On singularities of continuity equation
solution

V. G. Danilov*

Abstract

Generalized solutions to the continuity equation in the one- and
multidimensional cases are constructed in the case of discontinuous
velocity field.

In this paper we construct a generalized solution to the continuity equa-
tion for the case in which the velocity field has jumps on smooth submanifolds
of codimension one. Such a situation appears, in particular, in studying solu-
tions of the system of pressureless gas dynamics equations (see, e.g., [1, 2, 10])

ou

E + (U, V)U = 0, (01)
dp B

a2 (V, pu) =0, (0.2)

where (-, ) is the scalar product in R™.

If the velocity field has jumps, then a d-shock wave type solution appears,
i.e., the solution component with the meaning of density contains the Dirac
o-function.

This leads to the following difficulty: in the formal substitution of the so-
lution into the equation, it is required to define the derivatives of the product
d(z)H (x), where H(z) is the Heaviside function. In general, the difficulties
arising when the solution is directly substituted into the equation are well
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known in the theory of conservation laws, where in the case of nonsmooth
solutions, the solution is defined in the form of an integral identity that does
not contain derivatives of nonsmooth functions.

In [3, 4], for a certain system of conservation laws, the solution is de-
fined as an integral identity in which it is not required to define the above-
mentioned product §-H (although, a posteriori, the definition of this product,
each own for each equation in general, can easily be obtained from this con-
struction).

The integral identity given in [3, 4] is obtained as the limit of expressions
obtained by substituting the weak asymptotic solutions (weak approxima-
tions of the solutions) into the equations.

Definition 0.1 ([3, 4]) A weak asymptotic solution (u., p.) of Egs. (0.1),
(0.2) is defined to be a family of functions u., p. smooth for ¢ > 0 and such

that
ou,

ot

9pe

ot
where op/(1) are infinitesimals as € — 0 in the weak sense, i.e., for any test
function n(z), we have the estimates

+ (te, V)ue = opr(1),
(0.3)

+ (v7p8u8) = OD’(l)v

(opr®my(1y, Mre = 0(1), e —0,

T

where (-, -)g» means the action of the generalized function (here it is op/(1))
on the test function n(z), t,e are parameters, and the estimate o(1) is
understood in the usual sense and has to be uniform in ¢.

Applying the left-and right-sides of Eqgs. (0.3) to the test function, cal-
culating the derivatives of the test function (i.e., integrating by parts), and
passing to the limit as ¢ — 0, we can define the required integral identity
3, 4].

In this paper, we construct a definition of the d-shock type solution to
continuity equation (0.2) without constructing a weak asymptotic solution
and generalize this construction to the multidimensional case. As a conse-
quence, we obtain the mass conservation law in the following form.

Let p = p(z,t) be a d-shock wave type solution of Eq. (0.2) whose support
is a compact set in x for each ¢. Then, for any test function n(x) such that



n(x) =1 for (x,t) € supp p, we have the relation

%(p, n) =0. (0.4)

We note that (0.4) is an elementary corollary of the second equation
in (0.3). Indeed, let us apply the left- and right-hand sides of the last equation
in (0.3) to the function n(z) from (0.4). Taking into account that the left-
hand side of the last equation in (0.3) for ¢ > 0 is a regular generalized
function, we obtain

%@%W + An(v>pgug)n(x) dz = O(e).

We assume that the family u. is bounded uniformly in € > 0 and, in D'(R.),
for each t, the limit exists

lim pe(,t) = p(z, )

whose support, by assumption, is compact in z. Then, because of Eq. (0.2),
we see that in D'(R”), for each ¢, the limit p.u. exists with the same support
as that of the function p(z,1t).

Integrating by parts the second term in the left-hand side and passing to
the limit as ¢ — 0, we obtain (0.4).

But, in what follows, to justify the obtained formulas, we shall verify (0.4)
independently of this argument.

We note that calculations concerning (0.4) were first considered in [5, 6]
in a somewhat different situation.

The author is grateful to V. M. Shelkovich who pointed to several mis-
prints in the text.

