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Abstract

We study the Cauchy problem for a conservation law with space discon-
tinuous flux of generalized Audusse-Perthame form. It is shown that, after
a change of unknown function, entropy solutions in the sense of Audusse-
Perthame correspond to Kruzhkov’s generalized entropy solutions for the
transformed equation. This observation allows to use the Kruzhkov method
of doubling variable ( instead of rather complicated variant of this method
invented by Audusse & Perthame ). Applying this method for measure
valued solutions, we establish the uniqueness and the existence of entropy
solutions to the problem under consideration.

Introduction.
In a half-plane IT = R, X R we study the Cauchy problem for a conservation
law
us + p(z,u), =0, (1)
with initial condition
u(0,2) = up(z) € L=(R). (2)

We assume that the flux ¢(z,u) = g(6(z,u)) where g(5) € C(R) and §(z,u) is
a Caratheodory function ( i.e. this function is measurable with respect to = and
continuous with respect to u ). We also suppose that §(x,u) strictly increases
with respect to u, and there exist functions h_(u), hy(u) € C(R) such that

ho(u) < [B(z,u)| < hy(u) VoeR, (3)

with h_(u) — 400 as u — oo.
More generally, we can study the multi-dimensional problem (1), (2) when
r € R™ m e N and g(u) € C(R,R™). All the results remain true also in this
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case ( see concluding Remark 2 ) but, to simplify the proofs, we will be occupied
only by the case m = 1.

Observe that flux functions indicated in paper of Audusse-Perthame [1] satisfy
the above assumptions. For instance, if p(x,u) strictly decreases for u < u,(x),
strictly increases for u > u,(z), and it’s minimal value ¢(z, u.(x)) = M does not
depend on x then we can take §(z,u) = sign(u — u.(z))(¢(x,u) — M), g(8) =
M + |3|. To prove that this function §(z,u) is measurable with respect to = one
could take into account that u,(z) is a measurable function. The latter follows
from the representation: VA € R

{zeR|u(r)>A}= [ {zeR|plx,u)>p( N}

ueQ,u<

( here Q denotes the set of rational numbers ). Hence, the set { z € R | u,(z) >
A } is measurable as a countable intersection of measurable sets, and this yields
the measurability of u,(z).

Finally, the fact that «(x, ) satisfies conditions (3) directly follows from the
predicted in [1] two-sided estimates of |p(x,u)|.

Let us consider the more general equation

wo(z,u); + p(z,u), =0, (1)
where ¢o(z,u), ¢(x,u) are Caratheodory functions such that

max(|eo(w, u)| + [p(z, u)l) € L*(R) VE > 0,
and @o(z, u) strictly increases with respect to w.

Consider firstly the case when the flux ¢(-,u) € C*(R) for every u € R. In
this case we can introduce the generalized entropy solutions of (1’), (2) in the
sense of S.N. Kruzhkov [5]. Let us recall the definition.

Definition 1. A function v = u(t,z) € L*>°(II) is called a generalized entropy
solutions (g.e.s. for short) of (1), (2) if for all K € R

| po(z, u)—po(, k)|¢+[sign(u—k)(p(z, u) —p(z, k)]s +sign(u—Fk)p, (2, k) <0 (4)
in the sense of distribution on I ( in D'(II) ), and

esslimu(t,-) = ug in L (R). (5)

t—0+



It is rather well-known ( cf. Proposition 1 below ) that conditions (4), (5) can
be written in the form of the single integral inequality: for each £ € R and all
non-negative test functions f = f(t,z) € C3(Il), with IT = [0, +00) x R being a
closure of 11,

/H leo(z, 4) — ol k)| fo + sign(u — k) ((z, u) — o, k) fi —

sign(u — k). (z, k) fldtde + /R |po(@, uo(x)) = wolx, k)| (0, x)dz = 0. (6)

Observe that by the doubling variable method developed in [5] one can derive
from (4) the important relation

[eo(, u) = oz, v)]e + [sign(u — v)(¢(z, u) = (z,v))]. <0 in D'(ID),  (7)

which holds for a pair u = u(t,x), v = v(t, z) of g.e.s. This relation is a keystone
in the proof of the uniqueness for g.e.s.

Returning to the case of equation (1), we claim that Definition 1 is not valid
because the term sign(u — k)p,(z, k) is not well-defined in D'(II). However,
as was firstly observed in [1], this obstacle can be removed if to take in (4)
some family of stationary solutions instead of constants k. Then we arrived at
relations like (7) being correctly defined in D’(II) since they do not contain terms
sign(u — k), (z, k) anymore. The stationary solutions of equation (1) are defined
by the relations G(z,ux(x)) = k € R, in other words ug(z,u) = a(z, k), where
for fixed x € R a(x,u) is an inverse function to B(z,-). Obviously, a(z,u) is a
Caratheodory function strictly increasing with respect to u. Besides, as follows

from (3), ma:ém(x,u)\ € L>®(R) for every R > 0. Indeed, |a(z,u)] < Cg for
u|<
all x € R, u € [—R, R], where the constant Cg is chosen from the condition

h_(u) > R for |u| > Cg. In particular, a(z, k) € L>(R) for every k € R. Since
o(x,a(z, k) = g(k) = const then a(x, k) are weak solutions of (1).

Now let us introduce the definition of entropy solution in the sense of Audusse-
Perthame [1].

