le,er and p is a positive periodic Radon measure whose absolute continuous part,
Lac, satisfies

Mhac = (u +u ) dx. (3.1)

A Radon measure p is said to be 1-periodic if p(1+ B) = u(B) for all Borel sets
B. The equivalent system (2.15) was derived by using the characteristics. Since y
satisfies (2.1), y, for a given £, can also be seen as the position of a particle evolving
in the velocity field u, where u is the solution of the Camassa—Holm equation. We
are then working in Lagrangian coordinates. In [15], the Camassa—Holm equation
is derived as a geodesic equation on the group of diffeomorphism equipped with
a right-invariant metric. In the present paper, the geodesic curves correspond to
y(t, -). Note that y does not remain a diffeomorphism since it can become non
invertible, which agrees with the fact that the solutions of the geodesic equation
may break down, see [11]. The right-invariance of the metric can be interpreted
as an invariance with respect to relabeling as noted in [3]. This is a property that
we also observe in our setting. We denote by G the subgroup of the group of
homeomorphisms on the unit circle defined as follows: f € G if f is invertible,

FEWLP(R), f(E+1)=f(€)+1forall £ € R, and (3.2)
f—1d and f~' —1d both belong to W (3.3)

The set G can be interpreted as the set of relabeling functions. For any a > 1, we
introduce the subsets G,, of G defined by

Go={f G| |f~Tdlyre + | f" =1d[| 1 <o}
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The subsets G, do not possess the group structure of G. The next lemma provides
a useful characterization of G,.

Lemma 3.2. Let o > 0. If f belongs to Gy, then 1/(1 +a) < fe < 14«
almost everywhere. Conversely, if [ satisfies (3.2) and there exists ¢ > 1 such that
1/c < fe < c almost everywhere, then f € Go for some o depending only on c.

Proof. Given f € Gy, let B be the set of points where f~! is differentiable.
Rademacher’s theorem says that meas(B¢) = 0. For any ¢ € f~1(B), we have

CNE) - )
A B IR

because f is continuous and f~! is differentiable at f(£). On the other hand, we

have
FE) - ) €€
fE&) = f(8) &) -1
Hence, f is differentiable for any ¢ € f~1(B) and
) > 1= 1 (3.4)

>

(f el pee ~ 140
The estimate (3.4) holds only on f~1(B) but, since meas(B¢) = 0 and f~! is
Lipschitz and one-to-one, meas(f~1(B¢)) = 0 (see, e.g., [2, Remark 2.72]), and
therefore (3.4) holds almost everywhere. We have fe <1+ |[|fe — 1|, <1+ a.

Let us now consider a function f that satisfies (3.2) and such that 1/c < fe <¢
almost everywhere for some ¢ > 1. Since fg > 1/c almost everywhere, f is strictly
increasing and, since it is also continuous, it is invertible. As f is Lipschitz, we can

make the following change of variables (see, for example, [2]) and get that, for all
&1, & in R such that & < &,

e - e = | Te de < cles - €1).
(1 (6. £ (6] S
Hence, f~! is Lipschitz and (f~!)¢ < c¢. We have f=1(¢) — ¢ = & — f(§) for
¢ = f(¢) and therefore || f —1d|| o = ||f 7' — Id|| ... Finally, we get
If =Tl +[[F 7 = 1d|| e <201 —Td]| oo +2

1 Fell oo + 1 Del
<2|f —1d| poe + 2+ 2c.

Since || f —Id|| o < f01(|f§| +1)d¢ < ¢+ 1, the lemma is proved. O
We define the subsets F,, and F of G as follows
1
Fo={X=(UH ——(y+ H) € Ga},
{(X=1(y )€g|1+h(y+ ) € Ga}
and )
={X=0WUH — H) e G}.
Fe{X= .U H) €6 | mi(y+H) € C)

We recall that h = H({ + 1) — H(§) = H(1) — H(0). For a = 0, Gy = {Id}.
As we will see, the space Fy will play a special role. These sets are relevant only
because they are in some sense preserved by the governing equation (2.15) as the
next lemma shows.

Lemma 3.3. The space F is preserved by the governing equation (2.15). More
precisely, given o, T >0 and X € F,, we have

Si(X) € For
for all t € [0, T] where o' only depends on T, o and ||X||E
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Proof. Let X = (y,U, H) € F,, we denote X (t) = (y(t),U(t), H(t)) the solution of
(2.15) with initial data X and set v(t, &) = 7 (y(t,€) + H(t,€)), 0(6) = =5 (5(6) +
H(£)). By definition, we have ¥ € G, and, from Lemma 3.2, 1/¢ < #¢ < ¢ almost
everywhere, for some constant ¢ > 1 depending only «. We consider a fixed £ and
drop it in the notation. Applying Gronwall’s inequality backward in time to (2.16),

we obtain
19¢ (0)] + [He (0)] + [Ue (0)] < e (lye(t)] + | He(8)] + [Ue(t)]) (3.5)

for some constant C' which depends on || X (t)| ¢ (9,7}, ), Which itself depends only
on || X||, and T. From (2.25¢), we have

[Ue()] < \/ye(®)He(t) < 5 (ye(t) + He(1)).

Hence, since y¢ and H are positive, (3.5) gives us

1 3
—— < Pet+He < §€CT(yf(t) + He(t)),

and ve(t) = 7 (ye(t) + He(t)) > e “T. Similarly, by applying Gronwall’s

N~

lemma forward in time, we obtain ve = H%h(yg(t) + He(t)) < 3ceT. We have
1_‘%h(erH)(t, E4+1) = 1_‘%h(erH)(t, &)+ 1. Hence, applying Lemma 3.2, we obtain
that H%h(y(t, )+ lﬁf(t7 -)) € G4 and therefore X (t) € F, for some o’ depending
only on o, T" and HXHE (I

For the sake of simplicity, for any X = (y,U, H) € F and any function f € G,
we denote (yo f,Uo f,Ho f) by X o f. We denote by G the product group G x R.
The group operation on G is given by (f1,71) - (f2,72) = (f2 © f1,71 + 72) where
(f1,71) and (fa,72) are two elements of G. We define the map ®: G x F — F as
follows

y=yolf,
H=Hof+,
U=Uof,

Proposition 3.4. The map ® defines a group action of G on F.

