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Abstract

We study the Dirichlet problem for a first order quasilinear equa-
tion on a smooth manifold with boundary. Existence and uniqueness
of a generalized entropy solution are established. The uniqueness is
proved under some additional requirement on the field of coefficients.
It is shown that generally the uniqueness fails. The non-uniqueness
occurs because of presence of the characteristics not outgoing from
the boundary (including closed ones). The existence is proved in
general case. Moreover, we establish that among generalized entropy
solutions laying in the ball ||ul| < R there exist the unique maxi-
mal and minimal solutions. To prove our results, we use the kinetic
formulation similar to one by C. Imbert and J. Vovelle.

Introduction.

Let M be a n-dimensional C?-smooth compact manifold with boundary
S = OM. Thus, in a neighborhood of each point xy € M we can define
the local coordinates (z1,...,x,) = j(z), * € U corresponding to the chart
(U, 4,V), where U is a neighborhood of the point zy (coordinate neighbor-
hood), V' is an open subset of the half-space

H:{x:(xl,,xn)ER” | $120,$/:(I2,...,I’n)€Rn_l }7

and j : U — V is a C%-diffeomorphism. Clearly, boundary points of U and V
must correspond each other under the diffeomorphism j: j(UNS) = VNOIL.
Denote by TM, T*M the tangent and cotangent bundles on M, and by
T, M, T:M the corresponding fibres of these bundles at a point z € M.
Any vector field a = a(z) € T, M, being a section of the tangent bundle
TM, acts on smooth functions f(z) € C*(M) as a first order differential
operator represented in local coordinates x1, ..., z, as a = a*(x)0/dz;, i.e.

(0.) = (02212




Here and below repeated indexes indicate summation from 1 to n. We
denote by /\1 M the space of C! vector fields on M.

Now suppose that a(z, u) is a family of C! vector fields on M depending
continuously on the real parameter u. We also assume that this field is
uniformly bounded. This means that for some continuous Riemann metric
1/2 < const for all x € M,
u € R. Here (-,-), denotes a scalar product of vectors in T, M generated

g on M the norm |a(x,u)| = ((a(x,u),a(z,u)),)

by the metric tensor g. Since M is compact the latter property does not
depend on the choice of the metric g. As easy to verify a(z,u) is uniformly

bounded if and only if for any f(x) € C'(M)

sup [{a(z, u), f(x))| < oo
zeM ueR

The family a(x,u) generates the first order quasilinear equation

(a(:v, u)? u> =0, (1)
where u = wu(z) is an unknown function on M. Observe that in local
coordinates z1, ..., x, equation (1) acquires the standard form

, ou

a'(x,u = 0.

(w5

We will study the Dirichlet problem for equation (1) with boundary condi-
tion at the boundary S

u(z) = up(x), wp(z) € L(9). (2)
The Cauchy problem for the evolutionary equation
ur + (a(z,u),u) =0, (3)
u=u(t,z),0 <t <T < 400, x € M, with initial data
u(0,x) = ugp(z) € L=(M) (4)

was firstly studied in [17]. In [17] the manifold M was assumed to be
closed (i.e. S = (). In this paper the Kruzhkov-like notion of generalized
entropy solution (g.e.s.) of problem (3), (4) was introduced, existence and
uniqueness of g.e.s. were proved. The proofs are based on reduction of
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the problem to some ”classical” Cauchy problem in an Euclidean space
r € RY. Recently, in [4, 2] the Cauchy problem was studied in the case of
conservative equation

u + div(z,u) =0 (5)

on a Riemann manifold M. In this equation the divergence operator is
determined by the metric on M. The vector field + — f(z,u) is supposed
to be geometrically compatible that is div,f(z,u) = 0 Yu € R. In [4, 2]
also the special Cauchy problem for equation div¢(z,u) = 0 was studied
with time-like flux vector on Lorentzian manifold.

We underline that in the present paper as well as in [17] the mani-
fold M is not endowed with any additional structure such as a metric or
pseudo-metric. In particular we can not a priori consider equations in the
divergence form but only in quasilinear forms like (1), (3). Moreover, as we
demonstrate later in Example 5 for equations in the divergence form the
Dirichlet problem can be ill-posed.

The Cauchy problem (3), (4) turns out to be the particular case of
the general Dirichlet problem. To our knowledge the Dirichlet problem
for first order quasilinear equations have not been studied yet in its pure
form while the initial-boundary value problem for evolutionary equations
in an Euclidean domain is widely investigated since celebrated paper of
Bardos, LeRoux and Nédélec [3]. In this paper existence of the strong
trace of the solution at the boundary was assumed. Then the boundary
condition can be written in the simple geometric form ( see relation (40)
below for the Dirichlet problem ). The weak formulation of initial-boundary
value problem, which does not require existence of strong traces, was later
developed by F. Otto in [13]. In this presentation we will follow the Otto’s
formulation. To prove our main results we extend the kinetic approach
developed for initial-boundary value problems by Imbert and Vovelle in
[10].

In this paper we prove existence and uniqueness of a generalized entropy
solution of (1), (2). For uniqueness some additional assumption is necessary,
see condition (U) below. Generally, the uniqueness may fail. Moreover,
under condition (U) we prove the comparison principle, see Theorem 6. The
existence is proved without any additional assumptions. Actually we prove
existence of maximal and minimal solutions of (1), (2), see Theorem 11.



§ 1. Preliminaires.

In order to define solutions of equation (1) in the distributional sense
we have to rewrite this equation in the conservative form. It can be done in
the terms of smooth measures on M, as in [17]. In this section we give some
necessary notions. The smooth measure p on M is a non-negative finite
measure such that for any chart (U, j, V') the restriction u|y is absolutely
continuous with respect to the image of the Lebesgue measure dx on V
under the map j~': ply = w(x)(j71)*dz ( later on, we will use the shorter
form y = w(x)dr ), and the density w(x) € CY(U), w(x) > 0. Smooth
measures are defined on the o-algebra of Lebesgue sets on M consisting of
subsets A C M such that j(ANU) is Lebesgue measurable on V' for all charts
(U, 4,V). Analogously, we can define smooth measures on the boundary S.
As is easy to see, any smooth measures uq, s are absolutely continuous
with respect to each other: pp = a(x)pu; where a(z) € C'(M), a(z) > 0.
In particular, on the manifold M one can always specify a metric g, and
this metric in standard way induces a smooth measure pf. If the metric
tensor has the form g = g;;dx;dz; in a local coordinates zy,...,z, then
the corresponding smooth measure 9 is represented in these coordinates as
W = Mdaj. Clearly, the metric g induces also the smooth measure 1§
on the boundary S.

The presence of the smooth measure ;4 on M allows one to define the
divergence div* of a C'!' smooth vector field a(x) by the identity ( e.g. [17])

Lf(x)diV“a(fE)duz—/M<a($),f(-%‘)>du Vf(z) € Co(Mo),  (6)

where C§(Mjy) is the space of functions from C'(M) with compact sup-
ports contained in My = Int M = M \ S. Taking in (6) tests functions
supported in a coordinate neighborhood, we readily find that in local coor-
dinates x1,...,z,

div*a(x) = w(lx) (%)(g);j’(x)’ (7)

where p = w(z)dw, a(z) = a'(x)0/0x;. Conversely, the right-hand side of

(7) is independent of the choice of local coordinates ( this follows from (6) ),
hence the function div*a(x) is well-defined on the entire manifold M. From
local representation (7) it directly follows the identity

div#(aa) = adivfa+ (a,a) Va =a(x) € /\1 M,a = a(r) € C'(M). (8)

4



Observe also that if uy, us are two smooth measure and py = a(x)u; then
the corresponding divergence operators are connected by the relation

1 1
div#?q = —div"aa = div*a + —(a, a). 9)
« o

Now, let i = (1, i1p) be a pair of smooth measures on M and S respectively.
Then the following analog of the integration by parts formula holds.

Theorem 1. There exist a C* co-vector n = ny defined on S (i.e. a
C' section © — n(x) € TEM, x € S ) such that for each a = a(zx) € N' M,
f=f(z) e CH(M)

[ divrapyin= [ o [ saivada= [ 7)), o)
M M M S
(10)

Proof. Let (U,j,V) be a chart and f(z) € C5(V). The letter
means that supp f is compact and contained in V' ( observe that supp f
may intersect OIl ). Suppose that in the corresponding local coordi-
nates a = a'(x)0/0x;, p = w(w)dr, wy = wy(x')dr’, here ' € V' =
{ (zg,...,2,) | (0,29,...,2,) € V }. Then, integration by parts yields

/M<a, fldu = /Vai(m)ags(nf)w(x)dx = _/‘/%81 (w(z)a"(x))w(z)ds —

)
[ ro.2)0 x,)ww(O, z)

—/Mf(a:)div“a(x)du+[gf(a:)(n(x),a(x))d,ub,

where
(n(z),a) = —a'(0,2")w(0,2") /wy(z'), (0,2") =j(z), € SNV. (11)

By the construction equality (10) holds for every test function f(j(z)) €
C3(U) and since the right-hand side of (10) does not depend on the choice
of the local coordinate (U, j,V) we see that the value of (n(x),a) in (11)
does not depend on it either. Therefore, equality (11) correctly defines the
unique co-vector n = ng(z) on U N S. Finally, since U is an arbitrary
coordinate neighborhood, n(x) is well-defined on the entire boundary S.
From local representation (11) it follows that n(x) is C'-smooth. Recall



that (10) holds for each test function f(x) with support in a coordinate
neighborhood. The case of general f(x) € C'(M) is treated in standard
way by using of a partition of unity. The proof is complete.

Remark 1. If i/ = (¢/, i) is another pair of smooth measures then,
a(z) ng, © € 9,

- op(x)
where the positive C' functions a(z), ap(x) are taken from the relations

as directly follows from local representation (11), ng

o= a(z)w, py, = ap(x)pp. In particular, the ”direction” of the co-vector
n(x) does not depend on the choice of the pair f.

Remark 2. As is directly verified, in the case when measures u, y;, are
generated by a metricg  (nz(x),a) = (n(x), a),, where n(x) is the outward
normal vector to S at a point « € S, and (-, -), is the scalar product in T, M
corresponding to the metric g.

Since all smooth measures are absolutely continuous with respect to
each other, the o-algebra of sets of null measure and the space L*™(M, i)
do not actually depend on the choice of the smooth measure p. It allows
us do denote this space simply by L*(M). In the same way we define the
space L>°(S). Recall that the latter space appeared in boundary condition
(2). The spaces LP(M), LP(S) are also do not depend on the choice of
smooth measures while their norms are mutually equivalent for different
smooth measures. We will also denote by L*°(M, TM) the space of bounded
measurable vector fields on M. This space consist of vector fields a(z) such
that for any f(z) € C'(M) the function (a(z), f(x)) € L>®(M). As is easily
verified, the vector field a(z) € L>(M,TM) if and only if for each chart
(U,5,V) a = a'(x)0/0x; with a'(z) € L (V). Since M is compact it
follows from this property that |a(z)], = ((a(z),a(x)),)"* € L®(M) for
each continuous metric tensor g. As is usual, vector fields, which differ on
a set of null measure, are identified in L (M, TM).

We will need in the sequel the notion of a divergence measure field ( see
[5] ).
Definition 1. A vector field a(x) € L>(M,TM) is called the divergence

measure field if there exists a finite Borel measure v on My = M \ S ( not
necessarily nonnegative ) such that Vf(x) € Cj(My)

/M (ale), f(x))dp = /M f(@)dn, (12)



here p is some smooth measure on M.

The class of divergence measure fields does not depend on the choice of
measure 4 ( while the measure v depends on this choice ). Indeed, if u' is
another smooth measure then p' = a(z)u, a(r) € C* (M), a(x) > 0 and

/M<a(a:)7f(x)>dw:/ (a(z), f(z))a(z)du =

M

[ (at@).ate) @i~ [ (ato), o)) sy -

_/M&(x)f(x)dv_/M<a(ﬂf)a04(fc)>f(x)du: —/Mf(x)d%

where v = a(z)y+(a(x), a(x)) . Remark that the total variation |y/|(M) <

(
loe() oo - V(M) + [[{a(2), (@) loopp(M) < 0.
(

Relation (12) may be formulated as div*a = 7 in the sense of distri-
butions on My (in D/(Myp) ). In a local coordinates (U, j, V') this relation

yields
[ a2 D oayan = - [ srn

where a' are coordinates of a, u = w(x)dz, and 7 is identified with j*(v|¢).

The obtained relation means that

div (wa) = wdiva + {(a,w) =~ (13)

0
33}1-

in the sense of distributions on V' (in D'(V') ), where diva = a'(x) is

the "classical” divergence. This implies that
1
w(z)

and both the fields w(z)a(x), a(x) are divergence measure fields on V in

diva =5 = ——(y — (a(x),w(z))dz) in D(V)

the sense of [5] ( passing to a smaller set V if necessary we may assume
that a’ € L>(V),i=1,...,n, and ||(V) < oo ). By the results of [5] and
the arbitrariness of the coordinate neighborhood we see that there exists a
weak trace of the "normal component” of a divergence measure field a(z)
at the boundary S. More precisely we have the following result.

Theorem 2. Let a(zx) € L>(M,TM) be a divergence measure field, and
i = (u, ) be a pair of smooth measures on M and S respectively. Then
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there exists a function v = az(x) € L*®(S) such that for any f(z) € C*(M)

[ @) s@yins [ f@ar= [o@s@dn, ()
M M S
where the measure v is taken from (12).

Proof. Let (U, j,V) be a chart such that V' =1[0,h) x W, where h > 0,
i)
dz;
tation of a ( as usual, we identify the field a and its image j*a under the

W c R" ! is an open subset, and a = a'(z)-> be the coordinate represen-
map j ). Here x = (z1,2'), z1 € [0,h), 2’ = (z2,...,2,) € W. Suppose also
that u = w(x)dz, w, = wy(2')dx’, where w(z) € CH(V), wy(z') € CHW),
and w,wp, > 0. Since a(x) € L>®(M,TM) is a divergence measure field, we
have a’(z) € L2 (V),i=1,...,n, and in view of (13)

loc

0 w(r)a'(z) =~ in D'(V), (15)

X

divwa =

Passing to the smaller set V' if necessary we can suppose that a'(z) € L=(V),
¢ =1,...,n and the functions w, wy are bounded together with the functions
1w, 1/wy.

