DISSIPATIVE SOLUTIONS FOR THE CAMASSA-HOLM
EQUATION

H. HOLDEN AND X. RAYNAUD

ABSTRACT. We show that the Camassa—Holm equation u¢ — Uggzt + 3uug —
2ugUzy — Ulgzze = 0 possesses a global continuous semigroup of weak dissipa-
tive solutions for initial data u|t=o in H'. The result is obtained by introducing
a coordinate transformation into Lagrangian coordinates. Stability in terms
of H! and L° norm is discussed.
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1. INTRODUCTION
The Camassa—Holm equation
(11) Up — Uggt + 2KUy + 3UUL — 2UzUgy — UlUggy = 0, u|t:0 =u,

has been extensively studied since the first systematic analysis in [3} []. Part of the
attraction is the surprising complexity of the equation and its deep and nontrivial
properties. To list a few of its peculiarities: The Camassa—Holm equation has a
bi-Hamiltonian structure [16], it is completely integrable [B], and it has infinitely
many conserved quantities [B].

Here we study the equation with k = 0 on the real line, that is,

(1.2) Up — Ugpt + ULy — 2UgUpy — Ullgrs = 0,

and henceforth we refer to ([C2) as the Camassa—Holm equation.

The equation enjoys two distinct classes of solutions, and the dichotomy between
the two classes is associated with wave breaking, which takes place in finite time in
such a way that the H' and L° norms of the solution remain finite while the spatial
derivative u; becomes unbounded pointwise. Classical solutions can only develop
singularities in finite time in the form of wave breaking, cf. [I1], and criteria for wave
breaking are available, cf. e.g., [[4]. More precisely, Constantin, Escher, and Molinet
[T2, [T4, [T5] showed the following result: If the initial data u|—g = u € H*(R) and
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@ —u' is a positive Radon measure, then equation (L2) has a unique global weak
solution u € C([0,T], H*(R)), for any T positive, with initial data 4. However, any
solution with odd initial data % in H3(R) such that #,(0) < 0 blows up in a finite
time.

The dichotomy between the two classes of solutions can nicely be illustrated by
studying multipeakon solutions of the Camassa—Holm of the form

n
(1.3) u(t,z) = 3 pilt)e w0,
i=1
where the (p;(t), ¢;(t)) satisfy the explicit system of ordinary differential equations
n n
i =Y pie Bl pi =" "pip;sen(q — g;)e” U,
j=1 j=1

Observe that the solution (3] is not smooth even with continuous functions
(pi(t),qi(t)); one possible way to interpret (I3)) as a weak solution of ([[Z) is to
rewrite the equation ([C2) as
us + (1u2 + (1 =93 (u? + lui)) = 0.
2 2 x

Wave breaking may appear when at least two of the ¢;’s coincide. If all the p;(0)
have the same sign, the peakons move in the same direction. Higher peakons move
faster than the smaller ones, and when a higher peakon overtakes a smaller, there is
an exchange of mass, but no wave breaking, and the ¢;(¢) remain distinct, and one
has a global solution. However, if some of p;(0) have opposite sign, wave breaking
may incur, see, e.g., [2 24]. For simplicity, consider the case with n = 2 and one
peakon p;(0) > 0 (moving to the right) and one antipeakon p2(0) < 0 (moving to
the left). In the symmetric case (p1(0) = —p2(0) and ¢1(0) = —¢2(0) < 0) the
solution will vanish pointwise at the collision time t* when ¢1(t*) = ¢2(¢*), that
is, u(t*,z) = 0 for all z € R. Clearly, at least two scenarios are possible; one is
to let u(t,x) vanish identically for ¢ > t*, and the other possibility is to let the
peakon and antipeakon “pass through” each other in a way that is consistent with
the Camassa-Holm equation. In the first case the energy [(u? + u2)dz decreases
to zero at t*, and remains equal to zero for ¢ > t*, while in the second case, the
energy remains constant except at t*. Clearly, the well-posedness of the equation
is a delicate matter in this case. The first solution could be denoted a dissipative
solution, while the second one could be called conservative. Other solutions are
also possible.

Multipeakons play a fundamental role for the Camassa—Holm equation. Indeed,
if the initial data @ is in H' and @ — @” is a positive Radon measure, then one
can construct a sequence of multipeakons that converges in L2 (R; H} (R)) to
the unique global solution of the Camassa—Holm equation, see [I9]. Note that in
this case there will be no wave breaking and dissipative and conservative solutions
coincide.

The problem of continuation beyond wave breaking has been considered by Bres-
san and Constantin [B, ] and Holden and Raynaud [22]. Bressan and Constantin
reformulated the Camassa—Holm equation as a semilinear system of ordinary dif-
ferential equations taking values in a Banach space. This formulation allowed them
to continue the solution beyond collision time, giving either a global conservative
solution where the energy is conserved for almost all times or a dissipative solution
where energy may vanish from the system. Local existence of the semilinear sys-
tem is obtained by a contraction argument. Furthermore, the clever reformulation
allows for a global solution where all singularities disappear. Going back to the
original function w, one obtains a global solution of the Camassa—Holm equation.
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The well-posedness, i.e., the uniqueness and stability of the solution, is addressed
as follows. In the conservative case one includes in addition to the solution u, a
family of non-negative Radon measures p; with density u2 dx with respect to the
Lebesgue measure. The pair (u, y+) constitutes a continuous semigroup, in partic-
ular, one has uniqueness and stability. On the other hand, in the dissipative case,
their solution is characterized by an entropy condition of the form

(1.4) Uz (2, t) < C(L+t71)

where the constant C only depends on the H' norm of the initial data. The
uniqueness issue is considerably more delicate in the dissipative case. The procedure
in [4] yields a unique semigroup of solutions in H!. However, this does not exclude
the possibility that there exist other solutions that satisfy the entropy condition
i}

In the present paper, as in Bressan and Constantin [4], we reformulate the equa-
tion using a different set of variables and obtain a semilinear system of ordinary
differential equations. However, the change of variables we use is distinct from that
of Bressan and Constantin and simply corresponds to the transformation between
Eulerian and Lagrangian coordinates. Let u = u(¢,z) denote the solution (which
corresponds to Eulerian coordinates), and y(t, £) the corresponding characteristics
(and we identify the variable £ with a “particle”), thus y:(¢,£) = u(t,y(t,€)). Our
new variables are y(t, £) and

(1.5) U(t,€) = ult,y(t,€)), h(t,€) = (u” +ul)oyye,
where U corresponds to the Lagrangian velocity while h is the change in Lagrangian

energy distribution along the particle path. Furthermore, let
(1.6)

Q&) =~ [ snlé =) exp (= sen(€ ~ m(€) ~y(n) (Vs + ) .

P(16) = 7 [ e (= sen(€ = m(u(€) = ) (U + 1) () .

Then one can show that
yr = U,
(1.7) U =-Q,
ht = —2QUye + (3U? — 2P)Uk,

is equivalent to the Camassa—Holm equation (in Lagrangian coordinates). Indeed, a
major part of the paper is to study the properties of the system, or rather a slightly
extended system, and its relationship to the Eulerian variable. After differentiating
() with respect to &, we obtain

Yer = Ue,
1 1,

hy = —2Q Uye + (3U? — 2P) Uk,

which is semilinear in (ye, Ug, h). In [, the Lagrangian velocity U is used, and the
second variable, ¢ = (1 + u2) o yye is equivalent to the Lagrangian energy density
h = (u?*+u2)oyye. The third variable v = 2 arctan(u, oy), with no obvious physical
interpretation, is necessary to close the system of ordinary differential equations so
that a contraction argument can be applied. In this article, we rather use the
characteristic y(t, §) itself as the third variable.

Dissipative solutions differ from conservative solutions when particles collide,
that is, where y¢(¢,£) = 0 for £ in an interval of positive length. If we solve (L)
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and ([CH), we obtain the conservative solution. However, to obtain the dissipative
solution, we impose that when particles collide, they lose their energy, that is, if
ye(7,€) = 0 for some 7, then we set h(7,£) = 0. One can show that y¢(7,£) = 0
implies U (7,&) = 0 so that the system (LX) implies that, for ¢t > 7,

Ye(t, &) = Ue(t, §) = h(t,§) = 0.
After defining
7(&) = sup{t e RT | (¢, &) > 0 for all 0 < ¢’ < ¢},

the modified system to be solved reads (where y p is the indicator function of the
set B)

(19) Yt = U7 Ut = _Q;
Yet = X{r(¢)>t}Uss
1 1
(1.10) Uet = X(rie)>t) (5h + (§U2 - P) ve),

he = X{r(©)>0 (= 2Q Uye + (3U° = 2P) Ug),
where @@ and P are given by

Q= [ sen(e—mep (—smas —miul) ~v0) (0% + W,

_!

Pt€) =

[ e (= sl = )ul€) ~ ) (U + ) ()
T(n)>t
Due to the singularity resulting from the use of the indicator function, existence of
solutions is not evident. Global existence of solutions of ([LH)—([TI), described in
Theorem ZTT] is obtained starting from a contraction argument which offers short
time existence, see Theorem Part of the analysis is to identify an appropriate
set, denoted G, of initial data that is invariant under the flow, and that is consis-
tent with the transition back to Eulerian variables. The proper set is introduced
in Definition The stability issue is considerably more subtle for dissipative so-
lutions compared to conservative solutions. Let us give a verbal explanation here.
Assuming a solution X (t) = (y, U, h) of the system ([CH)—([CI0), we consider a given
particle, that is, we fix £&. The solution can be proven to be confined between two
circles (see equations ([BJl) and Figure Bl). If the solution is below the horizontal
axis y¢, the time evolution drives the solution into the origin. For conservative
solutions, the solution should just continue past the origin, while for dissipative so-
lutions, the solution should terminate at the origin. In the case of initial data that
are close to the origin, but on opposite sides of the horizontal axis, time evolution
will move the solutions apart in the dissipative case, and thus there is no stability in
the Euclidean norm. However, one has to introduce a different measure of distance
that separates points that are near the origin but on opposite sides of the horizontal
axis. The new distance dg is defined in [B3) in terms of a function g (introduced
in Definition EZT]) that treats the origin properly. The key result concerning global
time stability states that (see Theorem El for exact conditions) for two solutions
X (t) and X (t) we have
sup dr(X(t),X(t)) < Kdr(Xo, Xo)

te[0,T]
for some constant K and any given 7.

The next step is to transfer this stability into a similar statement in the Eulerian
variable u. However, this is complicated by the redundancy in variables from three
Lagrangian variables into the single Fulerian variable. This is associated with the
notion of relabeling, which corresponds to the proper identification of the exact class
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of Lagrangian variables that corresponds to one and the same Eulerian variable.
The definition of equivalence classes used in the conservative case, will not work for
dissipative solutions. The relabeling is discussed in Section [l More precisely (see
Definition BE3), X = ({,U, (¢, Ue, h) € G is a relabeling of X = (¢,U, (¢, U, h) € G
if there exists a function 1 such that (&) — & € L®(R), ¢ — 1 € L>=(R) N L*(R),
e > 0, lime,_oo(¥(§) — &) = 0 such that § = yot and U = U o ¢ (recall
that y = ¢ + ¢ and § = ¢ + &). However, this is not an equivalence relation in
the dissipative case, basically because 1! is either not well-defined or sufficiently
regular.

Section [ discusses the transformation from Lagrangian to Eulerian variables. A
key observation is that Eulerian variable u corresponds to a particular relabeling,
namely where y(£) = £. The mapping introduces a metric dg:, defined indirectly.
The existence of a metric is new. In terms of this metric the main result, Theorem
8 reads as follows:

There exists a semigroup T: of weak dissipative solutions of the Camassa—Holm
equation, that is, for any initial data ug in H', u(t, z) = Ty(ug) is a weak solution of
@I). The semigroup T is continuous with respect to the metric dir on bounded sets
of HY, that is, for any M > 0 and any sequence u, € H* such that ||up| g < M,
we have imy, oo dg1 (Un, u) = 0 implies lim, o0 dg1 (Tt (uy), T(u)) = 0.
Furthermore, in Proposition we show the following entropy condition. Given
any initial data ug € H', the dissipative solution satisfies

2
(1.11) tp < 5+ V20|

for almost every = and all ¢ > 0.

In Section [ this metric is related to the standard metrics in H' and L*.
Two results are proved: In Proposition [ZIl we prove that for w, € H' such
that if [ju, —ul|;n — 0, then dg1(u,,u) — 0. In Proposition the roles are
interchanged: For given u,,u € H' such that dgi(un,u) — 0, we show that
[lun, — ul| o« — 0. These results are new.

Global dissipative solutions of a more general class of equations were derived by
Coclite, Holden, and Karlsen [, B], improving upon [25, 26]. In their approach the
solution was obtained by first regularizing the equation by adding a small diffusion
term euy, to the equation, and subsequently analyzing the vanishing viscosity limit
€ — 0. In this paper we take a completely different look at dissipative solutions
by analyzing in great detail what happens as collisions in a particle, or Lagrangian
formulation, applying methods that previously have been employed for conservative
solutions [22]. Difference schemes that converge to dissipative solutions can be
found in [9] 0], see also [I8].

2. EXISTENCE OF SOLUTIONS

In [22], we showed that the Camassa—Holm equation formally is equivalent to
a system of ordinary differential equations corresponding to a transformation from
Eulerian to Lagrangian variables. We recall the reformulation here. Observe first
that the equation ([LZ) can be rewritten as the following system

(2.1a) U + uug + Py =0,
1
(2.1b) Pme:ﬁ+§@.

We have an explicit expression for P

(2.2) P(t,z) = % /}Re_lgu_z‘(u2 + %ui)(t,z) dz.
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For a smooth solution u we can reformulate [2I) as
(2.3) (u? +u?) + (uwu? +u2)), = (u® — 2Pu),.
Define the characteristics y(¢, &) as the solutions of

(24) yt(tvg) = U(t,y(t,f))

for a given y(0,&). The Lagrangian velocity is given by U(t, &) = u(t, y(¢,€)). Then
we find

(25) Ut (ta €) = Ut (t7 y) + Yt (t7 g)ul (ta y) = _Ploy (t’ 5)7
using (ZTal). From [32) we infer (at one step changing variables z = y(t, 1))
1 1
Paoy(t,6) = 5 [ senu(t.€) = e MO0, 2) + Ju (e, ) d
R

1 _ _
=5 [ sen(u(t.9 — y(e.pye e
R

< (st y(em) + 502 (e ) et m) di
1

T /ngn(y(é) —y(n) exp(=[y(&) —y()|) (U?ye + 1) (n) dn

where the ¢ variable has been dropped to simplify the notation, and where we have
introduced

(2.6) h(t,§) = (u® +uz)oyye.

Later we will prove that y is an increasing function for any fixed time ¢. If, for the
moment, we take this for granted, then P,oy is equivalent to (Q where

(27) Q(t,€) = —i /ngn(ﬁ —n)exp (—sgn(€ —n)(y(&) — y(n)) (Uye + h) (1) dn,
which shows that (ZH) rewrites to

(2.8) U, = —Q.

To derive an equation for h; we first introduce the cumulative Lagrangian energy
y(t,€)
(2.9) He9= [ @ rud)de He=h,

which implies

d sd [ve ,
ht_H&t_d_f(E[m (u +Uz)dx)

d 2 y(t,€) ) ,
d 2 2 y(t,€) . ) i
: y(t.€)

= g (0 +ud)oym + [ — 2Pw) —ulu? +2)] )

fi( 3 —2Pu)o 7i(U3*2Po U)

= U w)oy = i )

(2.10) = —2QUye + (3U% — 2P)Us

where we have used ([E3).
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To summarize, we have obtained the following system
Yy = U,
(2.11) Uy =-Q,
hy = —2QUye + (3U? — 2P)Uk,

where Q(t,€) is given by (1), and
@12 P& = 7 [ exp (=senle =m0l —u(n) (0Pve + b)) o

After differentiating the first two equations in (ZI1l), we obtain
Yer = Ue,
(2.13) Ug = %th <%U2 - P) Ye,
he = —2Q Uye + (3U* — 2P) Uk,
that we can rewrite in compact form as
(2.14) Zy=F(X)Z

where X and Z are given by X = (y,U, h) and Z = (y¢, Ug, h) and the definition of
the 3 x 3 matrix F(X) follows from (ZI3)). From I4), one can see that the system
&I is semilinear with respect to Z. In [22], it is proven that the system (1))
is a well-posed system of ordinary differential equations in a Banach space, and in
this way we obtain that the existence, uniqueness and stability of solutions of this
system. When going back to the Eulerian variables, we have to take into account
a new variable p which corresponds to the energy density and whose absolutely
continuous part coincides with (u? + u2) dz. We have that for a set of times which
can only have zero measure, ;1 admits singular parts, which means that a strictly
positive amount of energy is concentrated on a null set. This happens precisely
when particles collide, that is, when y¢(t,£) = 0 for ¢ in an interval of strictly
positive length. Intuitively, if we allow particles to rebound with a strength which
depends on the amount of energy transported by the colliding particles, we obtain
the conservative solutions. If, at collision, we reset the energy transported by the
colliding particles to zero, the particles will not rebound and remain stuck; some
energy will be lost and the solutions we obtain are dissipative. The conservative
solutions are obtained by solving [ZI1) and I3)).

However, we here choose a different approach, as it is also possible to obtain the
dissipative solutions by modifying ([ZI3) in the following way. Let 7(&) be the first
time when y¢ (¢, ) vanishes, i.e.,

(2.15) 7(&) = sup{t € RT | ye(¢',£) > 0 for all 0 < ¢/ < t}.
The dissipative solutions are obtained by imposing that
ye(t, ) =0 for all t > 7(§).

As explained earlier, the energy transported by colliding particles is reset to zero,
and we require that h(¢,€) = 0 for all ¢ > 7(£). Thus, the expressions (1) and
EI2) for @ and P become

(2.16)
Q= [ senle—mep (—smns miv() ~v0) (0% + W,
and

(217)  P(t,¢) = i/( L (—sgn(€—n) (W& —ym)) (UPye + h)(n) dn,
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respectively. In this section we will prove the existence of solutions X = (y,U, h)
of

(2.18) yp=U, U=-Q,
and

Yet = X{r(¢)>t)Uss
1 1
(2.19) Uet = X{T(g)>t}(§h + (5U2 - P> Ye),

he = X(r©)>0(— 2Q Uye + (3U* — 2P) Ue),

for @ and P given by 1) and @ZI1), respectively, where 7 is defined by (ZIH).
The system ([ZI9) can be rewritten in the compact form

(2.20) Zy = X{r(0>y F(X)Z

where Z = (ye¢,Ue, h). Going back to the original variable u, we obtain the dissi-
pative solution. However, this requires careful analysis. Note that in (T, we do
not reset h(t, £) to zero for t > 7(£) because it simplifies the analysis. The behavior
of the system remains unchanged because in the new definition of P and @ given
in ZT0) and &TD) the regions where t > 7(£) are excluded from the domain of
integration.

Notation: To ease the presentation we introduce the following notation for the
Banach spaces we will often use. Let

E = L*(R)N L™(R)

and

L*(R) x L*(R) x L*(R),

ENEnLYR),

(R) x L*(R) x L*(R) x L*(R) x L*(R),
(R) x E x E x E x L*(R).

W
W
V
1%

LOO
LOO

For subdomains 2 of R, we denote
E(Q) = L*(Q)N L=(Q)

and similarly, W (Q), W (), V(Q) and V(Q2). For any function f € C([0,T], B) for
T > 0 and B a normed space, we denote

T
£ = [ 1706 Dl dt and 175 = sup 176E )
0 t€[0,T]

In the case B = LP(R), we write ||fHL1TB = ”f”LlTLn’i' For the existence results,
the function g defined below does not play a particular role; nonetheless it will be
discussed now as it will play an important role in the definition of the semigroup
metric in the following sections.