Proof. Tt is clear that ® satisfies the fundamental property of a group action, that
is, (fo,v2) e ((f1,71)®X) = (f10 fo,71+72) X for all X € F and all (f1,71) and
(f2,72) in G. It remains to prove that (f,v)e X indeed belongs to F. It is not hard
to check that (0,v) e X belongs to F. Thus, by the group action property, we only
have to show that (f,0)e X = Xo f belongs to 7. We denote X = (,U, H) = Xof.
As compositions of two Lipschitz maps, ¢, U and H are Lipschitz. It is not hard to
check that §(6+1) = (&) +1, U(E+1) = U(¢) and H(E+1) = H(E)+H(1)—H(0),
for all £ € R. Let us prove that

gf = ygoffg, Ug = Ugof fg and Hg = Hgoffg (36)

almost everywhere. Let By be the set where y is differentiable and By the set where
g and f are differentiable. Using Radamacher’s theorem, we get that meas(Bf) =
meas(BS) = 0. For £ € B3 = Bo N f~1(B1), we consider a sequence &; converging
to & (& # &). We have

y(f (&) —y(f(&) f(&) = (&) _ §(&) —u(S)
f(&) = f(§) & — ¢ &—¢

(3.7)
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Since f is continuous, f(&;) converges to f(€) and, as y is differentiable at f(£), the
left-hand side of (3.7) tends to yeof(€) fe(€). The right-hand side of (3.7) tends to
Fe(€), and we get that

ye(f () fe (&) = 7e(&) (3-8)
for all £ € Bs. Since f~! is Lipschitz, one-to-one and meas(B¢) = 0, we have
meas(f~1(B1)¢) = 0 and therefore (3.8) holds everywhere. One proves the two
other identities in (3.6) similarly. From Lemma 3.2, we have that f. > 0 almost
everywhere. Then, using (3.6) we easily check that (2.25b) and (2.25¢) are fulfilled.
Thus, we have proved that (y, U, H) fulfills (2 25). We have h = H(1) — H(0) =
H(1) — H(0) = h. Hence, 1+h (y + H) = 1+h (y + H) f which implies, since
1J1rh (y+ H) and f belongs to G and G is a group, that =~ (y + H) € G. Therefore
X € F and the proposition is proved. ]

Since G is acting on F, we can consider the quotient space F/ G of F with
respect to the group action. We denote by II(X) = [X] the projection of F into
the quotient space F/G. Let us introduce the subset H of Fy defined as follows

H={(s.U.H)€F | /0 y(€) dé = 0}.

It turns out that H contains one and only one representative in F of each element
of F/G, that is, there exists a bijection between H and F/G. In order to prove
this we introduce two maps I'y: F — Fp and I's: Fy — H defined as follows

IM(X)=Xof!

with f = 1+h( +H)eFand X = (y,U,H), and
y=y—a)
H=H(-a)+ (1+h)a
U=U(~a)

with a = [ y(€) dé and (3, U, H) = Ta(y, U, H). In fact, I'1(X) = (f~',0) ® X and
Iy (X) = (7a, (1 + h)a) ¢ X where 7, denotes the translation by a. After noting
that the group action let invariant the quantity h H(1) — H(0), it is not hard to
check that T'; (X) indeed belongs to Fy, that is, 1+_h (y+ H) = Id. Let us prove that
(y,U, H) = Ty(y,U, H) belongs to H for any (y,U, H) € Fo. On the one hand, we

have
(G A)(E) = o [+ ) o (€ )+ (1+ )a] = ¢

because h = h and ﬁ(y + H)=1das (y,U,H) € Fy. On the other hand,

/Oly(é)d5= ) de = / d£+/ (5)d5+/11ay<s>d§

and, since y(§+1) = y(f) + 1, we obtain

/ ) de = / d§+/a <«s>d§+/0_ay<«s>d§—a=/Oly@)dx—a:o

Thus T'2(X) € H. We denote the composition map I'; o I’y from F to H by I'. We
have

D(X) = (7o, (1 + h)a) o (f71,0) ¢ X) = (f ' 0 70, (1 + h)a) ¢ X
where f and a has been defined above. Thus, I'(X) belongs to the same equivalence
class as X, and we can define the map I': F / G — M on the quotient space as
[([X]) = [(X) for any representantive X of [X]. It is easily checked that I'; and
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I’y let invariant H so that T'j3; = Idj3. Hence, I'o I3 = Id|3 and it follows that r
is a bijection from F/G to H.

Any topology defined on H is naturally transported into F/ G by the bijection I.
We equip H with the metric induced by the E-norm, i.e., dn(X,X’) = || X — X'|| 5
for all X, X’ € H. Since H is closed in F, this metric is complete. We define the
metric on F/G as

dpc (X, X)) = | E(X]) = T(X)

for any [X],[X'] € F/G. Then, F/G is isometrically isomorphic with H and the
metric d o /G is complete.

Lemma 3.5. Given a > 0. The restriction of T to F, is a continuous map from
Fo toH.

Proof. We prove first that I'; is continuous from F, to Fy and then, that I's is
continuous from Fy to H. We equip F, with the topology induced by the E-norm.
Let X;, = (Yn,Un, Hn) € Fo be a sequence that converges to X = (y,U, H) in
Fo. We denote X, = (Y, Up, Hy) = I'1(Xp) and X = (5,U, H) = I'1(X). By
definition of Fy, we have H, = —(, + hn¢ (recall that Cn = yn — 1d). Let us prove
first that H, tends to H in L3Z.. We denote f,, = 1+h (yn+Hy), [ = 1+h (y+H),
and we have f,,, f € G,. Thus H,, — H = (H, — H) o ofnt+Hofof,'—H and
we have

|, — ||, < |[Hy— Hl|po + | H o f—Ho fn (3.9)

From the definition of Fy, we know that H is Lipschitz with Lipschitz constant
smaller than 1 + h,,. Hence,

I

[Hof—Ho full po <@ +ha)[fa— fllpe - (3.10)
Since H,, and f, converges to H and f, respectively, in Lg‘;r and h,, = h,, converges

to h, from (3.9) and (3.10), we get that H,, converges to H in L

now that H, ¢ tend to H in L2,.. We have H,¢— He =
which can be decomposed into

_ _ H,¢—H, o, H . He
ng—Hg:(’;iEg)ofnl—f—f—iofn1—f—§ofl. (3.11)

Since f, € G, there exists a constant ¢ > 0 independent of n such that 1/¢ >
fn,e > c almost everywhere, see Lemma 3.2. We have

-1

where we have made the change of variables ¢’ = f, 7! (§) Hence, the left-hand

per- Let us prove

_ H,
e

2 1
1
- / (Hg — HeP 7 dé < clfing — Hela, (312

77"7

L2

81de of (3.12) converges to zero. If we can prove that = 0 f,7t — % of lin
L2, then, using (3.11), we get that H, ¢ — H¢ in L2, wh1ch is the desired result.

We recall that, since the space V and Hper x R are homeomorphic, H, — H in V
is equivalent to (o, hy) — (o,h) in H),, x R. We have

ﬂof -1 _ (Hﬁof)ff
fn,E " f"f

where g,, = fo f,”'. Let us prove that lim, . ||gn,e — 1]|;» = 0. We have, after
using a change of variables,

1 2
lgme — 1] = / <ff—£§f1> dé = clfe — fuel?s (3.13)

o fnt = (He o gn)gn.e
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Hence, since fn ¢ — fe in L2, limp oo [|gn.e — 1|2 = 0. We have

||H£ O gndn,¢ — g&HLz < HHE OgnHLoo Hgmﬁ - 1||L2 + ||gf ©Ggn — ngLz . (3'14)
We have ||He o gn|,
Lipschitz constant smaller than 1 + h,, = 1 + h,,. Hence, the first term in the sum
in (3.14) converges to zero. As far as the second term is concerned, one can always
approximate He in L2, by a periodic continuous function v. After observing that

per
1/c? < gne < ¢® almost everywhere, we can prove, as we have done several times

< 1+ h, since, as we already noted, H is Lipschitz with

now, that ||Hg 0 g, —v o gn||2L2 < c?||He — v||i2 and vog, can be chosen arbitrarily

close to H¢ o g,, in L? independently of n, that is, for all € > 0, there exists v such

that . .
||Hgogn—vogn||L2 < 3 and ||H£_U||L2 < 3 (3.15)

for all n. By Lebesgue’s dominated convergence theorem, we have vog,, — v in L}%er.

