SUBSONIC FLOWS FOR THE FULL EULER
EQUATIONS IN HALF PLANE

JUN CHEN

ABSTRACT. We study the subsonic flows governed by full Euler
equations in the half plane bounded below by a piecewise smooth
curve asymptotically approaching x;-axis. Nonconstant conditions
in the far field are prescribed to ensure the real Euler flows. The
Euler system is reduced to a single elliptic equation for the stream
function. The existence, uniqueness and asymptotic behaviors of
the solutions for the reduced equation are established by Schauder
fixed point argument and some delicate estimates. The existence of
subsonic flows for the original Euler system is proved based on the
results for the reduced equation, and their asymptotic behaviors
in the far field are also obtained.

1. INTRODUCTION

In this paper, we study subsonic polytropic flows governed by two-
dimensional steady, full Euler equations:

V-m=0,
V- (@) +Vp =0, (1.1)

V- (m(E +p/p)) =0,

where V is the gradient in x = (z1,22) € R?, m = (my,my) the
momentum, p the density, p the pressure, and
m|” p
E= +
202 (v—=1)p

the energy with adiabatic exponent v > 1. The sonic speed of the flow
is defined by

¢ =/7p/p-
The flow is said to be subsonic if |m/p| < c.
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To my best knowledge, no theoretical result was obtained for sub-
sonic flows governed by full Euler system in unbounded domain. There
are rich literatures of subsonic potential flows, which is a simplified
model for Euler flows. Shiffman obtained the first existence result in
[31], using variational method. In [1], Bers used complex analysis to
show existence and uniqueness for the subsonic potential flows. Finn
and Gilbarg [17, 18] solved the problem by PDE approach. Recently,
Chen-Dafermos-Slemord-Wang [4] pushed the subsonic flows to the
sonic limit, using the framework of compensated compactness. With
in the same framework, Chen-Slemord-Wang [12] obtained transonic
solutions by a vanishing viscosity method. Other results for subsonic
or transonic flows of various models can be found in [2, 3, 5, 6, 7, 8,
9, 10, 11, 13, 14, 25, 20, 29, 30, 32, 33, 34], and [15, 16, 19] provide
related background and introduction.

The domain we study is the upper half plane with piecewise smooth
boundary asymptotically flattened as |z1| — oo. This setting can be
viewed as a symmetric airfoil problem. For a airfoil symmetric about
r1-axis, we cut the exterior domain in half along the symmetry axis,
and the upper part becomes our domain. More generally, we allow the
boundary to be curved away from the profile. In this way, our setting
also includes the model for the wind glancing the landscape.

Let U = (m, p, p) be the solution for the subsonic flow. We prescribe
an asymptotic limit U,, close to a constant subsonic state Uy, for
the flow in the far field. Unlike the setting for potential flows, the
asymptotic behavior U,, is not a constant state. Otherwise, the full
Euler system can be reduced to a potential flow (cf. Proposition 3.1).
To guarantee the convergence of the flows to U, in the far field, we
need to obtain some decay property for ¢ — [, which is the difference
between the stream function and its limit behavior. For the whole
plane, one knows that the fundamental solution for a Laplace equation
has the form log|x|. Therefore, in general, we can not expect the
decay of a solution for an elliptic equation as |x| — oo in the exterior
domain of the whole plane. This is the main technical obstacle for us to
obtaining the subsonic flows in the whole plane. However, when flows
are restricted in the half plane, we can exclude the logarithmic growth
of solutions by prescribing proper decay condition at the infinity.

We reduce the Euler system to a single elliptic equation (3.19) for
a stream function ¢ by capturing some conservation properties of the
system. More precisely, three properties are contained in (3.19): (1)
existence of ¢ represents conservation of mass; (2) we use the fact
p/p7 is constant along streamlines during the reduction, which implies
entropy is conserved on each streamline. (3) to solve for p in terms
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of 1, Vi, we use Bernoulli’s law, which relates to the conservation of
energy. Usually, stagnation points occur in various situations and cause
major difficulties (for instance, regular reflection for Euler equations in
self-similar coordinates). Our reduction process enables us to bypass
the difficulty and to obtain the existence of solutions. However, we do
not have uniqueness result due to the existence of stagnation points
and complex behaviors of streamlines. More details are explained in
Remark 6.1.

Once the Euler system is reduced to the elliptic equation (3.19), the
remaining work is to solve this nonlinear equation. In detail, we first
truncate the original domain €2 by ball Br(O) centered at the origin
with radius R. We solve (3.19) in bounded domain Qr = QN Bg(0O)
with properly prescribed boundary condition. It is a standard method
that we linearize (3.19), construct a map 7' by solving the linearized
equation, and prove the existence of a fixed point for 7" by Schauder
fixed point theorem. The fixed point 1g is the solution for (3.19) in
domain Qp.

To take the limit of {¢)g} as R — oo and obtain the solution in 2,
the estimates should be independent of the radius R. It makes the
estimates complicated that there is no sign for the coefficient by in the
linear equation (4.1). By choosing a proper barrier and using maximum
principle with no restriction on the sign of by (Lemma 4.2), we obtain
uniform estimates, independent of R, for ¢)g. The barrier function we
construct only works for the half plane, not the whole plane. Whether
one can find a suitable barrier function for the whole plane is unclear
at this moment.

