AN EXPLICIT FINITE DIFFERENCE SCHEME
FOR THE CAMASSA-HOLM EQUATION

G. M. COCLITE, K. H. KARLSEN, AND N. H. RISEBRO

ABSTRACT. We put forward and analyze an explicit finite difference scheme for
the Camassa-Holm shallow water equation that can handle general H! initial
data and thus peakon-antipeakon interactions. Assuming a specified condition
restricting the time step in terms of the spatial discretization parameter, we
prove that the difference scheme converges strongly in H' towards a dissipative
weak solution of Camassa-Holm equation.
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In this paper we present and analyze an explicit finite difference scheme for the

Camassa-Holm partial differential equation [7]

(1.1) Opu — 02, u + 3udyu = 20,ud? u + ud>, u (t,z) € (0,T) x R,

xrxrx

which we augment with an initial condition:
(12) u|t:0 = U, Up € Hl(R),UO 7& 0.
Rewriting equation (1.1)) as

(1= &) -+ udaa] + 0, (a2 + 50,0 ) =0
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we see that (for smooth solutions) (1.1)) is equivalent to the elliptic-hyperbolic
system

1
(1.3) Opu + udyu + 0, P =0, ~02. P+P=u’+ 5(83011)2.

Recalling that e“‘”‘/Q is the Green’s function of the operator 1 — 92, (1.3) can be
written as

(1.4)  Oyu+ 0 F(u,0pu) =0, F(u,dpu) = % {uz L elal <u2 i ;(aru)z)] ’

which can be viewed as a conservation law with nonlocal flux function. In this paper
the relevant formulation of the Camassa-Holm equation is the one provided
by the hyperbolic-elliptic system or .

The Camassa-Holm equation can be viewed as a model for the propagation of
unidirectional shallow water waves [7, [32]; it is a member of the class of weakly
nonlinear and weakly dispersive shallow water models, a class which already con-
tains the Korteweg-de Vries (KdV) and Benjamin-Bona-Mahony (BBM) equations.
In another interpretation the Camassa-Holm equation models finite length, small-
amplitude radial deformation waves in cylindrical compressible hyperelastic rods
[21]. It arises also in the context of differential geometry as an equation for geodesics
of the H!-metric on the diffeomorphism group, see for example [17, I8, 30, [36]. The
Camassa-Holm equation possesses several striking properties such as an inifinite
number of conserved integrals, a bi-Hamiltonian structure, and complete integra-
bility [2] [7, 19, 14} 26]. Moreover, it enjoys an infinite number of non-smooth
solitary wave solutions, called peakons, which are weak solutions of .

From a mathematical point of view the Camassa-Holm equation has by now
become rather well-studied. While it is impossible to give a complete overview of
the mathematical literature, we shall here mention a few typical results, starting
with the local(-in-time) existence results in [15] [34} [37] and those using Besov spaces
in [23, 22]. Tt is well-known that global solutions do not exist and wave-breaking
occurs [7]. Wave-breaking means that the solution itself stays bounded while the
spatial derivative becomes unbounded in finite time.

In view of what we have said so far (peakon solutions/wave-breaking) it is clear
that a theory based on weak solutions is essential. In the literature there are a
number of results on (dissipative and conservative) weak solutions of the Camassa-
Holm equation, see [3] [ [5] [T6], [TT], 20} 29] B9 40] and the references cited therein.
In this paper we are interested specifically in the class of dissipative weak solutions
studied by Xin and Zhang [39] [40]. Their results show, among other things, that
there exists a global dissipative weak solution of — for any H' initial data
uo (peakon-antipeakon interactions are covered). These solutions are global in the
sense that they are defined past the blow-up time (wave-breaking). More precisely,
suppose ug € H(R). Then there exists a global weak (distributional) solution
u € L>=(0,T; H'(R)) of satisfying the following properties: ¢ — [lu(t, )| g g
is non-increasing; d,u € LY (R4 x R), p < 3;

2
(1.5) Opu(t,x) < n + C uollgr gy, for t>0,

for some positive constant C'. This last item presumably singles out a unique weak
solution. As an example of how this may work we consider the “peakon-antipeakon”
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solution given by
(1.6) wu(t,x) =tanh(t — 1) (e*‘””*y(tfl)l - efl‘”+y(t*1)|) ,  y(t) =log (cosh(t)) .

This formula represents a peakon (e~ 1**¥l) colliding with an antipeakon (—e~1%=¥/)
at x = 0 and ¢ = 1. Note that u(1,z) = 0. How this solution is extended to ¢ > 1
depends on which solution concept we adopt. If we use the formula also for
t > 1 we get the conservative solution for which [[u(t, )| ;1 (g is constant for almost
all . We can also extend the solution by defining u(¢,z) = 0 for ¢ > 1. Obviously,
the “entropy condition” will only be satisfied for this dissipative solution.

Let us now turn to the topic of the present paper, which is the design and analysis
of numerical schemes. The first numerical results for the Camassa-Holm equation
are presented in [8] using a pseudo-spectral scheme. Numerical simulations with
pesudo-spectral schemes are also reported in [25] [31]. Numerical schemes based on
multipeakons (thereby exploiting the Hamiltonian structure of the Camassa-Holm
equation) are examined in [6,[9] [T0]. In [28], the authors prove that the multipeakon
algorithm from [9, [10] converges to the solution of the Camassa-Holm equation as
the number of peakons tends to infinity. This convergence result applies to the
specific situation where the initial function ug € H! is such that (1 — 82, )ug is
a positive measure. For the same class of initial data, in [27] the authors prove
that a semi-discrete finite difference scheme based on the variable m = (1 — 92, )u
converges strongly in H! to the weak solution identified in [16, 20]. In [33], the
authors establish error estimates for a spectral projection scheme for smooth solu-
tions. In a different direction, an adaptive high-resolution finite volume scheme is
developed and used in [I]. The local discontinuous Galerkin method is adapted to
the Camassa-Holm equation in [4I]. Although this work does not provide a rigorous
convergence result for general (non-smooth) solutions, they show that the discrete
total energy is nonincreasing in time, thereby suggesting that the approximate
solutions are of dissipative nature. Besides, they establish an error estimate for
smooth solutions. Finally, multi-symplectic schemes possessing good conservative
properties are suggested and demonstrated in the recent work [13].

It seems rather difficult to construct numerical schemes for which one can prove
the convergence to a (non-smooth) solution of the Camassa-Holm equation. This
statement is particularly accurate in the case of general H' initial data and peakon-
antipeakon interactions. Indeed, in this context we are only aware of the recent work
[12] in which we prove convergence of a tailored semi-discrete difference scheme to
a dissipative weak solution. Before we can outline this scheme, let us discretize the
spatial domain R by specifying the mesh points z; = jAz, x;41,2 = (j +1/2)Axz,
j = 0,£1,£2,..., where Az > 0 is the length between two consecutive mesh
points (the spatial discretization parameter). Let D_, D, and Dy denote the
corresponding backward, central, and forward difference operators, respectively.
The scheme proposed in [12], which is based on the formulation , reads

d
amn Sz + (g2 V 0) Dottyinyo + (w4172 A 0) Diujyays + Dy Py =0,
' 1
—D_D, P+ P; = (uj+1/2 V 0)2 + (Uj_1/2 A 0)2 + 5 (D_Uj+1/2)2,

where

Uj+1/2(t) ~ U(t,$j+1/2), Pj(t) ~ P(t, fﬂj), for t > 0 andj e 7.
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If we interpret the Camassa-Holm equation (L.4]) as a “perturbation” of the
inviscid Burgers equation, then the w-part of (|1.7) might not come across as a
reasonable (upwind) difference scheme. On the other hand, as pointed out in [12],
the key point is that with the quantity g; := D_u; /o satisfies a difference
scheme which contains proper upwinding of the transport term in the equation for
q := Oyu, which reads 9;q + ud,q + g + P —u? = 0. Consequently, as is proved in
[12], the scheme satisfies a total energy inequality, in which only the g-part of
the total energy is dissipated (not the u-part, which is after all continuous). This
is the essential starting point for the entire convergence analysis in [12].

The “semi-discrete” equation in constitutes an infinite system of ordinary
differential equations which must be solved by some numerical method. The main
purpose of the present paper is to show that a fully discrete version of the scheme
used in [I2] produces a convergent sequence of approximate solutions, and that
the limit is a dissipative weak solution to . The fully discrete version that
is analyzed in this paper is based on replacing the time derivative in by a
forward difference, i.e.,

“nH/ — Uy

t L gt1/2 J+

U;+1/2(t) - D+u;‘l+1/2 =T AL

and evaluating the rest of (1.7) at t" := nAt. Now ULy g should approximate the
exact solution u at the point (¢”,2;41/2). This gives the fully discrete scheme

Dl + (uy+1/2 v o) Dol + (u;gl/z A 0) D)y + Dy Pl =0
—D_DiP + P = (w15 0) + (w12 A0) 45 (Dtlyngn)

where P]' approximates P(t",z;). As in [12] this is a difference scheme which is
tailored so that it gives an upwind scheme for the equation satisfied by ¢ := 0, u.

The main aim of this paper is prove that the fully discrete (explicit) scheme
(1.8) converges to a dissipative weak solution of the Camassa-Holm equation. The
starting point of the analysis is a total energy estimate, showing that the H' norm
of the approximate solutions is (almost) nonincreasing in time. To this end, we
must assume that

(1.9) At = O(Az*log(1 4+ Az?))

(1.8)

for some 6 > 0 as Ax — 0. This is a very severe condition, and it may seem that
when using this method in practice one should use very small time steps. However,
this is not a Neumann type stability criterion, and we do not have blow up if
it is violated. Indeed, practical experiments indicate stability and convergence if
At = O(Az).

By appropriately extending the difference solution to a function ua.(t, )
defined at all points (¢,z) in the domain, we prove under condition that
{uAz} Apso converges strongly in H ! to a dissipative weak solution of the Camassa-
Holm equation —. Regarding the proof, we adapt the “renormalization”
approach used in [12] for the semi-discrete scheme, but there are several essential
deviations and many parts of the convergence proof are substantially more involved
and/or different. These differences are mainly due to the fact that the semi-discrete
scheme, when viewed as a fully discrete scheme with “infinitely small time steps”,
has a large and stabilizing numerical viscosity. Regarding the fully discrete (explict)
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scheme , to account for this lack of numerical viscosity the convergence analysis
relies heavily on the CFL condition and differennt With reference to the
differences between the semi-discrete and fully discrete schemes, let us here point
out just one aspect, namely that the H' norm of the fully discrete approximation is
not entirely nonincreasing but can grow slightly with a growth factor that, however,
tends to zero as Az — 0. Compared to semi-implcit case [12], the proof is notably
more complicated and involves working with a version of the scheme in which
the quadratic terms have been suitably truncated.