Hence, for n large enough, we have [|v o g, —v||;» < § which, together with (3.15),
implies H}_If ogn — ngL? <e¢,and Heog, — Hg in L}%er. It remains to prove that
I’ is continuous from Fy to H. We consider a sequence X,, = (yn, Upn, Hy) in Fy
which converges to X = (y,U, H) and denote a,, = fol yn () d€ and a = fol y(€) d€.
We set X, = I'2(X,,) and X = I'y(X). Since y, — y in L, a,, — a. We have
Un = Yn©°Ta,, H = Hy,07a, +(1+hy)an, U, = Uort,, where h,, = H,(1)— H,(0).
Since, 7, — 7, in H' and 7,, ¢ = 1 so that the 7,, ¢ are clearly uniformly bounded
away from zero and infinity, we can repeat the proof of continuity of I'y and prove
that y, o7, —yo7,, Hyom,, > Ho1gand U,o07,, = Uo7, in H'. Then, as
a, — a, it follows that X,, — X and the continuity of [y is proved. O

Remark 3.6. The map I'; is not continuous from F to Fy and therefore neither
is the map I' from F to H. The spaces F, were precisely introduced in order to
make the map I' continuous.

3.1. Continuous semigroup of solutions in F/G. We denote by S: F xR, —
F the continuous semigroup which to any initial data X € F associates the solution
X (t) of the system of differential equation (2.15) at time ¢. As we indicated earlier,
the Camassa—Holm equation is invariant with respect to relabeling, more precisely,
using our terminology, we have the following result.

Theorem 3.7. For any t > 0, the map S;: F — F is G-equivariant, that is,

Se((f,7) @ X) = (f,7) @ S51(X) (3.16)
for any X € F and (f,~) € G. Hence, the map S; from F/G to F/G given by
Si([X]) =[S, X]

is well-defined. It generates a continuous semigroup.
Proof. For any Xo = (yo, Uo, Ho) € F and (f,7) € G, we denote X = (7o, Uy, Hy) =
(f,7) @ Xo, X(t) = Si(Xo) and X (t) = Si(Xo). We claim that (f,v) e X(t) sat-
isfies (2.15) and therefore, since (f,~v) @ X(¢) and X (t) satisfy the same system
of differential _equation with the same initial data, they are equal. We denote
X(t) =), U(t), H(t)) = (f,7) « X(t). We have

N 1 o

U = /ngn(ﬁ —n)exp (—sgn(€ —n)(G(€) —ym))) [Un)*ye(n) + He(n)] dn.

(3.17)

We have §¢(§) = ye(f(£))fe(§) and He(§) = He(f(€)) fe(€) for almost every £ € R.
Hence, after the change of variable n = f(n’), we get from (3.17) that

0= 7 [ sen(€ = n)exp (= sen(e = n) (@)~ 9n) [00)%5c(n) + Feo)] dn
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We treat similarly the other terms in (2.15), and it follows that @,U,H) is a
solution of (2.15). Since (4, U, H) and (7, U, H) satisfy the same system of ordinary
differential equations with the same initial data, they are equal, i.e., X (¢) = (f,7)e
X(t) and (3.16) is proved. We have the following diagram:

o —1 F|G (3.18)

H—> F/G

on a bounded domain of H whose diameter together with ¢ determines the constant
a, see Lemma 3.3. By the definition of the metric on F/ G, the map IT is an isometry
from H to F/G. Hence, from the diagram (3.18), we see that S;: F/G — F/G
is continuous if and only if I' 0 S;: H — 'H is continuous. Let us prove that
I'oS;: ' H — 'H is sequentially continuous. We consider a sequence X,, € H that
converges to X € H in H, that is, lim, . || X, — X||z = 0. From Theorem 2.7,
we get that lim, o ||S¢(Xn) — Se(X)||gp = 0. Since X, — X in E, there exists a
constant C' > 0 such that || X, || < C for all n. Lemma 3.3 gives us that S¢(X,,) € Fu
for some a which depends on C' and t. Hence, S;(X,,) — S¢(X) in F,. Then, by
Lemma 3.5, we obtain that T' o S;(X,,) — ' 0 S;(X) in H. O

3.2. Maps between the two coordinate systems. Our next task is to derive
the correspondence between Eulerian coordinates (functions in D) and Lagrangian
coordinates (functions in F/ G‘) Earlier we considered initial data in D with a
special structure: The energy density p was given by (u? + u2) dz and therefore p
did not have any singular part. The set D however allows the energy density to
have a singular part and a positive amount of energy can concentrate on a set of
Lebesgue measure zero. We constructed corresponding initial data in Fy by the
means of (2.24). This construction can be generalized to the set D. To any positive
periodic Radon measure u, we associate the function F), defined as

u((0,2)) >0,
F.(x)=<0 ifx =0,
—u([z,0)) ifx<0.
The function F), is lower-semicontinuous, increasing and
Fu(b) = Fu(a) = p([a, b)) (3.19)

for all @ < b in R, see for example [16]. We denote by L: D — F/G the map
transforming Eulerian coordinates into Lagrangian coordinates whose definition is
contained in the following theorem.

Theorem 3.8. For any (u,pu) in D, let

h = p([0,1)), (3.20a)
y(&) =sup{y | Fuly) +y < (1 +h)E}, (3.20b)
H(§) = (14 h)§ —y(8), (3-20c)
U(&) = uoy(§). (3.20d)

Then (y,U,H) € Fo. We define L(u,p) € F/G to be the equivalence class of
(y, U, H).
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Proof. From (3.19), since p is periodic, we obtain that
F.(z4+1)=F,(z)+h. (3.21)

Hence, for all z € R, we have F,(z +1)+ 2+ 1 < (1 4+ h)({ + 1) if and only if
F.(2)+2z < (1+h)¢, and it follows that y({+1) = y(§)+1and H({+1) = H(E)+h
for all £ € R. The function F), is increasing. Hence, the function z — F,(z) + z
and therefore y are also increasing. Let us prove that y is Lipschitz with Lipschitz
constant at most 1+h. We consider &, ¢’ in R such that £ < £ and y(€) < y(£’) (the
case y(&) = y(¢') is straightforward). It follows from the definition that there exists
an increasing sequence, x;, and a decreasing one, x; such that lim; . z; = y(&),
lim; o 2} = y(¢') with F(a}) + 2 < (1 + k) and F,(z;) +x; > (1 + h)E.
Subtracting the second inequality from the first, we obtain

Fyu(a;) = Fu(wi) + 2f — x < (14 h)( = §). (3.22)

