A CONVERGENT FINITE DIFFERENCE METHOD FOR A
NONLINEAR VARIATIONAL WAVE EQUATION

H. HOLDEN, K. H. KARLSEN, AND N. H. RISEBRO

ABSTRACT. We establish rigorously convergence of a semi-discrete upwind
scheme for the nonlinear variational wave equation us — c(u)(c(u)uz)e = 0
with ult=0 = wop and wu¢|t=0 = vo. Introducing Riemann invariants R =
ut + cugy and S = wuy — cuy, the variational wave equation is equivalent to
R — cRy = &(R% — S?) and S¢ + ¢Sy = —&(R? — S2) with é = ¢//(4c). An
upwind scheme is defined for this system. We assume that the the speed c is
positive, increasing and both ¢ and its derivative are bounded away from zero
and that R|¢—o, S|t=0 € L*(R)NL3(R) are nonpositive. The numerical scheme
is illustrated on several examples.

1. INTRODUCTION

In this paper we consider the nonlinear variational wave equation

2u u
O~ et (cgt) =0
u(e,0) = wo(e),  2(2,0) = wofa)
t
in the strip (z,t) € Iy =R x [0, T].

The equation, which can be derived as the Euler—Lagrange equation for the
variational principle & [[(¢? — ¢*(¢)¥2) dzdt = 0, can be used to model liquid
crystals, see [8] [0, B]. Consider namely a nematic liquid crystal in the regime where
inertial effects dominate. In that case the liquid crystal can be described by the
director field n = n(x,y, z,t) € R with ||n|| = 1 that describes the direction of the
elongated molecules that constitute the liquid crystal. Its potential energy density
is described by the Oseen—Franck functional

W (n,Vn) = aln x (V x n)|® + BV -n)? +(n - Vn)2,

where the constants «, §, and « describe the liquid crystal. The dynamics of the
director field is given by a least action principle

)

Su /(nt -ny — Wi(n,Vn)) dedydzdt = 0. (1.2)

Consider the class of planar deformations given by

n = cos(u(x,t))i + sin(u(z,t))j (1.3)
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where i and j are unit vectors in the x and y direction, respectively. In that case
the least action principle (1.2 reduces to (1.1]) with

c*(u) = accos® u + [Bsin? w.

We here analyze with more restrictive assumptions on ¢, as is done in the
mathematical literature, namely that c is positive, strictly increasing and bounded
away from zero. We note that is closely related to the Hunter—Saxton equation,
which is obtained by a further asymptotic expansion of 7 see [6].

While short-term existence of regular solutions follows by the Kato method, it
is clear that the solution in general develops singularities in finite time, even from
smooth initial data, see [4] [3].

In a series of papers, Zhang and Zheng [11], [12] [13], 14} [15] have analyzed
carefully, using the method of Young measures. From their many results we quote
the recent one [I4, Thm. 1.1] where they show existence of a global weak solution
for initial data ug € H'(R) and vy € L*(R). The function c¢ is assumed to be
smooth, bounded, positive with derivative that is non-negative and strictly positive
on the initial data ug. Their results, and also the relationship to the Hunter-Saxton
equation are surveyed in [I5]. The uniqueness question is open.

Another approach to the study of was recently taken by Bressan and Zheng
[1]. Instead of following the approach based on Young measures, they rewrite the
equation in new variables where singularities disappear. They show that for wg
absolutely continuous with ug ., v9 € L?(R) the Cauchy-problem allows a
global weak solution with the following properties: The solution u is locally Holder
continuous with exponent %, and the map t — wu(t, -) continuously differentiable
with values in L} (R) for 1 < p < 2. Further properties are obtained, in particular,
it is shown that the associated energy, treated as a measure, is conserved in time.

Up to now, little has been known about the behavior of numerical schemes for the
equation . Except for some numerical computations in [3], there are, to the best
of our knowledge, no rigorous results regarding any numerical method for , and
the main purpose of this paper is to remedy this situation. Here we introduce a semi-
discrete upwind scheme for the initial-value problem , i.e., a finite difference
approximation of the spatial variation, keeping the continuous temporal variation.
For this scheme we show convergence to a weak solution of , and thus this
proof offers a different existence proof compared with the others. In addition it
provides a constructive approach to the initial-value problem in the sense that the
difference scheme supplies a numerical tool to compute the solution, see Section [4]
Indeed, we show how the difference scheme performs, both on examples where the
scheme is proved to converge and otherwise. A similar analysis has been applied to
the Hunter—Saxton equation, see [5].

We now turn to a more detailed and technical discussion. Weak solutions are
defined as follows.

Definition 1.1. Let Il denote the set R x [0,7), T > 0. By a weak solution u of
(1.1) we mean a function u € L>([0, T]; WHP(R))NC(Il7), us € L ([0, T); LP(R)),
for all p € [1,3 + ¢, where ¢ is some fixed positive constant ¢ > 0, such that

// (Drp Oru — A (w)Dpp Opu — € (w)c(u) (Opu)? ) dzdt =0 (1.4)
IIr

for all test functions ¢ € C§°(Il7). The initial values are taken in the sense that
u(-,t) — up in C([0,T]; L?(R)) as t — 0+, and dyu(-,t) — vg as a distribution in
Il when t — 0+.



FINITE DIFFERENCES FOR A NONLINEAR WAVE EQUATION 3

A common approach to (|L.1]) is first to re-write the equation in terms of Riemann
invariants. To that end we define
ou ou ou ou

R:E+C(U)%7 S:E—C(u)%7
and the auxiliary function
A )
é(u) = Te(u)’

Then the wave equation is formally equivalent to the 3 x 3 system
Ry — c(u)R, = &(u) (R? — S?),
St + c(u)Sy = —¢(u) (R2 - 52) ,

(1.5)
1
T = R-S )
“ 2¢(u) ( )
Ry = R‘tzo = + C(Uo)ug, So = S|t:0 =9 — C(UO)UE). (1.6)
Clearly, we also have
1
Up = §(R+S). (1.7)
In order to make this well defined, we use the boundary condition
lim u(z,t) =0.
The equations for R, .S can also be written on conservative form, viz.
R — (c(w)R) = —&(u) (R—S)?,
¢ = (c(w)R), (u) ( ) (1.8)

Si + (c(u)S) = —é(u) (R~ S)°.

x

Throughout the paper we will assume that c is a Lipschitz continuous function such
that

0<Ci<c(u)<Cy and 0<(u) <M. (1.9)

The approach by Zhang and Zheng based on Young measures follows two distinct
routes. Either one can use a viscous regularization of the system by adding
the terms eR;, and €S, to the first and the second equation, respectively, and
subsequently analyze in detail the behavior of the solution as e — 0, see [12].
Alternatively [IT], 13} [14], one can replace the quadratic growth on the right-hand
side of equation by a linear growth for large values of R? and S?. More
specifically, introduce the function

%(\P\ — 2%) for |P

Qu(P) = > <,

‘ | P2 for |P| < %,
and replace the terms R? and S? by Q.(R) and Q.(S), respectively, in the first
and the second equation. Again the behavior of the solution has to be analyzed
carefully as e — 0.

Our approach is based on Young measures for a semi-discrete finite difference
upwind scheme. More precisely, introduce a positive discretization parameter Ax,
and approximate R(jAx,t) and S(jAx,t) by R;(t) and S;(t), respectively, that is,
R(jAz,t) ~ R;(t) and S(jAx,t) ~ S;(t), j € Z. Observe that we keep the time
variable continuous. The dynamics of (R;(t),S;(t)) is governed by the system of
ordinary differential equations

Ri(t) — ¢j12(t) DRy (t) = &;(t) (R3(t) — S3(1))
Si(t) + cj_12(t) D_S;(t) = —¢;(t) (R(t) — S3(t))
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where Dy K; = +(K;+1 — K;)/Ax. Furthermore, the functions c;41/2 and ¢; are
defined as functions of R; and S;, cf. Section @ The system is augmented by
appropriate initial-data. We recover the function ua, by the formula

uaz(z,t) T
/ 2e(u) du = / (Raw (i) — San(i 1)) di,
0

where Ra, equals R;(t) on [(j — 3)Az, (j + 3)Az), and similarly for Sa,. We first
show that the system possesses solutions that are local in time, and a subsequent
a priori estimate turns the local solution into a global one. Once the existence of
solutions of the ordinary differential equations has been established, we follow the
approach of Zhang and Zheng closely.

