CAR-FOLLOWING AND THE MACROSCOPIC AW-RASCLE TRAFFIC FLOW
MODEL

MARTE GODVIK AND HARALD HANCHE-OLSEN

ABsTrRACT. We consider a semi-discrete car-following model and the macroscopic Aw—Rascle
model for traffic flow given in Lagrangian form. The solution of the car-following model converges
to a weak entropy solution of the system of hyperbolic balance laws with Cauchy initial data.
For the homogeneous system, we allow vacuum in the initial data. By using properties of the
semi-discrete model, we show that this solution of the hyperbolic system is stable in the L-norm.

1. INTRODUCTION

We consider a semi-discrete model for traffic flow proposed by Aw, Klar, Materne and Rascle in

[1], 1
() = F; (v () — vR (1))

wp(t) = R (2 (1), wi (1))
The functions 72 (¢) and vJ(t) are the inverse density (the distance to car k + 1) and velocity of car
k, respectively. The Lagrangian position of car k£ on the roadway is y = kd for some § > 0, and ¢
denotes the time variable. The function @ is a “pressure” function and R is a relaxation term.
After investigating the above model, we show that the solution converges to a weak entropy
solution of the macroscopic Aw—Rascle model for traffic flow [2] as & — 0. This model is a system
of hyperbolic balance laws. In Lagrangian form the system is given as

where wl = v9 + Q(70). (1)

Tt — vy =0 ) )

th(T,w)} where w = v + Q(7), (2)
7(y,t) and v(y,t) are the inverse density and the velocity of cars on the roadway, and y € R and
t € RT are the Lagrangian mass and time variable, respectively. For simplicity we write the system
as

ug + f(u)y = r(u),

where v = (7,w), r(u) = (0, R(7,w)) and f(u) = (—v,0). The eigenvalues of the homogeneous
system of hyperbolic conservation laws are Ay = Q'(7) and Ay = 0, and for 7 < oo the system
is strictly hyperbolic. Further, the first wave family is genuinely nonlinear and the second family
is linearly degenerate. The system is of Temple class, that is the curves of the shock and the
rarefaction coincide. For 7 = oo the eigenvalues coincide. A solution of the Cauchy problem with
initial data in the domain

D:{UEUCRQ:UJ_Sw(u)§w+,0§v_§v(u)§v+,}, (3)
where w_ > v, will not contain vacuum. Consider the Riemann problem with initial data in D. In

general, a solution consists of a left state that connects to a middle state by a shock or rarefaction
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2 M. GODVIK AND H. HANCHE-OLSEN

wave with negative speed, and a contact wave with zero speed that connects the middle state to
the right state. When the initial Riemann data takes values in the domain

Dy ={uclU CR*:0<v(u) <wu) <vl, (4)

vacuum will occur if vg > wy. A rarefaction wave connects the left state to vacuum and vacuum
is connected to the right state by a contact wave with speed zero. As we will show in the final
section, not all inadmissible discontinuities will violate the entropy condition given by an entropy
inequality. However, we will show that our solutions connects to a vacuum state continuously from
the left. A discussion of the solution of the Riemann problem, in Eulerian form, can be found in
[2]. The system in Lagrangian form is equivalent to the system in Eulerian form, see [15].

The macroscopic model (2) was introduced by Aw and Rascle in 2000 [2]. In [1] a connection
between a microscopic model and a semi-discretization of the macroscopic Aw—Rascle model is
established. In the homogeneous case it is showed that the semi-discretization of the macroscopic
model is the limit of the time discretization of the microscopic model. Our approach is different.
We derive the Aw—Rascle model by considering the semi-discrete car-following model, and show
that the limit is a weak entropy solution of this system.

The Aw—Rascle system is most commonly studied in Eulerian form. As long as vacuum is ex-
cluded, existence of a weak entropy solution to the hyperbolic Aw—Rascle system with initial data
in D follows from the Temple property and the Glimm scheme, see [14, Chapter 5|. Also, the
hyperbolic balance laws with initial data in D satisfy the assumptions made by Colombo and Corli
in [5], which yields well-posedness for strictly hyperbolic Temple system with source, assuming the
eigenvalues are separated on every compact subset of D. When vacuum is included, the homoge-
neous system is not strictly hyperbolic, the eigenvalues are not separated in Dy and there is no
bound on the total variation of the (inverse) density. In [8] we show the existence of a weak entropy
solution for Cauchy initial data in Dy in the Eulerian formulation. In this paper we show that
the weak entropy solution of the hyperbolic system of conservation laws obtained as a limit of the
car-following model, is stable in the L'-norm. Our technique is to find and describe properties of
the semi-discrete model, and then use these properties to obtain results for the macroscopic model.
Under assumptions on the flux function and initial data which do not correspond to the assumption
in this paper, a similar L!-stability estimate, for weak solutions of scalar conservations laws with a
flux function depending discontinuously on the space variable, is proved in [13].

For further discussions of the Aw—Rascle model, see [6], [7], [11] and [12]. In [3], [9] and [10] the
system is considered in Lagrangian form.

1.1. Assumptions and notation. The function Q(7) is a smooth, positive and strictly decreasing
function. The prototype of this function is

Q(t)x777, v>0. (5)
We will assume () satisfies
Q(0) =0, Q(1) <0 and Q"(7) >0 for 7 < oco. (6)

On the domains D and Dy the function 7 has a lower, positive bound 7, given by Q(7min) =
wt —v~. Thus, it follows that for 71,72 > Tiin > 0, Q(7) is Lipschitz in its argument,

|Q(11) — Q(72)| < Llmy — 72l (7)

for some constant L. The above assumptions are satisfied for the prototype function. The relaxation
term R(7,w) is assumed to be smooth and Lipschitz continuous in w and v,

| R(71,w1) = R(72,w2)| < Lp(Jwi — wa| + |v1 — v2), (8)

where Lp is some positive constant. Remember that w = v + Q(7). Further, the domains D and
Dy should be invariant domains for the relaxation part of the system, i.e. the second equation
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given in (2). We consider the sign of w; along the edges of the domains and thus we assume R(7, w)
satisfies

9)

It is not clear how to interpret the above technical requirement from a traffic point of view. However,
we may note that it is satisfied by a commonly used relaxation term on the form R = x(V (1) — v)
so long as 0 < V(1) < wy.

We now introduce some notation. Let €2 denote any bounded measurable subset of R. The
purpose is to compute in L*(2) and tacitly draw conclusions about L (R). The norm in L!() is
denoted by ||-||, and also when p is a measure we write ||| = |p|(©2). By “weak convergence” we
shall mean convergence in the sense of distributions, and we use the harpoon — for this. Further,
we denote ul = u®(kd) = u®(yx) and u® = u’(y) for some y in R. In the discrete case we denote
7]l = 6 >4 || For simplicity we will sometimes write uy, instead of uf and u(t) instead of u(-,t).
Furthermore, we let a V b and a A b denote max(a, b) and min(a, b), respectively.

R( ) >0, v <v<vi,w=w_ or v=v_,w- <w < wy,
T, W
’ <0, v_<v<vp,w=wy or v=ovq,w_ <w < wy.

1.2. Overview and main results. First, in section 2 we consider the semi-discrete model. We
investigate properties of the model and obtain results which will be useful later. Then, we start to
consider the macroscopic model.

In section 3 we let the initial data take values in the domain D. Thus

we —v_ < Q) S w_ — vy,

which implies
0<Q M w_ —vy) <7< Q Ywy —v_) < o0,

and vacuum is not included in the solution. We find a bound on the total variation of (v°,w?®) and
thus there is a bound on the total variation of the solution (7%, w?) of the semi-discrete system.