For i large enough, since by assumption y(§) < y(£’), we have z; < z} and therefore
F(x}) — Fu(x;) = p(lxs, ;) > 0. Hence, z} —x; < (14 h)(&’ —&). Letting i tend
to infinity, we get y(£') —y(§) < (1+h)(§' —€). Hence, y is Lipschitz with Lipschitz
constant bounded by 1+h and, by Rademacher’s theorem, it is differentiable almost
everywhere. Following [16], we decompose p into its absolute continuous, singular
continuous and singular part, denoted pac, psc and us, respectively. Here, since
(u, ) € D, we have pae = (u? +u2)dz. The support of g consists of a countable
set of points. The points of discontinuity of F), exactly coincide with the support
of yis (see [16]). Let A denote the complement of y~!(supp(us)). We claim that for
any £ € A, we have

Fu((€) +y(&) = (1+ h)s. (3.23)
From the definition of y(&) follows the existence of an increasing sequence x; which

converges to y(§) and such that Fj,(z;) + 2; < (1 + h)€. Since F), is lower semi-
continuous, lim; o F,(x;) = F,,(y(§)) and therefore

Fu(y(§) +y(€) < (1 +h)E. (3.24)
y(€) <

Let us assume that F},(y(§)) + y(&) < (1 + h)€. Since y(§) is a point of continuity
of F,, we can then find an z such that z > y(§) and Fj,(z) + = < (14 h)§. This
contradicts the definition of y(§) and proves our claim (3.23). In order to check
that (2.25c¢) is satisfied, we have to compute ye and Us. We define the set By as

B ={ € R |l oula = pat o) = (02 + 2)(o) )

Since (u?+u2) dz is the absolutely continuous part of i, we have, from Besicovitch’s
derivation theorem (see [2]), that meas(B$) = 0. Given & € y~1(Bj), we denote
x = y(§). We claim that for all i € N, there exists 0 < p < % such that x — p
and x + p both belong to supp(us)©. Assume namely the opposite. Then for any
z € (x—1,2+3)\supp(us), we have that 2’ = 22— z belongs to supp(us). Thus we
can construct an injection between the uncountable set (x— %, T+ %) \ supp(us) and
the countable set supp(us). This is impossible, and our claim is proved. Hence, since
y is surjective, we can find two sequences §; and &/ in A such that %(y(fz) +y(&)) =
y(§) and y(&) — y(&) < 1. We have, by (3.19) and (3.23), since y(&;) and y(&))
belong to A,

u([y(&), y(€))) + (&) — y(&) = (1 + h) (& — &). (3.25)

Since y(&) ¢ supp(ps), p({y(&:)}) = 0 and u([y(&),y(&))) = n((y(&), y(&)))-
Dividing (3.25) by &} — &; and letting ¢ tend to oo, we obtain

ye(€)(u® +u3)(y(€)) +ye(§) =1+ h (3.26)
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where y is differentiable in y~1(Bj), that is, almost everywhere in y=1(B;). We
now derive a short lemma which will be useful several times in this proof.

Lemma 3.9. Given an increasing Lipschitz function f: R — R, for any set B of
measure zero, we have f¢ =0 almost everywhere in f~1(B).

Proof of Lemma 3.9. The lemma follows directly from the area formula:
[ sdere= [ m0 (im0 (o)) do (3:27)
f=1(B) R

where H? is the multiplicity function, see [2] for the formula and the precise defini-
tion of H®. The function H® (f~(B) N f~'({z})) is Lebesgue measurable (see [2])
and it vanishes on B¢. Hence, ff,l(B) fe d¢ = 0 and therefore, since f¢ >0, fe =0

almost everywhere in f~1(B). O

We apply Lemma 3.9 to Bf and get, since meas(Bf) = 0, that y. = 0 almost
everywhere on y~!(B¢). On y~!(By), we proved that y¢ satisfies (3.26). It follows
that 0 < y¢ <1+ h almost everywhere, which implies, since H¢ = 1 4+ h — y¢, that
H¢ > 0. In the same way as we proved that y was Lipschitz with Lipschitz constant
at most 1 + h, we can prove that the function £ — ffii) u2 dz is also Lipschitz.
Indeed, from (3.22), for i large enough, we have

02 s < (o) < llas,a) = Fulel) = Fula) < (14 1)E ~ ),
Since lim; o0 2} = y(¢') and lim; .o z; = y(§), letting ¢ tend to infinity, we obtain
fyy((g)ui dr < (14 h)(¢ — &) and the function & — foy(g) u2 dz is Lipchitz with
Lipschitz coefficient at most 1 + h. For all (£,¢') € R2, we have, after using the
Cauchy—Schwarz inequality,

y(&")
U(E) — U©)] = / o da
y(&)
y(&)
< V@ —4© / u di (3.28)
y(&)
<(1+h)|¢ —¢]

because y and £ — foy(g) u2 dz are Lipschitz with Lipschitz constant at most 1+ h.
Hence, U is also Lipschitz and therefore differentiable almost everywhere. We
denote by Bs the set of Lebesgue points of u, in By, i.e.,

1 [orr
By ={zr € B; | lim —/ Uy (1) dt = ugy(z)}.
p=0p Joup

We have meas(B§) = 0. We choose a sequence &; and & such that 3(y(&)+y(&))) =
x and y(€)) —y(&) < 1. Thus

K2

UE) - UE) _ Jyey m=)dt y(&) — y(&)

& —&i y(&) —y(&) & —&i

Hence, letting i tend to infinity, we get that for every & in y~!(Bg) where U and y
are differentiable, that is, almost everywhere on y=1(Bz),

Ue(€) = ye(ua(y(£))- (3.29)
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From (3.28) and using the fact that £ — foy(g) u2 dx is Lipschitz with Lipschitz
constant at most 1 + h, we get

U - U W(&) —(©)
‘ e ’§”1+h .

Hence,

Ue(E)] < y/ye () (3.30)

Since meas(B35) = 0, we have by Lemma 3.9, that y¢ = 0 almost everywhere on
y~1(BS). Hence, Us = 0 almost everywhere on y~!(BS). Thus, we have computed
Ue almost everywhere. It remains to verify (2.25c¢). We have, after using (3.26)
and (3.29), that yeHe = ye(1 +h — ye) = yZ(u® + u2) oy and, finally, yeHe =
yeU? + UZ almost everywhere on y~'(Bz). On y~'(BS), we have y¢ = Ug = 0
almost everywhere. Therefore (2.25¢) is satisfied almost everywhere. By definition,
we have ﬁ(y + H) =1Id, which concludes the proof of the theorem. O

Remark 3.10. If 4 is absolutely continuous, then y = (u? + u2)dx and, from
(3.23), we get

y(&)
[ 6 e ot = a4
0
for all £ € R.

At the very beginning, H(¢,£) was introduced as the energy contained in a strip
between y(0,&) and y(t, &), see (2.3). This interpretation still holds. We obtain
1, the energy density in Eulerian coordinates, by pushing forward by y the energy
density in Lagrangian coordinates, H¢d{. We recall that the push-forward of a
measure v by a measurable function f is the measure fxv defined as

fav(B) =v(f~1(B))
for all Borel sets B. We are led to the map M which transforms Lagrangian coor-

dinates into Eulerian coordinates and whose definition is contained in the following
theorem.