Definition 2. A function u = u(t,z) € L*(II) is called an entropy solution
(briefly - e.s.) of problem (1), (2) if Vk € R, f = f(t,z) € C}(I), f >0

/HUU — a(x, k)| fe + sign(u — a(z, k) (o(z, u) — g(k)) fo]didz
—|—/R lug(z) — a(x, k)| f(0, z)dz > 0. (8)
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Now we discuss another natural approach to the problem (1), (2). We make
in (1) the change v = #(x,u). Then this equation reduces to the equation

a(z,v): +g(v)e =0, (9)

which is particular case of (1’). The initial condition (2) is transformed to the
following one

v(0,2) = vo(x) = Bz, up(x)). (10)
Since in (9) ¢(z,u) = g(u) does not depend on x the notion of the Kruzhkov’s
g.e.s. of (9), (10) is well-defined. Hence, we can introduce the entropy solution
u = u(t,z) of the original problem required that u = a(z,v), v = v(t,x) being
a g.e.s. of (9), (10) in the sense of Definition 1. Here the entropy relation (6)
acquires the form: for each &k € R and all f = f(¢t,2) € CL(II), f >0

/HHO«(% v) — a(z, k)| f; + sign(v — k)(g(v) — g(k)) fo]dtdx +
/R\oz(:c,vo(:v)) — afz, k)| f(0,z)dx > 0. (11)

Since u = a(x,v), sign(v — k)(g(v) — g(k)) = sign(a(z,v) — a(z, k) (g(6(z,u)) —
g(k)) = sign(u — a(x, k))(p(x,u) — g(k)) relations (11) and (8) are equivalent.
Thus, we have proven the following result.

Theorem 1. A function u = u(t,x) is an e.s. of (1), (2) in the sense of
Audusse-Perthame if and only if v = ((z,u(t,z)) is a g.e.s. of (9), (10) in the
sense of Kruzhkow.

One should also take into account that v € L*(II) if and only if v € L*°(II).
The latter easily follows from estimates (3).

In some sense the second approach, based on the reduction to problem (9),
(10), is more convenient. In particular, it allows to avoid the rather complicated
variant of the doubling variable method invented in [1] ( instead, the "usual”
Kruzhkov’s method can be applied ).

In the sequel we need the more general class of measure valued solutions.
Recall ( see [2, 11] ) that a measure valued function on II is a weakly measurable
map (t,x) — v, of Il into the space Proby(R) of probability Borel measures with
compact support in R.

The weak measurability of 14, means that for each continuous function g(u)

the function (¢,z) — (g(u), vi.(u)) = /g(u)dyt,x(u) is measurable on II.
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We say that a measure valued function v, is bounded if there exists R > 0
such that supp iy, C [—R, R] for almost all x € II. We shall denote by |44 ||s
the smallest of such R.

Finally, we say that measure valued functions of the kind
Vio(u) = 6(u—u(t,x)), where u(t,z) € L>(II) and 6(u — w*) is the Dirac
measure at u* € R, are reqular. We identify these measure valued functions
and the corresponding functions u(t,z), so that there is a natural embedding
L>(11) € MV/(II), where MV (II) is the set of bounded measure valued functions
on II.

Measure valued functions naturally arise as weak limits of bounded sequences
in L>°(II) in the sense of the following theorem of Tartar ( see [11] ).

Theorem T. Let u,(t,x) € L>(I1), m € N be a bounded sequence. Then
there exist a subsequence u,(t,z) and a measure valued function v;, € MV(II)
such that

Vg(u) € C(R) g(u,) — (g(u), vr.(u))  weakly-+ in L>°(II). (12)

Besides, v, is reqular, i.e. v, = 6(u—u(t,x)) if and only if u,(t,x) — u(t,x)
in L} (I1).

More generally, if ¢(¢,x,u) is a Caratheodory function bounded on the sets
II x [-R, R], R > 0 then for each r € N the functions g(¢, z,u,(t,z)) € L>(1I),
[ 9(t, 7, w)dvea(u) € L¥(1T), and

gtz u(t,x)) — (g(t,x,u), v (u)) = /g(t,:c,u)dut,x(u) weakly-* in L>°(I1).
(13)
This follows from the fact that any Caratheodory function is strongly measurable
as a map r — g(x,:) € C(R) (see [4], Chapter 2) and, therefore, is a point-
wise limit of step functions g,,(t,x,u) = > Lyi(t, ®)hyi(u) so that for (¢, x) € 11
gm(taxa ) — g(ta T, ) in O(R)
As was shown in [8] ( see also [9] ), for a measure valued function v, we can
introduce the function

u(t,z,s) = inf{v| v ((v, +00)) < s}

such that the measures v, , is an image of the Lebesgue measure ds on I = (0, 1)
with respect to the map s — u(t,z,s): v, = u(t,z,-)*ds. Moreover, the func-
tion s — u(t, x, s) is a unique non-increasing and right-continuous function with
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the property v;, = u(t,z,-)*ds. As is easy to verify ( see [8, 9] ) u(t,x,s) is
measurable on II x I, u(t,z,s) € LI x I), and [|ul|ec = ||Vt 2]|co- Observe
also that u(t,z,s) = u(t,z) for a regular function 14, ~ u(t,z). By the iden-

tity vi. = u(t,x,-)*ds we have /g(t,aj,u)dum(u) = /g(t,az,u(t,x,s))ds for

I
each Caratheodory function g(¢,z,u). Therefore, the limit relation (13) can be
rewritten as follows

g(t,z,u.(x)) — [ g(t,z,u(t,z,s))ds weakly-x in L>(II). (14)
e Jr

Remark that the function u(t, x, s) was used in [8, 9] in the definition of a strong
measure valued solution for a scalar conservation law. This function was called
later in [3] a bounded measurable process on II ( if to be exact, the non-decreasing
version of u was used in [3] instead ). We will use a shorter name a process in
the sequel. Hence, a process on II is a function u(t,x,s) € L*(II x I), which is
non-increasing and continuous from the right with respect to s. Obviously, cor-
respondence v;, = u(t, x,-)*ds between processes and measure valued functions
on II is one to one.