When it comes to convergence we will employ filters instead of subsequences and we let U denote
a free ultrafilter on N. In particular, whenever speaking of convergence of u’, we really mean u® — u
as & — U, i.e. for all € > 0, there exists U C U such that for § in U we have [[u’® — u|| < e. As
an alternative, and with only minimal modifications, we could employ more conventional diagonal
arguments. This works just as well as the filters for single solutions. However, we are interested in
obtaining solution semigroups, and for this purpose, the diagonal argument does not work because
the space of initial functions w is not separable with respect to the TV norm. If we had proved
uniqueness, this point would of course be moot.

The following theorem is proved in section 3.

Theorem 1. Given initial data (7%, %) in BV(R)? taking values in D. Assume (7°,0°) converges
to a function (7,w) in L}, (R)? taking values in D. Let Q(-) and R(-,-) satisfy (6)—(7) and (8)—(9),
respectively. Then, the solution (1%, w?) of the semi-discrete car-following model (1) converges in
L (RxRT)2. The limit (1,w) is a weak entropy solution of the macroscopic Aw-Rascle model (2)

with Cauchy initial data (T, D).

We do not consider the problem of letting the relaxation time go to zero. This would amount to
replacing R by kR and letting k — oo. With this change, our total variation estimates in section 2.1
would contain a multiplicative factor e2*F#!, so other techniques (and possibly other assumptions)
would be needed.

In section 4 we consider the homogeneous system, i.e. we assume R = 0. By using monotonicity
properties of the solution for the semi-discrete system we prove stability of the solution in the
L'-norm. The proof is inspired by [4].

Theorem 2. Let (7!, w!) and (72, w?) be two sets of initial data in BV(R)? taking values in D.
Assume the initial data is constant for y >'Y and for y < =Y. Let Q(-) satisfy (6)—(7) and R = 0.
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Then, the two solutions (T1,w') and (72, w?) of system (2), obtained as a limit of the car-following

model (1), satisfy

Ir' () = ()] < 7! = 7| + (t A s) TV (w' — w?)
+ (A S)Q oo 7H(Y) = TV + Clt — s,
where C = TV(v1) v TV(2?).

The presence of the initial data at Y, and more notably, the absence of initial data at —Y, in
the stability estimate is due to negative characteristic speed.
We have proved existence of a semigroup

S:[0,00) xT' =T,

where
I = {(r,w) € BV(R)?: (1,w) € D} (10)

such that for each ¢ > 0, the function (y,t) — Si(7,w) = (ST, w) is a weak entropy solution of
system (2) with initial data (7,w) in I". Further, for each ¢ > 0, the map S; : I' — T is stable with
respect to the initial data.

In section 5 we include vacuum in the solution by letting the initial data take values in Dy . Let
V be a discrete subset of R and let A = ZyEV 0, be the counting measure on V' and m the Lebesgue
measure on R. Consider locally finite measures that are absolutely continuous with respect to m+A
on R. We write these measures as

di =rdm+hdA =7dy+ > h(y)ds,. (11)
yev

So if y € V then h(y) > 0 is the size of the vacuum at y (physically, the length of an empty road
section). Define

'y = {(7,w) : 7 is a positive, locally finite measure given as in (11)
and absolutely continuous with respect to m + A,
(r,w) € Dy, Q(7) € BV(R),w € BV(R), (12)
w(b) —w(a) < Ly,(b—a) for all a <b such that
[a,b] NV =( where L, is a constant.}

In order to handle vacuum in the initial data, we consider the Eulerian space coordinate x = x(y, t)
and the definition of the inverse deunsity, 7 = dx/Jdy. We prove existence and stability of the
semigroup

S [0,00) XF\/—>F\/,

and show that its trajectories are weak entropy solutions of the macroscopic system.

Theorem 3. Given initial data (T,w) in Ty, and let Q(-) satisfy (6)—(7) and R(T,w) = 0. Assume
w? converges to w in L}, (R) and let 7° be given by 2° = 07° /0y where T°(y) is a function which
converges to T(y) = 07° /0y pointwise a.e.

Then, the solution 7°(y,t) of the semi-discrete car-following model (1) converges to a weak
entropy solution of the macroscopic Aw—Rascle model (2) with Cauchy initial data (7,w), and the
limit (7,w) is in Ty.

Further, let (71, w') and (72, w?) be two sets of initial data satisfying the assumptions above and
assume they are constant for |y| > Y. Then, the solutions #1 and 72, obtained as the limits of the
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car-following model (1), satisfy

71 = #2(s)] < I = 72+ (¢ A.8) TV (! — )
+ (A SNQ N7 (V) = 72V + CJt — 5], (13)
where C' = TV (') vV TV (2?).

We may note that Bagnerini and Rascle [3] obtained a similar L' contraction principle with
w! = w? and no vacuum. Their proof is based on a family of Kruzkov-type entropies originally
described by Baiti and Jenssen [4].  We intend to tackle the uniqueness question using these
entropies in a forthcoming paper.

In [2], Aw and Rascle note a necessary lack of stability of the Riemann problem solutions near
vacuum. This is in apparent contradiction to the above stability result. However, [2] considers the
Eulerian model, while we consider the Lagrangian model. In Eulerian coordinates, a near vacuum
is close to an actual vacuum, while this is not so Lagrangian coordinates. As an example, consider
the Eulerian density p. and corresponding Lagrangian inverse density 7:

1 if x| > 1, 1 if |yl > 1/,
pe(m):{ ‘ | Te(y):{ | | /

e if |z] <1, 1/e if |y| <e.

Now ||pe — pol| — 0 when e — 0, but since we must write 79(y) = 26(y) + 1, we find |7 — 70| =
4 — 2¢ 4 0. This discontinuity in the conversion between Eulerian and Lagrangian coordinates
explains the disparity.

2. THE SEMI-DISCRETE MODEL

Consider individual cars driving on a roadway and let the Lagrangian position of a car denoted by
k be given as y = kd for some ¢ > 0. Let the set of indices k be given as I = {—K,—-K +1,...,K}
such that Q = [-K, K]0 = [-Y,Y].

In order to define the model (1) for all values of y, let k6 < y < (k + 1)d, where k € I. Define
u®(y,t) = (7°(y, 1), w®(y,t)) = (79 (t), ws(t)) and similarly for v°(y,t). Thus the system turns into

,Ué(y + 63 t) — vé(ya t)

w)(y,t) = R (r°(y, 1), w’(y,1)) -

Further, by integration of the first equation of the semi-discrete system with respect to ¢ and use
of the definition of v we get the equations

T () — 23 (0)

) —
mie(f) = 5 (15)
v (t) = d(t),
with the initial data given by
T, — T
7(0) =7 = FH— o (0) =} (16)

The above expressions will be useful in the final section.

The initial data @’(y) takes values in D or Dy. By assumption, @’ and ©° are in BV(R).
Further, we assume @’ (y) = @’ (—Y) for all y < —Y and @’(y) = @°(Y) for all y > Y. Note that if
[yk—1,yx] NV =0, then wy, — w1 < L,,0 for some positive constant L.
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2.1. Properties of the model with relaxation. Consider the semi-discrete system (14) with
initial data as given above. First, we establish that the domains D and Dy given by (3) and (4),
respectively, are invariant regions for the system of ordinary differential equations.

Lemma 1. If the initial data (7°,0°) takes values in D or Dy, then so does the solution (7°,w?®).

Proof. Consider the boundary of D. For w = w_ we want w; > 0. Thus we require R(7,w_) > 0.
Further, for w = w4 we want w; < 0, which is satisfied for R(7,w;) < 0. We rewrite the last
equation in (1) as

O = R(mp, wi) — Q' (1) T = R(Th, wi) — %Q/(Tk)(vml — V).

Remember that ) is decreasing as a function of 7. For vy = v_, we have vy < vg41 and the last
term in the above equality is non-negative. Thus, in order to have v, > 0 we require R(7,w) > 0.
Further, when vy = v, the last term is non-positive, and v; < 0 if R(7%,w) < 0. Thus, requiring
(9) yields invariance of the domain D with respect to the ordinary differential equations (1).