Theorem 3.11. Given any element [X] in F/G. Then, (u,u) defined as follows
u(zx) = U(&) for any & such that x = y(§), (3.31a)
= yu(He d§) (3.31b)

belongs to D and is independent of the representative X = (y,U, H) € F we choose

for [X]. We denote by M : F/G — D the map which to any [X] in F/G associates
(u, ) as given by (3.31).

Proof. First we have to prove that the definition of u makes sense. Since y is
surjective, there exists £, which may not be unique, such that x = y(¢). It remains
to prove that, given & and & such that z = y(&1) = y(&2), we have

U(&) = U(&2)- (3.32)

Since y(£) is an increasing function in &, we must have y(§) = x for all € € [¢,&]
and therefore y¢(§) = 0 in [§1,&2]. From (2.25¢), we get that Ug(€) = 0 for all
€ € [&1,&] and (3.32) follows. It is not hard to check that u(z 4+ 1) = u(x).

Since y is proper and He d€ is a Radon measure, we have, see [2, Remark 1.71],
that p is also a Radon measure. The fact that y(§ + 1) = y(£) + 1 implies that
y~ Y (B+1) =14y '(B) and, since H¢ is periodic, it follows that y is also periodic.
For any X = (y,U, H) € F which is equivalent to X, we denote (1, i) the pair given
by (3.31) when we replace X by X. There exists (f,) € G such that X = (f,~)eX.
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For any x, there exists ¢’ such that = 7(¢') and u(x) = U(¢'). Let &€ = f~1(¢).
As x = g(¢') = y(&), by (3.31a), we get u(z) = U(€) and, since U(¢) = U(¢'), we
finally obtain @(z) = u(x). For any continuous function with compact support ¢,
we have

[ odn= [ souermae)a.
see [2]. Hence, after making the change of variables ¢’ = f(£), we obtain

/¢>dﬂ:/fboyof(i)HzOf(é)fg(é)di
R R

and, since He = H¢ o f f¢ almost everywhere,

/]R¢dﬂ:/R(bOy(g)Hg(g)dg:/R(bdM.

Since ¢ was arbitrary in C.(R), we get ji = pu. This proves that X and X give raise
to the same pair (u, u), which therefore does not depend on the representative of
[X] we choose.

Let us prove that w € H'. We have v € L>, u periodic and it remains to prove
that u, € L (R). Given a bounded open set U of R, for any smooth function ¢
with compact support in U, we have, using the change of variables z = y(§),

[r@eeia= [ vonwom@E=- [ vdeoen©a

Yy~ (U)

(3.33)
after integrating by parts. Let By = {£ € y='(U) | ye(§) > 0}. Because of
(2.25¢), and since ye > 0 almost everywhere, we have Us = 0 almost everywhere on
B§. Hence, we can restrict the integration domain in (3.33) to B;. We divide and
multiply by ,/¥¢ the integrand in (3.33) and obtain, after using the Cauchy—Schwarz

inequality,
uQy dr
/u ’ B V¥
ue

By (2.25¢), we have Ve < H¢. Hence, after another change of variables, we get

e dr| < Hed 2014) - 3.34
IR BTy B (334

Since limg_ 4 00 y(&) = £00, y~ 1 (U) is bounded and (3.34) implies that u, € L*(U).
As U was an arbitrary bounded open set, it follows that u, € L1200-
Let us prove that the absolutely continuous part of u is equal to (u? + u2) du.

We introduce the sets Z and B defined as follows

e

U2
(eboy)\/%df‘é /By—ids /B((boy)?ygdf.

7 = {f € R | y is differentiable at £ and y¢(§) =0
or y or U are not differentiable at §}

and

B = {z € y(Z)° | u is differentiable at x} .
Since u belongs to H!, it is differentiable almost everywhere. We have, since y is
Lipschitz and by the definition of Z, that meas(y(Z)) = fZ ye(§) d¢ = 0. Hence,

meas(B¢) = 0. For any ¢ € y~1(B), we denote z = y(£). By necessity, we have
& € Z¢° Let & be a sequence converging to £ such that & # £ for all i. We write
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x; = y(&). Since ye(€) > 0, for ¢ large enough, x; # x. The following quantity is
well-defined
U) —-UE) _ u@) —ul@) v —x

&—¢ zi—v  §—¢&
Since u is differentiable at = and £ belongs to Z¢, we obtain, after letting 7 tend to
infinity, that

Ue(§) = ua(y(£))ye(£)- (3.35)

For all subsets B’ of B, we have

/ 2 U§2
u(B') = He dg = U™+ — | ye d€.
y=1(B) y=1(B) Ye

We can divide by ye in the integrand above because y does not vanish on y~!(B).
After a change of variables and using (3.35), we obtain

u(B") = / (u? +u2) da. (3.36)
Since (3.36) holds for any set B’ C B and meas(B¢) = 0, we have pio. = (u? +
u2) dx. O

The next theorem shows that the transformation from Eulerian to Lagrangian
coordinates is a bijection.

Theorem 3.12. The maps M and L are invertible. We have
LOM:IdF/@ and M oL =1Idp .

Proof. Given [X] in F/G, we choose X = (y,U, H) = T([X]) as a representative
of [X] and consider (u, ) given by (3.31) for this particular X. Note that, from
the definition of T', we have X € H. Let X = (4, U, H) be the representative of
L(u, p) in Fo given by the formulas (3.20). We claim that (g,U, H) and (y,U, H)
are equivalent and therefore L o M =1d - G Let

g(x) =sup{¢ € R | y(§) <} (3.37)
It is not hard to prove, using the fact that y is increasing and continuous, that
ylg(z)) = (3.38)
and y~*([a, b)) = [g(a), g(b)) for any a < b in R. Hence, by (3.31b), we have
g(b)
pat) = [ Heds= [ Hede = Hg0) - Hlga). (339
y~([a,b)) g(a)

Since X € Fy, y+H = (14+h)Id and from (3.38) we obtain H(g(b)) = (1+h)g(b)—b
and a similar expression for H(g(a)). From (3.39) and the definition of F),, it follows
then that

Fu(z) + 2 = (14 h)(g(x) - g(0)). (3.40)
Inserting this result into the definition of g, we obtain that
(&) = sup{z € R | g(x) <&+ 9(0)}. (3.41)

For any given £ € R, let us consider an increasing sequence z; tending to §(§)
such that g(z;) < £ + ¢(0); such sequence exists by (3.41). Since y is increasing
and using (3.38), it follows that z; < y(¢ + ¢(0)). Letting ¢ tend to oo, we obtain
(&) < y(€+¢(0)). Assume that §(&) < y(£+ ¢(0)). Then, there exists = such that
(&) < x < y(€+¢(0)) and equation (3.41) then implies that g(z) > £+¢(0). Hence,
z > y(€ + g(0)), as y is increasing, and contradicts the fact that = < y(£ + ¢(0)).
Thus we have

y(&) = y(§+9(0)). (3.42)
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Since X € Fo, H(&) = (1+h){ -3
since y(§ + ¢(0)) + H(§ + g(0)) = (
H(¢

H(S) =

It is not hard to prove that

Hence, H(€) = (1+ h)¢ — y(& + 9(0)) and,
R)(E + 9(0)),
9(0

)) — (1 + h)g(0). (3.43)

(6)-
1+
+

U(§) =U(& +g(0)) (3.44)

From (3.42), (3.43) and (3.44), it follows, as claimed, that X and X are equivalent,
as X = (T_g(0), —(1 + h)g(0)) « X. In fact, we have X = I'y(X). Thus we have
proved that Lo M = Idf/é.

