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Abstract

Under some non-degeneracy condition we show that sequences of entropy solutions of a nonlinear
ultra-parabolic equation are strongly pre-compact in the general case of a Caratheodory flux vector. The
proofs are based on localization principles for H-measures corresponding to sequences of measure-valued
functions.

1. Introduction

We consider the equation
div, (p(a,u) — A(0)Vg(u)) + ¥z, u) = 0. W
Here o(z,u) = (p1(z,u),...,on(z,u), v = u(z), x = (x1,...,2,) € 2, where {2 is an open subset of
R™; the flux vector ¢(z,u) is assumed to be a Caratheodory vector (i.e. it is continuous with respect to
u and measurable with respect to x) such that the functions
ay(r) = lfﬂg}&l@(%%)l € Li,.(2) VM >0 (2)

ul

(here and below | - | stands for the Euclidean norm of a finite-dimensional vector). We also assume that
for any fixed p € R the distribution

din‘ﬂ(xvp) =% € Mloc(Q)a (3)

where M;,.(£2) is the space of locally finite Borel measures on 2 with the standard locally convex
topology generated by semi-norms pg(u) = Var(®u), & = &(x) € Co(£2). In the parabolic term
A(z) = {a;;(2)}} ;=1 is a non-negative matrix with coefficients a;;(z) € C1(02), g(u) is a continuous
non-decreasing function on R. The function ¢ (x, u) is assumed to be a Caratheodory function on {2 x R
such that

Bu(x) = max [¥(z,u)| € Lipo(2) VM > 0. (4)

U=

Let v, = v, + 7, be the decomposition of the measure v, into the sum of the regular and the singular
measures, so that v, = wy(z)dz, wy(z) € L}, (£2), and 5 is a singular measure (supported on a set
of zero Lebesgue measure). We denote by |’y§| the variation of the measure 7, which is a non-negative

1 ,u>0,
locally finite Borel measure on (2. Denote, as usual, signu = ¢ —1 , u <0,
0 ,u=0.

Now, we introduce the notion of entropy solution of (1).
Definition 1. A measurable function w(z) on {2 is called an entropy solution of equation (1) if
o(z,u(z)) € L}, (2,R"), g(u(x)),¢(z,u(x)) € L}, .(£2), and for all p € R the Kruzhkov-type entropy

loc loc

inequality (see [8]) holds

div, [sign(u(z) — p)(¢(z, u(z)) — ¢(z,p)) — A(x)Vig(u(z)) — 9(p)|] +
sign(u(z) — p)lwp(z) + P(z,u(@))] = |yl <0 (5)

in the sense of distributions on 2 (in the space D'(£2)); that is, for all non-negative functions f(z) €
C5o(92)
/Q [sign(u(z) —p) (p(z,u(r)) — @(z,p)) - Vf(x) + |g(u(z)) — g(p)|div(A(2)V f(z))-
sign(u(z) — p)(wp() + ¢ (2, u(@))) f(x)] do + /ﬂ f(@)dlypl(z) =0

( here u - v denotes the scalar product of vectors u,v € R™ ).



In the case when the second-order term is absent ( A(x) = 0 ) our definition extends the notion of
an entropy solution for a first-order balance laws introduced for the case of one space variable in [6,7].
In general case our definition is a weaker form of the definition of entropy solution for ultra-parabolic
equations used in [15].

Notice also that we do not require that u(z) is a weak solution of (1). If u(z) € L*°(§2) and ~, = 0 for
all p € R then any entropy solution u(x) satisfies (1) in D’({2), i.e. u(x) is a weak solution of (1). Indeed,
this follows from (5) with p = %||lul|«. But, generally, entropy solutions are not weak ones, even in the
case when the singular measures v, are absent. For instance, as is easily verified, u(z) = sign z|z| /2 is
an entropy solution of the first-order equation (zu?), = 0 on the line 2 = R, but it does not satisfy this
equation in D’(R).

We assume that equation (1) is non-degenerate in the sense of the following definition.

Definition 2. Equation (1) is said to be non-degenerate if for almost all € £2 for all £ € R™, £ # 0 the
functions A — &-p(z,\), A — g(A)A(z)€ - € are not constant simultaneously on non-degenerate intervals.

In this paper we shall establish the strong pre-compactness property for sequences of entropy solutions.
This result generalizes the previous results of [9-12,14] to the case of ultra-parabolic equations. It also
generalizes and improves results of S. Sazhenkov [15].

