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Abstract

Abstract. We consider a conservation law in the domain  c R*t!
with C' boundary 9. For the wide class of functions including generalized
entropy sub- and super-solutions we prove existence of strong traces for normal
components of the entropy fluxes on 0€2. No non-degeneracy conditions on
the flux are required.

1 Introduction

In the open domain © C R™*! we consider a first-order conservation law

div, f(u) =0, (1.1)
u=u(z), = (T0,...,2n) € f = (fo,..., fn) € C(R,R*™), where the flux func-
tions are supposed to be only continuous: f;(u) € C(R), i = 0,...,n. We assume

that 9 is a C'* boundary that is for each point € 9 there exists its neighborhood
U and a C'-diffeomorphism ¢ : UQ — W,,, where Q = C1Q and W,;, = [0, h) x V; is
acylinder in R"™™ V., ={y = (y1,...,yn) € R" | |y|*> = y?+- - -+y2 < r? } is an open
ball, 7, h > 0. We shall also assume that derivatives of ¢ and (! are bounded ( this
assumption can be always achieved by passing to a less neighborhood ). Clearly,
boundaries of the sets W, and U NQ must correspond each other under the map (:
COQNU) ={0} x V.. We shall refer to triples (U, (, W,;) as boundary charts on
Q). The corresponding neighborhood U will be called a coordinate neighborhood.
For any point T € 92 we can choose the boundary chart (U,(,W,;), T € U in the
following special way. As is rather well-known, 99 locally is a graph of some C*!
function, upon rotating and shift of coordinate axes if necessary. More precisely,
making a shift of coordinate axes, we can assume that z = 0. Then there exists a
C! function g = g(y) defined in some open ball V, and a neighborhood U of the
point T = 0 such that, after possible rotating of coordinate axes

QNU ={z=(z,2") eR"™ | 0< 20— g(a)) < h,2’ €V, }

with some h > 0. In particular, 9Q N U is a graph xy = g(z’), 2/ € V,. Taking
((z) = (t(z),y(x)) with t(z) = o —g(2’), y(z) = 2’ we obtain the chart (U, ¢, W,4),
which will be called canonical. Observe that the Jacobian of the map ( equals
identically 1, therefore ( is a measure preserving map.

Denote by 7/(x) the outward normal vector at the point x € 9€). Let (U, (, W)
be a chart, {(z) = (t(z),y(z)) then 02N U is the level set t(z) = 0 and t(x) > 0 for
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x € QNU. Therefore, V(x) = —Vit(x). Of course, this vector could be normalized
to be unit but this is not necessary for the sequel. Notice also that if t(z) =7 > 0
then 7(xz) = —Vi(z) is the normal vector to the hyper-surface t(z) = 7.

Now, let us recall the definition of a generalized entropy solution of (1.1) in the
sense of S.N. Kruzhkov [11].

Definition 1.1. A bounded measurable function u = u(z) € L>*(Q) is called a gen-

eralized entropy solution ( briefly - g.e.s. ) of the equation (1.1) in the domain € if
Vk e R

divg [sign (u — k)(f(u) = f(k))] <0 (1.2)

in the sense of distributions on © ( in D'(Q2) ).
In the case when (1.2) holds with equality sign: for all k € R

div,[sign (u — k)(f(u) — f(k))] =0 in D'(Q) (1.3)
a g.e.s. u(x) is called an isentropic solutions (briefly - i.s.)

Condition (1.2) means that for any test function h = h(z) € CL(Q), h >0

/{&gn u—Fk)(f(u) — f(k), V.h)}dtdx > 0.

Here and below we use the notation (-, -) for the scalar product in a finite-dimensional
Euclidean space. We also denote by | - | the corresponding Euclidean norm.
Setting in (1.2) k = %||u||oo, one can easily derive that div,f(u) = 0 in D'(Q)
and u(x) satisfies (1.1) in the sense of distributions, i.e. u(x) is a generalized solution
( g.s. ) of this equation.
If we replace the condition (1.2) by one of the following conditions

div,[sign T (u — k) (f(u) — f(k))] <0 in D'(Q), (1.4)
div,[sign ~(u — k)(f(u) — f(k))] <0 in D'(Q), (1.5)

where sign ™ (u — k) = max(sign (u — k), 0); sign ~ (v — k) = min(sign (u — k), 0), we
obtain notions of a generalized entropy sub-solution (g.e.sub-s.) and a generalized
entropy super-solution (g.e.super-s.) respectively ( see [12, 4, 20] ). Obviously, a
function u(z) is a g.e.s. of (1.1) if and only if u(x) is a g.e.sub-s. and g.e.super-s of
this equation simultaneously.

The theory of g.e.sub-s. (g.e.super-s.) plays an important role in the study of
conservation laws, especially in the case when the flux vector is only continuous
(see [12, 4, 20] ).

Denote by M;,.(€2) the space of Borel measures v on Q that are locally finite up
to the boundary 99, i.e. for any compact set K C R**!

Var (K N Q) < co. (1.6)



Here Var~(A) is the variation of v on a Borel set A, so Var+ is a nonnegative Borel
measure on 2. We will consider M,,.(€2) as a locally convex space with topology
generated by semi-norms px () = Vary(K N Q).

Now we introduce the notion of a quasi-solution of (1.1).

Definition 1.2. A function u = u(z) € L*(Q) is called a quasi-solution ( a quasi-s.
for short ) of equation (1.1) if for some dense set F' C R of values k

div,p(u) = —y in D'(Q), (1.7)

where v, = Y(2) € Mio(Q), and 9y, (u) = sign (u—k)(f(u)— f(k)) is the Kruzhkov’s
entropy flux.

From (1.7) with k& > ||ul| it follows that
div, f(u) = —y in D'(Q), (1.8)

v € Mo.(Q). We underline that functions satisfying (1.7) generally are not g.s. of
original equation (1.1).

Without loss of generality we can assume that the set F' from Definition 1.2 is
countable.

Remark 1.1. Definitions 1.1, 1.2 (as well as the definitions of g.e.sub-s. and g.e.super-
s.) remain valid without changes also for the case when the flux vector in (1.1)
depends on variables z € Q, f = f(x,u), and satisfies the assumption

div,f(z,k) =0 in D'(Q) Vk € R, (1.9)

As we will demonstrate below, the class of quasi-solutions includes g.e.s. of (1.1)
as well as g.e.sub-s. and g.e.super-s. of this equation.

Denote by H" the n-dimensional Hausdorff measure on 9€2. The main our result
is the following theorem

Theorem 1.1. Suppose a function u(x) is a quasi-s. of (1.1). Then there ezists a
function ug = ug(z) € L®(0Q) such that for each k € R the normal component of
flux vector (Y (u(zx)), ¥(x)) has the strong trace (Vi (uo(z)), 7(x)) at the boundary
0. This means that for any chart (U,(, W)

esslim (ve(u(t, y), 7(t,y)) = (Vr(uo(y)), ¥(y)) in L'(V;), (1.10)

whereu(t,y) = u(C~'(t,y)), ¥(t,y) = (¢ (t, ), andug(y) = uo(¢1(0,y)), ¥(y) =
7(¢1(0,9)).

Besides, if for H"-a.e. x € 0 the function u — (f(u), ¥(x)) is not constant on
non-degenerate intervals then ug(x) is the strong trace of u(zx).
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Remark, that the first result on existence of strong traces for g.e.s. of the equa-
tion u;+ f(u), = 0 on initial line t = 0 was established in [7] under the condition that
the flux function f(u) € C*(R) is not affine on non-degenerate intervals. In multidi-
mensional case existence of the strong traces for g.e.s. of equation u; + div, f(u) = 0
was later proved in [26] under the assumptions that the flux f(u) € C3*(R,R")
and satisfies the following non-degeneracy condition: V¢ € R™ \ {0} the function
u — (& f'(u)) is not constant on sets of positive Lebesgue measure. In [19] the
existence of strong traces on initial hyperplane ¢ = 0 was proved for quasi-solutions
of the equation u; + div,p(u) = 0 without any restrictions on only continuous flux
vector o(u) = (p1(u), ..., pn(u)). Recently in paper [13] the authors prove existence
of strong traces for g.e.s. of the equation u; + f(u), = 0 on the boundary 0f2 of a
plane domain ©Q C R? without non-degeneracy restrictions but under the regularity
assumption f(u) € C?*(R).

In the present paper we extend results of paper [19] to the case of an arbitrary
boundary 0€2. We keep the main scheme of the paper [19], utilizing the techniques
of H-measures and induction on the spatial dimension. Recall that the flux vector
is assumed to be only continuous. Our main result remains valid for more general
case of a locally Lipschitz-deformable boundary 02 ( in the sense of [6] ) with the
same proof. We consider the case of C'! boundaries only to simplify the notations.

We underline that Theorem 1.1 allows to formulate boundary value problems
for (1.1) in the sense of Bardos, LeRoux & Nédélec [1]. For instance the Dirichlet
problem u|sn = u, can be understood in the sense of the inequality: Vk € R

(sign (u — k) + sign (k — up))(f(u) = f(K),7) = 0 on 0%,

which is well defined due to existence of the strong traces of

sign (u — k)(f (u) = f(k),7) and (f(u), 7).

1.1 Existence of the weak traces

Let ¥(z) € L>(£2,R™) be a bounded vector field on €. This field is called a diver-
gence measure field if divi = v € M,(Q) in D'(Q). From results by G.-Q. Chen
& H. Frid [6] it follows existence of the weak trace for normal component (¢, 7) of
the field ¥ at the boundary 0f2.

Proposition 1.1. Let v be a divergence measure field on 2. Then there exists a
function vo(x) € L>®(0N2) such that for any chart (U, ¢, W)

ess lim(0(t, y), v(t,y)) = voly) weakly-+ in L=(Vy),

where (t,y) = 0(C7' (1, y)), #(t,y) = (¢ (L, y)), and vo(y) = vo(¢7H(0,9)).

The function v(z) will be called a weak normal trace of . Applying this Theorem
to the fields v, (u), where u = wu(z) is a quasi-s. of (1.1), we derive the following
result.



Theorem 1.2. Let u(z) be a quasi-s. of (1.1). Then for each k € R there ezists a
function vo,(x) € L>®(0N) being the weak normal trace of the field 1y (u(z)).

Proof. Let u = u(z) be a quasi-s. of (1.1), M = ||ul|s. If & € F then by Defini-
tion 1.2 ¢ (u(x)) is a divergence measure field and by Proposition 1.1 there exists
its weak normal trace vox(z) € L®(02) that is for any boundary chart (U, (, W)

(Vi (u(t,y)), 7(t, y)) — voe(y) weakly-+ in L=(V) (1.11)

as t — 0 running a set Fjp C (0,h) of full measure. Here u(t,y) = u(¢71(t,y)),

(t,y) = 7(CHt, y)), vor(y) = vor (10, ). Let E = ﬂ E}. Since F is countable
keF
the set E has full measure in (0, 2) and limit relations (1.11) hold as ¢t — 0, ¢t € E

for all k£ € F simultaneously.
As easy to see, |[¢r(u) — Yw(u)o < 2w(|k — K'|), where

w(0) = sup{ |f(ur) = f(u2)] | ur,ug € [=M; M], [ur —us| <0 }

is a continuity modulus of the vector f(u) on the segment [—M, M]. This implies
that for any k, k' € R

|(Wr(u(t,v), 7t y)) = (Ww(ult, y)), 7t y))| <

2w(lk = KN[F(Ey)| < Cw(lk = K1), (1.12)
C' = const. Relations (1.11), (1.12) implies in the limit as t — 0, ¢t € E that
lvor (1) = vow (Y)lloe < Cw(lk = K|) VE, K € F (1.13)

and since w(d) — 0 as & — 0, we find that the map k — vox(y) € L*(V;) is uniformly
continuous on F'. Taking into account that F' is dense in R the map k& — v is
uniquely extended as a continuous map on the whole R. Thus, the functions vo(y)
are defined for all real k and relation (1.13) remains valid already for all real k, k'.
From limit relation (1.11) and estimates (1.12), (1.13) it readily follows that (1.11) is
satisfied for all & € R. Clearly, the weak limit vo,(x) = vor({(z)) does not depend on
the choice of a boundary chart. This allows to define vg(z) on the whole boundary
0 and by the construction vy (z) is the weak normal trace of the field 1o (u(x)).
The proof is complete. O

1.2 Localization of the problem.

Since our result has local character we reformulate the problem in a coordinate neigh-
borhood U of a boundary point & € 9. More precisely, suppose that (U, ¢, W) is
a canonical boundary chart, i.e. after rotating and shift of coordinate axes if neces-
sary T = 0 and (¢,y) = ((x) = (t(z),2), t(x) = xg — g(2'), 2’ = (x4, ..., z,), where
g € CYV,), |Vg| < const. Let u=wu(z) € L®(UNQ), and u(t,y) € L>((0,h) x V;)
be the same function written in the coordinates (t,y) that is u(t,y) = u(¢71(t,y)).
We have the following statement.