The paper is organized as follows: In Section [2| we introduce some notation
to improve the readability and recall a few mathematical results relevant for the
convergence analysis. The finite difference scheme and its convergence theorem are
stated in Section[3] The convergence theorem is a consequence of the results proved
in Sections Finally, we present a numerical example in Section [9]

Throughout this paper we use C to denote a generic constant; the actual value
of C may change from one line to the next in a calcuation. We also use the
notation that a; < b; to mean that a; < Cb; for some positive constant C' which is

~

independent of .

2. PRELIMINARIES

In what follows, Az and At denote two small positive numbers. Unless otherwise
stated, the indices j and n will run over Z and 0, .. . N, respectively, where NAt =T
for a fixed final time 7' > 0. For such indices we set x; = jAx, x;,1/0 = (j+1/2)Ax,
t"™ = nAt, and introduce the grid cells

Ij = [xj—1/2azj+1/2)7 I" = [tnatn+1)7 and Ijn = Ij x I".

The following notations will be used frequently:

a\/Ozmax{a,O}z%M, a/\Ozmin{a,O}:a_Tm|
For n € {0,...,N}, let v" = {U?}jez denote an arbitrary sequence, where n

refers to “time” and j to “space”. We will frequently employ the following finite
difference operators:

n n
v — ) vy —

Doy =20 7 D o= 4 737l
+v.7 A.T ? Uj A‘T 9
+1
Dot = Div} + D_v? _ vty — vl and Dot — viT =}
7 2 2Ax +J At
We also use the notations
P
[l == [ A3 [02["] ,1<p<oo, 0" = sup o},
JEZ J
3
2
Jo s = | A3 [ (@) + (D-v)?]

JEL
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. . N
Occasionally, we also use the “space-time” (7 norms of v = {v"},_o = {v}}

N 1/p
[olle == (Atz IIv"HZ) :
n=0

Note that if v € £, p < oo, then lim; 4 v; = 0.
Let {v;},c; and {wj},;c; denote two arbitrary (spatial) sequences. Suppose

H{vj }thl < 00. Then the following discrete Sobolev inequality holds:

(2.1) ’

1
{vj}jHew = | vt .
The discrete product rule takes the form
(22) D:I: (ijj) = UjDin' + D:tvjwj:tL

Moreover, the discrete chain rule states
Ax
(2.3) D f(vg) = f'(vj) Dvy = - f"(67)(Dxvy)?, [ eC?,

for some number §ji between v;41 and v;.
We continue to collect some handy results for later use, starting with a discrete
Gronwall inequality.

Lemma 2.1. Assume that c* > 0 and f* > 0 for all k = 0,...,N, and that the
sequence {u"}ﬁlzo satisfies the difference inequality

(2.4) Diu"—&—f" < c"u", n=0,...,N—1.
If u™ >0 for alln=0,...,N, then
N-1 N-1 n N-—-1
u 4 exp (At Z c") At Z exp (At20k> fm<exp (At Z c") ul.
n=0 n=0 k=0 n=0
Proof. Set R™ = exp (—At ZZ;& ck). Then we have
Dt R’n — i (Rn+l _ Rn)
+ At
- 1
= exp <Atz ck> A (1 —exp (Atc™))
k=0
1
<R — (1—-(1+c"At)) = —c"R",
At
Hence, multiplying (2.4) with R"*! we arrive at
DY (R"u™) = D' u"R""" + D}, R™u"™ < — f"R"1.
Multiplying this by At and summing over n, we see that the lemma holds. O

The next lemma contains estimates for the solution of a discrete version of the
differential equation P — 92, P = f.
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Lemma 2.2. Let {f;},c, be a sequence in YN % and denote by {P;} the

solution to the difference equation
(2.5) P;—D_D,P; = fj, jEZLL.

Introducing the notations

T—e )\ " Az Az
h=(1+2> , n:ln(1++\/4+Ax2>,

JEZL

(Ax)? 2 2
the solution {P;},_, takes the form
(2.6) Pi=hY e imilf el
i€z

Moreover, the following estimates hold:

(2.7) 1B, R, < s
(28 |oep|| - [iper,, <ty
(2.9) ||, < e,

where C' > 0 is a constant independent of Ax.

Proof. To verify the solution formula (2.6), we define p; by
pi = ce 1,
for some constants ¢ and o yet to be found. We shall choose these so that
1, ifi=0
I-D,D_)p;=<" ’
( +D-p {0, otherwise.

If we find that this holds with o = k and ¢ = h then (2.6) holds. We observe that
for i £ 0

ol h(o) — 1
D, D_p; = ce—0lilg €9 — 2
+ D AJTZ
Hence o must satisfy
A 2
o =cosh™* <1+2x> =K
For 4 = 0 we find that
2
—DiD_py=cll——(e"-1)]).
Po +4/-Po ( A2 ( ))
If this is to be equal 1 then ¢ = h.
For later use, one should observe that
Az 9 le” —1] e —1|
(2.10) h—7+(9(Ax ), s =1+ O(Ax), Tx—lJrO(Ax).

For any j € Z, we have
1P| S 1453
Furthermore,

P <203 |80 3 e 1 S 10
i J



8 G. M. COCLITE, K. H. KARLSEN, AND N. H. RISEBRO

Hence, we have proved (2.7]).
From ([2.6)),

D+Pj: Pj+1_Pj

e_ﬁli_j_ll — e_”‘i_j‘

:hz Ax fi

—hz e—rli—j— 1>_e K(i—j) fah le erli—i—1) _ gr(i—j) .
_hz —r(i— J)e fz"‘h Z w(i—5)¢ — 2 o fl.
= Ax

Using ([2.10) we acquire from this the following two estimates:
DR S e TR SISl

and

[tDepiy, ||, s nae > e = 5 S 1L
I

Therefore (2.8) holds.
It remains to prove (2.9). To this end, we multiply the equation (2.5) by AzP;
and perform a summation by parts to discover

2 1 2 2
‘ h1:A$;ijj§2‘ +§H{fj}’1 2

from which (2.9) follows. O

We shall routinely use some well-known results related to weak convergence,
which we collect in a lemma (for proofs, see, e.g., [24]). Throughout the paper we
use overbars to denote weak limits.

Lemma 2.3. Let O be a bounded open subset of RM | with M > 1.
Let {vn}n21 be a sequence of measurable functions on O for which

sw/@mmm@<w
n>1J0O

for some given continuous function ® : [0,00) — [0,00). Then along a subsequence
asn — oo

9(va) = g(v) in L'(O)
for all continuous functions g : R — R satisfying
_g(v)]
lim =
|[v|—00 (I)(|’U|)

Let g: R — (—o00,00] be a lower semicontinuous convex function and {v,},~, a
sequence of measurable functions on O, for which

v, — v in LY0), g(v,) € L*(O) for each n, g(v,) — g(v) in L*(O).
Then

g(v) < g(v) a.e. on O.
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Moreover, g(v) € L*(O) and
/ g(v)dy < liminf/ g(vn) dy.
o n—o Jo

If, in addition, g is strictly conver on an open interval (a,b) C R and

g(v) = g(v) a.e. on O,
then, passing to a subsequence if necessary,
on(y) = v(y) for a.e.y € {y € O [v(y) € (a,b)}.

Let X be a Banach space and denote by X* its dual. The space X* equipped
with the weak-x topology is denoted by X .., while X equipped with the weak
topology is denoted by Xyear- By the Banach-Alaoglu theorem, a bounded ball in
X* is o(X™*, X)-compact. If X separable, then the weak-x topology is metrizable
on bounded sets in X*, and thus one can consider the metric space C ([0, T]; X ..x)
of functions v : [0, 7] — X* that are continuous with respect to the weak topology.
We have v, — v in C ([0,T]; X¥_..) if (vn(t), ) x+ x — (v(t),¢)x+ x uniformly
with respect to ¢, for any ¢ € X. The following lemma is a consequence of the
Arzela-Ascoli theorem:

Lemma 2.4. Let X be a separable Banach space, and suppose vy: [0,T] — X*,
n=1,2 ..., s a sequence of measurable functions such that
lonll Lo fo.17:x %) < C
for some constant C independent of n. Suppose the sequence
0,T]5t— (v,(t),P)x+ x, n=12,...,
is equi-continuous for every ® that belongs to a dense subset of X. Then v,

belongs to C ([0,T); X)) for every n = 1,2,..., and there exists a function

v e C([0,T); Xtoae) Such that along a subsequence as n — oo

Up — v in C([0,T]; Xear)-

weak
3. EXPLICIT SCHEME AND MAIN RESULT
In this section we present the fully discrete (explicit) difference scheme for the

Cammassa-Holm equation ([1.3)), which generates sequences {u;.’H /2} and {Pjﬂ}

for (n,j7) € {0,...,N} x Z. We let {u } solve the explicit difference equation

i+1/2
(8:1) Dl + (1o v 0) Doy o + (o AO) Dty g + Dy P =0,
where the initial values are specified as follows:

(3.2) u2+1/2 = uo(Tjy1/2),

Given {u;l 1 /2}, we determine {Pj”} by solving

(33) = D-DyP+ P = (w15 v 0) + (wy)s 0) + 5 (Dotfinge)

which is a linear system of equations that can be solved as outlined in Lemma [2.2
Next, let us derive the difference scheme satisfied by

(3.4) qi = D_uj .
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This will be done by applying the difference operator D_ to the u-equation (3.1).
To this end, we apply the discrete product rule to find

D_ [(u?+1/2 Vv O) D_u?+1/2} = (U?—1/2 \% O) D_q; +D_ (u?+1/2 V 0) qa;
and
D [(wh1jo AO) Dyt o) = (o 7 0) Diay + Do (w10 A 0) g,
so that
D_ [(U?H/Q v 0) D_uf )+ (u?Jrl/? A 0) D+u?+1/2}
- (u?_l/Q vV 0) D_qj + (u;-LH/Q A 0) Dyqj + (q?)2 :
The P-equation rephrased in terms of ¢ reads

(3.5)

(86) = D-DyPP P = (uly v 0) + (uy s n0) 5 (@)
Employing (3.5) and (3.6) when applying D_ to the u-equation in (3.1]) yields
DYq) + (w1 )3V 0) Dog) + (w15 A0) Dy

2
+ L — (W1 v0) = (wiyp n0) =0,

Regarding the initial values, in view of (3.4]) and (3.2]), we observe that

1 .
(3.8) q? = Fx/j Opup(x) dz, JjEZL.

(3.7)

Since the variable ¢ = 0,u can be discontinuous, (3.7) represents a natural

upwind discretization of the equation for ¢, 0iq 4+ u0.q + %4 — w2+ P =0.
The main result of this paper is the convergence of the scheme to a dissipative
weak solution of (|1.1])-(1.2)), which is defined in the following sense [39] [40]:

Definition 3.1. Fiz a final time T > 0. We call a function u: [0,T] xR - R a
weak solution of the Cauchy problem for (LI)-(L.2) on [0,T] x R if

(D.1) v € C([0,T] x R)N L*(0,T; H'(R));

(D.2) For all's and t in [0,T], with s < t, we have [[u(t, )| g1 g) < [lu(s, )|l g1 (x)-

(D.3) w satisfies (L.3) in the sense of distributions on (0,T) x R;
(D.4) u(0,z) = ug(z) for every x € R;
(D.5) If, in addition, there exists a positive constant K such that

2
up(t, 1) < S K fluolley . (t2) € (0,T] xR,
then we call u a dissipative weak solution of the Cauchy problem (1.1))-(1.2)).