Theorem 1. Suppose that ug, k € N is a sequence of entropy solutions of non-degenerate equation (1)
such that |o(z,uk(x))| + [¢(z,ur(z))] + |glur(z))] + plug(x)) is bounded in L},.(2), where p(u) is a
nonnegative super-linear function (i.e. p(u)/u — 0o as u — oc). Then there exists a subsequence of ug,

which converges in L}, .(£2) to some entropy solution u(z).

Remark that the non-degeneracy condition is essential for the statement of Theorem 1. In the case
of the equation div(p(u) — AVg(u)) = 0 with constant matrix A this condition is necessary for strong
pre-compactness property. For instance, if € - p(u) = const, g(u)AE - £ = const on the segment [a, b] with
£ € R™, £ # 0 then the sequence ui(z) = [a+ b+ (b — a)sin(k{ - x)]/2 of entropy solutions does not
contain strongly convergent subsequences.

We also underline that for sequences of weak solutions ( without additional entropy constraints )
the statement of Theorem 1 does not hold. For example, the sequence uy = signsin kx consists of weak
solution for the Burgers equation u; + (u?), = 0 ( as well as for the corresponding stationary equation
(u?), = 0 ) and converges only weakly, while the non-degeneracy condition is evidently satisfied.

In paper [15] another non-degeneracy condition was proposed for the evolutionary equation
ug + divy (p(t, z,u) — A(t,2)Vg(u)) =0, (t,z) € Il =(0,T) x R,
namely the following condition

G) for a.e. (t,x) € IT ¥(7,&) € R™"! such that (7,€) # 0 and A(t, )¢ - € = 0, the set

n

{ M4 @ta ) €+ 1/290) Y (@), o) =0 )

i,j=1
has zero Lebesgue measure.

Here a;; = a;;(t, ), § are components of the matrix A and the vector £, respectively, and it is assumed
that ¢(t,x,u), g(u) are C! with respect to the variable u, ¢’(u) > 0. In addition to condition G) it is
required in [15] that the matrix A is either diagonal or has constant rank in I7.

Condition G) appeared in [15] due to some mistakes in calculations. Let us demonstrate that condi-

tion G) is wrong, i.e. the strong pre-compactness property may fail under this condition.
In the half-space (t,7,y) € R} x R? we consider the equation

g +ygla)y) + - (9l + Pg(u),) =0

where g(u) € C%(R), ¢’,¢"” > 0. This equation has the form
ut + divAVg(u) =0



with diffusion matrix A = A(y) = (; 32 > We see that the matrix A > 0 and has constant rank 1. We

introduce the sequence uy = ug(z, y) = sin(kye=*). Since g(ug)z + yg(ug), = 0 this sequence consists of
stationary solutions of our equation while it does not contain strongly convergent subsequences.
Nevertheless, condition G) is satisfied. Indeed, let y # 0 and (7,&) = (7,&1,&2) # 0. Then the equalities

AE-£=0, 74 1g W) Y (@) + (a),)& = 0

i=1,2

reduce to the relations )
Gty =0 7+ 59 (N(& +2y) = 0.

One can satisfy them simultaneously only for one value of A. Otherwise, & + y&a = & + 2y& = 0
and, therefore, £ = 0. This in turn implies that also 7 = 0. Thus, (7,£) = 0, which contradicts to our
assumptions. We see that for y # 0 and all (7,£) € R3\ {0} such that A¢ - ¢ = 0 the set indicated in G)
consists at most of one point and therefore has zero Lebesgue measure. We conclude that condition G)
is satisfied. As is easy to see, the non-degeneracy condition in the sense of Definition 2 is violated here.
Indeed, taking 7 =0, £ = (—y, 1), we find that 7A = g(A)A(y)¢ - £ = 0.

Theorem 1 will be proved in the last section. The proof is based on general localization properties for
H-measures corresponding to bounded sequences of measure-valued functions. From these properties it
follows also the strong convergence of various approximate solutions for equation (1). For example, in [14]
we use approximations and the strong pre-compactness property in order to prove existence of entropy
solution to the Cauchy problem for an evolutionary hyperbolic equation with discontinuous flux.

Now we consider approximations of ultra-parabolic equation (1). We assume for simplicity that
P(x,u) =0, g(u) € CH(R). As was shown in [14], there exists a sequence @, (x,u) € C°° (2 x R) such that
pm(@.0) > p(o,u) in L3,,(2, C(R,R™) while div, o (2.p) = 5 (2) 444 (2), where 172(a) —_wy(a)
in Lj. (£2), [ps(@)] = |y weakly in Mige(£2).