Theorem 1.3. If the function u(x) is a g.e.s, an i.s., a g.e.sub-s., a g.e.super-s, a
quasi-s. of equation (1.1) in Q then the function u(t,y) is, respectively, a g.e.s., an
i.S., a g.e.sub-s, a g.e.super-s, a quasi-s. of the equation

wo(y, u)y + divyp(u) =0 (1.14)
in the domain W = (0, h) x V,., where p(u) = f(u) = (fi(u),..., fu(u)) € R" and
oy, u) = folu) = (Vg(y), f(u) = —(#(y). f(u))- (1.15)

Proof. Let h(z) € CH(UNQ) be a test function, h(t,y) be the same function written
in the variables (t,y) € W. Then h(t,y) € C3(W) and by the chain rule

9] .
beoe) = = 2 () haft ) + by (), i =1,

h:co(x) = ht(tay)> (tay) = C(ZL’)

Using this relations and making the measure preserving change of variables (t,y) =
((x), we obtain the identity

/Q(wk(U(l‘)),Vxh(x))d$=/ﬂsign (u(x)=k)(f (u) = f(k), Vah(z))de =

/W sign (u(t,y) — ) [(oly, ult, ) — wo(y, k)halt, y) +

((ult,y)) = (k), Vyh(t,y))ldtdy. (1.16)

Clearly, the functions h(t,y) runs the whole space C§(W) while h(z) € C3(U N Q).
Therefore, u = u(x) is g.e.s of (1) if and only if for all £ € R

%[Sign (u = k) (poly, ult,y)) = oy, k)] + divy[sign (u — k) (p(u(t,y)) — (k)] < 0

in D'(W), i.e. ( see Remark 1.1 ) u(t,y) is a g.e.s. of (1.14). Observe, that the
condition (1.9) from this Remark

©o(y, k) + divyp(k) =0 in D'(W) Vk € R

is evidently satisfied. If u(z) is an i.s. of (1.1) then the same arguments yield that
u(t,y) is an i.s. of (1.14).

Finally, if u(z) is a quasi-s. of (1.1) then, by relation (1.16) again, Vk € F,
h(t,y) € Co(W)

/W sign (u(t, y) — K){(2o(y ult, v)) — w0y, E))hult, y) +

(o(ult,y)) — oK), Vyh(t,y))dtdy = / h(a)d( /W W, y)dinlt, ),

Q
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Ak (t,y) being the image (*vx|y under the map (. Thus, for all k£ € F' in D'(W)

%[Sign (u—=Fk)(po(y, ult, y)) —po(y, k)] +divy[sign (u—k)(p(u(t, y)) — (k)] = =

Clearly, 7 € Mo.(W) and therefore u(t,y) is a quasi-s. of (1.14).
From identity (1.16) with sign replaced by sign ™, sign = we derive that u(t,y)
is a g.e.sub-s or a g.e.super-s. together with u(x). The proof is complete. O

For our aims it is only essential behavior of quasi-s. near the boundary 9€2. In
particular, the space M,,.(W) appearing in the definition of quasi-s. can be defined
as the space of Borel measures on W that are locally finite up to the ”essential part”
of the boundary laying in the hyperplane ¢ = 0. Thus, the condition (1.6) has the
form:

Vary(KNW) < 0o (1.17)

for each compact set K C W,;, = [0,h) x V..

Remark also that the function o (y,u) = —(f(u), 7(y)), where (y) is the normal
vector to the hyper-surface t(x) = t written in the coordinate (t,y) ( it does not
depend on ¢ ). Thus, to prove Theorem 1.1 we have to establish that the functions

Yor(u(t,y)) = sign (u(t,y) — k) (wo(y, u(t,y)) — oy, k), k €R,

where u(t,y) being a quasi-s. of (1.14), have strong traces at t = 0.
For equation (1.14) relation (1.7) has the form

Yor(y, w)y + divyh(u) = =y, in D' (W), (1.18)

where
¢0k(t7 Y, U) = Sigﬂ (u - k) (@0(y7 'LL) - 900(% k))7

Ui (u) = sign (u — k) (p(u) — ¢(k)) € R",
and v = u(t,y). Observe also that the analog of (1.8) is the relation

wol(y,u); + divyp(u) = —y in D'(W). (1.19)

Now we demonstrate that g.e.s. as well as g.e.sub-s. and g.e.super-s. of (1.14) are
quasi-s. of this equation. Let us firstly show that a g.e.s. u(t,y) satisfies (1.18)
for all £ € R, moreover in this case 7, > 0. Indeed, as it follows from the known
representation of nonnegative distributions, ¢ (y, u); + divyyy(u) = —y in D'(W),
where 7, is a nonnegative locally finite measure on W. We show that this measure is
locally finite up to the initial hyperplane ¢ = 0, i.e. 7, € Mjo.(W). For this, choose



a function 3(t) € C3(R) such that supp 8 C [0,1], 5(¢t) >0, /ﬁ(t)dt =1 and set
forveN

0, (t) =vp(vt), 0,(t) :/0 0, (s)ds, (1.20)

so that 0/,(t) = 0,(t). Clearly, the sequence 0, (t) converges as v — oo to the Dirac
d-measure in D’(R) while the sequence 6, (t) converges pointwise to the Heaviside

function
0, t<0,
o(t) = { 1, t>0.

Let p(t,y) € C3(Wyn), p(t,y) > 0. Applying the equality ¢ox(y, u), + div, iy (u) =
—7% to the test function p(t,y)0,(t — to) € CL(W), where ty > 0, we derive that

/ p(t, y)0,(t — to)dvi(t,y) = / Yok (y, w)p(t, y)o,(t — to)dtdy +
w w
[ (s 0nlt,) + (000, V)10 ¢ — )ity
w
Supposing that ¢y is a Lebesgue point of the function
t— ka(y,U(t,y))p(t,y)dy,
Vr
we obtain, in the limit as v — oo, that
[ sttt = | vl utton)otto,n)dy -+
(to h)XVT V.
[ Wl unty) + (). V,0)ldidy <
(to,h) XV
[Yor (y, u(to, y))|p(to, y)dy +
Vr

/W [ox(y, 0)] - 11| + ()] - [V olldedy < G,

where the constant C), does not depend on ¢, since u € L>(W).
Passing to the limit as ¢y — 0 we derive the estimate

/ olt, y)d(t,y) < C,,
w

which implies, in view of arbitrariness of the nonnegative test function p(t,y) €
C3(W,1,), that the measure 7 satisfies (1.17).



The condition (1.18) is also satisfied for g.e.sub-s. (and g.e.super-s.) u(t,y).
Indeed, assume for definiteness that v = u(t,y) is a g.e.sub-s. of (1.14). Then, in
the same way as for g.e.s., we find that Vk € R

sign * (u — &) (2o (. w) — o(y. k) + div, sign * (u — k) (o (w) — (k)] = —Fs.

where ﬂk c MZOC(W), 61@ > 0.
In particular, taking in this relation k£ < —||u||o, we obtain that

wo(y, u) + divyp(u) = (po(y, w) — @o(y, k)): + divy((u) — ¢(k)) = =3

in D'(W), where 3 € M,.(W), 3 > 0. Taking into account that

¢0k(tvyvu> = (28ig11+(u - k) - 1)(300(% u) - 900(% k))v
Ur(u) = (2sign ™ (u — k) — 1)(p(u) — ¢(k)),

we derive the equality Yok (y, u); + divyyy(u) = — (206, — () that is (1.18) is satisfied
for all £ € R.

Extending Vg(y) from a ball |y| < p < r as a continuous bounded nonzero
vector on the whole space R™, we can consider equation (1.14) in the half space
II=R; xR" If u=u(t,y) is a quasi-s. of (1.14) in W3 = (0, h) x V, then we can
extend this function as a quasi-s. in II. For instance, one can set u(t,y) = 0 for
(t,y) ¢ Wi. Then, as easily follows from the generalized Gauss-Green formula ( see

6] ), for each k € F', g = g(t,y) € C}(IT)

ﬁmwmmugmm%/wwmmwfmmwmmwm

/

where S" = ((0,h) x S,) U ({h} x V,), S, = 0V, is a sphere |y| = p, ax(t,y) =

ark(t,y) —aor(t, y), where aqx(t, y) is a Weak normal trace of the divergence measure
field 4(y, ) = (Yor(y,u), ¥r(u)), u = u(t,y) at S ( in the sense of [6] ), while
ao(t,y) = (¥(y,0),7(t,y)), i being the outward unit normal vector on S’. This

relation shows that for all £k € F

(Yor(y, w))e + divythp(u) = —v& — Br,

where the measure f;, defined by the relation (g, B) = [q o (t, y)g(t, y)dH"(t, y),
evidently lays in M,,.(IT), as well as the measure 7.

Hence the extended functions u(t,y) is a quasi-s. of (1.14) in the whole half-space
II.

We have reduced our problem to the model case of equation (1.14) in I1. In this
case our main result have the following form



Theorem 1.4. Ifu(t,y) € L>(11) is a quasi-s. of (1.14) then there ezists a function
uo(y) € L®°(R™) such that for all k € R

esslim Vi (y, u(t, 1) = Yor(y, vo(y)) in Liye(R").

By Theorem 1.2 there exist the weak traces vox(y) of ¥ox(y, u(t,y)) on the initial
hyperplane t = 0.

In the simple case of the plane boundary the proof of existence of the weak traces
can be simplified. For completeness, we give below the proof, independent of results
of Proposition 1.1.

Suppose u = u(t,y) € L*(II) is a quasi-s. of (1.14). We denote

E={teR,|(ty)is a Lebesgue point of
u(t,y) for a.e. y € R }. (1.21)

Obviously, E is the set of full measure in R,. We have the following proposition:

Proposition 1.2. There ezists functions vo,(y) € L= (R™) such that Yor(-, u(t,)) —
vor, weakly-x in L*(R") ast — 0, t € E.

Proof. Fix k € F. Clearly, Vi € E ||[vo(-,u(t,"))||coc < const and we can find a
sequence t,, € E, m € N, t,, — 0 and a function vo(y) € L*(R"™) such that

m—00

Yor (Y, ultm, y)) — vor(y) weakly-x in L>(R") as m — oco.
If 7 € E then t,, < 7 for large enough m. We fix such ¢,, < 7 and set x,(t) =
0,(t —t,) —0,(t — 1), where the sequence 0,(t), v € N was defined above in (1.20).
Let h(y) € CY(R™). Then for large enough v € N the function h(y)x,(t) €
CZ(1I). Applying relation (1.18) to this test function, we obtain, after simple trans-
forms, that

/O+oo ( [ vl utt y))h(y)dy) 5.0t — )i
/0+°° ( s Yor(y, u(t, y))h(y)dy) 8, (t — t)dt =
A(¢k(u)avyh>Xu(t)dtdy - / h(y)x,,(t)d%(t,y). (122)

I
Passing in (1.22) to the limit as ¥ — oo and taking into account that t,,,7 € E are

Lebesgue points of the function I(t) = Yor (y, u(t,y))h(y)dy, and also that the
RTL
sequence X, (t) converges pointwise to the indicator function of the interval (¢,,, 7]

and is bounded, we derive the equality

(Vr(u), Vyh)dtdy — / h(y)dvi(t,y),

(tm,T]xR"™

I(7) = I(ty) = /

(tm,T]XR"™
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which implies in the limit as m — oo that

1) = 104) = [ vl utra)hoay = | vulnhto)dy -
[ s [ w00 012)
(0,7] xRn (0,7]xR™ K

i.e. Vh(z) € CHR")

bor(y, (T, y)h(y)dy — | vor(y)h(y)dy.
R™ YR

This, together with boundedness of u(7,-), 7 € FE and density of C§(R") in L'(R"),

implies that for each k € F

Yo (-, u(t,)) — vop weakly-* in L*(R™) ast — 0,t € E. (1.24)

Since the map k& — o (y,u) € C(R™ x I) is continuous, where I = [—M, M|, M =
||tt]| s, then repeating the arguments from the proof of Theorem 1.2, we conclude
that (1.24) remains valid for all £ € R. The proof is complete.