1 One-dimensional continuity equation

The appearance of the d-shock type solutions to continuity equations can
easily be explained.
For example, let = € R!,

1, x <0,
u=40, x=0,, pl=o=p€CRY),  suppp € [-1,1].
-1, =<0,



It is clear that for, x # 0, the solution of Eq. (0.2) with this initial data is
defined for all ¢ > 0 and p[,0 = 0 for ¢ > 1. If the solution satisfied the
conservation law (0.4), then it is clear that

p=Ci(z) for t>1,

where C' =[5, po(x). The situation considered in this example is generalized
in the following definition.

Definition 1.1 Let v = u(z,t) € L®(R' x R_) be a given function. Let
[' = {v;,i € I} be a graph in the half-plane {(z,t);x € R',¢ > 0} containing
O arcs ;, and let I be a finite set. By Iy C I we denoted the set of numbers
of the arcs starting from the point 2% € R!. A distribution p(z,t) and a
graph I', where

pla,t) = R(z.t) + E@)(L),  E(t) =) elt)s(3), (1.1)

ei(t) € L=(n), = {r=@(t)},

is called a generalized §-shock wave type solution to (0.2) if the integral iden-

tity
/ / (R 4+ uRC d:cdt+Z/e-(t)£dt
- t x . 1\l dt

el

/ RCli—odz + > ex(0)¢((0),0) =0 (1.2)

kelp

holds for all test functions ((z,t) € D(R' xR}), £ =2 4 o} 2

The appearance of the summand

a .
X ) o
i€l

n (1.2) can easily be explained. Indeed, let p have the form (1.1), then
differentiating in ¢, we obtain

Z e; () (=}, )d' (7:) + smoother summands.
iel



Hence it is clear that we must have

(pu), = — Z ei(—¢i,)0" () + smoother summands.

el
Now, for any test function ((z,t) such that ((z,0) = 0, we have

<pt + (pu)x,g(m,t)) <p7 Ct(x t)> <pu Cz(x t>>
= —(R, G(x,1)) — (E () (1), Gz, 1)) — (Ru, &)

+ Y () (=010 (1), G, 1))

el

~(RG) — (RuG) = Y / (1) (G + 9liCa)

el

Of course, these calculations do not give any proof, but only provide a
motivation.
Definition 1.1 gives a method for calculating the functions contained in

(1.1).

Suppose that
u = u0+ZH(x— ©i U,

iel
where ¢;(t), uo(z,t), and u;(x,t) are smooth functions (i.e., the velocities

have jumps on the given curves x = ¢;). Then, integrating by parts in (1.2),
we obtain

/ h / (Ri + (uR),)C dadt
0 RU\U{z=p;i}
+Z/ (IRl + uR}Cdt+Z/ et =0,

el el

where [g] = [g][o—p, = g(0i +0) — g(i05 — 0).
This implies the system of equations

R+ (uRy). =0  (z,t) e R' x R\ | J{z =g}, (1.3)
i€l
Cit = ‘Pit[R”x:w - [UR”arzwa el (1.4)



In this case, at the nodes of the graph I' lying above the axis {¢t = 0}, the
following “Kirchhoff laws” must be satisfied:

ety —0)= Y ety +0), (1.5)

icIn Ay icOut Ay,

where In A;, and Out Ay are the respective sets of incoming and outgoing arcs
associated with a certain node Ay = (x4, t}).
The following obvious statement holds.

Theorem 1.1 Suppose that system (1.3), (1.4), (1.5) has a classical solution.
Then the function p(x,t) (1.1) is a generalized §-shock wave type solution to
(0.2).

As an example, we construct the solution of the problem given at the
beginning of this section. It is easy to verify that

N\ polz—t), x<0,
¢

o= [ olt) + ool = [ ) at

—t

and .
e(t) = const = /1 po(t)dt'  for t>1.
Now let
-1, z <0,
u =<0, =0,
1, x> 0.
Then

R polr —1), 0<t<u,
po(z+1t), 0<t<—u.

In the domain |z| < ¢, the solution R is not determined by the initial data. In
this case, as is known, the solution can be found by determining, for example,
an arbitrary function p;(t) for t > 0. Then

p(t+x), z<-—t
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Moreover, if p;(0) = po(0), then the function constructed in the ¢-plane
is continuous. But if pi(0) # po(0), then the function R is discontinuous
on the lines x = =4t, but no d-function appear on this discontinuity, since
[u]|p=+: = 0 and Eq. (1.4) becomes

e/it = _Wit [R] + u|m=:|:t [R] =0.