In order to show that Dy, is invariant, it remains to consider the states where w = v. Since
(v —w)y — 0 when v — w — 0, we will never obtain a state where v > w. O

Now we find a bound on the total variation of the variables (v?,w?).

Lemma 2.
TV (v‘s(t),w‘s(t)) < etrty (1‘)5,@5) ,
where TV (0, w%) < TV(v,w) = const.
Proof. Our goal is to find a bound on the total variation of w?’(¢) and v°(¢). Adding the equations
for wy41 and —wy and multiplying by sign(wg+1 — wg) yields
w1 — wile < |R (Tht1, Wet1) — R (Tg, wi)| (17)
< Lg (|vg+1 — vk + [wg41 — wi]) -

We want to obtain a similar estimate for v°. The strategy is to estimate the difference between local
extremes for v°. Let {k;} give the points at which v° attains local extreme values and thus we want
to measure |vg, — vg,,,|. For a local minimum in v;, we have v, < vj41 and for a local maximum
in v, we have vy > vp11. Now, let vg, be a local minimum and vg,,, be a local maximum. Thus

t= (Ukz‘+1 - Uki)t
= R(Tk

|Uki+l — Uk,

i1 wki+1) - R(Tlm s wkl)

1 1, (18)
- ng(TkH—l) (Uki+1+1 - vki+1) + EQ (Tkz) (Uki-‘rl - vki)

)

The inequality follows from the Lipschitz property of R as given by (8), and @’ < 0 along with
assumptions that makes each of the two terms containing () non-positive.
We sum over k in (17) and over k; in (18). Adding the two and using

Z|wki+1 - wki| < Z|wk+1 - ’LUk| and Z|Uki+1 - Ukz| = Zlvk-‘rl — Vg
i k 7 k

+ |wki+1 — Wk,

i

< Lgr (lvki+1 — Uk,

yields

Z|wk+1 _wk|t +Z‘vki+1 _vki t
k ki
<2Lg (Z|w7€ - wk-‘rl‘ + Zlvki+1 — Uk, ‘)

k ki
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The set {k;} depends on the time. However, the function
f(t) = Z|wk+1 - wk‘ + Zlvki+1 — Uk,
k ki

is continuous with respect to ¢t. Further, we let f; be the lower right hand Dini derivative of f at
t. What we just proved should be interpreted as f; < 2Lrf. Then, by an obvious extension of
Gronwall’s inequality using Dini derivatives,

f(t) < e2Ertf(0),

for all ¢ in [0, 7] and we are done. O

A bound on the total variation of Q(7%) follows from Q(7) = w — v. Next, we show that 7°(t)
and w®(t) are Lipschitz in time as functions into L (R).

Lemma 3.
I7°(s) = 7°(1)]| < CeFntV|t — s, (19)
and
[w (s) = w’ ()] < |R(T°,w)[loo |2 = s], (20)
where C = TV (0°,@?).

Proof. Equation (1) yields

0> lmwls) = m(t)] =Y
k

k

/: (vk41(&) — vi(§)) df‘

= / TV (0°(€)) d¢ < CePnlV|t — s,
t

where the last inequality follows by Lemma 2, and

53 Jue(s) — wi(®)] =63 /SR<m<a>7wk<f>> dg]
k g 1/t

< IR(7®, w)lloo |2/ [ £ — s].

]

We want to find a discrete entropy inequality for the solution u’. For hyperbolic systems an

entropy /entropy flux pair (7, ¢) is a convex entropy 7 : U — R and a flux ¢ : Y — R satisfying
Vg =df - Vn. (21)

However, when we include vacuum, there does not exist any strictly convex entropy/entropy flux
pair, see [8]. We define a semiconvex entropy n with corresponding flux ¢ as an entropy satisfying
Nrr > 0 for 7 < oco. Further, an entropy solution is a weak solution that satisfies an entropy
inequality for all such entropy/entropy flux pairs. The semiconvex entropy/entropy flux pairs of
system (2) are

-

alr.w) =g (w = Q) nrw) =~ [ o (w- Q) de (22
To

where 7 is a constant value and g = g(w — Q(7)) is a smooth function in L*°(R) having contin-

uous third order derivatives. In order to get strict convexity of 1, we require ¢’ < 0. Consider

discontinuities that do not connect to vacuum. If they are admissible they will satisfy the entropy

inequality for all semiconvex entropies with corresponding entropy fluxes and the entropy inequality

will fail for the inadmissible discontinuities [8].

We have the following lemma.
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Lemma 4. The solution uy, satisfies the discrete entropy inequality

k)e + 5 (aus1) — ) < Fun(un)ru). (23)
where q and 1 is given by (22).
Proof. Since n = n.7 + nuwe and Vynr = n, R = n,wy, we can rewrite the desired inequality as
e < 5 (a(un) = alng)
Using (1) and (22) we rewrite this as (v — vg+1)g'(vk) < g(vk) — g(vg41), or
9(vky1) < g(vk) + g’ (k) (Vrg1 — o),
Since g(v) is concave, the above inequality holds, and the solution u° of (1) satisfies (23). O

2.2. Properties of the model with R = 0. In Theorem 2 and Theorem 3 we assume the systems

are homogeneous. Then, w’ is constant in time, and system (14) turns into the equation
1
7 (y,1) = 5 (W' (y+0) = w'(y) = Q¥+ 6,1) + Q(T°(y.1)) , (24)

Let the function (y,t) — S2"7 () be the solution of the above equation with initial data 79 (y) and
w®(y). We abuse the notation and denote the corresponding v by Sf "%, Sometimes we simplify
the notation and write 7;(t) instead of S 7.

Consider two different sets of initial data (71°,w"?) and (729, w??), in BV(R)? satisfying the
assumption given in the beginning of this section. For simplicity, we will sometimes write 7
and w’ for 7% and w®?, respectively. An important property of the semi-discrete system is the
monotonicity of Sf W7 with respect to the initial data . In order to prove two such results we will
need the following trivial lemma.

Lemma 5. Assume ¢ = a(a,t) and § = b(B,t), a(0) < 5(0) and a(&,t) < b(E, t) for all &,t. Then,
a < B forallt>0.

We now show that the solution SP“7(y) is monotone with respect to 7(y) and the difference

w(y +8) — w(y)-
Lemma 6. Assume

=1 < =2 1 _apl < 2 a2 0k

T < Ty Wiyq — Wi < Wiy —wy, for all k.
Then

1 2
Sy rl < SRR

Proof. We will use backwards induction in the space variable to prove the lemma. Since T]i and T,f
are constant for k > K, we have 7 < 7% for all time ¢. Assuming 7}, < 77, for all ¢, it remains
to show that 7} < 72 for all ¢. Equation (24) yields
57;1% = wli+1 - w,i - Q(T;Lrl) + Q(TI%)
2 2 2 1 .2 2 1
< Wiyt — Wi — Q(Tieq) + Q1) = 67 — Q7)) + Q7).

Consider the cases where wj, | —wj < wi,; —wj or wy, —wy <wi,q —wi and 70, < 77,4,

which yields strict inequality in the calculation above,

) 1 2
6(7p — 73) < Q1) — Q(73;)-
Initially we have T,i < 7']? and thus %,% < %,f. If T,% equals T]? we still have %,% < %,f. Thus, Lemma 5
yields 7} < 77 for all time ¢.
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: 1 1,2 2 o : ; :
Then, consider the case where wy | —wj, = wy,; —wy and 7., = 7, ;. The ordinary differential

equations for 7} and 77 are identical. Thus, the uniqueness of solutions implies 7} < 77 for all time

t. a

Further, the solution operator S’f ' is monotonicity preserving.
Lemma 7. Assume
T < Te41 and Wrt1 — Wk < Wito — W41 for all k. (25)

Then,
Sf’w?k < Sf’w’]_—k+1 for all k.