Formally, a smooth solution of will satisfy the identity

(FR) + F(S)e — (elw)(/(R) — F(S))e = 26H(R,S),  (110)
where
H(R,S) = 3(R* ~ §)(f'(R) ~ f(8) ~ (F(R) ~ FSH(R-S),  (L11)

for any smooth function f. The corresponding discrete relation, Lemma [3.1] is
rather more complicated. However, based on this, one shows that the difference
scheme keeps the L? norm of {R;, S;} from increasing, cf. Corollary a similar
result holds in the continuous case as well, cf. [I2| Lemma 1]. Intrinsic to the
equation is a blow-up property that is not fully understood. Indeed it is known,
see [], that there exist examples with R and S of opposite sign initially, where the
solution becomes unbounded. However, if the initial data both are negative initially,
one can show that the solution remains regular, see, e.g., [I2, Thm. 2|. Henceforth
we will make the assumption here that R and S are nonpositive initially. As in the
continuous case, [12, Lemma 4], one can show also in the discrete case, Lemma
that the equation enjoys invariant domains: If (Raz, Saz) both are nonpositive
initially, then they will remain so. Furthermore, if (Ra, Saz) in addition are
bounded from below initially, they will remain so, with the same lower bound.
From this it follows that L? norms do not increase, cf. [I2] Lemma 5] and Lemma
Using this one can show in the discrete case, cf. Lemma3.6] using the Arzela—
Ascoli theorem, that there exists a function u such that

uaz — v uniformly on compacts in R x [0, 7T].

The remaining part of the analysis is to show that the limit indeed satisfies the
equation. From a priori L? bounds we infer that Ra, — R and Sa, — S in
L>([0,T]; L*(R)) (recall that Ra, equals R;(t) on [(j — 3)Az, (j + 5)Az), and
similarly for Sa;), and (Raz — Saz)? — (Raz — Saz)? in L _(II7). Using the

div-curl lemma, Lemma [3.10, and Murat’s lemma, Lemma [3.TT, we show that
RazSaz — RS in Li (II7), cf. Lemma Thus we have established that

loc
(R - g)t - (c(u)(ﬁ—&—g))x =0
holds weakly, cf. (3.51)). By direct analysis of the scheme we infer that
c(u)y = 2é(u)(R - S) weakly,

cf. (3.49). Using the weak identity (c(u)ut)s = (c(u)uy); we infer that uy = 2(R+S)
holds weakly. To complete the argument, we derive an evolution equation for
R2+52, see Lemma(cf. [12, Lemma 11]) to conclude that us —c(u)(c(u)uy ), =
0 weakly, and indeed that u is a weak solution. Our main result can be stated as
follows (cf. Theorem [3.19): If ug and vy are such that R(-,0) and S(-,0) are non-
positive, and in L?(R) N L'(R), then the semi-discrete difference scheme produces
a sequence that converges to a solution of in the sense of Definition
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In Appendix [A] we show a higher integrability result, see Lemma which
reads, here stated in the continuous case (cf. [I2, Lemma 5]), as follows:
If (R(-,0),5(-,0)) € LY(R)NL*(R), then u, € Lt (Rx[0,T],c (u)dz) for p € [2,3).
The other results in this paper are independent of this, and the significance of the
appendix is that it is suspected that such a regularity property could play a role in

a uniqueness result.

2. THE DIFFERENCE SCHEME

Our first aim is to construct an approximate solution of based on a finite
difference approximation of the spatial derivative. Rather than work on the full
system of three equations, we derive approximate relations for the functions c(u)
and é(u) in terms of R and S, thereby reducing the system to two equations. The
temporal variable will not be discretized, and thus we will consider systems of
ordinary differential equations indexed by the spatial lattice and depending on the
lattice spacing. Subsequently we will show that as the lattice spacing decreases to
zero, the system converges to the solution of .

To avoid complicating the convergence analysis, we have chosen to restrict our
attention to a semi-discrete difference scheme. To turn the difference scheme into a
fully discrete one, we can rely on a variety of different time-discretization techniques,
see Section [4] for one example.

We shall use as a starting point for a difference scheme. For j € Z, define
z; = jAz and @41/ = x; + 3Az where Az > 0 is the lattice spacing. Let I;
denote the interval [z;_; /2, Zj41/2)-

Given any function K: R — R, we let the value of K at the point z; be denoted
by Kj, that iS, Kj = K(:ZZJ)

On the other hand, given any sequence {K} cz, we can consider it as the
sampling at lattice points Ax Z of the function K defined by

K(x) =Y Kl (x). (2.1)
JEZ

Here 1; denotes the characteristic function of the set I. Clearly, if values {K;}
are computed from some difference scheme, we consider the function as the
approximation of the true solution.

It is easy to prove the inequalities

1

1
K| oo (r) < N/ 1K 2y 1Kl 2@y < NI 1Kl 12 gy -
Introduce forward and backward differencing by
1
DyKj = £5—(Kjx1 — Kj)

for any sequence {K;} of real numbers. Let (R,S) = {(R;,S5;)};cz satisfy the
(infinite) system of ordinary differential equations

R(t) = cjr1/2(t) Dy Ry (t) = &(t) (R3(t) — S7(t)), (2.2)
Si(t) + ¢j_12(t)D_8;(t) = —&;(t) (R3(t) — S (1)), (2.3)

for j € Z. The functions c¢;1/, and ¢; are specified as follows. First set

F(u) = /0" 2¢(v) dv. (2.4)
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Since c¢(u) > 0, we have F'(u) > 0, and F is therefore one-to-one. We start by
defining Fj_y /5 by

hm Fj71/2 = 0, J
Jmmee or F; = Az R; - S;). 2.5
DyF;_i/o=R; —S; e Z ( ) (25)

i=—00

Then we can define u;, /2 by
wjyij0 = (F ") (Fjy1/2), JEZ (2.6)
Note that this implies
Rj —8S; =Dy F(uj_1/) =2c (ﬂj) Diuj_q 2,
for some value ﬂ;r between u;_1/9 and u;;/2. Therefore

R; — S,

Diu;_1/9= 2.7
+UWj-1/2 = 20( ) (2.7)
Set
Cj—1/2 = C(uj—1/2)7 (2.8)
and note that for some uj’ between w;_1,5 and wu;;1/o we have
¢ (u))
D+Cj_1/2 = C/ (U+) D+Uj_1/2 = 7_j (RJ - S]) . (29)
J 2¢c (uj)
So if we define
¢ (u)
;= J 2.10
9= G (210)
we have that
D+Cj_1/2 = 26J (RJ - Sj) . (211)

Thus we have defined the functions c;11/0 = ¢j11/2(R, S) and ¢; = ¢;(R, S).
We will work with ug € H'(R) and vy € L*(R). In this case we define

. 1 1
ug,; = uo(jAT), u67j = E/ up(x)dz, v ;= E/I vo(z) dz. (2.12)

The initial values for and . are
RJ(O) :UQ_]‘+C(Uj0)UOj, and S(O) = Vo,j 7C(Uj0)U6j7 (213)
for j € Z. Extend the initial data {(R;(0), S;(0) }]EZ by, cf. .,
Ry, az(z) = Rag(z,0) ZR

So.az(x) = Sax(z,0) Zs (2.14)

At this point it is convenient to state the followmg general lemma.

Lemma 2.1. Let ¢ be a function in L*(R), and set
1
YT Ax /Ij e(@)dz, Qnz(® Z‘lel
Then
lo — SDAsz(R) —0
as Az — 0.
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Proof. For general functions ¢, in L?(R) we have

J st = ar =3 [ (5; | 0= et dz) s
<[ 5 [ We e dar @)
=X [ we) - e a:

- / ((2) — p(2))? d.
R
Thus

o = ¢azlly < 1Y = @lly + [Vas = paclly + 1Y = Yazll,
<219 = lly + 1Y = Yazll (2.16)

which shows that we, without loss of generality, can assume that ¢ is a smooth
function with compact support, say supp(¢) C [—M, M]. We find, similarly to the

derivation of , that
[ (00 = pacle)? do = 2 / (25 / (p(2) — ol dz) do

1
<X / e / (ple) -~ 9(2)? de (2.17)

M+1 1 Ax
= 2/—M—l (m /—Az (@) = oo —y))* dy) dz.