The rest of the paper is organized as follows. In Section 2, we set up
the subsonic flow problem, introduce the weighted norms, and state the
main result. Section 3 explains the reduction of the full Euler system
to a single elliptic equation for the stream function . In Section
4, we prove a technical lemma for the linearized equation and obtain
crucial esitmates. In Section 5, we construct a iteration scheme to
solve the nonlinear equation (3.19) in truncated domain Qg. Schauder
fixed point argument is used to prove the existence of the solution.
In Section 6, we take the limit of subsequence of solutions g in Qg
and obtain the solution in the half plane 2. The relation between the
original Fuler system and the reduced system is explained.

2. SETUP OF THE SUBSONIC FLOW PROBLEM

In order to describe the conditions and results of our subsonic prob-
lem, we need to use the following weighed Hoélder norms: for any
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x,X in a two-dimensional domain Q and for a subset P of 010, de-
fine 0y := min(dist(x, P), 1), dxx = min(dx, dx/, 1), Ax := max(|x/[, 1)
and Ay, = max(|x|,|[x'|,1) . Let a € (0,1), 0,8 € R, and k be a
nonnegative integer. Let k = (k, k2) be a integer-valued vector, where
ki, ke >0, [K| = ky + ko and D¥ = 9%19%2. We define

o; P max o
W] = sup (RO AT DRy (x))),
x € Q)
k| =k
o P max(k+a+0o,0) a|D U( ) Dk (X/)|
[]](m()ﬁ) = sup (5XX(+ + Aﬁ+k+ — >’
x,x € Q |X X|
x # x/
k| =k
k
o;P) o; P o; P
lulli e = > [l e + im0 (2.1)
(8) (8) (8)
=0
For a vector-valued function u = (ul, U, "+, Up), We define

oP
all{70 2M|

Remark 2.1. In the definition of the weighted norms, the lower index
in the parenthesis represents the weigh at the infinity and the upper
index represents the weight to the set P, which will be the set of some
corner points on the boundary in the paper.

Define
Chasiny( ) = {u = [l < 00} (2:2)
For the weighted norms of functlons in one—dimensional space I' =
(a,b), with either a = —oo or b = 0o, we define

[flroerr = Slélr)(llerl)“ﬁlf(k)(I)l

(k) (!
Fhear = swp (max(fe], o'}) + 1yeero L@ = SOG)
z,x' €T x#x’ |LE - |a
k
1flkamr = > _feo@ir + [flra@r (2.3)
=0

Our domain 2 is the upper half plane bounded below by a piecewise
smooth curve consisting of three parts:

00 =T_UAUT,. (2.4)

The following is the description of the three parts for 9 (see figure 1).
Let 'y = {zy = fi(x1)}, where f_ is defined on (—oo0,—1) and f, is
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_ Streamlines .~ s
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FIGURE 1. Domain €2 for Subsonic Flows

defined on (1,00). Both I'_ and I'y approach z;j-axis as |x;| tends to
o0o. More precisely, we let

||f—’|2,a;(a+ﬁ);(—w7—1) <1, (2-5)
[ f+1l2,050048)(1,00) < 1. (2.6)

Let A_ = (—1,f-(—1)) and A, = (1, fi(1)) be the end points of
I'_, Ty, respectively. The arch A connecting 'y at A, can be param-

eterized by
f(S) = (.fl(s)> f2(8))a s € (_17 1)a (27)
where f(—1) = A_,f(1) = A, and fy, fo are C*“ smooth functions.
We assume the angles 0 between 'y and A at points Ay satisfies:
§<0) <m—46, (2.8)
for a fixed constant 9.
Remark 2.2. The above condition guarantees that stream function
for the flow is C* up to the corner points, which means the flow U
is C™ up to the corners. If we allow corner angles 6% > 7, ¢ will be

C“ up to the corners, and U will blow up at corners. We exclude the
latter situation just to avoid unimportant details.

Without loss of generality, we may also assume that
A C BDo (O)a (29)
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i.e., A is contained in the ball of radius D, centered at 0, and

1 1 1
fo(21) > =5, felw) > =5, fols) > —5. (2.10)
This means that domain €2 is above the line x5 = —%.
We prescribe slip condition on the boundary:
m-l/|5Q :0, (211)

where v is the outer normal on boundary 0f2.

Let (m., 0, po, po) be a constant subsonic solution for (1.1), i.e., m./pg
less than \/po/po. Fix constants pg, pp and let my < m, be a sufficiently
small constant to be determined later. So Uy = (my, 0, po, po), as our
background state, is also a subsonic solution for (1.1). We define a
vector-valued function Uy, = (Moo, 0, po, poo) Of variable xo as the as-
ymptotic state for our solution U = (m,p,p) at the far field. We
assume that U, is a small perturbation of the background solution Uy:

HUoo - U0H2,a;(0);(0,oo) < €My, (212>

where 0 < € < % is a small parameter to be determined later.

Set P ={A_, A,} as the set for the weight.