In addition to d,u € L*°(0,T; L*(R)), cf. the dissipative weak solutions
u that we construct in this paper will possess an improved integrability property,
namely 0,u € LY ((0,T) x R) for p < 3, i.e.,

loc

T b
/ / |0 ul” dxdt < C(a,b,T,p), Va,beR, a<b.
0 a
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To state our main convergence result and also for later use, we need to introduce
some functions (interpolations of the difference approximations) that are defined at
all points (¢, ) in the domain. We begin by defining the functions

q;(t) = ¢} + (t —t") D g7,
(1) jn ( ) :Jt " forte I™.
“j+1/2(t) =Ujii/9t (t—t )D+uj+1/2

With the aid of these we define

(3.9) qaz(t,x) = g;(1), (t,x) € I}

and

(3.10) ung(t, ) = uj_q1/5(t) + (az — xj,l/g) q;(t), for (t,z) € I7,

forj € Z,n=0,...,N—1. Note that ¢t — ua,(t,z) is a continuous function, since

u;_1/2(t) and g;(t) are continuous. Regarding the continuity in = we have that

Hm  uaq(t,2) = wj—12(t) + (Zog1/2 — 2j-1/2) ¢; (1)

zTTj41/2

=uj_yp+ (= 1") Dyl + Az (qf + (¢ —1") Dl gf)
e =Dt (-3

+ (t—t") DY (“?H/Q - “?71/2) = ujy1/2(t),

and therefore ua, is continuous, and furthermore d,ua, = qa, almost everywhere.
Observe also that, due to (3.8), there holds ga,(0,7) — dyug in L?(R) as Az — 0.
Similarly to ua,, we define a function Pa, by bilinear interpolation. First, let

Pj(t) = P]' + (t —t")D! Py, tel™,
and then define
(3.11) Pay(t,xz) = P;j(t) + (x — ;) D1 P (t), (t,xz) € Ij’-’7

forjeZ,n=0,...,N —1.
We are now in a position to state our main result.

Theorem 3.1. Suppose (1.2) holds. Let {unz} .o be a sequence defined by (3.10)
and (3.1)-(3.4). Then, along a subsequence as Ax | 0,

UAz — U in HI{JC((O7T) X R)v
where u is a dissipative weak solution of the Cauchy problem (1.1])-(1.2).

This theorem is a consequence of the results stated and proved in Sections [4Hg]

4. TOTAL ENERGY ESTIMATE AND SOME CONSEQUENCES

The purpose of this section is establish a discrete total energy estimate for the

difference scheme —.

Lemma 4.1. Assume that Az and At are related through the CFL type condition
log(1 + Az%) Az?

C ||U0||§11(R) (1+A2%)

(4.1)
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where C' is a constant (to be detailed in the proof of the lemma) that is independent
of Az and ug and 6 > 0. Then, for any Ny € {0,..., N}, and for all sufficiently
small Az,

No—l
(12) a7+ Ar?ar Y 3 o] (D-Diuy) <™ ]2,
n=0 jeZ

Proof. For the proof of (4.2), we shall need to introduce an auxiliary difference
scheme. To this end, we start by defining the cut-off function

M, u<M,
fM(u): u, UE[*M,M},
+M  u>M,

where M > 0 is a fixed constant (to be determined later on). Now, let { ]+1/2}

and {15]”} solve the following system of difference equations:

DLy, + (fM (ﬂ?Jrl/Q) Vv 0) D_ufy1/0
+ (£ (#110) AO) Daifyy o + Dy Py =0,

forn=0,...,N —1and j € Z, and

(4.3)

—D_D, P!+ P} = (fM (agﬂ/z) v 0) (agﬂ/z v 0)

+<fM(uj 1/2>/\0>(J 1/2/\0>

1 ~n ~n
+3D- (fM (uj+1/2)) D_@},y o,

for n=0,...,N and j € Z. Regarding the initial data, we set ﬁ? = u? for j € Z.
If we deﬁne q; = D_ua7} then it is straightforward to see that {(j;‘} satisfies

the difference equatlon

Jj+1/2

Dig; + (fM ( 1/2) ) qj ( (ﬂ?+1/2) A 0) D.qj
(4.4) +%D (fM( J+1/2))
= (£ (#172) v0) (12 0)
- (fM (ﬁ] 1/2) A 0) (uj_l/z A 0) + P =0.

Multiplying (4.3) by al g /2 We find that

Wy 1 jp DYy g + (fM (11?“/2) v O) ( g1z V 0) aj

(4.5)
+ (fM (~;L+1/2) A 0) (a?+1/2 A 0) Q1 + Do PRy =0,
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while multiplying by g} gives us
G+ (1 (10) v O) (DG T + (£ (ry2) 70) (DT
£ (P @) @)
(flv ( J+1/2) v 0) (ﬂ?ﬂ/z v 0) q
(5 (#170) 10) (5201 0) 7+ B =0
Adding and , multiplying the result with Az, and summing over j yields

(4.6)

Az (ayH/QDiayﬂ/z + ququ") 14+ I0+ 11 =0,
JEL

where
I= Az ]% (£ (@) v O) (D)

+Ax% (fM (ag+l/2) /\0)( LT+ ZD M (uji172)) (@)
m— sz% (j;M (41/2) v 0) (412 v 0)

iz S (5 (@ 41y2) 10) (12 10)

T () ) (o 0)

- sz (fM ( » ) A o) ( @y A o) @ =0 (by shifting indices),
I = Az % D+Pj @'y + Az ZZ Pr@l =0 (by summation by parts, cf. (3:4)).

ie je

Let us now deal with term I. The discrete chain rule (2.3) tells us that

~\ 2
~Nn\~sn qn Ax ~n
(D+q7)q; = D+ <( ;) ) F 7(Di%‘)2-

Hence

1=z (M (w5 )0) v0) [D (MJ;)Q) + A;(qu)ﬂ

JEZ

+ sz (fM (ﬂ?+1/2) A 0) [D+ (((IZ)Q> - A;(D”j?)ﬂ

JEL

Azxj;zD‘(f (#512)) @) =11 + 12
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where
11 AJ;Z ] 1/2 < ']2 >
JEL
+sz ]+1/2 ( 32 >
JEZ
A
+ 5 20 (1M (Bh2)) @

JEZ

A—x Z[(fM (a1)2) VO) (D)% = (£ (@41)2) 720) (D4)?]
= Aix Z[(fM (“j+1/2) v 0) (D4q})? - (fM (ﬂ;'l+1/2) A 0) (D+§?)Q]

Z‘f ( J+1/2)‘ (D4q})* > 0.

To handle the Iy-term, we use the discrete product rule (2.2)):

Using this we find that

L=2A:Y D [(fM (@41,2) v0) (%;)2]

JEZ

~ A2y D (M (@y2) VO) (@;)

JEL

EOWACICIIDE S

JEL

830 (1 (504) n0) ]

JEZ
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AI M [ ~n ~n\2
5 20 (1 () @)
JEZ
o (@)’
=—8a Y D (M (42) ) 5

JEL
Ax M [ ~n ~n\2
9 ZD— (f (“j+1/2)) (@) =o.
JEL
Summarizing our findings so far:
sz ( 412 DYy aj 12 45 Dicj?)
JEL

Am

(4.7) 2
= ‘fM ( a+1/2)’ (D+q7)" =0.

Next, by (2.3),

Ary <ﬂ7+1/2D3rﬂ?+1/2 + quiqy)

JEZL
t A‘T ~n 2 ~n\2
(4.8) =D 5 Z ((%4-1/2) + (Qj) )
JEL
1 ~n 2 ~n
- iAtAxZ ((DiuHI/Q) + (D.q; )2> .
JEL

Hence, we must now estimate

2
AtAz Y <(Dﬁrﬂ?+1/2) - (Diq;y) :

JEL

15

2
Using (4.3)), (4.4), and the basic inequality (Zézl al> < 2i-1 Zé:l(az)2, which

holds for any sequence {CL[}ézl of positive real numbers, there is a positive constant

¢y that does not depend on Az such that

sy ((04a,.) + (047

JEL

< ClAtAiCZ l(fM (ﬂyﬂ/z) Vv 0)2 ((j?)z

JEZ
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+ (fM (ﬂ?—1/2> A 0)2 <f‘?—1/2 A 0>2 + (157)2

< c1 At (Jl + Joy + J3) s

where

Ji = AQEZ [(fM (ﬁ;'lﬂ/z) v 0>2 (@?)2 + (fM (a?+1/2) A 0>2 (‘ﬁﬂ)z

JEZ
0 () V) ()
(7 (@) 2 0) (o o)j,
Jo = Agjz [(fM (ﬂ?—l/z) v 0)2 (D,Q?)Q
JEZ

O o) 0" 02 (0 (77 (302))) @

(0oa5)"+ (75

J3:A.’L‘Z

JEZ

Since | fM(u)| < M, the following bounds hold:

2
(4.9) Ji<2M*Ax) [(ﬂ;al/g) + @?)2] = 207 [
JEZ

and

e S5 (0 (3e) vO) 0207
J€
+ (£ (@1/2) A 0)2 (D.qrAz)
(- ) ) ]

Az Mm%
< CQMQE Z(qj)2 < 02@ @™ (| s

JEZL

(4.10)

for some constant co > 0 independent of Ax.
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To estimate J3 we use Lemma specifically (2.9), which implies that
2 2
J3 < CgAfEZ l(fM (ﬂ?+1/2) V 0) (ﬂ?_t,_l/Q \ O)
JET
2 2
+ (fM (11}7;1/2) A 0) (a;‘llﬂ A 0)
2
(4.11) + (Df (fM (ﬁ?+1/2>)) (‘??)21
) o 2 5 Az ) 2
< 2e3M Amz (ujﬂ/z) + csM A2 Z )
i€Z

1€EL
1
< c3M? (1+ N )Ilu”llhu

for some constant cs > 0 independent of Ax.

Blending (4.9), , and (4.11]) we derive the bound
2 At
(412)  AtAz) ((Diay+l/2) + (D)) ) < CM? (At+ A) 1,0
JEL
where the constant C is independent of Ax.

Combining (4.7] . , and -, it follows that { 1 /2} obeys the following
discrete energy estimate:

D a3 + 2 5 1 (50e)| o) < 0007 (a0 5 ) 1

=:Zn
By the discrete Gronwall inequality, cf. Lemma
No—1
A S e T
n=0
Choosing M = Hu0||H1(R) and recalling the CFL type condition , we deduce

2 2 2
LOMPwt™ _ Clluoll?ps ) AP (1+A0%)/Aa?)N
( +A$ NAt

N 0
el AT <9 if Azl <

IN

log 2
T
Therefore, in particular

||ath1 S \/§||’LLOH}L1 forn:07...,N0.
By the discrete Sobolev inquality (23), we find that

@ < HUOth <M forn=0,...,Np.