Given (u,p) in D, we denote by (y,U, H) the representative of L(u,p) in Fo
given by (3.20). Then, let (4, ) = M o L(u, ). We claim that (@, i) = (u, ). Let
g be the function defined as before by (3.37). The same computation that leads to
(3.40) now gives

Fa(z) + 2 = (14 h)(g(x) — g(0)). (3.45)
Given £ € R, we consider an increasing sequence x; which converges to y(§) and
such that F,(z;) + z; < (1 + h)€. The existence of such sequence is guaranteed
by (3.20b). Passing to the limit and since F}, is lower semi-continuous, we obtain
F,(y(€)) +y(&) < (1 + h)E. We take £ = g(x) and get

Fu(z)+2 < (14 h)g(x). (3.46)

From the definition of g, there exists an increasing sequence §; which converges to
g(z) such that y(&§) < . The definition (3.20b) of y tells us that F,(z) + 2 >
(1 + h)&. Letting ¢ tend to infinity, we obtain F),(z) + > (1 + h)g(z) which,
together with (3.46), yields

F.(x)+z=(1+h)g(z). (3.47)

Comparing (3.47) and (3.45) we get that F, = F; 4+ (1+h)g(0). Hence i = p. It is

clear from the definitions that @ = u. Hence, (4, ) = (u,p) and M o L =Idp. O
4. CONTINUOUS SEMIGROUP OF SOLUTIONS ON D

The fact that we have been able to establish a bijection between the two coor-
dinate systems, F/ G and D, enables us now to transport the topology defined in
F/ G into D. On D we define the distance dp which makes the bijection L between
D and F/G into an isometry:

dD((U,/L),(ﬂ,ﬂ)) d]—"/G( (u,,LL),L(l_L, /7‘))

Since F/ G equipped with d G is a complete metric space, we have the following
theorem.

Theorem 4.1. D equipped with the metric dp is a complete metric space.
For each t € R, we define the map T} from D to D by
= MS,L

We have the following commutative diagram:
DL F/G (4.1)
SN
L ~
D——F/G

Our main theorem reads as follows.
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Theorem 4.2. T: D x Ry — D (where D is defined by Definition 3.1) defines a
continuous semigroup of solutions of the Camassa—Holm equation, that is, given
(a,n) € D, if we denote t — (u(t),u(t)) = Tr(a, @) the corresponding trajectory,
then u is a weak solution of the Camassa—Holm equation (1.3). Moreover 1 is a
weak solution of the following transport equation for the energy density

pe + (up)z = (u* — 2Pu),. (4.2)
Furthermore, we have that
u(t)([0,1)) = p(0)([0,1)) for all t, (4.3)

and
1(®)([0,1)) = pac()([0,1)) = ”u(t)”?qgm = p(0)([0,1)) for almost all t.  (4.4)

Remark 4.3. We denote the unique solution described in the theorem as a con-
servative weak solution of the Camassa—Holm equation.

Proof. The proof is similar to the non periodic case. We want to prove that, for all

¢ € C°(R4 x R) with compact support,

/ [—u(t, x)d: (t, ) + ult, 2)uy (¢, 2)p(t, x)] dedt = / —P.(t,2)(t, ) dedt
R+ xR

Ry xR
(4.5)
where P is given by (2.11) or equivalently (2.6). Let (y(¢),U(¢), H(t)) be a rep-
resentative of L(u(t), u(t)) which is solution of (2.15). Since y is Lipschitz in &
and invertible for ¢ € IC° (see (2.32) for the definition of K, in particular, we have
meas(C) = 0), we can use the change of variables z = y(t,&) and, using (3.29), we
get

/ [—u(t, ) (t, ) + ul(t, v)uy (t, 2)p(t, x)] dedt
Ry xR

:/R R[*U(t,é)yg(t,é)d)t(t,y(tvi))+U(LE)Ug(t,£)¢(t7y(t,€))] dgdt.  (4.6)

Using the fact that y; = U and yg = Ug, one easily checks that
(Uyepoy): — (U?p)e = Uyedr oy — UUghp oy + Upyeg 0 y. (4.7)
After integrating (4.7) over Ry x R, the left-hand side of (4.7) vanishes and we
obtain
/ [~Uye proy + UUg poy] dédt
]R+ xR

_1 /}R . {sgn(ffn)e*{sgn(&n)(y(ﬁ)*y(n)}X(UzyE ©He) (e (€)(e) | dnded

4
(4.8)

by (2.15). Again, to simplify the notation, we deliberately omitted the ¢ variable.
On the other hand, by using the change of variables z = y(¢,€) and z = y(t,n)
when ¢ € K¢, we have

_ / P, (t,x)o(t, z) dedt = %/ [sgn(y(g) _ y(n))e—\y(ﬁ)—y(n)\
Ry xR Ry xR2

x (u?(t,y(n)) + %U?E(t,y(n)))aﬁ(t, y(&))ye(n)ye (E)] dndédt.
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Since, from Lemma 2.6, y¢ is strictly positive for ¢ € K¢ and almost every &, we
can replace ug (¢, y(t,m)) by Ue(t,n)/ye(t,n), see (3.29), in the equation above and,
using the fact that y is an increasing function and the identity (2.25¢), we obtain

[ Pttt dode = [ [sen(en)exp (~sea(e-n)(u(©)-y(n)
Ry xR Ry xRR?

% (U + He) (nye (€)8(t,y(€)) | dndgdr. (4.9)

Thus, comparing (4.8) and (4.9), we get

/ [~ Uye du(t,y) + UUe ¢] dedt = — / Py(t, 2)é(t, ) dadt

Ry xR Ry xR

and (4.5) follows from (4.6). Similarly, one proves that p(t) is solution of (4.2). We
have y~1([0,1)) = [g(0), g(1)) where g is given by (3.37). From (3.37) and the fact
that y(§4+1) = y(§) +1 for all £, we infer that g(z+1) = g(z)+ 1. Hence, it follows
from (3.31a), since H¢ is periodic, that

u(o(0.) = | Hedg= [ Heds = H(t1)~ H(t,0)
[9(0),9(0)+1) [0,1)

which is constant in time, from the governing equation (2.15). Hence, (4.3) is

proved. We know from Lemma 2.6 (ii) that, for ¢t € K¢, ye(¢,€) > 0 for almost

every £ € R. Given ¢t € K¢ (the time variable is suppressed in the notation when

there is no ambiguity), we have, for any Borel set B,

U2
B) = He d¢ = U% 4+ —5 ) yed 4.10
uom) = [ nede /MB)( +y§>ygs (410)

from (2.25¢) and because ye(t,&) > 0 almost everywhere for ¢ € K° Since y is
one-to-one when t € K¢ and u, o yye = Ug almost everywhere, we obtain from
(4.10) that

H(t)(B) = /B (u? + u2)(t, ) do.