Proof. The proof is exactly the same as the proof of Lemma 6, replacing 7} by ¢, and 7} 41 and T,f
by Tg+1 and 77 1 by k42 and similarly for the difference wg1 — wg. |

Before stating and proving the next lemma, we need to introduce some notation. Define

wl_: - max{wi+l - wlia wl%+1 - wl%}a wk_ = min{wi+1 - wlia wl%+1 - wl%}, (26)

and let Sf ’“ﬁﬂc denote the solution of
01 = wif = Q(Ths1) + Q(7) (27)
with initial data 7 and similarly for Sf wE Further, we denote
w =S V) = ST =S (G A) = S 29)

Then, the above assumptions and Lemma 6 implies the following results,

‘77_1 _ 77_2| _ 7t+ -7, (29)
R R A L (30)
and
TV(w' —w’) = ) (Wl —wy), (81)
k

which will be useful.
The waves of a hyperbolic system move with finite speed. Now we want to find a result for the
discrete system which is analogous to the feature of finite speed of propagation.

Lemma 8. Given two sets of initial data (7', w) and (72,w) such that 7(y) = 72(y) for y <0
and an arbitrary € > 0. Let kjc be given such that
—Lt —je—06 < kjc6 < —Lt —je. Then

57 (AL)7

5 |72 — T < = o L—wy 9L
In particular
5 8L2
P29) ~ o) < % St for <Lt -2
et 3l

where |Q'(1)] < L.

Proof. The final estimate follows from the first one by setting 7 = 2 and replacing the sum on the
left by a single term.

Our goal is to find a bound for |7!(kd,t) — 72(kd,t)| which gives, as § becomes small, that
|71 (K6, t) — 72(Kkd,t)| ~ 0 for k6 < —Lt. Consider two sets of initial data (7!,w) and (72, w) such



10 M. GODVIK AND H. HANCHE-OLSEN

that 71(y) = 72(y) for y < 0. We use the notation and result introduced in (26)—(31). The idea is

to approximate the integral
T ,—Lt
/ / (riF — ) dydt.
0o J-K

Consider a test function ¢(y) in C* satisfying ¢’ < 0, and

_ Y < _17
Y(y) = {07 y>0.

We shall pretend that ||¢”|| = 4. This is not possible, but we can get as close as we wish, which is
all that is needed for the estimate. Given an € > 0. Let ¢(y) = ¢ (y/€) and define the test function

¢l = d(0k + je + Lt).

Denote

Z Fom) and Ji(t) =06 (7 — 7).
k<k;

&
Notice that
Jj-1(t) = 1;(t) = J;(t). (32)

We first find an upper bound for I(t). Since Q is decreasing with respect to 7 and ||Ql|cc < w4
we get

52 - Tk Z ( - Q(Tlii,-l) + Q(le) + Q(Tk_-i-l) - Q(Tk_))

k<0 k<0

—Q(N) + QT K) + Q1) — Q(T7x)

< Wy

Thus, by integration we obtain an upper bound for Iy(t),

Io(t) <6 (rf —m) Swyt
k<0

Next we want to find an estimate for I;11(¢). For simplicity, in the calculation below we write ¢y
for ¢ . Consider

0 = I D)o

=9 ;w — 7 )6k + (T — 70 )]
(= Qi) + Qriiy) + Q1) — Q7)) dr + 8(rf — 7 )]
[(Q(7) = QUri (@ — dr—1) + (7 — 77 )i

(i = 7)) [L(br—1 — dn) + 5¢>k]

I
-1+

The last equality follows by summation by parts and the inequality is a consequence of the Lipschitz
continuity of Q(7). Note that @ is decreasing with respect to 7. The mean value theorem implies
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that ¢p_1 — ¢p = —0¢),_, for some value 6 € (0,1). Further, é = L¢'. Hence
40 = =913 (1 =) [(-oh-o) + o4
=< 52LZ — )¢ | < OL||¢"|loo1;(t) = 402 LI (2)

where we once more have used the mean value theorem. Thus, integration with respect to time
yields

6 t
Jj(t) <4L— / L") at',
& Jo
since J;(0) = 0. Inequality (32) combined with the bound of J;(t) in the previous inequality yields,

2L6
Ii(t) < Jo(t) < e—w+t2

and .
Ly (t) < J;(t) < 4L€§2/0 Lt dt'.
Thus, it follows by induction that
L) < 55
Next we extend the result to arbitrary initial data (7%, w) and (72, w) satisfying 7! = 72 for
y < 0. By inequality (30) we have 7= < 71,72 < 7. Thus

J J .
g Z T —Th| <6 Z T ) i7(4L) wy T

€2 |
k<kj. k<kj. 72(5 +1)!

Jt+1

aw*

Next we show stability in the L!-norm of S; with respect to the initial data.

Lemma 9.

,0 ,8
”Sf,wl FL6 Sf:uﬂ %2,6” < ”7—_1,6 _ 526

|
+ TV (0" —w?®) + Q' [|o |72 (V) = 72° (V)] (33)
Proof. We make use of the notation and the results given in (26)—(31). Thus,

d wt 1. _ wm 1.
S G B A G ]

=0

k

Q.‘Q‘

(S0t E v =S aT)
By using equation (27) on the right hand side we get
i”Sf’“+ (FLv ) =S (7L A7)
—Z wif —wy +Z Qi) + Q(7icyy) + Q) — Q)]
= Ekj wi —wip) = Qi) + Qi) + Q) = Q)

STV (w' = w?) + Q|7 (Y) = 72(Y)
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The inequality follows by 7 = 7 and 7% = 71, the result for the total variation given in (31) and
Q(7) being decreasing with respect to 7. Integration and inequality (30) yields

ISP — s < |17 - 72
FUTV (0! = w’) + 1@ |7 (V) = (V)]
]

We now find an upper bound for the solution 7. It will be used later to find necessary conditions
for the appearance of a vacuum in the solution.

Lemma 10. Given some y < 0. Assume T < M on [y,0] and
W — Wi—1 < 0Ly, fory < kéd < 0. Then,

t
() < M — “w, + Lyt. (34)
Y
Proof. Fix an y < 0 such that y < —§ and let k, be given such that y € (k,, k, + 1]¢. First, assume

the initial data 7, and the difference w41 — wy are monotone for all k£ = k,,...,—2, i.e. they
satisfy (25). Summing from k = k, to k = —2 in equation (24) yields

2
d Z T = w_1 — wk, — Q(7-1) + Q(7k,) < wy + Lu(—y),
K=k,

since Q(7x,) < wy, < w,. By integration we get

-2 -2
8N Tk <6 Y T+ twy + tLy(—y) < (—y)M + twy + tLy(—y),
k=k, k=k,

and the monotonicity property in Lemma 7 implies

-2
(—9)7k, < (1= ky)om, 6> 7% < M(—y) + twy + tLy(—y).
k=k,

Next, consider initial data which is not monotone on [y,0], and hence they do not satisfy (25).
However, we define a constant function 7 = M such that 7, < M and a function w so that

Wiy1 — Wi = L6 for all k = k,,...,—2. Thus, the estimate in (34) holds for Sf’"s%. Since the
solution is monotone with respect to the initial data as given in Lemma 6, we get S}’ o7 < S ’6%,
which concludes the proof. O

3. PROOF OF THEOREM 1

We want to prove convergence of u° to a weak entropy solution of the macroscopic system. By
assumption, the initial data (7,w) is in BV(R)? and takes values in D. Further, the piecewise
constant initial data 7° and w® are constructed such that 7° — 7 in L{. (R) and @’ — @ in L{ (R)
as 0 — U.