[@" [l < \f I

This means that @ will “never notice” f™, since

™ (ayﬂm) =@y forjeZandn=0,...,Ny.
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Therefore,
U yyg = Ul and ﬁj" =P forj€Zandn=0,...,No.
Finally, (4.2)) follows by noting that

eCMPw (07 —t™) >1 forn=0,...,Ng— 1.

We conclude this section by stating some immediate consequences of .
Lemma 4.2. Forn=20,...,N,
1P lgoe 1™ o1 < C lluo| Ty »
[D+P"[|poe s [D4+ P | < C ||U0||§{1(]R) )
where C' > 0 is a constant independent of Ax.
Proof. This follows immediately from Lemma [2.2] noting that in this case
2 2 1 2
fi= (u?+1/2 \/O) + (u?_l/Q /\O) + 3 (D_u;‘+1/2) ,
and thus
15l < s < (U A2)? [0 g -
5. ONE-SIDED SUP-NORM ESTIMATE

Lemma 5.1. Assume that At satisfies the CFL type condition (4.1 and that Ax
is sufficiently small. Forn=0,...,N and j € Z, we then have

2 0
(5.1) G <t C |,
where C' > 0 is a finite constant.
Proof. We can write the difference equation for {q;’}, see (3.7), as

2

2 2
+At<(uy_1/2v0) +(u§+1/2A0) —P]”),

q;b+1 = q;l (1 —Aa — Ab) + q;-l,1>\a + q;L+l>\b — At

where
a:)\<u;-’71/2\/0>7 b:—)\(u?H/Q/\O), A= At/Az.

Now we have uniform bounds on [|u" ||, and ||P"| ;- and thus

n2
4q;

(5.2) < qf (1= Xa—Mb) + ¢} ha+ g Ab— At 5+ AtL,

for some finite constant L < HUOHil.
Set g7 = max {qjﬂ, q;-1, (IJ”H}. We claim that
2
n
n+1 -n (q] )
(5.3) gt < g — At

+ AtL,

if At is chosen sufficiently small.
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First we choose At so small that A(a +b) < 1/2. Then if ¢} = ¢} the claim
follows immediately from (5.2]).
Next, assume ¢ = ¢j'_;. Then note that

2 N 2 n 22
(¢})" = (¢f-1)" + (af)” — (gf-1)
q7 +q;—
- (qu11>2 + %ACEDJ];L

um —um”
j+1/2 j=3/2 n
—D_qj .

no 22
= (¢j-1)" + 5

Since D_g7 < 0, we find that
(¢7)" < (¢5-1)" = lu"llp=e D-gj-
Using this we can rephrase ([5.2)) as
G < (L= A a+ [0 e +0)) +f_i A (@ + "] ge) + ¢4 AD

n )2
— At(qjél) + AtL

(@3)°

<q - At

j + AtL = F ((jn) ,

J

if Aflu||, < i. The proof of (5.3) if q} = ¢}y is similar.
Note that F’(¢) = 1 — Atg, and thus F is increasing for ¢ < 1/At. Furthermore,
by the CFL type condition (4.1, At = O(Az®), and by the bounds on ||u™ |,

n n 1 1 1
5 <1l <0 (5;) =0 (gom) < 50

for sufficiently small At. Therefore, settinéﬂ M"™ = max; ¢}, from we get
M"Y < F(M™).
Now set Z" = M™ — +/2L. Then
7 < F (27 +V2L) ~ V2L

2
— 7"+ V2L — % (Z”+\/2L) + LAt — V2L

A
=" (1 - At\/2L> - 7’5 (Z™)?
At
<zm-—(z2").
2
Now, clearly if Z™ < 0, then Z"*! < 0. Hence, if Z° < 0, then Z" < 0 for all
n> 0. If Z™ > 0, by [38, page 271],
2 2
"< < —,
- t”—l—l/ZO — tn
This finishes the proof. (I

LThis maximum exists since qn € 2.
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6. HIGHER INTEGRABILITY ESTIMATE

We begin this section by deriving a “renormalized form” of the finite difference
scheme for ¢;, so let f be a nonlinear function (renormalization) of appropriate
regularity and growth. Multiplying by f’(¢;) and using the discrete chain
rule, which in the present context reads

A
@)D+a} = Daf(@)) F 51" (4aj2) (D))’

t At " n t n
1@)Day = DY (a7) = S8 (a72) (DLa)”,

1/2 .
where q7 12 is a number between qj and ¢;+1, and q; "+1/2 45 a number between q;

and q”Jrl Multiplying the scheme with f/ (q} ) we obtain

DY (@) + (w12 0) D (@) + (w172 10) D (&)
(6.1) +(C]J;)2f’ [ ~ (u +1/2v0) —(u?_l/zAO)z] ()
+ Ing gy = f” (4717%) (Dap)?,
where

A:I: n n n
Ing,pr 5= 2{ (“jﬂ/g v 0) (@)1 ) (D_q})?

- (“;'l+1/2 N 0) f”(Q?+1/2)(D+q§‘)2}.

Let us now write (6.1)) in divergence-form. To this end, observe that the discrete
product rule (2.2]) implies the following relations:

D_ [(w112V0) £a))] = (w172 V 0) D_f(g}) + D (4172 V 0) £(a}),
Dy [(“?—1/2/\0) f(qy)} ( +1/2/\0) Dy f(q}) + D+ ( 1/2/\0) f(d})

= (44172 10) D f(a) + D= (w121 0) 1),

and therefore, using that ¢} = D_ ul /20

(“3'11/2 v 0) D_f(q}) + (U?H/z A O) Dy f(q3)
=D [ (w172 v0) 7a)] + D [(w)1210) £ — £ ().
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Hence, we end up with the following divergence-form variant of the renormalized
difference scheme (6.1)):

DL f(q)) + D- [ (w412 v 0) £(a)] + D [ (w10 10) £(a))]

9 ) - g )

2 2
+ [Pj“ — (u?+1/2 v 0) - (u?_l/Q A O) } f(q})
At n 2
+ gy =5 f" (%‘H/Z) (DYay)”

To ensure that the limit of (9yuaz)?, cf. (4.2)), is nonsingular (i.e., not a measure),
we shall need the following higher integrability estimate:

+

Lemma 6.1. Let ga, be defined by (3.9), and assume that the CFL type condition
(4.1) holds. Then, for all finite numbers a,b,a with a < b and « € (0,0),

T b
(6.3) / / lgae>T dadt < C,
0 a

for some constant C = C(a,b, T, ) that is independent of Ax.

Proof. Define n.(q) = /€% + ¢?> — €. Note that n.(q) =~ |q| for small € and

q g2 1

—1<n = —<<1 d 0<n’ = —F77s < -
775((]) \/m aln Ne (q) (82 +q2)3/2 = ¢
In (6.2)), we then specify
/2
£(@) = ne(a) (1 +¢*) .
One can easily check that
a/2
F@) =nia) 1+ @)™ + ane(a)a (1 + ¢2)
a/2
(@) = n(a) (1 + ¢ + 20m.(0)q (1 + %)
2\/2-1 o\ /22
+an5(q)((1+q) +2<571>(1+q) )

so that in particular f”/(¢) > 0 and

a/2—-1

a/2-1

(6.4) F(q) = n(q) (1+ ¢%)** + bounded terms.
Next set

H(q) := f()—qf()

w[\g‘@

( Hg) (1+ @) + ame(q) (14 62 q) —qne(q) (1 + %)

_ ona/2 [qnl(q) oq®
= anela) (1+0°) [2776(61) T 1}

21| ag? €
=qn-(q) (1+¢*)"" < T+2 JErE 1] =: H.(q)he(q),
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with
2 Ot/2 1 an €
He(q) = qn(a) (1 +a°)"",  helg) =3 1+q2+\/m_1

Now note that
o —

1
< 0.

lim h.(q) < lim hy(q) =
q——00

q——00

Hence, for a,e < 1, we can find a constant K > 0 such that

(6.5) he(q) <
Let us continue by defining the sets
N'={jeZ | ¢ <-K}, C"={jeZ | -K<q} <0},
and P"={j€Z | q?>0},

where K is defined in (6.5)). Moreover, let 0 < x(z) < 1 be a smooth cutoff function
satisfying

o —

for all ¢ < — K.

0, x<a-—1,
x(x) =41, z€]la,b,
0, x>b+1.

We multiply (6.2) by x(z;)AtAz and sum over (n,j) € {0,...,N —1} x Z to get

AtAz> > he (¢f) He (¢f) x(z;)

n jeN™
(6.6) < —AtAzY N he (qf) He (af) x ()
n jeCcn
(6.7) —AtAzY Y he (qf) He (q)) x ()
n jepn
—atae 3D (w10 v 0) £ (6))) X(a)
(6.8) gn
Dy ((w1/s A 0) £ (a})) x(a)]
(6.9) — AtAz Y AT ()
(6.10) +Amz (f (d)) = f (@) x(x)
(6.11) + AxAtZ %f” (q;’“/?) x(@;) (D4a))”,
where
2 2
(6.12) Ar = pr - <ug+1/2 v 0) - (u;?_l/z A 0) .
Now for 7 € N™ we have that
]_ _

e (@) (1 (@)7) < he (@) He (a))-
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Therefore
1— 2

2 aae Y Y e ) (14 ()°) xte)

n jeN™
< |[@6)| + (67| + (-3 + |9 + |@-T10)| + | (-1T)| -

We shall now find bounds on all the terms on the right hand side; in what follows,
we let C' denote a generic constant independent of Az, €, and «.

We start with (6.11]). By (3.7)

2
(1o v0) Dogi) + (w127 0) Diq))

t 2 2
(Digj)" <C

+ (P + (u§+1/2 v 0)4 + (u;?_m A 0)4 + (qgl)“] :

To bound the “integrals” of these terms we must use the CFL type condition (4.1)),
which implies that At = O(Az**?). First,

AxAtZ ((U?—1/2 \ 0) D_q;?)Q
J

< 0NN (AeD_g?)* < CA™ N (¢7)7 < OA’.
J J
Therefore

((U?—Uz vV O) D_q;l>2 + ((u?+1/2 A 0) D+q?)2] x(x;)

< CA2°T -0 as Az —0.
We also find that

sz

J

< C’sz
J
< C’sz
J

since ua, and P} are uniformly bounded. Thus

AtAz " At
n,j

(PP)" + (uj+1/2\/0) + (uj_l/QAo)

2 2
|Pr|+ (u}ﬁrl/g Vv 0) + (u;l_m A 0) ]

<0,

2
1P| + (u?+1/2)

4 4
AtAxZAt [(P;’)Q + (u?_H/Q vV 0) + (u;?_l/g A 0) ] x(zj) — 0,
n,j
as Az — 0. Additionally,
Az Z At (q?)4 < CAz Z Az? (Azq?)2 (q?)2
7 .