Here ¢4 = x =t in the domains z > 0 and x < 0, respectively. Therefore,
Yy = u|p—1¢ and €, = 0.

Thus, if the R has a discontinuity on the line ¢, = u(1), t) in the domain of
continuity of u(z,t) (i.e., on the characteristic), then no J-function is formed.

In other words, the graph I' from Definition 1.1 does not contain arcs
coinciding with trajectories of w.

We also note that, from the viewpoint of complete system (0.3), the first
of the examples considered corresponds to the classical d-shock wave type
solution.

The second situation is impossible in the framework of system (0.3), be-
cause an unstable jump becomes a rarefaction wave and there is no concen-
tration (no formation of a d-function) (see [7]).

Now we prove relation (0.4). For this, we calculate the expression

Gl =5 [ Rdo+ GBSO, 0).

For all ¢ = ¢, we have

d ®i
- Rdx dz< Rd:ch/OO Rdm),

iel’

where I’ is the set of arcs intersecting on the straight line ¢ = £ in the half-
plane R. x [0, 00). Hence we have

d
G | Rde =3 { = ul Rl + (Rl ),

iel’

and by (1.4)
d

- Rdx+z e, =0

iel!

as was required to prove.



2 Conservation equation and concentration in
multidimensional case

In this section, we generalize the results of the preceding section to the mul-
tidimensional case.

Let us recall several facts and formulas. We assume that an n — 1-
dimensional surface ¢ moving in R” is determined by the equation

n=A{z;t =)},

where ¢(z) € CY(R"), V¢ # 0, in a domain in R”, where we work.
Obviously, determining a surface by the equation ¢t = 1 is equivalent to
determining a surface by an equation of the form

S(z,t) =0

(S(z,t) € C, S(x,t) =0, V,4S|s=0 # 0) under the condition that

9 L,

ot
The last relation shows that the implicit function theorem can be used and,
moreover, the normal velocity of a point on the surface S = 0 does not change
its direction with respect to the fixed direction of the normal to the surface
S = 0. In turn, this means that the surface moves in the “same direction”
all the time. But if %—f = 0 (the velocity of several points on the surface is
zero), then we can make the change x} = x; — ¢;t with appropriately chosen
C1,...,Cpn, solve the problem with moving boundary, and then return to the
original variables. So, this restriction is not essential for the solutions of first-

order equations whose construction is based on the method of characteristics.
Next, we assume that ((z,t) € C*°(R™ x R!). Then

0 —¢(x)),C(x,1)) = - C(z, ¥(x)) da.

A more complicated construction appears if §(t — ¢(x)) is applied to the
test function n(x) € C§°(R™). In this case,

(6(t — (2)). () = / () dy,



where dw is the Leray measure [8] on the surface {¢ = (z)} such that
—dpdwy, = dzy ... dx,. It is clear that the function U = (¢t —¢)/|V¢| up to
second-order infinitesimals is the Euclidean distance from a point z to the
surface {t = ¢}.

Obviously, the relations ¢ = ¥ (z) and ¥(z) = 0 determine the same
surface, and, by definition, the Leray forms (measures) corresponding to
these functions satisfy the relation

1
Wy = Wy © —.
’ VY]
On the other hand, according to the relationship between the values of the

function ¥ and the Euclidean distance to the surface {t = ¢}, the form wy
is an Euclidean element do on the surface {t = ¢}. Finally, we have

n(z)
(0(t = ¥(x)),n(x)) Vol do.

Now we formulate an integral identity, which is an analog of (1.2).

First, we assume that just as in the preceding section, the solution p has
the form

p = R(x,t)+e(x)i(t — ¥(z)), (2.1)

where R(z,t) € L*(R" x R}) N L'(R" x RY) and the function R has a
discontinuity for ¢t = ¢(z), R = Ro(x,t)+ H(t —¢)Ri(x,t), e(x) € L*(R™)N
L'(R™) and has a compact support, ¢(x) € C' and Vi) # 0 for z € supp e(z).
About u(z,t) we assume that u(z,t) € L>°(R™ x RL). In what follows, these
assumptions are made more precise.