Now we state our main theorem about the existence of the subsonic
flow in the half plane €2

Theorem 2.1. Suppose the boundary 02 satisfies (2.5)—(2.10) and Uy
satisfies (2.12). We fix 0 < f < a < 1, depending on 0 in (2.8). For
sufficiently small my, depending on my, po, po,9d,, B and the profile
A, and sufficiently small e, depending on m., po, po, 9, c, 3, A and my,
there exists a subsonic solution U € Cf;a(;)(ﬁ) for (1.1) with boundary
condition (2.11), such that

—a; P
HU - Uoo”ia;(g));g < Cmy, (2’13>

where C'is a constant only depending on m.., po, po, 9, c, 3 and the pro-
file A, but independent of mqg and €.

Remark 2.3. Estimate (2.13) immediately gives the asymptotic behav-
ior of the flow U. That is U approaches U, in C° norm at the rate
x| 77 as |x| — oo.

3. REDUCTION OF THE EULER SYSTEM

In this section, we use the conservation properties of the Euler equa-
tions (1.1) to reduce the four-equation system to one elliptic equation.
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By the conservation of mass (first equation of (1.1)), we can find a
potential function 9 for the vector field (—msq, my), 1. e.,

wm1 = —Ma, qug =m;y. (31)
From (1.1), we can derive
(m10y, + m20y,)(yYInp —Inp) =0, (3.2)

which implies that the quantity p”/p is constant along streamlines,
provided that the solution is C! smooth. This constant only depends
on the stream function v . Thus, we have

p=""Lag) (3.3)

We will determine function A later by U,..
From (1.1), we can also derive the Bernoulli’s law:

jm| p
202 (y—=1p (34

along the streamlines, where B is the Bernoulli constant depending

on 1. With equation (3.3) and (3.1), the Bernoulli’s law (3.4) can be
written as

1
SIVUP + A() = B (35)
In the subsonic region, we have
[V|* < 2p? = (v = DAW)p". (3.6)

Inequality (3.6) and the Bernoulli’s law (3.5) implies

2B
(y+ 1A
Let x = 5|V¢|* and h(p,v) = B(W)p* — A(y)p"™. Therefore, in

subsonic region,

P’ (3.7)

oh 2B
o pA——=— ) <o,
ap " <<v+1>A g )<

Hence, we can uniquely solve

X = h(p,¥) = B()p* — A(¥)p"™"! (3.8)
for p = p(x, ) by implicit function theorem.
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From (3.8), we can easily calculate

1
Px = _(7+1)APV—QBP’ (39)
B'p— ApY
py = At — (3.10)

(v +1)Ap—t —2B

Therefore, we compute

Pz = px(wxl¢$1xl + %z%m) + pw@bxl
_wl‘l,lvalxl - ¢x2wx1x2 + ¢x1(B/p2 — A/p7+1)

= 11
(v+1)Ap” —2Bp (@11
Pzy = pX(¢$1w$1$2 + ¢w2¢$2w2) + Pw%z
— Yz x1x2 ~ W ToxT x B/ 2 — AI A
— ¢ 1w 122 w 2¢ 2 2+w 2( p p ) (312)

(v+1)Ap" —2Bp
Now we can reduce the Euler system into one equation. We replace
m in the second equation of (1.1) with (—,,,1,,) according to (3.1).
Multiplying the second equation of (1.1) by (y+1)Ap”Y —2Bp, and using
the expressions (3.11) and (3.12), we obtain the following equation:

where
ay (v, V) = (v — 1)A(¢)PV+1 - 9252 ( )
ara(¥, Vo) = axn (¢, Vi) = Uy, Y, (3.15)
an (P, Vi) = (v = DA(W)p"™* =43, (3.16)
F(0.90) = T2 0AB — 248 + A4, (317)

Similarly, the third equation of (1.1) gives rise to

For a system without stationary points, i.e., V1 is nowhere 0, the
original Euler system (1.1) can be reduced to the following equation
for subsonic flows:

aij (Y, V) aia, = F(, V). (3.19)

Equation (3.19) can be written in divergence form:

1
v (E) = Bp— ~Ap". (3.20)
p g

Now we use the limit function U, to determine A, B and the limit
function {(z) of the stream function ¢ as |zi| — oo.
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Define
T2
z@g:/ Moo (s)ds. (3.21)
0
By (2.12), we know that

]' /
§m0 < Moo = 1" < 2my,
which implies that [ is invertible and

1

57’110!13’2 < l(l’g) < 2moTs. (322)
Let

1 YPo

Alry) = —————

? (7 - 1)poo(x2>
r m? () YPo
B(xy) = == )
@2) = 302 (w2) ¥ i)

Then define

A(s) = A(7Y(s)), B(s) = BU7Y(s)). (3.23)

To describe the properties of A and B, we need to modify the
weighted norm in (2.3) as follows:

[fleopr = Slellg(m +mo) P fE) ()]
W) (x) = f® ()]
o (BT = s max(|z|, |2'|) + m. ot/
e = s (max(el, )+ mo) nel
k
HfH;c,oe;(ﬁ);F = Z[f];c,o;(ﬁ)f + [f];c,oc;(ﬁ);F‘ (324>
=0

Basically, we replace 1 in the weight in (2.3) with mg for the scaling
reason.