Since ¢ is uniformly continuous, we can find § > 0 such that |y| < ¢ implies

2 3

— — < — R. 2.18
o(z) — oz —y)| S ET (2.18)
By choosing Az < ¢ we find that
[ ola) = onala))? dr <, (219)
R
which concludes the proof. U

This lemma implies

[Ro — Ro,nallp2 — 0 as Az — 0, 220
”SO - SO,AacHL2(]R) —0 as Az — 0. ( ’ )

Hypothesis 2.2. Consider ug € WH3T4(R) N WHH(R) and vy € L3T9(R) N LY(R)

for some q > 0, and let Ry and Sy be defined by (1.6). Then we assume that Ry <0
and Sy < 0 almost everywhere.

This assumption implies that also R;(0) and S;(0) are nonpositive for all j.
Furthermore, by interpolation, we have that ug € W?(R) and vy € LP(R) for any
p€el,3+q.

Lemma 2.3. Assume Hypothesis [2.2| Then the system [2.2)-([2.3) of ordinary
differential equations with initial data ([2.13)) has a unique C* solution {R;(t)}

and {S;(t)};cp for all t > 0.

JEZ
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Proof. We use the notation R(t) = {R;(t)};., and S(t) = {5;(t)};c, and write
and , as

Ri(t) = UF(R, S),

Si(t) = ¥ (R,S).

Viewing this as an ordinary differential equation in ¢1(Z) x ¢}(Z), where (*(Z)
denotes the set of absolutely summable sequences with norm

HU”LI(R) = sz vjl,
J

it will have a unique differentiable solution (R(t), S(t)) if ¥(R, S) = {(¥F, ¥¥ )}jEZ
is locally Lipschitz continuous. This solution will be defined for ¢ in some interval
[0,t*) where t* is a “blow-up” time, i.e.,

tim (IR0 1y + 15O 1ey ) = ox.

If one can show that || R(¢)|| 11 @) +[[S ()] 11 () < oo forallt > 0, then a continuously
differentiable solution exists for all time.
Now we claim that

H\I/(R, S) — W(R, S)j

<o(jn-d
L1(R)

+HS—S’

2.21
Ll(R)) 23

where C' is a constant that depends on [[(R, S)| 11 (), (R, §)||L1(R) and Az. We

shall show this for U, the arguments for ¥ are identical.
To show Lipschitz continuity we start by recalling (cf. (2.5))

LY(R)

J
Fj+1/2 = Fj+1/2(R, S) = Ax Z (RZ — Sl)
Then
Fji12 (R, S) — Fji1/0(R, S)
J
a0 35 (]S < a5l
< xl;}o(}z Ri|+s, -5 )_ R-R| o+ S5
and therefore (writing Fj = Fj+1/2(f%, S))
HFfFH < HRfRH +HS75" . (2.22)
L= (R) L' (R) L*(R)
Next we find (cf. (2.2)) using (2.6, (2.8), and (2.11)) that
- 1
Cj(RJQ- — SJQ) = §D+Cj_1/2(Rj + Sj)
1
= 5(¢j+1/2 —¢j172) (R + 5))
1
= i(c(Fj+l/2) —c(Fj_172)) (R +S)), (2.23)

abbreviating c(Fj11/2) = ¢((F~1)(Fj+1/2)). Thus
GRS —52) ~ (R~ 8) = 3 ((e(Fysay2) — clFyay2) (B + 5))
— (e(Fjo1ya) = e(Fj-172)) (R; + ;)
+(e(Fyprya) = e(Fy12))(Ry = By + S — Sj))
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Now

UH(R,S) - VE(R,S)

< ‘C<Fj+1/2) - C(Fj+1/2)‘ |Dy R

+ (B pn) ‘D+ (Rj — Rj)‘

1
+ 5 [eFis2) = elFranga)| (Bsl +1551)

1 .
+ 5 |elFso1/2) = eFioyo)| (1B +1551)

1 “ ~ -~ A
+ 5 ‘C(Fj+1/2) - C(Fj71/2)’ (‘Rj — R Sj = S5j

+

8. )
SN ‘Fj+1/2 - Fj+1/2‘ ([1R;] + | Rjal)

s

C .
5| Freage = By (Rs  +155)

R; — R;

+ ’Rj+1 - Rj+1D

C .
+ 5z |[Fimie = | (Bs1 + 15

-5
since ¢ is Lipschitz continuous functions of Fj /5. Multiplying the above by Az
and summing over j, we see that

Ll(R)) ’

L'(R)

Li(R)’ H ‘

+C<‘Rj—Rj‘+

quR(R, S) — UR(R, é)‘

<c(|r-4
L'(®)

where we have used (2.22) to find
€ =C (e 1Rllsqe) I8] ey |

Therefore (2.21) holds, and we have established that {R;(t)},., and {S;(?)};,
exist for ¢ < t* (for any initial data). If the initial data are nonpositive and in
L'(R), Lemma [3.4] concludes the proof. O

)+HS—S’

L1(R

Remark 2.4. The existence of global solutions of the system f with ini-
tial data (2.12), that is, the fact that t* = oo, follows only after the estimate in
Lemma , the inequality . Thus the results up to Lemma are first
valid for all times less than ¢*, and only after Lemma [3.4] we can infer that t* = oo.
To simplify the notation, we state all these result for all ¢.
For Lemma [2.3| we only require that ug € WH1(R) and vy € L}(R).
3. CONVERGENCE ANALYSIS

Now let f be a sufficiently smooth function, and observe that
1
f(Rja) = f(Ry) + f1(Ry) (Ryr = By) + 7 (r5) (R — R;)?,
where r; is between R;1; and R;. This can be rewritten
Ax
D f (Rj) = ' (Rj) Dy Ry + =~ f" (1)) (D R)” (3.1)
Furthermore, we have for any quantity f;,

Dy (¢cj—12f5) = ¢jy1/2D+fj + fiDyci—1/2
= Cj+1/2D+fj + ijéj (R] — S]) . (32)
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Similarly to (3.1) we have for a sufficiently smooth function g

Az
2

where s; is between S; and S;_;. We also have

D_g(S;) =g (S;) D_S; — =—g" (s;) (D_8;)*, (3.3)

D_ (¢j1/295) = ¢j—172D—gj + g;Dycj_1)2

= ¢j—12D_g; +29;¢; (R; — 5j) . (3.4)
Next define (cf. (T.I1))
H(R,S) = 3 (' ()~ ' (8)) (R = 8%) = (f (B) ~ £ (5)) (R~ 5).

We shall use the following lemma repeatedly.

Lemma 3.1. Let f,g € C*(R). Consider sequences {R;}jcz, {S;}jez satisfying

(2.2) —(2.3). Fort > 0, there holds

%f(Rj)—DJr (cjo1/2f(R;)) + %CJH/NW (rj) (D4 R;)* .
— oy (J0R) (R -8 - SR (R, -5)) .
%Q(Sj)‘*‘Df (¢j+1/29(55)) + %Cj—l/zgu (s;) (D_S;)?
(3.6)

=2, (50/(5) (1 = 82) = 9(5) (R, - 5)) )
In particular,
i(f (Rj) +(5))) = D+ (cj—1/2f (By)) + D (cj41/2f (S))

dt
A:I: 1" 11
+t— (Cj+1/2f (rj) (D4 Rj)* + ¢jm1jaf" (5) (D—Sj)Q) (
= 2¢;H (R}, 5;),

3.7)

where r; is between R; and R;11, and s; between S; and S;_1.
Proof. Multiplying (2.2) by f; = f'(R;), using (3.1)) and (3.2), we find that

d Az
7'](‘] — D+ (ijl/gfj) + 7Cj+1/2fﬂ (7"]) (D+RJ)2

dt 2
= 2¢; (;f]" (R} —S7) — f; (R — Sj)) , (3.8)

where f; = f(R;). Similarly, multiplying (2.3) with g; = ¢'(S;) for some function
g € C?(R), using (3.3) and (3.4)), we find that

d Ax
0+ D (¢je1/20) + = ¢j-1/26" (55) (D-5;)°

dt 2
. (1
= —2¢ (299 (R = S7) —g; (B; — Sj)) , (3.9)
where g; = g(S;). Choosing f = g and adding (3.8) and (3.9) we conclude that
(3.7) holds. O

This lemma has several useful consequences, the first of which is the following
result.
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Corollary 3.2. We have that
T
Az) (R7+87) (#) +/ Az Az (Cj+1/2 (D4Rj)* +¢j1/2 (D—Sj)Q) dt
J 0 J

<Az) (R} +57)(0). (3.10)
J
In particular, we have

Az (R3+S3)(t) <Az (RI+S7)(0). (3.11)

Proof. Appy Lemma with f(K) = K2. In this case we observe that H(R,S) =
0, and f" = 2. Therefore, Lemma [3.1] yields
d

5 (B +57) = Dy (¢j-1/2R5) + D (¢j11257)

+ Az (Cj+1/2 (D4+Rj)* + ¢j_1/2 (D—Sj)Q) <0.