We can choose also the sequences of smooth symmetric matrices Ay, () = {af}(z)}};—; such that
Ay > emE, e > 0 ( here E is the unite matrix ), and a sequence g,,(u) € C1(R) of strictly increasing
functions such that gy, (u) > &, aj} () T i (x) in CH(92), gm(u) il (u) in CH(R). We can always
assume that

—1/2

em " maX [ A (2) — A(2)l| = 0, em/? max |g),(u) —¢'(u)] — 0,

—o0 lul <M m—o0

where K C (2 is an arbitrary compact, M > 0. Then we have the limit relations

(g (1) = ¢ (W)/V/ g (1) = 0 in C(R), |(An(z) = A())(Am(2) || = 0 in C(£2).

Moreover, passing to subsequences of g,,,, A,, if necessary, we may achieve that for each M > 0 and every
compact K C {2

max |7, (u) =g (u)|/ /g, (u) +max | (A () — A2)) (A (2)) 17|

lu|l<M

- o (Im(K,M + 1)*1/2) : (6)

where
M
In(K M) =14 [ [ divaon o p)ldpda.
KJ-M
Generally, the sequence I,,, (K, M) may tends to infinity as m — co. We consider the approximate equation
dive (om (2, u) = Am () Vgm(u)) = 0 (7)

and suppose that u = wu,,(z) is a bounded weak solution of (7) ( for instance, we can take u = wu,(x)
being a weak solution to the Dirichlet problem with a bounded data at 9(2 ). This means that u €



L>(2) N W3 1,.(£2), where W3, (§2) is the Sobolev space consisting of functions whose generalized
derivatives lay in L? (£2), and the following standard integral identity is satisfied: Vf = f(z) € C3($2).

loc
/Q [om (2, u(x)) = A (2)Vgm (u(z))] - V f(z)dz = 0. (8)

We assume also that the sequence u,, is bounded in L*°(£2).

Theorem 2. Suppose that equation (1) is non-degenerate. Then the sequence un,(xr) — u(z) in
m—00
Ll

1oc(£2), where w = u(x) is an entropy solution of (1).

Remark that Theorem 2 allows to establish existence of entropy solutions of boundary value problems
for equation (1) ( as well as initial or initial boundary value problems for evolutionary equations of the
kind (1) ).

In next section 2 we describe the main concepts, in particular the concept of measure-valued functions.
In sections 3,4 we introduce the notion of H-measure and prove the localization property. Finally, in the
last section 5 these results are applied to prove Theorems 1, 2.

2. Main concepts

Recall ( see [1,2,17] ) that a measure-valued function on 2 is a weakly measurable map x — v, of the
set {2 into the space of probability Borel measures with compact support in R. The weak measurability of
v, means that for each continuous function f(A) the function  — [ f(A)dv,()) is Lebesgue-measurable
on (2.

Remark 1. If v, is a measure-valued function then, as was shown in [10], the functions [ g(\)dv,(\)
are measurable in {2 for all bounded Borel functions g(A). More generally, if f(z, ) is a Caratheodory
function and g(\) is a bounded Borel function then the function [ f(z, A)g(A)dv, () is measurable. This
follows from the fact that any Caratheodory function is strongly measurable as a map = — f(z,-) € C(R)
(see [5], Chapter 2) and, therefore, is a pointwise limit of step functions fi,(x, A) = > gmi(€)hm:i(A) with

K3
measurable functions g, (x) and continuous hp;(A) so that for x € 2 fp(z,-) — f(z,-) in C(R).

A measure-valued function v, is said to be bounded if there exists M > 0 such that supp v, C [-M, M]
for almost all = € 2. We denote the smallest value of M with this property by ||Vz|loo-

Finally, measure-valued functions of the form v, (A) = §(A—wu(z)), where §(A—u) is the Dirac measure
concentrated at u are said to be regular; we identify them with the corresponding functions u(z). Thus,
the set MV (£2) of bounded measure-valued functions on {2 contains the space L*(f2). Note that for a
regular measure-valued function v, (\) = §(A — u(z)) the value ||v;||coc = ||t||oo. Extending the concept of
boundedness in L>°({2) to measure-valued functions we shall say that a subset A of MV (£2) is bounded
if sup, ¢4 [[Vz oo < 00.

We define below the weak and the strong convergence of sequences of measure-valued functions.

Definition 3. Let v¥ € MV (), k € N, and let v, € MV (£2). Then
1) the sequence ¥ converges weakly to v, if for each f(\) € C(R),

x

/f()\)dyf()\) T /f(/\)d%()\) in the weak-* topology of L™ (£2);

2) the sequence v* converges to v, strongly if for each f(\) € C(R),

[k = [ i) in L (@),

The next result was proved in [17] for regular functions v/*. The proof can easily be extended to the
general case, as was done in [10].