Now, we choose a function p(s) € C}(R) such that p(s) > 0, suppp C
(0,1), [ p(s)ds = 1 and set for v € N p,(s) = vp(vs), 0,(t) = [*_ p,(s)ds.
Clearly, the sequence p,(s) converges as v — oo to the Dirac J-function
d(s) in D'(R) while the sequence 6, (t) converges point-wise to the Heaviside

<
0, =0, . Let f(z) € C3(V), T € E, where

function sign™ (t) = { L 120

E={te(0,h) | (tvy) is a Lebesgue point of a'(t,y) for a.e. y € W }.
(16)
From the known properties of Lebesgue points it follows that E C (0, h) is
a set of full measure. Let g(x) = 6,(x1 — 7) f(x). Obviously, the function
g(z) € C3((0,h) x W) for sufficiently large v and applying (15) to this test
function, we obtain that

— /Oh (/W w(xl,x’)al(xl,x')f(xl,x')dx'> pu(x1 — 7)dx; =
[ wl@d @)t @ular = rida+ [ 0o =) far

1%
Passing in this equality to the limit as ¥ — oo and taking into account that

7 is a Lebesgue point of the function I(t) = / w(t, 2 )a' (t,2") f(t,2')dz’
W
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( this easily follows from the definition of the set £ ) and that 0, (zq — 7)
point-wise converges to the function sign™(z; —7) while 0 < 0, (z; —7) < 1,
we arrive at

—/Ww(T, oat(r,2') f(r,2')dz' =
| ewd@p@ds [ paar (17)
(,h)xW

(1, h)xW

Since the family a'(7,2z), 7 € E is bounded in L>(W) we can choose a
sequence T,, € F, 7,,, — 0 such that a'(7,,, ) converges as m — oo to some
function w(z) weakly-* in L>(W). Taking in (17) 7 = 7,,, and passing to
the limit as m — oo, we derive that

_/Ww((),a?/)w(x')f((),:v/)da:’:/Vw(x)ai(x)fxi(x)dx+/Vﬂx)d%

Changing the variables in the obtained relation we can rewrite it in the form
( here we keep the notation f(x) for the function f(j(z)) )

[ )@ = [ o). f@ndu+ [ s (18)

where v(z) = —w(0, 2" )w(z") /wy(2'), (0,2") = j(z), x € S. It is clear that
v(z) € L>®(SNU) and (18) holds for all f(x) € C'(M) with compact support
in U. This implies that essential values v(z) do not depend on the choice
of a coordinate neighborhood of the boundary point x as well as on the
choice of the sequence 7,,. Since coordinate neighborhoods with prescribed
above properties cover the boundary, the function v(x) is well-defined on the
entire boundary and ( due to compactness of S ) v(z) € L*(5). Identity
(18) shows that (14) is satisfied for test functions with supports in the
coordinate neighborhoods of boundary points. As directly follows from
(12), equality (14) is also true for test functions f(x) with compact support
in My. With the help of the partition of unity we derive that (14) holds for
all f(z) € C*(M), which completes the proof.

Remark 3. As one can see from the proof of Theorem 2, v(x) is the
weak normal trace of a(z) if and only if for any chart (U, j, V') such that U
is a neighborhood of a boundary point and V = 1[0,h) x W with b > 0, W
being an open subset of R*~!

esslim(ng(2'),a(zy, 7)) =v(2')=v(i7(0,2)) weakly- in L2 (W). (19)

71—0 loc



Here one should take into account that ( see the proof of Theorem 2 ) v(x’)
is a weak limit of the sequence

(na(@’), a(Tm, @) = —w(m, &')a’ (T, 2') Jwin(2)

and this limit does not depend on the choice of the vanishing sequence 7,
from the set E of full measure defined by (16).

Definition 2. The function v = a;(z) for which relation (19) is satisfied

is called the weak normal trace of the field a(x). If the limit relation (19) is

1
loc

Observe that by Theorem 1 in the case when a(x) € C'(M, TM) the
weak normal trace of a coincides with (ng(z), a(z)). Since a(z) is smooth,

valid in the space L; (W) we will call v(z) the strong normal trace.

this normal trace is in fact strong.

We put below the following simple condition, which is sufficient for vector
field to be divergence measure field.

Proposition 1. Let a(z) € L®(M,TM), ¢ = c(x) € L'(M), u be a
smooth measure on M, andVf = f(x) € C§(My), f >0

/M a, f) + efldu > 0,

Then a(x) is a divergence measure field.

Proof. By the assumption the functional I(f) = [, [(a, f) + cf]dp is
a nonnegative linear functional on CJ(My). Therefore, by the known rep-
resentation property, this functional is given by integration with respect to
some nonnegative locally finite Borel measure o on My: I(f) = [,, f(z)do
( we extend a as a measure on the entire manifold M, setting its value
being equalled a(A N My) for every Borel set A C M ). Hence Vf = f(z) €
C&(M()): f=0

[ tas+efidn= [ staye (20)

We have to show that the measure « is finite. Since M is compact and
a is locally finite on M, it is sufficient to prove that a is finite in some
neighborhood of arbitrary boundary point xy € S. We choose a coordinate
neighborhood U of zy. Let (U, 7,V) be the corresponding chart. We may
suppose that V' = [0, h) x W, where h > 0 and W is an open subset of R"~1,
Let a’(z), i = 1,...,n be coordinates of the vector a(z), v = (x1,2') € V,
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= w(z)dr. We define the set E of full measure on (0,h) as in (16) and
suppose that t € E, h(z) € C3(V), h(x) > 0. We set f(z) = 0,(x1 —t)h(z),
where the sequence 6,, v € N was defined in the proof of Theorem 2.
Applying (20) to the nonnegative test function f(j(x)) € Cg5(Mp) ( f is
assumed to be equalled 0 out of U ) and passing to the variables x € V', we
derive that

/ / (x1, 2" )h(xy, 2w (xy, 2" )dx' p, (21 — t)dxy +
| o). o)) + elatollote)du o — )iz = [ biap(a: — e

v

Passing in this equality to the limit as ¥ — oo, and taking into account that
t € F is a Lebesgue point of the function ¢ — / a'(t, 2" )h(t, 2 w(t, 2")dx’

W
and that the sequence 6, (z; —t) is uniformly bounded and converges point-
wise to sign™ (z; — t), we obtain that

/Wal(t,x')h(t,x')w(t,:c’)dx'+
[l b + @@= [ heyda
(t,h)xW

(t,h)xW

This implies the estimate

/ h(z)da < / [{a(x),h(x)) + c(x)h(z)|w(z)dx + C,
(t,h)xW (t,h)x W

where C' = sup / a'(t, 2 )h(t, 2" )w(t,")dx’ < co. From this estimate it
te(0,h) JW
follows in the limit as ¢t — 0, t € E that

/ 2)dor < /[ ) + c(a)h(@)w(z)dz + C < 0o

and since the measure « is nonnegative and h(z) is an arbitrary nonnegative
function from C3 (V) we conclude that « is locally finite on U as required.
Hence, « is finite measure. Further, by (20)

[ asyin=— [ st
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where v = ¢(z)p — « is a finite measure, Vary < a + |c¢(x)|p < co. Thus,
a(x) is a divergence measure field. Proposition is proved.

Corollary 1.Under the assumptions of Proposition 1 there exists the
weak normal trace ay(x) depending also on the choice of the measure (i, on

S such that Vf = f(x) e CY{(M), f >0
[ o s+ efidn = [ autorsia)dus = o. 1)

Proof. By Proposition 1 a(x) is a divergence measure field and the exis-
tence of a weak normal trace a;(x) follows from the assertion of Theorem 2.
As we show in the proof of Proposition 1, div*a(z) = v = c¢(x)pu — «, where
« is a nonnegative Borel measure. Then from (14) it follows that

lew+mw—L%MAmw:Agmmzo (22)

for all nonnegative test functions f € C'(M), as was to be proved.
§ 2. The notion of generalized entropy solution.

Introduce the vector field p(x,u) = / a(x,\)d\ in T,M so that
0

0
90_(33’“) = a(x,u). If p is a smooth measure on M then equation (1)

ou
can be written ( at least formally ) in the divergence form
div ¥ p(x,u) — divip(x,u) =0, (23)
where div/o(z,u) = divFo(-, u).
Indeed, if u = u(z) € C'(M) then in the local coordinates x1, . .., z, we
have p = w(z)dx and in view of (7)
1 ; ou 1 0 ; ou
<CL(I’,U),U> - M(w(aj)a (xau(x)))axz — m%(w(l’)@ (I’,U)) w=u(z) 823’2
= maxi (w(@)e'(z,u(z))) — maxi (w(@)e"(z, u)) wmu(z)

div*o(z,u(x)) — divie(z, u(x)).

Equation (23), which is the divergence form of equation (1), allows to con-
sider the equation from view point of the theory of distributions, and develop
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the Kruzhkov-like ( see [11] ) theory of generalized entropy solutions (g.e.s.
for short). Using approaches of papers [10, 13, 17], we introduce below the
notions of generalized entropy sub-solutions (g.e.sub-s.) and generalized
entropy super-solutions (g.e.super-s) of the Dirichlet problem (1), (2). Let
i = (p, pp) be a pair of smooth measures on M and S respectively. Denote
ut = max(u,0), v~ = max(—wu,0), sign®(u) = (signu)® (the Heaviside
function), sign™(u) = —(signu)~.

Definition 3. A function u = u(x) € L*(M) is called a g.e.sub-s. of
(1), (2) if there exists a positive constant L such that for every k € R,
Vf=f(x) e C'(M), f >0

/;ﬁgffw—MK¢@ﬂO—¢@a@hﬂ+f&Vﬂ¢®ﬂ0—w@aMﬂm¢
+L/S(ub — k’) fd,LLb Z 0; (24)

a function u = u(z) € L*°(M) is called a g.e.super-s. of (1), (2) if there
exists a positive constant L such that for every k € R, Vf = f(z) € C*(M),
f=0

/Msign‘(u—k)[@O(%U)—sO(ﬂ:,k),f>+fdiV§(w(x,U)—¢(w,k))]du

A function u = u(x) € L>*(M) is called a g.e.s. of (1), (2) if it is a g.e.sub-s.
and g.e.super-s. of this problem simultaneously.

Let us firstly show that our definition actually does not depend on the
choice of the pair of smooth measures i = (u, pp). For this, suppose that
p' = (¢, ) is another pair of smooth measures on M and S respectively,
and u(z) is a g.e.sub-s. corresponding to the pair g. Then p' = «a(x)u,
wy = (), where a(z) € CH(M), ay(z) € C1(S), a(zx), ap(x) > 0. Using

relations (8), (9) we arrive at
/M sign” (u — &) [(p(x, u) — (2, k), f) + fdiv (o(z, u) — p(z,k))dy’ =

Af@ﬁw—MMWMﬂ%w—¢W$%ﬁ+
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Fei # () (2, w) — (e, K)))ldp =
/M sign’ (u — k)[adip(z, u) — (2, k), ) + Flp(,u) — ple, k), a) +

o feliv (i, w) — pl, K))]dp =

| sien (= Rt 0) = ol ), ) + afdiv B (o) = ol k)

Taking L' = Lmagc[oz(x) Jap(x)] we obtain also the inequality
Te

L’/S(ub — k) fduy, = L’/S(ub — k)" fapdpy > L/(ub — k)tafduy.

S

Together with the preceding equality this inequality implies that Vf €
CHM), f =0

/M sign™ (u — k)[{o(x,u) — o(xz, k), f) +

et (gl ) = pla Dl + I (= )", >

/M sign® (u — k)[{¢(, u) — ¢(z, k), af) +

o fdiv bpta,u) — (o )+ L (= K)* afdpy = 0
s

in view of relation (24) with the test function aof. This shows that u(x) is
a g.e.sub-s. corresponding to the pair .

Replacing sign™ by sign™ in the above reasoning, we claim that if u(z) is
a g.e.super-s. corresponding to some pair i of smooth measures then u(z)
is also a g.e.super-s. corresponding to any other pair j’.

Thus, the class of g.e.sub-s. ( g.e.super-s., g.e.s. ) of the problem (1),
(2) does not depend on the choice of smooth measures p, pp.

From (24), (25) it follows that for a g.e.s. u = u(x) the following condi-
tion is satisfied: Vk € R, Vf = f(z) € C3(My), f >0

/M sign*(u — k) [{(a, 1) — (. k), £) + fdiv(o(z,u) — (. k))ldp > 0.

(26)
Since u = u(x) € L®(M), the fields sign®™(u — k)(¢(z,u) — p(x,k)) €
L>®(M, TM) for each k € R.
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By Proposition 1 with c¢(x) = sign®(u — k)div*(p(z,u) — ¢(z,k)) €
L>*(M) and Corollary 1 inequality (26) yields existence of weak normal
traces [sign™(u — k)(¢(z,u) — ¢(x,k))]; of these fields. Recall that these
traces depend on the choice of the pair i of smooth measures.

It is useful to reformulate the notion of g.e.s. in the following way.

Theorem 3. A function uw = u(x) € L*(M) is a g.e.s. of (1), (2) if
and only if
1) for each k € R Vf = f(x) € C3(My), f >0

/M sign(u—F) [, u) — o, k), )+ FdivE(p(a, u)—o(a, k))dp > 0, (27)
div *[sign(u— k) (e (e, u) — o (2, k)] —sign(u— k)div (e (e, u) - o(a, k) < 0
in D'(My), and for some positive constant L for each k € R

[sign®(u — k)(p(z,u) — @(x,k)]z + L(up — k)= >0 ae. onS.  (28)

Proof. Suppose that v = u(z) € L>®(M) is a g.e.s. of (1), (2), and
keR, f= f(x) € C}(My), f > 0. Then, putting together inequalities (26)

/M sign* (u — K)[{o(z, w) — o(z, k), 1) + fdivE(o(z, u) — o(z, k))]du > 0,

/M sign™(u — k) [{(a,u) — o, k), £) + fdiv ¥ (o(z,u) — (. k))ldp > 0,

we immediately obtain (27).
Further, we choose a function g(x) € C*(S) and the sequence V;, C

M of open sets such that S C V,,.1 C V,, Vm € N and ﬂ V. = S.
m=1

Obviously, there exist functions f,, € C*(M) with support supp f,, C Vi,
such that fi.lq = g, || fmllee < ||g]lee- For fixed k € R the fields sign™(u —
k)(o(z,u) —p(x, k)) are divergence measure fields, therefore for some finite
Borel measures v; on M, relations (14) hold. Putting in these relations
f = f, we arrive at

[ sign = pte,0) = oo k) b+ [ i = [ oo, (29

15



where we denote

vie = [sign™(u — k) (o(z,u) — o2, k)]s

the weak normal traces of our vectors corresponding to a pair i of smooth
measures. By relations (24), (25) we have that for some positive constant L

/M sign®(u— k) [{p(, 1) = @(2, k), fon) + Frndiv (o (,u) — (e, k)]

—I—L/(ub — k)=gdpy, > 0.
s

Subtracting (29) from this inequality, we see that

/[Uk + Ll = k) gdpy > /Mfm(ﬂs)d%it -

/Mfm sign (u — k)div¥(o(z,u) — o(x, k))dy — 0

m—0o0

because the absolute value of the right-hand side is bounded
by  const- (|v5|(Vin) + (Vin))  and  this  sequence  tends  to
const - (|E]|(S) + u(S)) = 0. Passing to the limit as m — oo we ob-
tain that /[UZ,E + L(uy — k)F)gduy, > 0 and since g is an arbitrary

S
nonnegative smooth function on S this yields v¥ + L(uy — k)* > 0 a.e. on

S, which is precisely (28).
Conversely, assume that conditions (27), (28) are satisfied. Putting in
(27) k = £||u|| and taking into account that by (6)