Now we introduce the notions of a process entropy solution to problem (1),
(2).
Definition 3. A process u = u(t,x,s) on Il is called a process entropy
solution (process e.s. for short) of (1), (2) if Vk € R, Vf = f(t,xz) € CL(II),
f=>0

/H IHu — alx, k)| f + sign(u — a(z, k) (¢(z,u) — g(k)) fo]dtdzds

+/R luo(z) — alw, K)|f(0,z)dz > 0. (15)

It is clear that in the case u(t, z, s) = u(t, x) the notion of process e.s. reduces
to the notion of e.s. introduced in Definition 2. In the same way as in Theorem 1,
setting v = v(t, z, s) = B(x,u(t, x,s)), we obtain the process g.e.s. of (9), (10) in
the sense of the relation: Vk € R, Vf = f(t,x) € C;(II), f >0

/HxIHoz(x, v) — alz, k)| f, +sign(v — k)(g(v) — g(k)) f.]dtdrds +
/R|Oé(x,vo(x)) —a(z, k)|f(0,2)dz >0 (16)
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similar to (11).
We underline that condition (15) is equivalent to the requirement: vk € R

%/j!u — afz, k)|ds + % /sign(u —a(z, k) (p(z,u) —g(k)ds <0  (17)

I
in D'(IT) and the initial condition

ess %i}r’n/\u(t,x, s) —up(x)|ds =0 in L}, (R) (18)
- I

(‘and in similar way one can also reformulate condition (16) ).
It is rather well-known but for completeness we put below the proof.

Proposition 1. Condition (15) is equivalent to (17), (18).

Proof. Suppose that relation (15) is satisfied. Let w(s) € C§°(R) be a
function such that suppw(s) C (0,1), w(s) >0, [w(s)ds = 1. We set for r € N
wy(s) = rw(rs), 0,(s) = [°__we(z)dz. Tt is clear that w,(s) converges weakly in
D'(R) to the Dirac d-function as r — oo while 6,.(s) converges point-wise to the

.. . 1, s>0,
Heaviside function 0(s) = { 0. <0
f=ft,z) = h(2)0,(to — t). Tt is clear that f € C(IT), f > 0 and by (15) for
each k € R and r > 1/t

. For h(x) € C3(R), to > 0, r € N we set

[ )~ oo Rt — s +
/H 7 sign(u — a(xz, k) (¢(x, u) — g(k))h ()0, (to — t)dtdrds +

/R\uo(x) ~ (e, k)|h(z)dz > 0. (19)

Assume that ty € S, where the set S consists of ¢ > 0 being Lebesgue points of
the function t — u(t,z, s) for a.e. (x,s) € R x I. Obviously, S C R, is a set of
full Lebesgue measure. Since ty € S then

r—00

/ lu(t,z,s) — a(x, k)|w.(to — t)dt — |u(to,z,s) — a(x, k)
for a.e. (z,s) € R x I, and by the Lebesgue dominated convergence theorem

/ lu(t, x,s) — a(x, k) |h(x)w,(tg — t)dtdzds —
IIx1I

r—00

/R ) lu(to, z,s) — a(z, k)|h(x)dzds
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while

/H 7 sign(u — a(x, k))((x,u) — g(k))h' (2)0,(to — t)dtdrds —

/(Ot )xR Isign(u —a(z, k) (p(z,u) — g(k))h' (v)dtdrds

because the sequence 6,.(ty —t) is uniformly bounded and convergent to 6(ty —t).
Taking into account the above limit relations we derive from (19) that

/R , \u(to, x,s) — a(x, k)|h(x)dzds < /R|u0(:z:) — a(x, k)|h(z)dx +

/(Ot - Isign(u - Oé(x, k))(gp(gg,u) _ g(k))h/(ﬂi)dtdajds <

/ lug(z) — a(x, k)|h(z)dx + Crty, Cj, = const. (20)
R
From (20) it follows that

lim sup / lu(to, z, s) — a(x, k)|h(z)drds < / |ug(x) — a(z, k)|h(z)dz. (21)
to—0,t0€S JRXI R

Since a map ty — u(ty, ), to € S is bounded in L*®(R x I) and C} is dense in

L'(R) we see that the limit relation (21) holds for all nonnegative h(z) € L'(R).

We fix such a function h(z) € L'(R), h(x) > 0 and remark that the function

vo(z) = B(x, up(x)) can be approximated in L' (R, h(z)dz) by a bounded in L>°(R)

Mmn
sequence of step functions v, (z) = Z kinxa,,(x), where k;, are constants, and
i=1

X4, (x) are indicator functions of measurable sets A;, C R such that {A;,}"7 is
a partition of R. Moreover, after extraction a subsequence we can assume that
Un(z) — vo(z) a.e. on R as n — oo. Since a(z,u) is a Caratheodory function
then u,(x) = a(z,v,(r)) — alz,ve(x)) = up(zr) as n — oo a.e. on R and, by
the Lebesgue dominated convergence theorem, u,(z) — uo(z) in L'(R, h(x)dz)

as well. Observe that wu,(x) = Zoz(x, kin)xa,,(x). Thus, for every € > 0 there
i=1

exists a function a(x) = Zoz(x, ki)x a;(x) such that [ |ug(z) — a(z)|h(zx)dx < e.
i=1
Then
/ \u(to, z,s) — up(x)|h(x)drds < € + / \u(to, x, s) — u(z)|h(x)dzds =
RxTI RxTI
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m

€+ Z/R ) lu(to, x, s) — a(x, k;)|h(x)xa, (x)dzds

1=

and, in view of (21),

lim sup / lu(to, z, s) — up(z)|h(z)drds <
RxTI

to—0,tg€S

+3 / fuo(z) — oz, ) [ xa, (2)de

=c +/ lup(z) — a(x)|h(x)dx < 2e.
R
Since € > 0 is arbitrary, we obtain that Vh(z) € L}*(R), h(z) >0

lim \u(to, x, s) — up(z)|h(z)drds = 0

t0—>0,t0€S RxI

and (18) follows.