J

< CAz't? Z |:<u;'l+1/2)2 + (“?1/2)2] (q?)g
J
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< OAN" () < oAa’
J
Therefore
Aa:AtZ At (q;’)4 x(z;) < CTAz’ -0 as Az — 0.
J
Now we have established that
(6.13) AxAtZ At (Dj_q}l)Q x(z;) =0 (Amg) as Ax — 0.
n,j

Recalling this implies that
At n 2\ */2 o 2
[(6.11)] < C'AxAtZ - (1 + (qj+1/2> > (D4 q}) x(z5) + O (Ag;(’) .
n,j

When we established (6.13) we always had a “Az? to spare”, which we can use
now. With 8 =60 —a > 0, we get

A 2\ /2
atar Y2 (14 (7)) ok’
n,j
Ié] a/2
< C’AxAtZ A%Aa:“ (1 +(4f7) ) Aa® (Dhq})’

a/2
<C’AmAtZ (A:r - (qu"“/2) ) Az? (Dl q?)’

AP
< C—AmAtZAm L)’ < o=
9
n,j

since
1122 /2 N\ /2
(Aa:2 ¥ (Azq;l ) ) < (AI2+4(HU”H€QC) ) <cC.

Now choosing ¢ = Az”, we finally conclude that |(6.11])| is bounded.
Next we turn to (6.6). For —K < ¢ < 0, we have that |h.(q)H-(q)| < C, where
C is independent of €. Therefore

1(6-6)| < CT(b—a+2).
To estimate |(6.7)), observe that
EDI < catasd 3 (1+]g ) x (@
n jepPn

Now, equipped with (4.2)) and (5.1)), it is possible to bound the right-hand side by
a “Ax independent” constant exactly as was done in [12].
Regarding (6.8)), observe that

’AtAx S0 (12 v 0) £ (6)] xGA0)

_ ‘AtAx S (w12 v 0) Dix(GAD) (a])

Jm
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" . n| 1+
< CAtAz Y ]ujwz‘ D x(§A)] (1 + 7| a)
7n

<CT (sgp e [{D XY, |,

LY I TR Wy

—cT<Sup||unlleoo H{D+X ()}, H +sup ¢ [ {D+x(ij)}meEa>.

Therefore, also |(6.8)| is bounded independently of Az.
Next we focus on (6.9). Remembering that |f/(¢)| < C(1+ |q|”), we find

G < atda " (1Pl +2 "2 ) [0 x(z)

n,J

< CMtA2 Y (1P + 2" ) (1 + |g517) xey)

n,j

n ny2
<CT (sup | P || jos + 2sup |lu ||eoo>

< (x|,

<ot <sup [P + 25up ||un||§oo>

G, e, )

x (H{X(J'Aﬂs)}j'HZ1 +sup [lg" 22

{X(J‘Aﬂf)}ij%) :
Finally, keeping in mind that f > 0, we treat (6.10) as follows:

(BI0)) < Aw )7 (f (a) + 1 (47)) x(5)

gCAxZ(2+}qJ| + 1)) x(a;)

(H Lo,
1+ gl+a
1+ 1

+(||q ™+ ) |

Summarizing, we have established
a/2
Atae Y3 g ne (q)) (1+ (6)°) <
noj

The statement of the lemma follows by noting that

+

il 2

jgl

a7 < lan(q) (1 + ) + |g|"™,
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and using, in combination with (4.2), the bound
1+« 14+«
AtAatZ’ J”‘ mj)<CTsup||q o

Jn

{x(z;)};

2

£1=

7. BASIC CONVERGENCE RESULTS

The purpose of this section is to present some straightforward consequences of
the a priori estimates established in the foregoing sections. More precisely, we

prove that the two sequences {uaz}agwo, cf (3.10), and {Paz}a,q, cf (3.11),
have strongly converging subsequences, starting with the former.

Lemma 7.1. There exists a limit function
ue L (0,T; H' (R)) N C([0,T] x R),

such that along a subsequence as Ax — 0

(7.1) ung > u in L (0,T; H'(R)),

7.2 Upaz — u  uniformly in [a,b] x [0,T], for any a < b.

( y y

Additionally,

7.3 t— ||u(t, - 1 s mon-increasing, and
H(R)

(7.4) 2lin(lJ u(t,x) = ug(x), z € R.

Proof. First we note that for t € I"™,

/]R(um:(t, 2))2dz = Zj:/%“ﬂ(ix(xjﬂ/z —@)uj_1/5(t)+(z - Ij—l/z)“jﬂ/z(t))z dx
% Z ((uj_l/z(f))2 + (Uj+1/2(t))2)
< (- 0080 3 (45) + (7 ) 205 (fare)

and

[ Ouunst0))? o = 20 Y (00

1 n TL n n2
SE (t—t") Amz +1 tH—t)Aaszj:(qj)

Hence,
et Mo ey < 57 (=17 Hu"“HHl w (T =) e ) -
At (R)
Let s € I"™ with m < n. Then, using ,
1
[uaa(t, )HHl ®) < At ((t —t") H“n+1’|H1(R) + (tn+1 - t) ||u"||i,1(R))

< A=A (s, 2
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—m ws
P (™ sy = Trza (s, s )
At H1(R) > JITH(R)

n my|2 2
(=) (Il gy — llumsﬂllfzwmﬂ

B 0
< gAt(n—m)Az ||qu(3a')||§Jl(R)

+ eAt(nfm)Aze

2 2

a2 ey ||Um||H1(R)‘
0

< eAt(n*m)Aw ||qu(3a ')”?JI(R)

+ eAt(nfm)Aze (eAtAa:e _ 1)

This implies (|7.1)) and (|7.3]).
Next we prove that {uag}a,s is uniformly bounded in W2+ ((0,T) x (a,b)).
We can assume that a —1 = z;, and b+ 1 = z;, for some integers j, and j;. Since

2
™ [ gy -

q— |q/*™ is convex,

T b
/ / |Opuns* T da
0 a

<Y A () |+ e g <
n J

for some constant C = C(«, a, b, up), where we have also used (6.3]).
Now set 0 = (x — x;_1/2)/Axz. Then, for x € I;, we have

(7.5)

Brusa(t; o) = (1= o) DYty o + o Dhull
<(l-o0) ’Dz_u?_l/gl +o ’Diu?+1/2‘ .
Furthermore, by the uniform bounds on Dy P and uag,
DLy < CO+ )]+ [ga])

Using this,

T b N Jb )
/ / Orune*T de <O |1+ At Az |gr]T ) <C
0 a n—0 ia

Now {uaz}pzso C WHH® cc C% on (0,T) x (a,b) with £ = 1 —2/(2 4 «).
Therefore, along a subsequence, ua, — u uniformly in (0,7) x (a,b) as Az — 0.
Let us show that the limit satisfies the initial condition (7.4). Fix Z € R and let
t € (0,1). We have z € I; for some j and ua,(2;_1/2,0) = ug(x;_1/2), so that
luaz(0,Z) — up(Z)] < ‘qu(O,a’c) — qu(O,mj,1/2)| + ‘uo(xj,l/g) — uo(i)|
_ ¢

<C(o-ay13)".

Consequently,
[u(t, @) — uo ()| < |u(t,T) — uaz(t, 7)]
+ |uaz(t, ) — uae(0, )] + [uaz (0, 2) — uo(Z)|
< |u(t, ) — upn(t, )| + Ct’' + CAz’.
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Now we can let Az — 0 and then ¢ — 0 to conclude that w(Z,0) = ug(Z). This
draws to a close the proof of the lemma. ([

Lemma 7.2. There exists a limit function
P € L*>(0,T; Wh(R)) N L>=(0, T; WHH(R)),
such that along a subsequence as Ax — 0

(7.6) Pry — P in LY

loc

Proof. By the bounds on P in Lemma we see that Pa, is bounded in L*°
uniformly in Az. Next we show that {9;Pas},-o is bounded in L'((0,T) x R).
For ¢ S [tn,t”L—"_l) and € Ij+1/27

((0, 7Y xR), 1<p<oc.

OiPag(t,x) = DY P+ (x — x;) D} Dy P}' = (1—0) D}, P} + oD\, P}", |,

where o = (z — x;)/Az. Write D}, P} = X7 +Y]", where X} and Y}* solve

X"~ D_DX"=D!, <(uy_1/2 A 0)2 S Gy 0)2> ,
vy - DDy =50 ((6)7).

Then || X"|,; is bounded by the ¢* norm of the corresponding right hand side
avbove. By the discrete chain rule

DY (w0 o A 0)2 <2 (uf_yjs A0) Dhully s+ A (Dj_u?_l/2>2 .
Estimating the first term here
(u;b_l/Q A 0) Dj_u;-’_l/Q
=— (U?—1/2 A O) [(U?—1/2 \Y O) qiq + (u?—1/2 A O) q; + D+Pﬂ
=— (u?*1/2 A 0) [(u;ﬂl/z A O) q; + D+Pj"} .

This means that

(" 7 0) Du||,y < C ([l 2 llg" g2 + [ D4P" 1| < C.

Similarly, we have
t n 2 n 2 n\2 n 2 n 2 n\ 2
(D+“j+1/2) <C [(“j+1/2 VO) +(q7)" + (“j+1/2 AO) +(g7)" + (D4 F})
2
=¢ {(U?ﬂ/?) +(4)" + ()" + ’D+Pjn@ ’
and thus H (Dﬁru”)QH < C. We have shown that
él

<C.

@0 X < {04 [0 A0 + (e v 0]
J et
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Next, using (6.2) with f(g) = ¢*/2 we have that

%Di (@)" = =D [(#s1/2v0) ()] + Dy [ (411/210) ()]

a’™
J

(7.8) )

-
b3

where A” is defined in (6.12)) and

Inz gy =Ax { (u;'ll/2 v 0) (D*q}z)z - (“?ﬂ/z A 0) (D+Q;l)2} > 0.

We write Y/ = Yja’" + ij’" where

Y/ =(I-D_Dy)""al and Y™ =(I-D_Dy) b
Now HY“"HZ1 < [[b™]|,1, and therefore we compute
1/2
147" = A Y [A7gE| < C gl | A2 [(P;*)Q + (uﬁl/gﬂ
’ ’ 1/2

< Cllg"lee AIZ Dpﬂ + (“?+1/2)2] <C.
J

By (6.13)), the L! norm of At(Diq}l)2 is of the same order as Az?. Then, summing
(7.8) over n and j, we arrive at

AtAT Y Iag s < CT+Ax Y [(0)) + ()] + 0 (aa”) < C.
n,j J
This means that

b,n
(7.9) Atdry ‘Yj

n,Jj

<C.

Now let
Li=hY e ID K =~hY _ Di(e "N K;,
for some sequence {K;}, € /. Since
’Die_“‘i_j“ < Ce =il
we get
1Ll = 80 Y1) < Aahe Y 31 |i | < O K
J 4,9
Using this,
a,n n|2
V"l < Cllg" Il -
Combining this with (7.9) and (7.7)) we see that
AtAz ) |DL P < C,

n,j
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T
/ /|atpm| dodt < C.
0 R

Hence {Pag}pyso is bounded in W1((0,7') x R). Combining this with the L>
estimates found in Lemma yields the existence of a convergent subsequence as

claimed in ([7.6). O

and therefore

8. STRONG CONVERGENCE RESULT

We now show that the sequence {gaz} a 0, cf (3.9), has a strongly converging
subsequence. This result is a key point of the convergence analysis.