[ et ). 1)+ v o, il dn = (30
we obtain that Vf = f(z) € C5(My), f >0

[ ltetu). 1) + faiv ot wld =, 31
Since any function f € C3(Mpy) is a difference of two nonnegative functions

from this space we see that (31) holds for all f € Cj(Mp), i.e. equality (23)
is satisfied in D'(My). From (30), (31) it follows that for each k € R

] et = gl k). 1) + div Bl ) = (o )l = 0.
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If we add this equality multiplied by £1 to (27) and take into account that
signu+1 = 2sign™ u for u # 0 then we derive identities (26), which hold for
all real k and all nonnegative test functions f € C3(My). As above, using
Proposition 1 and Corollary 1 we find that there exist weak normal traces

vie = [sign™(u — k) (o(z,u) — ¢(2, k))]a

on the boundary S, where i = (u, up) and p, is some smooth measure on
S ( in addition to already fixed pu ).
We define as above a monotone sequence of open sets V,,, C M such that

S CVyi1 CVyy Vm €N, ﬂ V., = S and consider the partition of unity

m=1
1 = g1m + gom corresponding to the covering M = My U V,,. This means
that 9im S C(%(MO>7 gom S Cl(M>7 Supp gom - Vma 9im, 92m Z 0. Then
any nonnegative test function f € C'(M) can be decomposed into the sum

f - flm +f2m7 where flm = fglm S C(%(MO)u f2m = f92m € Cl(M)
Obviously, supp fom C Vin, fim, fom = 0. By inequalities (26)

/M sign® (u—k) [(ip(z, u)— o, k), f)+ foliv “( o, u)— p(x, k)l dpu=

| sien(u = )t = ol k), fun) +

Frniv (o2 0) = sl )l +

| sien(u = )t = ol k), fon) +

iV (. 0) = () >

| sien (= )t = ol k), fon) +
Famcliv H(p(a, ) — (oK) (32)

By Corollary 1 we have also

| st B (o 0) — ol k) ot [ foni = [ Fotdia ()
M M S

where vif = div*[sign®(u — k)(¢(z,u) — ¢(z, k))] are finite Borel measures
on My. We also take into account that fo,,|s = f. In the limit as m — oo
equality (33) yields

lim signi(u o k)<90(x7 u) o 90(557 k)v f2m>d,u - /vak%d,ub (34)

m—0o0 M
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because [, fomdryis — 0. Passing in (32) to the limit as m — oo, we derive
with the help of (34) and the obvious relation

lim sign®™ (u — k)div#(¢(x, u) — o(z, k)) famdp = 0

m—o0 M

that
/M sign®(u — k) (o, u) — 9, k), f) +
Feliv A (e, ) — o(z, K)dp — / Futdp, > 0. (35)

Further, in view of (28)

/ v+ L(uy — k)£ fdps > 0.
S

Adding this inequality to (35), we immediately obtain (24), (25). This
means that u is a g.e.s. of (1), (2). The proof is complete.

Let us discuss the sense of boundary condition (28). Suppose that a
g.e.s. u(x) has the strong trace u*(x) on the boundary S. This means that

for any chart (U, j,V) such that U is a neighborhood of a boundary point
and V = [0,h) x W with i > 0 and W being an open subset of R"™!

esslimu(zy,2') = w*(57(0,2")) in Lj,(W).

x1—0

Then as follows from (19) the weak normal traces

[sign™(u — k) (¢(x,u) — (z, k))]x = sign™(u* — k) (pp(z, u*) — gu(z, k),

where ¢z (z,u) = (ng(z), ¢(x,u)) is a strong normal trace of the vector field
@(x,u) in the sense of Theorem 1. Therefore, in this case relation (28)
reduces to the form: for a.e. z € S

sign™ (u* — k) (pa(z,u*) — @u(r, k) + L(up(z) — k)T >0 VE€R. (36)

Here we also take into account that the set S C S of full py-measure con-
sisting of boundary points, for which inequality (36) holds, can be chosen
common for all £ € R because the left-hand side of (36) depends continu-
ously on the parameter k.

18



Since condition (36) remains valid after enlargement of L then, without

lose of generality, we can assume that L > L; = sup |az(x,u)| ( recall
zeSuER

that a(z,u) is supposed to be uniformly bounded ).
Now, we fix x € S and consider two possible cases u* > u, and u* < uy,.
Here u* = u*(x), up = up(x). In the first case the inequality

sign™ (u" — k) (ga(x, u”) — pp(@,k)) + L(w, — k)T >0 (37)
immediately implies that
QO,](.%, k) S Spﬂ('ra u*) Vk € [U’bau*]' (38)

Conversely, if condition (38) is satisfied then inequality (37) holds for each
k € [up, u*]. Evidently, it also holds for £ > u*. If k < w;, then (37) acquires
the form ¢, (2, u*) — @u(z, k) + L(up — k) > 0, and directly follows from the
relation

op(r,u*) — pp(x, k) + L(up — k) = pp(o,u”) — @p(z, up) +
[ antow + Dydu > gyl ') = gyt ) 2 0

in view of (38) with k£ = u;. Let us show that also for every k € R
sign™ (v — k) (pa(r,u”) — @a(z, k) + L(up — k)~ = 0.

Indeed, if £ < w* this inequality is evident while for & > u* it reduces to
the inequality

k
ou(r, k) — pa(r,u”) + Lk — up) = / (ag(z,u) + L)du + L(u* — up) > 0

u*

We see that condition (28) is satisfied.
By the similar reasons, in the case when u* < w,, the condition (28) is
equivalent to the relation

ou(r, k) > @u(z,u”) Vk e [u*, u. (39)
Conditions (38), (39) can be written in the unified form
(sign(k — u*) + sign(up, — k))(pa(z, k) — pp(z,u*)) >0 VkeR, (40)
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known as (BLN)-condition ( see [3] ).

Thus, the boundary condition (28) can be written in the simple form
(40) provided that there exists the strong trace u* of the g.e.s. u(z) on S.
As follows from results of [23] ( see also [22, 26] ) the strong trace always
exists under the following non-degeneracy condition:

for a.e. x € S,VE € TiM, £ # 0 the function u — (€, a(x,u)) is not
wdentically equalled zero on non-degenerate intervals.

Remark also that it is sufficient to require that conditions (28) or (40)
are satisfied for k € I, where [ is a segment, containing all essential values
of both functions u(z), up(x).

Now, we introduce the set

ST ={zeS|as(r,\) <0 forae Ael}

Observe that this set does not depend on the choice of a pair ji, and consists
of boundary points x such that all characteristics ( i.e. integral curves of
the field a(z, \) ) are outgoing from x and transversal to S.

If x € S~ then the function

u— op(r,u) = / ag(z, \)dA
0

strictly decreases. Let us demonstrate that a g.e.s. u(z) accepts the bound-
ary data on S~ in the following strong sense.

Proposition 2. For each chart (U,j,V) with V- =1[0,h) x W, h > 0,
W is an open set in R~}

e§§li>5n w(xy, x') = up(z’) in L (S7),

where S~ ={ 2’ ¢ W | j71(0,2') € S~ }.

As usual, we identified u, uy, with the corresponding functions of variables
x, 7.
Proof. Putting together both inequalities (28), we arrive at the rela-
tion: for a.e. x € S

[sign(u — k)(¢(x,u) — p(z,k))]z + Llup — k| >0 VEeR.
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Passing to our local coordinates and taking into account Remark 3 and the
fact that the vector ¢(x, u) is smooth on M xR, we can transform the above
inequality to the limit relation

—esslim[sign(u(z1, ') — k) (0 (0, 2", u(zy, 2")) —

) 1; w(0, )
© (0,2', k))] o)

in the weak-x topology of L>(W). Here ¢'(z,u) is the first coordinate of
the vector ¢(z,u) and w(x) € CY(V), wy(z') € CH(W) are densities of the
measures (i, ty: = w(z)de, up = wy(x’)da’.

Obviously, relation (41) is also satisfied for k& = k(z'), where k'(x) =
Yo kixa,(z) is a step function ( x4, are the indicator functions of mea-
surable sets A; C W, i =1,...,m ). Since every function k(z') € L>(W)
can be uniformly approximated by a sequence of step functions we derive
that (41) remains valid for £ = k(2’) € L>®(W). In particular, taking in
(41) k = up(x’) we obtain that

+ Llup(z") — k| >0 VkEeR (41)

ess lim[sign(u(z1, ') =y (2)) (01 (0, 2", u(wr, 2)) =@ (0, 2, up(2)))] <O (42)
weakly-* in L>°(W) and, therefore, also weakly-* in L>(S7).

By the definition of the set S~ for a.e. 2/ € S~ the function
©'(0,2',u) is strictly increasing. Therefore, the function F(z/,u) =
sign(u — up(2)))(p'(0,2',u) — ©*(0,2",up(x’))) > 0 and takes the zero
value only if u = uy(2’). Then from limit relation (42) we readily derive
that esslim F(z', u(z1,2")) = 0 in L} (S7) and this in turn implies that

71—0 loc

esslimu(xy,2’) = up(2') in L} (S7). This completes the proof.

x1—0

Now, we introduce the set
St={zeS|ayx,\) >0 forae NeR}

consisting of boundary points x such that for a.e. A € R the characteristics
are incoming at x. It is natural to expect that the boundary values wu,(z)
do not matter at points of S*. Namely, we have the following statement.

Proposition 3. Suppose u(x) is a g.e.s. of (1), (2). Then boundary
condition (28) is satisfied for a.e. x € ST independently of values of uy(x).
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Proof. In the local coordinates z, 2’ indicated in Proposition 2 condi-
tion (28) on the set ST reduces to the form similar to (41):

— ess lim[sign(u(zy, ") — k) (' (0, 2/, u(zy, 2")) —

o 10(0.2)
P 0.2

+ L(up(2') —k)*>0 VEeER (43)

in the weak-* topology of L=(S™), where St = {2/ € W | j71(0,2') € St }.
Since for a.e. 2/ € ST the function ¢!(0, 2/, u) = o a' (0,2, \)dA decreases
the functions sign(u(zy,2') — k) (01 (0, 2", u(zy, 7)) — 0,2/, k)) < 0 a.e.

on S for each x; and (43) is always satisfied. The proof is complete.

It is clear that generally the sets S~, ST may be empty. Consider one
particular case of the evolutionary equation

u + (a(t,x,u),u) =0, (44)

where (t,x) € M =[0,T] x Q, Q is a C? compact manifold without bound-
ary, T > 0, a(t,z,u) is a family of C! vector fields on Q continuously
depending on ¢ and u as parameters. This equation has the form (1) with
the vector a = 0/0t + a(t, x,u) being a vector field on M. As is easy to see
here S™ ={0} x Q, ST ={T} xQ, and S = IM = S~ U S*. Consider the
Dirichlet data (2) for equation (44). By Proposition 3 the values u,(7T, )
play no role and the problem (44), (2) reduces to the classic Cauchy problem
with initial data

u(0,z) = ug(x), (45)

where ug(x) = uy(0, ) € L=(2).

Denotes My =Int M = (0,T) x Q, ¢(t,z,u) = [ a(t,z,s)ds. Let p be
a smooth measure on ). By Theorem 3 and Prop081t10n 2 we claim that
u=u(t,x) € L*(M) is a g.e.s. of (44), (45) if and only if

1) Vk e R, Vf = f(t,z) € C4(My), f >0

Aﬁw—ﬁﬁ+$@w—kmﬂt%w—w@w%%ﬁ+
Feiv (i (t, 2, u) — o(t, 2, k)] dtdp(z) > 0.

2) esslimu(t, ) = ug in L (Q, p).

t—0
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These are the classic Kruzhkov conditions adapted to the case when (2
is a manifold.

Remark that in the case then 92 # () the initial boundary value problems
arises when together with (44), (45) the boundary condition

u(t,x) = up(t,z) on (0,7) x 0N (46)

is required. If to be precise, in this situation the manifold M has "angle
points” in {0, 7T} x 0€). But this is not a problem. In fact, we could initially
treat the case of manifolds with angle points, changing the half-space II by
(Ry)™, Ry = |0,+00) in the definition of a manifold.

The problem (44), (45) arises as a particular case of the following general
situation. Suppose that S =S~ U ST ( or, more generally, the complement
S\ (STUST) has null measure on S'). Then, as follows from Propositions 2,3,
boundary condition (2) reduces to the condition

Ulg- = wp (47)

understood in the strong sense ( as in Proposition 2 ). We will refer to
problem (1), (47) as to the generalized Cauchy problem.

Remark 4. In the case of linear equation (1) when a(z,u) = a(x)
evidently S = S~ U ST and problem (1), (2) reduces to the generalized
Cauchy problem (1), (47). If we suppose in addition that any point of M
can be reached by a characteristic outgoing from a point of S~ then any
g.e.s. is uniquely defined by the requirement that it must be constant along
characteristics. Namely, u(z) = u,(y), where x = x(s; y) is the characteristic
outgoing from the point y € S~ i.e. z(s) = z(s;y) is a solution of ODE
t =dz/ds = a(x) on M with initial condition x(0) = y.

The Dirichlet problem (1), (2) may be generally ill-posed. We confirm

this by some examples.
Example 1. Let M be a segment [0, 1]. Consider the problem

Then for any £ € (0,1) the function u(z) = 1 — 2sign™ (z — £) is a g.e.s. of
this problem. Indeed, u(z) admits the boundary data in strong sense, and
[sign(u—k)(u?— k%) = (1 —k?*)(sign(u—k)) <0in D'((0,1)) for all k € R
because the function sign(u(x) — k) is constant for |k| > 1 and decreases if
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|k] < 1. In correspondence with Theorem 3 u(x) is a g.e.s. of our problem
for each £&. Thus, we have constructed infinitely many g.e.s. of the problem
under consideration.

In the above example a(z,u) = 2u = 0 if v = 0. The next example
shows that non-uniqueness may appear even if the vector field a(x,u) does
not degenerate at all points.

Example 2. Consider the 2-dimensional Dirichlet problem for the equa-
tion

(u?), + g(u), =0 (48)
in the plain domain M determined by the inequality |y| + ((Jz| = 1)")* < 1
with boundary data

17 Y S -,
up(z,y) = { oy (49)

on S = dM. The rather complicated expression determining M is used to
guarantee C*-smoothness. If manifold with angle points are allowed we can
take in this example M being the square t,x € [—1, 1].