Multiplying with Az, summing over j, and integrating in ¢ finishes the proof of the
corollary. O

The variational wave equation enjoys certain invariance properties in the (R, S)
variables. Indeed, if both are nonpositive initially, they will remain so for all time.
Furthermore, if in addition the initial data are bounded below by a (negative)
constant, then the same constant bounds the solution for all time. See, e.g., [I5]
Thm. 3.1.6]. The approximate solution has the same properties, which is the result
of the following lemma.

Lemma 3.3. The following statements hold:

(1) If R;(0) <0 and S;(0) <0 for all j, then R;(t) <0 and S;(t) <0 for allt >0
and all j.

(i1) If —M < R;(0) <0 and —M < 5;(0) <0 for some positive number M and for
all j, then —M < R;(t) <0 and —M < S;(t) <0 for all j and t > 0.

Proof. To prove the first statement (i) choose f(K) = (max {0, K}) in (3-7); with
this choice
0 if RS >0,
H(R,S)=(¢RS(R—S) ifS<0and R >0,
RS(S—R) ifS>0and R<0.
Hence H(R,S) < 0, furthermore f”(K) > 0, and thus using we find that
> ((max{0, B;(t)})* + (max {0, 5;(1)})*) <0,
j
since R;(0) < 0 and S;(0) <0 for all j. Thus the first statement (¢) of the lemma
holds.
To prove the second statement (ii) choose f(K) = (min {K + M,0})?. Then we
find that
0 if R>—M and S > —M,
—2M(R - S)? if R< —M and § < —M,
(R+M)(R-S)(S—M) ifR<-M<S,
(S+M)R—S)(M—R) ifS<-M<R,

H(R,S) =

which implies that

H(R,S 0. (3.12)

) |{(R,S)|R<M,S<M}S
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Furthermore f”(K) > 0. Thus, if 0 > R;(0) > —M and 0 > S;(0) > —M, we
observe from the first statement (¢) that R; and S; remain negative. This implies,
using (3.12), that H(R;,S;)(t) < 0. Hence it follows as before, using equation

B, that
> ((min {0, R;(t) + M})* + (min {0, S, () + M})*) <0
J
Thus the second statement (i) of the lemma follows. O
In case Hypothesis holds, we have the integrability estimate.
Lemma 3.4. If R;(0) <0 and S;(0) <0 for all j, then

sz IR; ()P +[S; ()" ) <sz |R;(0)” +[S;(0)[F), (3.13)
for any p > 1. In addition, if Hypothesis n 2.2| holds, then for any p € (2,3 + q)
/ sz ) | Dy 1/2\ dt < C,r, (3.14)

where Cp 7 s a constant dependmg onp and T (but not on Azx).

Remark 3.5. This lemma finishes the proof of Lemma namely the fact that
t* = oo, cf. Remark [2.4]

Proof of Lemma[3.4] Choose f(K) = |K|", and observe that
f(0)=0, f(K)= f(—K) and f"(K) > 0.
Now it is easy to see that
H(R,S)=H(S,R) and H(-S,—R)=—H(R,S).

Furthermore
H(R,R)=H(R,—R)=0
We also find that
1
VH(R.5)-(1,1) = 5 (f"(R)— f"(9)) (R*-S%) >0
since f” is an even non-negative function. From this it follows that
H(R,S) |{(R 8)|R+5<0} = 0.

Hence, since Sy < 0 and Ry < 0, by Lemma[3.3]also R;(t) and S;(t) are nonpositive
for t > 0, and thus

sz (F(R; (1) + f(S;(1))) < Afﬂz (f(R;(0)) + £(S;(0))).

For the proof of (3.14)), we fix p € (2,3 + ¢), remember that R; <0 and S; <0,
and calculate

H (Ry,55) = 3 [p (sign (Ry) IRy — sign (8,) 18,17 (R — 2)
— 2R, —|S;I") (B - 5))]
= [ (R 187 (1R, 15)
2(1B;1 = 151) (1B = 15517)]
1

= L[p (R 150 (1B 4 15,77)
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—~2(p = )| R 1851 (1Bs| = 1851) (IR 177 = 1517 7)

b(ij‘Sj)
= 2|R;1 15,1 (1B = 18;1) (1B;1" % = 18,177
2(1B;1 = 151) (1B = 155[7)]

17 _ _
= [P UR=1S:D° (1R P + 18,771 ) + bRy, )
+2(18,1 = 1851) (= 1B 1S3 (1B = 1577 ) + IR, 17 = 1,1") |
17 _ _
= [P URI = 1807 (1R P + 18,771 ) + bRy, )

+2 (1B = 15,07 (1R, + 15,77

= [~ =2) (R;| = 1851 (IR~ +1S,°7") + b(R;, 55)].
It is easy to see that b(R,S) < 0 for p > 2, and we also have the inequality
[RPTH ISP > K (1R = ISP

for some positive constant K, depending on p. Hence

—K,(p—2) - 11
H(R;,S;) < % |Rj = S = —Ky(p = 2)c () ) | D o]
By Hypothesis [2:2] we find that
K,(p—2)
L3 [ Ar S ) Dol < e SO £ 18,00 <
from which - ) follows. O
Extend the functions (R;, S;) to the full line, cf. and ), by
Raz(z,t) ZR (), and Sag(z,t) ZS (3.15)
Define Fa, by
Fpg(z,t) = / (Raz(Z,t) — Sax(Z,t)) dZ, (3.16)
and then ua, by
uag (T,t)
/ 2¢(u) du = Fag(z,t). (3.17)
0
Note that
Dy Faqg (zj-1/2,t) = Rj — Sj = Dy F (uj_1)5(t)),
or

Ujt1/2 unz(Tj41/2,t)
/ 2¢(v) dv = / 2¢(v) dv.
u u

i—1/2 ax(Tj_1/2,t)
Now we have that lim, o Raz(z,t) = lim, o Sax(x,t) = 0, and therefore
limg oo uag(2,t) = 0. Hence we must have ua,(x;_1/2,t) = uj_1/2(t) for all j.
It is convenient also to define the piecewise constant function

Unz(z,t) Zuj 1/2( 11] 1/2( x). (3.18)

Now we can show the (local) uniform convergence of ua.
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Lemma 3.6. Assume Hypothesis . Then there exists a function u € C(Ilr)
such that for any finite interval [a,b] we have

Alim0 uag(z,t) = u(z,t)  uniformly for (z,t) € [a,b] x [0,T].

Proof. From Hypothesis 2.2] we infer that
1 Bas (- 0)lL o)+ 1520 Ol oy < €. (3.19)

for both p = 1 and p = 2 for some constant C' that is independent of Az. From
Lemma [3.4] it follows that

[Raz(- )l Ly + [19a2(- D)l L@y < 1Raz(+50)llpr @y + [1Sa2(+50)ll 1@y < C
(3.20)
where C is the constant in (3.19). This implies that Fa, is uniformly bounded,

since
Fan(o,0)] ] [ sty - SAx(y,t))dy’ <c

Next, we observe that

FAz(m,t) - FAJE(Ovt) = /Om(RAw(yvt) - SAz(yvt)) dy

Therefore, using Cauchy—Schwarz’s inequality and (3.20]), we find
2

b T
||FA$( : at) - FAI(Oﬂt)HQL?(a,b) = / </O (RAm(y7t) - SAm(y;t)) dy) dx

a

b

s/ 2|x|/<Riw<y,t)+Sim<y,t>>dydx
a R

< C? (a2 + b2) )

Similarly, by using (3.16) we find that
2

b
102 Faal(- 7t)|‘%2(a,b) < / (RA$(w,t) - SAw(x,t)> dx

b
< 2/ <|RAm(x,t)|2 + |SAm($,t)|2> dz
< 2(a+b)C?
using (3.11]). Thus there is a constant C, independent of ¢t and Az (but depending
on a,b), such that
”FAE( : ,t) - FAI(Ovt)”Hl(a,b) < Ch.

Morrey’s inequality now implies that for « and y in [a, b] we have that
|Faa(@,t) = Fao(y,t)] < Calo —y|'?, (3.21)

for some constant Cy which is independent of Az and ¢t (but depending on a, b).