U

2 Preliminaries

2.1 Measure valued functions

Below we will frequently utilize results of the theory of measure valued functions.

Recall ( see [9, 24] ) that a measure valued function on a domain Q C R¥ is
a weakly measurable map x — v, of the set €2 into the space of Borel probability
measures having compact supports on R. Weak measurability of v, means that for
any continuous function f(A) the function

w*qu%u»zjfum%u>

is Lebesgue measurable on 2.

A measure valued function v, is said to be bounded if there is a constant M > 0
such that suppv, C [-M, M] for a.e. x € Q. The minimal of such M will be
denoted by ||V ]| co-

Finally, measure valued functions of the kind v, (\) = §(A — u(z)), where §(\ —
u) = 0y(A) is the Dirac measure at the point u, are called regular and they are
identified with the corresponding functions u(z). Thus, the set MV(€2) of bounded
measure valued functions on € includes the space L>().

Remark 2.1. As was demonstrated in [15], for v, € MV(Q) measurability of the
functions © — (f(\), v(\)) remains valid for all Borel functions f(A).

11



We shall use also the following notions:

Definition 2.1. Suppose v € MV(Q), m € N; v, € MV(€2). We shall say that
1) the sequence v is bounded if for some constant M > 0 ||V} < M Vm € N;
2) the sequence V" converges to v, weakly if

VIA) € CR) {f(AN), " (N) = (F(A);va(N))  weakly-x in L7(9);
3) the sequence v converges to v, strongly if
Vi) € CR) (fF(N).v' () — (F(N)za(N)  in Ly (Q).

Remark 2.2. If a bounded sequence v" converges to v, weakly (strongly) then
(f(z,\),v(N) — (f(z,N),v(N\)) weakly-x in L>°(Q) (respectively, - in L} (Q)

loc
—00

for each function f(z,\) € C(£2 x R), which is bounded on sets 2 x I for each
segment I C R. This easily follows from the fact that f(z, A) can be uniformly on
l

any compact approximated by functions of the form Z a;(x)fi(u), a;(z) € C(9),
i=1
Bi(u) e C(R),1=1,...,1L
Measure valued functions naturally arise as weak limits of bounded sequences in
L>(€) in the sense of the following theorem of Tartar ( see [24] ).

Theorem 2.1. Let u,,(x) € L®(Q), m € N be a bounded sequence. Then there
exist a subsequence u.(x) and a measure valued function v, € MV(Q) such that
u,(x) — v, weakly. This means that

Vi(A) € C(R)  f(uy) mj@(f()\), v:(N))  weakly-* in L>(Q)

that is the sequence of reqular measure valued functions v, = §(A—u,.(x)), identified
with u,., converges weakly to v,.
Besides, v, is reqular, i.e. v, = §(\ — u(x)) if and only if u.(xr) — u(x) in

r—00

Ll

loc

(Q) that is v, — v, strongly.

More generally, the following statement on weak precompactness of bounded set
of measure valued functions is valid ( see [16] ).

Theorem 2.2. Let V)" be a bounded sequence of measure valued functions. Then
there exist a subsequence Vi(x) and a measure valued function v, € MV(Q) such
that v, — v, weakly as r — oo.

Corollary 2.1. Suppose a bounded sequence v € MV(Q) weakly converges to
vy € MV(Q), and a function p(x,\) € C(Q x R), bounded on sets Q x I for each
segment I C R, is such that p(x,\) = up,(z) on supp vl for a.e. x € Q. Then
U () = u(x) = (p(x, N), ve(N)) weakly-+ in L>(Q), and u,,(x) = u(x) in L}, (Q)

if and only if p(z, \) = const = u(z) on supp v, for a.e. x € Q.
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Proof. Clearly, u,(x) = (p(z,\),v"(\)) € L=(§2). Denote by p(z,-)*v, the image
of measure v, under the map A — p(x, \). Obviously, x — p(z,-)*v, is a bounded
measure valued function on Q. From the relation ( see Remark 2.2 )

flum(@)) = (f(p(z, A), " (N) = (f(p(, M), (X)) = (F(A), p(z, ) va(N))
Vf(\) € C(R) it follows that the the sequence u,,(x) converges weakly to the mea-
sure valued function p(x, \)*v,, and in particular, u,,(z) — u(z) = (p(x, A), v.(\))
weakly-x in L>(Q2). By Theorem 2.1 this convergence is strong if and only if

p(z, ) ve(A) = §(A —u(x)) for a.e. & € Q. Since the latter is equivalent to the
condition p(x,\) = u(z) on supp v,, the proof is complete. O

We also need the following simple result

Lemma 2.1. Let v, ', m € N be bounded sequences on €2, which converge weakly

to the measure valued functions v,, vU,, respectively. Then, for each p(\, 1) € C(R?)

[ pomarovizy i = [ oonwav.oviz, (2.1)

weakly-+ in L>(2 x ).

Proof. Suppose firstly that p(A, 1) = p1(A)p2(p), p1,p2 € C(R). Since the variables
x,1y are independent we have

/ / PO 1) (AU (1) = (pr(A), ) (D), 77 (1)) —

m—00

(21 (), e () (pa(12), 7y (1) = / / PO 1) dva (N7, (1)

weakly-+ in L>°(Q x ), as required. Certainly, this relation remains true also for
the functions p(\, p) represented as linear combinations of functions of the kind
p1(AN)p2(p). In particular (2.1) is valid for polynomials p(A, p). Since polynomials
are dense in C'(R x R) we conclude that relation (2.1)

is satisfied for general p(\, p). O

2.2 Some properties of isentropic solutions

Fix some segment [ = [—M, M|, M > 0 and denote by £ C C(I) the subspace of
constant functions on I, and by C(I)/L the corresponding factor space. Consider
also the space BV (I) consisting of continuous from the left functions, which have
locally bounded variation. If n(u) € BV([) then n/(u) = dn(u) in the sense of
distributions, where dn(u) is a Radon measure of finite variation on I ( the Stieltjes
measure generated by n(u) ), and Varn = Vardn(l). Let us define the linear
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operator T;, : C(I)/L — C(I)/L such that, up to an additive constant ( i.e. in the
space C(I)/L)

T, f(u) = flu)n(u) - / F(s)dn(s) =

[_Mvu)

[, (00 = Fa)nte) + (=), 22)

From the representation T, f = f[_Mu)(f(u) — f(8))dn(s) + f(u)n(—M) it easily
follows that the function 7, f is continuous and T, f; — T}, f = const whenever
fi — fo = const. Thus, the operator T;, is well-defined on C(I)/L. It is easy to see
that

1T f (w)lloo < NIf (@)lloolIn(=M)| + Var ],

which shows that the operator T, is continuous. In the case f(u) € C*([), inte-
grating by parts in (2.2), we obtain that T, f is uniquely defined in C'(I)/L by the
equality

(T0.f) (u) = () f'(w) in D((=M, M)). (2:3)
If n1,m9 € BV (I) when the product myn, € BV (I) as well and
Ty, T, = Ty, (24)

Indeed, if f € C*(I) when the equality T, T,, f = T, [ directly follows from (2.3).
Since C*(I) is dense in C'(I) and operators T,, are continuous we conclude that this
equality holds for all f € C'(I) ( modulo L, of course ) and identity (2.4) is satisfied.
— <
Taking n = 0(u) = 1 L uu_>k:k, with k£ € I we derive that T, f = fi(u) =
sign (u — k)(f(u) — f(k)). The following Lemma shows that for general n € BV (I)
the function T), f(u) is generated by the functions f(u).

Lemma 2.2. Let n(u) € BV(I). ThenVf(u) e C(I)/L

Tuf =5 [ s k)0~ F0)n(R) + Af ), (25)

2
A = const = (n(M) +n(=M))/2
on the segment [—M, M|, up to an additive constant.

Proof. Revealing the integral in the right-hand side of (2.5) and taking into account
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representation (2.2), we obtain

Ly 0 R) = F ) n) =

[ = s - [ () - )dn() =
[—M,u) [u, M)

2 [ = ) = [ ()~ £R)in) =

[—M, M)
2/[_M )(f(u) — f(k))dn(k) — (n(M) — n(=M)) f(u) + const =
2T, f(u) — 2Af(u) + const
and (2.5) follows. O

Lemma 2.3. Let I = [-M, M], ¢(u) € C(R), ¥p(u) = sign (v — k)(p(u) — ¢(k)),
v, € R, k € R. Then the set

C={uel|VkeRYp(u)=1}
is closed and connected. In particular if C' # 0 then C is a segment [a,b] C I.

Proof. Since all functions ¢y (u) are continuous the set C' is closed. To prove that
this set is connected, take points ui,us € C, u; < us. We have to show that
[u1, ug) C C. Since for fixed a < —M (u) = Pa(u) + p(a) we see that o(uy) =
o(uz) = v =v, + p(a). Then Yk € [uy, us)

v = Yp(ur) = @(k) — o(ur) = Yi(uz) = p(uz) — (k),

which immediately implies that ¢(k) = v Vk € [uy, us|. Thus, ¢(u) = v on [uy, us.
From this it follows that ¢y (u) = 1k (u1) = vy on the segment [u, us] for all k£ € R.
Hence, [u1,us] C C and the set C' is connected. O

Now, we consider the equation
wo(u)r + divyp(u) =0, v =u(t,y), (t,y) € I =Ry xR". (2.6)

Here go(u) € C(R), p(u) = (¢1(1), ..., pu(u)) € C(R,R?).
We are going to prove that the statement of Theorem 1.4 is valid for isentropic
solutions of (2.6), more precisely - for measure valued i.s.

Definition 2.2. A bounded measure valued function v, on the half-space II is
called a measure valued isentropic solution of (2.6) if for all £ € R

%(w%(A), viy(A)) 4 divy (Ye(A), 11y (A)) = 0 in D'(T), (2.7)

where o (A) = sign (A= k)(po(A) = o(k)), Yi(A) = sign (A= k)((A) —¢(k)) € R
is the Kruzhkov entropy flux.
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Obviously, a regular measure valued function v ,(A) = 6(A—wu(t,y)) is a measure
valued i.s. of (2.6) if and only if the function u(¢,y) is a "usual” i.s. of this equation.
Remark also that, as follows from (2.7) with k > ||14]|c0, any measure valued i.s.
v, satisfies the equality

0

ot
Proposition 2.1. If v, € MV(II) is a measure valued i.s. of (2.6), ||Vt yllcc < M
then it is a measure valued i.s. of equations

(o(N), vey(N)) + divy(p(N), 144 (A)) = 0 in D'(II). (2.8)

(Typo(u))e +div, Thyo(u) =0 Vn(u) € BV([-M, M]).
Proof. Let I = [—-M, M]. By Lemma 2.2 VA € [

T =5 [ ) + A,
T =5 [ v + Apl)

where A = const. Taking into account (2.7), (2.8), we see that in the sense of
distributions

(Typo(N), vy (V)i + divy (Typ(N), v (\)) =
/[_M 0 {(Wok(N), vy (N))e + divy (Ve (X), vy (V) b (k) +

A{{po(N), vy (W))e + divy (p(N), vy (A)) } = 0 (2.9)
for each n(u) € BV(I). Let n(u) € BV (I), k € R. Denote

Yo(A) = Thpo(A),  ©(A) =T,p(A) € R™
By identity (2.4), we have that, up to additive constants,
sign (A — k) (¥o(A) — vo(k)) = Tonpo(A), sign (A — k) (¥ (A) — ¥ (k)) = Topp(N),

1, u

— <
where 0(u) = { 1 u_>kk’ . Therefore

%(Sign (A = k) (%o(A) = Yo(k)), vy (A)) + divy sign (A = k) (P (A) = P(k)), v, (X)) =
(Tonpo(A), vy (M) + divy (Toyp(A), 1,/ (A)) = 0 in D(IT)

in view of (2.9). Since k € R is arbitrary, 1, is a measure valued i.s. of the equation
¢0(U)t -+ leylp(U) = 0,

as was to be proved. O
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No we can prove the following assertion on existence of strong traces for measure
valued 1i.s.