We will assume that the function g(u) € C*(R) is convex and such that
g(—=1) =g(1) =0, ¢'(0) # 0. Then the field a = 2ud/0x + ¢'(u)0/0y does
not depend on (z,y) and is not degenerate for all v € R. In particular,
characteristics of equation (48) are straight lines, and for each u the entire
domain M is covered by characteristics going from the boundary. Neverthe-
less, problem (48), (49) has infinitely many g.e.s. u(z,y) = 1—2sign™ (z—¢)
( similar to ones in Example 1 ) depending on the parameter £ € (—1,1).
Indeed, in the same way as in Example 1 it is proved that u satisfies con-
dition (27). Concerning the boundary condition, remark that u has strong
trace u* = %1 at the boundary and one has to verify (BLN)-condition

(40). In the case y < —x either u* = u, = 1 or v* = —1 < u, = 1 and
op(u) = —g(u) > g(—=1) = 0 Vu € [—1,1]. In the case y > —ux either
' =u = —loru* =1>uwu = —1and p(u) = g(u) < g(1) =0

Vu € [—1,1]. Here fi is a pair of smooth measures generated the Euclidean
metric in R?. We see that (BLN)-condition is satisfied. Hence, u(z,y) is a
g.e.s. of (48), (49) for every & € (—1,1).

The next example shows that the generalized Cauchy problem may have
infinitely many g.e.s. even for a linear equation degenerated at a single
point.
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Example 3. Let M be adisc r? = 22+y? < 1and 0 < ry < 1. Consider
the linear equation

(0l ), ) = (=((r = 7o) — ) o+ (=l — 7))+ ) o = 0. (50)

oy

Remark that the field a(z,u) = 0 only at the zero point. As is easy to see all
points of the boundary circle S are outgoing for characteristics and S~ = 5.
In the small disk r < ry the characteristics are circles r = const < ry. This
implies that a g.e.s. u(x,y) may coincide with arbitrary function h(r) €
L>([0, 1)) for r < rg. Setting u(x,y) = 0 for r € (ro, 1], u(z,y) = h(r), r €
[0, 7], we obtain infinitely many g.e.s. of the generalized Cauchy problem
for equation (50) with zero initial data. In particular, for the problem under
consideration even the maximum principle is violated.

The following example explains why we are bounded by the case of
homogeneous equations.
Example 4. In the same disc M as in the above example we consider the
following generalized Cauchy problem for nonhomogeneous linear equation
ou ou
alz,y),u) = —axr*— —yr*— =1, 51
(a(z,y),u) o Vg, (51)
with zero initial data at the boundary circle. Here the parameter a > 0.
All points of M except zero can be reached by the characteristics

z(s) = zo(1 + 043)_1/&, y(s) = yo(1 + ozs)_l/o‘, if a > 0,
x(s) = xoe % y(s) = yoe °, ifa=0

outgoing from points (zg, yo) of the boundary (i.e. z3+y3 = 1) and defined
for all s > 0. If u(x,y) is a g.e.s. of the problem under consideration then it
is uniquely defined by the condition that @ = 1 along characteristics. Easy
computations yields

(re—=1/a , a>0,
—Inr , a=0.

u(x,y)ZSZ{

In any case u ¢ L*(M), moreover v ¢ Lj (M) if « > 2. Thus, our
problem does not generally admits weak solutions understood in the sense

of distribution.
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The following example illustrates that for conservative equations weak
solutions may not exist.
Example 5. Consider the following conservative form of equation (51)

0 0
%(—ajro‘u) + a—y(—yro‘u) =0, rP=r4+¢y*<1 (52)

This equation can be rewritten as

—:m"o‘a—u — ro‘a—u = (24 a)ru
or 7 oy '

Therefore, along characteristics, which are the same as in Example 4,
u= 24 a)ru= 2+ a)u/(1+ as).

If we set the initial data w(x,y) = 1 for » = 1 then necessarily
u(e,y) = 12 ¢ LL (M),

loc

The above examples induce us to formulate additional conditions, which
guarantee well-posedness of the Dirichlet problem. It turns out that one of
such condition may be the following one: VR > 0 there exist a function
p(x) € CY(M), p(x) > 0 and a smooth measure y on M such that

div#(a(z, \)p(x)) <0 for a.e. z € M, )\ € [-R, R]. (U)

Observe that condition (U) is always satisfied for the evolutionary equation
(44). Indeed, let p = dt x pg, where pig is a smooth measure on €2, R > 0 and

C > max div#a(t,z,)\). Then the function p(t,z) = e~ satisfies
(t,x)eM,|IN<R

(U) because

div¥p (% +al(t, x, u)) = p, + pdivHa(t, x, \) = (div¥a(t,z, \) —C)p < 0

for all (t,z) € M, A € [-R, R].

Concerning the above Examples 4,5, observe that for the linear equation

ou  ,0Ou

(a(x),u) = —xro‘%—yr oy 0 condition (U) is satisfied with p(z,y) = r°.

Indeed, div (a(z)p(x)) = —(4 + a)r*T* < 0 for r > 0.
We give below one necessary condition for fulfillment of (U).
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Proposition 4. If condition (U) is satisfied then for each fixed A for
a.e. x € M there exists a characteristic outgoing from the boundary and
passing through the point x.

Proof. Let A € R be fixed and z(s) = z(s;y) be a characteris-
tic passing through y € M, for s = 0. Thus, z(s) is the unique solu-
tion of ODE & = a(x,\) on M satisfying the initial condition z(0) = y.
This solution is defined on some maximal interval s € (a(y), 5(y)), where
—o0 < a(y) <0< B(y) < 4oo. As is known in the theory of ODEs the
functions a(y), B(y) are upper and low semi-continuous, respectively. There-
fore, the set A ={ y € My | a(y) = —oo } is Borel as an intersection of
the sequence V, = { y € My | a(y) < —r }, r € N of open sets. If
a(y) > —oo then taking into account compactness of M we conclude that
x(s;y) is defined for s € [a(y), B(y)) and z(a(y);y) € S. Thus, points of
the complement M, \ A can be reached by characteristics outgoing from S
and to prove the proposition it suffices to show that u(A) = 0, where p is a
smooth measure on M. On the set A we can define the semigroup of shifting
operators Tyy = z(—s;y), s > 0. Clearly, T, is a C* diffeomorphism of the
neighborhood a(y) < ¢ — s of A onto the open set a(y) < ¢, B(y) > —s.
In particular, T5(A) is a Borel set and p(7,(A)) = [, (s, z)dp with some
density (s, ) € C. Besides, as one can derive from the Liouville theorem,

d
7(57 z) = —(div*”a(x, A)). Indeed, let U be a coordinate neighborhood
S s=0

corresponding to some chart (U, 7,V), and p = w(z)dr, w(z) € CY(V),
w(z) > 0. Then for each compact K C U and for sufficiently small s ( such
that T,(K) Cc U )

HIANK) = [ wla(s:9) det{0u(—s:1)/ 0y, }dy =

J(ANK)

/(AOK)W(I(—Ssy))det{@fm(—S;y)/ayj}/w(y)du(y),

where z(s;y) is a solution of the problem & = a(z, A), (0) = y considered
on V. Thus, v(s,y) = w(z(—s;y)) det{0x;(—s;y)/0y, } /w(y) and with using
the Liouville theorem we obtain that

dy(s,y)|  _ (<a(y),w(y)> +w(y)%‘;’”> Jw(y) =

ds
1 9(a’(y, Nw(y))
w(y) y;

s=0

= —div"a(y).
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Taking into account arbitrariness of the coordinate neighborhood U we con-

clude that dV(SS’ )

= —(div*a(y, A)), as was announced.
s=0
By condition (U) there exist a smooth measure p and a nonnegative

function p(z) € C1(M) such that div*(a(z, \)p(z)) < 0 a.e. on M,. Con-
sider, the function

I(s) = /T " p(x)dp = /A p(Tsy) (s, y)du(y).

We observe that the sets T,(A) are decreasing, i.e. Ty, (A) C Ty (A) for
Sy > s1 > 0. Hence, I'(0) < 0. On the other hand,

7'(0) = - / aly, ), o)) + p(y)div a(y, N)p()lduly) =
- / div*(a(y, Np(y))d.

Hence, [, div*(a(y,A)p(y))dp > 0 and since the integrand is negative for
a.e. y € A we conclude that p(A) = 0 as required. The proof is complete.

§ 3. The kinetic formulation.

For a positive R we denote by Fp the class of functions p(\) =
v((\, +00)), where v is a probability measure with support in [—R, R]. Let
F = Upg-o Fr- In other words, F' consists of non-increasing distribution
functions of probability measures with compact support on R. We will refer
to F as to the kinetic class. Obviously, a function p(\) € Fy if and only if
it is non-increasing, continuous from the right, and p(\) = 1 for A < —R,
p(A) = 0 for A > R. The classes Fg, F' are convex and closed subsets
of L"(I) for any segment I C R and any r € [1,4+00]. We will consider
functions p(\) € F as elements of L>*(R), so functions differing on a set
of null measure, are identified. In particular, the values of p(\) € F at
discontinuity points may be chosen arbitrarily and the above requirement
of right-continuity of p(A) may be removed. Observe that the functions
p(\) =signt(u — \) € Fy for each u € [~ R, R]. The classes Fp and F are
invariant with respect to the involution p — p defined as p(A) = 1 —p(—=\).
Clearly, this involution is a decreasing operator that is p; < ps whenever
p1 > po. Remark that for p(\) = sign™(u — A) p(A) = sign™(—u — N).
Thus, for this class of kinetic functions the involutions reduces to simple
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one: u — —u. For the sequel we will use the following binary operation
well-defined on the classes Fr and F: pog=1—(1—p)(1—q) =p+q—pq.
This operation is uniquely defined by the property: poq = pq.

Now, we will denote by Fr(M) the space of strongly measurable func-
tions with values in Fr. This space can be described as the subspace of
functions p € L>*(M x R) such that p(x,-) € Fg for a.e. x € M. We also
use the notation F (M) for | Jz.o Fr(M). Similarly we define spaces Fr(95),
F(S).

We consider the following kinetic equation

(a(z,A),p) =0, p=p(z,\) (53)

associated with (1). We will study the Dirichlet problem for this equation
with the boundary data

p(x,\) = pp(x, \) = sign™ (up(z) — ) on S x R, (54)

where uy(z) € L*(S). Similarly to [10] we define notions of a kinetic sub-
and super-solution ( k.sub-s. and k.super-s. for short ).
Definition 4. A function p(z,\) € F(M) is called a k.sub-s. of (53),

(54) if there exists a constant L > 0 such that for each ¢ = ¢(\) € F
Vf=/f(z) e CY(M), f=0
| b a0 (ol ) fe) dpad +
MxR
L ple)(1 = a) fe)dmd) > 0 (55)
SxR
a function p(x, \) € F(M) is called a k.super-s. of (53), (54) if there exists

a constant L > 0 such that for each ¢ = q(\) € F Vf = f(z) € CY(M),
f=0

/M R(l —p(x, A)gN)divH(a(x, N) f(z))dudX +
L/‘; R(l —pb(-fl?, /\))q()\)f(gj)d'ubd/\ > 0. (56)

We call p(z, \) a kinetic solution ( a k.s. ) of (53), (54) if it is a k.sub-s.
and a k.super-s. of this problem simultaneously.
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In relations (55), (56) p, up are smooth measures on M and S respec-
tively. In the same way as for g.e.sub-s. and g.e.super-s. of the original
problem, one can prove that our definition actually does not depend on the
choice of these measures.

The following useful lemma allows to reduce statements concerning
k.super-s. to ones for k.sub-s.

Lemma 1. A function p(z, \) is a k.super-s. of (53), (54) if and only
if p(x,A) =1 —p(x,—A) is a k.sub-s. of the problem

(a(z,=X),p) =0, p(x,N)|sxr = Po(x,A) =1 = py(x,=A).  (57)

Proof. We write conditions (55) for problem (57) applied to the function
p(x, \): for each g(\) € F, f(z) € CY(M), f(z) >0

[ )0 a0 o, ) )+
L/S Rp_b(:v, M (1 — q(\) f(z)dppdX > 0. (58)

Changing the variables A — —X\ in both integrals, we can rewrite it as
follows

L[ ne a0 s = 0
SxR

Since g(\) runs the entire class F' the latter relation coincide with (56). By
the construction it is equivalent to (58), which completes the proof.

Our kinetic formulation is based on the following result.

Theorem 4. Suppose that py(x, ) = sign™ (up(x) — X). Then u(z) €
L>®(M) is a g.e.sub-s. (g.e.super-s.) of (1), (2) if and only if the function
p(z,\) = sign(u(x) — N\) is a k.sub-s. (respectively k.super-s.) of kinetic
problem (53), (54).

Proof. We prove the statement concerning sub-solutions. For super-
solutions the proof is similar. Let k € R and ¢(\) = sign™* (k — A). Then

/p(:c, )‘)(1 - q()\))div“(a(% /\>f(33))d)\ _
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signt (u(x) — k;)/k div¥(a(z, \) f(x))d\ =

sign® (u(z) — k) {f(x)/k div*a(x, \)dA —l—/k {(a(z, N), f(a:))d/\} =

sign™ (u(x) — k)[f (z)div 4 (p(z, u) — o(z, k) + (o(z,u) — p(z, k), )],
L/m@ﬂxr—dMMAzwd@—kﬁ-

Hence relation (55) is equivalent to (24). We also take int account that the
convex hull of functions ¢(\) = sign™ (k — X), |k| < R is dense in Fg ( in the
LY([~R, R])-topology ) for all R > 0. Therefore, it is sufficient to require
in (55), (56) that ¢()\) is a function of the kind g()\) = sign™(k — \). The
proof is complete.

Using Theorem 4 and Lemma 1 we readily deduce the following state-
ment.

Corollary 2. A functionu = u(x) € L*°(M) is a g.e.super-s. (g.e.sub-
s., g.e.s.) of (1), (2) if and only if the function —u is a g.e.s. (respectively
g.e.super-s., g.e.s.) of the problem

(a(z, —u),u) =0, u|ls=—up(x).