Definition 2.1. For x = (21,22, 73,74, 75) € R?, we define
g1(®) = |za| + 2(1 + 23 )3,
g2(T) = w3 + w5,

and

_ Jmin(gi (@), g2(x))  if 24 <O,
(2.21) g(x) = {gz(m) F g >0



DISSIPATIVE SOLUTIONS FOR THE CAMASSA-HOLM EQUATION 9

Equivalently, we have

|rg| +2(1 + 23)z3, if x € Q,
g(x) = .
T3 + x5, otherwise,

where § s the following subset of R
(2.22) Q={x cR | |z4| +2(1 + 22)x3 < 3 + 25 and x4 < 0},
see Figure Bl

We introduce the set G as follows.

Definition 2.2. The set G consists of all triplet (¢, U, h) such that

(2.23a) X = (U, Ue, h) €V,

(2.23b) 9y, U,ye, Ueg,h) — 1 € E,

(2.23¢) ye >0, h >0, almost everywhere,
(2.234) Jim_(6) =0,

(2.23e) " 1_ . € L (R),

(2.23f) yeh = y?U2 + Ug almost everywhere,

where we denote y(&) = ((§) +&.

To simplify the notation, we will denote by X both ({,U, k) and (¢,U, ¢, Ue, h)
and it should be clear from the context which of these functions X refers to. We
want to prove that, for initial data in Xy € G, there exists a solution X (t) of
ZI8) and @TI9). For this purpose we introduce the following system which follows
directly from ZI¥) and (ZIJ) after making the identification ¢ « y¢, w < U,
namely

(224) Ct = U and Ut = —Q,
at = X{r(&)>t}W,
1 1
(2.25) we = X{r(e)>0 (5 + (§U2 - P) a),

he = X{r(e)>13(—2QUq + (3U% — 2P) w),

where Q and P are given by

(2.26)
Q(t, &) = —i /( - sgn(€ —n) exp (—sgn(& — n)(y(€) —ym))) (Uq + h)(n) dn,
and

e P =g [ ew (s nE) ~ye) O+ R dn

The definition of 7 given by (ZIH) (after replacing ye by the corresponding variable
q) is not appropriate for ¢ € C([0,T], L°(R)), and, in addition, it is not clear from
this definition whether 7 is measurable or not. That is why we replace this definition
by the following one. Let {¢;} be a dense countable subset of [0, 7). Define

A= N{eerlane >}

n>1t;<t
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The sets A; are measurable for all ¢, and we have A, C A; for t < t’. We consider
a dyadic partition of the interval [0,7] (that is, for each n, we consider the set
{27™T}2,) and set

2T

() =) Zrxin(6)

i=0
where X; , is the indicator function of the set Ay—n;p \ Ag-n(i41)r. The function 7"
is by construction measurable. One can check that 7"(€) is increasing with respect

to m, it is also bounded by T'. Hence, we can define
7(§) = lim (),
n—oo
and 7 is a measurable function. The next lemma gives the main property of 7.

Lemma 2.3. If, for every £ € R, q(t, &) is positive and continuous with respect to
time, then

(2.28) 7(&) = sup{t e RT | q(t',€) > 0 for all 0 < t' < t},
that is, we retrieve the definition (ZIH).

Proof. We denote by 7(§) the right-hand side of [Z2Z8), and we want to prove that
7 =71. We claim that

(2.29)  for all t < 7(&), we have & € A, and for all ¢ > 7(&), we have £ ¢ A;.

If t < 7(§), then infyepo 4 q(t',§) > 0 because g is continuous in time and positive.
Hence, there exists an n such that infy cjo 4 (', €) > % and £ € ﬂtigt {f eR|q(t;, &) > %}
so that £ € Ay If t > 7(£), then there exists a sequence t;) of elements in

the dense family {¢;} of [0,7] such that t;;) < 7 < t and limg oo tir) = 7.

Since q(t,§) is continuous, limy .. q(tix), &) = ¢(7(£),£) = 0 and for any integer

n > 0, there exists a k such q(t;),§) < % and #;) < ¢. Hence, for any n > 0,

¢ Ni<t {¢eR | q(t;,§) > L} and therefore £ ¢ A;. When 7(£) > 0, for any

n > 0, there exists 0 < ¢ < 2™ —1 such that 27T < 7 < 27"(i+1)T. From Z2Z3),

we infer that § € Ay—nijp \ Ag—n(i41)r. Hence, 77(£) = 27T, so that

_ T n _ T

#6) — o < T <7E) + o
Letting n tend to infinity, we conclude that 7(¢) = 7(§). If 7(§) = 0, then & ¢ A,
for all t > 0 and 7"(§) = 0 for all n. Hence, 7(§) = 7(§) = 0. O

We denote generically ((,U, q,w,h) by X and the triplet (g, w,h) by Z. The
existence of solutions is proved by a contraction argument in the Banach space V.
We define the mapping P: X € C([0,7T],V) — X € C([0,T],V) as follows. Given
X, we compute (P, Q) as defined in ([ZZ0) and Z7A). Then, X = P(X) is given
for each £ € R, by the solutions of

and, for t < 7(€), as the solution of the system of ordinary differential equations

6.775 (t7 5) = ’IJ)(t, 6)7
(231) i(.6) = (0. + (507 - P) (.11

ha(t,€) = ~2(QU)(1,€)i(1,€) + (302 = 2P) (1, ) (1, &),
with initial data (Co, Uo, qo, Wy, ho) = (Co, Uo, CO#E’ U()’E, ho) for a given XO = (Co, Uo, ho)

in G. For t > 7, we set Z(t,&) = Z(7(£),€). In a compact form we may write
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with a slight abuse of the notation of F' when compared to (Z20). Note that, in
this definition, we do not reset the energy density h to zero after collision but keep
the value it reached just before the collision. By direct integrations, from (230),
we first obtain U as Q is given and then ¢. The equation Z; = F(X,U)Z is linear
and therefore it admits a unique global solution in [0,7]. Hence, we can define
Z(t,€) for t € [0,7(€)] and for t > 7(€), Z(t,€) = Z(7(€),€). The mapping P is
thus well-defined.

We have identified ¢ with y;. However, y¢ does not decay at infinity and y¢ does
not belong to L?(R) but ye — 1 = (¢ belongs to L?(R). That is why we introduce
the new variable v = ¢ — 1. Let Bjs denote the following subset of V:

(2.33)

_ 1
By = {X = (. Urvow, h) € V | [ X]ly + l9(X) — 1]l + H

— < M.
q+h }

LFLg

In the definition of By, we slightly abused the notation by denoting g(y, U, ¢, w, h)
by g(X), and we will continue to do so in the remaining text.
The following lemma contains the estimate we will need for P and Q.

Lemma 2.4. (i) For all X € C([0,T],Bum), we have

(2.34) HQHL%"(LJ?{HLLEC) + ||P||L5°9(L§nLl§°) < C(M)

for a constant C(M) which only depends on M.

(ii) For all X = (¢,U,v,w,h) and X = ({,U,v,w,h) in C([0,T)], Bar), we have
HQ - QHLIT(L%nLD;c) + HP a PHL}(L@OL%‘J)

< o(M) (T( 1€ = Cll e e+ 10 = Tll ez + 0 = 0l ez + 1A= Bll s 1y )

=7l + / / (RO xrer (©) + M) x(r2ry €)) dt] dg)

for a constant C'(M) which only depends on M.

Proof. We establish only the estimates for @) as the estimates for P can be obtained
in exactly the same way. Let f(£) = x{e=0}(£)e™¢. We can write Q as Q = Q1+ Q2
with

e—C(©)
(2.35) Q16 =~ (7 * [T ()
where
(2.36) r=ri+ry, 1= eCUQ(l +v), and o = eSh,

and a similar expression for Q2, see [22]. We recall Young’s inequalities for con-
volution product of L? functions: For any f € LP and g € LY with 1 < p < o0,
lgqgooand%:%qL%leO,wehave

(2.37) 175l < 111 N9l o -
This implies
1
101t Il < 5 le™ Nl e (1F * Detr@>mlll g + 1% Detro>rm2]l )

< O (U Ay + M z2) Il gz + Ay + 1 F ) 2l )
< C(M)
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where we have denoted by C'(M) a generic constant that only depends on M. We
will continue to denote by C(M) such generic constants. We have

(2.38)
F (Xr©>07] = Xr©>0 7)) = % [X{r©)> 03 X {r©) <)} (7 = 7)]
+ fx [(X{r©)>t) = X{r(©)>t}) X {r(©)<r(€)}T]
+ o Xr@>nXir©2r@) (r = 7))
+ (X @50 = Xir©>0)Xr@©2r@) 7]
We estimate each of these terms. The first and the third ones are similar, that is
why we treat only the first one. After applying Young’s inequalities, we obtain
1 * Ixtr©>axr@ <@y (e =Tl g < s + 1Flp2) llre = 7l 2
<M= Cll e + U =Tl
Hllo=ll2),
and
[ * [Xr ) >t X (r(©) <m0} (r2 = 72)]|| p < ||f||L2 + 1 fllpee) Iz = 72l 1
< CN([I¢ =l + A =hll)

As far as the second term in (Z38) is concerned (the fourth term will be treated

similarly), we have (X{r(¢)>1} = X{r(©)>11)X{r(©<r(©)} = ~X{r(®)<t<r(6)}, and there-
fore

1£ % [(xtr@>0 =X r©>)X r© <@ 1] | e o

< (112 + 1l ||xrio o< <031 +9)

LpLy
<O | irosicren(€) dedt < OOl =7l
after applying Fubini’s theorem. Similarly, we get
£ % [(r©>0 = xXtr©>0)Xtr©<re | 1
< (Ifllzg + 1£112) |

.
X{r(©)<t<r(@)}e h} e

7O
= ) //(5) t’é)‘x{f(ék%(g)}(f) dtde.

O
We introduce the sets
(2.39) A.={(eR|0< q(¢) <eand —e <wy(§) <0}
and
(2.40) K, ={€ € R | ho(€) >~}

As the next lemma shows, the domains A. and X, are domains for which we
know a priori that the particles they contain are going to collide. This a pri-
ori control is essential when proving existence and stability. Since N,soA1 = 0,

lim._,o meas(A;) = 0. We have

1 1
meas(K,) < — / ho(§) d€ < — [[holl 1
7 Jr v 8

and therefore lim,_, o, meas(KCy) = 0. The structure of [Z3I), and, in particular,
the semilinearity plays a crucial role as the following lemma shows. We need to
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study two solutions X and X, and we denote the corresponding quantities associ-
ated with X with a tilde, that is, 7, etc.

Lemma 2.5. Given X, € BM0 f07“ some constant My, given X = (¢,U,v,w, h) €
C([0,T), Bar), we denote X = (C,U, 0,1, h) the solution of E30), @), that is,
X = P(X) with initial data Xo. Let M = ||P||L%OLEo + ||Q||L%OLEo + My. The
following holds:

(i) For all t and almost all £

(2.41) q(t,€) >0, h(t,&) >0
and
(2.42) Gh = U%¢® + w*.

Thus, ¢(t,€) = 0 implies w(t,&) = 0. We recall the notation § =0 + 1.
(i) We have
9

—6

2

1
qo + ho

(2.43)

HQ+h Lge

for allt € [0,T] and a constant C which depends on M and T. In particular, G-+ h

remains bounded strictly away from zero.

(iii) There exists an ¢ depending only on T and M such that if & € A., then
X(t,&) € Q forallt € [0,T] (see Z2Z2A) and FigureB for the definition of ), ¢(t,€)
is a decreasing function and w(t,&) an increasing function of time, and therefore
we have

(2.44) —e<w(t,€) <0and 0 < §(t, &) <e

for allt € [0,T). In addition, for ¢ sufficiently small, depending only on M and T,
we have

(2.45) A.c{¢eR|0<T(&) < T}

() There exists a~y depending only on T and M such that if € € K, then X (t,€) €
Q for allt € [0,T), 4(t,€) is a decreasing function and w(t, &) an increasing function
of time, and therefore

wo(€) < w(t,€) <0 and 0 < (¢, ) < wo(E).
In addition, for ~ sufficiently large, depending only on M and T, we have

(2.46) Kyc{¢eR|0ZF(E) < T}
(v) For any € > 0 and v > 0, there exists T > 0 such that
(2.47) {€eR|0<7() <T} Cc A UK,.

Proof. (i) Since Xy € G, the equations [Z1]), (ZZ2) and the inequality Z3) hold
for almost every £ € R at t = 0. We consider such a ¢ and will drop it in the

notation. From (Z3TI), we have, on the one hand,
(Gh)e = Geh + hyG = wh + 300G — 2QU G — 2P,
and, on the other hand,
(GU% 4+ @%); = 2G,GU? + 2¢°U,U + 2y
= 3wU?%G — 2Pwg + hio — 23°QU.
Thus, (§h — ?U? — @?); = 0, and since i (0) = (¢2U? 4 ©2)(0), we have Gh(t) =

(2U? + @?)(t) for all t € [0,T]. We have proved ([ZZZ). From the definition of
7, we have that ¢(¢) > 0 on [0,7(£)) and by definition of ¢, we have ¢(¢t) = 0 for
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t > 7(€). Hence, ¢(t) > 0 for ¢ > 0. From ZZ2), it follows that, for ¢ € [0,7),

h(t) = W(t) and therefore h(t) > 0. By continuity (with respect to time) of

h, we have h(7(€)) > 0 and, since the variable does not change for t > 7(£), we
have h(t) > 0 for all t > 0.

(i) We consider a fixed & that we ignore in the notation. We denote ’Z ’ =
R R . . e
(@ + % + h?)'/? the Euclidean norm of Z = (§,w, h). Since Z; = F(X,U)Z, we
have

d - N VA L _

—Z|5%2 =224 Z - = = 21Z|;*Z - F(X,0)Z

dtl lo |Z], 7 1Z|, (X,U)
< sup |[F(X(1),U@®)Z]7>

te[0,T)

We have [P(X(2), U (6)] < K(P®)I+1QO|HT®]) < K(1Pl o +1Ql o+
|UllLgerge) for a constant K which depends on the norm chosen for the matrix
F. From [Z30), we infer [|Ul|peeree < Mo + T”Q”L;?Ll;o < C(M,T) for a con-
stant depending only on M and T. We denote generically by C(M,T) such con-
stant. Hence, ‘F(X(t)7 U(t))| < C(M,T). Applying Gronwall’s lemma, we obtain
1Z(t))5° < 2COLDT | 7(0)|5 2. Hence,

1 _
(2.48) ———(t) < — 3 —(0)eCMIT
|g] + |@| + [h] |g| + |@| + [h]

From ([ZZ2), as ¢ and h are positive, we have

(ii) We claim that there exists a constant (M, T') depending only on M and T
such that, for all e < e(M,T), £ € R and t € [0,T],

(2.49) G(t,€) < e and w(t, &) = 0 implies §(¢,£) =0
and
(2.50) §(t, €) < e implies 1wy (¢, €) > 0.

We consider a fixed £ € R and suppress it in the notation. If w(t) = 0, then (ZZ2)
yields G(t)h(t) = §(t)2U%(t). Assume that G(t) # 0, then h(t) = G(t)U?(t). We have
seen in the proof of (i) that H[NJHL?L% < Cy(M,T) for some constant Cy (M, T)
depending only on M and T and therefore h(t) = G(t)U?(t) < eC1(M,T)?. From
Lemma (ii), we have h(t) + §(t) > (Co(M,T))~" for some constant Cy(M,T)
depending only on M and T. Hence, (Co(M,T))™! < h(t) + G(t) < C1(M,T)%.
By choosing e(M,T) < (2C,(M,T)Cy(M,T)?)~!, we are led to a contradiction.
Hence, ¢(t) = 0, and we have proved ([ZZ9). If §(¢) < ¢, we have

I NS R 1
(2.51) > (2Co(M,T))™ ' — 2C5(M,T)e.

)7 = (2C2(M, T)) ™" = C5(M, T)g

By choosing e(M,T) < (4Co(M,T)C3(M,T))~!, we get w; > 0, and we have

proved ([ZA0). For any ¢ < (M, T), we counsider a given £ in A, and again suppress
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it in the notation. We define
to = sup{t € [0,7] | (') < 2¢ and w(t") < O for all ¢’ < ¢}.

Let us prove that tyg = 7. Assume the opposite, that is, tg < 7. Then, we have either
G(to) = 2e or w(tg) = 0. We have ¢ = w < 0 on [0, to] and ¢(¢) is decreasing on this
interval. Hence, ¢(to) < ¢(0) < ¢, and therefore we must have w(tg) = 0. Then,
&Z9) implies §(to) = 0, and therefore to = 7, which contradicts our assumption.
From (Z21), we get, for € sufficiently small,

0 = (7) > @(0) — (4Cy (M, T))"'7,

and therefore 7 < 4eCy(M,T). By taking ¢ small enough we can impose 7 < T,
which proves [ZZH). It is clear from ([ZII) that @ is increasing. Assume that
X(t,€) leaves Q) for some t. Then, after using item (i), we get

(C1(M,T)7" < () + h(t) < [@(t)] +2(1 + U(¢))d(t) < Ca(M, t)e

for two constants Cy(M,T) and Cy(M,T) depending only on M and T and, by
taking € small enough, we are led to a contradiction.

(i) Let us consider a given £ in K. We are going to determine a lower bound
on 7 depending only on M and T such that the conclusion of the lemma holds.
For v large enough, we have Xo(§) € Q as otherwise g(Xo(€)) = qo + ho and
Mo+1> g(Xo(€)) = qo+ ho > v would lead to a contradiction. Hence, wg(§) < 0.
We now ignore the dependence on £ in the notation. We define ¢( as

to =sup{t € [0,7] | w(0) < w(¥) <0forall 0 <<t}

On [0, tg], we have ¢ = w < 0 so that ¢ is decreasing and therefore 0 < G(t) < ¢(0)
for ¢ € [0,t9]. Hence, the functions w(t) and ¢(t) are bounded on [0,to] by a
their values at initial time and |w(t)] < My and |§(¢)] < Mo + 1 on [0,tp]. From
the governing equation for h, ie., hy = —2QG + (302 — 2P)w, it follows that
hi > —C(M), and we can choose ~ large enough so that h(t) > 3 on [0,tp]. We
can also choose v large enough so that, on [0, ¢

[@] 4+ 2(1+U?)§ < C(M) <

o2

< h(t) +q(t),

and therefore X (t) remains in Q for ¢ € [0, to]. The function w(t) is strictly increas-
ing on [0, #o], indeed we have

v i
o>,
for v large enough. Thus we have proved that the conclusions of (i) hold for
[0,t0], and now we are going to prove that to = 7. From Z5Z), we get that
w(t, &) > w(0,€) 4+ %t, and there exists t; < 8y~ [w(0,£)|y~1 = y~1C(M) such
that @(t;) = 0. We choose « large enough so that t; < ¢y (if ¢ = 0, we set
t; =19 = 0) and t; < T. From item (i), we get G(t;)h(t) = U2(t1)G2(t1), so that
either G(t1) = 0 or 2 < h(t1) = U(t1)d(t1) < C(M). By taking v large enough,
we can exclude the latter alternative and therefore ¢(t1) = 0, and ¢; is a collision
time for the particle &, i.e., t; = 7(§) and t; = to = 7. Since t; < T, we have also
proved ([ZZ6). The conclusions of point (7v) hold on [0, 7], but they also hold on
[7,T] as G(t) = w(t) = 0 on this interval.

(v) Without loss of generality we assume T' < 1. From item (i), there exists
¢’ depending only on M such that (G(t, &) + h(t,€))(2(U?(t,€) +1))~1 > &’ for all
Eand t € [0,7]. Let & = min(e,e’). We consider a fixed £, which we will drop in
the notation, such that 7(§) < 7" and § € K. After applying Gronwall’s lemma

(252) (1) = gh(t) + (GU(0) — P()a(r) >

2
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on ([Z32), we get that |Z(t)] < C(M,T)|Z(0)| < C(M,~) for a constant C(M,~)
depending only on M and v as we assumed that 7' < 1. Let us introduce

to=inf{t €[0,7) |0< g(t) <&, —e<w(t,&) <0 foralltel[t,T)}.