Set ,
YPo my “YPo
Agy=————, Bp=—+———.
=D, " 28 (=D
By (2.12), we conclude that
||A - A0||/2,a;(0);(0,oo) < Coemy, (325)
HB - BO||,2,a;(O);(O,oo) < Coéfm(), (326>

where Cj is a constant depending only on m., pg, po-

Let us discuss the asymptotic behavior of U as |z1| — oco. We do
not expect constants states at the infinity for general subsonic flows
governed by full Euler equations. Actually, if the flow is uniform at
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the infinity, we only get a potential flow. This fact is described by the
following proposition.

Proposition 3.1. Suppose U is a C solution of (1.1) with no stag-
nation points (m is nowhere 0). If Uy, is a constant state, the flow U
is potential, i.e., the velocity u = m/p is irrotational.

Proof. If U, is constant, we immediately get A, B are constants by the
procedure of obtaining A, B. Hence, we have A’ = B’ = 0 . Equa-
tion (3.20), which is equivalent to (1.1) under the assumption in the

proposition, becomes
\Y
V. (_¢) —0.
P

Since

Yoy = —Ma = —pug, Pz, =M1 = pu,
the above equation is just the irrotationality condition for the velocity
(u1),, — (u2),, = 0. Therefore, we have a potential flow. O

In general, the Euler system (1.1) and equation (3.19) are not equiv-
alent, because the streamlines may not be nice enough for us to do the
reduction of the system. However, the solution of (3.19) guarantees
the existence of the solution for Euler equations (1.1). Therefore, we
only need to solve (3.19) in order to prove Theorem 2.1.

By the definition of the stream function 1, the slip condition (2.11)
becomes the Dirichlet boundary condition for equation (3.19):

Yloa = 0. (3.27)
We define ¥ as a set for the solutions of (3.19):
—a—1;P *
8= {u||u— Iy < Cmol, (3.28)

where constant C*, depending on m., po, po, @, 3,9, A, will be deter-
mined later in the estimates.
We state the following theorem, which implies Theorem 2.1:

Theorem 3.1. For sufficiently small mq, depending on m.., po, po, @, 3,6, A,
and sufficiently small e, depending on m., po, po, o, 3,9, A and myq, there
exists a unique solution for equation (3.19) with boundary condition
(3.27) in the set X defined in (3.28).

We split the proof of Theorem 3.1 into the following steps:

(1) Use bounded domain Qg := QN Br(O) to approach 2, where
Bgr(0) is the ball with radius R and centered at the origin. We
linearize equation (3.19) and solve the linear equation in Qg.
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(2) With proper estimates for the linear equation, we solve the non-
linear equation (3.19) in bounded domain {2z using Schauder
fixed point theorem.

(3) Let R — oo, we prove the existence of solution for (3.19) in €.

(4) Estimate the difference of any two solutions in Qx and then let
R — o0 to obtain the uniqueness of the solution for (3.19).

Henceafter, we will use C' to denote generic constants, depending on
the fixed data m., po, po, @, 3,0, and the profile A, but independent of
mo, R.

4. ESTIMATES OF A LINEAR EQUATION
In this section, we study a linear elliptic equation
a5 (X) Uz, + bi(X) g, + bo(x)u =0, (4.1)

in domain 2. The estimates of this equation will be used later for the
linearized equation. For equation (4.1), we have the following assump-
tions for the coefficients:

ai;(x)&&; > A(gf + §22) for any &; € R, (4.2)
3

las; — edijllcan + Y Ibillce@n < Cma, (4.3)
i=1

(l’2+1)(|bl| + |bg|)+(l’2—|—1)2|bo| S Cmo, (44)

where A, e are constants depending on py, pg, and d0;; = 1 for ¢ = 7,
otherwise 9;; = 0.

We let R > Dy + 1 so that the boundary of Qg includes the whole
profile A. Let Sg = {|x| = R}N0Qk. Now we not only have the corner
points A_, A, but also have additional corners as the intersection of
Sk with 0€). These two points are denoted by

SE=T_NSg SF=T;NS5k
Then we define the set of boundary points for the weight as:
P={A_ A, SE st
The boundary condition for (4.1) is:

ulooy, = 9, (4.5)
where
1—a;P)
gl < Cm,. (4.6)

We then have the following lemma



12 JUN CHEN

Lemma 4.1. Suppose u € C*>*(Qr) N C(Qr) is a solution for (4.1)
with boundary condition (4.5) and assumptions (4.2)~(4.6) hold. For
sufficiently small mq independent of R, we have the following estimate
for w:

1— (6N P *
lull§oarion < Cm, (4.7)
where C* is a constant mdependent of mg, R.

To prove Lemma 4.1, we need a maximum principle for the elliptic
equation (4.1) without restriciton on the sign for b,. We take the
following lemma from [24] (Theorem 2.11):

Lemma 4.2. Let elliptic operator L = a;j0y,0,; + b0y, + by. For any
bounded connected domain D, assume a;;,b; € C°(D) and a;; satisfies
ellipticity condition (4.2). Suppose there exists a function v € C*(D)N
CY(D) such that v > 0 in D and Lv < 0 in D. Suppose u € C*(D) N
C(D) satisfies Lu > 0 inD. Then 2 achieves its nonnegative maximum
on the boundary OD.