If p(x, \) is a k.sub-s. of (53), (54) and g € F' then as follows from (55)
for each f = f(z) € C3(My), f >0

/M {</a(x’ A)p(a, A)(1 = g(A))dA, f> +

f- /div“a(az, ANp(z, N)(1 — q()\))dA} du(z) > 0. (59)

By Proposition 1 we see that /a(m, AN)p(z, AN)(1 — g(N))dA is a divergence
measure field for every g(A) € F. Therefore, there exists a weak normal
trace v = v (x) € L>*(S) of this field at the boundary (for a fixed pair
i = (p, 1p) of smooth measures). Passing to local coordinates (x1,2") €
(0,h) x W, indicated in Remark 3, we obtain with account of this Remark
that

') = [ anla’ o' (1 = )
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where p, (2, \) is an arbitrary weak-+ limit point of p(x, 2’, A) in L>(W xR)
as x1 — 0 running over the set of full measure

E={te(0,h) ]| (ty,\) is a Lebesgue point of
p(t,y,A) forae. ye WA €R }

defined similarly to (16). Since v,(z) does not depend on the choice of
this limit point we conclude that az(z', A)(p(z1, 2", A) —p-(2', X)) — 0

r1—0,x1€FR

weakly-+ in L>°(WW x R). This implies in particular that p,(z’, A) is uniquely
defined on the set where a,(2’, A) # 0 and does not depend on the choice of
f. Taking R > 0 from the condition p(z, ) € Fr(M) we find also by the
known property of weak limits that p, (2, ) € Fg because Fj is convex and

closed subset of L>*(R).
By the construction we have

VgeF uy(x) = / a2, pr (2, \) (1 — g(\))dA (60)

a.e. on SNU. Here p,(x,\) = p,(j(x),\) on SNU, (U, j,V) being the chart
corresponding to our local coordinates. By (60) we see that the product
ag(z, A)pr(x, A) is uniquely determined in a coordinate neighborhood U NS
of an arbitrary boundary point. This allows us to define p,(z,\) € Fr(S)
in such a way that (60) is satisfied for a.e. x € S. As follows from (59) and
Corollary 1 for each ¢(\) € F and all f = f(z) € C* (M), f >0

[ e 001 )i o )t -
/S Rau(l’, Np- (2, ) (1 = qg(\) f(z)dupdX > 0. (61)

Remark that the set Fr C L'([—R, R]) is separable while the both sides
of the equality v,(z) = /aﬁ(a:, AN)pr(x, A)(1 — g(X))dA are continuous with

respect to ¢ € L*([—R, R]) with values in L>(S). Therefore, we can choose
a set Sp C S of full measure in such a way that for z € Sp equality (60)
holds for all ¢ € Fr. Taking S = N REN S r we obtain that S has full measure
on S and (60) is satisfied for all z € S and all ¢ € F. In other words, for
a.e. x € S condition (60) holds.
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In the same way, based on the relation

vrecion s 20 [ {( [atwn st r)+
f- /dlv“a z,\)(1 —p(z,\))q ()\)d)\}d,u( ) >0,

we prove existence of weak trace p,(z, \) € F(S) for a k.super-s. p(z, A) of
(53), (54). This trace satisfies the condition: for a.e. x € S

(62)

WEFuM@:/%@MO—@@MWNM, (63)

where w,(z) € L>(S) is the weak trace of the divergence measure field
[ ate (1 = s W)

Using Corollary 1 again we derive from (62) that for each ¢q(\) € F' and
all f = f(z) € CY(M), f>0

/M R(l — p(z, A)g(N)div#(a(z, A) f(x))dud\ —
/S . CL,E(CU, /\)(1 - pq-(x, )\))q(/\)f(x)dlubd)\ Z 0. (64)

As in Theorem 3 we derive that p(z, A) is a k.sub-s. of (53), (54) if and only
if for each ¢(\) € F and all f = f(z) € C}(My), f >0

[ e 00 (o, ) S = 0

and the following relation similar to (28) is satisfied a.e. on S:

%) € F [ aale Voo )1 = g)aA+ L [ il (1= g))dA 2 0.

(65)
Respectively, p(z,A) is a k.super-s. of (53), (54) if and only if for each
a(\) € Fand all f = f(x) € CL(My), f >0

/M R(1 — p(z, \)gN)div (a(z, A) f(x))dud\ > 0
and for a.e. x € S

Vg(\) € F / ag(, (1 = p, (2. \)g(\)dA + L / (1= pola, \)g(\)dA = 0.
(66)
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Here L is a sufficiently large constant.

If py(z,\) = sign*(up(x) — A\) then boundary relations (65), (66) are
equivalent the following conditions: for a.e. x € .S

+0o0

Vk > uy(z) / ag(z, \)p- (2, A)dX > 0; (67)
k
k
VEk < uy(z) / ag(z, \)(1 —pr(x,A))d\ > 0, (68)
respectively. Indeed, these relations follows from (65), (66) with g(\) =
sign™(k — X). Conversely, suppose that L > L; = sup |az(z,u)| and
x€S,u€eR

p(x, \) satisfies (67). Then for ¢(\) = sign®(k — \) we have
[ asle e )@ = )+ L [ e (1= g =

+o0
/ ag(z, \)pr (2, A)dX +

max(k,up(z))
up ()
sign* (up(z) — k) / (an(2, Nps (2, ) + L)dA > 0.
k

Since the convex hull of functions sign™(k — \) is dense in F' with respect
to topology of L; (R) we conclude that (65) fulfils for all ¢(\) € F. By

loc
similar reasons we prove that (68) implies (66).

Remark 5. As one can see from the above statements, we always may
take in (55), (56) the constant L = Lj.

§ 4. The comparison principle and uniqueness of g.e.s.

Using the Kruzhkov method of doubling variable we can establish ( as
in [10] ) the following result.

Theorem 5. Suppose that pi(x,\) is a k.sub-s. and pa(z,\) is a
k.super-s. of (53), (54) with boundary data pip(x, ) = sign™ (up(x) — N)
and pop(x, \) = sign™ (ugy(x) — N), respectively, and g = (p, ) s a pair
of smooth measures. Then for some L > 0 and each f = f(x) € C1(M),
F>0

/M Rpl(l", )‘)(1 - p2($, )\))diV”(a(x, A)f(ili’))d,ud)\ +
L/ plb(x, )\)(1 — pgb(ﬂf, )\))f(x)d,ubd)\ > (. (69)
SxR
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Proof. Since inequality (69) has local character we can assume that
supp f contains in a coordinate neighborhood U corresponding to a chart
(U,7,V). Suppose that in local coordinates zy,...,x, a = a'(x,\)d/0z;,
= w(z)dr, w, = wp(x')dx', where ' = (0, xs,...,x,) € V. By relations
(61), (64), with regards of formulas (7), (11), (60), (63), we have

| pe ) )div (ale No(e) () dzdh +
VxR
[ @ NN - el f@)d Az 0 (70)
OV xR
| = pale N)div (ale (e () dzdh +
VxR
[ @ N = )@ )i =0 (7
OV xR
for all nonnegative f = f(z) € C5(V), where (p1),(2',\), (p2),(z',\) are
weak traces of p;, ps written in the local coordinates ' and div v means the
?usual” divergence Ov'/dz; of a vector field v.

Putting in (70) g(A) = p2(y, A), f = f(z;y) € CH(V xV) and integrating
over y € V, we derive that

/V y Rpl(x, M (1 — pa(y, N)div ,(a(z, Nw(z) f(x;y))dedyd +

/a 0 (', N (1) (2, M) (1= paly, V(o) (s y)di dydA >0, (72)

VXV XR

Similarly, changing the places of variables x and y, we derive from (71) with
q = p1(x, ), that

/V y Rpl(x,k)(l — pa(y, A))div , (aly, Nw(y) f(z; y))dzdyd\ +
/V - Ral(y/a)\)Pl(xa)\)(l_(l?2)r(y/,)\))w(y’)f(:z:;y’)dxdy’d)\zo. (73)

Putting (72), (73) together, we arrive at

/V e )= )
{div o (ale, Nw(@) f(z:9)) + div y(aly, Nw(y) f (2 9)) dadydA +
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/av § Ral(fﬂ',A)(pl)r(x’,k)(l—pz(y, A)w (@) f(2; y)da' dydX +

/V a'(y', 1 (2, \) (1= (p2)- (v, ) (y') f ;9 )dady' dX > 0. (74)

x OV xR

Now we apply (74) to the test function f(x;y) = f(z)d,(y — =), where
f(x) € C3(V), f(x) >0, and d,(z) = [}, pu(z) for z = (21,...,2,) € R,
v € N. Here the function p,(s) = vp(vs) was defined above in the proof of
Proposition 1. Since suppp C (0,1) and x; > 0 we see that f(z;y') =0
and the last integral in (74) disappears. We denote r(x) = p1(x, A) for fixed
A € R and observe that

/Vr(:c)[divx(a(x, Nw(z) f(259)) + div,(aly, Nw(y) f(z;y))]de =
/Vr(@div (f(@)w(@)a(z, N)o,(y — x)dx —

where * is the convolution operation. Since the vector field w(y)a(y, ) is
smooth then by the DiPerna-Lions commutation lemma ( see [7] )

div (w(y)aly, \)(fr*6,)(y)) — (div (wa(-, A)fr)) * b, (y) — 0

as v — oo in Li (V) for each A € R while by the known property of
convolutions

(rdiv (fwa(-, \))) * 6, (y) — r(y)div (f (y)w(y)ay, A)) in L,(V).

Hence in the limit as ¥ — oo the first integral in (74) converges to

L = /v Rpl(x, A)(1 = po(x, N))div (a(x, N)w(z) f(z))dxdA

(for convenience we place variable x instead of y).
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If OV # () we have to find the limit as v — oo of the second integral in
(74). In this case we may assume that V = (0, h) x W. Then this integral
can be rewritten as follows

B[ a0 N el Nl @)y — o)y

From the condition that a'(0, z, \)(p2(t, 2, \) — (p2)-(z, A)) — 0 weakly-* in
L>*(W xR) as t — 0 running over a set of full measure it easily follows that

V—00

a4, ) /V (1= 2y Ny — ')y — ', A)(1 = (p2)r(a’, M)

weakly-* in L*°(W x R) and therefore

V—00

Iy - I= /W @ NP ) (1 (pa)- (0 X)la)) (0

Hence from (74) in the limit as v — oo it follows the relation I; + I, > 0
that is

/v IR{pl(:v, A (1 = po(x, N))div (a(z, Nw(x) f(z))dzdA +
| @@ N0 N (1= o), Ala!) @)D > 0.
This relation could be rewritten as

/M Rpl(xa)‘)(l _p2($,A))di\f’u(a(x,)\)f(x))dud)\_
/s RCL[L<1’, A)(p1)- (2, A) (1= (p2)-(x, N) f(z)dppdX > 0 (75)

for all nonnegative test functions f(x) with supports in U. Since U is an
arbitrary coordinate neighborhood then, with the help of a partition of
unity, we conclude that (75) is satisfied for every f(z) € C*(M), f(x) > 0.
From relation (65) with p = p1, ¢ = max((p2)-(z, A), pw(x, A)) it follows
that for a.e. x € S

[ anle N )1 ) )+

26(z)

L/plb(x, A)(1 = pap(x, A))dX > 0.
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We take also into account that q(\) > pop(x,A) so that pip(z, A)(1
P, A)) = puy(x, A)(1 — ¢(A)). Similarly, putting in (66) p = po, ¢
min((py)-(z, \), pap(x, A)) and taking into account that g(\)(1— pap(x, A))
0 we derive that for a.e. z € S

ugp ()
[ e o) )1 = o)l N)iA > 0

—00

Putting the above inequality together we obtain that for a.e. x € .S

/au(a:, A (p1)r (2, \)(1 = (p2)-(z, A))d\ + L/plb(:b, A) (1 — pap(z, A))dA > 0.

Integration over f(z)u, yields

/S Raﬂ(x,)\)(pl)’r(x,A)(l—(p2)7_(x7)\))f(x)dlubd)\+
L/s (@ (L = pan(a V) (@) dpundr > 0.

Adding this inequality to (75), we readily obtain (69). The proof is com-
plete.

Corollary 3. Suppose that condition (U) is satisfied. Then any k.s. of
(53), (54) has the form p(x, \) = sign™ (u(x) — X), where u(z) is a g.e.s. of
the problem (1), (2).

Proof. Since p(z, \) is a k.sub-s. and k.super-s. of (53), (54) simultane-
ously we can apply Theorem 5 to p; = pa = p. Since py(x, A) (1 —pp(z,N)) =
0 we derive from (69) that

/M Rp(fm A)(1 = pla, \)div(a(z, ) f(z))dud\ > 0. (76)

If p(x,\) € Fr(M) then p(xz, A\)(1—p(x, A)) = 0 out of the segment [—R, R].
By condition (U) we can find a test function p(x) € CY(M), p(z) > 0
and smooth measure p such that div*(a(z, A)f(x)) < 0 for a.e. = € M,
A € [-R, R]. Putting f = p(x) in (76) we find that p(z, \)(1 — p(z,\)) =0
a.e. on M x R. Since p(z, \) is non-increasing with respect to A this implies
that this function has the required form p(z, \) = sign™(u(z) — ), where
u(x) € L>®(M), ||[u]leo < R (the fact that u(z) is measurable directly follows
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from measurability of p(z,A) ). By Theorem 4 we conclude that u(z) is a
g.e.s. of original problem (1), (2). This completes the proof.

Another consequence of Theorem 5 is the following comparison principle

Theorem 6. Let ui(x) be a g.e.sub-s. and us(x) be a g.e.super-s. of
(1), (2) with boundary data uyp, ugy respectively, and uy, < ug a.e. on S.
Suppose also that condition (U) is satisfied. Then uy(z) < uy(z) a.e. on
M.

Proof. By Theorem 4 the function pi(z,\) = sign™(ui(z) — A),
pa(xz, A) = signt(ug(x) — N\) are a k.sub-s. and a k.super-s. of (53),
(54) with the boundary data py(z,\) = sign®(up(x) — N), pa(z,\) =
signt (ug(x) — A\) respectively. By the assumption uyp < wug, we have
p1o(T, A) (1 — pop(z,A)) = 0 a.e. on S x R. Then, by Theorem 5 for each
smooth measure p and every nonnegative test function f = f(x) € C*(M)

/]\4 Rpl(x?A)(l _pQ(ZU, /\))dlv“(a(x,)\)f(;g))dud)\ Z 0. (77)

Using condition (U) with R = max(||u1]|c, ||u2]|sc) we find the non-
negative function p(zr) € C'(M) and the smooth measure p such that
div#(a(z, \)p(x)) < 0 for a.e. (x,\) € M x [-R, R]. Putting f = p(z)
in (77) we conclude that pi(xz, \)(1 — pa(z,A)) = 0 a.e. on M x R ( we
remark also that this function vanishes for |A| > R ). Since the latter is
equivalent to the inequality ui(x) < us(z) a.e. on M, this completes the
proof.

Corollary 4. Under condition (U) a g.e.s. of (1), (2) is unique.

For the proof we apply the comparison principle for two g.e.s. uy(x),
ug(x) and derive that ui(x) < ug(z), us(z) < uy(z) a.e. on M. Thus,
u1(x) = us(x) a.e. on M, as required.

Corollary 5 (maximum principle). Assume that ¢; < up(z) < o a.e.
on S with some constants c1,c2 € R, and u(x) is a g.e.s. of (1), (2). Then,
under condition (U), c; < u(x) < cg a.e. on M.

Proof. Let us first show that a constant function u(z) = cis a g.e.s. of
problem (1), (2) with the same constant boundary data u,(z) = c. Indeed,

let i = (p,pup) be a pair of smooth measures and L > sup |az(x,u)|.
zeS,ueR
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Then by relation (10) for each f = f(z) € C*(M), f >0
| div*ate. ) f@)du+ L [ fa)dm =

M s
/S(au(x, A+ L) f(x)du, > 0.

Multiplying this inequality by the functions p(A)(1 — g(A)), (1 — p(X))g(N)
with p(A) = sign™ (¢ — A), ¢(\) € F and integrating over A\, we derive that
both conditions (55), (56) are satisfied, i.e. p(A) is a k.s. of the problem
(53), (54) with boundary function p, = p(A). By Theorem 4 this means
that u(x) = cis a g.e.s. of (1), (2) with u, = c.