First we show convergence of the sequence u°(t) to some limit u(t) in L{ _(R)2. By Lemma 1
the domain D given by (3) is an invariant region in the sense that if the initial data @°(y) lies in D,
then so does the solution u®. Since the domain D is bounded, the solution (7°(t),w’(t)) is bounded
in L>=(R)2. By Lemma 2, the total variation of w® and v° is bounded for finite times, which implies
boundedness of the total variation of Q(7°). Since 0 < Tiin < 7° < Tiax < 00 and Q'(7) < 0, the
function (Q~')’ is bounded. Thus, we obtain a uniform bound on the total variation of u°(t),

TV (r°(t),w’ (t)) < C TV (7°,0°), (35)
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where C = €27 (2[|1/Q"||oo + 1). For any time ¢ in [0, 7] the sequence u’(t) is bounded in L>°(R)?
and has uniformly bounded total variation. Thus the closure of the set {u’} is compact in L'()?,
and u’(y,t) converges to some limit u(y,t) in L*(Q x [0,T])? as § — U. Also, by (35) the limit u(t)
is in BV(R)? and by (19)—(20) it is Lipschitz in time.

Our next goal is to show that the limit u(y,t) is a weak solution of the macroscopic system (2).
Multiply system (1) by 0 and a test function ¢(yx,t) in C§°(R x R), integrate over time and sum
over k. We obtain

0= / D (=67 (o t) + 0 (1) — 0° Yk 1)) Gy, t) dt
R+ )
= /R+ 62 7'5(?}14:7 )t (yg, t) dt + 6 Z 77'6(yk)¢t(yk, 0)
k k
- ,/]R+ Z’U&(ykat) (¢(yk7t) - ¢(yk717t)) dt,
k

using integration and summation by parts. Now v°(y,t) = v°(yx, ) for y € (yx_1, yx], so
Yk

0 (yk 1) (D vk, 1) — Dlyr—1,1)) = 5(y, )y (y, t) dt
Yk —
Defining ¢° so that ¢5(y, t) = ¢(yk,t) when y € (yx, ka], the first two terms are similarly rewritten,
with the final result

/ / 7 (y, )63 (g ) dy dt + / () 6° (3, 0) dy
R+ JR R
- / / Py, )by (g, 1) dy dt = 0. (36)
R+ JR

Asd — U, ° — ¢ and ¢{ — ¢; uniformly, and the other terms converge in L'. Thus

/R/R+ (T — voy) dy dt —|—/R7_-(y) é(y,0) dy = 0.

A similar, somewhat simpler calculation leads from
/. 53 (0 00s0) = RO 0 0)0 1 ) S0 =0

to
/R /R i+ Ro) dydt + /R @(y) d(y, 0) dy = 0,

using that R(7,w) is Lipschitz in its arguments. Hence the limit is a weak solution of system (2)
with initial data (7, o).

It remains to prove that this weak solution (7, w) of (2) satisfies an entropy condition. We do this
by showing that the discrete entropy inequality (23) implies an entropy inequality for macroscopic
system as § — 0. Multiply the discrete entropy inequality (23) by § and a non-negative test function
(yg,t) in C§°(R x RT), sum over k and integrate in time. Then

0< /]R+ Z ( —on(ur)e — q(ury1) + q(ur) + 5Vu17(uk)r(uk)) D(yp,t) dt

= /}R+ (5 n(ur)de(Yr,t) + 0 Zn(ﬂk)(b(yk’ ())) dit
k

k

+

[ S atw (@)~ ) de+ [ 537 D)) o, 6 dt.
R+ T R+ T
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by integration and summation by parts. We make use of the same technique as previously to arrive

/w/ )R (.t dyd”/ n(u®)¢’ (y,0) dy

/R+/ oy dyd”/]m/ un()r(u®) ¢° (y, t) dydt > 0. (37)

Since the first and second partial derivatives of 1 and ¢ are unlformly bounded, it follows that
n(u?), q(u®) and V,n(u’) converges to n(u), ¢(u) and V,n(u) in L] . Further, the function 7(u’)
is Lipschitz in its argument. Thus, as § — U, we get

// W)de +q(w) 6z) dy dt + / 0’ (uo) (=, 0) dy

loc*

/ / Vun(u)r(u) dydt >0, (38)
R+

and the limit u(y,t) is a weak entropy solution of the macroscopic system (2).

4. PROOF OF THEOREM 2

In this section we assume the macroscopic system is a system of hyperbolic conservation laws, i.e
we assume R(7,w) = 0. The goal is to show that the solution 7(y) is stable in L! with respect to
the initial data. Consider two different set of initial data, (7!, w!) and (72, w?), in BV(R)? taking
values in D. The initial data is constant for y < —Y and y > Y. Further, for i = 1,2, the piecewise
constant initial data 7% and w'? are constructed such that 79 — 7% in LL (R), 7° — 7(Y)
pointwise and v’ — w® in Ll _(R) as § — U.

Consider the discrete L!-stability estimate given by inequality (33) in Lemma 9. By construction,
TV (w!® —w?%) < TV(w! —w?). The functions 714, 729, w710 and §»*° 728 converge in L(9).
Let 6 — U. We obtain

1S3 7 — S 7| < |7 — 7| + TV (w! — w?)
+ Q7 (V) = 72(V)]. (39)

for 71,72 w! and w? in L} (R) N BV(R) taking values in D. By the same argument, the discrete
estimate for Lipschitz continuity in time given in (19) also holds for the limit. However, since
R =0, the constant Lr also equals zero. Thus, the proofs and estimates in Lemma 2 and Lemma
3 simplify, and we get TV (v) < TV(7) and

157 = S$7|| < TV(v)[t — sl
Finally, combining this with (39) by the triangle inequality yields
ISt 7 =S¢ < ISt Tt = ST+ 1537 = Si T
< |17t =7 + (t A s) TV(w' — w?)
+ (A S)Q loolTH(Y) = 7Y+ Ct — 5],
where C' = TV (9!) vV TV (%?), which concludes the proof of Theorem 2.

5. PROOF OF THEOREM 3

We make use of the same notation and assumptions as given in the two previous sections.
However, we allow vacuum to occur and thus we replace the domain D by the domain Dy given by
(4). Further, since vacuum is included, the initial 7 and the solution 7 are locally finite measures.
For simplicity we will denote the initial data as 7.
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When vacuum is included in the solution, 7 is not bounded in L*. Therefore, in addition to 7
we will also consider the Eulerian coordinate x = x(y, t) given by

T= oz v = oz a.e
- oy’ ot
By integration we get
Y
o) =oVet) ~ [ () (40)
y

The semi-discrete 22 (t) = 2°(kd, t) is given by equation (15). By rewriting and recursion we obtain
the definition of z9,

K—1
mi:xi_H +5T,§:x§(7527'5, (41)
k' =k
and for k0 <y < (k+1)9,
Y -6
D) =ty +0)+ 57 =o' (V) - [ )y (42)
y

Clearly, by considering the above formulas it follows that 2°(y, ) is a continuous, piecewise linear,
strictly increasing and bounded function. Further, 7°(y) is in L{ _(R) and by (40) so is 2%(y).
Moreover, 2°(t) is uniformly Lipschitz continuous with respect to ¢. This follows by integrating the
second equation in (15) with respect to time,

t
£5006) ~ 2 ) = | [ o008 de] <]t - .

On the other hand, 2°(y) is strictly increasing and differentiable a.e. with respect to y, and 7°(y)
is piecewise constant and measurable.

Fix y and ¢ and consider the sequence x%(y,t). Since the closure of {x°} is compact, it follows
that 2°(t) — z(t) pointwise as § — U. Further, since 2°(y) is uniformly bounded in L> and has
uniformly bounded total variation, Helly’s theorem yields convergence of z° to z in Li .(R). By
considering the same ultrafilter U, the convergence extends to all y in © and all ¢ in [0,T]. By a
standard argument we have that the derivative of 2°(y) converges weakly to the derivative of z(y),
that is 70 — 7. Our goal is next to show that this limit 7 is a weak solution of system (2). By
Lemma 1 and 2 it is clear that v® and w® are uniformly bounded in L and have uniformly bounded
total variation, even when vacuum is included. Thus, by Helly’s theorem, v® — v, and w® — w in
LL .(R) for all times ¢ in [0,7] as 6 — Y. This implies that also the function Q(7%) converges to
the limit x = w —v in L} (R x R*). From section 3 we know that the discrete function 7° satisfies
(36), that is

/ / 3y, )68 (y, 1) dy dt + / 7(y) ¢ (4.0) dy
R+ JR R

—/ /v‘s(y,t)gby(yj)dydtzo.
R+ JR

Assume 7° — 7 and let § — U in the above expression. The same argument as in the proof of
Theorem 1, except that we now have to consider weak convergence of 70 and 79, yields

| ety [ 7o) iy

7
R

6

_// () by (y,t) dydt = 0. (43)
R JRt
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It remains to show that the limit x equals Q(7). In order to handle this we will have to put some
restrictions on the function w, namely that the set V', at which w(y™) < w(y™), is discrete. Also we
will have to show that, when vacuum is presented in the initial data, we do get weak convergence
of 79 to 7.