With this maximum principle, we start to prove Lemma 4.1:

Proof. Notice that there are two different weights in the norm in (4.7)
(See definition of weighted norm (2.1)) : the weight with upper index
—a — 1 is for the small scale near the corner points A_, A, S% S%
and the weight with lower index [ is for the large scale away from
the origin. We split the proof into three parts: Part 1 is for the
estimate of maximum norm of u in the whole domain 2g; Part 2 is
for the region near A; and Part 3 is for the region far away from the
profile A. Let D = 2Dg + 1, where Dy is the radius to bound the
profile A. Let Qp = Qr N {|x| < D} be the region for Part 2, and

4G =QrN{lx| > D — 1} for Part 3.

Part 1. In this part, we first construct a comparison function v and
use the maximum principle (Lemma 4.2) in the whole domain Qg to
obtain the control of the maximum norm of w.

Define the comparison function v by

v(x) = r (29 + 1), (4.8)

where r = /22 + (x5 + 1)2.
We now verify the fact that Lv < 0.
First, it is easy to compute
Av = (B2 —a?)r o 2(zy +1)°
—a(l B (2 + 1)0‘ 2

—a)
—a(1 — a)r Py + 1)*72, (4.9)

VAN
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noticing that 0 < § < a < 1. Also, one can verify that
|Dv| < Cr P (ay + 1), (4.10)
|D?v| < Or=P(zy +1)*72 (4.11)
We rewrite Lv as
Lv = (L —eA)v+ eAv.

By assumptions (4.3) and (4.4), together with (4.10) and (4.11), we
have

(L — eA)v| < Cmor= P (xy +1)*72,

The above estimate and (4.9) imply that Lv < 0 in Qg, provided my
is small enough. Obviously, v is positive. Hence, by the maximum
principle (Lemma 4.2), we conclude that

E < maX@.

v Nr U

By replacing v with —v and using Lemma 4.2 again, we have
< .
[u/v] < max|g/v]

This, with assumption (4.6), implies
lu(x)| < Cmor=". (4.12)

Part 2. For the region near the profile A, we need to take care of
the corner points A_, A,. We use the weight up to P and drop the
lower index (3 for the weight away from A. We treat the corner A_
first, and A, can be dealt in the same way. For convenience, we move
A_ to the origin O. Assume the angle between I'_ and xz;-axis at O
(original A_) is 6_, and the angle between A and x;-axis at O is 6.
Therefore, the tangential directions of I'_ and A at O are

v_ = (cosf_,sinf_), vy = (cosbp,sinby),

respectively. Let u = u — g(O) — c1x1 — cox9, Where ¢y, ¢y are linear
combinations of ;7‘77(0) and g—lz)(O) through solving the linear system

{ (c1,02) - v = 22(0)
(c1,¢9) - v = %(O)'
Hence
1] + [e2] < C|Dg(O)],
and
u(0) =0, Du(O)=(0,0). (4.13)
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Choose 19 > 0 small enough, such that QpNB,,(O) is connected. Thus,
for this fixed radius 7o < min(Dy, 1),

()] o0pnB,, (0) < Cmolx|' .
We know u satisfies the following equation
IA—L = aijaﬁjﬂ + blﬁlﬂ = Fo, (414)

where Fy = —b;c; — bpu. By estimate (4.12) and condition (4.4), we
have
|F0| S Cmo.

Notice the elliptic operator in (4.14) does not contain by term. So
we can use standard maximum principle to control @. The comparison
function for @ is defined in polar coordinates (r, ) by

v1(r, 0) = Cmer™sin(r + (6 — 6y)),
for small positive 7 depending on _ — §y and «. One can check that
[_/Ul < —Cmo < Fy = Eﬂ

Also the boundary condition satisfies

14+«

vila@pnB,, (0)) > Cmor ™ > la@pns., (0))-

By maximum principle, we conclude that
‘TTL| < Cm(]’f’1+

for |x| < .

Once we have the above estimate near the corner A_, we use Schauder
estimates with proper scaling to obtain the estimate near the corner
A_(O):

1-o;{A
lully it 4y < Cmo (4.15)

The procedure is standard and related details can be found in chapter
6 of [22]. Ome can also refer to [5] (Lemma 4.2) for similar scaling
argument. We sketch the proof as follows.