Theorem 2.3. Let v, be a measure valued i.s. of (2.6) such that for a.e. (t,y) €11
and all k € R functions or(N) = vi(t,y) on suppuy,. Then there exist trace
functions vo,(y) € L (R™) such that

ess l%m vp(t, ") = vor in L, (R™) ( strongly ).
Proof. We deduce from Lemma 2.3 that o (A) = vi(t,y) also on the convex hull
Co supp v, of supp v4,. Define the set of full measure

E={teR, | (ty)is a Lebesgue point of the functions
(t,y) = (p(N),vn,) forae. y € R" and all p(A) € C(R) }.

From the fact that the space C(R) is separable it easily follows that the set of
common Lebesgue points of the functions (¢,y) — (p(A),4,) has full measure on
I1, which directly implies that £ C R, is a set of full measure, as required. Taking
p(A) = ©o(A), Yok (), we conclude that for ¢t € E for a.e. y € R” points (¢,y) are
Lebesgue points of functions v(t,y) = (po(A), viy(N)), vk(t,y) = (Yor(N), vey(N)),
k € R. From the relation

v +divyw =0 in D'(IT), where w = w(t, y) = (p(A), v, (N)) € R"

it follows, in correspondence with Proposition 1.1, that the function v(t, y) have the
weak trace vo(y) € L®°(R™), namely v(t,-) — vy weakly-x in L>*(R") as t — 0,
tekb.

Obviously, for each 7 € E the measure valued function v = v,, € MV(R") is
well-defined, due to the relation

(), vy (A)) = (p(A), vry(N))

on the set of full measure consisting of y € R™ such that (7, y) is a common Lebesgue
point of all functions (t,y) — (p(A), vey). Moreover, |[v] o < M = [[vylloe- By
Theorem 2.2 we can choose a sequence t,, € E, m € N such that ¢,, — 0 and
the bounded sequence of measure valued functions v;" = v, ,, converges weakly as
m — oo to some measure valued function vy, € MV(R").

We have to prove that the trace vy is strong, i.e. v(t,-) — vy in L}, (R") as
t —0,t € E. We firstly establish that v(t,,, ) — vy in L}, (R™) as m — oo.

To do this, we apply the measure valued variant of the Kruzhkov method of
doubling variables ( like in [15], Theorem 2.3 ).

By relations (2.7) for all p € R

o ign (0—4) po(0) —pulp)) vy [ sign (\mp) (oN) ()i () = 0 in D/(1D).
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Integrating this relation applied to a test function g = g(t,y;s,2) € CH(IT x II)
firstly over the measure v ,(p) and then over (s, z), we readily obtain that

%[Sign (v(t, y) — v(s, 2))(wo(v(t, y) — wolv(s, 2)))] +
div, [ [ sign (= 1) (20) = ()t (Vo) =0 i DAL L. (2.10)
Here we take into account that
sign (v — p)(po(v) — @o(p)) = sign (v —v(s, 2))(wo(v) — po(v(s, 2)))

on supp vs .(p) for a.e. (s, z) € 1L
Analogously, changing the places of the variables A and p, (¢,y) and (s, z), we
find

g [sign (v(2,y) — v(s, 2))(po(v(t,y)) = wo(v(s, 2)))] +

leZ// sign (A — u)(e(A) — o(p))dvy(N)dvs . (p) =0 in D'(IT x IT).  (2.11)

Combining (2.10) and (2.11) we arrive at the relation: in D’(II x II)
g 0, .
(57 + 35 ) B (000 = ol DCu(utt) — n(e(s, 0]+

(v, +div.) [ sign (3= () = )i (Vo) = 0. (2.12)

Now we choose a function B(t) € C3(R) such that supp3 C [0,1], B(t) >0,

/ﬁ(t)dt = 1 and set, as in (1.20), for v € N §,(t) = v5(vt), 0,(t) = / 9, (s)ds, so
0

that 0/, (t) = 0,(t). Recall that the sequence 0,(t) converges as v — oo to the Dirac
d-measure in D’(R) while the sequence 6, (t) converges pointwise to the Heaviside
function. Let f(t,y,2) € CH(Ry x R* x R™), g(t,y;s,2) = d,(s—t)f(t,y,2), v € N.
It is clear that g(t,y; s, 2) € Cj(IIxII). Applying relation (2.12) to this test function
and making simple transformations, we find

/H ) [sign (0(t, ) — (s, 2)) (go(v(t, ) — po(v(s, 2))) fs +

(// sign (A = ) (p(V) = () dvey (N dvs.:(p), (Vy + vz>f)] dydz x
6,(s —t)dsdt =0
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Passing in this relation to the limit as v — oo we derive

Lo {Sig“ (u(t,) = v(t, 2)) (wolv(t, 1) — golvlt, ) +
(// sign (A—p) (p(A) — () dvey () dv o (1), (Vﬁ%)f)} dydzdt=0 (2.13)

for each f(t,y,2) € C}(Ry x R™ x R™), i.e. in D'(R, x R™ x R")
J 5 gn (v(t y) — v(t, 2))(po(v(t, ) = wo(v(t, 2)))] +
ley+d1VZ // sign (A — 1) (@(X) — @(w))dvy (N dvy (1) = 0.

Let h(y,z) € CJ(R® x R"), T € E, and f(t,y,2) = x,(t)h(y, z), where x,(t) =
0,(t —ty)—0,(t—7), v,m €N, t,
Taking in (2.13) the test functlon f , we obtain the relation

/R /R o sign (v(t, y) — v(t, 2)) (o (v(t, y)) — wolv(t, 2)))h(y, z)dydz x

(8, (t — tw) — 0u(t — 7))dt + /RMRWR” (// sign (A — 1) ¥

(P(N) = () dvey (N dvr, (1), (Vy + Vz)h) X (t)dydzdt = 0

Passing in this relation to the limit as ¥ — oo and taking into account that t € £

are Lebesgue points of the function t — sign (v(t,y) — v(t, 2))(wo(v(t,y)) —
R™xR™
wo(v(t, 2)))h(y, z)dydz and that y,(t) converges point-wise to the indicator function

of (tm, 7], we obtain
/Rn . sign (V(tm, ¥) —V(tm, 2))(@o(v(tm: ) —o(v(tm, 2)))h(y, 2)dydz
_ /Rn . sign (v(7,y) — v(7, 2)) (o (v(T,v)) — o(v(7, x)))h(y, 2)dydz

’ /(tmﬂxwxw (/ / sign (A — u)(9(A) = (1)) dvey (A)dres(1),
(Vy + Vz)h) dydzdt = 0. (2.14)
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By Lemma 2.1
sign (v(tm, y) — v(tm, 2))(wo(v (t Y)) = po(v(tm, 2))) =

//Slgn (A = 1) (po(A) = po(p))dvy () dv." (k)
m—co / / sign (A — 1) (po(A) = wolp))dvoy (N)dro- (1)

weakly-* in L>°(R™ x R") and from (2.14) it follows, in the limit as m — oo, that

/Rann <//81gn (A =) (po(A) = po(u ))dVOy()\)dV(]Z(lu>) h(y, 2)dydz
/Rnxw sign (v(7,y) — v(7, 2))(@o(v(7,y)) — @o(v(7, 2)))h(y, z)dydz

- /(O,T}anan < / / sign (A — 1) (p(A) — p(1))dvey (N dvr - (1),

(Vy + Vz)h) dydzdt.  (2.15)

Now we choose the function h in the form h(y, z) = p(y)d,(y — 2), with §,(y — z) =
H 6, (zi — ui), ply) € CH(R™). Taking this function in (2.15), we find

/]R” o (// sign (A — ) (@o(A) — @O(N>)dVoy()\)dV0Z(,u)) p(y)gy(y — 2)dydz =
/Rn N sign (v(1,y) — v(7, 2)) (o (v(7,9)) — wo(v(T,2)))p(y)6,(y — 2)dydz —

/(O,r]anan (// sign (A—p)(p(A) —p(p))dvry (N v (1), Vyp) 0, (y—2)dydzdt.

Passing to the limit as v — oo, we derive that for all 7 € £

/Rn (// sign (A — ) (@o(A) — goo(u))dyoy()\)dyoy(ﬂ)> p(y)dy =
R /<o,f1an (/ / sign (A — 1) (p(A) — (1)) dvry (N)dvy (1), Vyp) dydt

and in the limit at 7 — 0 this implies that

/Rn ( / / sign (A — p)(po(A) — @o(u))dVOy(A)dVOy(u)) p(y)dy = 0.

As p(y) € C}(R™) is arbitrary, we conclude that for a.e. y € R"
[ ston (3= ) aul3) = euti)) v, e, () =0 (2.16)

20



In view of Proposition 2.1 one could replace equation (2.6) by the equation
(Tyeo(u))e + divyThyp(u) =0,  n(u) € BV([-M, M])
and relation (2.16) yields

// sign (A — p) (T 00(N) — Thyp0 (1) )dvoy (N digy () = 0 for ae. y € R™. (2.17)

Since the space C'(I x I) is separable and integrands in (2.17) generate a subspace
of C(I x I), we can choose a set of full measure D C R”" such that for y € D
supp vo, C [—M, M| and (2.17) is satisfied for all n(u) € BV (I). Fix y € D and
denote v = 1y, [a,b] = Co suppr. We are going to show that ¢g(A) = const on
la,b]. Assuming the contrary, we can find a point ¢ € (a,b) such that ¢y()\) # const
on any segment [c,d|, ¢ < d < b ( otherwise, po(I) is at most countable and
therefore ¢g(A) = const on I ). Hence, there exists a sequence ¢,, r € N such that
c<Cy1<c <bVreN, ¢. —casr— oo, and

[poler) = pole)] = max [po(u) = polc)] > 0. (2.18)

c,Cr

1
Denote h, = ¢o(c,) — wo(c) and set n,.(u) = X (u), where x(cc,(u) is the
indicator function of (c,c,|. It is clear that n, € éV(I ) and

0 , u<c,
Ur(u) =Ty po(u) = ¢ (wo(u) —olc))/he , c<u<c, (2.19)
1 ) U > Cp.

Observe that, up to an additive constant, 1,.(u) = (Yoc(u) — Yoc, (u))/(2h,). As
follows from (2.18), |¢,(u)| < 1 and obviously the sequence 1, converges point-wise
to the Heaviside function ¢(u) = 6(u — ¢). Taking in (2.17) n = 7, and passing to
the limit as » — oo, we find

:// sign (A — 1) (Y(A) — () dv(A)dv(p) =

//>\<C<u dv(\)dv(p) +//;L<c<)\ dv(\)dv(p) = 2v([a, c])v((c, b]).

But, [a,b] is the smallest segment containing suppr, which implies that
v([a,c])v((c,b]) > 0. The obtained contradiction shows that ¢o(\) = C' = const
on [a,b]. Thus, for a.e. y € R™ @i, () is the Dirac measure ( as is easy to see,
it is the Dirac measure at the point vy(y) ) and by Corollary 2.1, v(t,,, *) = g in
L} (R™), as was to be proved. By Proposition 2.1 we can replace g(u) by o, (u) and
thus conclude that the functions tox (u(tm, ) — vor in L, (R™) as m — oo. Finally,
since the limit functions vy, do not depend on the choice of the sequence t,, € F
with the prescribed above properties, this easily implies that o (u(t,-)) — vor in
L. (R") ast — 0, t € E. The prove is complete.

loc

0
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2.3 One criterion of existence of the strong traces

As was shown in Proposition 1.2, there exist weak traces wvor(y) € L®(R") of
Yok (y, u(t,y)) = sign (u — k)(o(y, u) — woly, k)), where u = u(t,y) is a quasi-s. of
(1.14). In the following Theorem we give a simple criterion for vg, to be the strong
traces. We formulate this theorem even for the following more general situation.

Theorem 2.4. Let V' be a bounded open set in R", W = (0,h) x V CII, 0 < h <
+oo, and u = u(t,y) € L¥(W), M > ||ul|eo- Suppose po(t,y,u) € C(CIW x R)
and the functions Yo (t,y,u) = sign (v — k) (po(t,y,u) — wo(t,y, k)) have the weak
traces vor(y) at t = 0 for each k € R. Then the traces vor are strong if and only
if there exists a bounded function ug(y) such that vor(y) = Yox(0,y, uo(y)) a.e. on
V. Moreover, if the function ug(y) exists then among such functions, satisfying the
additional requirement |uog| < M, there are unique minimal uy and mazimal ug,
and uZ are measurable, i.e. uy € L>®(V).