5.1. The vacuum state. We will now discuss some features related to the vacuum state and derive
some properties of the hyperbolic system.

In Lagrangian coordinates a vacuum state in the solution of the macroscopic system is concen-
trated at a single point y. In order to see this, consider the Riemann problem. In a solution that
contains vacuum, from the left a state uy will be connected to vacuum by a rarefaction and to
the right vacuum will be connected to a right state ur by a contact discontinuity. The eigenvalues
coincide for 7 = 0o, and thus A\ = Ay = 0.

We now assume that the initial data (7, w) is in I'y as defined in (12). The piecewise constant
data w°(y) is constructed such that w’(y) converges to w(y) pointwise and in Ll (R) as § — U.
Since the set V' of points at which w(y~) < w(y") is countable and discrete it follows that, if
[k, 1] NV = 0, then w(yx) — w(yg—1) < L8 for some positive constant L,,. Then, given the
assumptions on the initial data specified above, we will now show that the possible locations of
vacuum in the solution are exactly the points where w(y~) < w(y™), or where vacuum occurs
initially. This will enable us to control the positions of vacuum.

Lemma 11. Vacuum can not occur outside V.

Proof. Consider a value y ¢ V. Since V is discrete there exist an interval (a, b) such that (a,b)NV =
) and y in in (a, b). Further, by assumptions, we have w(b) —w(a) < L, (b—a) and thus Lemma 10
yields boundedness of 7(y) as 6 — 0. On the other hand, if y € V, that is w(y~) < w(y™), Lemma
10 implies that 7(y,t) may go to infinity as § — 0. O

5.2. Vacuum in the initial data. If 7(y) = oo at some values y in €, it is not possible to
find a piecewise continuous function 7°(y) that converges to 7(y) in L{ _(R). Therefore, we will
now consider the function Z(y). Since Z(y) given as in equation (40) is strictly increasing, Z(y)
is differentiable a.e. and g—i = 7(y) is measurable. In order to discretize Z(y), we will need the
following general result.

Lemma 12. Let 2 C R be compact and = :  — R be strictly increasing and bounded with
discontinuities located at values in a set V. Then the set V is countable and there exists a piecewise
linear strictly increasing function x° such that x°(y) converges pointwise to x(y) on Q\'V. Further,
the convergence is uniform on Q\ U, where U D'V is open.

Proof. Given § > 0 and a constant K such that [Q| = Kd. Let yr = k6, 2°(yx) = z(y;, ) for
k=0,1,...,K and interpolate linearly. Thus, ° converges pointwise to z on Q\ V as § — 0.

Let € > 0 and let U denote an open set U D V. Further, Q\ U C U™ ,(a;,b;) such that
x(b;) — z(a;) < e. Since 2 converges pointwise to z on 2\ U, we have, for some § > 0,

|2 (a;) — 2(a;)| < e |2°(b;) — x(bs)| < e.
If a; < y < b;, the monotonicity of 2 yields
x(a;) — e < 2°(a;) < 2°(y) < 2°(b;) < x(b;) + e,
and z(a;) < z(y) < x(b;). Finally, by combining the above inequalities, we obtain
2 (y) — x(y) < 2(b;) + € — 2(a;) < 2e,

which implies uniform convergence of 2° on 2\ U.
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Since the function x(y) is increasing, the set at which it is discontinuous is countable. Thus the
set V is countable. g

The initial Z is given by the initial 7. Approximate Z by a piecewise linear function z° satisfying
2 (yp) = Z(yx) where yj, = kd for k = —K, ..., K. By the proof of the above lemma, Z° converges
to T pointwise a.e. Further, ° is uniformly bounded on 2 and z° is in L'(2). Now we want to show
convergence of Z° in L(£2). The uniform convergence yields convergence in L'(€2\ U). Further,

/U 12°(6) — 2(6)| dé < 22U, (44)

and the above estimate can be made small since z and z° are bounded and |U| is arbitrary small.
Thus we get ||[7° — Z|| — 0 as § — 0. Consider 7°. The above convergence result implies 7% — Z,
and we get 70 — 7, which is the result we need for the discretization of the initial data. Note that
including vacuum in the initial data does not put any restrictions on w or the set V.

5.3. Existence of a weak solution. We will now use the properties of z° discussed above to
complete the proof of existence of a weak solution. It remains to show that Q(7%) — Q(7). First,
we show convergence of z°(y,t) in L (R x R*).

loc
Lemma 13. As § — U, 2%(y,t) — x(y,t) uniformly on (Q\ U) x [0,T], where U D V is a
neighborhood of V. Further, the convergence is in L}, (R xR"), and the limit x(y,t) is a monotone
and piecewise continuous function of y.

Proof. First, fix y and t and consider the sequence x°(y,t). The closure of {2} is compact, and
hence 2°(t) — x(t) pointwise as § — U. By considering the same ultrafilter I/ the pointwise
convergence extends to all y in Q and all ¢ in [0, 7). Since 2°(y,t) is monotone the same is true for
the limit x(y, t).

Further, the set V' is countable and discrete. Let V' C U, where U is an open set. By Lemma 10
7%(y) is uniformly bounded on Q\ U. Then, 2% is uniformly Lipschitz, that is 2°(y + €) — 2°(y) <
const. - €, on [y,y + €] € Q\ U. The same is true for the limit. Since x° is increasing, uniformly
Lipschitz and 2° — 2 pointwise on Q\ U, it follows, by an argument similar to the one given in the
proof of Lemma 12, that 2° — x uniformly on Q\ U. Hence the limit x(y,t) is continuous.

It remains to show convergence in the L!'-norm. The uniform convergence on Q \ U yields
converges of ° to z in Ll _(Q\U). The sequence x°(y) is in L} (Q) and uniformly bounded. Thus,
for a fixed value of ¢ the convergence of 2°(y) to x(y) in Li () follows by an argument similar to
the one given in (44), which yields convergence in L () of #°. Further, the convergence extends
to all times ¢ in [0, T] by considering the same ultrafilter U. |

Since x(y) is monotone and piecewise continuous, it is differentiable a.e. on R and 7 is a positive
Radon measure consisting of an absolutely continuous and a singular part,

d7 = 7dy + df.

For our specific choice of V, that is V' is a discrete set, the singular part of the measure is discrete.
We write the measure as
dr = 1dy + hdA. (45)
The absolutely continuous part of the measure d7 is dr = 7 dy, where 7 is in L] ((R\ V x R*). The
discrete part of the measure is
hdA =" h(y,t)ds,. (46)
yeVv
Notice that A(Q\ V) =0 and (V) = 0.
In order to find h(y,t) we assume for simplicity that V' = {0}. By inserting the expression
#(y,t) = h(y,t)d(y) into the weak formulation of (2) and integrating across y = 0 we find h(0,t) =
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v(0%,t) —v(0~,¢). By assumption the set V is discrete. Extending the above result to the given
set V yields

h(y,t) = v(y™,t) —v(y~,1). (47)
Further, since,
R Y2 Y2 8$
Tyl = | tdy= Fg W = 2(y2) —x(y), (48)
1 Y1 Y

the limit 7(y, ) is a finite Radon measure on compact subsets of R x RT.