Further, applying the comparison principle for the three g.e.s. u; = ¢y,
Uy = u, and uz = ¢y we derive from the assumption ¢; < u, < ¢y that
1 <u(r) <o a.e. on M, as was to be proved.

8 5. Some properties of kinetic sub- and super-solutions.

In this section we are going to prove the existence of the maximal k.sub-s.
and the minimal k.super-s. of the problem (53), (54).

Firstly, observe that if functions p;(A), p2(A) € F then

p1(A)p2(A) Smin(pi (A), p2(A)) Smax(pi(A), p2(A)) <p1(A) 0 pa(A).

Moreover if p;(A) = sign™ (u; — \), p2(A\) = sign™ (ug — A) then py(N)p2(N) =
sign (min(uy, us) — A), pr(A) o pa(A) = sign™ (max(uy, us) — A).

The following statement takes place.

Proposition 5. Suppose that pi(x, A),pe(x,\) be a pair of k.sub-s.
( k.super-s. ) of (53), (54) with boundary data pip(x, \), pap(z, A) € F(S5).
Then the function pi(x, A) o pa(x, X) ( respectively pi(z, N)pa(z,A) ) is a
k.sub-s.  (k.super-s.) of this problem with the same boundary function
(p16(, A) + pav(z, A)) /2.

Proof. Suppose that pi(z, A), p2(x, A) are k.sub-s. of (53), (54) with
boundary data pi(x, A), pep(x, A). Then, as is easily verified, for each z,y €
M, q(\) e F

(p1(@, A)opa(y, A))(1=q(A) = pa(y, A)(1=q(A))+p1(z, A) (1 =pa(y, A)og(A)).

By (10) and relation (61) for the k.sub-s. p; with ¢(\) replaced by ps(y, A) o
q(A), we arrive at

/M Rpl(x, A) o pa(y, \)(1 — qg(N)divE(a(z, A) f(z;y))du(x)d\ —
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/S Raﬁ(x, M ((P1)+(x, A) 0 pa(y, M) (1 — q(N)) f(z; y)dpy(w)dX > 0,

where f(xz;y) is nonnegative test function, which belongs C'(M) with re-

spect to each of variables x,y. Changing places of the variables x, y and the

k.sub-s. p1, p2, we obtain the similar relation

/M pilm A ooy, A1 = gW))divi(aly, \)f (2 y))dpuly)dr -

/s Ra‘_‘(‘y’ A)(p1(z, A) o (p2)-(y, M) (1 — q(N) f (25 y)dps(y)dA = 0.

The obtained relations allows us to apply the method of doubling variables,

in the same way as in the proof of Theorem 5, and produce the inequality

/]\4 RZH(ZE, )‘) Op2($7 )‘)<1 - Q(A»diV“(a(:U, A)f(x))d,ud)\ —

[ng ap(2, A)((p1)7 (2, A) © (p2)r (2, A)(1 = q(A) f(2)dpdA = 0

for all f(z) € CY(M), f(x) > 0.

Now, we observe that

((p1)r (2, A) 0 (P2)- (2, A)(1 = q(A)) = (p1)-(z, A)(1 = q(A)) +
(p2)7'($7 )‘)(1 - (pl)T(l', )‘) © Q()‘))

and, as follows from (65), for a.e. x € S

[ aa@ ) (01)e(:3) 0 a)ole V)1 = a0} +

L [ (e N1 = 000) + pu(e. V(1 = () (2. 3) 0 1) ) A 2

Now, remark that (p;),(z,A) o ¢(A) > q(\). Therefore

P1o(x, A)(1 = q(A)) 4 pau(, A)(1 = (p1)-(2,A) 0 ¢(A)) <
(P1s(2; A) + pan(, A)) (1 = q(A))

and (79) implies that
[ aste V0120 0 (2)- )1 = g(A)aA +
2L [ 5. 2) + pul V(1 - A 20,
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Integrating this inequality over the measure f(x)u, and then adding the
obtained inequality to (78), we arrive at

/M Rpl(x, A) o pa(x, A)(1 — g(N)divE(a(x, ) f(x))dud\ +
2L [ Sl )+ pale D)L - g @dmdA 20 (50)
SxR

Since (80) holds for each ¢(\) € F and all f(z) € CY(M), f(z) > 0 we
see that py(z,\) o po(z, A) is a k.sub-s. of (53), (54) with boundary data
(plb(xa >‘) +p2b(x7 )‘))/2

If pi(z,A), pa(z,A\) are k.super-s. then by Lemma 1 the functions
pi(z, A\), P2(x, A) are k.sub-s. of the problem (57) with boundary data
P, \), Pap(, A) respectively. As it has already proved, pi(z, N)opa(z, ) =
P1-p2(z,A\) is a k.sub-s. of (57) with boundary data (P, + p2p)/2 =
(p1y + pov)/2. By Lemma 1 again we conclude that pi(z, A)pa(z, A) is

a k.super-s. of the original problem (53), (54) with boundary data
(p1v(x, A) + pap(z, A))/2. The proof is complete.

We underline that in the above Proposition boundary data p, poy are
arbitrary functions from F(S). Suppose that in (54) py(z,A) € Fr(S).
Then the functions p;(z, ) = p1(A\) = sign™ (= R—\) and pa(x, ) = pa(N\) =
signt (R — ) are respectively a k.sub-s. and a k.super-s. of (53), (54).
Indeed, since p;, i = 1,2 do not depend on x this functions are k.s. of (53),
(54) with boundary data p;(A\) ( see the proof of Corollary 5 ). Therefore
for a pair i1 = (u, 1) of smooth measures and some constant L we have the
relations

[ 0 a0t )+
L/ p1(A) (1 = q(N) f(x)dupdA > 0;
SxR
/M R(l _pz(k))q(A)diVM(a(x,A)f(x))dud)\+
L/ (1 = p2(A)g(N) f(z)dppdA > 0
SxR

for each q(\) € F, f(z) € CY(M), f(x) > 0. From these relations and the
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obvious inequality p;(A) < pp(z, A) < pa(N) it follows that
| O = )i (atar ) f ) +
L/ po(z, A) (1 — q(N)) f(x)dupdX > 0;
SxXR
| (= )i (alar A f ) +
L[ (= ple )@ >
SxR

i.e. p1(A) is a k.sub-s. and po(A) is a k.super-s. of (53), (54), as required.

Remark also that, as follows from Proposition 5 for p = p(\) € F, the
functions p o p = 2p — p* and p? are kinetic sub- and super-solution of (53),
(54) respectively with the same boundary data p(\) while 2p — p* > p? and
2p — p* = p? only in the case when p(\) = sign™(k — \) with some k € R.
This demonstrates that the comparison principle is not satisfied for general
kinetic boundary data.

Let py(x, ) = sign™ (up(x) — N), up(z) € L>®(M). Obviously py(z,\) €
Fr(S) for all R > [jup|leo. We will call the k.sub-s. py(z,\) € Fr(M)
maximal (in the class Fr(M)) if pi(z,A) > p(x,\) for each k.sub-s.
p(x, \) € Fr(M). Analogously we define the notion of the minimal k.super-
.

We are ready to prove the following result.

Theorem 7. There exist the maximal k.sub-s. py(x,\) € Fr(M) and
the minimal k.super-s. p_(x,\) € Fr(M) of (53), (54). This functions
have the form py(z,\) = sign™ (uy(z) — N), p_(x,\) = sign™ (u_(z) — \),
uy(z) € L>(M).

Proof. Denote by K, the set of k.sub-s. p € Fr(M) of (53), (54) and
by K3, the set of k.super-s. p € Fr(M) of this problem. These sets are not
empty because, as was shown above, sign™(—R — \) € K5, sign™(R— \) €

K. We set for p = p(z,\) € Fr(M) I(p) = p(x, \)dpd,
M x[—R,R)]
where p is some smooth measure on M. Clearly, Iy = sup I(p) < I(1) =
pEK];

2Ru(M) < 400. Hence, one can find a sequence p, = p,(x,\) € K, r € N
such that I(p,) — Iy as r — oco. We construct the new sequence p, setting
p1 = p1, Pr = Pr—1 © p, for r > 1. Using Proposition 5 and induction in r
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we find that p, € K. Since p, = p,—1 o p, > max(p,_1,p,) we see that
Pra1 > Pr > py for all ¥ € N. In particular, I(p,) < I(p,) < Iy Vr € N. This
implies that I(p,) — Iy as 7 — oo. Further, by monotonicity of the sequence
Py and its boundedness from above ( p, < 1), there exists the point-wise

limit py (x,\) = lim p,(x, \) = sup p,(z, ). Obviously, p, (z,\) € Fr(M).
00 reN
Passing to the limit as 7 — oo in relations (55) corresponding to k.sub-s. p,

and taking into account that, by Remark 5, we can take constant L = L
in these relations, which is common for all » € N, we obtain that for each

4\ € F, f(z) € C (M), f(z) > 0
/M P ) (1 = a(N)div (a0 (@)dpdA +
L/ po(x, \) (1 —q(N)) f(z)dupdA > 0.

SxR

This means that p,(x,\) € K5. We have to show that p,(z,\) is the
maximal k.sub-s. For that, take an arbitrary k.sub-s. p(z,\) € K. Then
by Proposition 5 the function p(z, A) = pi(x, N)op(z, A) € K5 and p(x, \) >
max(py(z, ), p(z, A)). Since Iy = I(py) < I(p) < Iy we conclude that
I(p) = I(py). This implies that

/M g PN = P2 A dndA = 1) = () = 0.

Therefore, py(z,\) = p(x,A) > p(x,\) a.e. on M x R and py(x,N) is
the maximal k.sub-s. By Proposition 5 we see that p, opy € K. Since
pr o py > py then in view of maximality of p, we conclude that p, o
py = py, i.e. pi = (py)? This implies that p, necessarily has the form
p+(, A) = sign™ (uy(x) — A).

Existence of the minimal k.super-s. p_ easily follows from Lemma 1.
Actually p_ = p/, (z, ) = sign™ (u_(x) — \), where p/, is the maximal k.sub-
s. of the problem (57). Clearly, functions uy(x) € L¥(M), ||ut]e < R.
The proof is complete.

From Theorems 7 and 4 we derive the following

Corollary 6. The function u, (z) is the mazimal g.e.sub-s. of (1), (2)
and the function u_(x) is the minimal g.e.super-s. of this problem among
functions from the ball ||u|l. < R.
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As will be established in the next section, functions u4 are in fact g.e.s.
of (1), (2). Remark that the similar result was established in [18, 19] for
locally integrable g.e.s. of the Cauchy problem in the half-space t > 0 ( in
the situation when the uniqueness of g.e.s. may be violated ).

Generally, the functions uy depend on R. For instance, consider the
Dirichlet problem for equation (50) from Example 3 with zero boundary
data. Then, as one can easily verify, u™(z) = 0 for r > ry while u*(z) = R
for r < ry.

§ 6. The existence of k.s.

We will study even more general nonhomogeneous transport equation

<CL(CIZ,)\),p> - —H(:C,A,p), p:p(:c,)\), (81)

where H(z, A, p) is a measurable function on M x R x [0, 1] satisfying the
following properties:

H(z, A sign™(=\)) =0 for [\| > R; (82)
vp17p2 S [07 1]:]71 Z D2 O S H(x7)\7p1> - H(.CE', >\7p2) S C(pl _p2)7 (83)
Vpel[0,1] 0<p—cH(xz,\,p) <1. (84)

Here R,C,e are some positive constants, and R > ||upl/co. From (84) it
follows that for p € [0, 1]

0<p—0H(z,\,p) <1 Voe€0c¢]. (85)

Indeed, that is readily derived from the relation

E—0 )

p—0H(xz,\,p) = p+g(p—€H(af,A,p))-

€
We need the notion of a measure valued function.
Let (£2, M, 1) be a measure space, so that j is a measure on a o-algebra
M in X. We recall ( see [6, 25] ) that a measure valued function on {2 is a
weakly measurable map x — v, of  into the space Probg(R) of probability
Borel measures with compact support in R.
The weak measurability of v, means that for each continuous function

g(u) the function = — (g(u), v, (u)) = /g(u)dum(u) is measurable on ).

We say that a measure valued function v, is bounded if there exists
R > 0 such that suppr, C [—R, R] for almost all x € 2. We shall denote
by ||Vz||e the smallest of such R.
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Finally, we say that measure valued functions of the kind
Ve(u) = 0(u —u(x)), where u(z) € L>(Q) and §(u — u*) is the Dirac mea-
sure at u* € R, are regular. We identify these measure valued functions
and the corresponding functions u(x), so that there is a natural embedding
L>(Q2) € MV (), where MV (£2) is the set of bounded measure valued func-
tions on (2.

Measure valued functions naturally arise as weak limits of bounded se-
quences in L*(£2) in the sense of the following theorem of Tartar ( see
25) ).

Theorem T. Let u,,(z) € L=(2), m € N be a bounded sequence. Then
there exist a subsequence u,.(x) and a measure valued function v, € MV (Q)
such that

vg(u) € C(R) glur) — (g(u),vu(w))  weakly-+ in L>(Q).  (86)
Besides, v, is reqular, i.e. v, = §(u—u(x)) if and only if u,.(x) Tjoou(a:) in
Lioe(€)-

More generally, if g(z, u) is a Caratheodory function bounded on the sets
Q x [-R, R], R > 0 then for each r € N the functions g(x, u,(x)) € L>*(Q),
[ g(x,u)dv,(u) € L>=(2), and

g(x,u(x)) — (g(x,u),ve(u)) = /g(m,u)dux(u) weakly-+ in L>°(0Q2).
(87)
This follows from the fact that any Caratheodory function is strongly mea-
surable as a map x — g(z,:) € C(R) (see [9], Chapter 2) and, therefore,
is a pointwise limit of step functions g,,(x,u) = > Ly () hyi(u) so that for
1EQ gulw,) — g(x,) n O(R).
As was shown in [14] ( see also [15] ), for a measure valued function v,
we can introduced the function

p(z,s) =inf{v|v.((v,+00)) < s}

such that the measures v, is an image of the Lebesgue measure ds on (0, 1)
with respect to the map s — p(x, s): v, = p(x,-)*ds. Moreover, the function
s — p(x,s) is a unique non-increasing and right-continuous function with
the property v, = p(x,-)*ds. As is easy to verify ( see [14, 15] ) p(z,s)
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is measurable on  x (0,1), p(z,s) € L>®(Q x (0,1)), and [|p|lecc = ||Va]]0o-

Observe also that p(z,s) = u(x) for a regular function v, ~ u(z). By the
1

identity v, = p(z,-)*ds we have /g(x,u)dyx(u) = / g(x,p(x,s))ds for
each Caratheodory function g(x,u). Therefore, the hﬂ(l)it relation (87) can
be rewritten as follows

g(x,u.(x)) = g(x,p(x,s))ds  weakly-* in L*(Q). (88)
Remark that the function p(zx,s) was used in [14, 15] in the definition of a
strong measure valued solution for a scalar conservation law. In [16] the in-
teresting connection between strong and statistical measure valued solutions
was found.