Now note that using f(R) = R in (3.8]) and ¢(S) = S in (3.9) we find, cf. (1.8),
that

R} — Dy (cj_12R;) = —&; (R; — S;)°,

S; +D_ (Cj_l,_]_/QSj) = —&j (Rj - Sj)z .

Since D+Fj = Rj - Sj,

d -
%Fj = Ax Z (R; = S)) =cj_172 (Rj + Sj-1).

i=—00
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Therefore we have that for 0 < s <t < T

t
||FA(E(-7t)_FA:L’('>S)||L2(]R)S/ dr
s

L*(®)

d
%FAI('7T)

t
< 03/ (SA:c( S 2@y + [ Rax(- aT)||L2(R)> dr
S 030 |t - 8| 5
using (3.11)).

Since H'(a,b) cC C(a,b) C L?(a,b), we can use [9, Lemma 8] to deduce that
for z and y in (a,b), we have that for any > 0, there is a finite C;, > 0 such that
[Faz(®,t) = Fag(@,8)| <nl[Fac(-t) = Fac(5 )l g0
+ Cy |Fac(-,t) = Fas(-, 3)||L2(a,b)
<n2Cy + CnCC;), |t - S| .
For any € > 0 we choose (x,t) and (y, s) in [a,b] x [0,T] and 5 > 0 such that

Co |x_y|1/2 < %, 1n2C < % and then C,CCs|t —s| < g

With this choice

‘FAa:(x7t) - FAQ;(:U,SN < |FAw(x7t) - FAw(yat” + |FAw(yat) - FALE(ya S)|
<e.

Hence, the sequence {Faz } o, is equicontinuous and uniformly bounded in [a, b] x
[0,T], and by the Arzela—Ascoli theorem there exists a convergent subsequence
(which we do not relabel).

By the definition of ua, and the assumption on ¢, cf. , we find that

|FA13j (xa t) - FAa:k (xa t)’ Z C’4 |uAazj (5177 t) — UAzxy, (‘T7 t)| )
for some constant Cy depending only on the function ¢. This shows that {uAm].} is

Cauchy and thus uniformly convergent on compacts [a,b] x [0, T].

Remark 3.7. For this lemma to hold it is sufficent to assume that Ry and Sy (and
therefore Ra,(0), Sa(0)) are nonpositive, and in L' N L2

Note that Fa, is linear in the interval I; as Ra, and Sa, are constant there.
By definition we have that

Ju 1
ar > 0.
8FAQ¢ QC(U,AQL-)
This means that ua. (z,t) is monotone in the interval I;, and we have that ua (7;+1/2,t) =
u;+1/2(t). To simplify the subsequent calculations we introduce

ﬂj = Ojuj,l/g + (1 — (9j)Uj+1/2, 9]‘ S [O, 1], j S Z,

and

Gpg (@, t) = Zuj (t)1p, (2).

Then for any fixed z and t,

Aligo Ungz(x,t) = u(z,t). (3.22)

This is so since if « € I}, there is a y; € I; such that Ga,(z,t) = uas(y;,t) by the
monotonicity of ua,. Now let {Az;} and {Az,} be two sequences tending to zero.
Fixing x, we can find sequences {y;} and {y,} such that y, — = and y, — z and

’&Awk (x7 t) = UAx;, (yk:a t) and aAa:g (1‘7 t) = UAz, (y@; 7t) .
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Hence

|ﬂ’AIk (:L‘, t) - ﬁ‘AfL’z (1‘7 t)| < |U‘Awk (yk7 t) — UAz, (ylmt)‘ + |uAfw, (yk7 t) — UAz, (yfy t)| .

Both terms on the right vanish as k& and £ become large since ua, is uniformly
continuous. Hence for any choice of {6}, (3.22) holds. In particular, this implies
the pointwise convergence

Alyicrgo Z wjt1/2(t)1; (x) = w(x,t) and
j

c(u(z,1))

de(u(z, t))

(3.23)

i =: é(u(z, 1)),

lim Z 5]' (t)l[j (.Z‘) =

uniformly on compacts.
Next, we collect (in three lemmas) some well-known results related to weak
convergence. Throughout the paper we use overbars to denote weak limits.

Lemma 3.8 ([2]). Let O be a bounded open subset of RM | with M > 1.
Let {vn},~, be a sequence of measurable functions on O for which

sup / B(Jua(y)]) dy < oo,
n>1J0O

for some given continuous function ®: [0,00) — [0,00). Then along a subsequence
asmn — oo

9(va) = g(v) in L'(O)
for all continuous functions g : R — R satisfying
_ lg(v)|
lim
|[v|—o0 cI)(|’U|)

Let g: R — (—o00,00] be a lower semicontinuous convex function and {v,},~; a
sequence of measurable functions on O, for which

v, — v in LY(O), g(v,) € L*(O) for each n, g(v,) — g(v) in L*(O).

=0.

Then
g(v) < g(v) a.e. on O.
Moreover, g(v) € L*(O) and

/g(v)dygliminf/g(vn)dy.
o o

n—oo

If, in addition, g is strictly convex on an open interval (a,b) C R and

g(v) = g(v) a.e. on O,
then, passing to a subsequence if necessary,
un(y) — v(y) for a.e.y € {y € Ofv(y) € (a,0)}.

Let X be a Banach space and denote by X ™ its dual. The space X* equipped with
the weak-x topology is denoted by X7 ., , while X equipped with the weak topology
is denoted by Xyeak. According to the Banach—Alaoglu theorem, any bounded ball
in X* is o(X*, X)-compact. If X separable, then the weak-x topology is metrizable
on bounded sets in X*, and thus one can consider the metric space C ([0, T; X% _...)
of functions v : [0,7] — X* that are continuous with respect to the weak topology.
We have v, — v in C([0,T]; X} ..) if (0n(t),0)x+.x — (v(t), ¢)x+ x uniformly
with respect to ¢, for any ¢ € X. The following theorem is a straightforward
consequence of the abstract Arzela—Ascoli theorem:
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Lemma 3.9 ([2]). Let X be a separable Banach space, and suppose v, : [0,T] —
X*, n=1,2,..., is a sequence of measurable functions such that
lonll oo o, 230+) < C
for some constant C independent of n. Suppose the sequence
[O,T]Bt'—)<1}n(t),¢>x*’x, n=12...,

is equi-continuous for every ® that belongs to a dense subset of X. Then v,, belongs
to C([0,T]; X}...) for everyn =1,2,..., and there exists a v € C([0,T]; X% 1)

such that along a subsequence as n — oo
v = v in C ([0, T]; Xiear)-

weak

Lemma 3.10 (Div-curl lemma [7]). Let Q C R? be a bounded domain. Suppose

1 a1 2 _ =2

v, =T, v, =,
1_ 1 2 _ 2

w, =W, w; — W,

in L*(Q) as ¢ — 0. Suppose also that the two sequences {div (vsl,vg)}s>0 and

{curl (w}, w?)}.50 lie in a common compact subset of H,. ' (Q), where div (v}, v?) =

Dz, v} 4 05,02 and curl (w}, w?) = 9y, w? — Oy, wl. Then along a subsequence

(vl,02) - (wlw?) = (@, 7%) - (W', w*) inD'(Q) as e — 0.
Lemma 3.11 (Murat’s lemma [7]). Suppose that {L.}, is bounded in Wb (Tr).
Suppose also that L. = LL+L2, where {Eé}oo lies in a compact subset of H;_! (I7)
and {LE}DO lies in a bounded subset of Mioc(IlT). Then {L.}

subset of H, ' (TI7).