For any x¢ € Q2p N B, /2, let the angle between I'_ and the ray A_x,
be 6,, and the angle between I'_ and A be 6°. Consider two cases:
Case 1, 0y, > 7/6 and 0_ — 0, > 7/6 ; Case 2, otherwise. For Case
1, we know that u satisfies equation

Lu= —biCi — bo(g(O) +cixy + CQQL’Q).
Take the ball Bix,/2(x0) C Qp N B%{) as the domain and by Schauder

interior estimate (Theorem 6.2, [22]), we have

1G5 ey < Cmolxo|* L. (4.16)
Ixg] (%0)
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Here the upper index (0) is understood as the weight up to 0B|xy (Xo)-

For Case 2, let x* be a boundary point with the shortest dfstance
from xo, and d* = [xo|sin(26°). Hence, B% (x*) still contains x*.
We use Schauder boundary estimate (Lemma 6.4, [22]) in the domain
Qp N Bg«(x*) to obtain the estimate:

(0 o
||u||;i;3d*(x*) < CmO|XO| i (4.17)

Combining (4.16) and (4.17) gives the corner estimate (4.15). The
other corner A, is treated in the same way. Together with standard
Schauder estimates away from the corners, we conclude the estimate
in QDI

lull§ gy < Cro. (4.18)

Part 3. For the domain 27, we also consider two kinds of estimates:
one is near the corner points S, 5%, the other is away from the corners.

The corner estimates are similar to those in Part 2. In brief, consider
the corner S* for instance. If xy € Q%N B,,(S%), we have the following
the estimate

| o estEmD | < CmoR™. (4.19)

205050 By (5

If xo € Qf and |xo| < R/2 , the ball Bx,(Xo) has no intersection

with the outer boundary Sk = {|x| = R}2 or the profile A. Using
conditions (4.2),(4.3), (4.6) and estimate (4.12), by Schauder interior
estimates (see Theorem 6.2 in [22]), we have

\_’}L\(XO) S Cmo, (420)
where no upper index in the norm means no weight up to P. For

|xo| > R/2, we use Schauder boundary estimates (Lemma 6.4 in [22])
with the boundary condition (4.6) and estimate (4.19) to obtain
-y {s S +})

il B G0, < Cmy, (4.21)

Estimates (4.18), (4.20) and (4.21) imply estimate (4.7) in the lemma.
O

HUHZa;(ﬁ);B

By the continuity method, one can prove the existence of solutions
for (4.1) with estimate (4.7). The uniqueness is simply the result of
the maximum principle, Lemma 4.2, with the aid of the comparison
function v constructed in Lemma 4.1. Since the procedure is standard,
we omit the proof and only state the result as follows.
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Lemma 4.3. Assume (4.2)—(4.6) holds. For sufficiently small mq,
equation (4.1) with boundary condition (4.5) admits a unique solution
u € C2(QR) N C(QR)

5. NONLINEAR EQUATION IN BOUNDED DOMAIN

In this section, we will solve equation (3.19) in the bounded domain
Qg with boundary condition given below.

We want to prescribe the boundary data for ¢ such that (3.27) hold
on 02 N Qg and 1 — [ vanishes away from 0€2. We will define function
g such that

Yp—l=g on O0Qp. (5.1)
First it is easy to construct a smooth cutoff function 7(s) such that
n(s) =1 for |s| < Dy and 7n(s) = 0 for |s| > Dy + 1. We also assume
that ||n||c2,a(R) < 10. Let

9(x) = —n(ws) (1= 0(@0)) Wfigneey (@) + 0w Uza)) - (5:2)

where sign(z,) = — for 27 < 0 and sign(z,) = + for z; > 0.

It is easy to check that g|sq = —l|gq, g = 0 for o > Dy + 1, and also
g satisfies condition (4.6). Now, let constant C* in (3.28) be the same
as in estimate (4.7) in Lemma 4.1. The set for solutions of (3.19) in
QR is

—Q— ;ﬁ *
Sr = {u: fu— Uy, < Cmo}. (5.3)

We state our lemma for the solution of (3.19) in Qg:

Lemma 5.1. Equation (3.19) in Qg with boundary condition (5.1)
admits a unique solution in the set X, provided mgy, e are sufficiently
small.

Proof. To prove the lemma, we first linearize the nonlinear equation
(3.19). By solving the linearized equation, we construct a map 7' in
the set X . The solution of the nonlinear equation (3.19) is a fixed
point of T'.

We start the proof with the linearization of (3.19). We know that
the limit function [ satisfies (3.19) by its definition. That means the
following equation holds:

aij(1,0,0') I, = F(1,0,1), (5.4)

where a;;, F are defined in (3.14)—(3.16). Taking the difference of equa-
tions (3.19) and (5.4) leads to

aij(¢7 VWW - l)%% + l”(@m(% VW - a22(lv 0, l/))
— F(y, V) — F(1,0,1). (5.5)
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Denote (I + s(¢p — 1), V(I + s(xp —1))) by t¥, and let
al; = ay(¥, V), (5.6)

b o= 1" / 1(a22)¢(tf)ds— / 1F¢(tf)ds, (5.7)
b0.5) = WA(wgw@&dyiéf%uwm& (5.8)

Then we linearize equation (5.5) as follows:

50 = Do, + 00 (= 1) + 05 (0 = 1) = 0. (5.9)
We solve the above equation by applying Lemma 4.1. In the following,
we will check the conditions (4.2)—(4.4) for ¢ € ¥g. In fact, (4.2) will
be satisfied if (4.3) holds with sufficiently small mg. We let e in (4.3)
be a1 (mozxs, 0,mg) = aga(mozs, 0, mg) = Ypopo- By the expressions for
a;j, (3.14)-(3.16), and (3.10), (3.9), it is not hard to verify that

6 *
(i) (69) lco(@n) < o,
0

Qa

8 *
[(aij) vy (t2) lco@n < —CC,
mo

for ¢ € ¥ and mgy small.
In the proof of this lemma, the generic constants C' are independent

of C*.
Let € < © )2, we have

la; — e6islcacs

/H ij)y |Ca(QR ds||Y — mozal|caap)

IN

+/0 1(aij)vo (t2) oo @ dsl V(¥ — moz2) | cop
cC(C*)?