Next we consider the convergence of 7 in a distributional sense. Since #° — z on Q x [0, 7] we
have 70 — 7 on Q x [0,7] as well. Consider the domain R\ V. The bounded monotone function
x(y) is continuous on R\ V, and thus it is differentiable a.e. Since x°(y) converges pointwise to

z(y) on R\ V and uniformly on R\ U, we have 7° = %—f — g—z = 7 pointwise a.e. and uniformly

on R\ U. Further, 7 is in LL (R \ V) and by an argument similar to the one given in (44) we get

loc

70 — 7 strongly in LL .((R\ V) x R*) as § — U. The convergence extends to all times ¢ in [0, 7].
Since @ is Lipschitz, it follows that Q(79) — Q(7) in LL_((R\ V) x R*) as well. But then

loc
this convergence holds in L} (R x R*) as well, since V has measure zero and Q(7°) is uniformly

bounded. As noted in the text after (43), this is what remained to prove (the other requirement
was taken care of at the end of section 5.2). This completes the proof of Theorem 3.

We conclude this section with an auxiliary result. Assume for simplicity that V' = {0} and let
o(y) € Co(R). Our next goal is to show that

h(0,t) = lim lim oy t) dy, (49)
e—046—0 [_670]

Let k% be given such that k%0 < —e < (k% + 1) and consider the interval [—¢, 0],

[ rwdy - he.n)| -
[_670]

5 S nl) —/O (u(0%, ) — v(0~, #)) dt’ — h(0,0)].

k=k?

Equation (1) yields 7, = 67 + fg('[}k+1 — v ) dt. Thus
[ .y - hoo)|
[_570]

-1 ¢
< ’52 ’T‘kfh(O,O)’Jr/ |v0(t’)kag(t/),U(O+7t/)+v(07,t/)|dt/.
k=k? 0

First, let 6 — 0 in the above inequality. By the pointwise convergence of 7°(y) and w’(y) and the
boundedness of @', we obtain convergence of vy and vy to v(0") and v(—¢), respectively. In the
limit we get

)/[_50] r(y' 1) dy’ ~ h(0,1)] < ‘/[_ T - h(0,0)

t
+/ [o(0F, ) — v(—e,t') —v(0F,¢') +0(07, )] dt’.
0

Next, let € — 0. The first term on the right hand side goes to 0, since T is a locally integrable
function plus h(0,0) times a delta at y = 0. Since v(—e) — v(07), the last term on the right hand
side goes to 0 and we have proved (49).
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5.4. Entropy. Our goal is now to show that the limit 7 = S} is entropy admissible. By section
3 we know that the absolutely continuous part 7 is a weak entropy solution of (2) on R\ V, that is

/ / (07, w)be + g, w)y) dy dt + / 07 w)ée dy > 0,
R\V JR+ R\V

for all non-negative ¢(y,t) in C§°(R\ V x RT) and all semiconvex entropy/entropy flux pairs (1, q)
given by (22).

Since ¢” < 0 and g is defined in the range of w — Q(7) over Dy, a closed bounded interval, g
and ¢’ are bounded. Clearly, ||¢(7%,w?)| is uniformly bounded on compact subsets of R. Consider
the formula for n given by (22). Since

n~ *gl(w)ﬂ
, as T — 00,
N~ —g' (w),

we consider, instead of 1, a measure 7 given by
diy = ndy + dij = ndy — g'(w) dt,
where 1 dy and drj are the absolutely continuous and singular part, respectively. According to the
discussion of the discrete model, we choose w to be continuous from the left, that is w(y) = w(y™)
for all y. Recall that 7 is supported on V. When we assume the set V is discrete, the entropy is
given as
dn = n(r,w) dy — Z g (w)h(y) dd,.
yev
By the expression of 7 given by (22) and the estimate for 7(€2) in (48) we get

7(9) = /Y n(r,w) dy = /YY / g (w — Q(€)) dt dy

Y
< lg'lloo (2(Y) —2(=Y) + [Q70) ,

and 7] is a locally finite measure. From the discussion in section 3 where vacuum is not included we
obtained an entropy inequality (37) for the solution of the discrete system,

/ / 0, w8 (y, t) dy dt + / n(7,w°)¢° (3, 0) dy
R+ JR R
) )
+/R+/Rq<7 )by (y) dy dt > 0. (50)

We have weak convergence of 7° and 7° and convergence of v° and w® in LL (R x R*). Since
q(7%,w®) = g(v®), ¢’ is bounded and w = v + Q(#), we also have convergence of ¢(7%,w?) to q(#,w)
in L (R x R).

The entropy 7° = n(7°, w®) needs to be considered more carefully. Since 1° is locally bounded

in the L'-norm,
5,8 s s
(%, w) < llg'llsoll™® = 7oll < llg'llso (II7°1l + [92470) ,
n(7%,w?) converges weakly to some limit 77 as 6 — U. We have to show that the limit 7 equals

A(7,w). For simplicity assume V = {0}, so vacuum is only possible at y = 0. For € > 0 consider
the domains R\ [—¢,0] and [—¢, 0]. Thus,

lim (n(r*, w?), ¢) = lim lim (/ n(r®,w®) § dy + / n<r5,w5>¢dy>
R\[—¢,0]

§—0 e—046—0 [76,0] (51)

- / n(rw)ddy +limlim [ 5(r®,w) ddy,
]R\{O} e—04§

—0J[—¢,0]
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where the final equality is a consequence of (7%, w?) — n(r,w) in LL (R \ [~¢,0]). It remains to
consider the last term on the right hand side, that is the limit of 7(7%,¢°) on the interval [—¢,0].
We do that by comparing the terms f_oe (%, w?)¢ dy and — fi g (w®)T%p dy. By subtracting and
taking the absolute value we get

1 (17 %) + ¢/ (")) g dy

0 T
=1/ V (=g (W’ = Q(&)) + ¢’ (w®)) dE + 709’ (w’) | dyl

0 7'6
_ o / 5 ’
S// =g/ (w® = Q(©) +¢'(w)| d py + emo g [loc |16 -

Consider the integral with respect to £ in the first term on the right hand side in the above inequality.
Let & be an arbitrary value of 7. For ¢ > & we have |—¢'(w® — Q(&)) + ¢’ (w?)| < €1, where €1 > 0.
We split the integral into two terms. For the integral from 7y to & we get an upper bound by using
the Lipschitz continuity of ¢’ and @Q and the boundedness of 75 and &;. On the other hand, the
integral from &, to 79 is bounded by €;7°. Thus,

0
}/ (n(7°, w®) +9’(w5)76)¢dy‘
0
< el oo 1Q llso @l e €0 — 7ol +€1||¢||oo/ 70 dy + €70 |9 || o || oo

—€

We let § — 0 in the above estimate. By the weak convergence of 7° to 7 we obtain

[ G0+ g @ir)on]

0
< €llgllocllQlloclldlloc €0 — 7ol + €1l @l glgg)/ 7 dy + €mollg’ |l oo | Hlloo-
—€

Next, let ¢ — 0. The middle term converges to €1|/¢||sh(0) by using (49). Further, the value €;
could be made arbitrary small by choosing &y big. Thus we get

0
lim lim [ (7%, w®) ¢ dy = —g’ (w(0))h(0)$(0),
which equals the discrete part of 7). By combining this result and inequality (51) we see that the
limit 7 equals 7j(#,w) and hence n(7%,w%) — 7 as § — 0.
Now we return to the discrete entropy inequality (50). The weak convergence result discussed
above and the uniform convergence of ¢° and ¢¢ yields

/ / 77 w) ey, ) dy dt + / (7, w)(y, 0) dy
R+ JR R
+ / ) / 4 w)dy (y, ) dydt > 0, (52)

and the weak solution 7 satisfies an entropy inequality.