If, in addition, for a.e. y € V the function u — ¢(0,y,u) is not constant on
non-degenerate intervals and vor(y) = Yor(0,y,uo(y)) a.e. onV then ug = ui = ug
(independently on M ) and uy(y) is the strong trace of u(t,y) att = 0.

Proof. Suppose traces vy are strong. We define the set
E={te(0,h)] (t,y) is a Lebesgue point of u(t,y) for a.e. y €V } (2.20)

similarly to (1.21). Then o (t,y,u(t,y)) — voe(y) in LY (V) ast — 0, t € E.
Taking into account also that the functions ¥ (¢, y, u) are continuous and therefore
ka(ta Y, U(t, y)) - ka(O> Y, U(t, y)) t_) 0 in Ll(v)> we see that

—0
Yoe(0,y,u(t,y)) — vor(y) in L'(V)ast — 0, t€ E. (2.21)

In view of Theorem 2.1 we can choose a sequence t,, € F, t,, — 0 such that the
sequence u(t,,,y) converges weakly to some measure valued function v, € MV(V),
and [|vylloo < ||uf|co. Taking M > |Ju||w, we can suppose, without loss of generality,
that supp v, C I = [-M, M| forally € V. By Corollary 2.1 from strong convergence
(2.21) it follows that for all £ € R 1, (0,9, \) = vox(y) on suppy, for a.e. y € V.
Evidently, the set of full measure Y consisting of such y can be chosen common for
all k € Q and since the maps k — Yo (0,y,-) € C(I), k — wvo(y) are continuous,
and the set Q is dense, we conclude that for y € Y ¢p(0,y,A) = wvor(y) on
suppy, for all £ € R. By Lemma 2.3 the set C, of A € I such that for each
k€ R Yor(0,y,\) = vor(y) is a segment [a(y), b(y)], which is nonempty due to the
condition supp v, C C,.

Taking a function uy(y) € C, we obtain the desired relation (0, y, uo(y)) =
vor(y) for all k € R. Clearly, the functions

ug (y) = aly) = minCy,  ug(y) = b(y) = max C,
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are the minimal and respectively the maximal among such functions ug(y). Let us
show that ui(x) are measurable on V. This follows from evident relations: for all
AeR

{yeViuwly =r}= ﬂ U{yev‘ka(annu>7£U0k(y)}a

pE(—M,N)NQ keQ

{yeVi]uyly <A}t= m U{yev‘ka((]u%,u)?éUOk(y)}

HENM)NQ keQ

and measurability of vo(y). Hence, ui € L®(V), ||uZlo < M.

Conversely, suppose that there exists a bounded function wug(y) such that
vor(y) = Yor(0,y,uo(y)) a.e. on V for each k € R. We take M >
max{||u||oo, sup |uo(y)|} and set I = [—-M, M]. Since maps k — 9o (0,y,-) € C(I),
k — wvok(y) are continuous, there is a set ¥ C V of full measure such that
vok(y) = ©ok(0,y,up(y)) for all £ € R if y € Y (see the arguments for the
set Y in the first part of the proof). We should prove that for all k& € R
Yor(t, v, u(t,y) — vor(y) = Yor(0,y,uo(y)) in LY(V) as t — 0, t € FE, where
the set £ C (0, h) of full measure is defined by (2.20). As was shown above, this is
equivalent to the convergence

¢0k(07y7u(tvy)) - ¢0k(07y7u(tvy)) in Ll(v) Vk € R. (222>

t—0,teE

Assuming that (2.22) fails, we can find £ € R and a sequence t,,, € E, t,,, — 0, such
that for some 6 > 0

lim inf /V 00(0, 9, wltons ) — v0u(w)ldy > 6. (2.23)

m—00

Without loss of generality we can suppose that u(t,,,y) converges as m — oo to
some measure valued function v,. Clearly, ||v,|| < M, and by the weak-* convergence
Yok (0, y, u(tm,y)) — wvor(y) in L®(V) we have the relations

Yor(0, ¥, uo(y)) =vor(y) = (Yor (0, y, )x),Vy()\)>:/wok(0,y,)\)dyy(>\) Vk € R. (2.24)

Clearly, the set of full measure Y7 C Y of values y, for which this relation holds, can
be chosen common for all £ € R. This easily follows from the fact that both sides
of (2.24) depends continuously on k. Taking in (2.24) k > M, we derive

(0, uo(y)) = vo(y) = (po(0,, A), vy (X)) Z/wo(oayﬂ)dvy(k)- (2.25)

Fix y € Y; and denote ¢o(u) = ¢o(0,y,u), up = uo(y), v = v,. Let n(u) € BV (I).
Integrating relation (2.24) over the measure dn(k) and using Lemma 2.2 with f(u) =
wo(u), we find that for all n € BV (1)

(Tyeo(A), v(A)) = Typo(uo). (2.26)
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Here we also take into account relation (2.25). Now, we are going to derive from
(2.26) that po(u) = const on [a,b] = Co suppr. Assuming the contrary, we can
choose a value ¢ € (a,b) and sequences c,, h,, r € N such that the sequence v, =
T, ¢o(u) defined by (2.19) is bounded, and converges point-wise as 7 — oo to the
Heaviside function f(u — ¢). Taking in (2.26) n = 7, and passing to the limit as
r — oo we find that v((c,b]) = 0(ug — ¢) € {0,1}, which contradicts to the fact
that [a, b] is the minimal segment containing supp v and therefore 0 < v((c, b]) < 1.
Thus, po(u) = @o(ue) for all u € [a,b]. From the obtained relation it follows that
Yor(u) = Yor(up) on [a,b]. Hence for a.e. y € V or(0,y,u) = oe(0,y,uo(y)) =
vox(y) on supp v, and by Corollary 2.1 for all & € R ), (0,y, u(t,,,y)) converges
as m — 0o to vor(y) in LY(V). But this contradicts (2.23). Therefore, (2.22) is
satisfied, as was to be proved.

If, in addition, the function ¢o(0, y, -) is not constant on non-degenerate intervals
for a.e. y € V then we take a sequence t,,, € F, t,,, — 0 such that u(t,,,y) converges

weakly to a measure valued function v,,. Repeating the above arguments we find that

for a.e. y € V suppr, C [u™(y), ut(y)], uo(y) € [ug (v),ug (y)], and ©o(0,y,u) =

©0(0,y,u0(y)) on [ug (y), us (y)]. By our assumption the functions ¢4(0,y, -) are not
constant on non-degenerate intervals for a.e. fixed y € V. Therefore, for a.e. y € V
uo(y) = ug (y) = ug(y), and v,(\) = (X — up(y)) is a regular measure valued
function. By Theorem 2.1 the sequence u(t,,,y) — ug(y) in L'(V) as m — oo and
since the limit function ug(y) does not depend on the choice of a vanishing sequence
tm € E, we conclude that u(t,-) — ug in L*(V) ast — 0, t € E. The proof is

complete. O

Corollary 2.2. Suppose u(t,y) € L*>(Il) is a quasi-s. of (1.14), E C Ry
is defined by (1.21), and there is a sequence t,, € E such that t,, — 0, and

m—0o0

Yor(, u(tm, ")) — wvor in Ll (R™). Then o (-, u(t,-)) — vox in L}, (R™) ast — 0,
teb.

Proof. Extracting a subsequence if necessary, we can assume that u(t,,,y) converges
weakly to a measure valued function v, € MV(R"). In view of strong convergence
Yok (0, -, u(tm, ) — vo from Corollary 2.1 it follows that for all k € R g, (0,4, \) =
vox(y) on supp v, for all y € Y, where Y C R” is a set of full measure, which does
not depend on k ( see the proof of Theorem 2.4 ). Thus, 1o (0,y, uo(y)) = vor(y)
for each y € Y, where uy(y) € supp v,,. By Theorem 2.4 we conclude that v (y) are
the strong traces for wox(t,y, u(t,y)) for all k£ € R, as was to be proved. a

3 The ”blow-up” procedure

Let u(t,y) € L*>(1I) be a quasi-s. of (1.14). We consider a sequence ¢, > 0, m € N
such that ¢, — 0 as m — oo and set

u™ =u"(t,y; 2) = ulent, eny + 2),
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where z € R" is treated as a fixed parameter. By Proposition 1.2 there exists the
weak traces vor(y) € L>(II) such that o (y, u(t,y)) — vor(y) weakly-* in L>°(R")
ast — 0, t € E. We set also v.(y; 2) = vok(emy + 2).

The following lemma was essentially proved in [26] ( Lemma 3 ) and in [19]
( Lemma 3.1 ).

Lemma 3.1. There exists a subsequence of €, (we keep the notation e, ) such that
fora.e. z € R" and all k € R o5} (y; 2) — vor(2) = const in L} (R™) as m — oc.

For completeness we give the proof.

Proof. Let p(y) = e,

) = | feor(eny +2) — u(2lp(w)dy.

We integrate this equality over z. Changing the order of integrating we obtain that

[t = [ ([ e +2) - o) stodty. 6
n n Rn
By continuity of the average, for all y € R”

W) = | vok(emy + 2) — vo(2)p(2)dz — 0,
R m—oo
and also ||J7"(y)|lec < const. Using the Lebesgue theorem on dominated conver-
gence, we conclude that the right-hand side of (3.1) converges to zero. Then, by

(3.1)

/ I'(2)p(z)dz — 0.
Therefore, after possible extraction of a subsequence (we keep the previous notation
for it), I*(z) — 0 as m — oo for a.e. z and all £ € Q. This means that for such
values of y vl (y; 2) — vor(2) in L}, (R™). Since the above functions depends on k
continuously and Q is dense, we see that this limit relation is satisfied for all £ € R.

The proof is complete. O
Evidently, u™(t,y; z) satisfies equalities like (1.18), namely in D’(II)

Yor(emy + 2z, u™) + divyh (u™) = =ST (V) = —emVk(Emt, emy + 2). (3.2)

The operator S™ is defined on the space My.(II) by the equality S™(y) =
emY(Emt,emy + z) understood in the sense of distributions. This means that
Vh(tvy) S CO(H)

(ST(), B = ()™ / Bt fems (0 — 2)/2m)dr (6 y).

II

The following lemma can be proved in just the same way as Lemma 2 in [26] ( see
also Lemma 3.2 in [19] ).
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Lemma 3.2. If v € M,.(II) then, after possible extraction of a subsequence, for
a.e. z€R" ST(vy) — 0 in M (II).

Proof. Firstly, observe that Var S*(y) = SI"(Varwy). Therefore, without loss of
generality we may assume that v > 0. Let » > 0. Denote by B, the ball {y | |y| <
r}, and by x(¢,y) the indicator function of the cylinder (0, 7] x B,. We set

1"(2) = ST ()0, 7] x B,) = (f:‘m)_"/ X(t/em, (y — 2)/em)dy (L, y).

II

Now we integrate this equality over z € Bg, where R > 0. Changing the order of
integrating and making the change x = (y — z)/e,, we derive that

/BR I (2)dz = (»Sm)_"/H/BR Xt/ em, (y — 2)/em)dzdy(t,y) =

/ / Wt em 2)ddy(ty) < Cor((0,emr] X Bryes), (3.3)
IT J|y—emz|<R

where C is Lebesgue measure of the ball B,. As m — oo

Y((0, emr] X Brye,r) — 0,
and in view of (3.3), for all R > 0

lim I"(2)dz = 0.
m—0o0 BR
Therefore, we can choose a subsequence of €, (as usual, we keep the notation &, )
such that I™(z) — 0 a.e. on R™. Using the diagonal extraction, we can chose the
indicated subsequence and the set of full measure z € R™, for which I"(z) — 0,
being common for all rational values of r. Then, for such z
S7(y) — 0 in MIOC(H)a

m—0o0

as required. The proof is complete. O

Applying Lemma 3.2 to the measures v, k € F, we see that there exists a
subsequence of the sequence ¢,, ( we keep the notation ¢, for this subsequence)
and a set Z C R" of full measure such that S™(y;) — 0 in M,.(I1) as m — oo
Vz € Z. Recall that the dense set F' C R is supposed to be countable. Then, using
the standard diagonal extraction, we can choose the indicated subsequence being
common for all k£ € F.