According to Hypothesis Ro,So € LY(R) N LP(R) (with p > 3). In view
of (3.10), (3.13) and Lemma there exist R,S € L*(0,T;L%(R)), ¢ € [1,p],
R2,5% € L>=(0,T; L"(R)), r € [1,p/2], such that along a subsequence as Az — 0

Rar = Rin L™®(0,T; L*(R)), Sa, = S in L>=(0,T; L*(R)),

e>0 lies in a compact

o - (3.24)
R, = RZin L®(0,T;L"(R)), S%, =S in L>®(0,T;L"(R)).
As a matter of fact, we can assume that for any function f € C*(R), with
FEI<C(1+]2) and [f(2)] < € (1 +2), (3.25)

the following statements hold
F(Rag) = f(R),  f(Saz) = f(S) in L=(0,T;LP?(R)), (3.26)

where the same subsequence of Ax — 0 applies to any f from the specified class.
Clearly, we can also assume that as Az — 0

F(ung) (Rag — Saz)? — &(w)(R— S)2 = é(u)(R—S)2 in LP/>(Ily),  (3.27)

by equation (3.23)). From Lemmas and it is not difficult to deduce that the
functions

tn—»/Rf(RAx)fI)dx, tH/Rf(sm)cbdx (3.28)

are equi-continuous on [0, T'] for every & € C5°(R). In addition, f(Raz) and f(Saz)
are bounded in L*°(0,T; L"(R)), independently of Az. Now we apply Lemma
with X* = L"(R), X = L (R), and " = r/(r—1). Since C§°(R) is dense in L"(R),
we can thus assume that f(R), f(S) € C([0,T]; L%, (R)) and

weak

f(Raz) = f(R), f(Saz) — f(S) in C ([0, TT; Lycar(R))- (3.29)
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Of course, when f(z) = z, we can assume R, S € C ([0,T]; L2, (R)) and

Rae = R, Sae = S in C ([0, T]; Licarc(R))- (3.30)
Lemma 3.12. Assume Hypothesis . Then we have, cf. ,
R — (c(u)R), = —&(u) (R — 5)2, (3.31)
and
S+ (c(u)g)z = —¢(u) (R-5)?, (3.32)

in the sense of distributions on R x [0,T), i.e., for any p € C§°(R x [0,T)),

/ (Ror — (c(u)R) ¢p) dxdt + / Ry(z)p(x,0) dz
Ty R

_ //HT &(u) (R = 8)2pdu dt
and

//n (e + (c(w)5) @) dodt + / So(@)p(x,0) da

// ) (R — Sdedt
IIr

Proof. Fix ¢ € C'(‘J’O(R x [0,T)). The equation (3.8) with f(R) = R reads
tR — Dy (¢j_1/2R;) = —&; (R; — S;)°. (3.33)

p;(t) = ﬁ/, e(y,t)dy

Next multiply the equation (3.33) with ¢;, sum over j, do a partial summation,
integrate over t, to end up with

—// (Raspt — casRanps) du dt + / Ro.nq(z)p(z,0) dz (3.34)
Iy R

d
Set

= —// éAw(RA:v — SAI)2<,D dxdt
Ir
/ Zc] / (D_p; — ¢y) dzdt

where we have defined the functions ca, and ca, by
can(®,t) = ¢ii1pp(B)1r,_, () and Gan(z,t) = &)1y, (2).
J J
By (3.23)
car — c(u), éay — ¢é(u) uniformly on supp (). (3.35)
Now
|D_p;(t) — pa(z,t)| < ||<szHLoo(Rx[o,T]) Az, x € 1j.
In view of this and (3.13]), the last term in (3.34) is bounded as follows:

/ ch / (D_yp; — ) dedt| < CAz — 0.

Furthermore, in view of (2.20)), as Az — 0
/RoAL »(z,0) da:—»/Ro o(x,0) dz.
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Hence, sending Az — 0 in (3.34)) yields (3.31). The evolution equation (|3.32])

for S is proved in the same way. O

We can also prove a generalization of the previous lemma.

Lemma 3.13. Assume Hypothesis and let f € C%*(R) be a conver function
satisfying (3.25)). Then

T h—GWHU%L<2dw<;NRXW—S%—f@XR—$)7 (3.36)

f(8), + (C(U)W)m < —2¢(u) (;f’(S)(RQ — 52— f(S)(R - S)> . (3.37)

in the sense of distributions on R x [0,T), i.e., for any ¢ € C§°(R x [0,T)), ¢ >0,

/ /HT (F®e: — (cwIR)) o) dedt + /R F(Ro(2))p(x,0) dx
- //n 2¢(u) <;f'<R>(R2 —5%) - F(R)(R - s>) o du dt

and
J[ (710 + (ctFE) ) e+ [ fsotate,0)de
HT R
> //HT 2¢(u) <2f’(5)(R2 —-82)— f(S)(R - S)) pdxdt.
Proof. Similar to the proof of Lemma starting from (3.8]) and (| . O

The weak limits R2, S? satisfy the initial data in a strong sense:

Lemma 3.14. Assume Hypothesis[2.2] Then

lim [ R?de = lim §2d:c:/R3dx
R

t—0+ R t—0+ R (3 38)
lim ?dm = lim ?2 dzr = / S2 du.
t—0+ t—0+

Proof. Since R, S € C (0, ] L2« (R)), it follows from (3.31)), (3.32) that
R(-,t) = Rg, S(-,t) = Sp in L*(R) as t — 0+.
From this, (3.24), and Lemma [3.8 we conclude that
/ R2dz < lim inf/ R dx, / 53 dz < lim inf/ 5% da. (3.39)
R t—0+ Jpr R t—0+ Jp
On the other hand, says that RAx( 1) = R(-,1), Saz(-,t) = S(-,t) in L%(R)
for a.e. t > 0, and thereby, using also and -,
/ (ﬁ +§2) (t,2)dx < / (ﬁ+§) (t,2)dx < / (R2+ S2) dz.  (3.40)
R R R

Since R2, 5% € C ([0,T); L",....(R)) (with r > 1), one can prove that this inequality

actually holds for all ¢ > 0. Combining (3.39) and (3.40) yields (3.38). O

Lemma 3.15. Assume Hypothesis and let and let f,g € C*(R) be functions
satisfying | f(2)],19(2)| < C'|z|. Then

F(Raz)g(Saz) — f(R)g(S) in the distributional sense on R x (0,T). (3.41)
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Proof. We will show that the sequences
{atf(RAx) - a:L’ (C (U’AZL’) f(RACE))}Az>O ?
{6tg(SAz> + 0y (C (UAx) 9(5A$>)}Az>0

are compact in H (R x (0,T)).
Introducing the dlstrlbution Laz =0:f(Raz) — Ox (c(uaz) f(Raz)), we find

<£Aw7 QO

//HT {QCAGC ( '(Rax) (RA, — S3.) — [(Ras)(Rax — SAw) + Cf:l o dxdt
(3.42)

/ ch / (D_g; — ¢y) dedt, (3.43)

for ¢ € CF° (Rx (0,T)), where C¢(z,t) is a function that is bounded in L' (Rx (0, T'))
independently of Az, cf. (3.34). The last term above is bounded by

T
PAc = C||R0||L2(R)/O 1> D951, = 0ol 2w gt
J

Since Zj D_pj1;; is a piecewise constant approximation to ., by Lemma
paz tends to zero as Axz — 0. Thus we infer that

(Laz, o) < Clell Lo @x(o,r)) + Pae

where pa, tends to zero with Axz. Thus is in a compact subset of ngg (R x
(0,7)), while is in a bounded subset of the locally bounded Radon measures.
Hence Murat’s lemma implies that L, is compact in H; . (R x (0, T)) By analo-
gous arguments, {0;9(Saz) + 0 (¢ (uaz) g(Saz))} is compact in H ! (R x (0,T)).
Now by the div-curl lemma on the sequences
{9(Saz); ¢ (uaz) 9(Saz)tarse  and  {c(uaz) f(Raz) f(Raz)}azso

we see that

2¢ (uaz) f(Raz)9(Saz) — 2¢(u) f(R) g(S) in the distributional sense, (3.44)
which, due to and Lemma concludes the proof of . O
An immediate consequence of the previous lemma is the following result.
Corollary 3.16. There holds
(R—S52=R?-2RS+52 ae inRx(0,T). (3.45)

Proof. Since we can assume that Ra,Sa, — RS in L1(R x (0, 7)), it follows from
Lemma [3.15] that

// RSpdxdt = // RSpdxdt, Ve Ci°R x (0,T)),
Rx(0,T) Rx(0,T)

from which we infer that RS = R S a.e.; Hence follows. O
Lemma 3.17. Assume Hypothesis[2.2] Then
R=F ad $2=5, forae. (z,t) €l (3.46)
Consequently, as Ax — 0,
Raz — R, Sap — S in L (TI7) and almost everywhere in Tp. (3.47)

Proof. Using Lemmas and Corollary we can argue exactly as in,
e.g., Zhang and Zheng [I4], to arrive at ([3.46]) and (3.47). O
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Lemma 3.18. Assume Hypothesis . Then wu is a weak solution of (L.1)), i.e.,

0%u 0 ou
ﬁ — C(U)% (C(U)ax> =0

weakly in I in the sense that

//H (urpr — c(u)g(c(u)p)y) dedt = 0 (3.48)

for all test functions ¢ € C§°(Ilp). Here uy and c(u), are given by and
, respectively.
Proof. We claim that
c(u), = 2¢(u)(R—S), weakly. (3.49)
To this end let

CAx — ZCj,l/Q].]j, (350)
J

and compute

<acm,<,0> = —// CAz Py dadt
6.T I

T
—/ Z/ Cj,l/gﬁpxdaﬁdt
0 i I;
T
—A ZCj_1/2D+§0 (%‘—1/2775) Axdt
J
T
= /0 D (Dicjo1pe) @ (w5-1/2,1) Awdt
J

:/ sz@ (zj-1/2,t) [2¢; (R; — Sj)] dt.