Since G (7) = Wi (7) = 1h(7) > 0 and G (7) = W(7) = §(7) = 0, the definition of ¢
is well-posed when 7 > O and we have tg < 7. Assume that ¢ty > 0, then ¢(tp) =0
or §(tg) = Zor w(ty) = —& or w(ty) = 0. We cannot have ¢(to) = 0 by the definition
of 7. If q(tp) = &, then 0 = G(7) = q(to) + ft t)dt implies 0 > & — &(7 — to)
which leads to a contradiction if we choose T < 1. If w(tp) = —&, then the second
equation in (2231 implies 0 < —&+C(M, y)(F —to) which leads to a contradiction if
T is chosen small enough. At last, if @w(to) = 0 then, by €Z2), §(to)U (to)? = h(to)

> w = 2¢’ which contradicts the definition of .
U2(to)+1

Hence, to = 0 and then £ € Az C A., and we have proved (). O

and it implies & > ¢(to)

For any X € G, we have, by definition, that || Xo||v+lg(Xo) — 1| g+

00. The following lemma holds.

¢I0+h0

Lemma 2.6. Given M > 0, there a time T and M > 0 such that, for all T < T and
any initial data Xo € GN By, P is a mapping from C([0,T], By;) to C([0,T), Bjz)-

Proof. To simplify the notation, we denote generically by K (M) and C(M) increas-
ing functions of M and M, respectively. The functions K (M) and C(M) — that
may change from line to line — can always be computed explicitly but in order to
ease the notation and because the exact expressions of these functions do not mat-
ter in the end, we do not compute their detailed form. Without loss of generality,
we assume T < 1 and that there exists v such that the conclusions of Lemma 23
hold for ¢ € [0,T]. We consider the following sets:

Bi={¢€R|0<ho(§) <M}, Ba={€R|M <ho() <n},
and B3 = K, = {€ €R | v < ho(&)}.

We have meas(Ba U Bs) < ||h0HL1 < 1. Let X € C([0,T], Bj;) for a value of

M that will be determn}ed at the emd~ as a function of M. We can assume without
loss of generality that M > M. Let X = P(X). From Lemma ZH we have

(2.59) 1@l p < COD) and [P e < CO).
Since U; = —Q, we get

(2.54) HU”L"OE < |Uollg + TRl g < M + C(M)T
and, since Ct , we get

(2.55) chL;om < M+ |Ullog T < M+ C(M)T

On By, we have [|hol| 2,y < M [|hol| 115, and therefore [|hol| g5,y < K (M). From
&31), by the Minkowsky inequality for integrals (see [23, Theorem 5.60]), we get

(256a)  [[i(t, )]l < [lvoll + / I, )l dt’,
(2560) [itt, )] < ol + 302 - P|T

PN Qe 1~ _
+ [ GIRE I+ 1507 = Pl o l)
0
(2:56) (k. )] < o] + [2Q07|T
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t
+/O (I12QUIlz=llo(t", )|l + 13U2 — 2P| < [[w(¥’, - )II) dt’,

where || - || stands for either the L', L% or the L> norms. On By, the inequalities

([Z58) imply
t
1(0, @, h) (¢, )llpm,) < K(M) +C(M)T+C(M)/O 1@, @, R)(#, ) s, dt’
and, by Gronwall’s lemma,
(2.57) 1@, B) |1 sy < (K(M) + C(M)T)eC DT
From (), we have h = U?(1 4 ©)? — hi + @2, Hence,
Il s r25y) < ||U||%;OE(BI)(1 +2[10]| Lo B(8y) + ||77||%;°E(31))
(2.58) + ||h||2L;°E(81)||77||%;0E(51) + H’JJH%%CE(B&)
(2.59) < (K (M) + C(M)T)eC DT
from ([Z51). On By, we have ||hol|2(5,) < vM < C(M) if we assume without loss
of generality that M > ~. The inequality (Z56d) yields
(2.60) 17l g i) < CODA 4 [T, D) | L sy
The inequalities (22564l and ([256H) give
t
10, @)(t, ) ey < K(M)+ C(M)T + T||hlL5 (8, +/O 1@, @), ) B, dt’
and, by Gronwall’s lemma,
(2.61) 12, @) L msay < (K (M) + CMT + T|hl| e ) )07
After inserting [ZE0) into ZH), we get
(262) (|3, @)llg s, < (K(M) + COM)T +[|(3, @)l 15 pss) e M7,
which after choosing T small enough, implies
(2.63) [, @)l g sy < (K (M) + CNT)eCOIT.

On B3 = K,, we can apply Lemma and get ||cj||L%oLoo(33) < lgoll noe(8)
10| Lse o (B5) < llwol| oo (585) sO that, since meas(Bs) < 1,
(2.64) (2, @)l s p(85) < K (M).
From (Zh6d), we get
(7l e L1 (BouBs) < M 4 C(M)|[(0,@)]| e L1 (B2UBs)

<M+ C(M)[[(9,0) | e Lo (B,UBs)
because meas(Bz U Bs) < 1. By ([Z83) and 64, it follows that

(2.65) 1Al Lo £t (Ba0Bs) < (K (M) + C(M)T)eC DT
Gathering ([Z24), [Z353), Z517), [Z59), 63), (Z64) and (ZED), we get
(2.66) X || e < (K (M) + C(M)T)eSr DT,
We claim that

t
(2.67) o(X(1.9) < o(Fo(©) +C [ (. ar

where z(t, €) denotes (|U|+ |8| + [@| + |h| + | P| + |Q|)(t, €), and where the constant
C in (m) depends on ||qHL,}‘9L°°(]R)7 ||U||L5°9L°°(]R)7 ||P||L7°?L°°(]R) and ||Q||L7°?L°°(]R)
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In particular, by ([288), C is bounded by some constant depending only on M. Let
us prove this claim. We consider a fixed £ and drop it in the notation. We have

%gg(f((t)) = Vgg(f() : %. Hence, since Vg2(X) = (0,0,1,0,1), we get that for
any ¢ such that g(X(¢)) = g2(X (7)),

G(X (1) < go(X (1) < g2(X (D) + C(IT) / o) dt
(2.68) :g(X(f))+C(M)/E 2(t') dt’

for any ¢ € [t,T]. In particular, ZB3) implies the claim GD) if Xo € Q°. If
Xo € Q, since |Vg1(X)| = |[0,2U0G,2(1 + U?),—1,0]| < C(M), we get

g1 (X)) < g1(Xo) + C(M) /O (1, &) dif
(2.69) :g(X0)+C(M)/O 2(t', &) dt

If X(t) € Q, then the claim ZE7) follows from ETJ). If X(t) € Q°, then we
consider the first time £ when X leaves Q. We have either @ () = 0 or g1(X (1)) =
g2(X (1)) In the latter case, the claim follows from combining (ZB%) and EB). If
() = 0, then, from ZZZ), either §(£) = 0 so that 7(¢) = £ and X does not leave ()
or h(t) = U2(£)§(t). In this case, g1 (X (1)) = 2(1+U?)§ )q(t) > H—U2 )§(t) = g2(X (1))
which cannot hold as, by continuity, we must have g1 (X (t)) < g2(X ()) Hence, we
have proved the claim ([Z87). From Z57), we get that

(2.70) H9(~)—]“LWEuiuBg‘<A4+-C( )TWZ”LwEuiuBg‘<A4*‘C( V)T

because ||z||L%OE(BIUBZ) < C(M) by E83), [Z80), and Z53). For £ € Bz, we can
apply Lemma 23 which tells us that X (,€) € Q for all ¢ so that

9(X(t,€) = g1(X(t,€)) = (|®] + 2(1 + Uq)(t,€) < (K (M) + C(M))eC DT
from (Z66). Since meas(Bs) < 1, it implies
(2.71) 19(X) = Ul pge msy) < (K (M) + C(M)T)eCT
Gathering ZT0) and @), we get
(2.72) 19(X) = Ul per < (K (M) + C(M)T)eC DT,
From Z43), we get

(2.73) < K(M)eCODT,

Gathering Z80), 72) and (IZB), we ﬁnally obtain

< (Ky(M) + Oy (W1))eCOnT

~ ~ 1
1R lse + 19(K) = 1leze + H—
q Ly Lo

for some constant K1(M) and C1(M 1) that only depends on M and M, respectively.
We now set M = 2K;(M), we can choose T small enough such that (Ki(M) +
C(M)T)e“* DT < 2K, (M) = M and therefore || X|| ey + [|9(X) — Ulzger +

M. (]

H G+h HL°°L°°
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Given Xo € By, by Lemma L8 there exists an M which depends only on M
such that P is a mapping from C([0,T], B;) to C([0,T], Bj;) for T small enough.
We denote by Im(P) the image by P of C([0,T], By;), i-e.,

Im(P) = {P(X) | X € C([0, T}, Byy)}-
The following lemma holds.

Lemma 2.7. There exists 7:” > 0 such that, for all T < T, the mapping P: Im(P) —
Im(P) is a contraction in V.

Proof. Let X, X be two elements of Im(P). We denote X = (¢,U,q,w,h,U) =
P(X), Z = (q.w.h), X = (¢.U,q,w,h) = P(X) and Z = (g,,h). Given
e >0,let Goe = A. N K1. From Lemma B8 we know that, for T small enough,

{EeR|TE) <Tor7() <T} C G, and we consider such T. Without loss of
generality we also assume T' < 1.

Step 1: Estimates for [ h(t,&)dt, [T h(t,€)dt and |7 — ﬂ\%.

Recall that we denote by C(M) a generic constant that may change from line to
line but only depend on M. Let us now consider £ such that 7(§) # 7(€). Without
loss of generality we assume 7(&) < 7(£). At time ¢t = 0, X and X coincide,
and therefore we cannot have 7(§) = 0 because it would imply 7(£) = 0. Hence,
0<7(&) <7(&) <T. Since X belongs to the image of P, we can apply Lemma 3

with X = X and get that there exists & such that for any ¢ < &, w(¢,&) € Q and,
in particular, w(t,£) < 0. Hence, from (Z31I), we get that for t € [7(&), 7(£)]
t t

0> w(t,&) = w(r,€) + 5 / WY€) dt’ + /

T T

1
(U = Plalt', &) .
Hence,

[ "Rt ) dt < —w(7,€) + C(M) / "t dr

< 0(r.9) —w(r. €+ CO) [ ") — gt €) dt
(2.74) < CM)([[w =@ pee g + lg — Gl Lo )

where we have used the fact that @(7,&) = 0 and ¢(¢,£) = 0 for ¢ € [F(£),7(¢)].
Since X (t) € By, 1/(q(t,€) + h(t,€)) < M, we have

T

(-0 <57 [+

7

1 T
< CODlw—alypp+ =z + 57 [ -0
(2.75) < C(M)(||w_wHL§S’E+ ||Q_Q||L;°E)-
From &) and [ZTH), we get
@16) =7y + [ | [ (0] xr<r(©) + 0.9 xrcr ) ] a
R T
< C(M)meas(Ge) | X — X”L%OE.

Step 2: Estimate for ||Z - ZHL“W(GC) .

T € _ _ —
For £ € G¢, we have Z, = F(X,U)Z and Z; = F(X,U)Z for all ¢t € [0,T]. Hence,
(2.77)

1(Z = 2)(t, )| g S/O I(F(X,U) = F(X,0)) (¢, ) Z(t', )| p e 4
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/!
(o) U

We have

and therefore
(278) ||(F(X,U)—-F(X,U)) ZHLlE
<CM)(Q=Qllpyg+ P =Pllyp+IU-Tl1p)

Applying Gronwall’s lemma to ([ZZ), as HF X,0) C(M), we get

HL;OL&(]R) =
@79) 22|y, < COD||(FX.U) - F(X.0)Z],, ,

Hence, since [U U, , <T@ - Q||L1TE from (M), we get by ET8) that
(2.80) 12 = 2| ey < COLT)([Q = Q| oy + 1P = Pl )
Lemma 4] and Z70) then give us

(2.81) |1Z = 2| . ey < COMT + meas(Ge)) | X = X| ooy

From (ZZ2), we have h = U?(1 4 v)? + w? — vh and a similar expression for h. It
follows that

(2.82) [ = Al 1oy < COD) [ X = X[y ey + [[0h = OR| L1 rey
< OM(IX = Xllygg) + 1P = Bl 2y

and R gives us

283) (12~ Z| i o) < COM)(T + meas(G)) || X = X || e

Step 3: Estimate for HZ - ZHLK,W(G )

T €
We assume without loss of generality that 7(§) < 7(§) < T. From Lemma 5 we
have that q is positive decreasing and w is negative decreasing so that

(2.84) q(t,6)] < |q(7, )| and |w(t, )| < |w(7,E)|
for t € [7(€),T], and therefore
(2.85)

lq(t,6) — q(t,€)] < |q(7,§) — (7, &) and |w(t, &) —w(t,§)| < |w(T,§) — w(7,§)]

for t € [7(£),T) because q(t,&) = w(t,&) =0 for t € [T(£),T]. For t € [F(£),T], we
have h; = —2(QU)q + (3U? — 2P)w and h; = 0. Hence,

(2.86) |(h—h)(t,&)| < [(h = h)(1,&)| + C(M)(I(q — @)(7,€)| + [(w — w)(,€))),

from Z34) and @3ZH). For ¢t € [0,7], we have Z, = F(X,U)Z and Z;, =
F(X,U)Z. We proceed as in the previous step and in the same way as we ob-
tained ([ZZJ), we now obtain

(Z - Z)(7.9)| < C(M) ||(F - F(X,0))Z],,

L&’
and, after using ([Z78) and (), we get
(2.87) (Z — Z)(7,€)| < C(M)(T + meas(G.)) || X — X”L;CV'
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Combining ([ZX3), 30 and @X1), we get
(2.88) (Z — 2)(¢,€)| < O(M)(T +meas(Ge)) | X = X]| .oy

for all t € [0,T]. We take £ small enough so that meas(G.) < 1, and then [ZXJ)
implies

(2.89) I(Z = Z)|| Lgwic.) < COM)(T + meas(Ge)) [| X — X[ .y, -

Step 4: Conclusion.

Combining ([ZX3) and ZIJ), we get
(2.90) |Z - ZHL%OW < C(M)(T + meas(Ge)) || X — XHL%OV :

From (Z30), we obtain
W =Ullper <T@ - Qll s

(2.91) < C(M, T)(T +meas(Ge)) | X = X[ o
by Lemma 4 and Z7H). We have also
(2.92)

1< - Z7||L;§Loo(1R) <T|U- IjHL;?Ll(R) < C(M)(T + meas(Ge)) || X — XHL;?V

by Z3I). Combining Z90), @) and EZ32), we get
|X — X[, < CONT + meas(@o)) | X — X[,y
Finally, as lim._,o meas(G.) = 0, we can choose first ¢ > 0 and then 7" > 0 small
enough such that
_ 1 _
HX - XHL;?V < 9 HX a XHL;,OV’
and thus P is a contraction. O

The physical or Lagrangian variables are (y,U,h). However, the analysis is
carried out with the variables (¢, U, (¢, Ue, h) which belong to the Banach space
V. In the remaining part of the paper, we will for the sake of clarity intentionally
abuse the notation and denote generically (y,U,h), ((,U,h) or ((,U, (e, Ue, h) by
the same symbol X. We denote (¢, Ue, h) generically by Z.

Theorem 2.8 (Short time solution). For any initial data in Xo = (yo,Uo, h) € G,
there exists a time T' > 0 such that there exists a unique solution X = (¢, U,h) €
C([0,T)],V) of BI]) and IH). Moreover X (t) € G for all t € [0,T].

Proof. For a short enough time 7', we obtain from Lemma B that P is a con-
traction on Im(P), and therefore, there exists a unique fixed point (¢, U, v, w,h) €

C([0,T7,V) which is solution to Z3]). We have to prove that Us = w and y¢ = gq.
We can rewrite @ as

1 13
Q=179 [ (W4 (im0 (e dy

1 oo _
+ Zey(g)/g (U2q + B) (D)X 7 ny>1y (e d,
and we can see that @ is differentiable. A direct computation gives us that

1
(2.93) Qe = *§(U2q +h) ()X {r(e)>13 () + aP
and Q¢ € L ([0,1] x R). In addition, as q(t,&) = X{r)>1}(§)a(t,§), we have

loc

Wt (t,f) = 7Q§(t7£)a that iS,

(2:94) w9 = V) - | @t €)ar.
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On the other hand, we have

U(t,€) = Uo(€) - /0 Q. €) de.

Using Fubini’s theorem and integrating by parts, one can prove that

/R (€ )we (1, €) de + /R Ge(©u(t, €) e = 0

for any 1 smooth with compact support, and therefore w = U¢. In the same way,
as

t t
(€)= o+ /0 U, €)dt’ and vt, €) = Coe + /O Ue(t', ) dt

because Ug = w, we get v = (¢. Let us prove that X (¢) € G for all ¢. From (EZZ)
and [ZZ2), we get q(t,&) > 0, h(t, &) > 0 and gh = U?q? + w? for all ¢ and almost
all ¢ and therefore, since U = w and y¢ = ¢, the conditions ([Z23d) and Z231)
are fulfilled. Since ((t,£) = ((£,0) + f(f U(t,€)dt, by the Lebesgue dominated

convergence theorem, we obtain limg_, _ ((¢,€) = 0 because U € H'(R). Hence,
since in addition X (¢) € By, X (¢) fulfills all the conditions Z23) and X (¢t) € G. O

Note that the set G N By is closed with respect to the topology of V. We have

he = (=2QUys + (3U? = 2P)U¢) X (+(¢)>1} (),
and, since ye(t, &) = Ue(t, &) = 0 for t < 7(§) and Py = y¢Q, we get that, for all
time,
(2.95) hi = —2QUye + (3U* — 2P)Us = (U® — 2PU);.
The time derivative of h is an exact derivative in . We have that (¢, U, (¢, Ue, h) is
a fixed point of P, and the results of Lemma R hold for X = X = (¢, U, (¢, Ue, h).

Since this lemma is going to be used extensively we rewrite it for the fixed point
solution X. For this purpose, we redefine By, A. and K., see (Z33), Z39) and

B = (X = QUG UM €V Xl 41000 et [ ] <o)
with X = (¢, U, Ce, Ug, h),

(296) A ={€eR[0<ye(0,6) <z and —= < U0,8) <0},

and

(2.97) Ky={€€R | ho(§) =7}

Recall that g(X) denotes g(y, U, y¢, Ue, h). Lemma rewrites as follows.

Lemma 2.9. Given a constant My, initial data Xo € B, let X = ((,U, e, Ue, h) €
C([0,T], Byr) denote the solution of I8) and I with initial data Xo. Intro-
duce M = ||P||L%OLOO(R) + ||Q||L5.9LW(R) + My. The following holds:

(i) We have

1

Yoe + ho

9
< _€CT

1
(2.98) H <
Lg° 2

t -
Ye +h

Lg
for all t € [0,T] and a constant C which depends on M and T .
(i3) There exists an & depending only on T and M such that if &€ € Ac, then ye(t,€)

is a decreasing function and Ug(t,€) an increasing function of time and therefore
we have

(2.99) —e < Ue(t,§) <0 and 0 < ye(t,€) <e
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for allt € [0,T). In addition, for ¢ sufficiently small, depending only on M and T,
we have
(2.100) A.c{¢eR|0<T(&) < T}

(iii) There existsy depending only on M and T such that, if ¢ € K., then (y,U, ye, Ue, h)(t,€) €
Q for allt € [0,T], ye(t,&) is a decreasing function and Ug(¢,§) an increasing func-
tion of time and therefore

Ue(0,8) < Ue(t,€) <0 and 0 < ye(t,€) < ye(0,€).
In addition, for ~ sufficiently large, depending only on M and T, we have

(2.101) Kyc{¢eR|0<T(¢) < T}
(iv) For any € > 0 and v > 0, there exists T > 0 such that
(2.102) {€eR|0<T(§) <T} Cc A.UK,.

To prove global existence of the solution we will use the estimate contained in
the following lemma.