Conversely, assume that both conditions (17), (18) are satisfied, and f =
f(t,z) € CYIT), f > 0. Then the nonnegative function f(t,z)0,.(t) € CL(II) for
each r € N and applying (17) to this test function, we arrive at

/H ) lu(t,x,s) — a(x, k)| fw.(t)dtdxds —|—/ [|u(t, x,s) — a(x, k)|fi +

IIxTI

sign(u — a(x, k))(@e(x,u) — g(k)) f]0-(t)dtdxds > 0.  (22)

As readily follows from (18)

/H ) lu(t, x,s) — a(x, k)| fw.(t)dtdeds — | |ug(z) — a(z, k)|f(0, x)dx.

T—00 R

Further, since 6,.(t) point-wise converges as r — oo to the Heaviside function 6(t)
then, by the Lebesgue dominated convergence theorem, the second integral in
(22) converges as r — oo to the integral

/H [lult,,) = o, B+ sign(u — ale.B) el u) - g(0) foldedads.

Due to above limit relations, (15) follows from (22) in the limit as » — oco. The
proof is complete.



§ 1. The uniqueness of en e.s.

Relation (16) allows to apply the Kruzhkov’s doubling variable method and
establish the following result.

Theorem 2. Let uy = uy(t,x,s), us = us(t,x,s) be two process e.s. of (1),

(2). Then
0 0 :
5 [ funC) — wateoldpdg + 5 [ stgntunt.p) - sl 0)
x(e(x, ur(-,p)) — @(x, us(:, q)))dpdg < 0 in D'(I). (23)
Proof. Making the change vy = vi(t,z,p) = Bz, ui(t,z,p)), vo =
vo(t, z,q) = Bz, us(t, x,q)), we reduce (23) to the relation
0

a |C¥($,U1(',p)) _a(xuv2(7q))|dde+
72
0

. /12 sign(v1(,p) — va(-, @) (g(v1 (-, p)) — g(va(-,q)))dpdq < 0 in D'(IT).  (24)

From (16) it follows that for each k € RVf = f(t,z) € C3(I), f >0

/H IHO&(%%(-,p))—a(ﬂf, k)| fi+sign(vi (-, p) = k) (g(vi (-, p)) — g(k)) fu]dtdzdp > 0,
that is

5 [t on(,p) = ate. )y +
0

55 [ sien(onp) = B)o(wr(p) = k) dp <0 in /(1D

Taking in this relation k = vy(7, 4, q), with (7,y) € I, ¢ € I and integrating over
q € I, we arrive at

9
ot

/p sign(vi (£, 2,p) — va(7,y,9))(g(v1(t, 2, p)) — g(v2(7, 9, ) )dpdg < 0 (25)

‘OJ(QT, Ul(ta xap)) - Oé(LU, UQ(Ta Y, Q))‘dpdq +

0

ox
in D'(IT x IT). Analogously, changing the roles of the variables (¢,z) and (7, )
and the process g.e.s. v; and vy, we obtain the relation

% I2 ’&(y’ U1 (t’ :C,p)) o Ck(y, UQ(T? Y, Q))’dpdq +
% /12 sign(vi(t, z,p) — va(7,9,q))(g(v1(t, x,p)) — g(ve(T,y,q)))dpdg < 0 (26)
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in D'(II x II). Putting (25), (26) together, we derive that

0 0
apl(tv'x?Ta y) + EPQ(tvxaTa y) -+
0 0
_ _ . < ; /
(83: + &y) Q(t,z;7,y) <0 in D'(II x II), (27)

where we denote

Pi(t,x;7,y) = ; la(x, vi(t, z,p)) — ax,v2(7,y,q))|dpdg,
P2(t7 X T, y) = 12 |Oé(y, (%] (t7 SU,p)) _ Q{(y, U?(Ta Y, q))|dde7
Qt,z;7,y) = /p sign(vi(t, z,p) — v2(7, 9, 9))(9(v1(t, 7, p)) — g(va(7, 9, q)))dpdq.

Let f(t,x) € C3(11), h(t, z;7,y) = f(t, )wi (T —t)w,.(y—x), where r, I € N and the
sequence w,(s) was defined in the proof of Proposition 1. Then h = h(t, z;1,y) €
Co(IT x IT), h > 0 Applying (27) to the test function h, we obtain after simple
transforms that

/Hxn [(P1<t, 7, y) (f(t, 2w (T — 1)) +

Btz y)(f( 2)wi(T — 1) )wr (y — )
+Q(t, x; 7, y) fo(t, )y (T — t)w,.(y — x) | dtdzdrdy > 0. (28)

We are going to pass in (28) to the limit as r, [ — oo. Let R = max(||v1|oo, ||v2]|0),

p(0) = [ }IanRaﬂ( - |g(u) — g(v)| be a continuity modulus of g on the segment
u,ve|—R,R|,|lu—v|<

[—R, R]. Then, as is easily verified, for a.e. (t,z,7,y) € Il x II

|Q<t>$;7_7 y) - Q(t,l’;T, .%’)‘ < 2/p(|®2(7,y,q) - Uz(T,.T,q)qu,

I

Qair.0) — Qtait)] <2 [ plerg) —vatode. (29
I
We introduce the set
Fy ={ x €R| xis a Lebesgue point of vy(t,-,s) for a.e. (t,s) € Ry x I }.