Thus, we can assume that the sequence ¢,, and the set Z C R" of full measure
are chosen in such way that the assertions of Lemma 3.1 and Lemma 3.2 for each
k € F and v = ~; hold.

Our interest to the sequence u™(t,y; z) is stipulated by the following theorem:
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Theorem 3.1. Let vi(t,y) = vYor(y,u(t,y)), vi(t,y;2) = vi(emt,emy + 2) =
Yok (eEmy + z,u™(t,y;2)). Then

(i) Existence of the strong traces ests_l)'%)m Yor(y, u(t,y)) = vor(y) in L (R™) im-
plies that, after possible extraction of a subsequence, for a.e. z € R"™ the sequences
vi(t,y; 2) converge as m — oo to some functions vi(t,y; z) in L}, (I1);

(ii) Conversely, suppose that for a.e. z € R™ and each k € F there is a subse-
quence of €., such that the sequence vJ'(t,y; z) is strongly convergent. Then there
exist strong traces estsl%m Yor(y, u(t,y)) = vor(y) in L (R™).

loc

Proof. Suppose ess l%m vp(t,y) = vor(y) in L} (R™). We denote p(z) = e~*l. Then
for a.e. (t,y) €1l

/ lop' (L, y; 2) — vor(emy + 2)|p(2)dz =

/ [k (Emts Emy + =) — vor(Emy + 2)|p(2)dz =

m—00

/ lvg(emt, ) — vor(x)|p(x — eny)dz — 0.

Integrating this relation over (¢,y) weighted p(t,y) = e~ ¥, and using the Lebesgue
dominated convergence theorem we derive the relation

m—00

/ (/H vk (Emt, emy + 2) — vor(emy + 2)|p(2, y)dtdy) o(2)dz — 0.

From this it follows that, after possible extraction of a subsequence, vi*(t,y; z) —
v (y;2) — 0 as m — oo in L}, (II) for a.e. z € Z. By Lemma 3.1 we see also that
vt (y; 2) — vor(2) in L}, (IT) and we can conclude that for a.e. 2z v*(t,y; 2) — vor(2)
in L}, (IT), as required. Observe also that the subsequence ¢, and the set of full
measure of the values z, for which the above limit relation holds can be chosen
to be common for all & € R. This easily follows from continuity v}*(t,y;2) =
Yor(Emy + z,u™(t,y; z)) with respect to the parameter k.

Conversely, suppose that Vz € Z;, where Z; C R" is a set of full measure, there
is a subsequence of e, such that v}*(-;z) converges in L}, .(IT) to some function
vp(+;2) € L*(II). Clearly, this subsequence can be chosen common for all k£ € R.
Without loss of generality we can assume that Z; C Z. Fix z € Z; and simplify
the notations u™(t,y) = u™(t,y;2), vi*(t,y) = vi(t,y;2), v(t,y) = vk(t,y; 2).
In correspondence with Theorem 2.1 we can suppose that the sequence u™(t,y)
converges weakly to a measure valued function v, € MV(II). Clearly, ||yl <
M = ||u||. Since the sequence v}*(t,y) = or(emy + 2z, u™(t,y)) converges strongly
while the function ¥ (y, u) is continuous, we see that the sequence Vo (z, u™(t,y))
converges strongly to the limit vg(¢,y) = (Yor(z, A), v1y(A)). By Corollary 2.1 we
see that the functions ok (2, \) = vk(t,y) on supp v, for a.e. (¢,y) € IL.
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Passing to the limit as m — oo in (3.2) and taking into account that for k € F'
S7(~k) — 0 in D'(IT), we obtain that Vk € F

((Yor (2, A), vy (A)))e + divy (¥ (N), 1,4 (N)) = 0 in D'(II). (3.4)

Since the left-hand side of this equality is continuous with respect to k in D’(II),
while F' C R is dense we conclude that (3.4) holds for all £ € R, i.e. 1, is a measure
valued i.s. of the equation (2.6) with ¢g(u) = @o(z,u). As was shown above, this
i.s. satisfies the assumptions of Theorem 2.3 and, therefore, the functions wvy(t,y)
have strong traces at t = 0.

By the relation like (1.23) we see that for a.e. 7> 0 Vh(y) € C3(R")

() - 1704 = [ty - [ o)) =

/ (Ge(um), V)t dy — / W)y (1, y),
(0,7]xR"™

(0,7]xR"™
where 77" = S7" (). From this equality we derive the estimate
i (7) = I (04)] < Col7 + [ 1((0, T] x K)), (3.5)
Cj, = const, K =supph,

which holds for a.e. 7€ (0,7).
By our assumptions the conclusion of Lemma 3.2 holds, that is |y;*|((0, T|x K) —

0 as m — oo. Further, for a.e. 7 >0 vf*(7,y) — vi(7,y) as m — oo in L}, _(R")

(after possible extraction of a subsequence), and also v} (y) — vor(2) = const in
L} (R™) (by Lemma 3.1). Therefore, from (3.5) it follows, in the limit as m — oo,

loc

that for a.e. 7> 0, Vh(y) € C3(R")

[ wdrimtiy- [ vt < cir o,

ie. ess liom v(t,-) = vor, = vor(2) weakly-* in L>(R").

Since the traces for vy (¢, y) must be strong we find
ess im (o (2, ), 4, (V) = voe(z) in L (RY) (3.6)

for each k € F. Taking into account that the set F'is dense and both sides in (3.6)
are continuous with respect to k in L}, (R"), we derive that (3.6) holds for all k£ € R.
As in the proof of Theorem 2.3 we can choose the sequence t, — 0 such that the
corresponding sequence of measure valued functions v, = v, , € MV(R") is well-
defined, converges weakly as r — 0o to a measure valued function vy, |||l < M.
In correspondence with (3.6) (o (z, A), v (N)) e vor(2) in L. (R™). Therefore, by

loc
Corollary 2.1, 1oi(z, A) = vor(2) on supp v, for all k € R and almost all y € R”. Fix
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such y and set ug € supp v,,. Then, uy = uy(2) satisfies the properties: |ug| < M and
or(z,up) = vor(z). Since here z € Z; is arbitrary, we obtain the bounded function
uo(2) such that 1ok (2, ug(z)) = vor(2) a.e. on R™. By Theorem 2.4 we conclude that
the traces vor(y) are strong, which completes the proof. O

4 Reduction of the space dimension

Suppose that u(t,y) is a quasi-s. of (1.14) and one of the components of the flux
vector, say ¢, is absent, i.e. equation (1.14) has the form

n—1
eo(y, W)+ Y @ilw)y, = @oly, w)e + divyp(u) =0,
=1

Y=, yna1), o) = (p1(u),. .., on1(u)) € R™
It is natural to consider the equation for the fixed variable y, = A
wo(y', A, u) + divygp(u) =0, v =u(t,y) (4.1)

in the half-space II' = R, x R"~! with reduced space dimension.
Below, to justify the inductive jump in the proof of Theorem 1.4, we will need
the following result.

Theorem 4.1. For a.e. y, € R the function u(t,y’) = u(t,y',y,) is a quasi-s. of
equation (4.1).

In the case ¢o(y,u) = u Theorem 4.1 was proved in [19]. To prove this the-
orem we shall need the following lemma established in [19] ( Lemma 4.2 ). For
completeness we reproduce the proof.

Lemma 4.1. Let N € N and ~ be a locally finite measure on R™Y x R. Then for
a.e. X € R there exist a locally finite measure vy on RY such that Vh(y) € Co(RY)

im [ h)o(s — Nry(y, s) = / h(y)dn(y).

V=00 JRN+1 RN
Proof. We denote |y| = Var+y and assume firstly that
Iv|(RY x [a,b]) < +oo for any segment [a,b] C R. (%)

Then we can define a projection m = pr*|y|, which is the image of |y| under the
map pr(y,s) = s. It is clear that m is a locally finite nonnegative measure on R.
Further, for any function h(y) € Cy(R™) the correspondence

g— h(y)g(s)dy(y,s), g€ Co(R)

RN+1
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defines a bounded linear functional l;, on Cy(R), moreover

(o) < Il [ ool 0:5) = Wil | lo(s)ldm). (1.2

In particular,
[{lh, )] < [[Alloem(K)[lg()lloo, K = supp g,

which implies that the functional [, is in fact continuous. By the known represen-
tation theorem [ is given as the integral

(. g) = / 9()djun(s)

over some locally finite measure py,, and, as it follows from (4.2), its variation |uy| <
|h]|co - m. The latter implies that the measures pu;, are absolutely continuous with
respect to the measure m and by the Radon-Nikodym theorem p;, = ay(s)m, where
ay(s) are Borel functions, |as| < ||h|oo-

Now, we consider the Lebesgue decomposition m = ((s)ds + o, where ((s) €
L .(R), B(s) > 0, and ¢ is a singular measure. By known properties of measures
( see for instance [23] ) there exists a set of full Lebesgue measure A C R, on which
the measure ¢ has the null derivative over the Lebesgue measure ds that is VA € A

lim [ d,(s — A)do(s) =0. (4.3)

V—00

We choose a countable dense set G C Co(R”) and consider the set A’ C A consist-
ing of common Lebesgue points for the function 3(s) and the countable family of
functions pp(s) = an(s)B(s) with h € G. Since

1011 (8) = Phy ()| = lathy -y (5)|B(5) < 171 = hallooB(s)  Vha, hy € Co(RY)

and G is dense in Cy(RY) we conclude that X € A’ are Lebesgue points of all
functions py(s), h € Co(RY). For A € A’ we have

/R s = Ny, ) = / 6,5 — Nan(s)dm(s) =

R

/R(SV(S — N)pn(s)ds + / d,(s — Nay(s)do(s). (4.4)

R
Since A is a Lebesgue point of the functions py(s) then

/Ré,,(s — AN)pr(s)ds — pr(N) as v — 0.
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Further, in view of (4.3)

/R(SV(S — Nay(s)do(s)

< IIahlloo/RéV(s—A)da(s) <
||h||oo/R5u(8—)\)da(s) 0

V—00

and from (4.4) it follows that

/RN+1 h(y)d,(s — N)dy(y,s) — pn(A) as v — oo. (4.5)

For a fixed A\ € A’ the correspondence h — p,(\) determines a bounded linear
functional on Cy(RY) and, taking into account the estimate |p,(A\)| = |an(N)B(N)] <
B(AN)||h]| s, We have the representation

) = [ ). (4.6)

where 7, is a finite Borel measure such that |v,|(RY) < B(\), A € A". From (4.5),
(4.6) it directly follows the conclusion of the Lemma.

In the general case of arbitrary locally finite measure v we introduce measures
7' = 7|p,xr, where B; is a ball |y| <[, I € N. We see that the measures 7' can be
considered on the whole space RY x R and satisfy the condition (*). As we have
already proved, there are sets A; C R of full Lebesgue measure and finite Borel
measures v} such that Y\ € A,

i [ b= N () = [ hw)dd) (@7)
V=00 JpN+1 RN

It is clear that the set A = NMienA; has full measure and for A € A relation (4.7)

holds for all [ € N. This, in particular, implies that measures 7 are compatible:

7| B, =74 for I > I. Therefore, there exists a locally finite measure v, on RY such

that x|, =74 VI € N. From (4.7) it follows that for A € A Vh(y) € Co(RY)

i [ b = Nr(os) = [ b)dn()
V=00 JRN+1 RN
as was to be proved. O

Proof of Theorem 4.1. Remark firstly that the measures ~y, from (1.18) can be ex-
tended on the whole space R"*!, so that the extended measure of a Borel set
A C R" equals to 1 (A NTI). As it is easy to see, the extended measures are
locally finite and by Lemma 4.1 there exists a set A C R of full measure such that
for A C A the following limit relation holds: Yk € F, h(t,y’) € Co(Il")

lim [ A(t,y)o.(s — N)dy(t,y,s) = / h(t, v )dyi(t,y'), (4.8)

v—00 J1q ’
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where Y (t,y') € Mi,(I'). We also utilize the fact that the set F is countable,
which allows us to choose the set A being common for all £ € F.