Theorem 3. Let v*, k € N be a bounded sequence of measure-valued functions. Then there exist a
subsequence V! = vF, k = k,, and a measure-valued function v, € MV (£2) such that v — v, weakly as
7 — 00.

Theorem 3 shows that bounded sets of measure-valued functions are weakly precompact. If ug(z) €
L>(2) is a bounded sequence, treated as a sequence of regular measure valued functions, and ug(z)
weakly converges to a measure valued function v, then v, is regular, v,(\) = §(A — u(x)), if and only if
ug(z) — u(x) in L}, .(2) ( see [17] ). Obviously, if ug(x) converges to v, strongly then ug(z) — u(z) =
J Advg(X) in L}, (2) and then v, (X) = §(A — u(x)).

We shall study the strong pre-compactness property using Tartar’s techniques of H-measures.

Let F(u)(€), £ € R™, be the Fourier transform of a function u(z) € L?(R"), S =S""1 ={ (e R |
|€] =1 } be the unit sphere in R™. Denote by © — @, u € C the complex conjugation.

The concept of an H-measure corresponding to some sequence of vector-valued functions bounded in
L?(02) was introduced by Tartar [18] and Gerard [4] on the basis of the following result. For [ € N let

U(z) = (Uk(2),...,UL(z)) € L*(2,R") be a sequence weakly convergent to the zero vector.

Proposition 1 (see [18], Theorem 1.1). There exists a family of complex Borel measures p =
{,uij}ij:l in 2 xS and a subsequence U, (x) = Up(x), k = ky, such that

W @)l = i [ FOOOF TR0 () de )
for all D1 (z), Pa(x) € Co(£2) and Y (&) € C(S).
The family pu = { i };J,:l is called the H-measure corresponding to U,.(x).

The concept of H-measure has been extended in [10] ( see also [11,12] ) to sequences of measure-valued
functions. We study the properties of such H-measures in the next section.

3. H-measures corresponding to bounded sequences of measure-valued functions

Let v¥ € MV (£2) be a bounded sequence of measure-valued functions weakly convergent to a measure-
valued function v € MV (£2). For z € 2 and p € R we introduce the distribution functions

uk(x’p) :V;f((p,—koo)), uO(I7p) :Vg((pv +OO))

Then, as mentioned in Remark 1, for £ € NU {0} and p € R the functions uy(z,p) are measurable in
x € £2; thus, ug(z,p) € L>(£2) and 0 < ug(x,p) < 1. Let

E=E1) = { po €ER | up(x,p) Ve uo(z,po) in L},.(92) }

We have the following result, the proof of which can be found in [10].

Lemma 1. The complement E = R\ E is at most countable and if p € E then uy(z,p) L uo(z, p)
— 00
weakly-x in L>°(§2).

Let UF(x) = ug(x,p) — uo(z,p). Then, by Lemma 1, Uf(z) — 0 as k — oo weakly-x in L>(2) for
p € E. The next result, similar to Proposition 1, has also been established in [10].

Proposition 2. 1) There exists a family of locally finite complex Borel measures {Npq}p,qu m 2x8
and a subsequence U, (v) = {UF ()} e p: UF(x) = Up(2), k =k, such that for all @1(z), P2(x) € Co(£2)
and ¥(&) € C(S)

(4, By ()@ (E)) = lim F@wa@F@ﬂmxa¢(f)de (10)

r—o0 JRn |§|

2) The correspondence (p,q) — pP? is a continuous map from E X E into the space My,.(£2 x S).



Definition 4. We call the family of measures {,upq}p the H-measure corresponding to the subse-

qEE
quence V" = vk k =k,.

We point out the following important properties of an H-measure.

Lemma 2. 1) yP? > 0 for each p € E; 2) pP? = ui for all p,q € E; 8) for p1,...,pp € E and
g1,-.,g91 € Co(£2 x S) the matric A = a;; = (uP?,4,7;), 1,5 = 1,...,1 is Hermitian and positive-
definite.