0

By sending Az to zero in this equality, and using (3.23]), our claim (3.49)) follows.
From Lemma we find that

(R—-S),— (c(u)(R+S)), =0, in the sense of distributions. (3.51)

Observe that for a function u that is at least one time differentiable we have that
ut)y = (c(u)ug)+ holds in the distributional sense. Specifically, we have

//HT u)ug) gy drdt = //HT w)paup dedt = //HT — & (u)upp)uy drdt
= // ((c(u)p) — ¢ (u)urp) ug dudt
// w) Uy )Pt dadt. (3.52)

Thus we see that this can be rewritten

9 _

32 (c(u) (2ut —(R+ S))) =
in the sense of distributions. Hence

(R+79), (3.53)

l\D\»—t

since

lim u(z,t) = lim (R(z,t) + S(z,t)) = 0.

Tr——00 T——00
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Set
B (a.1) = / Ry 1) (x — y) dy,

where j¢ is a standard mollifier. Then

Ry — ()R )s = —&u)(R — 5)2 % j° + 17,

where by the DiPerna—Lions folklore lemma

r° = ((W)R)s % j° — ((w)R ),
tends to zero in L{ (IIr). This in turn implies that

R, — c(w)R, = —é(u)(R— S)2 % j° + 2¢(u)(R — S)R +1r°

— —&(u) (m R (R- F)) +re, (3.54)

Similarly, with §° = S * j, we get
S 4 c(w)S = —&(u) (m +25°(R - §)) _ &, (3.55)
where s¢ tends to zero in L] _(II7). Adding and and sending ¢ to zero,

we get, after using Lemma [3.17]

01—

2 AR4S) —c(u) - L (R—5) = o(u) (R—5)° ~(R—97) =0,

which, using (3.53)), (3.49) and Lemma can be rewritten as (3.48]). O

We collect some of our results in the following theorem.

Theorem 3.19. Assume (1.9) and Hypothesis . Then the semi-discrete differ-
ence scheme defined by (2.2)) 7 produces a sequence that converges to a weak
solution of .

The same conclusion holds if Hypothesis is replaced by the assumption that
up € WHL(R) and vy € LY(R) and that Ry and Sy take values in [—M,0] for some
positive constant M.

Proof. Observe that in the case when Ry and Sy take values in [—M, 0], Lemma
3.3 shows that R;(t), S;(t) € [-M,0] for all t. Thus Ras, Sas € L N LY, and by
interpolation we see that Hypothesis [2.2] is satisfied. O

Remark 3.20. The equation (2.7) is awkward to use in practice, since one must
compute the inverse of F' at each node. In order to circumvent this we may redefine
¢; slightly. Let R; and S; be defined as before, but let u;_; /o be defined by
c(uj—1/2) + c(tjp1y2)

This is also a nonlinear equation to solve for u;, /2, but solving this is likely to be
easier than inverting F'. However, if we accept a certain imbalance, we can define
Uj41/2 by

D+Uj,1/2 = (356)

2C(Uj_1/2) ’
In order to get our approach to work, it is essential that (2.11)) holds. Therefore,
we shall define ¢; so that this is the case. Since c is continuous, we have that

D+Uj,1/2 = (357)

Dyc(ujyy2) = ¢ (a5) Dyuj_y)o,
for some u; between u;_q/5 and ujyq/9. If ujyq/o is defined by then we set

- c'(uy)

7T 2 (eluy1g2) + olugiaga))

(3.58)
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while if u; /o is defined by (3.57) we set
! (17
& = _ ) (3.59)
de (uj-12)
In both cases (2.11) holds. Therefore, the schemes defined by (2.2)), (2.2), and

(13.56), (3.58) or (3.57), (3.59) all produce sequences converging to weak solutions
of (L.1).

4. NUMERICAL EXAMPLES

The semi-discrete scheme defined by (2.2)~(2.12) is rather involved, in particular
the computation of the quantity ¢;. For actual computations one needs to make
a further discretization of the time variation. We have considered the following
versions of the semi-discrete scheme defined by f. These schemes all use

an explicit discretization of (2.2)—(2.3)),
t pn n n ~n n\2 n\2
DLR} = cjy D4 B = & ((R7)* = (S7)°),

J

DiSj + cj_l/QD_Sj = —c] ((Rj )2 — (S; )2) ,

where

Cjip=c (“?—1/2)
and )

t n o __ n+1 n
DYK} = o (K3 = K7').
Furthermore, since we wish something like (2.11]) to hold,
Dic?
= I (4.2)

L = — .
2(R7 — ST)

The difference between these schemes consists in the way the “cofficients” iy /2

are defined.

(1) Integration in time. We update (G /2 by considering a discrete version

of @53,

n+1 _.n
Usry/0 = Uitr)2
At
+ 5 (B} + Ry + BT RYE + ST+ 87 + ST 4+ S (43)

We use this scheme since u is discretized on a grid that is staggered with
respect to that of R and S.
(2) Integration in space. Knowing u’_LN_l/2 for some large N, we can set

R} — 57

ul =ul |5+ Ax . (4.4)
j+1/2 j—1/2 c(u?flm) + C(u?+1/2)
In this section we describe two examples.
Consider first the case where the function c is given by
2
c(u) = — (7w + arctan(u)) , (4.5)
0
and the initial data are given by
R(z,0) = —2¢~ (@5 §(z,0) = 2@+, (4.6)

In this case

_ N R(y,O)—S’(y,O) ws (2 :1 T T
u(:c,o)_/_oo Ay, wlw.0) = 5(R.0) + 5(@.0)).

In Figure [1| we show the computed solution u (top) and R and S (bottom). The
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-10 -5 1] 5 10

1 1 /\‘\h

/\‘\ 1 1

FIGURE 1. The scheme (4.4]) with the initial data (4.6]) and ¢ given
by (4.5). The u variable (top), the R variable (middle) and the S
variable (bottom) as functions of x and t¢.

discrete difference scheme can be studied numerically also in cases not covered by
the convergence results in this paper. We have included an example of that type
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here. Define the function ¢ by

c(u) = \/a cos?(u) + Bsin*(u), a=1.5 B=05. (4.7
When testing, we take the initial data from [3], and use
2 0
u(zr,0) = Tie® , w(x,0) = —c(u(z,0)) =—u(x,0). (4.8)
4 oz
In order for the two schemes to be compatible, we have defined u?f 1/2 by
_ SO
D+U?_1/2 - )

C(“2+1/2) + C( J-172)

even for the scheme using by (4.3)). In Figure [2| we show u for the two methods
with initial data (4.8]) using Az = 30/256, and At = Azx. We remark that using
At = Az /M where M is a large integer, produced very similar results.

APPENDIX A. HIGHER INTEGRABILITY PROPERTIES

In this appendix we prove a so-called higher integrability result. Briefly stated,
we have that if Ry and Sy are nonpositive and in L* N L2, then d,u(-,t) is in Lfoc
for all p € [2,3). This is obvious if Ry and Sy are in L3, and the significance of
this section is that the d,u is more integrable than is to be expected. The reason
for including this is that we suspect that such a property will play a role in a (yet
unknown) uniqueness result.

Throughout the appendix we assume that Ry and Sy are nonpositive and in

L'(R) N L?(R). Then by Lemma [3.4]
A:L_Z <|RJ|1+O¢ + |Sj|1+a) S C,
J

for any « € [0, 1] and some constant C' which is independent of Az. We also recall
that for any smooth function f we have that

Az -

dtf 12D+ 05— = — I (DyR))* =& [} (R} - S}), (A1)

where f; = f(R;), f; = f'(R;) and f}' = f"(r;) for some r; between R; and R;, .
We now let « be a constant in [0, 1) and define f to be a C'*° function such that

0 K>—1/2
IK — Y b
f( ) {|K04’ K<—17

/ o K> -1/2,
_'Klua +C, K<-1.