Let A; C Abeaset of A € Asuch that for a.e. (¢t,y') € II' (¢,9/, \) is a Lebesgue
point of the function u(t,y) = u(t,y’, s). Obviously, A; is a set of full measure on R.
Let A € Ay, h(t,y') € C3(IT"). We choose a test function g(¢,y) = h(t,y')d,(yn — A).
By condition (1.18), applying to the test function g, Vk € F'

/H [bor (y, w)he+ (Vi (), Vi h)0, (Y — N dtdy' dy,, = /H h(t, 2")0, (yn — N)dVe(t, Y, yn)-

Passing in this equality to the limit as ¥ — oo and taking into account (4.8), we
find that

/ [w(]k(y/v A, u('v A))ht + (wk(u(7 A))v vy’h)]dtdy/ = f(t7 y/>d7k,)\(t7 y/>‘
I 1
Since h(t,y') € C§(Il') is arbitrary, we obtain that Vk € F

%¢0k(', >\, u(-, )\)) + divy/wk(u(-, )\)) = —’}/k’)\ iIl @l(H/),

i.e. the function @ = u(-, A) is a quasi-s. of equation (4.1). The proofis complete. O

5 H-measures associated with sequences of mea-
sure valued functions

The notion of H-measure was introduced in [25, 10] and was further extended in
[16] for the case of sequences of bounded measure valued functions.

Let " € MV(€2), m € N be a bounded sequence of measure valued functions
weakly convergent to a measure valued function v, € MV(Q). For 2 € Q and p € R
we set

Vin(@,p) = v ((p, +00)),  Vo(z,p) = va((p, +00)).

As was shown in [16], for m € NU {0}, p € R the functions V,,,(z,p) € L>*(Q2) and
0 < Vp(z,p) <1. Let

P=Py,) = {po € R|Vo(z,p) — Volw,po) in Lioe() } -

The following lemma was proved in [16]:

Lemma 5.1. The complement CP =R\ P is at most countable and for p € P
Vin(z,p) — Vo(x,p) weakly-+ in L>().
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Let UP(z) = Vy(z,p) — Vo(x,p). By Lemma 5.1 for pe P UP(x) — 0 as
m — oo weakly-x in L>°(2). We introduce the following notations:
F(u)(€), £ € RY is the Fourier transform of u(z) € L*(RY);
S =8Nl ={¢eRN||£] =1} denotes the unit sphere in RY;
u — u, u € C, is complex conjugation.

Proposition 5.1 (see [16]). 1) There exists a family of complex-valued locally finite
Borel measures {{i#?}, ep on 2 x S and a subsequence U,.(x) = {UP(x)},ep such

that V@, (x), P2(z) € Co(Q), (&) € C(5)

(1", @1 (2) Do (2)(€)) =
lim [ F(®U7) () F(:U7)(§)w(&/1€])dE.

r—oo [pN

2) The map (p,q) — pP? is continuous as a map from P x P into the space
Mo (2 X S) of locally finite Borel measures on §) X S.

Definition 5.1. The family {y*?}, ,cp is called the H-measure corresponding to
the subsequence v].

In the following lemma some important properties of the H-measure are collected
(see [16]):

Lemma 5.2. 1)Vp € P py??» > 0; 2)Vp,q € P u?? = p%; 3) forpy,...,p € P
and for any bounded Borel set C' C 2 x S the matriz a;; = P (C), i,j =1,...,1
is positively definite; 4) P = 0 ¥p,q € P if and only if the sequence V., is strongly
convergent as r — 00.

Remark that, as it directly follows from 3), Vp,q € P

(17(C))" < 4w (C)u™(C) (5.1)

for any bounded Borel set C' C 2 x S.
We will need also the following result.

Lemma 5.3. Let {¢i"}, ;cp be the H-measure corresponding to a bounded sequence
vl € MV(Q) and C C P be a closed set such that p*? = 0 for allp € C. If s(u) is
a continuous from the left nondecreasing function, which is constant on connected
components of R\ C, then the sequence s*V., converges strongly as r — oc.

Proof. Suppose v, — v, as r — 0o. Choose M > sup ||V} || and define
s70) = inf{ A€ =M, M] | s(\) > i }

We agree, as usual, that s™*(u) = M in the case when s(\) < pon [—M, M]. Let us
demonstrate that A = s™(u) € C U {—M, M}. Indeed, if this is not true then A €
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(a,b), where (a,b) is some connected component of the complement (—M, M) \ C.
Clearly s(u) > p in the interval u € (A, b). But by our assumption s(u) is constant
on (a,b), which implies that s(u) > u on (a,b). Therefore, A = s7'(u) < a. The
obtained contradiction yields the required relation A\ = s™'(u) € C U {—M, M}.
Observe that p = £M € P and for these values p?? = 0 ( because U?(z) = 0 for
p = £M ). Hence, we can suppose that +M € C. Taking into account that the
function s(\) is continuous from the left, we find s*v7((u, +00)) = v2((s7(p), +00)),
r €N; s*v((1, +00)) = v ((s7 (1), +00)), which implies the relation

Ul (2) = s"vy((n, +00)) = s* v (1, +00)) = Uy, (2) = V(A +00)) = v((A, +00)),

where A = s7!(u). Hence, the H-measure {iP?}, ,cr corresponding the sequence
s*v" is well defined and ji’? = p9%, g = s~'(p). Since in this relation ¢ = s7!(p) € C
we conclude that g = 0 for all p. By (5.1) we find i?? = 0 and in correspondence
with Lemma 5.2,4) the sequence s*1/ is strongly convergent.

The proof is complete. 0

Corollary 5.1. Let {u*?}, ,cp be the H-measure corresponding to a bounded in
L>(Q) sequence u,(x), r € N (these functions are considered as regular measure
valued functions). Suppose u,(x) converges weakly to a measure valued function
vy and [a(x),b(z)] = Cosuppv,. Then for a.e. © € Q pP? # 0 for all p €
(a(z),b(x)) N P.

Proof. Clearly for A € R
{zeQ | bx)<A}={2eQ | vu((\+0))=01},
{zeQ | alx)>A}={2€Q | vp((—o0,N))=0}

and since functions x — v, ((A,+o0)), * — v,((—00, A)) are measurable on €2, by
Remark 2.1, we see that a(z), b(z) are measurable as well. Hence a(x),b(x) €
L>(Q). Let x be a common Lebesgue point of the functions a(z), b(z). Let us
show that u?? # 0 for p € (a(z),b(z)) N P. Assuming the contrary, take a value
p € PN (a(x),b(x)) such that p?? = 0 and define s(u) = signt(u — p). This
function satisfies the assumptions of Lemma 5.3 with C' = {p} and we conclude
that the sequence s(u,) strongly converges to s*v,. By Theorem 2.1 s*v, is regular.
Therefore p ¢ (a(z),b(x)) for a.e. = € . But this contradicts to the fact that
inequality a(z) < p < b(x) remains valid on a set of positive measure. The proof is
complete. O

Now, let ¢(u) € C(R,R") be a continuous vector function. Suppose that the
sequence v, satisfies the condition:
(C) Vp € R the sequence of distributions

L2 = div, /(W)«o(x) — ()i (N)

34



is precompact in H, ().

Here, as usual, the space Hj,! () consists of distributions u(x) such that for all
f(z) € C°(Q) the product fu € H;y'. The topology in H, !(f2) is generated by
semi-norms || fully-1, f € C5°(€2).

From the results of [17] (see Lemma 2 with ¢ = py and the proof of Theorem 4)
it directly follows the statement, which plays a key role in the proof of our main
Theorems 1.4 and 1.1.

Theorem 5.1. Suppose that {uP}, ,cp is the H-measure corresponding to the se-
quence v, which satisfies condition (C), and uP? # 0 for some p = py € P. Then
there exists a non-degenerate interval I = (po— 9, po+6) such that (£, p(u)) = const
on I.

In particular from Theorem 5.1 it follows that under the non-degeneracy condi-
tion

V¢ € S the function uw — (€, p(u)) is not constant on non-degenerate intervals

uP? = 0 and, therefore, the sequence v is strongly convergent.

In [18] this result was generalized to the case when the flux vector ¢ depends
also on the spatial variables x.

Observe that the Vasseur’s result in [26] directly follows from the indicated
precompactness property, with no regularity restrictions on the flux vector and the
weaker non-degeneracy assumption.

6 Proof of Theorems 1.4 and 1.1

We shall use the method of mathematical induction on the spatial dimension n.

If n = 0 (the base) then by (1.18) to(u) = —y € Miee(R,). This implies that
Yok (u(t)) has bounded variation on any interval (0,7"), T > 0. Therefore, we can
find v, € R such that tl—i>IOI}i- Yor(u(t)) = vor. Clearly, vor = vor(up), where ug is an

arbitrary limit point of u(t) at ¢ = 0. We see that the statement of Theorem 1.4 is
fulfilled.

Assuming that the conclusion of Theorem 1.4 is true for n — 1 space variables,
we prove it for dimension n. So, suppose that the function v = u(t,y) is a quasi-s.
of equation (1.14).

We introduce the set J of segments I = [a,b], a,b € F, such that for some
nonzero vector & = (&, &) € R™™ the function u — (f(u), ) is constant on I. Here
f(w) is the flux vector of original equation (1.1). Since the set F' is assumed to be
countable, the set J is also countable (or empty).

Let I = [a,b] € 3. We set u; = u;(t,y) = max(a, min(u, b)) so that u;(t,y) € I.
Let us show that the function u;(¢,y) is also a quasi-s. of (1.14). Take k € F. Then
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k" = max(a, min(k, b)) € F and one can easily verify that

Yok (Y, ur) = sign (ur — k) (@o(y, ur) — ¢o(y, k))
Yow (Y, u) — (Yoa (Y, w) + Yop(y,u))/2 + (Yoaly, k) + Yoy, k)) /2
Yr(ur) = sign (ur — k)(p(ur) — ¢(k))
Vi (u) — (Ya(u) +hp(w) /2 + (Ya(k) + ¥u(k))/2,

which implies that in D’(II)

Yor(y, wr)e + divyg (ur) = (Yo + ) /2 — W € Mloc(H)

for all k € F. Thus, u/(t,y) satisfies (1.18), i.e. it is a quasi-s. of (1.14).
Now, recall that (f(u),£) = const for u € I. Consider the following two cases.
1) & = 0. In this case & = (&1,...,&) # 0 and there exists a linear change
z=2z2y), y = (Y1,...,yn) € R" such that z, = (¢,y). After this change (1.14)
reduces to the form

wo(z,u); +div,p(u) = 0, (6.1)

where ¢, = (¢, 0(u)) = (¢, f(u)) = const on I. We consider the function u; as a
function of new variables (¢, z). By Theorem 4.1, u;(t, 2, z,) is a quasi-s. of reduced
equation ( defined on the domain IT" = R, x R*™!)

n—1

w+ Y Gi(u)., =0 (6.2)

i=1

for a.e. z,.
As is rather well-known ( see for instance [23] ), the set

M=A{(tz2)=(t7,2,) €Il ]| (¢ 2) is a Lebesgue point of u,
(t,2") is a Lebesgue point of u(-, 2,,) }

has full measure. Therefore, for a set F; of full measure of values t > 0 the sections
M ={z € R"|(t,z) € M } have full measure on R". Observe that E; C E, where
the set E is defined by (1.21). Now, we choose a sequence t, € Ey, t, — 0, and

introduce the sets A, C R consisting of values s € R such that (', s) € My, for a.e.
2 € R* 1. Clearly, A, have full measure, consequently A = N,enA, is also a set of
full measure. We see also that for s € A all t, € E(s), where E(s) is defined by
(1.21) for the function u(-,s) on I' = R, x R*L.

As we have already established, for a.e. z, € A us(-, z,) is a quasi-s. of equation
(6.2) on II'. By the inductive assumption for all k € R tor(-, 2, ur(ts, -, 2n)) —
vor(+, 2n) in L (R™™!) as r — oo, where voy = wvoi(2,2,) € L®(R"). Using
the Lebesgue dominated convergence theorem, we conclude that as r — oo also
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Yor(z,ur(ty, 2)) — wvor(z) in L} (R™). This easily implies the same limit rela-
tion under original variables y: o (y, us(t.,y)) — vor(y) in L. (R"). By Corol-
lary 2.2 tor(y, ur(t,y)) have the strong traces vor(y) on the hyperspace t = 0, i.e.
Yorly, w1(t,9)) — vorly) in Lo (R") as £ — 0, ¢ € .

2) & £ 0.