It is clear that FE; is a measurable set of full Lebesgue measure. Further, since
a(z,u) is a Caratheodory function and the space C([—R, R]) is separable then,
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by the Pettis theorem (see [4], Chapter 3), the map x — A(z) = a(z,:) €
C([—R, R]) is strongly measurable and in view of estimate (3) we see that A(x) €
L>*(R,C(|-R,R])). In particular (see [4], Chapter 3), the set FEy of Lebesgue
points of the map A(x) has full measure. For = € F5 we have

lim [ w.(z —y)max |a(x,u) — ay,u)|dy =
7—00 |lu|<R

lim [ w. (2 = y)|A(z) = A(y)|edy = 0. (30)

T—00

If x € E; then, taking into account the first estimate in (29), we obtain that for
a.e. (t,7) e Ry xRy

|/ Qt,z; T, y)wr(y — x)dy — Q(t,z;7,2)| <
/ QU237 ) — Qb 237, 2) o (y — 2)dy <

2 / plloa(ro.0) = v, )l (y = @)y = 0 (31)

since = is a Lebesgue point of vy(7,-,q) € L*(R) for a.e. (7,q). Observe that
the sequence J,.(t,z,7) = /Q(t,x; 7,Y)w,(y — x)dy is bounded in L>(IT x R)

and by (31) it converges as 1 — oo to Q(t,z; 7, x) for a.e. (t,xz,7) € Il x R,.
Therefore, by the Lebesgue dominated convergence theorem,

lim Qt, ;7 y) fa(t, w)an(T — t)wn(y — x)dtdrdrdy =

T—=0 JIIxII

Qt,x; 7, x) fo(t, v)wi (T — t)dtdzdr. (32)

HXR+

Let S be a set of t € R, being Lebesgue points of the functions ¢t — vs(t, x, q) for
a.e. (r,q) € Rx 1. Then S C R, is a set of full measure, and for ¢ € S for a.e.
x € R we have the relation similar to (31)

‘/Q(tx;r, 2)wi(r — t)dr — Q(t, z:t,z)| <
/ Q(t, s, 2) — QL 23, 0)|n(r — t)dr <

2/]R IP(|U2(77$7€Z) —v2(t,x, q)|)wi(T — t)drdg — 0. (33)

l—o0
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Here we used the second estimate in (29). Using again the Lebesgue dominated
convergence theorem we derive from (33) the relation

lim Qt, x; T, :L’)fx(t,x)wl(T—t)dtdxdT:/Q(t,x;t,:z:)fx(t,a:)dtda:. (34)
i

=00 JrixR,

Now, suppose that x € E; N Ey. Evidently,

‘Pl(t733;7-7 y) - Pl(tax;7-7 ZU)| < /‘Oé(l',UQ(T,y,Q)) _ Oé((L',’UQ(T,ZL‘,q)qu.
I

Since z is a Lebesgue point of bounded function vs(7,-,q) for a.e. (7,q) while
a(z, ) is continuous, x is also a Lebesgue point of the composition «a(x, ve(T, -, q))
for a.e. (7,q). Therefore, for a.e. (¢,7)

[ Pttty - oy - Ptz o) <
/ \Py(t,z;7,y) — Pi(t,x; 7, 2)|w(y — x)dy <
[ ol vlr.0) = ale.on(ra, )y = o)dydy = 0. (35
Further,

|P2<t>$; T, y) - PQ(tu N .T})‘ <
/I (e, va(7, . 0)) — ale, va(r, 2, ) dg + 2] Aly) — A()] .

Hence, for a.e. (¢,7)
|/ Py(t, ;7 y)w.(y — x)dy — Py(t, x;71,2)| <
/ \Py(t,x;7m,y) — Pa(t, o; 7, x)|w,(y — z)dy <
[ o oa(ria.a)) = ale. valr, )y - o)y +
2 [ 14W) = A)lorty — )y 0 (36)

Here we take into account (35) and (30). Observe that Pi(t,z;7,2) =
Py(t, z; 7, x). We see that limit relations (35), (36) hold for a.e. (¢,z,7) € IIxR,.
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By the Lebesgue dominated convergence theorem, from (35), (36) it follows the
limit relation

lim (Pl(t, 27, ) (f(t, 2)n(r — ))s +
T—=00 JIIxII
Po(t, w7, ) (f(t, @) (T — t))T)wT(y _ 2)dtdzdrdy =
/ Pi(t,x;7,2) fi(t, z)w (T — t)dtdzdr, (37)
IIxRy

where we also use the fact that (0/0t + 9/07)w;(T —t) = 0. Now, we pass to the
limit in (37) as [ — oo. For this, we observe firstly that

|P1(t7 X5 T, ZI?) - Pl(ta 5 tn .’L‘)| < / ‘oz(x, 7}2(7_7 L, Q)) - a(x, U2(t7 Ly q))|dQ7
I
which implies, in the same way as in the derivation of (33) the relation

‘/ Pi(t,x; 7, x)w (T — t)dr — Pi(t,z;t,2)| <

/ |Py(t,x;m,2) — Pi(t,x; b, x)|w (7 — t)dr <

/ la(z, vo(T, 2, q)) — alz,v2(t, x,q))|wi (T — t)deql—> 0 (38)

]R_|_ x1 — 00

for a.e. (¢t,z) € II. This in turn implies that

llim Pi(t,x; T, x) fi(t, )w (T — t)dtdedT = / Pi(t,x;t, x) fi(t, x)dtdz. (39)
T JTIxR I

Passing in (28) to the limit firstly as r — oo and then as [ — oo with account of
relations (32), (34), (37), (39), we arrive at

/[Pl(t,x;t,x)ft(t,x)—l—Q(t,x;t,x)fx(t,x)]dtdx > 0Vf(t,z) € Cy(IN), f(t,z) >0,
1

1.e.

0 0
- . _ . < 3 / .
8tpl(t’ x;t,x) + 8xQ(t’x’ t,z) <0 in D'(II)

This is exactly (24) because

Pl(tvx;t7x) = |04(x,vl(t,x,p)) o a(xvv2(tax7Q))|dde7
I2

Q(t,x;t,x) - /1"2 Sign(vl(taxﬂp) - U2(t>xaq))(g(vl(t7xap)) - g(UQ(taxvCJ)))dde-
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The proof is complete.