Hence, as meas(K) = 0, (4.4) is proved. O

5. THE TOPOLOGY ON D

The metric dp gives to D the structure of a complete metric space while it
makes continuous the semigroup 7} of conservative solutions for the Camassa—Holm
equation as defined in Theorem 4.2. In that respect, it is a suitable metric for the
Camassa—Holm equation. However, as the definition of dp is not straightforward,
this metric is not so easy to manipulate and in this section we compare it with more
standard topologies. More precisely, we establish that convergence in H;er implies

convergence in (D, dp), which itself implies convergence in LS9

per*
Proposition 5.1. The map
ws (u, (0 + u2)de)

into D. In other words, given a Sequence u, € Héer
converging to u in Hl,., then (un, (up +us,)dz) converges to (u, (u® + u?)dzx) in

D.

is continuous from Hpy,,

Proof. Let X,, = (yn,Un, Hy) and X = (y, U, H) be the representatives in Fy given
by (3.20) of L(un, (u? +u?,)dz) and L(u, (u? +u2)dz), respectively. By definition
of the topology of D and F/G, we have to prove that I'(X,,) — I'(X) in H. Since I
is continuous from Fy into H, see Lemma 3.5, it is enough to prove that X,, — X
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2

in E. We write g, = u2 +u2 , and g = u® + u2; g, and g are periodic. Following

Remark 3.10, we have

y(§) Yn(§)
/0 o) dz + () = (1+ h)E , /0 on(2) dz + 9(€) = (1 + o) (5.1)

and, after taking the difference between the two equations, we obtain

y(§) y(&)
/ (9 — gn)(@) dz + / gnl(@)dz 1+ y(€) — yu(€) = (h — W)E.  (5.2)
0 yn(g)

Since g, is positive,

y=yn+ [, gn(@) dﬁ)‘ = [y —ynl + \fjﬂ gn(2) dg)‘ and (5.2)

implies

y(&)
[y(€) = yn(6)] S/ |9 — gn| dx + |hn — h|§] < llg = gnllpr + [hn — A
0

because y(0) = 0 and therefore [0,y(¢)] C [0,1] for £ € [0,1]. Since u, — u in
H', g, — g in L' and it follows that ¢, — ¢ and H,, — H in L>®°. We recall that
C&)=y()—¢and H=hE - (as X, X, € Fy). We have

U,-U=up0y, —uoy, +uoy, —uoy. (5.3)

Since u, — uw in L*°, u, oy, — uoy, in L>. Moreover, since u is uniformly
continuous [0,1] and y, — y in L™, uoy, —uoy in L. Hence, it follows from
(5.3) that U, — U in L. The measures (u® + u2)dz and (u2 + u, ,)dx have, by
definition, no singular part and in that case (3.26) holds almost everywhere, that
is,

1

_ 4
Gn ©Yn +1 (5 )

Ye and Yn e =

T goy+1
almost everywhere. Hence,
Cn,& - C& = (g OY —gno yn)yn,£y§
= (g oYy —go yn)yn,gyf + (g OYn — gn © yn)yn,gyf- (55)
Since 0 < y¢ < 14 h, we have
/[ ] |90yn 7gnoyn|yn,§y§ d§ < (1+h)/ |goyn 7gnoyn|yn,§ d§ (56)
0,1

[0,1]
=1 +n)llg—gnllp: -

Let C = sup,, (1 + hy). For any € > 0, there exists a continuous function v with
compact support such that ||g — v||; < e/3C. We can decompose the first term in
the right-hand side of (5.5) into
(goy—goyn)yneye = (90Y = VO Y)ynecye
+(voy —voyn)yneye + (Voyn —goyn)yneye. (5.7)

Then, we have

/[ ]Igoyfvoy\yn,gyzdf < (1+hn)/|90y7voy\yzd£ <Cllg—vl. <e/3
0,1

and, similarly, we obtain f[o 1 |g 0 yn — v O Yn| Yn,eye d€ < /3. Since y,, — y in L™

and v is continuous, by applying the Lebesgue dominated convergence theorem, we

obtain v oy, — voyin L' and we can choose n big enough so that

/[]|voy—voyn|yn,gygd§s02||voy—voyn||pgs/s.
0,1
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Hence, from (5.7), we get that f[o 1 |90y — g0 Yn|Yn,eye d€ < € so that

lim 90y = g0 Yn|yneye d§ =0,

n—o0 Jig1
and, from (5.5) and (5.6), it follows that (,¢ — (¢ in L', Since X,, € Fo, (ne is
bounded in L* and we finally get that ¢, ¢ — (¢ in L? and, by (3.20¢), H,, ¢ — Hg
in L?. It remains to prove that U, ¢ — Ug in L. Since y, ¢, Hy ¢ and U tend to
ye, He and U in L?, respectively and [|Uy ||, [|Yn.ell;~ are uniformly bounded, it
follows from (2.25c¢) that

T (Ul = Vel (5.5)

Once we have proved that U, ¢ converges weakly to Uy, then (??) will imply that
Upn,e — Ug strongly in L?, see, for example, [28, section V.1]. For any continuous
function ¢ with compact support, we have

tézh£¢dg::éu%zoydm@¢ds::éumx¢oya*d§ (5.9)

By assumption, we have u, , — u, in L?. Since y, — y in L, the support of
¢ oy, ! is contained in some compact that can be chosen to be independent of
n. Thus, after using Lebesgue’s dominated convergence theorem, we obtain that

dpoy, ! — poy~!in L? and therefore

lim /Un,gqﬁd«f :/uzqﬁoy*l d¢ = / Uep d€. (5.10)
From (5.8), we have that Uy, ¢ is bounded and therefore, by a density argument,
(5.10) holds for any function ¢ in L? and U,, ¢ — U weakly in L. O

Proposition 5.2. Let (un, pin) be a sequence in D that converges to (u,p) in D.
Then

. [e') *
up — win Lo, and  pn — p.