Lemma 2.10. Given My > 0 and Ty > 0, there exists a constant M which only
depends on My and Ty such that, for any Xo = (yo,Uo, ho) € By, the following
holds:

(i) if ho € E(B) for some set B, then ||Z||L§?E(B) is bounded by a constant that
depends only on M and ||hol| gz, ;

(i) X(t) € By for all t € [0,T], where X(t) denotes the short time solution on
[0,T) with T < Ty given by Theorem 2 for initial data X.

Proof. From [Z3H), we get
(2.103)

/1 h(t, &) dE = /_Tv h(0,€) d§+/0t ((U?—2PU)(¢,N)—(U?—2PU)(t',—N)) dt'.

Since U(t, -) € HY(R), lim¢_ 100 U(t,€) = 0. By the Lebesgue dominated conver-
gence theorem, and since h is positive, by letting N tend to infinity in ([ZI3)), we
get that

(2.104) 1Rt e = 1ol

for all ¢ € [0,T]. We denote generically by M a constant that depends only on M)
and Ty. To simplify the notation we suppress the dependence in ¢ for the moment.
We have

— 00

3 S
09 = [ v~ [ vonUeim dn

(2.105) < / U(n)Ue(n) dy = /{ Ly VU dn

since, from [Z23d), Us({) = 0 when y¢(§) = 0. For almost every & such that
ye(€) > 0, we have

[U(E)Ue(&)] =

Ug(§) 1 2 UZ(6) 1
UEe) -2 | < (U ST
VYU (€) mG) < 2( (€)7ye () + @) | "2 (€),
from [Z23d). Inserting this inequality in I0H), we obtain

1 1
(2.106) Nt ey < —5= (30 = —=

_ 1/2
\/5 L1(R) — \/EHhOH <M.

Ll(]R) =
From (ZTIT), we obtain that
(2.107) €O < 1O, + U )l ooy T < M,
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that is, ||((¢, )||Ln§° < M. Since h and y¢ are positive, we have

1 2
21089 Q6] < 110G )l |

- B 1
e~ ly(t€) y(tﬂ)\yg (t,n)dn+ 1 / h(t,n) dn,
R R

and, after a change of variables, we obtain
(2.109)
_ _ 1 1
QoI <M / e WO a4 (g gey = 2M + 7 Iholl gy < M.

A similar bound holds for P. To summarize, we have established that

(2.110)  [IC(8 ) ooy + NU (s )l ooy + N2 )l L1 gy
H NP ) poe@y + 1QE )l poo @y < M.
Let us consider a set B such that [|hol| ) is finite. We have, from (Z35), that

1Q1(t, g2y < M |[f *Xir@>037 || 25
<M ||f||Loe(R) HX{T(£)>t}THL2(3)
< Mlrt, )l pees)
< MU, g2y + 16E ) pes) + 1B )l L208))-
The same bound holds for )2, and therefore

@111) Qe L2y < MIUE, )l L2s) + et ) L2y + 17 )l L2 (5))-

Similarly, one proves
2112) [P, L2y < MUAUE )l 2s) + 1 L2y + 170 )l L2(s))-

Let a(t) = Ut )l + 166t g + 1Te(ts ps) + 17t )l g From
the integrated versions of (ZI8) and TI9), after taking the F(B)-norm on both
sides, adding the four norms and using ([ZTT2) and ITI), we obtain

alt) <a(0)+ M+ M/t a(t')dt'.
0

Hence, Gronwall’s lemma gives us that
(2.113) a(t) < (a(0) + M)eMT < C

for some constant C' which depends only on M and [|ho|| z5). We have thus proved

We consider the constant v given by Lemma 9 (i77). By [ZII0) and Lemma
23 the constant + only depends on My and Ty and therefore ||h0||E(,CC) < M.
v

Then (ZT104), @T07) and item (i) of the present lemma with B = K imply that

| X (¢, o)||‘7(,€c) < M. For £ € Ky, by Lemma 9 ye(¢,£) is positive decreasing in
Y

time while Ug(t, §) is negative and increasing. Hence,

(2.114) lwe(t, e, < M and [Ue(t, )l e, < M.

We have meas(K,,) < % Jg ho(€)d§¢ < M and therefore (ZITd) implies together

with ZI0d), @I07) and @) that [ Xy ) < M. Hence, || X[y < M. To
estimate ||g(X) — 1|| ;, we use the claim (Z67) which in the present context rewrites

(2.115) 9(X(t,€)) < g(Xo(€)) +M/O z(t, &) dt’
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where z(t, &) denotes (|U|+|Ce|+ |Ue| +|h| +|P|+|Q])(t, ). We use the Minkowski
inequality on ([ZITH) and get

lg(X () = ey < 19(Xo(€) = Ul pgee) + M

by &I13), @I1I), and @&II2). For { € K,, we have X(¢,£) € Q and there-
fore g(X (t,€)) = —Ug + 2(1 + U?)ye. Hence, [|g(X(t, -)) — Ulpc,) < M because

| X[y < M and meas(K,) < M. Thus we have proved that ||g(X (¢, -)) — 1|5 <

M. Tt remains to prove that < M, but this follows directly from

1
‘yﬁh HL%?LEO
E38) now that we have established that ||P||L5.9L%o + ”Q”L?ngc < M. O

We can now prove global existence of solutions.

Theorem 2.11 (Global solution). For any initial data in (yo,Uo, ho) € G, there
exists a unique global solution (y,U,h) € C(R+,G) of EIX) and EZIJ).

Proof. The argument is somewhat classical but is complicated here by the fact that
the short term solution described in Theorem does not provide any lower bound
on the time of existence of the solution. Let us introduce the maximum time of
existence Tpax defined as follows

Tmax = sup{t € Ry | the solution X (¢) to I exists in [0,¢]}.

Let us assume that Thax < 0o. From the previous lemma, there exists an M such
that X () € By for all t € [0, Tinax). From the local existence theorem, there exists
T such that the solution is defined on [0,7"]. We then set the constant v given by

Lemma 9 (i) so that ZI0I) holds. From (ZIR), we get
(2.116)

ICEH, +) = St I ooy < M|t =t and U, ) = U(t, -)| g < C(M) [t —t]

for a constant C'(M) depending only on M. We denote generically by C(M) such
constants. From Lemma XTI (4), we have [|ho|| ey < C(M) and [[h(t, - )| gce) <
vy v

C(M). From Z20), we get

t/
QU120 = 20 Moy < [ IFCOZ e < CONTE 1.
After using 2231 we obtain
1At ) = h(Es )l ke

—H L+ C)TUE — et -) = [UP(1+ Ce)® + UZ — hee(t HLl(,Cc)

CONIUE, ) = Ut lpaqee) + 12, ) = Z(2, .)”LZ(W)
C(M) [t —t].
Hence7 )
HX(t/a ) = X(¢, ')HV(;@’) <C(M) |t —t.

For ¢ € Ky, from IO, we have ((t',§) = (e(t,€), Ue(t',€) = Ue(t,§) and
h(t',€) = h(t,&) for t' >t > T. Therefore,

(2.118) X, ) =Xt )|, <CM) [t -1t
Since V is a Banach space, [ZI18) implies that the limit of X (¢) exists as ¢ tends to
Timax and we denote it by X. We claim that X belongs to G. The conditions (2223d),

E23d), @230 hold because L> or L' convergence implies almost everywhere
convergence up to a subsequence. Since X (¢) € By for all ¢ € [0, Tyax), we have

H 7 7 ( H < M and therefore H ——|| < M and the condition ([Z23d) is fulfilled.
It remains to check (223H). First we prove that the mapping g defined in (221 is
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lower-semicontinuous. Indeed, let us consider a sequence " in R which converges
to € = (x1,22,23,24,25). We denote g5 = min(gy,g2). If 24 < 0, or z4 > 0,
then we use the continuity of g3 and g» to conclude that lim, . g(x™) = g(x). If
x4 = 0, we have that gs(x™) < g(2™) and therefore

g(x) = gs(x) = liminf g3(x™) < liminf g(x™)

and ¢ is lower semi-continuous. We consider a sequence t,, — Tpax such that
X (ty, €) converges to X (&) for almost every &. Since y¢ and h are positive, we can
check from the definition of ¢ that g(X) — y¢ is also positive. Hence, by the lower
semicontinuity of g, we get that

0 < g(X(€)) - 7e(€) < liminf (9(X (tn, -)) — ye(tn. §)) < 2M
arid g(X) — 1 belongs to L>=(R) because Hg()_() - 1HL°°(]R) < Hg()_() - giHLw(R) +
||C5 H Loo(R) < 3M. The composition of an increasing lower semicontinuous function

with a lower semicontinuous function is also lower semincontinuous. Hence, since

2+ 22 is increasing for z > 0 and g(X) — y¢ is positive, we have that

(9(X(€)) = 7¢(€))* < liminf(g(X (s, €)) — ye(tn, €))*

and

/b@@D*%@fﬁé/MMMMXWKDﬂMMOE%
R R

(2.119) <timint | 90X (60, 6)) et de

by Fatou’s Lemma. We have [lg(X (n, -)) = ye(tn, )l 2y < 19(X (En; -)) = Ul 2@y +
Ce (tns M 2(ry < 2M and (ZZITI) implies

lo(X) = 1| oy < Nl9(X) = Tell 2y + [1Cell oy = 32

Hence, X fulfills @23H) and X belongs to G. We can then apply Theorem and
get the existence of a short time solution with initial data X which, combined with
X on [0, Tihax), gives a solution on [0, Tiax + 0] for some § > 0. The assumption

regarding Ti,ax is contradicted, and we have proved the global existence of solutions.
d

3. SHORT TIME STABILITY

First we give a short description of the dynamics of the system ([TI9) for a given
particle £. We consider a solution X (t) = (y,U, h) € C(R4,G) of ZI8) and ZI9).
By Lemma EZT0 there exists an M depending on T' and the initial data such that
X(t) € By for all t € [0,T]. For a given £ € R (that we drop in the notation), we

obtain, from Z23d) and 2231, that
(3.1) Ug + yg < Ciye and Coye < Ug + yg

for two strictly positive constants C; and C5 that depend on T and M. The
projection of the trajectory X (¢) in the plane (ye, Ue) lies between the two circles
defined by the equations BI), see FigureB The two circles intersect at the origin.
The origin is an attractive point when Ug < 0 and repulsive one when Ug > 0, since
we have, from (1), that, close to the origin (that is, ye ~ Ue ~ 0),

1
(yf,ta U&t) ~ (O’ Eh)

and h =~ y¢ +h > % > 0 as y¢ + h is always bounded strictly away from zero.

When dealing with conservative solutions, (ye(t),Ue(t)) always follows the vector
field defined by (ZI4]) and can go through the origin. With dissipative solutions, we



DISSIPATIVE SOLUTIONS FOR THE CAMASSA-HOLM EQUATION 27

FI1GURE 1. For a solution X = (y,U, h), we have that ye(¢,§) and
Ue(t, &) belong to the dashed region contained between the two
circles, see (B1). The origin is a point of attraction for Us < 0 and
a repulsive point for Ug > 0.

terminate the process at the origin so that when (ye(¢), Ue(t)) reaches the origin,
it does not go any further.

As far as stability is concerned in the case of dissipative solution, we face the
following problem: If we consider two initial data Xy and X, close to the origin
and close to each other for some given &, the first one being below the horizontal
axis, that is, Upe(€) < 0, and the other above, that is, Upe(€) > 0 and look at their
trajectory, we will observe that the first point will reach the origin and stop while
the second one will travel away from the origin. Thus, these two points which may
be very close (with respect to the Euclidean distance) at the beginning, that is,
|U — U‘, lye — Tl ‘Ug — U§| and ‘h - B| may be as small as we want, will stray
apart very quickly. Therefore, in order to obtain stability, we need a new distance
that separates points that have negative and positive Ug and that are close to the
origin.

We introduce the mapping d: R® x R> — R defined as

5

d(@,®) =Y |vi — &;| +|g(x) — g(2)|

=2

for z, & in R®. For a subset ) of R, we define the mapping dg: G x G — R, as

(32) dQ(Xﬂ X) = HX - X”V(Q) + ||g(X) - g(X)||L2(Q)
for X, X in G. Then, dr defines a distance on G. For two points X(¢) and Xo(€)
close to the origin such that Uy ¢(£) < 0 and Uy ¢(§) > 0, we have d(Xo(&), Xo(€))

|Z0(€) = Zo(€)| + |9(Xo(€)) — 9(Xo(©))] = [9(X0(€)) — 9(Xo(€))] ~ ho(§) = 3
which is bounded away from zero, see Figure B so that Xo(£) and X¢(§) which are
close to each other in the Euclidian distance are no longer closer with respect to
the metric d. Of course, there is a degree of arbitrariness in the choice of g which
we will not discuss here. However, two properties of g are essential:
(i) g splits the collision point (as we just explained, see Figure Bl).
(ii) g is positive homogenous in the three last variables, that is, g(z1, x2, Axs, Az, Axs) =
Ag(w1, T2, 23,74, 75) for all A > 0 and x € R>.

The last property is going to be used in Sections BHE when we map back the
solutions into Eulerian coordinates.

Our goal in this section is to prove the following short-time stability theorem.
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FIGURE 2. Plot of the function g for 1, x2, x5 fixed. The function
g separates the origin for positive and negative values of x4. The

hole in the middle corresponds to the inner circle in Figure B a
region where the solutions cannot enter.

1
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FI1GURE 3. Plots of the region 2, 2~

z1tx3

and Qo.
2(14a3)”

We denote v
We plot the projection of the domains in the (x71,x2)

plane for v and x4 fixed. Note that the region inside the inner
circle is excluded for the solutions, see Figure Bl

Theorem 3.1 (short-time stability). Given M > 0, there exist constants K, € and
T all depending only on M such that, for any initial data Xo, Xo in Bas, we have

(3.3) t SE%pT] dr(X (1), X (1)) < Kdr(Xo, Xo)

for any T < T such that

meas({E€R|0<7(§) <T}) +meas({E € R|0< T(E) < T}) <e.

In this short-time stability theorem we impose that the measure of the set of the
particles that will collide before T is bounded by a small constant €.

The existence of the solutions has been established in C(R, V), and, in partic-
ular, for a solution X = (y,U, h), {¢(t, - ), and Ue(t, -) belong to L> for all time.
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However, we establish stability only for L? norms, see the definition [B2) of dg.
We need this stronger result in order to prove Proposition which allows us to
go back to Eulerian coordinates. For h, we use the L! norm because it is the only
norm which is invariant with respect to relabeling, a property which is needed in

Section B see ().

In order to prove this result, we need to establish several auxiliary results. We
introduce the sets

Q_:{w€R5|x4§0},
Qu = {x €R® | |za| + |zg| + |za| < M7,

see Figure Bl The mapping g is of course not Lipschitz on R® (otherwise it would
be have been useless to introduce it), but we have following result.

Lemma 3.2. The restrictions of g to Q°N Qs and Q_ N Qs are Lipschitz. More
precisely, for any M > 0, there exists a constant k > 0 only depending on M such
that

5
l9(a) — 9(@)] < K> | — 71
=2
foranyx, &z € Q°NQpp or any &, & € Q- N Q.
Proof. The case where both  and & belong to ¢ is straightforward as
lg(2) — g(x)| = |23 + T5 — 23 — 5] < |23 — 23] + |25 — 25| < |T — 2.
Let us consider the case where  and & belong to (2_, that is, x4 < 0 and 24 < 0. If
—24+2(1412)%23 < 23425, then g(x) = —w4+2(1+22)%23. If —Z4+2(1+72)%73 <
T3+ T, 9(&) = —ZT4 + 2(1 + 72)?Z3, and the result follows directly from the fact
that the mapping (z2,z3,24) — —x4 + 2(1 + x3)%z3 is Lipschitz on bounded sets
and therefore when x and & belong 3,. We denote the Lipschitz constant of the
previous mapping by &. If —Z4 + 2(1 + %2)%%3 > T3 + s, g(Z) = T3 + T5 and we
have
lg(&) — g(x)| < |Zs + T5 + 24 — 2(1 + 23) 23]
< |@3 — x3] + |25 — a5| + |23 + @5 + 24 — 2(1 + 23) 23]
= |§73 - l‘gl + |§75 — .I‘5| + a3+ x5 +24 — 2(1 —&—x%)xg

< 2%z —a3] + 2|75 — 5| + 24 — 2(1 + 23) w3 — (T4 — 2(1 + 73)T3)

5
<Q@+R)Y |-z
1=2
O

The following lemma describes the situation when for two solutions of (ZI8) and
&), the mapping g behaves like a Lipchitz function.

Lemma 3.3. Given M > 0, there exist T > 0, £ > 0 and 6 > 0 which depend only
on M such that for any & € R satisfying d(Xo(£), Xo(§)) < 6 we have

(B4)  |9(X(.9) = 9(X(t, )| < C(|[U. &) = U] +[2(1,€) = Z(t,€)])
for all t € [0,T) and the solutions X (t) and X (t) with any initial data Xo and X,

mn BM.

Proof. Without loss of generality, we assume 7' < 1. From Lemma BT there exists
M depending only on M such that X (t) and X (t) belong to By for all t € [0, T].
We consider ¢ € R such that d(X(0,¢), X(0,£)) < 6 for a § that we are going to
determine. We drop ¢ in the notation. Since X () and X(¢) belong to €, by
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Lemma B2 we can see that the lemma will be proved if we can prove that X (¢)
and X (t) belong to the same set, either Q° or Q_. Let £ denote the set

$3+Z'5

= 5 < 270

and x4 < 0} ,
see Figure B We consider the following three cases: (i) Xo, Xo € Qo; (i) Xo €
Qo, Xp € Qé, and (111) Xo, Xp € QS

Case (i). Since Qo C ©2_, X and X also belong to Q_. Let ¢y be the first time
when X exits Q_. By continuity, we have Ug(tg) = 0. From (223) we infer that
(14 U?)ye(to) = (ye + h)(to) because we cannot have y¢(tg) = 0 as the points that
reach the origin remain there. Let z(t) = 2(1 4+ U?(t))ye(t) — (ye + h)(t), we have
2(0) < 0 because X (0) € Qo and z(to) = (y¢+h)(to) > 7. On the other hand, from
&I3), 2; can be computed, and we obtain z; < C;(M) for some constant Cy (M)
only depending on M and therefore on M, so that z(t) < z(0) +Cy(M)T. Hence, if
we choose 7' small enough so that 7' < (MCy(M))~!, we obtain z(to) < 17, which
is a contradiction, and we have proved that X remains in {2_. Similarly one proves
that X remains in Q_.

Case (ii). We have already seen that we can choose T' small enough so that X (¢)
remains in Q_ for t € [0,7]. Let us denote z(t) = 2(1 + U?())ge(t) — (g + h)(2).
For z as defined above, we have z(0) < 0. Hence, z(0) < z(0) + |2(0) — 2(0)] <
C(M)(|U(0) = U(0)] + |7¢(0) — ye(0)] + |R(0) — h(0)]) for some constant only de-
pending on M and therefore z(0) < C(M)§. We claim that, for § small enough,
Xo € Q_. Let us assume the opposite. Then, |Up ¢ —Up¢| < § implies |Up ¢| < § and
[Uo.e| < & because Up e <0 and Up e > 0. Since Xo € €, we have 2(1 + Ug)yd . <
Yo.e + hoyo,e and it implies, by @23, that (14 Ug)yZ < UZ and therefoer y¢ < 4.
We have

_ _ 1
§ > g(Xo) — 9(Xo) = Jo.e + ho — [Uoe|l — 2(1 + U3 )yo.e > o~ CM)d

and, by taking ¢ small enough, we are led to a contradiction. Hence, Xo € Q_.
Again, let us consider the first time to when X leaves Q_. We have z(tg) =
(e +h)(to) > =7 and Z(to) < 2(0)+C(M)T implies +- < C(M)(5+T) which leads

to a contradiction if we choose T and ¢ small enough. Hence, X remains in {2_.