Cmo .

IA A

In the same manner, we can obtain
6]l con) < Cmo, i=0,1,2.

The above estimates lead to condition (4.3). Now we verify condition

(4.4). For by, by its expression, we need to estimate (ag), and F,. By
the definition of F, (3.17), and estimates (3.25), (3.26), we have

EmQC
|Fy (v, V)| < o+ [0
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Let us =1+ s(¢» — 1). For any ¢ € X, we consider two cases: Case 1,
v —1| < imol’g; Case 2, otherwise. For Case 1,

1
Us > 1 — 7Mo% > 10T

noticing (3.22). Therefore,

emoC eCmy
(mo + |usl)? = (14 x9)?’

()] = [Fy(us, V)| <
for e < my?. For Case 2, i.e., [ — | > imol’g, since ¥ € X r, we have

1 C*mo
— <lp—-1l <——".
4m0$2 W} | = |X|B

This implies that xo < (4C*)ﬁ = Ry. Hence, for e < ((mo/(1+ Ry))?,
we have

eC €C'm0(1 + R0)2 Cmo
— < < .
mo (m0)2(1 +ZL’2)2 (1 +ZL’2)2

The above analysis about both Casel and Case 2 gives rise to

1
| Futeias
0

[Fu(t)] <

Cmo

Trey (5.10)

Similarly, we have

[(a22)y(£Y)] <

Together with the fact that |I”(xq)| < El(j;?;, we conclude that

Cm(]
(1 + LU2)2 .

b6 | <

Same arguments apply to the estimates for bif, b;p:

Cmo
1+ ZL’Q.

Therefore, we have verified condition (4.4). Thus, we apply Lemma
4.1 to solve (5.9) for ¢, where u = 1) — [ in Lemma 4.1. By estimate
(4.7), we know that ¢ € Sp. Therefore, we can define a map 7 from
S g to itself by T4 = 1). It is obvious that a solution for the nonlinear
equation (3.19) is a fixed point of T'. In order to prove the existence of
a fixed point of T', we apply Schauder fixed point theorem, which says:
if X i is a compact convex set of a Banach space B, and T : ¥z — Yy
is continuous in B, T has a fixed point.

67] + |by| <
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Now we let B = Cé;%;g),;P)(QR) (cf. definition (2.2)), where 0 < o/ <
a. Obviously, X i is compact and convex in B. We only need to verify
T is continuous in . We prove this by contradiction argument.

Suppose T is not continuous. Then there exists a sequence {1, } C
Y such that ¢, — ¢ in B, but T, does not converge to 1; = T1.
This implies that we can find a subsequence {1, } such that

T n, — Pl = co >0, (5.11)

where || - |5 denotes the weighed norm || - ||2 - a) g) and c¢q is a fixed

constant. Since {7, } is compact in B, there exists a subsequence,
still denoted by {7y, }, convergent to 1Z € Y. On the other hand,
o — ¥ in B implies that a;* — a(i,j = 1,2), b, — b’(i = 0,1,2)
in C* norm. Let k — oo and we see that v is also a solution of (5.9)
with the same boundary condition (4.5). Inequality (5.11) implies that
1) — ||z > ¢ > 0, which means v, v are two distinct solutions for
(5.9). This Contradlcts with the uniqueness of the solution for (5.9).
Hence, we verified the continuity of 7" in Xg.

By Schauder fixed point theorem, there exists a fixed point ¢ for
T. So 9pg is a solution for the nonlinear equation (3.19) in Qg with
boundary condition (5.1).

The uniqueness of the solution for (3.19) is proved by the maximum
principle Lemma 4.2 as follows.

For any two solutions 11,1, € X of (3.19), (5.1), we take the dif-
ference of the two equations and obtain

a?}l (Y1 — Vo) g, + (¢2)xlxj( aj} — 7’@2) = F (Y1, Vih1) — F(1g, Viby).
Similar to the notations in (5.5)—(5.8), we set
ty = (U2 + s(1 — 1), V(ha + 5(¥1 — 1)),

and let u = ¢y — 1p5. Then we derive the following equation:
a;’gluxlx] + bjuy, + bou = 0, (5.12)

where

b= (e, [ ()ele)as— [ Fe)as (613)

(biobs) = (l2)ows, / (a57) v (s)ds — / Foy(t)ds. (5.14)

Notice that the factor (¢2)s,; in (5.13) and (5.14) blows up at the

corner points in P = {A_, A, S* Sf}. Lemma 4.2 requires continuity
of coefficients a;;, b; up to the boundary. Therefore, in order to apply
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the lemma, we truncate small neighborhoods around corners from Qg.
Define