Proof. We denote by X,, = (yn,Un, Hy) and X = (y,U, H) the representative in
H of L(un,ps) and L(u,p). Let C = sup,, (1 + hy,). For any x € R, there exists
&, and &, which may not be unique, such that = y,(&,) and z = y(§). We set
ZTn = Yn(§). We have

Up (7) — (@) = Un () — un(Ts) + Un(§) = U(E), (5.11)

and

|un(x) - un(zn” =

&n
é Unc(n) dn

& 1/2
<& — € ( / U,%,Edn> (Cauchy-Schwarz)
3
. 1/2
<V|én — ¢ (/5 Yn,eHn ¢ dn) (from (2.25¢))
< CVI&n — &V Iyn(&n) — yn(9)] (since Hy, ¢ < C)

= CV & — €V 1y(©) — yn(©)]
<CVI& —€llly —yall 12 (5.12)

We have
[Yn(€n) — Yn(E)] = [¥(§) = yn ()] < [lyn — Yl - (5.13)
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Without loss of generality, we can assume that ||y, —y||;~ < 1 so that (5.13)
implies |€,, — &| < 1 as y,, is increasing and y,, (€ + 1) = y,,(€) + 1 for all £&. Hence,
(5.12) implies

Jun(2) = un(a)| < C lly = yall 2 (5.14)
Since y, — y and U, — U in L*°, it follows from (5.11) and (5.14) that u, — w in
L. By weak-star convergence, we mean that

lim ¢dun:/¢du (5.15)
R R

n—oo

for all continuous functions with compact support. It follows from (3.31b) that

/Rqﬁd,un:/Rqﬁoyan,gdg and /Rqﬁd,u:/R(boyHgdg (5.16)

see [2, Definition 1.70]. Since y, — y in L®°, the support of ¢ oy, is contained
in some compact which can be chosen independently of n and, from Lebesgue’s
dominated convergence theorem, we have that ¢ oy, — ¢ oy in L?. Hence, since
ng — Hg in L2,

lim gboyan,EdE:/gboyHgdf,
R R

n—oo

and (5.15) follows from (5.16).
O

Acknowledgments. The authors gratefully acknowledge the hospitality of the
Mittag-Leffler Institute, Sweden, creating a great working environment for research,
during the Fall of 2005.

REFERENCES

[1] R. Abraham, J. E. Marsden, and T. Ratiu. Manifolds, Tensor Analysis, and Applications.
Springer-Verlag, New York, 1988, 2nd ed.
[2] L. Ambrosio, N. Fusco, and D. Pallara. Functions of Bounded Variation and Free Disconti-
nuity Problems. Oxford University Press, New York, 2000.
[3] V.I. Arnold and B. A. Khesin. Topological Methods in Hydrodynamics, volume 125 of Applied
Mathematical Sciences. Springer-Verlag, New York, 1998.
[4] A. Bressan and A. Constantin. Global conservative solutions of the Camassa—Holm equation.
Arch. Ration. Mech. Anal., to appear.
[5] A. Bressan and M. Fonte. An optimal transportation metric for solutions of the Camassa—
Holm equation. Methods Appl. Anal., to appear.
[6] R. Camassa and D. D. Holm. An integrable shallow water equation with peaked solitons.
Phys. Rev. Lett., 71 (1993) 1661-1664.
[7] R. Camassa, D. D. Holm, and J. Hyman. A new integrable shallow water equation. Adv.
Appl. Mech., 31 (1994) 1-33.
[8] G. M. Coclite, and H. Holden, and K. H, Karlsen. Well-posedness for a parabolic-elliptic
system. Discrete Cont. Dynam. Systems 13 (2005) 659-682.
[9] G. M. Coclite, and H. Holden, and K. H, Karlsen. Global weak solutions to a generalized
hyperelastic-rod wave equation. SIAM J. Math. Anal. 37 (2005) 1044-1069.
[10] A. Constantin. On the Cauchy problem for the periodic Camassa—Holm equation. J. Differ-
ential Equations, 141 (1997) 218-235.
[11] A. Constantin. Existence of permanent and breaking waves for a shallow water equation: a
geometric approach. Ann. Inst. Fourier (Grenoble) 50 (2000) 321-362.
[12] A. Constantin and J. Escher. Global existence and blow-up for a shallow water equation.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 26 (1998) 303-328.
[13] A. Constantin and J. Escher. Well-posedness, global existence, and blowup phenomena for a
periodic quasi-linear hyperbolic equation. Comm. Pure Appl. Math. 51 (1998) 475-504.
[14] A. Constantin and L. Molinet. Global weak solutions for a shallow water equation. Comm.
Math. Phys. 211 (2000) 45-61.
[15] A. Constantin and B. Kolev. On the geometric approach to the motion of inertial mechanical
systems. J. Phys. A, 35 (2002) R51-R79.
[16] G. B. Folland. Real Analysis. John Wiley & Sons Inc., New York, second edition, 1999.



[17]
18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

28]

PERIODIC CONSERVATIVE SOLUTIONS OF THE CAMASSA-HOLM EQUATION 31

M. Fonte. Conservative solution of the Camassa Holm equation on the real line.
arXiw:math.AP/0511549, 3 2005.

A. A. Himonas and G. Misiolek. The Cauchy problem for an integrable shallow-water equa-
tion. Differential Integral Equations, 14 (2001) 821-831.

H. Holden, K. H. Karlsen, and N. H. Risebro. Convergent difference schemes for the Hunter—
Saxton equation. Math. Comp., to appear.

H. Holden and X. Raynaud. A convergent numerical scheme for the Camassa—Holm equation
based on multipeakons. Discrete Contin. Dyn. Syst., 14 (2006) 505-523.

H. Holden and X. Raynaud. Global conservative multipeakon solutions of the Camassa—Holm
equation. J. Hyperbolic Differ. Equ., to appear, 2006.

H. Holden and X. Raynaud. Global conservative solutions of the Camassa—Holm equation —
a Lagrangian point of view. Preprint. Submitted, 2006.

H. Holden and X. Raynaud. Convergence of a finite difference scheme for the Camassa—Holm
equation. SIAM J. Numer. Anal., to appear.

H. Holden and X. Raynaud. Global conservative solutions of the generalized hyperelastic-rod
wave equation. J. Differential Equations, to appear.

G. Misiotek. A shallow water equation as a geodesic flow on the Bott—Virasoro group. J.
Geom. Phys. 24 (1998) 203-208.

G. Misiotek. Classical solutions of the periodic Camassa—Holm equation. Geom. Funct. Anal.
12 (2002) 1080-1104.

G. Rodriguez-Blanco. On the Cauchy problem for the Camassa-Holm equation. Nonlinear
Anal. 46 (2001) 309-327.

K. Yosida. Functional Analysis. Classics in Mathematics. Springer-Verlag, Berlin, 1995.
Reprint of the sixth (1980) edition.

(Holden)

DEPARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOL-
0GY, NO-7491 TRONDHEIM, NORWAY, AND

CENTRE OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLO, P.O. Box 1053, BLINDERN,
NO-0316 OsLO, NORWAY

E-mail address: holden@math.ntnu.no
URL: wuw.math.ntnu.no/ holden/

(Raynaud)

DEPARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOL-
0GY, NO-7491 TRONDHEIM, NORWAY

E-mail address: raynaud@math.ntnu.no
URL: www.math.ntnu.no/ raynaud/



	1. Introduction
	2. Global solutions in Lagrangian coordinates
	2.1. Equivalent system
	2.2. Existence and uniqueness of solutions of the equivalent system

	3. From Eulerian to Lagrangian coordinates and vice versa
	3.1. Continuous semigroup of solutions in F/
	3.2. Maps between the two coordinate systems

	4. Continuous semigroup of solutions on D
	5. The topology on D
	References