Case (iii). In this case, since Q§ C Q°, X and X also belong to Q°. We consider
z(t) as defined before. Since X € Qf, we have z(0) > 0. Let us denote by to
the first time when X leaves 2¢. Since the origin is a repulsive point in ¢, see
Figure B, we must have |Ug(to)| + 2(1 + U?)(to)ye(to) = (ye + h)(to) which gives
Uge(to) = z(to). Inserting this into Z23M), we obtain after some computation that

2(t) = — AR (t). Thus, —z(to) < —2(0) + CL(M)T implies (Co(M))~" <

ﬁ%(to) < C1(M)T, which leads to a contradiction if T' is chosen small enough.
We have thus proven that X remains in 2¢, and the same result holds by the same

argument for X. O

When dealing with discontinuous systems of ordinary differential equations in
finite dimensions, it is essential to have some control over the time when the solu-
tions hit the discontinuity line and change behavior. Consider the situation with
two solutions with initial data that are close and such that one solution hits the
discontinuity line soon after the other. If the time between the two solutions hit the
discontinuity line goes to zero, then, for stability reasons, the difference between
the initial data should also go to zero. This is precisely the content of the next
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lemma. Note that this property has already been used when proving the existence
of solutions, see (Z23).

Lemma 3.4. Given M > 0, there exist T and § which depend only on M such
that, for any & € R that satisfies d(Xo(£), Xo(§)) < §, we have

36 E-n©+ [ Mo < o0n 2606 - 2r(©).9)

if (&) <7(&) <T, and

R GRY " W€y dt < C(M) | 2(7(6).6) — Z(7(€).€)]

if 7(§) < 7(§) < T, for a constant C(M) depending only on M and any solutions
X (t) and X (t) with initial data Xo and Xo in Byy.

Proof. We assume without loss of generality that T < 1. There exist € and -~
depending only on M such that for any £ € flEUICY and ¢ € A.UK,, the conclusions
of items (ii) and (4i) in Lemma 3 hold, that is, X (¢,£) € €, 7¢(t,€) decreasing
and Ug(t, €) negative and increasing for ¢ € [0,1] and the corresponding properties
for X(t,€). From Lemma 2 item (4v), there exists T' depending only on M, ¢
and 7 and therefore only on M such that {0 < 7(§) < T} C A,/ UKo, Let us
consider { € R such that 7(§) < 7(§) < T. Then, £ € A /2 UKy, or 7(§) = 0.
We set ¢ = min(e/2,v) and ¢ depends only on M. If £ € A,/ or 7(§) = 0, we
have [Uog(€)] < |Uoe(€) — Uog(€)] + [Une(€)] < € and |Fog(€)] < |yoe(€) — Foe (€)] +
soe(€)] < = Since X(£,€) € O, g(Xo(€)) = ~Une(€) + 2(1 + U2)ye(€) for some
constant C'(M) depending only on M, and we have

9(Xo(©)) < 5 +1g(Xo(O)] < 5 +C(M)e < == < Gog(€) + Trne(€)

for & small enough and depending only on M. Hence, 9(X0(8)) < Joe(€) + Upe(€),
which implies that Xo(§) € € so that Upe(§) < 0. Thus we have proved that
£ e A If £ € Kyy, we have ho(§) > |ho(§)] —6 > v and £ € K,. From the
governing equation (EZI9), we obtain

Ugt(t,€) > h(t,€) — C(M)ge(t, )
for some constant C(M) depending only on M. Hence, after integrating over the

time interval [r, 7],
_ _ 1 (7.
B8 Or©.0 2 Uer(©.0 + 5 [ h.9de— CONTa(7.8
because ¢ (t,§) is decreasing so that Fe(t, &) < 7 (7(£), &) for t > 7. Since X (t,€) €
Q, we have Ug(t,€) < 0 and BF) yields, for T' small enough,

: / "R €)de < 2|Te(r(€). )| + 7 (r(©). )]

(3.9) = 2(|Ue(7(€), ) = Ue((€), )| + 17e(7(€), &) — we(7(€),€)I)-

By Lemma EZT0, there exists M depending only on M such that X (t) € By; for
t €[0,1]. We have, as == < h + ¥,

T < [ Bt i < 412(7(6.6) = Z(r(€.9)] + e(r(6).).

by (B3) and because ye (¢,€) < ye(r,&) for t > 7. Hence, (7—7)(§) < C(M) ’Z(T(f),{) — Z(T(f),{)‘
because y¢(t,&) = 0 for ¢t > 7(§) and we have proved (BH). The inequality B is
proved in the same way. O
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We can now start the proof of the short time stability theorem, Theorem Bl

Proof of Theorem Bl We divide the proof in several steps. Without loss of gener-
ality, we assume T' < 1.

Step 1: Estimates for HP — PHLlT(LT@OmLD%) and HQ — QHLlT(L%mLD%)'
For £ such that 7(§) < 7(&), we obtain after using Gronwall’s lemma in [ZI9), that

(310)  |(Z=2)(r,9)] < CM)(|(Z = 2)(0,9)] + [|(F(X) = F(X))Z]| 1 1o ).
We have

(311) (F(X) ~ F(X)Z = (0, (507 ~ 0% ~ (P - P))ye,

—2(QU — QU)ye + (3(U — T%) — 2(P — P))UE).
Hence, as [|P| . + [Qll o 1 < C(M), sce ), we have
(812) [|(F(X) = F(X)Z] 1y e < CON(U =Tl 1

+ HP - PHLlTLEO + HQ - QHLlTLEO)

Ly

and
(313) [|(F(X) = F(X)Z| 1y . < COMO(||U =T, 12
+ HP o PHLITLI?{ + HQ - QHLlTL]?{)'
From BI0) and BI2), we get
(814) |(Z - 2)(r,8)| < CM)(|(Z = 2)©0,9)| +[|U = U]l ;.
Q= Qllpy o + 1P =Pl 1y 1o )-
From ([ZIX), we get
U =Tl e e < U0 = Vol poo + 1@ = @l 1y 1
and ([BI4) rewrites

(3.15)
Z = 2)59)] < CON(|Z = D00+ |2~ Qe + 1P~ Pl )

To simplify the notation, let us introduce z(§) and z(§) defined by

A9 = xiroeren(© (= 1O + [ ht.e)dr)
and .
O = xiroeren© (7= O + [ (t.e)ar).
Then, Lemma [Z4] rewrites as
(3.16) HQ - QHLIT(LI?@LLEO) + HP - pHLlT(LlﬁﬁLEO)
< CON (T X = K|y + oy + 171y ).

Step 2: Estimates for ||z||L%€ and ||Z||L§.
Let us introduce the set A = {¢ € R | d(X(0,¢),X(0,&)) < 0} where d, which
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depends only on M, is given by Lemma B4l From BIH), BI0) and Lemma B4
we infer that, for £ € A,

2(6) < N (12 = 20.0) +100 Ol 47X = Xy ol Ly )
Hence,
(317) 2(6) < CONA(Xo(E). Kol€)) +C M) U = Do

oM (T 1% = Xl o, + 2l g + 11211 )
The same estimate holds for 2(€). From (E£IJ), we get

18 5 [ hd=UEo-U0.0- [ GUELY - PO

so that fOT h(t, &) dt < C(M). For the same reasons, we have fo (t,6)dt < C(M)
and therefore z(§) + 2(§) < C(M). It implies that the inequality (EI7) holds also
for £ € A€, that is, those £ which satisfy d(Xo (&), Xo(§)) > 9, as

d(X X _
<) < () 82 oy, ). %o(6)).
and therefore inequality (BI7) holds for every £ € R. Let us introduce

Cr={¢cR|0<7(§) <T}and CF = {¢cR|0<7(¢) < T}

By the assumptions of the theorem we have meas(CZ UCZ) < ¢ for some & we have
to determine, and we may assume without loss of generality that ¢ < 1. We have,
after using Cauchy—Schwarz, that

(3.19)

d(Xo(€), X0(€)) d¢ < (meas(CT UCT)Y2 + 1)dr(Xo, Xo) < 2dgr(Xo, Xo)

cruct

and
(320) /CTucT HUO - UOHLLEO < O(M) HUO - UOHHI(R) < C(M)dR(X()vXO)

by the Sobolev embedding L>°(R) C H'(R). We integrate [BI1) and its counter-
part with z over CX' UCZ. Since 7(¢) — 7(£) = 0 on the complement of CI UCL we

obtain, after using (BIU) and (B20), that
(321) zllps + [zl L2 < C(M)dr(Xo, Xo) + C(M)T || X = X[| .,
+ Co(M) meas(CT UCT) (12 + I2],2)

for some constant Co(M) only depending on M. Let € = (2Co(M))~%, if T is such
that meas(CI UCL) < ¢, then EZI) implies

(3.22) Izl + 12l 1 < C(M)dr(Xo, Xo) + COMT [|X = X|| -
Step 3: Estimates for HZ — ZHL"OW'
T
With the estimate (B22) on ”Z”% + ||Z||L1%€7 we can rewrite (BI0) as follows
(3.23) HQ o QHLIT(LT%QLD;O) + HP B pHLl H(LANLE)
< C(M)dg(Xo, Xo) + C(M)T || X = X|| .\,

Moreover, by integrating (¢ — ¢); = U — U, we obtain that
HC - C_HL;CLD;c < HC(Ov )= C_(O’ )HLTgo +T HU - U”L;CLD;C
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(3.24) < dr(Xo, Xo) + OT(HU - UHL?L%Q + HUE - UEHL;?L§)

where C' denotes the constant of the Sobolev embedding L> C H 1. By integrating
(U-U): =Q — @, we obtain

(3.25) _ _ _

||U - UHL%OL%{ < ||U(07 ) - U(Oa : )HLJ?KWLHQ - QHL;L%& < d]R(XO; XO)+||Q - QHL}FL%&

and, by ([BZ9),
(3.26) U =0 ez < COM)(dr(Xo, Xo) + T[|X = X[| .y, )-

Let us denote G =R\ (CF UCT UK, UK,), see (D) for the definition of K; and
K1. By Lemma EZT0, we have that HhHL%CE(G) < C(M) and ||hl|Ler@) < C(M)
as [|hol| gy and HEOHE(G) are bounded. For £ € G, we have Z; = F(X)Z and
Zy = F(X)Z for all t € [0,T], and, after applying Gronwall’s lemma, we obtain

(327) ||z, ) - Z(t

cn)([120, ) = 20, || o gy

+ (PO = FE)Z]| 1y 1o )-

s Mra =

From [BI3), it follows that

12 = Zll 20y < COD (11200, ) = 200,
AU Olyy 417 Pl 10—l

which implies, after using (BZ0) and because ||h — BHLZ(G) < C(M)||h - BHLI
that

(328) (|12 = Z|| o oy < COM)(dr( X0, Xo) + T | X = X[| y)-

(@)

After using 2231 we obtain
Hh - EHL%OD( = U1 +¢e)* + Ug h¢e —U?(1+ () + 052 + E&EHL?Ll(G)
< COD(IU = Ull yse pogy + 112 = 2l 152 £2(c))-

Hence, by [B23), B20), we get

(3.29) 12 = 2| oy < CM)(dr (X0, Xo) + T || X = X[ . ).

Let us consider £ € G¢ = CTT U C? U K1 UK, we assume without loss of generality
that 7(¢§) < 7(£) < T. We have meas(K1) < [ ho < M and a similar inequality

for IC; so that meas(G¢) < C(M). For t € [r,7], we have Z(t,&) = Z(7,£) and
Zy = F(X)Z. Hence,

C(2(6,6) ~ 2(,)) = F(X)(Z(1,€) ~ 2(t,6) + F(X)2(r,)

and, after applying Gronwall’s lemma, we obtain
(330) |2(t.€) - 2(t,)| < C(M)(|Z2(r.€) - Z(7,6)| + / |F(X)Z(r.€)| dt)

because HF(X)HLl oo S C(M). We have F(X)Z(t,¢&) = (0, h('r, £),0) because
ye(1,&) = Ue(7,§) = 0. Hence,

/TT |F(X)Z(7,€)| dt = %/TT h(r,€)dt < %/TT |h(t, &) — h(t,€)| dt+/:h(t,§) dt
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and ([B30) becomes, after using ([B4),

120,6) ~ 201.6)| < COM) (|20, 8) — 2(r,€)| + 5T swp [Bt,€) — A, €)]).

te(r,7]
Hence, for T' small enough, we obtain
(3.31) |2(8,6) = Z(t,€)| < C(M) | Z(7,€) = Z(7,€)].

Fort < 7(¢), we have Z; = F(X)Z and Z; = F(X)Z and, after applying Gronwall’s
lemma, we obtain

|Z(t,6) = Z(t.€)| < C(M)(]2(0,6) = Z(0.&)| + |[(F(X) = F(X)Z] 1 ;)
which, by BI2), gives
|2(,€) = 2(1,9)| < CM)(]2(0.6) = 20, )| + [P = Pl y o +1Q = Ql 1y 1)

and, using (BZ3),
(3.32)

|2(t.€) = Z(1,€)| < C(M)(|2(0,8) = Z(0,8)| + dr(Xo, Xo) + T[| X — X[ ..., ).

Due to B3T), the inequality ([B32)) holds not only for ¢ € [0, 7] but also for ¢ € [0, T].
We integrate B32) and get

||Z(t, ) = Z(t, ')HLl(GC <COM ||Z - 2(0, ')HLI(GC)
+C(M )meas(G )(dR(XO,XO)‘f'THX_XHL;OV)
(3.33) SO(M)(dR(XO’XO)JFT"X*XHL;OV)

because meas(G°) < 1. Since ||C§||L%CL%O, ||Uf”L%°L°°(]R)7 ||C_£HL%OL%O and HUgHL%CL%
are bounded by some constant depending only on M, we have

|z, -)—Z(t <C(M)||Z(t, ) - Z(¢

and B33) yields
|Z(t, ) — Z(t

) ')HW(Gc ) ')HLl(GC)7

’ .)HW(GC) < C(M)(dR(XOaXO) +THX - XHL?‘/)
Hence, combining 34), B2d), we get

(3.34) 12 = 2| oy < C(M)(dr (X0, Xo) + T || X = X[ . ,).
Step 4: Estimates for ||g(X(t, O —g(X(t, ))||L2(R).

We consider the constant § which depends only on M (as we assume T < 1) given
by Lemma If ¢ is such that d(Xo(€), Xo(§)) < d, then (BE) holds. If ¢ is such

that d(Xo(€), Xo(€)) > 8, we have [g(X (t,£)) — g(X(,)| < Hd(Xo(€), Xo(£))
because [|g(X(, -))| ~ and [|g(X (¢, -))||, . are bounded by some constant de-
pending only on M. In any case we have

(3.35)  [g(X(t,€)) — g(X(t,9))|
<CM) (U —T-E|+ |2t €) — Z(t,€)| + d(Xo(§), Xo(9))).
We integrate [B3H) over G and get
<CM HU UHLOOL2 + HZ ZHLO@L2 + Hd XO’XO HL?(G))'

Since hg and hg are bounded on G by a constant that depends only on M, we have

”d(XOa XO) HLQ(G) < C(M)d]R(XOa XO)
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Hence, after using (B28) and B20), B306) implies

(337) Hg(X) - g(X)HL%OLZ(G) < C(M)(dR(XOa XO) +T HX - XHL;?\/)
We integrate B33) over G¢ and get

(338) [90X) ~ 95| 11

= C(M)(HU - UHL;OLl(Gc) + HZ - ZHL;OLI(GC) + Hd(XO’XO)HLl(GC))'
Since meas(G°) < 1, we get, after using (B34) and ([BZH), that

We have that ||g(X) — 1HL%OLOO(R) and ||g(X) — 1||L°°L°°(]R) are bounded by a con-
T

stant depending only on C'(M) and therefore
l9(X) = 9| 1 2oy < COD [[9(X) = 9| 1o 1) -
Hence, (B39) implies
19(X) = 9(X)|| e 12 ey < COM) (A (Xo, Xo) + T [|X = X[ ),
which, combined with (B37), gives
(3.40) l9(X) = 9(X)| 1 2.y < CM)(d(Xo, Xo) + T || X = X[ .. ).
Step 4: Conclusion.

Gathering B20), B34) and BA0), we get

SEup ] dr(X(t, -),X(t, -)) < C(M)(dr(Xo, Xo) + T || X — X|| o)
tel0,T T

< C(M)(dr(Xo, Xo) +Tts[13pT] dr(X(t, -), X(t, -)))

which, after choosing T small enough, implies ([B3]). O

4. GLOBAL STABILITY
From the short time stability result, Theorem Bl we obtain global stability.

Theorem 4.1. For any time T > 0, there exists a constant K only depending on
M and T such that

(4.1) t S[%I;’] dr(X (1), X (1)) < Kdr(Xo, Xo)

for any solutions X (t) and X (t) with initial data in Xo and Xo in Bay.

We first prove the following result about the continuity in time of the solutions
with respect to the distance dg.

Lemma 4.2. (i) The solutions of [ZI3) are continuous in time with respect to the
distance dg, that is,

lim dg (X (£), X (7)) = 0.

t—t

(ii) Given M, there exists T depending only on M such that, for any solution X (t)
with initial data X in By and t < T, we have

dr(X(t), Xo) < C(M)t
where C(M) is a constant that only depends on M.
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Proof. We proceed as we have done several times now and consider a domain where
ho is bounded and another where hy may be unbounded but which has finite mea-
sure. Let B = K¢, applying Lemma T we have ||Z||L%OE(B) < C(M) for some
constant depending only on M and T. We denote generically by C'(M) such con-
stant. We have

@2) ) ~UE g < [ 1QE M gagey dF < CON =1,

43) ) = CE e < /HU My < COD -1,

Since ||Z||L%OE(B) < C(M), we have

t
After using [2231)), we obtain
G2, ) = Rt s
= H 21+ Ce) +UZ = hle)(t, ) — (U (L+ Ce) + UZ = hée) ()| 1 )
HU ) - f’ ')HL2(B)+ ||Z )= Z( - HL?(B)
and (4 yields
(4.5) 1Z2(t, ) = Z( )l < CM) |t -1
By Chebyshev’s inequality, we have meas(B¢) < C(M) and therefore HF(X)HL%OD(BC) <

meas(B°) ||F(X)||L39Loe(zsc) < C(M) and, after using Cauchy—Schwarz, ”Z”L%CLl(BC) <
(meas(B)'/? +1) || Z|| ey < C(M). Then

1z, ) — Mirrs) < / | F(x ')HLl(R) di
M)t -1,

which implies, as ||Cell ;o gy + ||U§”L°°(]R) < C(M) that
(4.6) 12t ) = Z(E )y < CM) [t -1
Combining ([EH) and (EH), we get

12(t, ) = Z(E )l < C(M) [t =1,
which together with [E2)) and [3]) implies
(4.7) Xt )= X&), <CM)[t—1|.

For a given ¢ € R, we have established in the proof of Lemma B3 that if X (¢,¢) €
Qo, then X(¢,£) remains in Q_ for a short time interval, while, if X (¢,£) € Qf,
X (t,€) remains in Q€ also for a short time interval. The length of this short time
interval (given by T in the proof of Lemma B3) is controlled by M. Hence, there
exists 7' > 0 depending only on M such that, for a given & € R, either X (¢, 5) e O~
fort € [t —T,t+T)or X(t,&) € QF fort € [t —T,t+ T]. Then, it follows from
Lemma B2 that

(4.8) lg(X(t,€)) — g(X(&, )| < w(U(t,€) = U +12(t,§) — Z(t,6)])
for a constant k that depends only on M. From Q) and E2) we get
lg(X(#, ) = g(X(E D2y < wUUE, ) = U )l L2s)
+ HZ(t’ ) - Z(Ea ')||L2(B))
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(4.9) <C(M)Jt—t|.
On B¢, [{3) gives
l9(X(t ) = 9(XE Wy < KUUE ) = UG sy + 120 ) — ZE lags)
(4.10) < COD) X () - X )l -
Since g is bounded (EI) implies

lg(X(t, ) = g(X(E Dl o) < COD X ) = XE )l
and therefore, by () and (&),

l9(X(t ) = g(X(E Dl gy < COM) [t —10.