The function p(z, s) was called later in [8] a bounded measurable process
on (2 ( if to be exact, the non-decreasing version of p was used in [8] instead ).
We will use a shorter name a process in the sequel. Hence, a process on (2 is
a function p(z,s) € L>(Q x (0,1)), which is non-increasing and continuous
from the right with respect to s. Clearly, correspondence v, = p(z,-)*ds
between processes and measure valued functions is one to one.

Now we introduce the notions of a kinetic process solution to problem
(81), (54). We will consider the space 2 = M x R as a measure space
endowed with Lebesgue o-algebra and measure p X dA on it, where p is a
smooth measure on M.

Definition 5. A process p(x, A, s) on M x R is called a kinetic process
sub-solution ( super-solution ) of (81), (54) if p(-,s) € Fr(M) for some
R > 0 and each s € (0,1), and the following relations similar to (55) and
(56) are satisfied: Vq(\) € F, Vf(z) € CY (M), f(z) >0

/M o) [p(z, A, s)divH(a(x, ) f(x)) — H(x,\, p(z, A, s)) f(z)] X

(1 — q(\)dudAds + L / P, N (1 — q(\) f(2)dpwdA >0 (89)

SxR

and, respectively,

/M (0 1)[(1—19(.7:,)\,8))divl‘(a(x,)\)f(a:))—l—H(ZL',)\,p(:E,)\,s))f(x)] X

q(A)dpdAds + L/S R(l = pol, A))q(A) f () dppdA = 0. (90)
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Here L is a sufficiently large constant, g = (u, ) is a pair of smooth
measures on M and S.

We call p(z, A, s) a kinetic process solution of (81), (54) if it is a kinetic
process sub- and super-solution of this problem simultaneously.

In the case when p(z,\,s) = p(z,\) € F(M) (that corresponds to
the regular measure valued function v,y ~ p(z, \) relations (89), (90) are
reduced to the following ones:

/M R[p(:c, Ndiv (a(z, \) f(z)) — H(x, N\, p(z, \)) f(x)] %

(1—MMMMM+LA¥¥M%MO—@QDﬂ@WWM20 (91)

and, respectively,
A4Q“—W@%VNWWM%AV@W+fﬂ%%p@ADﬂ@p<

oWdpdd+ L [ (= e M) = 0. (92
X

In this case we call p(x, \) a kinetic sub-solution and, respectively, a kinetic
super-solution of (81), (54). If p(x, A) is a kinetic sub- and super-solution
simultaneously it is called a kinetic solution.

Observe that in the case when the function p — H(x, A,p) is linear
and p(z, A, s) is a kinetic process sub-solution (super-solution, solution) of
(81), (54) the function p(x,\) fo x, A\, s)ds is a kinetic sub-solution
(respectively - super-solution, solutlon) of this problem.

We are going to prove the existence of a kinetic process solution of (81),
(54). For that, we consider the following equation

(a(z, A),p) = —r(p — P(kep)) (2, A) — H(z, A, P(krp) (2, A)) (93)

containing the relaxation term —r(p — P(k,p)) with parameter » € N. Here
the sequence k, € (0,1) is such that (1 — k,) — 0 as r — oo; Pw(x, \) =
(Pw(x,-))(N), where P : L*([~R, R]) — Fpgis a projection operator onto Fg
so that for w = w()\) € L*([—R, R]) Pw = Pw(\) € Fg and |jw — Pw||y =
516111511; |w — q||2. Here the constant R > 0 such that p, € Fr(S) is taken from

condition (82).
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Since Fj is a convex closed subset of the Hilbert space L?([—R, R]) the
projection P is well-defined, and

gq=Pw & g€ Fr and (w—¢q,p—q)2 <0 Vp € Fk. (94)

Any non-increasing function g(A) on [—R, R] such that 0 < ¢(\) < 1 are
assumed to be extended on R by equalities g(A) = 1, A < —R; g(\) = 0,
A > R and will be considered as an element of Fr ( obviously, after an
improvement on a set of null measure it becomes also right-continuous ).

We will need some properties of the projection. It is useful to intro-
duce the projection P : L*([—R, R]) — Fg, where Fj is a cone of all non-
increasing functions from L*([—R, R]).

Lemma 2 (properties of P).

a) |Pv — Pwl||y < ||v — wl|y for all v,w € L*([-R, R]);

b) if v < w then Pv < Pw (monotonicity);

¢) |Pv — Pwl|ls < ||v — w||so for all v,w € L®([—R, R));

d) (v— Pv,q)s <0Vq € Fg, (v— Puv, Pv)y = 0;

e)if 0 <wv<1 then Pv = Pu.

Proof. By condition (94) (with P, Fg replaced by P, E) we have
(v— Pv, Pw—Pv)y < 0, (w—Pw, Pv— Pw), < 0. Putting these inequalities
together, we arrive at (v — w, Pw — Pv)y + ||Pv — Pwl||} < 0. Thus, ||Pv —
Pw|? < (v —w, Pv — Pw)y < ||[v — wl|3]|Pv — Pwl|3, which readily implies
a).

To prove b), suppose firstly that v < w a.e. on [—R, R]. Taking in
the inequalities (w — Pw,q — Pw)y < 0, (v — Pv,q — Pv)y < 0 a function
¢ = max(Pv, Pw) and ¢ = min(Pv, Pw), respectively, we obtain that

(w — Pw, (Pv — Pw)"), <0, —(v— Pv,(Pv— Pw)"), <O0.

Putting together these inequality, we find that

/_R(w —v)(Pv — Pw)td\ = (w — v, (Pv — Pw)™), <

(Pw — P, (Pv— Pw)*), = /_ (Pu=Pu)(Pu—Pu)tan <

and since w — v > 0 a.e. on [—R, R] we conclude that (Pv — Pw)* = 0
a.e. on [—R, R], i.e. Pv < Pw as required. In general case when v < w we
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replace w by w, = w + 1/r, r € N. Then v < w, and, as we have already
proved, Pv < Pw,. It is clear that w, — w as r — oo in L*([~R, R])
and in view of a) this implies that Pw, — Pw in L*([-R, R]) as r — oo.
Therefore, we can pass to the limit in the inequality Pv < Pw, and derive
the desired result Pv < Puw.

Now, suppose that v = v(\), w = w(A) are bounded and C' = ||v — W || 0.
Then w — C < v < w+ C ae. on [-R, R] and by b) P(w — C) < Pv <
P(w+C) a.e. on [-R, R]. Now observe that the cone Ff is invariant under
the transformations v — v & C, therefore P(w + C) = Pw 4+ C. Thus,
Pw—C < Pv < Pw+C a.e. on [—R, R]. This means that | Pv—Puw||s < C,
as was to be proved.

To prove d), observe that by (94) we have (v — Pv,q); = (v — Pv,q +
Pv — Pv), < 0. Putting in (94) p = c¢Pv with ¢ > 0, we obtain that
(c—1)(v—Pv, Pv)y < 0 Ve > 0. This obviously implies that (v— Pv, Pv), =
0.

Finally, if v = v(\) is such that 0 < v < 1 a.e. on [—R, R] then by c)
0= P0< Pv<Pl=1. Hence Pv € K C Kg. Obviously, this implies
that Pv = Pv. The proof is now complete.

Remark 6.

1) Since constant functions belongs to Fr we derive from assertion d)
with ¢ = +1 that (v — Pv, 1), = 0 that is [*" v(A\)d\ = [T, Pu(\)d);

2) Properties a)-c) are satisfied also for the projection P. Proofs of a),
b) are exactly the same as in Lemma 2. To prove c¢), it is sufficient to show
that P(w + C) < Pw + C for C' > 0. Indeed, then from the inequality
w—C < u<w+ C it follows that Pw —C < Plw —C+ C) —C <
P(w—C) < Pu<P(w+ C) < Pw+ C and we conclude as in Lemma 2.

To establish the inequality P(w + C) < Pw + C we consider relations
(94)

(w+C—-Plw+C),p—Plw+C))s <0, (w— Pw,p— Pw)y <0Vp € Fg

and put in the first inequality p = min(Pw+C, P(w+C)) and in the second
one p = max(Pw, P(w + C) — C) ( as is easy to see the both functions
p € Fr ). This yields the inequalities

—(w+C—=Plw+C), (Plw+C)—Pw—C)")y, <0,
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(w— Pw,(Pw+C)— Pw—C)") <0

Putting them together, we arrive at
(P(w+C)— Pw—C,(Plw+C)—Pw—C)"), <0.

This implies that (P(w+ C) — Pw—C)" =0,ie. P(w+C) < Pw+C, as
required.

It is important that our projection operator is a contraction not only in
L? but also in L*. In BGK-like approximations, usually applied in kinetic
models ( see [10, 12, 24] ), the corresponding operators do not satisfy this
property.

In approximate equation (93) we need to be sure that P(k.p)(x,\) €
L>(M x R). This is proved in the following lemma.

Lemma 3.  Suppose that w(zx,\) € L*(M x [—R,R]). Then the
function q(x, \) = (Pw(z,-))(\) € L®(M x [-R, R]) as well.

Proof. Since w(z,\) € L*(M x [—R, R], u X d)\) for a smooth mea-
sure ¢ on M the map x — W(x)(\) = w(z,A) belongs to the space
L*(M,X), where X = L*([-R,R]). In view of Lemma 2,a) and Re-
mark 6 the projection P is a continuous operator on X. Therefore,
Q(z) = PW(x) € L?*(M,X), which implies that ¢(xz,\) = Q(z)(\) €
L*(M x [—R, R]). Since Q(x) € Fr we see that 0 < g(z,\) < 1. Therefore,
q(z,\) € L>®(M x [—R, R]). The proof is complete.

We will understand solutions p = p(z, A) € L>(M x R) of (93) as weak
solutions of the nonhomogeneous transport equation on M x R

{a(z, \),p) +rp=h(x,\)

with the source term h(z, \) = rP(k,p)(x,\) — H(x, \, P(k.p)(z, A)). Here
a(x, A) may be considered as a vector field on the manifold M x R (tangent
to layers M x {A}). Let @ = (u, ip) be a pair of smooth measure on M and
S, ap(x,N) = (ng(x),a(r,\)) be a normal trace of the field a(-, ) on the
boundary S. We introduce the set

D_={(z,\) €S xR |azz,\) <0}

As is easy to see this set is open in S X R and does not depend on the choice
of 1. We will say that p(z, \) € L*°(M x R) is a weak solution of (93) if for
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all f(z) € Cj(Mp) and g(\) € L'(R)
/M Il Adiv*(alz, ) f (@) + bz, A f(2)lg(Ndpdd = 0. (95)

As is easy to verify, passing to local coordinates, p(x, \) is a weak solution of
(93) if and only if it (after an improvement on a set of null measure in M xR,
if necessary) satisfies the equation p + rp = h along the characteristics.
We will suppose also that a weak solution p(x, \) satisfies the boundary
condition
p(z, \) = pp(xz,\) on D_ (96)

in the strong sense.

Denote z(s) = z(s;y, ) a characteristic passing through y € M, for
s = 0. Thus, x(s) is the unique solution of ODE & = a(z,\) on M with
Cauchy data x(0) = y. This solution is defined on some maximal interval
s € (a(y,A), B(y,A)) 2 0. Since along the characteristic z(s) = xz(s;y, \)

o= plals), \) + rpla(s), ) = ha(s), ) (97)

then, solving this ODE and taking into account condition (96) if a(y, A) >
—o00, we obtain the formula

0
Py X) = ilaoly e 5 [ e Tha(e) Nds, (99
a(y;A)
where xo(y, A) = z(a(y, A)). Remark ( see the proof of Proposition 4 ) that
in the case of finite @ = a(y, ) the characteristic x(s) is defined at s = a,
and zg = z(a) € S. If a(y, \) = —oo then we define

0
p(y, \) :/ e "*h(x(s), \)ds, (99)
so that p(y,\) = p(0), where p(s) is a unique bounded solution of (97).
Since h(z(s),\) is a bounded function the integral in (99) exists. Both
formulas (98), (99) hold for a.e. (y,A) € M x R such that the function
h(z(s;y, A), A) is well-defined for a.e. s € (a(y, A),0).

Remark that the function h depends on p and (98), (99) are integral
equations with the unknown p = p(z, \). Let us show that these equations
admit a unique solution.
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Theorem 8. For sufficiently large r € N there exists a unique solution
p(z,A) € L®(M x R) of integral equations (98), (99). Moreover, 0 <
p(x,\) <1 and p(x, \) = sign™ (=) for |\| > R.

Proof. We take r > max(C,1/¢e), where C, ¢ are the constants from
conditions (83), (84). Let q(x, \) € B, where B is a closed subset of L (M x
R) consisting of functions ¢ = ¢(z, \) such that 0 < ¢ < 1, ¢ = signt(—\)
for |[A| > R. Define the function p(x, \) by identities (98), (99) but with the
function h(x, \) = rP(k.q)(x, \) — H(z, X\, P(k,q)(x, \)) instead of h:

p(y, A) = py(wo(y, X))@ + / e "*h(x(s), \)ds (100)

a(y,A)
if a(y,\) > —o0;
0
p(y, \) = / e "*h(x(s), \)ds, (101)
if a(y,\) = —oo. The function p = p(y, ) is defined a.e. on M x R.

Since h(z,A) = r[P(k,q) — 1H(z, X, P(k,q))] and 1/r < ¢ it follows
from (85) that 0 < h < r. This and the condition 0 < p, < 1 imply that
0 < p < 1. Indeed, in the case of (100)

0
0 < p(y,\) <erewN 4 7’/ e "Pds =1,
a(y,A)
while in the case of (101)
0

0<py,\) < T/ e "ds = 1.
If |\| > R then py(x, ) = sign™(=\), h(z,\) = rsign™(—\) with account
of (82) and the both equalities (100), (101) yield that p(x, \) = sign™(=\).
Thus, p(z, \) € B.
The correspondence ¢ — p = T'q define an operator T on B. Let us
show that this operator is a contraction. Indeed, since 0 < k,q < 1 we

derive from Lemma 2,e) that P(k,q) = P(k,q). Then from Lemma 2,c) ( or
Remark 6 ) it follows that

||P(Hrq1) - P(K’T'q2)HOO S K’T‘HQI - QZHOO

for each ¢1 = q1(z, \), g2 = ¢2(x, A) from B. Now we fix (x,\) and denote

v; = P(krq;)(xN), hy = rv; — H(z,\,v;), © = 1,2. Suppose for definite-
ness that v; > ve. Then by (83) and the assumption r > C' we have
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0< %[H(x,)\,vl) — H(z, A\, v9)] < (v1 — vg). Since hy — hy = r(vl — Uy —
L(H(z, X\ v)— H(z, )\,vz))> we derive that 0 < hy — hy < 7(v; — v3). Thus,

[ha(2, A) = ha(2, N)| < 7P (k@) (@, A) = Prrge) (2, N)] < ricllar — g2 .