It is clear that, in differentiating the last term in (2.1) with respect to ¢,
the term

e(x)d'(t — ¥ (x)) (2.2)

appears. Hence it is necessary to have
(V, pu) = —e(x)d'(t — ¥) + more smooth summands,
since Vi(t — o) = —Vpd'(t — o). Then we must have

_eVy
VP

pu d(t — v) + more smooth summands (2.3)



Of course, this argument only suggests the construction of the integral
identity, but it is quite similar to the one-dimensional case.

We denote I'y = {(z,t);t = ¢(x)}; this is an n-dimensional surface in
R™ x RL. Using the analogy, we can give the following definition.

Definition 2.1 Let
u(, t) = o, t) + H(t — )us(x,1),

where ¢ is the same function as previously, and ug, u; € L(R™ x RL). The
function p(z,t) determined by relation (2.1) is called a generalized 0-shock
wave type solution to (0.2) on the surface {t = ¢ (x)} if the integral identity
holds

[ [ e v dears

e d
gt [ ROtz =0
(2.4)

for all test functions ((z,t) € D(R™ x RY), % = (%,V) + V| 2.

We have the relation

e d e d
where p Vi 5
i (o ™)+ 19005

We note that the vector n, is orthogonal to the vector (Vi, —1), which
is the normal on the surface I'y, i.e., ﬁ lies in the plane tangent to I'.

We can give a geometric definition of the field %. The trajectories of
this vector field are curves lying on the surface I';, and they are orthogonal
to all sections of this surface by the planes ¢t = const. In this case, the vector
tangent to the curves can be projected on R7 as the unit vector normal to
the corresponding surface 7; and keeping the same direction as the moving
surface.

We show that the second summand in (2.4) containing fRn is related to
the above heuristic considerations.

10



Indeed, it follows from (2.1) and (2.3) that

0.6+ 50 = [ [ Rodvits [ ewitev)ds

o0 eV
—l—/o /R(Ru, V() dx dt + /n (—’vw|2,VC(as,t)>

We consider the sum of integrals over R". We obtain

/ n {e(m)@(m,@b) + (%,V((I,t)) tJ da

~ [ [\vw|<t<as,¢) ¥ (%,V)c

_ e (Vi
- /R” |V (vay’v> ((z, ) dz.

Just as in the one-dimensional case, the above definition provides an
algorithm for constructing d-shock wave type solutions for Eq. (0.2).

Suppose that R = R™ in the domain {t > ¢/} and R = R~ in the domain
{t < ¢}. Then we have the relation

R=R +H(t—¢)(R"—R")

(here we assume that the function R~ is continued with smoothness preserved
to the domain t > ). It is clear that the function t—1) increases while passing
through I' from the domain {¢ < ¢} into the domain {t > ¢}. Therefore, the
normal (V, —1) is external for the domain {t > v¢}. For ¢t = 0, the direction
of the external normal is determined by the vector (0, —1).

We let [f][;=y(z) denote the jump of the function f across the surface I';
in the direction of the vector (—V4, 1). Integrating by parts in (2.4) by the
Gauss—Ostrogradskii formula, we obtain

0= /OOO /W<Rt+ (V, Ru))C dz dt

dz.
t=1(x)

] dx
1=y

- / (R} + (V, R™w))¢ ddt
(R xRY)N{t>y}

+/ (R; + (V, R u)() dxdt
(RrxRL)N{t<ep}
B —[R] + |VY|[Ru,] B d * e

11




Here u, = (u, ), (45)° = (V. o)y and (=V, D)(1 + [Vo?) 72 = n
is the unit vector of the normal on I';. It is clear that

(1+|VY)*)™V2 = cosa,
where « is the angle between n and the t-axis and
do cosa = dx.

Finally, we obtain

0= /OOO /H(Rt + (V, Ru))( da dt

_/pt{[R]_NWRu"H <%>*|V€wr}”x

It follows from the last relation that

R;+ (V,Ru) =0, (z,t) € Ty, (2.5)

([R] = |VY|[Ru,]) + (%) Wewl =0, (x,t) el (2.6)

and we have the following statement.

Theorem 2.1 Suppose that the functions R(x,t) and (x) satisfy system
(2.5), (2.6), then the function p(x,t) (2.1) is a 0-shock wave type solution to
(0.2) on the surface T;.