Lemma 8.1. Fizrl <p<3andl <r<1+ g. Then there exist two functions
ge L ((0,T) xR), ¢2 € LT ((0,T) x R) such that for a subsequence as Az — 0,

loc loc
(8.1) qaz = q in L(0,T; L*(R)), gaz — q in L}, ((0,T) x R),
(82) .= in Lo((0,T) x R),
for all a,b € R, a < b. Moreover,
(8.3) A(t,x) < @2(t,x) for a.e. (t,x) € (0,T) xR
and
(8.4) Ozu=q n the sense of distributions on (0,T) x R.

Finally, there is a positive constant C' such that
2
(8'5) Q(tvx) < E +CHUOHH1(R)7 le (OvT)’ zeR.

Proof. Claims (8.1)), (8.2)) are direct consequences of Lemmas and Claim
(8.3)) is true thanks to (8.2) and the convexity of g = ¢?, cf. Lemm while (8.4))
3.10).

is a consequence of the definitions of ga, and ua,, cf. and (

We conclude by proving . Fix ¢t > 0, and let At be so small that ¢ € I"
with n > 0. Not that n — oo as At — 0, and t"* and t"*! both tend to ¢t. From
the definition of ga, and we have that

qaz(t,z) = ¢} + (t —t") D' q}
tn+1 —t n

t—1
— n n+1
N + At b

(8.6) 2 t—t" (2 .
P =
< (tn+c>+ n (tnw)

2 N
=3 + C 4+ 2fac(t),

where C := C [uoll g1 (z) and for every t € [tn, ¢, @ € I, with

t—t" 1 11

fal) =t —ar w1

Observe that

Cp o L1 1 1
sl =g\t~ ) Ve = e T
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80 fa.(t) =0 <=t = Vit"t"*t! € (t,,t,41), and in particular

2
(1 /in+1 _ | /t")

tnthrl

sup  fau(t) = far(VEnentt) =

teftn,tntl)

_ (At 1 At? 0
— 0.
- Qﬁ trgntl = g(¢n)2¢n+l
Therefore (8.5)) follows from (8.1)) and . O

In view of the weak convergences stated in (8.1)), we have that for any function
f € CYHR) with f’ bounded

flaaz) = f(g) in L>(0,T; L*(R)),
flaaz) = f(q) in L}, ((0,T) x R), 1 < p < 3,

where the same subsequence of Az — 0 applies to any f from the specified class.
In what follows, we let ¢f(q) and f’(q)¢? denote the weak limits of ga.f(qaz)
and f'(qaz)qa,, respectively, in LT, ((0,T) x R), 1 <r < 2.

(8.7)

Lemma 8.2. For any convez function f € C*(R) with f’ bounded we have that

//OT)XR F(@)0wp +uf(a) :c%ﬂ) dxdt—l—/fQo ))(0, ) da

=[] (5@ -+ () W) e,

for any nonnegative ¢ € C°([0,T) x R).
Proof. Set

1 n_ 1
88 0= g [ eae =g / plt, ) da .

We multiply (6.2) by AzAty}, sum over n, j, and take into account the convexity
of f. After partial summations, the final result reads

(8.9) Eg+E+Ey+E3s+Ey+ E5>0,

where
By =Az> " f(q))¢,

J

Ey =AtAz) " f(q})D; ¢},

5]
B, :AtAxZ [(u;-‘H/Q V0) gDy + (w10 0) Flaf) D7 ],

5 =— AtAx Z

E4 =—AtAxZA; ()¢5

n,J

Bs =AMy 1" (4"?) (D)) o)
n!j

1) —aqi f(g})| ¢

7
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By (3.9),

llgo — y =0 as Az —0,

where go := Jyup and gaz,0 = JpUag|i=0, S0 that
A:r:quj ~—>/fq0 ©(0,z)dx as Az — 0.

We split F in three parts:
(8.10) Ey=Fi1+ FEi2+ E 3,

where

Eia :// f(qaz)0vp dx dt,
(0,T) xR

B2} [, e = stas)) D7y o
E13*Z/ flaae) (D7 @} — Bvp) dt

Due to

(8.11) Ei— // 8t<pdxdt
0,T)

Due to the boundedness of f/,

(8.12) |f(q}) = flaas)| < er(t —t") DY g},

for each (t,z) € [t",t" 1) x I;, where ¢; > 0 is a finite constant. In view of (6.13),

gt

|E12| < 81A$Z |Dt ®; | \D+qj / (t—t")dt
(8.13) ™.
< e AzAt? Z |Dt gaj |D', q7] < clAtHDt 90”62 ||D_i_q||é2 — 0,
n,j

as Az — 0. Finally, since
|D; o — 0| < oA,

for some constant c; > 0, we have that

(8.14) |Er 3] < coAx // |f(qaz)| dzdt — 0 as Az — 0.
supp(y)

Clearly (8.10), (8.11)), (8.13), and (8.14)) imply

(8.15) E — // fl@)Orpdrdt as Az — 0.
0,T)xR

Next, we split E5 into four parts:
(8.16) Ey =FEs1+ Eoo+ Ez 3+ Eay,
where

Bay = / / wne f(qae)Oue da dt,
(0, T)xR
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B2 =Y [/ [((u;;lﬂ V0) ~ (uar v 0)) £(g)D g
w0
+ ((uy_l 12 A0) = (uns A o)) f(q;?)D_%L] dz dt,
Ba=Y I/ [mx V) (F(a}) ~ flane)) D}
+ (uaz AO) (F(q}) — flaaa)) Dw?] dx dt,
Erq= Z //n [(um V0) f(qaz) (D@} — 0u)

+ (uaz A 0)f(qaz) (D—¢} — 1@)] dx dt.

Due to ,

(8.17) Eyq — // qf(q)0z dx dt.
(0, T)xR

Using the definition of uag,

< Az (|qf ] +[4™])

n
‘“j—1/2 T UAe

< Azgj (’qyn‘ + ’q;LHD + ‘u?+1/2 — U9

‘“511/2 ~uax
so, by Lemmas [£.1] and

[Bal < 8a?At Y (|7] + |4 ) [£a))] (1D+]] + [D-¢5 )

n,J

FARALY o — o 1£(65)] | D]
n,j
<28z [ Dygllgee llallez 1 (@)l 2
15 @z |[{ (w22 = w-1j2) Doy }
as Az — 0. Using and , we deduce

|Bas| < 1Az (ID_g}|+|Die}|)

n,j

ot
X (‘u” ’+‘u’-ﬂ D/ t—t")dt
(8.19) J+1/2 —12|) | ( )
= AzA2 S (1D g7 | + Dy ) ([t o] + [ )
n’j

< 401 At Dol ]2 — 0,

)

(8.18)

n,j 02

33
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as Az — 0. Finally, since |D1y — drp| < c3Ax, for some constant ¢z > 0, we
obtain

(8.20) |Ea.4| < csAx // lgaz] |f(gaz)| dtde — 0 as Az — 0.
supp(e

Note that (8.16)), (8.17), (8.18]), (8.19), and (8.20)) imply

(8.21) Ey, — // qf(Q)0zpdxdt as Az — 0.
0T)><]R

We split F5 into three parts:
(8.22) E3=F31+ E32+ Es 3,

where
2
By = - / /OT . {(‘M;) f'(aa z)qu(qm)} o da dt,
Ezy = — Z//n[q] @ =a fla)

(qaz)
2

f(gaz) + qu(qm)] @} drdt,

ra=-% [] [

Due to ,

211 ()
(8.23) E371H//(0T) R<(1J;@qf(q)>¢dxdt as Az — 0.

Using the boundedness of f’, we can estimate as follows:

fgaz) — QAmf(qu):| (¢ — ) dadt,

(q7)?
2

2
7'0) ~ 1)~ T2 ) + gne flase)

_ [(a)? — a4,
= 2
" gnel (17| + lqas
. a7 = aa |(|2q]} lgaz]) T
(t —t") | Dgp| (47| + laaxl)
= 2

£+ B ) - f(a)

(QAx)

£l [} — aa]

(QAw)

£l oo + 1)l oo (£ —1") ‘D+qJ’
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Hence, taking into account (6.13]) and (6.3)),

(8.24)
(t —t") D | (|q7] + lgaz])
|E3 5| SAHJZ/ [ ) |D5 j2| | J| N oo
n,j "
(qAﬂJ) " _ D nd
+ = 1l e (8= ") | D g || ] dt
| (|47 + laaz|) qm n
< A Atzzl Dy \]| e + 982 g |
|04l (g™l + lgazll p2my)
<A E— N
+0( )nugm Il | D% 0 Hp]nwnm
Az’ /Ax
<A A — s Arz — 0.
t AL AL A:E a:) 0 as Ax 0
Since |<pJ — gp| O(Ax),
(8.25)
2
Baal 0a0) [ N ) s fasa)| dodt— 0 as A =0,
supp (¢)

We have that (8.22)), (8.23), (8.24)), and (8.25)) imply

(8.26) Es — // Ozpdxdt as Az — 0.
0 T)><]R

We split the term Ej into three parts:
Ey=FEs1 4+ Eyo+ Ey3,

where

Eyq = —// Anaf (qaz)p da dt,
(0,T)xR

Fia= =) [, 57 = s as) o o,
Eis=- Z// Asaf (080) (&) — &) dudt,

n,j

where Aan, = Pag — (uAm) . Lemmas and , cf. also (8.7), imply that
Eyq1— — // (P —?) f'(q)pdrdt as Az — 0.
0,T)xR

Continuing, it is not hard to see that |Ey 2| = O(Az) — 0 as Az — 0. Moreover,
since ¢} — p = O(Ax), Ey3 — 0 as Az — 0. Summarizing,

(8.27) Ey — —// (P—1?) f'(q)pdzdt as Az — 0.
0,7) xR



36 G. M. COCLITE, K. H. KARLSEN, AND N. H. RISEBRO
Finally, regarding Es, due to (6.13)), we conclude that as Az — 0

n n 2 n
(8:28) 1B < 9l ompm APA D 7 (47?) (D)) o) — 0.
n,j

The lemma now follows from (8.9), (8:15)), (8:21)), (8:26), (8-27), and (8:28). O
We know that {(gaz)?} 5, is bounded in L>(0,T; L' (R)) N L{,.((0, T) x R),

loc
for any 1 <r < 1+6/2. Additionally, using (6.2) with f(q) = g, we can show that
the mapping ¢ — [;(qaz)?¢ da is equi-continuous on [0, 7], for every ¢ € C°(R).
Hence, in view of Lemma

(8.29) /(qu)Qgpdx — /qizgodx uniformly on [0, 77,
R R
and
(8.30) t— / ¢2pdzr s continuous on [0, T].
R

The statements (8.29) and (8.30) hold with ¢% ,, ¢2 replaced respectively by f(qaz),
f(gaz), for any convex function f € C*(R) with f’ bounded.