Hence,
(4.11) dp(X(t, ), X (&, ) < C(M) |t —1.
By letting ¢ tends to ¢ we prove (i) and by taking ¢ = 0 we prove (7). O

Proof of Theorem Bl From Lemma LT there exists M depending only on M and
T such that X(t) and X(t) belong to By for all ¢ € [0,7]. From Theorem Bl
there exist constants 7', ¢ and K depending only on M such that

(4.12) d(X (1), X () < Kda(X(D), X ()

for any ¢ such that £ < ¢t < #T and meas({é € R | £ < 7(£) < t}) + meas({ € R |
t < 7(£) < t}) < e. To obtain global stability, we have to split the interval [0, 7] in
small time intervals where [EIZ) can be used. We define the increasing sequence
of times t; as follows: Let tg = 0 and

tizn =sup {t € [ti,t; + T] | meas({{ € R | t; < 7(€) < t})
+meas({{ € R | t; < 7(€) < t}) <e}.

Introduce subsets I; of N, with ¢ = 1,2, 3, that characterize how ;1 are chosen:
(1) 1€ I if tiv1 =1t +T;
(ii) i € Iy if i ¢ I; and meas({{ € R | ¢; < 7(§) < tiya}) > 53
(iii) i € I3 if i ¢ Iy U Iy and meas({§ € R [ t; < 7(§) <tip1}) > 5.

Let us prove that we cover all the cases, that is, I; U Iz U I3 = N. Assume that
there exists ¢ ¢ I; U I U Is. Then, we have t; < t;41 <t; + T and

(4.13) meas({E e R | t; < 7(§) <tiy1}) +meas({E € R | t; <T(§) <tit1}) < ;E'

Since ﬁneN{f eR | tit1 <~ T(E) < ti+1_—|— %} = ﬁneN{£ e R | tiv1 < 7‘(5) <
tiv1 + %} = (), there exists ¢t € (t;+1,t; +T) such that

meas({€ € R | tiy1 < 7(6) < i}) < % and meas({€ € R | tip1 < 7(€) < 1}) <

™

Hence,
meas({€ €R | t; < 7(&) < t}) +meas({E €R | t; < 7(&) < t}) < e

which contradicts the definition of ¢;11, and we have proved that I; U I, U I3 = N.

We have to prove that the partition we have obtained reaches 7', that is, that
there exists Ny such that tn, > T. Let us consider any N such that ¢ty < T.
Introduce

A={ecR|0<7(¢)<T}and A= {EcR|0<7() < T}
We have, as (¢(T,§) = —1 for £ € A, that

meas() = [ (1€ d < eI, )}age) < O
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We have ) {¢eR|t <) <tin}CcAand |J {£eR |t <
i€N[1,N] i€I3N[1,N]

7(¢) < tiz1} C A, and the sets in each of these unions are disjoint. Hence, from

the definition of Iy, we obtain

%ﬁ([g N[1,N]) < meas ( U {€eR | t; <7(€) <tit1}) < meas(A) < M?

i€l2N[1,N]
and
(4.14) 4L [1,N]) < 3]5”2.
Similarly, we have
(4.15) 4(I; N [1,N]) < 3]5”2.
The number of elements in I is also bounded,
(4.16) $(IN[1,N]) < %
Hence, from @Id), EIH) and EI6), as [; U o U I3 = N, we obtain
(4.17) N < 6M + %

Let Ng be the smallest integer which does not satisfy ([LI7). We have ty, > T, and
Np is bounded by a constant which depends on M and 7" but which is independent
of the particular solution X and X we have considered. From the definition of ¢;11

and [{TA) we get
(4.18) dr(X (1), X (1)) < Kdr(X (t;), X (t;))
for all t € [t;,t;11), where the constant K only depends on M and T. Due to

Lemma I the inequality @IR) holds for ¢ € [t;,t;+1]. We can combine those
inequalities to obtain

dp(X (1), X (1)) < K™dg(Xo, Xo)

for all t € [0,ny,]. Since ty, > T and Ny only depends on M and T', we obtain
@) for K = KNo, O

In order to take into account the fact that energy disappears at collisions, we
introduce yet another metric. For 2 a subset of R, we define the mapping dg: G X
G — Ry as

do(X, X) = [|¢ = Cll s + U = Ul g, + 11 = Cell
(1T = Uell 1, + laX) = 9]

for X, X in G. However, JR does not define a distance on G: It satisfies all the
axioms of a distance but the Hausdorff condition, as JR(X , X) = 0 does not imply
X = X. Indeed, consider X € G such that ye = 0 on some interval I of strictly
positive and finite measure. Then, let us define X as § = y, U = U on R and
h=honR\Iand h=nh+1on I Wehave g(X)= g(X) for all x € R because
g(X) = g(X) =0 on I and otherwise X and X coincide. Hence, dg(X, X) = 0 but
X # X. However, it is not a problem and even a necessary condition: Changing
the energy density, h, in a region which is not going to interact anymore (because
ye = 0) should not have any consequence on the evolution of the system. Theorem
ETl gives us that the semigroup Si: Xo — X (¢) is continuous with respect to the
distance dg on bounded sets of G. In the next theorem, we see that S; is also
continuous with respect to the weaker metric dr.
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Theorem 4.3. The semigroup Sy : Xo — X(t) of solutions of ZIF) and EZI)

is continuous with respect to the distance dg on bounded sets of G, that is, given
M >0, for any sequence X§ and Xo in By, we have

lim dr(XJ, Xo) = 0 implies lim dg(S;(XQ), Si(X0)) =0
for all t.

Proof. Let X(t) and X (¢) be two solutions with initial data Xo and X in Bys. We
denote by C” the set of particles which have collided before a given time 7T, that is,

={{eR|0<7(§) <Tand 0<7(§) <T}.
From Lemma Z there exists an ¢ depending on T' and M such that
(4.19) KiUKiUA UA cCt.
Let G. denote the complement of the set IC% U Iﬁé U A. U A.. The mapping

2
x = (12,3,24) — T5 = T3T3 + i—;‘ is Lipschitz on the set {x = (wq,73,74) € R? |
|| < M and |z3| > €}, that is, there exists a constant C(e, M) depending only on
¢ and M such that |z5 — Z5| < C(e, M) |z — z|. We denote generlcally by C(e, M)

such constants. Since ho = Ugyoe + "’5 and ho = UZ%oe + y;’: by 2231), it follows
that

l|ho — ho C(&M)(HUO*UOHN(GE)
+ [I60¢ = Coell 12 6.y + [[U0g = Uoell 2 cr.))

(4.20) < C(e, M)dr (X0, Xo).

After using ([223)) again, we obtain

| ho — 7lo||L1(GE) = ||US (1 + Cog) + Ude — hoCoe — Ug (1 + Cog) + Uge — hoCogH;:l(G
< C(e, M)(||Uo — Uy| + 120 — Zo||
< C(e, M)dg(Xo, Xo)

by EZ). Hence, we have

(4.21) de. (Xo, Xo) < C(e, M)dg(Xo, Xo).

From X and X, we define X%(¢,&) and X?(t,&) for t > T by resetting the energy
to 1 for £ € G¢, that is,

. a9, ifcea., . 29, ifcea.,
Zwo = {(0,0,1)7 if § € G, 70 = {(0,0,1)7 if § € G,

and (¢ =(, U ="U, (* =(, U* =U. Note that for £ € G¢, we could set h(€) to
any other constant a > 0. We claim that X and X are solutions to (ZI8) and
@I for t > T. For t > T, if 7(€) >t > T, then £ € G. because G¢ C CT and
then 7*(£) = 7(£). Hence, we have that, for t > T,
{eR[7() >t} ={ € G | 7(€) >t}
={fe G [T9(¢) >t} ={ e R[7(¢) >t}
because 7%(§) =T for £ € G¢. Tt follows that, for t > T,

P =g [ e (s —y @) (U7 + ) o)

2 <

L2(G.) L2(G. )

1
4
1
4

/ exp (—sgn(& —n)(y*(€) —y* ) (U*)*y¢ + h*)(n) dn
{ra(n)>t}nG.
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= % / exp (= sgu(& —n)(y(€) — y(n))) (U?ye + h) (n) dn
{r(m)>t)nG.
— P(t,).

Similarly we get that, for t > T, Q* = @, so that F(X®) = F(X). For ¢ € G¢
and t > T, we have Z%(t,£) = (0,0,1) and therefore Z2(t,£) = 0. For £ € G,
Z%(t,&) and Z(t,&) coincide. Hence, Z{(t,£) = Z(t,€) = Xir(e)>y F(X)Z =
X{re(e)>t3F(X*)Z?, and we have proved our claim that X¢ satisfies [ZI8) and
(I3). By asimilar argument we obtain the same result for X¢. We have introduced
X and X because, first, they coincide on G¢ so that

(4.22) da. (X°(t), X" (t)) = dr(X“(t), X*(t))

and, second, because they are at distance zero from X and X, respectively, as we
have

(4.23) da(X (), X(1)) < de. (X (), X“(8)) + da: (X (), X(£)) = 0
and dg (X (t), X(t)) =0, for t > T. We can apply Theorem LTl and get that there
exists a constant K depending on M on T such that, for any ¢t < T,
dp (X (t), X*(t)) < Kd(X*(T), X*(T)) < Kdg, (X*(T), X*(T)),
by 22)). Hence, after using [E23)),
dr (X (t), X () = dr(X“(t), X°(t))
< dr(X(1), X°(1))
< Kdg (X*(T), X*(T))
= Kdg.(X(T), X(T))

< K(dg.(Xo, Xo) + dr(X(T), Xo) + dr(X(T), Xo))

X(t)
t)

and therefore
(4.24) dp(X(t), X (t)) < C(e, M)dr (X0, Xo) + K (dg(X(T), Xo) + dr(X(T), Xo))
by EZI)). Given any € > 0, by Lemma EE2 we can choose T small enough so that
_ _ 5

K(dr(X(T), Xo) + dr(X(T), Xo0)) < C(M)T < o
Then, we can fix € = g¢ so that [I3) holds and for § = £(2C (eo, M))~! we have
by EZ4) that dr(Xo, Xo) < § implies

dr(X (), X(t) <&

Hence, we have proved that dg(Xo, Xo) — 0 implies dg (X (t), X (t)) — 0, as claimed
in the theorem. O
5. INVARIANCE OF THE SYSTEM WITH RESPECT TO RELABELING

We define the set Gy as
Go={XeglygX)=1}

and the projection II from G to Gy as follows. For any X € G, we introduce

3
5.1) o© = [ @CXm) -~ vet)dn+9(6)

— 00

so that pe = g(X). We define
y(§) = y(n) and U(§) = U(n)



42 HOLDEN AND RAYNAUD

for any 7 such that £ = ¢(n). We consider the pushforward of h d¢ by ¢ and denote
it by v, that is, v = ¢y (hd¢). From the Radon—Nikodym theorem, there exists a
unique function h in L' such that

(5.2) ou(hdf) =v = hdé+vs

where vg is the singular part of the decomposition of v and hd¢ the absolutely
continuous part.

Proposition 5.1. We have X =(¢,U,h) € Gy. We define the mapping I1: G — Go
as X =II(X).

Note that Il o II = II so that II is indeed a projection.

Proof. We have to check that this definition is well-defined. First, let us look at
the definition of . Let

(5.3) S={eR| X&) <N}
From the definition of S and 2, we get that, for any £ € S,
1 < |¢e| + .

We use a kind of Chebyshev inequality to prove that meas(S) is finite. We have
a < (a®>+1) for all a and therefore

1 1.,
A4 =< = h.
(54) <l +
After integrating (B4l on S, we get that
2
(5.5) meas(S) < [|Cell7> + 2 [|hl[f: < oo

On S we have that g(X) —ye = |Ug| + (1 +2U?)y¢ is bounded while on S¢, we have
g(X) — ye = h, which belongs to L. Hence, since meas(S) < oo,

(5.6) 9(X)—ye € L'

so that the integral in (&) is well-defined. Let 1y and 72 such that & = (1) =
@(n2). Since g is positive, ¢ is increasing and therefore ¢¢(n) = g(X(n)) = 0 for
almost all n € [n1,72]. From the definition of g, we can see that g(X (7)) vanishes
if and only if y¢(n) = Ue(n) = 0. Hence, y(n1) = y(n2) and U(n) = U(n2), and the
definitions of 3 and U are wellposed. Let us denote A = {£ € R | p¢(£) = 0}. We
have meas(p(A)) = [, pe d¢ = 0. By differentating jop =y and U o = U on A°
where the functions ¢, y and U are differentiable, we obtain

(5.7) e 0 e = ye and Ug o ppe = Ug
almost everywhere on A°. The identities (B7) also hold for £ € A because, as we

alreasy saw, ¢ = 0 implies y¢ = Ug = 0. Let us prove that X € G. From the
definition of ¢, we obtain directly that ¢ € L> and ||(||lre < ||<||L§° From the

defintion of g, we get that 0 < yg < g(X) = ¢¢. Hence,

2 n2
/ ye(n) dn‘ < / we(n) dn‘ =& — &,
n n

1 1

19(&2) — y(&1)| =

and ¥ is Lipschitz and therefore differentiable almost everywhere. Let B = {5 eER|pe < %}
We have meas(S N B) < oo and on B NS¢, we have p¢ = ye + h < 3, that is

h+ (¢ < —%. By a Chebyshev type of inequality, since (¢ € L? and h € L', we

infer that meas(B N S¢) < oo, and therefore meas(B) < co. Then,

/ 2ede= [ @e)de+ / (e de
R »(B)

(B°)
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. )
<1l / de + / &2 o (€)pe () de
»(B) Be

<Gl [ e+ [ @oplerecte de

2 2
< Cellzoe lpell e meas(B) + 2 [Cell72
and (¢ € L?. Let us prove that U € L?. We have

[02de = [ 020 ppcde < el 1V
R R

Next we prove that Ue € L?. We have

[ Ovede= [Topucoppeds = [Utwopteds =~ [Uetwor)as

Since Ug(§) = 0 whenever £ is such that y¢(§) = 0 and therefore ¢¢(§) = 0, the
domain of integration in the last integral can be restricted to {{ € R | p¢(§) > 0}
and we get, by the Cauchy—Schwarz inequality,

Us

_ U2 1/2
Ui de| = —£ (o d¢ < <4 .
[ ova /@g(ww_g(w PNz L(/MM ) vl

On the other hand, we have

U¢ U¢ U¢

—d§:/—d§+/ — d¢ < meas(S) |U. OO+H—
/]R e s ¥e se Pe R P
because |Ug| < ¢¢ on S and st = —L- on S°. Hence, for some constant C,

B Yye+h
| [z Utbe d€| < C||¢]| 2 for all ¢ € L2, which proves that Ug € L?. We have

(5.8) /Rﬁdg = Vae(R) < (R) = / hde.

R

2
1Uell7> < o0
LOO

Here we clearly see that the L' norm of h is not preserved by the projection: We
may lose some energy. We claim that

(5.9) hopps = h

for almost every & € A°. First we prove that, for almost every £ € A, ¢ is injective.
Indeed, assume that it is not the case, and that there exists £ € A¢ and £’ # £ such
that ¢(&) = ¢(£’). Since ¢ is monotone increasing, it implies that ¢(n) = () for
all n € [€,¢']. Hence, ¢¢(&) = 0, which contradicts the fact that £ € A°. Let us
prove that v,. = v|,(ae) and vs = v|,(4). For any given Borel set B of Lebesgue
measure zero, we have

. h
V(BN (A7) = / hdé = / D e de
o1 (BNp(A%)) pL(B)nAe Pe

because p~1(p(A¢)) = A° as ¢ is injective on A°. The generalized area formula
yields

(5.10) o pepee= | ( > i(n)) &

nee-1(B)nAcnp-1({e}) ¥¢

where HY is the multiplicity function, see [I] for more details on this formula and the
precise definition of H°. Since ¢ is injective on A¢, the set =1 (B)N AN~ ({£})
reduces to one point, p~1(€), and we have

B = [ e e =0
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because meas(B) = 0. Hence, v|,(4¢ is absolutely continuous. On the other hand,
since meas(p(A)) = 0, v[, ) is nonzero only on a set of measure zero and, as
v = V]yae) + V]p(a), it follows that v.. = v|,(ac) and vs = v|,(4y. For any subset
B of A¢, we have

/ hde = va(9(B)) = v(p(B)) = / hde
»(B)

B

which implies, after a change of variables, that

/Bhdfz/BBogmpgdf.

Since B is an arbitrary subset of A, this concludes the proof of the claim (E.1).
Since p(A°) has full measure, from &71) and (&3, we infer that X fulfills Z23d).
Since meas(¢(A)) = 0, for almost every & there exists n € A° such that & = p(n).
We have, after using (B7) and (&) that
- - 1 1
Je(©)h(€) = ge o p(mh o w(n) = ——ye(mh(n) = —— (U*yZ + UZ)(n)
¢ ¢ w2 pln) - T8 TS

as X € G and satisfies (ZZ3d). Hence, again using (51), we get (y¢h)(£) = (U%y¢ +
Ug)(f) and X satisfies (Z22Z3d). In the same way, one obtains

T 1 __ pe(n) 1
Ye(&) +h(&)  Geown) +hop(n)  yeln) +h ye+h
and X fulfills @Z3d). The function g is positive homogenous in the three last

variables, that is, g(z1, z2, \x3, \xg, Axs) = Ag(x1, 2, T3, 24, x5) for all A > 0 and
x € R®. Hence, we have, for any n € A°,

< llell o ,
(n) L Lo°

_ 1 _ B _ _
9(X op)(n) = mg(y o ¢, U o, T 0 ppe, Ue 0 pipe, h o pipe) ()
1
= ——9(X(n) =1
pe(n)
Hence, g(X) = 1 almost everywhere and X belongs to Go. O

Proposition 5.2. The projection 11 is a continuous mapping with respect to the
distance dg on bounded set of G, that is, for any sequence X™ and X in Bjys, we
have

lim dg(X™,X) =0 implies lim dg(II(X"),II(X)) = 0.
Proof. First we prove that
(5.11) e" — @ in L.

To simplify the notation, we denote g(X™) and g(X) by g™ and g, respectively. We
have

(5.12) o™ = @l < lg™ = vE =g+ el + 1" =yl -
We define the set A,, and A as
(5.13)

Av={E€R|X"(€) € Qor () < 5} and A= (€€ R| X(€) € Dor ye(€) < 3},

We have meas({§ € R | y£(§) < H <1k ng dé < $M? and meas({¢ €
R | X(&) € Q}) < C(M), for some constant C'(M) depending only on M, see (BH).
Hence, meas(A,) < C(M) and meas(A4) < C(M) for another constant C(M). We
denote generically by C'(M) constants which depend only on M. Note that on AS,



DISSIPATIVE SOLUTIONS FOR THE CAMASSA-HOLM EQUATION 45

we have g" —yi = h". We split the integration domain in two, A, UA and A7 NA°.
On A, U A, we have

/A i 9" = v — ge +ye| dé < (meas(A, U A))2(|lg" = gl 2 + |lve — vell )
nU

(5.14) < CM)(Ilg" = gll = + |9 — vell =)
while, on A% N A¢, we have

Un 2 U2
RPN A
Ye
<4|U™)?2(yg)*2ye — (U)ye — UPyiye — Uye

h =l =

so that

/ \g"fy?*9£+y£\d§:/ [P — hl dg
AcnAe AfnAe
(5.15) < QDU ~ U2 + U7~ Uelf3.