We note that relation (2.6) can be rewritten in the form

KE + %E — [Ru] [V — [R], 2.7)

where E = e/|V1)|, the factor I = (V, %) = divy (v is the normal on the
surface {t = ¥ (x)}) is, as is known, the mean curvature of the cross-section
of the surface I'; by the plane ¢ = const.

Recall that, in the one-dimensional case, we saw that the d-component of
the solution is not formed or preserves its original value if the jump of p (the
jump of R) occurs on the trajectory, i.e., on the line X = u(X,t). As follows

from (2.7), this does not hold in the multidimensional case. Indeed, it is easy

12



to see that ﬁ = V,, is the normal velocity of a point on the moving surface

{t=9} CR™
The relation
Vi = Up, (2.8)

where u,, = (u,n), under the condition
[un]li=p = 0 (2.9)

is an analog of the relation, which implies that there is no d-component in
the one-dimensional case.

In our case, under the condition that relations (2.8) and (2.9) are satisfied,
the function E (or e) is equal to its initial value only if (see (2.7))

K=0.

Just as in the one-dimensional case, the solution of Egs. (2.5), (2.7) is
generally not unique, even if the equations are supplemented with initial
conditions. The initial conditions to (2.5), (2.6) have the form

lo = (), Rl = R".

If the trajectories of the velocity field are such that the right-hand of Eq. (2.7)
is determined by the initial condition (the trajectories go from the plane t = 0
to the surface I';), then, for a given function v, solving Eq. (2.7) is reduced
to integrating ordinary differential equations.

Now we prove relation (0.4) in the case under study.

Theorem 2.2 Suppose that p(x,t) is a d-shock wave type solution on the
surface T'y with a compact support defined by (2.1). Then, for any test func-
tion n(x), n(x) =1 for (x,t) € supp p, the following equality holds:

d
ey = 0.

Proof. By definition,

e
Py n g:/ R(z,t dx+/ ——do.
(0, me _R(=,t) sy 70

13



First, we calculate the derivative of the first integral

d R
—/ R(a:,t)das:/ R;d:v—l—/ R;d:ﬂ%—/ Qda
dt Jgn W<t >t {t=y} |V¢‘

(R
= _ Ru) dx — Ru)d ———do.
/wSt(V, u) dx /M(v, w) QH_/{t:w} Vol o

The last integral in this relation appears because of the formula
Ry= Ry +H(t— )RS — R) +6(t—¥)[R].

The first two integrals can easily be calculated by the Gauss—Ostrogradskii
formula

—/ (V,R"u) dx—/ (V,R"u)dx = —/ [Ru,) do.
<t >t {t=y}

We calculate
e

d / J
—_ — A4o.
dt Jy—py IV

oF
5t

(&
F—/ do.
1=y |V

Obviously, e/|Vi| = (fVVﬁQ, %) Therefore, by the Gauss—Ostrogradskii
theorem, we have

e e eV
AF:/ da—/ daz/ (V,—)dm,
tra=py [V t=v} VY A V|2

where A is the strip between the surfaces {t + At = ¢} and {t = ¢'}. In this
last formula, we also take into account that the vector Vi on v, = {z;t =
(x)} is directed inside the strip A. Let ¢(z) =¢, ¥(z + dz) =t + At. Tt is
clear that, up to infinitesimals of second order, we have

(ﬂ 595) _ At
Vol Vol

. AF 1 eV
lim — = / (V, > do.
At 1=y |V V|2

14

For this, we calculate the ratio where

Therefore,




Finally, we obtain

il = /{t=w} {% - [Rul (V’ |evv¢z|b2) } do. (230)

It is easy to see that the integrand in the right-hand side of (2.10) mul-
tiplied by |V1| becomes the left-hand side of relation (2.6). The proof of
Theorem 3 is complete.