The statement of Theorem 2 is a key-stone in the proof of the following unique-
ness result.

Theorem 3. Suppose that the flur p(x,u) is uniformly continuous with re-
spect tou € |[—R, R] for every R > 0. Then a process e.s. u(t,xz,s) of the problem
(1), (2) is unique. Moreover, u(t,x,s) = u(t,x), where u(t,z) is a unique e.s. of
(1), (2)

Proof. Let u; = uy(t, x, s), us = us(t, x, s) be two process e.s. of (1), (2), and
R = max(||u1 oo, ||t2]|00). By the uniform continuity of ¢(x, u) there exists a non-
decreasing sub-additive function p(d) on [0, +00) (the modulus of continuity) such
that 0 = p(0) = 51—i>%1+ p(0), and |p(z, u)—p(z,v)| < p(lu—v]|) for all u,v € [-R, R]

and a.e. x € R. Observe that for each positive ¢

p(0) _ ple)
d+e = ¢

) (40)

Indeed, we can choose k € N such that § € [(k — 1)e, ke). Then, since p(d) is
non-decreasing and sub-additive, p(d) < p(ke) < kp(e) while § +¢ > ke, and (40)
follows. By (23) we see that for each € > 0

0 0
—_ —_ < i /
at(P(t,x) +e)+ 8xQ(t,x) <0 in D'(IT), (41)
where we denote
P(t,LU) — ‘ul(thap) _UQ(thaq)’dde7
]2

Q(t7 ZU) = /12 Sign(ul(tv ZL‘,p) - u2(t7 xz, Q))(Qp(aj? Uy (t7 ZU,p)) - gp(:L‘, UQ(t7 Z, Q)))dde-
Suppose that f(t,z) € CL(IT), f(t,x) > 0; 0,(t) = ffoo wy(s)ds ( see the proof of

Proposition 1 ). Then for r € N the nonnegative function f(¢,2)0,.(t) € Ca(II).
Applying (41) to this test function, we obtain the relation

/H[(P(t, z) +e)fi(t,x) + Q(t, ) fult, )]0, (t)dtdx +

/ (Pt 2) + £)wp (£) F (£, 2)dtdz > 0. (42)
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Now, we observe that, by Proposition 1, the process e.s. u = uq, us satisfy limit
relation (18). Therefore,

0< P(t,x) = / lui (t, z, p) — us(t, x, q)|dpdg <
12
[ turttp) — wolaldpda + [ Juo(w) — uatt, o, )l =
12 72
/|u1(t, x,s) — up(x)|ds + / lus(t, 7, 8) — ug(w)|ds — 0 in L; (R)
I I

as t — 0 running over some set S C R of full measure. This easily implies that,
as r — o0,

/H (P(t, ) + ) (8) f (£, ) dtdz — & /R £(0,2)dz. (43)

Since 0,.(t) — 0(t) as r — oo and 0 < 6,.(t) < 1 then, by the Lebesgue dominated
convergence theorem,

T—00

/H[(P(t,x) +e)fi(t,x) + Q(t, x) fo(t, )]0, (t)didx —
/H[(P(t, x) +¢€)fi(t,x) + Q(t, x) fo(t, x)]dtdx. (44)
Taking into account (43), (44) we derive from (42) in the limit as 7 — oo that
/H (P(t,2) + &) filt,x) + Q(t, ) fo(t, x)]dtdx + € /R £(0,2)dz > 0. (45)
Denote N(¢) = p(c)/c and set for 0 <ty < T, C' > 1, r € N
ft,x) = 0.(C+ N(e)(T —t) = |z])0:(to — 1).

Evidently, f(t,2) € C}(I), f(t,x) > 0. Applying (45) to the test function f(¢, ),
we obtain that for r > 1/t

- /H (P(t,2) +£)01(C + N(E)(T — ) — |a|)w, (to — t)dtdz —
/H[N(E)(P(t, ) +¢) + Q(t, x) sign xJw (C + N(e)(T —t) —|x])0, (to—t)dtdx

-|—6/ 0,(C' + N(e)T — |x|)dx > 0. (46)
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Since, with account of (40), for a.e. (t,z) € 11

‘Q(t,l’)‘ S = |g0(l‘,u1(t,a:,p)) _ Qp(x7u2(t7x7Q))’dpdq S

| ollalt,p) =t q)pdq <
N(e) /p(|u1(t, x,p) —us(t,x,q)| + €)dpdqg = N()(P(t,z) +¢)
we see that the second integral in (46) is nonnegative and therefore
— /H(P(t, z)+¢e)0(C+ N(E)(T —1t) — |z|)w,(to — t)dtdr +
g/Rel(c +N(E)T — |a])dz > 0. (47)
Assuming that t; is a Lebesgue point of the function
t— /HP(t,:z:)Hl(C + N(e)(T —t) — |x|)dx,
we can pass to the limit in (46) as » — oo and arrive at
— /]R(P(to, x)+¢)01(C+ N(e)(T —tg) — \x\)ders/R@l(CJr N(e)T — |z|)dx > 0.
Hence, for a.e. ty € (0,7

/RP(tO, 2)0:(C — |z|)dx < /R(P(to, 2) + )0, (C + N(e)(T — to) — |z|)dz <

s/ 0,(C + N()T — |2])dz < g/ de = 2C= + 2Tp(e).
R \

z|<C+N(e)T

This implies that

/ P(t.2)0,(C — |a|)dtdz < 2T(Ce + Tp(s)) — 0.
(0,T)xR

e—0+
Therefore,

/ P(t,2)0,(C — |&|)dtdz = 0
(0,T)xR

and, since T' > 0, C' > 1 are arbitrary, we conclude that

P(t,z) = lui (¢, z,p) — us(t, z,q)|dpdg =0 a.e. on II.
1'2
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This readily implies that uy(t,z,p) = wus(t,z,q) = u(t,z), where u(t,z) =
J;ui(t,z,s)ds. Hence, process ess. u(t,x,s) is unique and necessarily has the
form wu(t, x,s) = u(t, z). We conclude that u(t, z) is a unique e.s. of (1), (2). The
prove is complete.