2
+ llye — vell72)

for some constant C(M) depending only on M. Combining (£12), (E-T4) and (&13),
we obtain ([EI1]). We denote II(X™) and II(X) by X™ and X, respectively. We have

7€) —5(&) = y™(nn) — y(n) where i and 7, are chosen so that £ = ¢"(n,,) = ¢(n).
We have

ly(nn) — y(n)| =

< |<P(77n) — () = |<P(77n) ©" ()|
<l ="l g -
Hence, as §"(§) = §(§) = ¥" () — y(m) +y(nn) — y(n),
15" = Gl oo < M1Y" = Yllpo + 19" = @l L
which implies, by @&I]), that g™ — § in L*. Let us prove that Cg — (e, U= U
and Ug — Ug in L2. We will only treat the first limit, i.e., that Cg — C& as the

others can be treated in exactly the same way. Note that g(X ) =g(X) =150
that it is clear that g(X,) — ¢(X). Let us introduce

={£eR|g(X"()) = ¢¢(§) <6} and A5 = {€ € R [ g(X(€)) = () < 6}

Without loss of generality, we may assume that § < (2M)~L. If € € Ajs, then
g(X (&) <6 < (2M)™ < (ye + h)(€) and therefore & € S. Hence, A5 C S and
meas(As) < C(M) from (B). Similarly, one gets meas(A}) < C(M). We consider
the decomposition R = " (A§ N (AF)°) U™ (As) Up™(Af). Since gp < g" =1, we
have HQHLOC <1 and

(5.16)

/ G =& d§§4/ d§§4/ Pl dé < 46 meas(A}) < C(M)6.
o (A7) o (AD) Ap

dn‘ (because ye < p¢)

We have

n =2 n
/ﬁ kgfgld§s4/’ ds:4/ o de
o (As) P (As) As

< 80 meas(As N Ajs) + C(M) meas(As N (As)°).
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Since meas(AsN(A%s)¢) < %fAm(A%)c e —pg| dE < meas(As)/26~ " Hcpg - @?’ .
the last inequality gives us
~n =12 1 n
(5.17) [ 1e =gl de<cn+ g lee - ol )
»"™(As)

_ 2
It remains to evaluate fcp"(ACﬂ(A”')C) Cg — Q’ d¢. We have
5 5

n =12 n n -~ n 2 n
/ & - &l d§:/ 12 0o — G o | o dt
@ (ASN(AZ)C) AgN(Ag)e

N n -~ 2 n
32/ |CE 0™ —Leoop|” @f dE
A§N(AZ)e

~ ~ n|2 n
(519) w2 fGop-Gognfepds
ASn(AT)e
We denote by I and IZ', the integrals on the right-hand side of (BI8)). We have
2
L I = e TR L S P T
Agn(Ap)e | Pe P¢ Agn(Ag)e

C(M) n 2 n 2
(519) < =21 — ell7 + g — oll3).
Given a continuous function with compact support f, we have
n ~ 2 n n n
I §3/ |Ceop— fodl <Pgd§+3/ |fow—foe|*ppde
AsN(Az)e Asn(AD)e
~ n n|2, n
(5.20) +3/ |[Ceo @™ — fo@™|” f de.
A§N(AY)e

We denote by I3, I35 and I3, the three integrals in the inequality above. We have,
after a change of variables,

.21 - [ G~ 1" de < G 1]
@™ (A5N(AF)°)

and

C(M - CM) =
(5.22) I < (5 )/ Cow—foop| pede < (5 )||Cafinz.
Agﬂ(Agl)c

Since f is continuous with compact support and ¢™ — ¢ in L, it follows from the
Lebesgue dominated convergence theorem that

1im/|foso—f0<p”|2w?d€=0
n—oo R

so that lim,, o I35 = 0, independently of §. Gathering (16, (&T4), ET9), BE20),
EZI) and (B2Z), we finally obtain

_ _ 1 _
(6.23) G~ Gell2 < 0 (54350l — " a1 — 12 +1G - FI2)+15:)

where we have assumed without loss of generality that § < 1. For any € > 0,
we take § < e2(3C(M))~1. Since the space of continuous functions with compact
support is dense in L?, there exists f, continuous with compact support, such that

C(M)6=3||¢e finZ < €?/3. Since (' — (¢, g" — g in L? and I3, — 0, there
2
exists N such that for all n. > N, C(M)§~3(|lg — ¢™[|3» + HCg - CgHLZ +13) <e?/3

and then it follows that Hfg — (|| < e. Hence, we have proved that fg — (¢ in
L2 (I
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The system is invariant with respect to relabeling. Let us explain what we mean
by relabeling.

Definition 5.3. We say that X € G is a relabeling of X € G if there exists a v
which satisfies

(5.24a) ¥(€)—€ € LY(R), ¢¢—1€ L¥(R)NL*(R), ¢¢ >0, lim ((§)~€) =0

£——o0
and such that
(5.24b) g=yotv, U=Uon1.
~ Note that in the definition above, we do not require any relationship between
B and h. However, we have ye (6(€))h(¥(€)) = U2(6(©))2(¥(€) + UZ((€)) and
GORE) = U(E)gz(&)+UE(€). Since 5(€) = ye(v(€)) o (€) and U(€) = Ue(y(€))o
e (), it implies that for almost all £ € R such that g¢(€) # 0,
(5.25) h(€) = h(1h(€))ve (€).

Proposition 5.4. If X, is a relabeling of Xo, then, for any t > 0, Si(Xo) is a
relabeling of St(Xo). More precisely, if §o = yo o ¢, Uy = Uy o ¢ for a ¢ satisfying

E223), then B
y(t,8) = y(t,4(8)) and U(t,§) = U(t,4(E))
where X (t) = Si(Xo) and X (t) = S;(Xo).

Proof. Let 9 be the functlon such that 7o = yo o ¥ and Uy = Uy o 1) which is
defined in Definition Let us introduce X (t,&) as follows: §(t,&) = y(t,¥(€)),

U(t,€) = U(t,9(6)),
i A 9(©))ve(€) i e(§) # 0,
h(t, &) = { ho(€) otherwise.

We have X(0,¢) = Xo, see (52H), and we claim that X satisfies I8) and EZTH)
and therefore, by uniqueness of the solution, we have X (t) = X(t) for all ¢ and,
since X is a relabeling of X, the lemma is proved. For any ¢ such that Ye(§) #0,
we have that ge(t,&) = 0 if and only of y¢(t,4(€)) = 0 and therefore, for such &,
7(&) = 7(¥(€)). We have, after a change of variables,

P(t,(€)) = / e (sl —m©) —y(n) (U + ) )

= s =

/ exp ( — sgn(B(€) — b)) WEE) — y(@n)))
(P(n)>t

x (UPye + h) (v (n))be (n) dn
Let us denote B = {£ € R | ¢¢(§) = 0}. The integrand vanishes for € B. For
n € B¢, we have 7(¢(n)) = 7(n) and h(y)(n))ve(n) = h(n). Let us consider &
and 7 such that & > 7 (the case £ < n would be handled in the same way) and
1 € B. Since v is increasing, we have (&) > (). We cannot have ¥ (§) = (n)
as it would imply that v¢(n) = 0. Hence, ¥(§) > ¥ (n) and we have proved that

sgn(y(§) — ¥(n)) = sgn(§ —n) on B°. Hence,
(5.26)

P((©) = | / 1oy P (7 580(E =) = 50) (U5 + B ) dy = PG, ).

In the same way, one proves Q(,1(€)) = Q(t,€). Since X is a solution to (ZIX)
and (ZTI9), we have
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and
Yer(t,V(8)) = X{rw(e))>3Ue(t,¥(8)),

627)  { Ualt:6) = Xirwiensn (51 + (502 = P) 1) 0000,

he(t,9(€)) = X{r(w(e)>t) (— 2Q Uye + (3U? — 2P) Ue) (t, 9 ()).

Hence, X satisfies @I8). For £ € B, we have 7(¢(€)) = 7(€), h(¥(€))1e (&) = h(€),

P(t, (&) = P(t,€), Q(t,¥()) = Q(t,€) and therefore, after multiplying (BZ7) by
©e(€) we get that X fulfills @TI™) on B¢. For £ € B, we have §¢(t, &) = Ue(t, &) = 0,

7(€) = 0 and h(t,€) = ho(€) so that X satisfies (ZI9) also on B. Hence, we have
proved our claim that X satisfies (ZI8) and [ZId) and therefore it coincides with
X. O

In [22] for the conservative case, we define an equivalence relation between ele-
ments that are equal up to a relabeling. In the dissipative case, we cannot formulate
this in the same way. We can check from Definition that if X is a relabeling of
X, then X is not necessary a relabeling of X, basically because 1)~ is either not
well-defined or not sufficiently regular. However, we have the following result.

Lemma 5.5. If X5 is a relabeling of X1, then II(X2) = II(X;).

Proof. There exists ¢ which satisfies (24al) and such that yo = y1 09, Uy = Uy 09

and, for almost all £ € B¢, where B = {€ € R | ¢¢(§) = 0}, ha(§) = h1(¥(£))e (€).
We claim that

(5.28) 9(X10Y)pe = g(Xo)

almost everywhere. Let us prove this claim. We have

(5.29)  g(X1(9(€)))e (&) = [Ure(v(€)) ve(€) +2(1+ UF(¥(€)))yre (¥(€)) e (€)
if

(5.30) Ure(4(€)) + 2(1 + UF (¥(€)))y16 (#(€)) < y1((€)) + ha (4(€))

and

(5.31) 9(X1(1())) e (&) = ye (V(€)) e (§) + h((§))e (€)

otherwise. For £ € B¢, after multiplying both sides of the inequality by ¢ (§), we
obtain that (&30) is equivalent to

(5.32) Uze(€) +2(2 + U3 (€) )y2¢ () < y2¢(€) + ha(€)

and if ¢ satisfies (E32), we have, from (B2), that

(5.33) 9(X1((€)))e (&) = U ()] +2(1 + U3(€))y2¢ (§) = 9(X2(€))-
Similarly, if £ does not satisfy (3W), then &3] yields

9(X1(¥(€)e (&) = y2e(&) + h2(§) = 9(X2(8)).

Hence, (B28) holds on B°. For £ € B, y2¢(§) = 0 which implies g(X2(€)) = g(X1 0
¥)1e = 0 and therefore (EL28) also holds on B¢. Hence, we have proved our claim
that ([E2Z8) holds almost everywhere. Let us denote X1 = II(X;), X = I1(X2). We
have

(5.34) Jropr=y1, Uropr =Up and §2 0 92 = y2, Uz 0 o3 = U,

where 1 and @9 are defined as in (). Since p1e = g(X1) and w2 = g(Xa2),
equation (28) yields pi¢ 01 = wor and, after integration, we obtain ¢q 09(§) =
©2(&) + @1 0 ¥(n) — wa(n) for any £ and 1. We have

p1oY(n) —p2(n) = p109(n) — () + () —n+p2(n) —n



DISSIPATIVE SOLUTIONS FOR THE CAMASSA-HOLM EQUATION 49

and therefore lim,_,o (¢1 0 ¥(n) — w2(n)) = 0 because
(@1 (n) —n) = lim (pa(n) — ) = lim ((n) —n) =0.

0o 0o n—00
Hence, 1 09 = ¢2 and, from (@34, it follows that g1 0 s = g2 0 2 and Ulg g =
Uz o w2 which implies g1 = g2 and §1 = U, because ¢ is surjective. Since X; and
X belong to Gy, we have g(X;1) = g(X2) = 1 and therefore, for almost all £, we

have y1£(€) # 0 and y2¢(€) # 0 as y1¢(§) = 0 implies g(X1(§)) = 0. Hence, for
almost all &, we have

~—

U (€)

(€)= U2Ome(© + 259 _ uzee©) + 229 e
! y1e(€) ? Yae (€) ’

and we have proved that X, = Xo. O

We can define an equivalence relation in G as follows: X; and X, are equivalent
if II(X;) = II(X2). The preceding lemma tells us that this equivalence relation
is related to relabeling in the sense that if X5 is a relabeling of X7, then X; and
Xo are equivalent. By considering equivalence classes, we suppress somehow the
arbitrariness of the choice of relabeling we introduced by setting the equivalent
system of the first section and which is inherent to any lagrangian formalism. This
is a condition to obtain a bijection with the Eulerian coordinates. The set of
equivalent classes is in bijection with Gy and that is why we now define a semigroup
on this set.

Theorem 5.6. The mapping S; defined as Sy =10 Sy is a continuous semigroup
on bounded sets of Gg.

Proof. From Theorem and Proposition B2, we get that S; is continuous. It
remains to check the semigroup property. We claim that

(5.35) Mo S;oll =110 5.

Consider a given X € G. We have that X is a relabeling of II(X). Hence, from
Lemma B4, it follows that S;(X) is a relabeling of S;(II(X)). Then Lemma B
implies TI(S:(X)) = TI(S¢(TI(X))) and we have proved the claim (E3H). By using
(E3H), we prove the semigroup property

gt+t/:HOSt+t/:HOStOSt/ :HOStOHOStIZStogt/.

6. FROM LAGRANGIAN TO EULERIAN COORDINATES

In this section we define the mappings between the Eulerian variable u € H!
and the Lagrangian variable X € Gy and vice versa. We use the fact the Eulerian
variable u formally is just a particular relabeling of X, a relabeling X for which we

have () = &.

Definition 6.1. Given u € H!, let us denote X (x) = (z,u, 1, uz, u® + u2). We
define y as

y(§) _
(6.1) / (9(X(2)) = 1) da + y(€) = €

and set

U =uoy and h = (u® + u2)oyye.
Then, X = (y,U, h) belongs to Gy and we denote by L the mapping u — X from
Hl to go.

Note the similarity between (Gl and (&1I).
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Proposition 6.2. The mapping L sends bounded set of H' into bounded sets of
Go, that is, for any M >0 and uw € H', |lul| j1 < M implies L(u) € By for some
constant M depending only on M.

Proof. We prove the well-posedness of the definition of L and Proposition at
the same time. We consider u € H! such that ||ul|;;: < M. Let

(6.2) A= {xcR||us(z)+2(1+u?)(x) <1+u*(x)+u(r) and u,(z) < 0},

that is, A = {r € R | X(x) € Q}. Since A C {x € R | 1 < (u? +u2)(x)} and
u € H*, the set A has finite measure and meas(4) < C(M) for some constant
depending only on M. We will denote generically by C(M) such constant. The
function

(6.3) . / 2)d + 2,

where I(z) = g(X(2)) — 1 = (Juz| + (2u? + 1))(2)xa(@) + (u? + u)(2)xac(2), s
continuous and strictly increasing. Therefore it is bijective and its inverse, y(§), is
well-defined. Let £ < £, since y is increasing and [ positive, we get

(6.4) y(€) —y(€) <& -¢

Hence, y is Lipschitz with a Lipschitz constant smaller than one. Assuming again
without loss of generality that £ < £, we have

UE) = U@ = luoy(d) —uoy(d)

y(&)
< / lug ()] da
y(&)

(&) (&)
< [ ma@de s [ @) d
Y (&)

©

From (EJ), we obtain fy((g) [z (2)| xa(z)de < € — &| and f;((f)) u2(z)xac(x) dx <

|€" — &|. Therefore, after using Cauchy—Schwarz, we get

y(€&)

U€) - 0@ <1¢ el + ) v ([ apawar)

y(&)
<20 -9

and U is Lipschitz. Let B; be the set where y and U are differentiable. Since
y and U are Lipschitz, we have meas(Bf{) = 0. Let B be the set where u and
z+— [7_ l(x)dx are differentiable. We have meas(BS) = 0. We denote

(6.5) B =y YBy)NBy.
By (€3, for any interval I, we have

(6.6) / @)+ D) do = meas(1),

Using the Lebesgue monotone convergence theorem, as y is one-to-one, one can
prove that B — fy(B) (I(x)41) dx is a measure. Since it coincides with the Lebesgue
measure on any interval, it must coincide for any Borel set. Hence, (G8) holds for
any Borel set and we get meas(y~1(BS)) = fBg (I(x)+1) dz = 0 because meas(BS) =
0. Hence, meas(B¢) = 0. For any £ € B, by differentiating (G1I), we obtain

1
(6.7) vl = T T G+ Dxa + (2 e Y
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For any ¢ € B, we have

(6.8) Ue(§) = uz 0 y(§)ye(§)

and, since y¢ > 0 on B, we get that h = U2y, + Z—f and X satisfies (2231)) almost
everywhere. From [Z23), we get

/RUg(g)dg < /Rhygdf < /thg = /R(u2 +u2) o yye dé = /R(UQJrui)dx < M2

Hence, Ug € L? and ||U¢||,, < C(M). We have y(€) < & and therefore lime_, oo y(§) =

—o0. Since ((¢§) = fi()i) l(z)dz and | € L', we have lim¢—,_o ((£) = 0 and ¢ € L.
We define, as in (B3)), the set S = {{ € R| X (&) € Q}. For any £ € y~*(A) N B,

(6.9) |uz| 0 y(€) +2(1+ U*(€)) < 1+ (u? +u) oy(€) and ug 0 y(€) <0
which after multiplying each side of the inequalities by vy, gives
(6.10) Ue(€)] +2(1 + U?(€))ye (§) < ye(€) + h(€) and Ug(€) <0,

that is, £ € S and we have proved that y='(A)N B C S. For any £ € SN B,
(EID) holds and implies (E3) and therefore y(¢) € A. Hence, y 1(A)NB C S C
y~1(A) U B¢ and

(6.11) Xy-1(4)(§) = xs(§)

for almost every £ because meas(B¢) = 0. After differentiating (GII) and using

EX), we obtain
(6.12) (1Ue] + 2(U% + 1)ye) (€)xa(y(€)) + (ye + h)(E)xac (y(€)) =1
for any £ € B. Since xa(y(§)) = xs(§) almost everywhere from (EII), (EI2)

implies
9(X () = (IUe] +2(U* + 1)ye) (€)xs (&) + (ye + h)(E)xs<(§) =1

almost everywhere. We have
meas(S) = [ g(X(€))d = [ (Ul +2(0° + 1)) dg
s s

(6.13) :/(S)(|uz|+2(u2+1))dm:/A(|uw|+2(u2+1))dx

< meas(A)/? |, | + meas(A)(2 [lul3 +1) < C(M).
Using the fact that b+ (¢ =0 on S° and |{¢| < 1, we have

el de= [ e a+ [ 16 e

< el meas($) + [
< el meas(S) + |1l < C(M).

Hence, (¢ € L? and ||{¢||,;. < C(M). Since U =uoy, U € L>™. Let By = {{ €
R |y < %} Since (¢ € L?, using the Chebyshev inequality, one can prove that
meas(B3) < C(M). Then,

/RUng: BSU2d£+/B U2 d¢

c
3

< |U|1%. meas(Bs) + 2 / (o yye) dé
Bg

< JJull7~ meas(Bs) + 2 |Jul7= < C(M).
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Hence, U € L? and ||U|| ;2 < C(M). We have g(X) < ye +h. Thus, y;"hHLw <1

and ([ZZ3d) is fulfilled. This concludes the proof that X belongs to Go.

We define the mapping M from Lagrangian coordinates to Eulerian coordinates
as follows.

Definition 6.3. Given X € G, the function

u(z) =U() if v = y(&)
is well-defined and belongs to H'. We denote M the mapping X — u from Gg to
H'.
Proposition 6.4. We have
Moll= M.

From this proposition we recover the fact that if two elements are equivalent
in Lagrangian coordinates up to a relabeling, then they have the same Eulerian

representantive, that is, with our terminology, II(X) = TI(X) implies M(X) =
M(X).

Proof. We prove the well-posedness of the definition of M and Proposition
Given = € R, assume there are £ < &’ such that y(§) = y(§’) = . Then, y¢ = 0
on [, ¢']. By @230), it implies that Ug = 0 on [¢,£] and therefore U(§) = U(¢’).
Let us prove that v € L?. For any smooth function 1, we get, after a change of
variables and using Cauchy—Schwarz,

/}Ruz/}dx:/Uz/Joyygdg

< ([ " foome)”

1/2
< Rl 1 e
as U?ye < h by (Z230). Hence, u € L?. We have

/R e d = /R U(€)tbaoy(E)ye () dé = /R Ustpoy dé = — /{ Usthoy de.

EER|ye(£)>0}

We can reduce the domain of integration because Ug = 0 on {{ € R | y¢(§) = 0},

by Z230)). Then,

U? 1/2 1/2
Juear<( [ ) ([ ouseds) " <IMIL e
R {£€Rlye()>0} V¢ R

2

as Z—z < h by (223f). Hence, u, € L? and we have proved that v € H'. Let

us prove Proposition B4l Given X € G, we denote u = M(X), X = II(X) and
u=M(X). Wehaveuoy=U, toy=U and gop =y, Uoyp = U for v as defined
in (BJ)). Hence,
uoy=U=Uop=tojop=1uoy

and u = u. a

We prove that H! is in bijection with Gy. More precisely we have the following
theorem.
Theorem 6.5.