Let C C R™ be the set of y such that & + &Vg(y) = 0. Since by (1.15)

fo(u) = oy, u) + (Vg(y), p(u)) we have the relation

Sovo(y,u) + (£ +&Vg(y), o(u)) = const  Vu € 1.

Thus, for y € C' ¢o(y,u) = vo(y) = const on I and consequently o (y, u) are
constant on I as well: g (y,u) = vor(y). Therefore, for ug € I oy, uo) = vor(y)
for every y € C.

If y ¢ C then in a vicinity of the point (0,y) € 02 we can make the linear change
of original variables x: zy = &yzo+ (¢', 2") ( keeping the variables 2’ = (zy,...,2,) ),
which removes the component fy from equation (1.1). Clearly, the boundary OS2
is locally represented as the graph zy = g(2') = &og(2') + (£, 2') and since Vg =
&'+ & Vg(z') # 0 in a vicinity of our boundary point, we can express some variable
i, 1 = 1,...,n as a function of remaining variables on 0f2. The corresponding
canonical boundary chart transforms our equation to the form (6.2). As in the case
1), we deduce from the inductive assumption the strong trace property for oy (-, uy).
By Theorem 2.4 this implies that for some uo(y) € I v(y) = Yok (y, uo(y)) for
a.e. y ¢ C. Combining the cases y € C, y ¢ C, we find that the representation
vok(y) = Yor(y, up(y)) holds for a.e. y € R" and by Theorem 2.4 again we conclude
that the strong trace property is satisfied on the whole hyperplane t = 0.

Thus, in the both cases the functions 1 (y, u;) have strong traces at the hyper-
plane t = 0.

By Theorem 3.1 we can find a subsequence of the sequence ¢,, such that the
corresponding sequences Yo (emy—+2z, ul' (t,y; 2)), with u'(t, y; 2) = ur(emt, eny+2),
converge strongly ( that is in L}, (IT) ) for a.e. z € R™.

The established property remains valid for any choice of the segment I € J. Since
J is countable then, using the diagonal extraction, we can choose the subsequence
em and the set Z C R"™ of full measure to be common for all I € J. More exactly,
we can assume that the conclusions of Lemma 3.1 and Lemma 3.2 ( for all v = ~;,
k€ F ) hold, and VI € J, z € Z and k € R the functions vk (eny + 2, u'(t,y; 2))
are strongly convergent as m — oo.

Now, we fix z € Z and k € R. According to Theorem 2.1 we can extract a subse-
quence ¢, such that the corresponding sequence u' (t,y) = u"(t,y; z) = u(et, e,y+2)
converges as r — oo weakly to a measure valued function v, and for this sequence
the H-measure

,[qu = ,qu(t,y,g) S Mloc(H X 5)7 D, q € P
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is determined, where S = S" = {£ = (&,&') € R"™ ||| = 1} is the unit sphere,
and the set P C R is defined as in the previous section.

We consider the sequence of regular measure valued functions v/, (\) = d(A —
u"(t,y; z)) and introduce, as in the previous section,

Vi(t,y,p) = vi,((p, +00)) = sign " (u"(t,y) — p),
Vo(t,y,p) = viy((p, +00)), UP(t,y) = Vi(t,y, p) — Vo(t, y, p),

here (t,y) € II, p € P. Let us show that the sequence v}, satisfies to condition (C)
applied to the vector (pg(2,u), o(u)) € R"L. Indeed,

0
LP=— (2, A) — wol2,p))dv;, (A) + div, A) — dvy,(A) =
: /(pm)(so( ) — oz, p))do, () + / (0(N) — o(p))dv},(N)

ot (p,400)
%[Sign T(u" = p)(polz, u") — oz, p))] + divy[sign T (u" — p)((u") — ¢(p))] =
%[signw = p)(eo(z + &y, 0) = wo(z + &y, p))) +
div, [sign " (u" = p)(p(u") — @(p))] + FY,
where

aJ . . - ” r
FP = E{Slgrﬁ(u —p)leo(z,u") = wolz + &y, u") + @o(z + 4, ) — @olz,p)]}
and from the identities

sign " (u — p) (wo(y, u) — @o(y,p)) = (Vop(y, u) + @o(y, u) — oy, p))/2,
sign * (u — p)(p(u) — 0(p) = (Yp(u) + p(u) — ©(p))/2,

relations (1.18), (1.19), and (3.2) it follows that for p € F

LY =F} — S;(ﬂp), where 3, = (”Yp + ’7)/2-

By Lemma 3.2 the sequence S”(83,) — 0 as r — oo in M,.(II) and, using, for
instance, Murat’s lemma ( [14] ), we conclude that S7(8,) — 0 in H!. As easy to

loc*
see, F? — 0in H; ! as well and we conclude that L? — 0 in H,.'. Further, if h(t,y)

loc loc*

is a functlon in the Sobolev space Hj (IT) having compact support K C II then, as
is easily verified, for p > ¢

(L7 = L7, M| < Cre(max o2 u) = o2, )] - [ ullz +
max |p(u) = p(a)] - [IVyhll2) <

u€lg,p

Cx(max [po(z,u) — ¢o(z,q)| + max [p(u) — @(q))||Alluy,
u€[q,p] u€[g,p

which implies that the sequence L? is equicontinuous over the parameter pin H,_, ' (IT)

and, since £L? — 01in Hj,! for the dense set p € F, this limit relation remains valid for
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all p. Thus, condition (C) is satisfied and we can use the conclusion of Theorem 5.1.
By this Theorem, if p € P and pP? # 0 then p € I for some I € J ( we also take here
into account that the correspondence between vectors (po(z,u), p(u)) and f(u) is

given by a linear isomorphism of R™! ). Therefore, the set C' = R\ |J I satisfies
€7
the property:

VpeCNP pP?=0. (6.3)

Now, suppose that [a(t,y), b(t, y)] is the convex hull of supp 11 ,. Since the sequences
or (2, uf(t,y; 2)) are strongly convergent we see that for a.e. (¢,y) € II all the func-
tions Yok (2, u) must be constant on [a(t,y),b(t,y)] NI, I € J. By Corollary 5.1
and (6.3) we see that for a.e. (t,y) € II the set [a(t,y),b(t,y)] N C lays in the
complement R \ P and, therefore, is at most countable. Hence, the sets of val-
ues of the continuous functions Yo (z, u) on [a(t,y),b(t,y)] are at most countable
and we conclude that these functions must be constant on [a(t,y),b(t,y)] for a.e.
(t,y) € II. In correspondence with Corollary 2.1 this yields the strong convergence of
ok (z,u"(t,y; 2)) and by Theorem 3.1,(ii) we conclude that there exist strong traces
ests_l)iom Yor(y, u(t,y)) = vor(y) in L}, (R™). The proof of Theorem 1.4 is complete.

To prove Theorem 1.1 remark that by Theorem 1.4 relation (1.10) has already
proved for canonical boundary charts (U, (,W,). Since the corresponding neigh-
borhoods U cover the boundary 0f) we derive from Theorem 2.4 that weak traces
vor(z) = (Ye(uo(z)), 7(x)) for some function ug(x) € L>*(0N). Taking an arbi-
trary boundary chart (U,(,W,), we have v = u(t,y) € L>*((0,h) x V), and
ests_l)iom Yor(t, y,ul(t,y)) = vor(y) = Yok (0, y, up(y)) weakly-* in L>(V,), where

Yor(t, y,u) = sign (u — k) (@o(t,y,u) — @o(t,y, k), @olt,y,u) =
(7(x), f(u)) = (Vt(z), f(w), z ="t y); vor(y) = v (CH(0,)).

Again by Theorem 2.4 we conclude that ess l'%)m Yor(t,y, u(t,y)) = vor(y) in L1(V}),
i.e. (1.10) is satisfied for any boundary charts. This completes the proof.

Remark 6.1. The presented results remain valid for more general case of unbounded
quasi-s., which are understood in the following sense.

Definition 6.1. A measurable function u(x) is called a quasi-s. of (1.1) if there
exists a dense set F' C R such that for each pair a,b € F, a < b the cut-off function
Uqp(z) = max(a, min(u(z), b)) satisfies the relation

divy f (tap(@)) = —ap in D'(Q) (6.4)

with a measure v, € Mo (Q).
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Observe that renormalized entropy sub- and super-solutions of equation (1.1) in
the sense of [3] are quasi-s. of this equation.

Let us demonstrate that Definition 6.1 is compatible with Definition 1.2. Indeed,
if in Definition 6.1 wu(z) € L>®(2) and M = ||u||« then taking in (6.4) a < —M, b >
M we derive div, f(u) = —7, v € M;o.(Q). Further, taking a = k, b > max(k, M),
we find

dive(u) = dive[2f (ure) — f(u) = (k)] = =(2np —7) in D'(Q).

Thus, condition (1.7) is satisfied with 7 = 29 — v € Mee(Q), and u(zx) is a
quasi-s. of equation (1.1) in the sense of Definition 1.2. As is easily follows from
the definition, if u(x) is a quasi-s. of (1.1) then wu,;(x) is a bounded quasi-s. of this
equation for each a,b € F. Taking also into account that the set F' is dense, we derive
from Theorem 1.1 that for each a,b € R, a < b the functions (f(uq(2)),7(z)) have
strong traces at the boundary 0€2. Moreover, as follows from Theorem 2.4, these
traces can be represented as (f(uj ,(x)), 7(x)), where uj) () = max(a, min(u’(z), b))
and u°(z) is a measurable function on 92 with values from RU{+o00}. Among such
functions u’(z) there are the unique minimal u? (z) and the maximal u%(z) and

(f(u),P(z)) = const on the intervals (u? (z),u% (x)) for a.e. z € 9. In particular,

under the assumption that for a.e. x € 99 the function v — (f(u),(x)) # const
on non-degenerate intervals, v’ (z) = u%(z) = u’(z) a.e. on 9Q and u’(z) is the
strong trace of the function wu(z) itself ( in the sense of strong convergence of the

cut-off functions ).

Remark 6.2. For the general equation
divf(z,u) =0 (6.5)

existence of the strong trace for quasi-s. wu(z) can be proved under the non-
degeneracy condition:

for H"-a.e. x € 00 and all ¢ € R*™\ {0} the function u — (&, f(x,u)) is not
constant on non-degenerate intervals.

Indeed, under this condition Theorem 5.1 yields the strong convergence ( for a.e.
z ) of the sequences u™(t,y; z) generated by the blow-up procedure, and existence
of the strong trace follows from Theorem 3.1. Moreover, in view of locality of this
result it remains true also in the case of equation (6.5) on a manifold 2 ( in the
sense of [21], see also forthcoming paper [2] ).

Without non-degeneracy conditions existence of strong normal traces for entropy
solutions of (6.5) is not generally true. For instance there are numerous examples
( see [b, 8, 22] ) of linear transport equations div(a(z)u) = 0 with divergence free
fields a(x) (i.e. diva(x) = 0 in the sense of distributions ) which admits generalized
solutions such that the vector a(z)u has no strong normal traces on some hyperplane.
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Figure 1:

7 Example of a weak solution without a strong
trace

Existence of strong traces is not valid for g.s. of equation (1.1), which do not satisfy
entropy condition (1.7). We confirm this fact by the following simple example. Let
n = 1. We consider the Burgers equation u; + (u?), = 0. To construct the desired
g.s. u(t,x) we introduce the function

0 : lz| + |t —6] <1
w(t,r) =< —signz , |zl +|t—6]>1, te€(6,8] ,
sign (1 —x)signx , |z|+|t—6]>1, t € (4,6)

defined in the square ¢t € (4,8], =2 < x < 2. We extend this function in the
whole layer t € (4,8], as a 4-periodic function v over the variable x so that for
y = x — 4]z /4] — 2 (here [a] denotes the integer part of a) v(t,x) = wu(t,y). In
the half-space IT we define the piecewise constant function u(t,z) = v(2%t, 2%z) if
te€ (4-27%8.27% k € Z, see fig. 1. As is easily verified, on the discontinuity
lines the Rankine-Hugoniot condition is satisfied and therefore u(t,z) is a g.s. of
the Burgers equation. As t — 0 u(t,-) — 0 weakly-x in L*(R) but there is no
strong limit of u(ty, z) for any choice of a sequence t; — 0. Remark also that for
the constructed g.s. condition (1.18) is satisfied with the measures v, € M,.(II)
Vk € R, but certainly v, & M.(I1).
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