Remark 1. In the same way as in paper [1] we can adapt the above proof
to establish the more general comparison principle for process entropy sub- and
super-solutions of (1), (2).

The condition of uniform continuity of ¢(x,u) is essential for the uniqueness,
even in the case when ¢(x,u) is a continuous function of both variables. We
confirm this by the following simple example.

Example 1. We consider equation (1) with

(1 + 2?)u, lu| < 1/(1+ 2?),
o(z,u) = r? sign u )

Then o(z,u) is continuous on R?, v — ¢(x,u) is increasing and Lipschitz with
constant (1 + z?), |u] < |p(z,u)| < 1+ |u|. Thus, our assumptions ( and even
ones of [1] ) are satisfied. But evidently the function

ult, z) = {

is an e.s. of (1) with zero initial data for each constant ¢ € [—1,1]|. Hence, even

0, x> tan(t — 7 /2),t € (0,7),
c/(1+ x?), otherwise

the zero solution is not unique.

§ 2. The existence of an e.s.

Now, we are going to prove the existence of an e.s. For that we use an
approximation of the flux. We define §,(z,u) = B(sn(x),u), where s,(z) =
max(—n, min(x, n)) is a truncation function, n € N; v, (z, 1) = (Bp (-, u)%w, ) (z) =
[ Bl — y, w)w,(y)dy. Then ~,(-,u) € C*°(R,C(R)), (yn)z(z,u) = 0 for |z| >
n + 1; Besides, 7,(x,u) is continuous, strictly increasing with respect to u, and
satisfies the uniform estimates like (3):

ho () = B (u) — 4 (0) < yu,w)| < o () = B (). (43)

Indeed, the upper bound in (49) readily follows from (3). To establish the low
bound, remark that for u > 0

ﬁ(x?u) - ﬁ(a:,u) o ﬁ(QIZ,O) —I—ﬁ(l‘,O) - |ﬁ($7u) - ﬁ($,0)| —l—ﬁ(l‘,O) >
6@z, w)| =6z, 0)| + 6(x,0) = |B(x, u)| = 2[B(x,0)] = h_(u) = 2h4(0)
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while for u < 0
_5<$7U) - 6(3:70) o 6($7u) T ﬁ(:U,O) = |ﬁ($7u) T 6(3:70” o ﬁ(SU,O) >
Bz, u)| = 18(x,0)] = B(x,0) = [B(z, u)| — 2[6(z,0)| = h_(u) = 2h.(0).

After the convolution, we derive from the above estimates that
+7,(x,u) > h_(u) — 2h(0) for £u > 0. This implies that for £u > 0

[V, w)| > (2, u) — Yo, 0)] — [Ya (2, 0)|
(Y (T, 1) = Yn(7,0)) — |n(z,0)] = £yn(z, u) — 2[ya(r, )!
7, (x, u) — 2k (0) > h_(u) — 4h4 (0) = h_(u

\_/

as was to be proved.
By the property of averaged functions, v,(x,u) — ((z,u) as n — oo in
L (R,C(R)). Now we average 7,(z,u) with respect to the second variable,
setting Yom (z,u) = (Ya(z,+) * wi)(u) = [ Yoz, u — v)wim(v)dv. Since v, (@, u) is
uniformly continuous on the sets R x [—R, R] for each R > 0 ( because it does
not depend on z for |z| > n + 1) the sequence Y, (x,u) — Yp(z,u) as m — 0o
uniformly on the sets R x [-R, R], R > 0. Obviously, the functions v, (z,u) €
C*®(R?), (Vpm)u(z, 1) > 0, and they satisfy the estimates h_(u) < |Ypm (2, u)| <
ho(u) with h_(u) = min h_(v), hy(u) = max hy(v). We underline that

jo—ul<1 jo-ul<1
hi(u) € C(R), and h_(u) — +oo as u — oo. Using the standard diagonal
extraction, we can define a sequence 3,(z,u) = Yum, (z,u) € C®°(R?), which
converges to B(z,u) in L; (R, C(R)). By the construction §,(x,u) satisfy the
uniform estimate

ho(u) < |Bn(z,u)| < hy(u) (49)
like (3). Let g,(8) € C°(R) be a sequence convergent to g(u) uniformly on
compact sets, and ¢, (z,u) = g,(Bn(z,u)). Then ¢, (z,u) € C*(R?), the deriva-
tives (¢n)z(x, 1), (©n)u(x, 1), (Pn)eu(x,u) are bounded because ¢, (z,u) does not
depend on z for sufficiently large |x| and ¢, (z, u) = 0 for sufficiently large |u| ( re-
call that g,(3) has a compact support ). Hence, p(x,u) satisfies the Kruzhkov’s
assumptions, which ensure the existence of g.e.s. u,(t,z) to the Cauchy problem
for the approximate equation

U + on (1), =0 (50)

with initial data (2). Let ay,(z,u) be the inverse function to f,(z,:). Since

(2
On(x, an(z,k)) = gn(k), we see that a,(z, k) is a smooth and bounded solution
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of (50) for each k € R. Therefore, it is a g.e.s. of (50) as well. If R = ||ug||o
then o, (z,k-) < ug(x) < ap(x,ky) ae. on R; where k- = inf,, §,(x, —R),
ki = sup,, Bn(z, R) ( as follows from (49), these values are finite ), and by the
comparison result from [5] we conclude that o, (z, k) < u,(t,2) < a,(x, k) ae.
on II. Since the functions «,(z, k) are uniformly bounded the sequence wu,(t, )
is bounded in L>(II). By Theorem T there exists a process u(t,z, s) such that
after extraction of a subsequence, if necessary ( we keep the notation w,, for it ),
u,(t, x) converges to u(t,z,s) in the sense of relation (14).