Bp, = | B.(I), (5.15)
IeP
where P is a set of boundary points on Qg. Let
QZ’T = QR\B’P,ra Spw = 8B7>7, N Qg. (516)

Now, we know b; € C (Qg’r) ,i=0,1,2. Define r; = |x — I|, for any
corner point / € P. Then we have the following estimates for b;:

(2o 4+ 1)(|br| + [b2]) + (22 + 1)2]bo] < Cmp(1 + Zr?-l). (5.17)
IeP
We construct a comparison function v as follows: Let
_3
vr =17 (2 + 1)%, (5.18)
Define o =, pvr. By (4.9)-(4.11), we can verify that

35 3
a?! (V1)ay2; < —co(r; af 2(x2 + 1)§ + 7, 46(@ + 1)§_2), (5.19)

ij

Z bi(vl)xi + bo’U[

i=1,2

_3
< Omo(1+ Y r¢ 7 Pay +1)572, (5.20)

Iep

where ¢y > 0 is a constant only depending on (. Inequalities (5.19)
and (5.20) directly imply that

)} U,y + bila, + boD < 0.
By Lemma 4.2, we have

sup @ = max M (5.21)
Qi’r v 692,7' v

Since u|pn, = 0 and u € CH*(Q), we know that

max @ = max @ < Cr*Ri®.
892,7‘ v SP,T' v

Hence, we have
sup |u| < CR¥r*sup o < C’Rgﬁro‘(l + r_%ﬁ).
QP QP
R R
Therefore, by letting r — 0, the above inequality implies supg,, |u| < 0.

This shows the uniqueness of the solution for (3.19) in 2. Hence, the

proof of this lemma is complete.
O
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6. SuBsoNIC FLow IN HALF PLANE

After we solve (3.19) in Qg, we let R tend to infinity to prove The-
orem 3.1 as follows.

Proof of Theorem 3.1. By Lemma 5.1, for a given radius R, we can
find a unique solution 1 € ¥ g. By a diagonal process, one can choose
proper sequence R, — 0o as n — oo, such that ¥z, converges to some
function ¢ in || - ||( O‘_lp ., horm, for any fixed @ > Dy + 1. Since
Vg, € Xg,, We have

oa— 1P k
lm, — UIS.So8) < Cm, (6.1)
_2_

for any R, > 2(Dy + 1). Let n — oo in (6.1), we obtain estimate
19 =5 e < C*mo, (6.2)

which implies ¢ € . This completes the existence of solutions for
(3.19).

To prove the uniqueness of the solution, we will use the asymptotic
behavior of solutions described by set 3. We still use the truncated
domain 2z and follow the same strategy as in the uniqueness part of
Lemma 5.1. Now, the situation here is slightly different from that in
Lemma 5.1: (1) we have no singularity for (¢2)s,,, at corners S¥, S%;
(2) u = 1)1 — 1p9 does not vanish on the boundary portion Sg = {|x| =
R} N Q.

Similarly as in Lemma 5.1, we have the same equation (5.12) for w.
We define the comparison function o by v = va_ +wva,, where v4_,v4,
are defined in (5.18). The domain we consider here is Q" defined by
(5.15). By the same computation as in Lemma 5.1, we have

ai@lv%% + biz—]%‘ + bOQ_J < 0.
We know that |u| < CR™P on Sy by the definition of ¥. Also, we see
‘U‘SP”" < Cre, 1_)|5R > R—%ﬁ’ 1_)|SP,T' > T_%ﬁ.

Therefore, we conclude that

sup @ < Cmax(r*ti?, R39). (6.3)
Qg,r v

Let r = R~% and we obtain

sup [u| < CR 3% supv < CR™%(1 + Rg) <CR°%.

P,r P,r
QR QR
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Letting R — oo gives rise to supg, |u| < 0, which implies the uniqueness
of the solution for (3.19) in . This finishes the proof of Theorem
3.1. O

Once we proved Theorem 3.1, define U = (m, p, p) by

m = (Yuy, —ther), 9 = p(t), V), p:”T‘lAww,

where p is uniquely solved from Bernoulli’s law (3.5). Hence, by (3.13),
(3.18) and (3.5), we can recover the original Euler equations (1.1). It
is easy to check that U satisfies (2.13) with the aid of estimate (6.2).

Remark 6.1. The uniqueness of the solution for Euler system (1.1) can
not be obtained from Theorem 3.1 due to two obstacles. One is the
existence of stagnation points, which disqualifies equivalence between
equation (3.19) and the two momentum equations (3.13), (3.18). The
corners A_, A, on 0 are necessarily stagnation points, because Vi)
is continuous up to the corners. Whether or what kind of stagnation
points may appear inside domain 2 is not clear. The other problem is
about the complexity of streamline topology. During the reduction in
section 3, we assume streamlines have simple topology, which means
that streamlines in €2 extend from —oo to oo in x71, so that information
about A, B can be carried along streamlines and reach the whole do-
main ). However, the geometry of profile A may be complicated and
cause nontrivial topology of streamlines, such as closed orbits or inter-
section of streamlines at stagnation points. The above reasons prevent
us from obtaining the uniqueness for the Euler flows out of Theorem
3.1.
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