MoL=1d and Lo M =11
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Proof. Given u € H', we denote X = L(u) and @ = M(X). We have U = u o y.
Since X € G, y is invertible and therefore @ = U o y~'. Hence, & = u and
Mo L =1d.

Given X € Gy, we denote v = M(X) and X = L(u). Let S be defined as
earlier, S = {€ € R | X (&) € Q}. We know that meas(S) < oo, see (BH). We have

g(X) —ye € L', see @&H). Since g(X) =1, we have g(X) —ye =1 — ye¢ = ¢ and

€
[ 00 — v ds = ~c(©) + <€),

Letting & tend to —oo, as lime_._ ((§) = 0, we get

¢
[ (9(X) —ye)dn+y(§) =¢

which can be rewritten as

3
| (el + U+ Dy Oxs(©) + i) xs (©)) dé + (e) = ¢

— 00

3
(6.14) /_ ((1Uel + U2 + 1)) (€)xy-1(a) (€) + h(E)xy-1(a0) () dE +y(§) = €

by (EII). Since, Us = uoyye and h = (u? oy +u2 o y)ye almost everywhere, after
a change of variables in ([GI4)), we get

y(€)
(6.15) / ((Jual + (20 + 1)xa + (W% + u3)xy(a0)) do +y(£) = €.
Hence, y and, by definition, g satisfy (E1I) and therefore they 001n01de ie,y=uy.
WehaveU7uoyfuonyandh*U2yg+ —U2yg+ = h almost
everywhere. O

Earlier we noted that dr does not satisfy the Hausdorff property on G. However,
for X, X € Gy, we have that dg(X,X) = 0 implies X = X, and therefore dg is a
metric on Gy. Let us prove that. We have

1=l + U = U] 2 < da(X, X) =0.
Hence, ¢ = ¢ and U = U. Since for X € go, we have yf > 0 almost everywhere
(and similarly for X), we get h = U?¢ + 5 = U2y + = h. Hence, X = X.

_ The bijective mapping L allows us to transport the metrlc dr and the semigroup
S from Gy to H'. We define the metric dj1 on H' as follows
dpi (u, @) = dg(L(u), L())
and the semigroup T; on H! as follows
T, =M o SolL.
The main result of this paper is the following theorem.

Theorem 6.6. The semigroup Ty constitutes a semigroup of weak solutions of the
Camassa—Holm equation, that is, for any initial data ug in H', u(t,z) = Ty(ug) is
a weak solution of ().

The semigroup Ty is continuous with respect to the metric dg1 on bounded sets
of HY, that is, for any M > 0 and any sequence u, € H' such that ||up| g < M,
we have imy, oo dg1 (Un, ) = 0 implies lim, oo dg1 (Tt (uy), T(u)) = 0.
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Proof. Let us start by proving that u(t, z) is a weak solution of (2l). By definition,
we have u(t,z) = M oIl o S; o L(ug). From Proposition B4 we get that u(¢,z) =
M o S; o L(ug). Let us denote Xo = L(ug) and X (t) = S¢(Xo). We want to prove
that, for all ¢ € C*° (R4 x R) with compact support,

(6.16)

/ [—u(t, x)o(t, x) + ult, 2)u. (t, x)o(t, z)] dedt = / —P,(t,x)p(t, z) daedt
Ry xR Ry xR

where P is given by [ZID) or equivalently Z2). We use the change of variables
x =y(t, &) and, since Ug = uy 0 y ye, we get

(6.17) /R [t ) t,) + uta)us b a)o(t, )] dads

- / U et Dl y(t, ) + V(L OVt E)plt, . €)] dr

We have yg.(¢,§) = X{T(§)>t}(§)U§(t7§), from ZI). Since Ug(t, &) = 0 for ¢t > 7(§),
we get yer(t, &) = Ue(t,€). Then, using the fact that y; = U, one easily check that
(6.18) Uyepoy)e — (U%p)e = Uyepr oy — UUgp oy + Upyep 0 y.-

After integrating [EIR) over Ry x R, the left-hand side of (GIX) vanishes and we
obtain

(6.19) / [~Uye pr oy + UUe @ oy] dédt
Ry xR

1

4 /]R+ xRx{r(n)>t}

sgn(& —n) exp (—sgn(€ —n)(y(&) —y(n))

X (U%ye + h) (n)ye (&) o y(€) dndédt

by ZI). Since ye(t,&) = 0 for t > 7(&), we can change the integration domain to
Ry x {7(§) >t} x {7(n) > t}, and we have

/ [—nygotoy—i—UUgtpoy] dédt
]R+><]R

1

4 /R+X{T(§)>t}x{7(n)>t}

sgn(¢& —n) exp (—sgn(€ — n)(y(&) —y(n))

% (Uye + h) (n)ye (€)p 0 y(€) dndédt.

To simplify the notation, we deliberately omitted the ¢ variable. On the other hand,
by using the change of variables © = y(t,£) and z = y(¢,n), we have

(6.20) —/R XRPI(t,m)cp(t,a:)da?dt

1

=3 /ﬂhXR2 sgn(y(&) — y(n))eﬂy(é)*y(n)l

1
x (u*(ty(m) + Sz (ty(m)) et y(€))ye (n)ye (€) dndgdt.
Again, we can restrict the integration domain to R4 x {7(§) > t} x {7(n) > t}
because ye(t,§) = 0 for ¢t > 7(§) and ye(t,n) = 0 for t > 7(n). Moreover when

ye(t,m) > 0, we have u(¢,y(t,n)) = %:—(t, 7). Hence, as y is an increasing function
and after using ([2231), we get

(6.21) —/]R RPI(t,z)go(t,z)dxdt
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{X o | ¢ relabeling function
| (x’ u7 u2 + u?E)

T: (UO)

(x,UO,U(Q) + ng)

{Xo o ¢ | ¥ relabeling function}

Go={X =(y,U,h) | g(X) =1} Eulerian coordinates:

\_ﬁ: (yaUv h) ‘ Ye = 1}

bijections L and M

FIGURE 4. Summary of the method in a picture. In section 2-4, we
establish the existence of the continuous semigroup of solution S
in G. Then, in section 5, by using the projection II we construct the
continuous semigroup S; in Go. Finally, in section 6, by using the
bijection L between Eulerian coordinates and Gy, we construct the
continuous semigroup 73 of dissipative solutions of the Camassa-
Holm equation in H! for the metric dy.

1

4 /R+X{T(E)>t}x{7(n)>t}

sgn(& —n) exp (— sgn(& —n)(y(&) —y(n))

X (Uye + 1) (n)ye ()(t, y(€)) dndgdt.
Thus, comparing (G20) and ([GZI]), we get

/ [—Uye oi(t,y) + UUe @] dédt = —/ P.(t,z)p(t, x) dedt
Ry xR Ry xR

and (E1d) follows from ([GIT). The continuity of the semigroup follows from Propo-
sition and Theorem BBl Given a converging sequence u, in dg such that
[tnl g < M, we have X,, = L(u,) — X = L(u) in dg and L(u,) € By for some
M, by Proposition B From Theorem B8, we get Si(X,) — Si(X) in dr and
therefore Ty (uy,) — Ti(u) in dy:. O

Proposition 6.7. Given any initial data ug € H' and the corresponding dissipative
solution u, we have the following one-sided estimate on the derivative: For almost
every x and all t > 0,

2
(6.22) up(t, ) < 5+ V2ol

Proof. Given t > 0, let us denote
B={¢eR|y(t¢),U(t,§) are differentiable and y¢(¢,£) > 0} .

The set y(B) has full measure (we drop ¢ in the notation). Indeed, we have, after
a change of variables

meas(y(B)°) = /(B)C dx = /C ye d€ = 0.

Y

Hence, for all ¢ and for almost every x, there exists £ such that y(¢,£) > 0. From
the definition of 7(§), it follows that ¢ < 7(£) and ye(¢,€) > 0 for all ¢ € [0,¢]. The



56 HOLDEN AND RAYNAUD

variable oo = Z—: is thus well-defined on [0, ] and, since Ug = u, o yye, we have

(6.23) ua(,2) = un(Ey(E ) = ZEL8) _ i g

et o)
From (ZI9), we get
Uetye — yeUs shye + (3U% — P)ye — UZ
5 —
Ye Yg

ap =

which yields

1
(624) oy + 5(1 = (U2 — P)

after using (22230 f| Using @), we get that U] o e < 2 ko4 = 25 lluoll
and, from ZI0F), we have

Qt,€) < ||U||L°°L°° +7 ||h0||L1 <3 IIUO||H1-
The same estimate holds for P, and therefore we have
(6.25) U? = P < |Juoll3:
for all ¢t and £&. We claim that

(6.26) a(t,§) < % +V2]uol g

Let us assume the opposite. We denote 3(t) = 2 4+ v/2||lug| ;1 and to the first
time when «(tg) = B(to). For t < to we have a(t) < {(¢) which implies that
B(to) < at(tp). On the other hand,

1 1
a(to) = *5042(150) +(U?-P)= *—52@0) +(U*=P)
2v2
= Bulto) ~ 222 Juoll s + U2~ P fuoll3ys
which implies, after using [EZH), that a(to) < B¢(to), and we get a contradiction.
We conclude the proof of the proposition by comparing ([E20) and EZ3). O
7. THE METRIC d 1

The metric dy: is defined implicitly through the mapping from Eulerian to
Lagrangian coordinates. In this section we give more explicit characterizations.
We prove that convergence with respect to the H'-norm implies convergence with
respect to dy: which itself implies convergence with respect to the L*°-norm.

Proposition 7.1. Given a sequence u, € H' and u € H', we have

lim ||un, — vl =0 implies lim dgr (upn,w) = 0.
n—oo n—oo

Proof. Let X,, = (@, un, 1, tup o, u® + ufm) and X = (z,u, 1, uz, u? +u2). We write
ln =9(X,)—1and [l = g(X)—1. We denote X,, = L(u,,) and X = L(u). We have

y(§) yn(§)

Step 1: 1, — | in L'(R).
We define the set A as in ([G2)

A={z € R |ug| () +2(1 + u?)(x) <1+ u*(2) + v2(x) and u,(x) < 0}

Equation (B24) also appears in [Z5] and [§] in the proof of the same estimate.
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and A4,, as
Ap ={x € R |upq| () +2(1 + u%)(z) <1+ ui(z) + ufm(z) and up, 5 (x) < 0}.

We have A C {z € R |1 < (u?® +u2)(z)} so that meas(A) < ||ul| ;1 and, similarly,
meas(A,) < ||un| gi- On ANA,,, we have (I, —1)(z) = |ug|+2u?(z)— (Juz|+2u?(z))
and therefore

(7.2) n = Ulpica,na) < Cmeas(4, N A2 lu = u ||

for a constant C' that depends only on |[ul|;:. We denote generically by C' such
constants. On A° N A5, we have (I, — 1)(z) = (u® + u2)(z) — (u} 4 u3 ,)(z) and
therefore

(7.3) l[n — l||L1(A;nAc) < Clu—unllg -
We want to estimate ||l —I||;1(4ca,)- Let introduce the sets
By = {z € R |ug| (z) + 2(1 + v®)(z) > 1 +v*(z) + u2 ()}
and
By ={z € R| |uy| (z) + 2(1 + v?)(z) <14 u*(z) +v2(z) and u.(x) > 0}.
We have A¢ C By U By. For x € B1 N A,, we have
) = Ln(@) = (1402 +12)(2) — Junel () — 21 +02) ()
< Juo| (@) +2(1 + u?) () = unq| (@) = 2(1 +uz)(2)
< |ug — Ung| () + 2 ‘uQ — ui‘ (x)
and
1(2) = 1(z) = Jn sl (&) — 201+ u2)(@) — (1 + 02 +u2)(2)
< (T4 up +ub ) (@) — (14 u® +uf)(@).
Hence, |l — In| (2) < |u — ug| ()42 |u® — ud| ()+|u2 — u2 ,| (x) and, since meas(B;N
A,,) < C for n large enough,

(7.4) 1t - ln”Ll(BlﬂAn) < Cllu—unlg -

For x € BaN A, we have that |u,| (z)+(14+u?)(z) < v2(z) implies |u,| (v) < u2(z)
so that |ugz| (z) < 1. Since ugz(x) > 0, it yields u,(z) > 1. Similarly we get |uy, | > 1
but, as up » < 0, it gives uy , < —1. Then, (ugy — un ) (x) > 2 for all z € Bo N A,
and therefore

1 2
meas(Ba N A4,) < 1 [leee — “n,wHLz(R)
and lim,, o, meas(Ba N A,,) = 0 as n tends to co. Hence,
Hl - lnHLl(BzmAn) = Hl + u2 + ui - (|un,w| + 2(1 + ui))HLl(BQHAn)
< I+ w? +ud = (Jue| +2(1 + u2))||L1(BmAn)
+ [ (Jual + 201 +u?)) = (Junel + 20+ ) 11 5yna,)

< H—u2—|—uiHL1( + meas(Ba N A4,)

BQﬁAn)
+meas(By N An)"? Jue | Loy + C llu — wnl g
and limp, oo [l = lnl| 1 (5, 4,,) = 0- From (L), it follows that limp—oc [[ln — Il 11 (4cna,) =

0. Similarly, one proves that limp—oc [|ln — [l 1 anac) = 0. By [C2) and {3), we
conclude that limy, 0 ||In — l||L%€ =0.



58 HOLDEN AND RAYNAUD

Step 2: ¢, — ¢ in L®(R) and (n ¢ — (e in L*(R).
After taking the difference between the two equations in ([ZZIl), we obtain

y(§) y(§)
(7.5) / (1 —1,)(z)dx + / ln(z)dx +y(&) —yn(&) = 0.

—o0 yn(§)

g =+ [ (@) d)] = ly—yul + |[2 ba() d)| and @)

Since [, is positive,

implies
y(&)
L= lal dz < |l =l gy

W(€) — yn(6)] < /

and it follows that ¢, — ¢ in L°(R). We have

(7.6) e !

d e = T

Tloy+1

almost everywhere, see (G1). Hence,
Cn,E - CE = (l oYy — lpo yn)yn,EyS

(7.7) =(loy—loyn)yn.eye + (10 Yn — ln 0 Yn)yn cVe-

Since 0 < ye < 1, see (B4, we have

(18) [ Nowm—tomlumereds < [ Wov—lnotmlyncde = 11— Ll
R

For any € > 0, there exists a continuous function [ with compact support such that
Il =1l L1y < €/3. We can decompose the first term in the right-hand side of (IZT)
into
(7.9) Loy —loyn)yneye = (Loy —loy)yneye

+ (ZO Y- ZO yn)yn,£y§ + (io Yn — lo yn)yn,ﬁyﬁ-

Then, we have

/ Yn,ele d§ < /
R

and, similarly, we obtain [, [l oy, — lo Yn|Yn,eye d§ < €/3. Since y, — y in L>°(R)

loy—loy

loyffoy’ygdéz =1l < e/3

and [ is continuous with compact support, by applying the Lebesgue dominated
convergence theorem, we obtain [ oy, — [ oy in L*(R), and we can choose n big
enough so that

J

Hence, from ([Z3), we get that [, [l oy — 10 yn|yn,cye d < € so that we have proved
that

loy—loyn|yneyedE < |loy —loyn|pim < e/3.

lim |lOy*lOyn|yn,§y§d§:Oa
R

n—oo

and, from ([Z7) and [J), it follows that ¢, ¢ — (¢ in L*(R). Since ;¢ is bounded
in L>(R), we finally get that ¢, ¢ — (¢ in L*(R).

Step 3: U, — U in H'(R).
Given two functions fi and fo in H'(R), we claim that

(710) ”floyn*fQOynHHl(]R)§O||f17f2||H1(R)

for some constant C' which does not depend on n. Let us prove this claim. Let
Cn = {z € R | lo(2) > 1}. Chebychev’s inequality yields meas(Ch) < [|ln|[11(g)-
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Let B, = {£ € R | yne(§) < 3}. Since yne(ln 0 yn +1) = 1 almost everywhere,
lnoyn > 1 on B, and therefore y,(B,) C C,. From (&H), we get

meas(By,) = /(B )(ln(x)'i'l) dx < meas(yn(Bn))+||ln||L1(R) < meas(cn)+||ln||L1(R) )
y(Bn
and therefore meas(By) < 2 ||ln| 1) < C. We have

(7'11) ”fl oYy — foo yn||i2(]R) = / (flOyn*fQOyn)2 dEJF/ (f10yn*f20yn)2 dg,

B, B

c
n

and, as yn,¢ > % on B¢

no
/,

Hence,
2 2 2
[f10Yn — f2 0 ynllL2@) < meas(By) || f1 — fall oo m) + 211 = foll 2

and, since meas(By,) < 2 |[ln| 11 (g

(fl °oYn — f2 Oyn)ng < 2/3 (fl °oYn — f2 Oyn)Qymﬁdg <2 ||f1 - f2||i2(R)

c c
n n

1100 — Fo 0 ynlgy < 2alliaey 11— folliey + 21 — FollZage
(7.12) <Clfi - fling -
We have
||(f1 © yn)€ - (f2 © yn)£||i2(R) = ||f1,ac © YnYng — fox0 ynyn,§||i2(R)

= / |f1z0yn — fam o ?/n|2 YngdE  (because ypn e < 1)
R

(7.13) <lfre = Fral o -
Combining (ZI2) and ([ZIJ), we prove the claim ([ZI0). We have
1Un = Ull s gy = It © Y = w0 9l 1
< lun 0 yn —woynll i) +lluoy —uoynl g g
(7.14) < C = ull sy + 10y = 10 Yl g g
from (ZIO). The class of smooth functions with compact support is dense in H* and
therefore, by ([ZI0), for any € > 0, there exists a smooth function @ with compact

support such that [|uoy — @ oyl g g < 7 and [[uoy, —woynl (g < 7 for all
n. Hence,

2e 5 -
(7.15) luoy —uwoynlmm < +llaoy —doynllmeg, -
Since the support of @ is finite and y,, — y in L>°(R), we have
(7.16) nlLIr;O||aoy—ﬂoyn||L2(R) =0.
We have

[(@oy)e = (@oyn)ellpo@) = lta © yye — Gz © Ynyn.ell 2 ()
< ez 0y — iz 0 yn)ll 2 (m)
+ [|(ye — Yn.g) Uz © yn”p(]}g)
< |lyell oo 18z 0y — e © Ynll 2wy

F [t | oo r) Y6 = Yniell 2wy -
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Hence, limy, .o |[(@ 0 y)e — (T o y”)§||L2(R) = 0 because we have proved that ¢, ¢ —
¢ in L*(R) and limy, o0 |Gz © Y — Gz © Ynl| 2wy = 0 as y» — y in L>(R) and @, is
smooth with compact support. By ([ZI6), it implies

lim ||Goy— ﬂoynHHl(R) =0.

Combining (CId)) and [ZIF), we obtain that |[Uy, — U|| 1 gy < € for n large enough
and we have proved that U,, — U in H'(R). O

Proposition 7.2. Given u,, and u in H'(R), we have that

lim dpi (up,u) = 0 implies lim [Juy, — ul|poc gy = 0.

n—oo

Proof. Let X,, = L(uy,) and X = L(u). By definition, lim, . dg1 ) (tn,u) = 0
implies that X,, — X in V. In particular, y, —y and U,, — U tend to zero in L>°(R).
Given r € R, let &, = y, " 1(x), £ =y~ () and x,, = y(&,). We have

and
|u(z) — u(x,)| = / uy(T) dz
< o= 2| Nl 2y = [y (En) — y(E) "2 Ilttal] 2y
1/2
(7.18) <y - ynHL/oo(R) HUIHL2(R) .
Hence,

1/2
Jun (@) = u(@)] < lly = ynll 2 o) Wt 2y + 10 = Ul

and u, — u in L=(R).
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