Obviously, the graph I' containing more than one arc in Definitions 1 and 2
corresponds to the problem of interaction (confluence) of generalized d-shock
waves. The smooth approximation of such a solution in the one-dimensional
case was constructed in [9]. The construction given in Definition 2.2 per-
mits studying the problem of interaction of generalized d-shock waves in the
multidimensional case. 4

Namely, we assume that there are two surfaces T\ = {(z,1);t = 1;(z)}
in R" x RL, ¢ = 1,2, whose intersection is a smooth surface ¥ = {(z,); (t =
1) N (t = 1p9)} belonging to the third surface ¥ = {(z,t);t = P3(x)}.
)

Further, we assume that the surface FEB is a continuation of the surfaces I')

in the following sense. We let ni) denote the curves on the surfaces ng) and

assume that each point (2, ) on the surface 4 is assigned the graph consisting
of the trajectories n(f) and n(f) entering (2, %) and the trajectory n(f) leaving

this point (i.e., the trajectories nY) fiber the surface I'”). We also assume
that the surface I'y, = '™ UT® UT® consists of points belonging to these
graphs. Next, we assume that u(x,t) is a piecewise smooth vector field whose
trajectories come to I'y.

Definition 2.2 Let

3

u(e,t) = uo(z,t) + Y H(t — ¢i)usi(z, t),

i=1

where 1 is the same function as previously, and ug, u;; € C(R™ x RY). The
function p(z,t) determined by relation

3

pla.t) = Rlx,t) + ) e()d(t —i(2)),

=1

15



where R(z,t) € CY(R™ x RL) \ {UT}, is called a generalized 6-shock wave
type solution to (0.2) on the graph T’y if the integral identity holds

/0 h / (R + (uR, V() drdt

€;

3
d
* ; /Fgw Vil Wé(x,t) dz + /n(RC)|t=0 dr =0 (2.11)

for all test functions ((z,t) € D(R" x RY), d;'l(i) = (|§—$?|, V) + |V 2.
7’LJ_ ?

We can formulate an obvious analog of Theorem 2.1.
We assume that the system of equations

R;+ (V,Ru) =0, (z,t) € Iy,

d €; (@)
Rl — V| [R + — t T
[B] = [Vl [ Ru (dni)|vwi| 0 (z,0) € 1L,

(1 + e2)l5 = esls.

has a solution. Then the function p(z,t) determined in Definition 2.2 is the
generalized d-shock wave type solution to (0.2).

In conclusion, we consider the case of collapse on a manifold of codimen-
sion > 1, namely, at a point on the plane.

In this example, it is convenient to use the polar coordinates. Let u =
(ur,uy) = (—1,0). In this case, as is known, the continuity equation has the

form
dp 10
_ + -
ror
(here the circular symmetry is taken into account).
We assume that p is compactly supported in r and calculate the rate of
change in the “mass”

d 00 2 00 2m
—/ / prdrde = / / (pr)edr de
dt Jo Jo o Jo

00 2m
= —/ / (ruqp). drde = 2w (rup)| . (2.13)
o Jo

r=0

(ru,p) =0 (2.12)

One can see that if the quantity on the right-hand side is different from
zero, then a d-component of the solution ensures the “mass” conservation law.

16



In the example under study, the function p has the form p = R(r + t)r!,
where R(z) is an arbitrary smooth function. Thus, the condition for the
d-component to appear in this example is the inequality

uT’r:O 7£ O’
which is satisfied in this case.
Definition 2.3 The function
p=p(rt) +e(t)i(r),

where

p(r,t) € CR*\ {r=0})NL'(R?), e(t)eC'RL,
is called the d-shock type solution to (2.11) if the relation

0o 00 2 o) 2
/ / / (A + puyny)r dr dep dt + / / (pm)
0 0 0 0 0
0o 21
—/ / €1
0 0

holds for any test function n € D(R?).

rdrde
t=0

dpdt =0 (2.14)
r=0

In Definition 2.2, we use the Dirac §-function 6(r) defined on test functions
n = n(z,y) from D(R?). For example, such a d-function can be defined as

i(r) = liIr(l)(S(r —¢),

where the limit is understood in the sense of D’. The function 6(r — ¢) (with
a singular support on the sphere, which is a manifold of codimension 1) can
be defined according to the scheme presented above [8]. This leads to the

formula .
(6(r),m) = / .
0

because 1|,—¢ is independent of .

It is easy to see that here we use the same considerations as in the pre-
ceding sections, although the Heaviside function is absent here. Obviously,
relation (2.13) implies Eq. (2.11) for r = 0 and the relation

dyp = 27n(0,0),
r=0

€ = (Turp)lr:(]

which, in view of (2.12) ensures the “mass” conservation law.
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