Next we investigate the entropy production across a vacuum state. By physical considerations
and by the solution of the Riemann problem, it should not be admissible to connect a left state to
a vacuum state by a discontinuity. Assume a vacuum is located in y = 0. Consider a non-physical
solution given by a vacuum state in y = 0 and a constant state (71, w) for y < 0. To the right of
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the vacuum the solution is the constant state (7r,wgr). We insert the expressions of 7 and ¢ into
the entropy inequality given by (52),

0= /W/ (1,w) — g'(w)h(y, t)3(y)) ¢: + g(v)dy] dy dt
= [¢'(wr)(vr —vr) — (9(vr) — g(vL))] /O $(0,¢) dt

The equality follows by partial integration with respect to time and integration with respect to
y, the expression of h(y,t) as given by (47) and, since 7 is constant in time, 7, = 0. The above
inequality holds if
g(vr) —g(vr) < ¢'(wr)(vr —vi).

First, consider the case where vy, > vg. Since vy, < wy, it follows by the concavity of g(v) that the
above inequality is satisfied. Next, assume vy < vg. The inequality holds for wy = vy. For a given
value wy, € (vr,vg| there exists a function g such that the entropy inequality fails. Furthermore,
for wy, > vg the inequality fails by the concavity of g. In conclusion, the above discussion shows
that not all the inadmissible discontinuities violate the entropy condition. However, we have the
following lemma.

Lemma 14. Assume vacuum is present at y = 0, that is h(0) > 0 in (11), for t > 0. Then
lim 7(y,t) = 0.
y—0—
It follows that the solution 7 is not bounded to the left of a vacuum. Hence a left state can
not be connected directly to a vacuum state by a contact discontinuity. Note that this result and

the entropy inequality given by (52) tell us that the weak solution d7 = 7dy + d7 is an entropy
admissible solution.

Proof. We start by proving that limsup, o~ 7(y) = oo by a contradiction. Let 0 € V', and assume
T < M < oo where M is a positive constant. Fix a y < —¢§ and let k, be given such that
y € (ky,ky + 1]6. Consider the discrete entropy inequality (23) with » = 0. By summing from
k =k, to k = —2 we achieve

—2

-2
0 Z ﬁ(Tk,wk) < Z (q(Tk,wk) - q(Tk+1,wk+1)) = Q(Tkyywky) - q(T—law—l)~
k=k,

We integrate the above inequality in time from 0 to ¢. Thus,

_92 t
o Z (T, wy) — 6 Z (Th, wr) / (q(7n,, wr,) — q(T—1,w_1)) dt.
k=k, 0

Next, insert the expressmns of n and ¢ given by (22) and obtain

s Z / Qe)) de < /Ot lg(wn, — Q(r,)) — glw_r — Q(r_1))] dt.

Since ¢’ is bounded we get

1918 3 I =l < [ To(un, = Q) ~ gl - Q)] de
k=k, 0

)

Let § — U. By assumption, 7_; — oo. Since 7° converges pointwise on Q\ V and in L] (R\ V)

we have

—mww%mr@%f@wst[www—vaw»—ammﬂﬁ.
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Next, we find an upper bound for the integral to the left by taking the supremum of the integrand
over y. Further, let y — 0 from the left. By assumption w is continuous from the left. Thus,

— lim |y| - [|¢'|leo | limsup|7(b,t)| + lim sup|7(b)]
y—0~ y<b<O0 y<b<O

< / [9(w(0) — Q(r(0=,1))) — g(w(0))] dt

If we assume limsup,_,,- 7(y) < M < oo, the left hand side in the above inequality goes to 0.
Further, we can choose g such that ¢'(w(0)) = 0. Since —Q < 0 and g is concave, the integrand to
the right is negative and the right hand side of the inequality is bounded by 0. Hence

0< /0 [9(w(0) = Q(7(07,1))) — g(w(0))] dt
< t[g(w(0) = Q(r(07,1))) = g(w(0))] < —tC

where C'is a positive constant. The above inequality is a contradiction, and thus lim sup, - 7(y) = oc.

Consider the initial data (7,w) and assume 7(0) = oo. If limsup, - 7(y) < oo, it follows by the
above proof that, if there is still a vacuum present at y = 0 at some time ¢, that limsup,,_,,- T(y) <
oo. On the other hand, if limsup,_,,- 7(y) = oo the above proof does not hold. However, consider
two sets of initial data, (7!, w) and (72, w) such that 7' < 72 and 71(0) = 72(0) = co. Assume
lim sup,,_,o- 71(y) < lim SUp,_,0- 72(y) = oo, and thus by the above result lim Sup,,_,o- iy, t) =
oo. The monotonicity property given in Lemma 6 yields that also limsup,_,,- 72(y,t) = oo.

Now, we use limsup,_,o- 7(y) = o0 and TV(Q(7)) < M < oo to conclude that lim,_o- 7(y) =
oo. The function Q(7) is decreasing with respect to 7. Hence, limsup, ,o- 7(y) = co implies that
liminf, - Q(7(y)) = 0. Since the total variation of Q(7) is bounded, the limit lim,_,o- Q(7(y))
exists and it follows by the the limit inferior at 0~ that it equals 0. Hence lim,_,o- 7(y) = co. [

5.5. Continuous dependence on the initial data. We want to show stability of the solution 7
with respect to the initial data. The proof is similar to the one given in section 4 and we consider

the discrete Ll-estimate given by inequality (33). Since we allow vacuum, we now do not have

1

1 2
convergence of 7(y,t) in LL (R x RT). However, since S0 71 — " 72 converges weakly to

71 — 72, we have

171 — 72| < liminf|| P 71 — S2 72|,
SU t t

Further, by construction, TV (w'? — w??) < TV(w! — w?). We need to find a way to handle the
term ||710 — 729

We consider initial data (7!,w!) and (72,w?) taking values in Dy with corresponding z' and
72, respectively. Since we are interested in 7, i.e. the derivative of x(y) with respect to y, the value
Tk is of no importance. We choose 7L = % = Z . By construction,

s s 5 (k+1)8 5 (k+1)6
0T =20, — T :/ ——dy :/
k k+1 k 06 ay

from which we obtain
1720 = 720 = > |7 = 72) (RS, (k + 1)3]| < |7 = 7.
k

7dy = 7(kd, (k + 1)),
ks

Now we turn back to the discrete L!-stability estimate. According to the construction of the discrete
initial data and the above estimate we get

Irt0 =720 < 7t = 72|+ t TV (' — w?) + t|Q"|o 7' (V) = 72(V)],
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Letting § — U yields
177 =22 < |71 = P+t TV (0" = w?) + Q|7 (V) = 72(Y)],

and the solution is stable with respect to the L'-norm.

It remains to consider the stability in time. A discrete Lipschitz estimate in time is given by
inequality (19). Since R = 0, the results in Lemma 2 and Lemma 3 simplify. By the same argument
as above, we get, by letting § — U,

17(t) = 7 ()l < TV(0)[t - s].
Combining the above results by the triangle inequality yields

71 = 22 < 7 = 72+ (A ) TV (! — w?)
(A Qe 7H(Y) = TV + (TV(@) v TVER) [t - 5,

which completes the proof of Theorem 3.

6. CONCLUSION AND ACKNOWLEDGMENT

We have derived the macroscopic Aw—Rascle model for traffic flow (2) in Lagrangian form directly
from the microscopic car-following model (1). By carefully investigating the discrete model and
taking the limit § — 0 directly we obtain the existence of a continuous semigroup whose trajectories
are weak entropy solutions of the macroscopic system. We have not, however, proved the uniqueness
of this semigroup.

When including vacuum in the initial data and in the solution we have had to restrict the
functions w in BV(R) to have positive jumps only in a discrete set V', and to satisfy a one sided
Lipschitz condition limiting the rate of growth between the points of V. In [8] we considered
the macroscopic model in Eulerian form and showed existence of weak entropy solutions including
vacuum when only assuming w in BV. On the other hand, for homogeneous system, that is R = 0,
the semigroup obtained in this paper depends continuously on the initial data.

The authors would like to thank Nils Henrik Risebro for suggesting various improvements to the

paper.
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