1+«
Note that f”(K) is bounded. Let x(x) be a smooth function such that 0 < x(x) <1
and

0, xela—1,0+1],
x(@) = {1, x € [a,b],

where a < b are real numbers. Set x; = x(z;). We multiply (A.1) by x,;Az, sum
over j and integrate over [0,7T] to end up with

T T
T Az
Afoij |0 —/0 AxZchj+1/2D+fjdt+/O AmZXijJ{/ (D+Rj)2
J J J

T
:/ Ax E X]‘f]{éj (Rf — SJQ) dt.
0 -
J
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T T T T
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15r —2n 7
—40
——Ba0
——3a0
1+ 100 /\ 4

05 -

=
o
N
o
=

FIGURE 2. The scheme (4.3) (top) and (4.4) (bottom), with the
initial data (4.8]) and ¢ given by (4.7).

After a partial summation of the second term on the right, we obtain

T
A(EijXj |§ + /0 AZL’ZfJ [XJQEJ (RJ - Sj) + Cj_l/QD,Xj] dt
J J

T AI T ~
- / sz 7Xjf]{’ (D, R;)* dt = / Aa:ZXij’»cj (R} — S2) dt.
0 7 0 7
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Rearranging this we find that

T ~ — ‘Rj|1+a 1 2 2 a
i Az ;26 |(By = 8)) | —o— | =5 (B} = S5) B
j

T+a Ln,<—1y dt

T
= —Ameij |,(1; — C/O ASL’ZXJQEJ‘ (RJ — SJ) dt
J J
T
| 80508 (8 - $3) 1~ 28 = ) 5] 1y
J

T
Ax
_/0 Ar> S (D Ry)? dt.
J

By the L? estimates, Lemma |3.4] all terms on the right-hand side of this are
bounded by a constant Cr, 5 depending only on T, a, b and on the L' and L2
norms of Ry and Sy. Furthermore, by the same lemma,

TA 28 |(R; — S, “IRITY 1 R? — §?) R¢
) $ZXJ ¢ (B i) 2( J j) J
J

1+a
Therefore we get the bound

1ig,>—13 dt‘ < Crap-

/TAJ;ZX-E' (R; — 5;) ﬂ _E(R%_S?)R‘.l dt| < Cras
o - ] ] J 1+a 2 9 7 7 — ;@509
(A.2)
and similarly
/TAJ?ZXJ‘EJ‘ —(Rj—Sj) _|S]7|1+a —1(52—R2>Sa dt <CTab~
0 - 1+a g\ T =
(A.3)

Adding these two and recalling that |R;| = —R; and |S;| = —S;, we get the bound
/TAxe-a- (IR 185 (R - 1)
; . i\ T o Ul J J J

1 « [e3%
— 5 (R = 1SE) 4R = 15,7 ] < Crane (A1)

The term in the square bracket above can be rewritten as

1 1+« 1+a
< . — . o .
0< oo (IR = 18,1) (1By| = 1551)

1 (03 @
— 5 (1R = 18:?) (s = 1551
1

_ 71 0 ) 4o 1t
(155 5) (Rl = 1830 (B0 = 13,11+°)
1 a a —a —a
+ 5 1B 1S (RS = 1851) (1Rsl' ™ = 151" )

1

_ M[aa)w —15,1)

< (1B =181+ RIS (1R = 185177) )

F2a IR = ISR IS (1817 = 1,1
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o 11—« 0 N2 L e
= s v oy (Bl 1807 ORI + 1851%)
(67 a « —a —a
e Ry = 1851 Ry |7 1817 (1Ry ' = 157

Hence, multiplying (A.4) by 2(1 + a), we arrive at

T
JRE [(1 C ) (R — 1,02 (R, +18,1%)
o (A.5)
+2a B 15 (181" = 18577) | dt < Cr

Both terms in the sum and integral above are positive, and thus the integrals of
the sums of the individual terms are also bounded.
We can use the inequality

[RI" +1S|* = Ca|(IR| = 1S])|" = Ca |R = S|

for some constant C,, depending on «, to get the bound
T
/ Az Z X6 | Ry — S;1*7 dt < Carap. (A.6)
0 -
J

Since C < c(u) < Cy (cf. (1.9)) we have proved the following lemma.

Lemma A.1. Let « € [0,1), and assume that Ry and Sy are nonpositive, and in
LY(R) N L?(R). Then we have the estimate

T Jb
/O Az Z Cl(uj) |D+Uj,1/2’2+a dt S CQ,T’a,b, (A?)
J=Ja

where joAx € [a —1,a) and jyAx € (b,b+ 1].

Acknowledgements. The authors gratefully acknowledge the hospitality of the
Mittag-Leffler Institute, Sweden, creating a great working environment for research,
during the Fall of 2005.

REFERENCES

(1] A. Bressan and Y. Zheng. Conservative solutions to a nonlinear variational wave equations.
Comm. Math. Phys., 266 (2006) 471-497.
[2] E. Feireisl. Dynamics of Viscous Compressible Fluids. Oxford University Press, Oxford, 2004.

[3] R. T. Glassey, J. K. Hunter, and Y. Zheng. Singularities and oscillations in a nonlinear
variational wave equation. In Singularities and Oscillations (J. Rauch, M. Taylor, eds.),
Springer, pp. 37-60, 1997.

[4] R. T. Glassey, J. K. Hunter, and Y. Zheng. Singularities of a variational wave equation. J.
Differential Equations 129 (1996) 49-78.

[5] H. Holden, K. H. Karlsen, and N. H. Risebro. Convergent difference schemes for the Hunter—
Saxton equation. Math. Comp. 76 (2007) 699-744.

(6] J. K. Hunter and R. A. Saxton. Dynamics of director fields. SIAM J. Appl. Math. 51 (1991)
1498-1521.

[7] J. Malek, J. Necas, M. Rokyta and M. Ruzicka. Weak and measure valued solutions to
evolutionary PDEs. Chapman & Hall, 1996.

[8] R. A. Saxton. Dynamic instability of the liquid crystal director. In Current Progress in Hyper-
bolic Systems: Riemann Problems and Computations (W. B. Lindquist, ed.), Contemporary
Mathematics, vol. 100, American Mathematical Society, Providence, 1989, pp. 325-330.

[9] J. Simon. Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl. 146 (1987) 65-96.

[10] P. Zhang and Y. Zheng. On oscillations of an asymptotic equation of a nonlinear variational
wave equation. Asymptot. Anal. 18 (1998) 307—-327.

[11] P. Zhang and Y. Zheng. Singular and rarefactive solutions to a nonlinear variational wave
equation. Chin. Ann. Math. 22B (2001) 159-170.



FINITE DIFFERENCES FOR A NONLINEAR WAVE EQUATION 29

[12] P. Zhang and Y. Zheng. Rarefactive solutions to a nonlinear variational wave equation of
liquid crystals. Comm. Partial Differential Equations 26 (2001) 381-419.

[13] P. Zhang and Y. Zheng. Weak solutions to a nonlinear variational wave equation. Arch. Rat.
Mech. Anal. 166 (2003) 303-319.

[14] P. Zhang and Y. Zheng. Weak solutions to a nonlinear variational wave equation with general
data. Ann. Inst. H. Poincaré Anal. Non Linéaire 22 (2005) 207-226.

[15] P. Zhang and Y. Zheng. On the global weak solutions to a variational wave equation. In
Handbook of Differential Equations. Evolutionary Equations. Volume 2 (C. M. Dafermos, E.
Feireisl, eds.), Elsevier, Amsterdam, 2005, pp. 561-648.

(Holden)
DEPARTMENT OF MATHEMATICAL SCIENCES, NORWEGIAN UNIVERSITY OF SCIENCE AND TECHNOL-
0GY, NO-7491 TRONDHEIM, NORWAY, AND
CENTRE OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLO, P.O. Box 1053, BLINDERN,
NO-0316 OsLOo, NORWAY

E-mail address: holden@math.ntnu.no

URL: www.math.ntnu.no/ “holden/

(Karlsen)
CENTRE OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLO, P.O. Box 1053, BLINDERN,
NO-0316 OsLO, NORWAY

E-mail address: kennethk@math.uio.no

URL: www.math.uio.no/ kennethk/

(Risebro)
CENTRE OF MATHEMATICS FOR APPLICATIONS, UNIVERSITY OF OsLO, P.O. Box 1053, BLINDERN,
NO-0316 OsLO, NORWAY

E-mail address: nilshr@math.uio.no

URL: www.math.uio.no/“nilshr/



	1. Introduction
	2. The difference scheme
	3. Convergence analysis
	4. Numerical examples
	Appendix A. Higher integrability properties
	References