Lemma 8.3. Let ¢ and q2 be the weak limits identified in Lemma . Then

// ., R(q8t<p+uq8w<ﬂ) dmdt+/Rqo(x)@(0,w)dw
(8.31) (010

1—
://( " R<—2q2—|—(P—u2)><pdl‘dt, Yo € C((0,T) x R).
0,7") x

Proof. Starting from (6.2)) with f(g¢) = ¢, we argue as in the proof of Lemma
to conclude the validity of (8.31]). O

The next lemma tells us that the weak limits in Lemma [8.1] satisfy the initial
data in an appropriate sense.

Lemma 8.4. Let g and ¢2 be the weak limits identified in Lemma . Then

lim [ ¢*(t,z)de = /(&;UO)Z dz,

t—0
(8.32) . B
lim [ ¢?(¢t,x)dx = /(8mu0)2 dx.
t=0Jr R
Proof. The proof is similar to that in [I2]. O

We can now wrap up the proof of the strong convergence of {gaz} az0-

Lemma 8.5. Let ¢ and q2 be the weak limits identified in Lemma . Then
(8.33) A(t,z) = ¢*(t,z) for a.e. (t,z) € (0,T) x R.
Consequently, as Ax — 0 (along a subsequence if necessary)

(8.34) qae — q in L3 ((0,T) x R) and a.e. in (0,T) x R.
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Proof. By Lemma [8:2]

$35) 0@+ 0. (uF@) < T (@) — 5@ + (u — P) Fla),

in the sense of distributions on (0,7") x R, for any convex function f € C*(R) with
/' bounded Moreover, by Lemma

1—
(8.36) 0¢q + 0x(uq) = 5112 +u® — P,

in the sense of distributions on (0,7) x R. Equipped with (8.35), (8.36), (8.32),

and (8.5)), we can argue exactly as in Xin and Zhang [39] to arrive at (8.33). In
view of Lemma [2.3] claim (8.34) follows immediately from (8.33) and (7.5 O

We now prove that the limit u satisfies |(D.3)|
Lemma 8.6. For any ¢ € C°((0,T) x R),

/ /ugot—&—( —|—P> wpdrdt =0,
T 1
/ /P(</>—<pm) dxdt:/ /(uQ-l-(amu)Q)godxdt
0 R 0 R 2

Proof. 1t is not difficult to establish the equation for P, since we have already
established that d,ua, — 9,u in L _((0,T) x R), cf. (8.34). Indeed, we have

loc
T
/ / Pry (0 — @ge) dadt
0

—Z// Pag (¢ = ue) du dt

i—1/2

—ZP"// © — Qpp dx dt

i—=1/2

+Z//n — Pag) (9 — ux) dudt

j—1/2

(8.37)

w1

= AtAxZP” " —D_D,})

J 1/2

w2

Since |Paq(t, x) — P”| < CAz for (t,z) € I} " 1/2> w1 — 0 as Az — 0. Similarly,
since ¢ — gz s close to ¢ — D_D4 % in Ij 1/2 and P} is bounded, we conclude
that wy — 0 as Az — 0. Set

2 2 1 2

1
fA;E = ('U/Aw)2 + § (aquw)Q .
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Using the scheme for PP, cf. (3.3)),

AtAz > PJ (9} — D_Dyo}) = AtAz > f7o}

n,J

Z/T/fmsodwdt

+Z// (f = fas) <pdxdt+2f”// (o — @7 ddt.

j—1/2 j—1/2

ws =0

By the definition of ga, we have that ga, = ¢} + (¢ — t")Diq;?' for t € I"™. Hence

2 , 2
(qae)® = ()" =2(t —t")g D'q + (t —t")* (DYq)” in I, .

so that, assuming supp(y) C [z, ,x;,] for some intergers j, and jp,

Z// ‘(Q?)Q - <QA90)2‘ lo| dx dt

n,j 1;21/2

gt

< CAIZZ/ 2(t — t")gI DY gl + (t — ) (Diq?)z) dt

SYININDY Z (atgyDLq) + (AtD'q})?)

TLJJ(L

-0 (\/AtAxe n Atm@) .

By the Holder continuity of ua,; recall that ua, € C% with £ =1—2/(2+ ), we
find

(u;~7;1/2 A 0>2 + (u?+1/2 \ 0)2 - (UAw)z‘ = O(Az' + Ate)’

and therefore ws — 0 as Az — 0. Hence, using ([7.2)), (8.4)), and (8.34]),

T T
/ / P (o — Yzg) dedt = lim / / Pry (0 — @gg) dadt
0 R Az—0
— Aha:I?O/ / ( qu (8 UAL) )godxdt
/ / (u2 + - (8Iu)2) pdx dt.
0o Jr 2

This means that the second equation in @ holds.

To establish the first equality in , we derive a divergence-form version of
the scheme (3.I). To this end, introduce the functions fy(u) = F(u V 0)? and
fa(u) = (uA0)2 Observe that f, and f, are piecewise C?, and the absolute
value of the second derivatives are bounded by 1. By the discrete chain rule,

2
(U?+1/2 Vv O) D_ujyy )y =D_fu(ufyy)5) +O <A$ (D—U?-H/Q) )
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and
n n n n 2
(“j+1/2 A 0) Dyuliy o =Dy fa(ufig)s) +O (Am (D+Uj'+1/2) ) -
Consequently, we can replace (3.1)) by

Dhullyy g+ D fy (Ul 5) + Dy fa(ulyy 1) + Dy PF
(8.38) e o
o (ae{ (o) (o))

Observe that

D_+D 2
(8.39) D:T+7 AxD_D+:D+_D_’ fv_i_f/\:u?
Using these identities, we can restate (8.38)) as
_ 9 ;
um
n ( J+1/2) 1 n n
Diuj+1/2 + D_ f + 5 (fv(uj+1/2) — f/\(uj+1/2)>
- 9 -
a0 )
+D+ <4+2(f/\(u;r'L+1/2)—f\/(U?+1/2>) +D+Pjn

] 2 2
=0 (Ax { (D_u;-L_H/Q) + (D+u;l+1/2> }) .
Using, cf. (8.39)),
D_ (fv(u;‘l+1/2) - f/\(u?+1/2)> + D4 (f/\(u?+1/2) - fv(uy-s-l/z))
= AzD Dy fa(ufyys) = AzD_Dy fu(ujyy ),
equation (8.40) becomes

2
u”
( J+1/2> n
B — +D+Pj

=0 (Ax { (D,u?H/Q)z + (D+u?+1/2>2}>
+ Az {D7D+f\/(u?+1/2) - D7D+f/\(u?+1/2)} :

Now fix ¢ € CZ((0,T) x R) and define ¢ as before, cf. (8.8). Multiplying (8.41)
by ¢} AtAz and performing partial summations gives

2
U3y
AtAT Y ully DY o +AtAT Y (]+2/)D<p}’+AtAm > PrD_g} = O(Ax),

n,J n,J n,j

(8.41)

Eq E; Es
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by using (4.2). We have ‘qu - u?71/2’ <C (Agp ‘qﬂ + At ’Di“}lﬂ/z‘) Using
this and (7.2)), we compute as follows:

T
FE = / / UAzpr dT dt + Z// (u?+1/2 — UA:C) prdzdt
0 JR ng Y71}
+ Zu?Hﬂ //I" (Di_gp? - cpt) dx dt
n,Jj J

T T
:/ /uAIgot dx dt + O(Ax) —>/ /u(pt dedt as Az — 0.
0o JR o Jr

In the same way, equipped with (7.2)) and (|7.6), we can show that

T 2 T
E2—>/ /u—gozdxdt, E3—>/ /Papmdxdt as Ax — 0.
o Jr 2 o JRr

thus proving the first equality in (8.37). This concludes the proof of the lemma. [

9. NUMERICAL EXAMPLES

We have tried the difference method presented here on several examples, and
in doing this found that the first order method analyzed in this paper exhibits
very slow convergence, and thus requires a very small mesh size Ax to compute
reasonable solutions. This is not surprising and appears to be the case with other
schemes in the literature as well. Therefore we have implemented a second order
extension of the method. This second order extension is based on the conservative
version of the scheme

(91) Dhultyyy+ D [ (W) VO) ulyy o (Whhyjo AO) g o + Pl
=D_ (U?+1/2 \Y 0) U;’71/2 + D_ (u?+1/2 A 0) U?+1/2,
which can be viewed as a balance equation with a flux across x = x> given by

/2= (“?H/z v 0) Uitz + (“?+1/2 A 0) ujrs/z T P

Taking this viewpoint, we define the second order finite volume scheme by

t n+1/2 n+1/2
9.2) Dhuy+ D_FE = wrn (W),
Here u""1/2 is a first order approximation of the value at the point x = x4/,

J+1/2
t =t"™ + At/2. This approximation is found by setting

1
Ujiyyg = 3 (uf +ujpy),

and then using the scheme for half a time step (i.e., At/2). This scheme
is a formally second order accurate finite volume approximation, and this simple
adaptation produces significantly more accurate approximations.

In Figure [I] we show the approximations calculated by the first order scheme
and the second order scheme for the single peakon example. In this case
the exact solution reads

u(z,t) = e~ 1o,
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Figure [1| shows the solutions calculated using 2° equally spaced grid points in the
interval [—10, 30] for t = 20. We see that the second order method is much more

accurate than the first order method. In passing, we note that we have not used

Single peakon approximation at =20

09

Exact solution

»— first order
08

©— second order

0.7

06

05F

031

02

0.1

FIGURE 1. Approximations using Az = 40/2°, at t = 20 to the
single peakon.

the strict CFL-condition (4.1)), but the more natural condition
At < mjax {u?} Az.

This holds for the second order scheme as well.

In order to investigate the convergence properties of the two methods, we com-
puted errors in L! for the two schemes. Table [1] shows the computed L' errors in
the case of a single peakon under mesh refinement. In this context, the L! error is
defined as

L' error = Amz luaz (i, t) — ulx;, t)|,
i

where u is the exact solution. We used ¢ = 20 and Az = 40/2% for k = 5,...,12.
As expected, and as reported in [12], the first order method converges very slowly.
One other notable feature of Table [I] is that the second order method seems to

k| 5 6 7 8 9 10 11 12 13
15 1292 323 341 353 357 351 332 3.01 264
2nd | 536 517 3.29 1.27 0.60 0.36 021 0.13 0.09

TABLE 1. L' errors for the single peakon case, at ¢t = 20, for
x € [-10,30], Az = 40/2%, k= 5,...,13

converge at a rate slightly less than 1.