Let p; = T'q;, i = 1,2. Then, by equalities (100), (101) for a.e. (y, \)
0

p1(y, A) — p2(y, )| g/ ey (2(5), ) — ha(z(s),\)|ds <

a(y,\)

0

ol = ol [ s < slln — el
a(y,\)

Hence ||p1 — pallee < Krllgi — @2]| and since k, < 1 the operator T is

a contraction on B. By the Banach theorem there exists a unique fixed

point p = p(z,\) € B of T. Then p(z, \) satisfies (98), (99). The proof is

complete.

It is natural to consider the function p(x, A), constructed in the above
theorem, as a weak solution to the approximate problem (93), (96). Now
we fix a pair of smooth measures @ = (u, ) and take L = L; =
SUD,es5.uer |0 (7, u)|. Let p(z, A) be a weak solution of (93), (96).

Proposition 6. For a.e. A € R for each f(x) € CY (M), f(z) >0
[ (bl Vit ale 7)) = F@) (ol 0) ~ Plrsp)la ) +
HGe. A PGsp) e M+ L [ a2 (@), > 0; (102)
| A=l )i (a7 ) @) (o )= P, )+

H(w, A, Plrop) (2, )] bp + T /S (1 oz, \) F(@)dp > 0. (103)

Proof. We denote
Qz, A) =r(p(z, ) — P(rep)(x, A)) + H(z, A, P(krp)(z, A)).

Since for a.e. A € R the function p(x, \) satisfies (97) along characteristics
x(s;y,A) ( for almost all y € M ) it is a weak solution of the transport
equation (a(z,\),p) = —Q(z, \). Therefore, for each f(x) € C§(My)

/M (e Ndiv (a(e, N F () — F(2)Q(, Ayt = 0.

54



By Proposition 1 we see that v(x) = p(x, A\)a(x, \) is a divergence measure
field. Therefore, there exists its weak normal trace v;(z) on S, and by
Corollary 1 for each f(z) € CY(M), f(x) >0

| vl Ndiv a5 @) ~ F@)Q N~ [ vio)f (@) > 0
. ’ (104)
(in fact, as follows from (22), the left-hand side of this relation even equals
0 ). Passing to local coordinates and using (98) and (19) and the fact that
p > 0 we find that vz (x) = az(z)ps(z, A) > —Lpy(z, A) for a.e. x € S, such
that az(z, A) < 0 while vz(z) > 0 for a.e. « € S such that az(x,\) > 0. In

any case we have v;(x) > —Lp,(x, A) a.e. on S and (104) implies (102).
In order to prove (103), we observe that ¢ = (1 — p(z,\)) is a weak
solution of the equation (a(z,\),q) = @Q(x,A). Repeating the arguments,
used for the proof of (102), we readily derive (103). The proof is complete.

Corollary 7. For any q(\) € F and each f(x) € CY(M), f(x) >0
[ a0 ol vt 0 0) - 110)

H(x,\, P(k,p)(x, \)) }dudA+ L / po(x, A)(1—q(N)) f(z)dupd\ >

SxR

/M R f(@)r(1=k,)p(z, A)(1 — q(A))dudr; (105)
/M RQ(A){(l—p(x,)\))divﬂ(a(x, A () + fz) x

H(z, A, P(sp) (2, \) dpdA+ I / O (1= po (s A) F () dpapdA >

SxR

_ /M o F@r (e Ngdd. (106)

Proof. By Theorem 8 the function p(z, A) € B and Lemma 2,e) yields

P(k.p)(xz,\) = P(k,p)(z, A). It is clear also that p(z, \) — P(k,p)(z,A) =0
for |[A\| > R. Using Lemma 2,d) and Remark 6,1) we find that

R

[ 0= el - Plep) ix = [ (1)1 =a(N)pler A+

—-R

/_ (1= () (e, ) — Psp) (2, A))AA > / (1= k) (1—g(A)p(z, A)dA,

R —R
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R

[ a0t — Pl ar = | (1= R gl i+

R
| apt@ ) - Plep)e ir < [ (1= k)a(Wpla, N
—R —R

Integrating (102), (103) over the measures (1—gq(\))dA, g(N\)dA, respectively
and taking into account the above inequalities, we obtain (105), (106).

Now, we are going to pass to the limit as r — oco. Denote by p,(x, \)
the weak solution of (93), (96). Let g.(x, \) = P(k,p,)(x, A).

Lemma 4. As r — o0 p, —q, — 0 in L*(M x R).

Proof. For a.e. A € R p=p,(z,)) is a weak solution of the transport
equation {(a(z,\),p) = —r(p—q) — H(x, A\, q) with ¢ = ¢.(x, \). Recall that
the field a(x, \) is smooth. Then by the known renormalization property
( see for example [7] ) p? is a weak solution of this transport equation but
with the source term 2p(—r(p — q) — H(x,\,q)). Hence, (a(z,\),p?) =
—2rp(p — q) — 2pH (x, A, q) in the sense of distributions on M, i.e. for each
test function f(z) € C3(Mp)

/M 72 \)div (e, N) () — 20 (e AV, s (e N)) ()]t =
2r /Mpr<x7 )\)(pr(l", >‘) - Qr(x7 )\))f(x)d,u

Integrating this equality over A € [—R, R] and taking into account the
uniform estimates 0 < p, < 1, |H(z, )\,qr)\ < 1/e (the latter follows from
(84)), we find that Vf(z) € C}(My), f(x) >

27“/ pr(z, N) (P (2, A) — ¢ (2, X)) f(2)dpd =
Mx[—R,R]
/M RA [p2div*(a(z, \) f(z)) — 2p, H(z, A, ¢) f ()]dudX < Cy,  (107)

where Cf is a constant independent of r. Now, observe that

/_Rpr(a:, N (Pr(x, A) — ¢ (2, X))dA = /_R(pr(% ) — g (2, \))2dA +

1=n) [ paNa @ N+ [ g p ) - gl A)ix

-R —-R
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Since ¢, = P(k.p,) = ﬁ(/ﬂrpr) we derive from Lemma 2,d) that the last
integral vanishes. Therefore,

R

R
/ (pT(x,A)—qr(x,A))QdAS/ (@, N (pp(, N) — qo (2, X))dA.

—-R —-R

Integrating this inequality over M and taking into account (107) we arrive
at

r—00

/M R(pr(xa )‘) - QT(SC, A))zf(x)dlud)\ < Cf/(QT’) 0

We also use that p,.(z, ) — g.(z, A\) = 0 for |A\| > R. The obtained estimate
and the fact that ||p, — ¢.|| < 1 imply that p, — ¢, — 0 in L?*(M x R), as
was to be proved.

Since the sequence p,, r € N is bounded in L*(M x R), 0 < p, < 1
there exists a subsequence ( still denoted by p, ) and a process p(z, A, s) on
M x R such that p, — p in the sense of relation (88):

1
glx, \,pr(z,N)) — g(x, \,p(z, A\, s))ds  weakly-x in L=(M x R)
r—oo J
(108)
for every Caratheodory function g(z,\,p) on M x R x R. As is easy to
verify, 0 < p(x, A, s) < 1. Further, from Lemma 4 it follows the relation
1
gz, A, ¢ (x,N) — glx, \,p(x, X\, s))ds  weakly-x in L>°(M x R),
rT—00 0
(109)
i.e. ¢, converges weakly as r — oo to the same process p. From relations
(108), (109) in particular follows that p,.,q. — p(z,\) = folp(a:,)\,s)ds
weakly-+ in L>(M x R). Since ¢,(xz,\) € Fr(M) and Fr(M) is a closed
convex subset of L>(M x R) the weak limit p(x, \) € Fr(M). Let us show
that, more generally, p(-,s) € Fr(M) for all s € (0,1).

Lemma 5. For each s € (0,1) p(-,s) € Fr(M).
Proof. Let v, € MV(M x R) be the limit measure valued function
of the sequence ¢.(x,\) in the sense of Theorem T. Then

p(x, A, s) =inf{v| v, ((v,4+00)) < s} =inf{v|{g(u), vz a(u)) <s

for each nondecreasing continuous function g(u) < sign™(u — v) }. (110)
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Since (g(u), vy (u)) is a weak-* limit of the sequence ¢(g.(z,\)) and all

these functions are non-increasing with respect to A, the same is true for

the limit function (g(u), v, x(u)). From (110) it then follows that p(x, A, s)

is non-increasing with respect to A. Observe also that 0 < p(z,\,s) < 1

and p(z,\,s) = sign™(=\) for |A\] > R because this property holds for

all functions ¢,(x, \). We conclude that p(z,\,s) € Fr(M) for all fixed
€ (0,1).

We are ready to prove the existence of a kinetic process solution.
Theorem 9. The process p(x, \, s) is a kinetic process solution of (81),

(54)-
Proof. It remains only to establish relations (89), (90). By Corollary 7
for any q(\) € F and each f(z) € C*(M), f(z) >0

/M R(l—Q(/\)){pr(x,)\)divﬂ(a(aj,)\)f(x)) — f(2) %

H(z, X, g, (2, N)) }dpd A+ L / P, \)(1—g(N) f () dpdA >

SxR

MX—R.H] f(l')?“(l—lir)]%«(x, )\)(1 _ QO\))d/Ld)\;

/M A =pr(, )div# (a(z, A) f(2) + f ()

H(w, ), o (2, \)) bpudA+ L / 4O (L= py(, V) () dpudA >

SxR

- /M o @ Rpez g

Passing in this inequalities to the limit as r — oo with account of (108),
(109) and the relation (1 — k,.) — 0, we arrive at (89), (90).

Corollary 8. There exists a k.s. p(x,\) € Fr(M) of the problem (53),
(54).

Proof. We choose the function H(z, A, p) = 0. Obviously, this function
satisfies all assumption (82) (84). In this case (89), (90) reduce to (55), (56)
with p = p(x, \) fo x, A\, s)ds. Thus, p(x,\) € Fr(M) is a k.s. of (53),
(54).

From Corollaries 8,3,4 we readily deduce the following
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Corollary 9. If condition (U) is satisfied then there exists a unique
g.e.s. of (1), (2).

But our aim is to prove the existence of g.e.s. without assumption (U).
By Theorem 7 there exist the maximal k.sub-s. p(z, \) = sign™ (u, () —\)
and the minimal k.super-s. p_(z,\) = sign®(u_(z) — \) of (53), (54),
uy(z) € L*¥(M), ||utlleo < R. We will establish that the functions u.(x)
are actually g.e.s. of (1), (2). In view of Theorem 4 it suffices to establish
the following result.

Theorem 10. The functions p+(xz, \) are k.s. of (53), (54).

Proof. We introduce the function H = Hy(x,\,p) =Il(p —p_(x,\))™,
where [ > 0. This function satisfies assumptions (82)-(84) with constants
C' =1, e = 1/I. For instance (84) follows from the evident equality p —
(p—p_)* = min(p,p_). By Theorem 9 for each | > 0 there exists a kinetic
process solution p;(x, A, s) of the problem (81), (89) with the indicated H =
H, such that p(-, s) € Fr(M) for all s € (0,1). Denote

1 1
m(x, \) = / p(z, N\, s)ds € Fr(M), Hy(x,\) = / Hi(z, A\, pi(z, A, s))ds.
0 0
Then in view of (89) for all ¢(\) € F' and each f(x) € C'(M), f(z) >0
e Vv (ot A)f(a) = Hiar, NF (@)1 = g(A))dudA +
MxR
L[ pe) = a0 @)y 2 0. (111)
SxR
From (111) it follows, in the same way as for kinetic solutions, the existence

of a weak trace (p;),(z, A) at the boundary, and the relations like (61), (65):
for each ¢(\) € F and all f = f(z) €e CY(M), f >0

/MxR[@(‘”’ Ndiv*(a(x, ) f () = Hi(w, A) f(2)](1 = q(A))dpd) —
/SXR ai(x, N)(Pr)=(z, M) (1 = ¢(N)) f(2)dppdA > 07 (112)
forae. 7 € S Vg(A) € F
/a‘_”(x’ A (Pr)(2, A1 = g(A)dA+ L/pb(% A) (1 —q(A\)dr>0. (113)
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Since p_(z, \) is a k.super-s. of (53), (54) relations (64), (66) hold: for each
q(\) € Fand all f = f(z) e CY(M), f>0

[0 o ) div (o, ) ) ~
M xR
| anle N = () ) (@i = 0 (114
SxR
forae. €S Vg(\) € F
[ aae ) = e Mg+ L (1= il )a)dr = 0. (115)
Now, we apply the doubling variable method in the same way as in the proof
of Theorem 5, namely we use (112) for ¢(A) = p_(y, A) and (114), written
in variables (y, ), for ¢(\) = pi(x,A). Putting the obtained inequality
together and applying the result to the test function f(z;y) = f(x)d,(y—=x),

we obtain in the limit as ¥ — oo ( with account of (113), (115) as well )
that

/M R[ﬁl(ﬂf,)\)divﬂ(a(ﬂf,)\)f(ilf))—lf[l(a:,)\)f(;c)](l_p_(x7/\>)dud)\2
_L/ po(z, ) (1 = py(x, N)) f(z)dppd = 0. (116)
SxR

Since p_(x, \) takes only values 0,1 and p;(x, A, s) € (0,1) we have
1
Hile.N) =1 [ (o 2s) = p- (o 2) ds =
0

! / pi(e, A, $)(1 = p_ (2, \)ds = (e, AY(1 = p_(z, A).

Therefore, (116) acquires the form ( we use also that (1 — p_(z,)))? =
1 - p- (CC, )‘) )

| e N = oo V)i (ol N F () = L (@)dpdA 2 0.

MxR

Taking f(z) = 1 we derive that H;(x, \)p;(z, \)(1 — p_(x,\)) = 0 a.e. on
M x R for each | > maxys«[—g g div”a(z,A). This means that p;(z,A) <

p_(z,\). Since H; = 0 for such [ we derive from (89), (90) that p; is a
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k.s. of the homogeneous problem (53), (54). Recall that p_ is the minimal
k.super-s. of this problem. Therefore, p_ < p;. This, together with the
inverse inequality p; < p_ yields p_ = p;. Hence, p_ =p_(z,\) is a k.s. of
(53), (54), as was to be proved.

The fact that the maximal k.sub-s. p,(z,\) is also a k.s. follows from
Lemma 1. This statement can be also proved by the same arguments as
above with using H; = —l(py(z,\) —p)*.

Thus we proved the following general result.

Theorem 11. There exists a g.e.s. u(x) of (1), (2). Moreover, for each
R > ||up||so there exist the unique mazimal g.e.s. uy(x) and minimal g.e.s.
u_(x) among g.e.s. with norm ||u|l. < R.

We conclude the paper by some remarks.

1) All the result of this paper can be generalized for the case of non-
smooth fields a(x, A). For that, we have to utilize the well-posedness theory
for transport equations with coefficients from Sobolev or BV classes devel-
oped in [7, 1]. We also can treat the case of non-compact manifolds. Of
course, in this case some additional assumptions on the vector field a(zx, \)
are required;

2) In the case of the Cauchy problem (44), (45) one could use the more
elegant L? kinetic formulation of strong measure valued solutions developed
in [20, 21].
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