Proposition 2. u(t,z,s) is a process e.s. of (1), (2).
Proof.  Since u,(t,z) are g.e.s. of (50), (2), and a,(z, k) is a stationary

g.e.s. of this problem for every k € R then the Kruzhkov’s entropy relation like
(7) holds

[t — an (- F)|e + [sign(un — an (2, k) (@n (2, tn) = gn(k))]e <0 in DI (51)

Recall that ess (1)14{11 un(t,-) = up in L (R). As in the proof of Proposition 1 we

derive from this relation and (51) the integral inequality: Vf = f(t,z) € C3(I),
f=0

[l = o signn, = ) o) = ) ot +
/R lup(z) — ap(x, k)| f(0,2)dz > 0. (52)
Further, in view of (14)

lun(t,z) — oz, k)| — [ |u(t,z,s) — a(x,k)|ds, (53)

n—oo

sign(un(t, ) — oz, k) (@, un(t, ) — g(k)) —

n—oo

/sign(u(t,x, s) —a(x, k) (p(x,u(t,z,s)) — g(k))ds weakly-+ in L*=(II). (54)

I

We take sufficiently large R > 0 such that ||, (2, k)|l < R, [[tn]lcec < RVn € N

and denote by p(z,d) a continuity modulus of ¢(x,-) on the segment [—R, R].

Evidently, as n — oo au(z,k) — a(z, k) in L (1), ©.(z,") — ¢(z,-) in
Li (I1,C([—R, R])) and therefore

[|tn = o (2, k)| = |un — a(z, B)|| < an(z, k) — alz, k)] =0,
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| sign(un, — an (@, k) (n (@, un) — gn(k)) — sign(u, — oz, k))(p(2, un) — g(k))| <
|on (@, un) — (@, un)| + 2p(2, [ (2, k) — a(z, k)|) — 0
in L}

loc

(IT). This together with (53), (54) yields the limit relations

lun(t, ) — ap(z, k)| — [ |u(t,z,s) — a(z, k)|ds,

n—oo I

sign(un (£, ) — an (2, k) (@n (2, un(t, 7)) — gn(k)) —

n—oo

/sign(u(t,x, s) —a(x, k) (p(x,u(t,z,s)) — g(k))ds weakly-+ in L>(1I).
I
They allow to pass to the limit in (52) as n — oo and obtain that for each k € R,
f=1ftx)eCi(), f=0

/n IHU — afx, k)| f, +sign(u — a(z, k) (o(z,u) — g(k)) f.]dtdzds
+/WW”—M%@Umwwxzo

with u = wu(t, x, s), which is exactly (15). Hence, u(t, x, s) is a process e.s. of (1),
(2), as was to be proved.

From Proposition 2 and Theorem 3 it readily follows the existence of e.s.
Moreover, we have the following statement.

Theorem 4. Suppose that p(x,u) is uniformly continuous with respect to
u € [—R, R] for every R > 0. Then the sequence u,(t,z) converges in L}, (IT) to
unique e.s. u(t,z) of (1), (2).

Proof. By Theorem 3 the process e.s. u(t,z,s) = u(t,z) where u(t,x) is a
unique e.s. of (1), (2). Thus the limit measure-valued function corresponding to
this process is regular and by Theorem T w,,(t,z) — u(t,z) as n — oo in L}, (I1).
Finally, since the limit function u(t, x) does not depend on the prescribed above
choice of the subsequence, we conclude that the original sequence converges to
u(t,x) in L]

loc

(IT). The proof is complete.

§ 3. Concluding remarks.
Remark 2. All the result of this paper remain valid for a multi-dimensional

equation
up + divyp(z,u) =0, (t,z) e I =R, x R™ (55)
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where the vector ¢(z,u) = ¢g(6(z,u)), g(6) € C(R,R™), B(x,u) being a
Caratheodory function on R™ x R, strictly increasing with respect to u and sat-
isfying estimates (3). Recall that our flux is supposed to be only continuous with
respect to u and in order to prove the analog of Theorem 3, we need to require
some additional conditions on character of continuity of the flux vector, similar
to ones in [6, 7]. For instance, it is sufficient to suppose that for each R > 0 there
exist non-decreasing sub-additive functions p;(r) on [0, +00), ¢ = 1,...,m such
that p;(r) > 0 for r > 0, and

|oi(z,u) — pi(z,v)] < pi(Jlu —v|) Yu,v € [-R,R],x € R™, i=1,...,n, (56)

lim inf =™ H pi(r) < oo. (57)
i=1

r—0+

Clearly, in the case when ¢(x,u) is Lipschitz on any segment u € R ( with the
Lipschitz constant independent of x ) above conditions (56), (57) are trivially
satisfied. Observe also that (57) always fulfils in one-dimensional case m = 1.

Remark 3. The existence of entropy solution to the Cauchy problem for
equation (55) can be proved without assumptions (56), (57) if the following non-
degeneracy condition is satisfied: for a.e. x € R™ V¢ = (&,...,&,) € R™,

¢ # 0 the function u — £ - p(x,u) = Z &ipi(z,u) is not affine on non-degenerate
i=1
intervals.

Indeed, as follows from results of [10], the approximated sequence u,(t,x)
( which is constructed in the same way as in the one-dimensional case ) is strongly
pre-compact and therefore, after extraction of a subsequence it converges to a
function u(t,z) in L}, (IT). Obviously, this limit function u(¢,x) is an e.s. to the
original Cauchy problem.
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