The two-peakon solution is considerably more complicated than the single peakon,
and this is also a much harder challenge computationally, see e.g., [1] and [33]. We
use the two-peakon solution given by

. 5 = 1 — <o 9 —|xz— ’
(9.3) w(a,t) = my (£)e 177510 Ly ()~ le =22 (@)
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with
18¢!~1° t—10 (t—10)/2
T (t) = log (e(t_lo)/Q—‘,—f}) y $2(t) = 10g (406 + 60e )
(t-10)/2 4 ¢ (t=10)/2 4 2
m1(t = ¥ mo t c 3

2e(t-10)/2 + 3 T et-10/2 1 3"

These formulas were taken from [35]. Figure shows a contour plot of the approxi-
mate solutions found by using the first and second order methods, and Az = 40/21°
for x € [-15,25] and t € [0,25]. We see that the interaction between the two

Two peakon approximation, first order Two peakon approximation, second order

25

20 20

FIGURE 2. Approximations to (9.3) using Az = 40/2'°. Left: first
order method(3.1). Right : second order method (|9.2]).

peakons is poorly represented by the first order method. Both the location as well
as the magnitude of the peaks are far from the correct value. This is also illus-
trated Figure [3| where we show the approximations using Az = 40/2% at t = 25.
We have also calculated errors for the two-peakon case. Indeed for Az > 40/212

Two peakon approximation at t=25

— — —Initial data i
091 I . |
| Exact solution N

i" v first order P
x second order

08 |

FIGURE 3. The approximations to (9.3) at ¢t = 25 and Az = 40,28,

the first order method did not seem to converge, and in order to give meaningful
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k| 8 9 10 11 12 13

1F [ 456 3.64 3.97 4.18 4.05 3.70

2nd | 188 1.04 0.63 0.38 0.22 0.16
TABLE 2. L! errors for the approximation to (9.2), t = 25, z €
[—15,25], Az = 40/2F k =8,...,13.

answers, this method demands very fine discretizations. These results are reported
in Table |2 For Az > 40/28 none of the methods gave satisfactory results.

In our final example we choose initial data corresponding to a peakon-antipeakon
collision:

(9.4) up(x) = — tanh(6) (e*‘”y(&l - e*|$*y(6)|) ,

where y(t) = log(cosh(t)). In this case we have a “peakon anti-peakon collision”
at t = 6. In Figure [g] we exhibit the approximations generated by the first order
(left) and the second order method for ¢ € [0,10] and Az = 24/212. Tt is clear
that the first order scheme generates the dissipative solution, and for ¢ larger than
the collision time, the first order approximation vanishes. Regarding the second
order approximation, it seems to continue as a peakon moving to the right, and an
anti-peakon moving to the left. The magnitudes and speeds of these features are
however far from the conservative solution, and we have indicated the conservative
solution in the right hand figure.

FIGURE 4. The numerical solutions to the initial value problem
(19.4). Left: first order method, right: second order version.

REFERENCES

[1] R. Artebrant and H. J. Schroll. Numerical simulation of Camassa-Holm peakons by adaptive
upwinding. Appl. Numer. Math., 56(5):695-711, 2006.

[2] R.Beals, D. H. Sattinger, and J. Szmigielski. Multipeakons and the classical moment problem.
Adv. Math., 154(2):229-257, 2000.

[3] A. Bressan and A. Constantin. Global conservative solutions of the Camassa-Holm equation.
Arch. Ration. Mech. Anal., 183(2):215-239, 2007.

[4] A. Bressan and A. Constantin. Global dissipative solutions of the Camassa-Holm equation.
Anal. Appl. (Singap.), 5(1):1-27, 2007.



44

(5]

(6]

(7]

(8]

9
[10]
(11]
(12]
(13]
(14]
[15]
[16]
(17]
(18]
19]
[20]
21]
22]
23]
(24]
(25]
(26]
27]
(28]
29]
(30]
31]
32]

(33]

G. M. COCLITE, K. H. KARLSEN, AND N. H. RISEBRO

A. Bressan and M. Fonte. An optimal transportation metric for solutions of the Camassa-
Holm equation. Methods Appl. Anal., 12(2):191-219, 2005.

R. Camassa. Characteristics and the initial value problem of a completely integrable shallow
water equation. Discrete Contin. Dyn. Syst. Ser. B, 3(1):115-139, 2003.

R. Camassa and D. D. Holm. An integrable shallow water equation with peaked solitons.
Phys. Rev. Lett., 71(11):1661-1664, 1993.

R. Camassa, D. D. Holm, and J. Hyman. A new integrable shallow water equation. Adv.
Appl. Mech, 31:1-33, 1994.

R. Camassa, J. Huang, and L. Lee. On a completely integrable numerical scheme for a
nonlinear shallow-water wave equation. J. Nonlinear Math. Phys., 12(suppl. 1):146-162, 2005.
R. Camassa, J. Huang, and L. Lee. Integral and integrable algorithms for a nonlinear shallow-
water wave equation. J. Comput. Phys., 216(2):547-572, 2006.

G. M. Coclite, H. Holden, and K. H. Karlsen. Global weak solutions to a generalized
hyperelastic-rod wave equation. SIAM J. Math. Anal., 37(4):1044-1069 (electronic), 2005.
G. M. Coclite, K. H. Karlsen, and N. H. Risebro. A convergent finite difference scheme for
the Camassa-Holm equation with general H' initial data. Submitted, 2006.

D. Cohen, B. Owren, and X. Raynaud. Multi-symplectic integration of the Camassa-Holm
equation. Submitted, 2007.

A. Constantin. On the scattering problem for the Camassa-Holm equation. R. Soc. Lond.
Proc. Ser. A Math. Phys. Eng. Sci., 457(2008):953-970, 2001.

A. Constantin and J. Escher. Global existence and blow-up for a shallow water equation.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 26(2):303-328, 1998.

A. Constantin and J. Escher. Global weak solutions for a shallow water equation. Indiana
Univ. Math. J., 47(4):1527-1545, 1998.

A. Constantin and B. Kolev. On the geometric approach to the motion of inertial mechanical
systems. J. Phys. A, 35(32):R51-R79, 2002.

A. Constantin and B. Kolev. Geodesic flow on the diffeomorphism group of the circle. Com-
ment. Math. Helv., 78(4):787-804, 2003.

A. Constantin and H. P. McKean. A shallow water equation on the circle. Comm. Pure Appl.
Math., 52(8):949-982, 1999.

A. Constantin and L. Molinet. Global weak solutions for a shallow water equation. Comm.
Math. Phys., 211(1):45-61, 2000.

H. H. Dai. Model equations for nonlinear dispersive waves in a compressible mooney-rivlin
rod. Acta Mechanica, 127:193-207, 1998.

R. Danchin. A few remarks on the Camassa-Holm equation. Differential Integral Equations,
14(8):953-988, 2001.

R. Danchin. A note on well-posedness for Camassa-Holm equation. J. Differential Equations,
192(2):429-444, 2003.

E. Feireisl. Dynamics of viscous compressible fluids, volume 26 of Oxford Lecture Series in
Mathematics and its Applications. Oxford University Press, Oxford, 2004.

O. B. Fringer and D. D. Holm. Integrable vs. nonintegrable geodesic soliton behavior. Phys.
D, 150(3-4):237-263, 2001.

B. Fuchssteiner and A. S. Fokas. Symplectic structures, their Backlund transformations and
hereditary symmetries. Phys. D, 4(1):47-66, 1981/82.

H. Holden and X. Raynaud. Convergence of a finite difference scheme for the Camassa-Holm
equation. SIAM J. Num. Anal., 44(4):1655—1680, 2006.

H. Holden and X. Raynaud. A convergent numerical scheme for the Camassa-Holm equation
based on multipeakons. Discrete Contin. Dyn. Syst., 14(3):505-523, 2006.

H. Holden and X. Raynaud. Global conservative solutions of the Camassa-Holm equation - a
Lagrangian point of view. Comm. Partial Differential Equations, to appear.

D. D. Holm, J. E. Marsden, and T. S. Ratiu. The Euler-Poincaré equations and semidirect
products with applications to continuum theories. Adv. Math., 137(1):1-81, 1998.

D. D. Holm and M. F. Staley. Wave structure and nonlinear balances in a family of evolu-
tionary PDEs. SIAM J. Appl. Dyn. Syst., 2(3):323-380 (electronic), 2003.

R. S. Johnson. Camassa-Holm, Korteweg-de Vries and related models for water waves. J.
Fluid Mech., 455:63-82, 2002.

H. Kalisch and X. Raynaud. Convergence of a spectral projection of the Camassa-Holm
equation. Numer. Methods Partial Differential Equations, 22(5):1197-1215, 2006.



AN EXPLICIT SCHEME FOR THE CAMASSA-HOLM EQUATION 45

[34] Y. A. Li and P. J. Olver. Well-posedness and blow-up solutions for an integrable nonlinearly
dispersive model wave equation. J. Differential Equations, 162(1):27-63, 2000.

[35] H. Lundmark. Formation and dynamics of shock waves in the Degasperis-Procesi equation.
J. Nonlinear Sci., 17(3):169-198, 2007.

[36] G. Misiolek. A shallow water equation as a geodesic flow on the Bott-Virasoro group. J.
Geom. Phys., 24(3):203-208, 1998.

[37] G. Rodriguez-Blanco. On the Cauchy problem for the Camassa-Holm equation. Nonlinear
Anal., 46(3, Ser. A: Theory Methods):309-327, 2001.

[38] J. Smoller. Shock waves and reaction-diffusion equations, volume 258 of Grundlehren der
Mathematischen Wissenschaften. Springer-Verlag, New York, second edition, 1994.

[39] Z. Xin and P. Zhang. On the weak solutions to a shallow water equation. Comm. Pure Appl.
Math., 53(11):1411-1433, 2000.

[40] Z. Xin and P. Zhang. On the uniqueness and large time behavior of the weak solutions to a
shallow water equation. Comm. Partial Differential Equations, 27(9-10):1815-1844, 2002.

[41] Y. Xu and C.-W. Shu. A local discontinuous Galerkin method for the Camassa-Holm equation.
Siam J. Numer. Anal., to appear.

(Giuseppe Maria Coclite)
DIPARTIMENTO DI MATEMATICA
UNIVERSITA DEGLI STUDI DI BARI
Via E. ORABONA 4
70125 BARI, ITALY

E-mail address: coclitegm@dm.uniba.it

(Kenneth H. Karlsen)
CENTRE OF MATHEMATICS FOR APPLICATIONS (CMA)
UNIVERSITY OF OSLO
P.O. Box 1053, BLINDERN
N-0316 OsLO, NORWAY
E-mail address: kennethk@math.uio.no
URL: http://folk.uio.no/kennethk/

(Nils Henrik Risebro)
CENTRE OF MATHEMATICS FOR APPLICATIONS (CMA)
UNIVERSITY OF OSLO
P.O. Box 1053, BLINDERN
N-0316 OsLO, NORWAY
E-mail address: nilshr@math.uio.no
URL: http://folk.uio.no/nilshr/



	1. Introduction
	2. Preliminaries
	3. Explicit scheme and main result
	4. Total energy estimate and some consequences
	5. One-sided sup-norm estimate
	6. Higher integrability estimate
	7. Basic convergence results
	8. Strong convergence result
	9. Numerical examples
	References