Proof. We prove 3). First let the functions g; = ¢;(x, £) be finite sums of functions of the form &(z)y (&),
where @(z) € Cp(£2) and (€) € C(S). Then it follows from (10) that

ai; = lim [ H}(&H] (§)de, (11)

r—oo Jpn

where H}(€) = Plo:(&/|E)UF)(©)- Hence setting gu(r,€) = g(r,€) = 52 Pu(x)uu(€) we obtain

. i v 13
HE) =Y F(SUP) €tk | 2 ) -
; ; ’“(|s|)

It immediately follows from (11) that a;; = @;;, 4,5 = 1,...,1, which shows that A is a Hermitian matrix.
Further, for ay,...,a; € C we have

l l
> aijoqd; = lim /Rn [Ho(€)PdE 20, H, (&) =) Hi(E)a,
i=1

ij=1

which means that A is positive-definite.

In the general case of g; € Cy({2 x S) one carries out the proof of 3) by approximating the functions
gi, 1 =1,...,0 in the uniform norm by finite sums of functions of the form &(z)y(§).

Assertions 1) and 2) are easy consequences of 3). For setting [ = 1, p; = p and g1 = g we obtain the
relation (uPP, |g|?) > 0, which holds for all g € Cy(£2 x S), thus showing that u? is real and non-negative.
To prove 2) we represent an arbitrary function g = g(x,&) with compact support in the form g = ¢173.
Let I =2, p1 = p and py = ¢. In view of 3),

<‘upq,g> = <:u‘pqaglgj> = <qu79297> = <lqu7§> = <W7 g>
and pP? = p9P. The proof is complete. O
We consider now a countable dense index subset D C F.

Proposition 3 (see [12]). There exists a family of complex finite Borel measures p£9 in the sphere S
with p,q € D, © € £, where £ is a subset of 2 of full measure, such that pP? = pPdx that is, for all
&(z,£) € Co(2 x S) the function

o= (7.0 6) = [ B (O
is Lebesgue-measurable on §2, bounded, and
(€)= [ G6). B ).
Moreover, for p,p',q€ D, p' > p

Var 2t <1 and Var (uf/? — u21) <2 (X((p.p')))"*. (12)



Proof. We claim that pr,Var yP? < meas for p,q € E, where meas is the Lebesgue measure on (2.
Assume first that p = ¢. By Lemma 2, the measure pPP is non-negative. Next, in view of relation (10)
with @1 (z) = @3(z) = P(x) € Co(£2) and ¥ (§) =1,

(', 0(x)|*) = lim [ F(UE)(E)F(PUF)(&)d§ =

r—o0 [pn
tw [ UP@P P < [ (o)
T—00 ,Q ,Q

( we use here Plancherel’s equality and the estimate |UP(x)| < 1). Thus, we see that that pr,uP? < meas.
Let p,q € E, A be a bounded open subset of 2, and g = g(x,&) € Co(A x S), |g| < 1. We introduce

functions g1 = g/+/|g] ( we set g1 = 0 for ¢ = 0 ) and g = +/|g|]. Then g¢1,92 € Co(A x S), g = 173,

lg112 = |92/ = |g| and the matrix
((u’”’, lgl) (u"?, g) )

(ura, g) (u?%,1g1)
is positive-definite by Lemma 2; in particular,

(1P, g)| < (1P, |g]) (9%, |g))"/? < (uPP(A x S)u19(A x S))"/? < meas(A).

We take account of the inequalities pr, PP < meas and pr,u?? < meas to obtain the last estimate. Since
g can be an arbitrary function in Cy(A x 5), |g| < 1, we obtain the inequality Var uP?(A x S) < meas(A),
The measure pP? is regular, therefore this estimate holds for all Borel subsets A of 2 and

proVar pP? < meas. (13)
It follows from (13) that for all ¥(§) € C(S) we have

Varprg ((§)p(2,€)) < [[¢]loo - proVar uP? < [|9]|o - meas. (14)

In view of (14) the measures pr(¢(§)uPe(x,£)) are absolutely continuous with respect to Lebesgue
measure, and the Radon-Nikodym theorem shows that

pro (P(§)u" (x,8)) = hy(x) - meas,

where the densities 1 (2) are measurable on {2 and, as seen from (14),

17 (@)oo < [[¥]loc- (15)

We now choose a non-negative function K(z) € C§°(R™) with support in the unit ball such that
J K(z)dx =1 and set K,,(z) = m"K (mz) for m € N. Clearly, the sequence of K,, converges in D'(R")
to the Dirac d-function ( that is, this sequence is an approximate unity ).

Let ggg ¢m be a generalized Banach limit on the space I, of bounded sequences ¢ = {¢;, }men, 1.€.

L(e) = anEgé Cm 18 a linear functional on [, with the property:

lim ¢, < L(c) < lim ¢y

m— oo m—0o0
(in particular for convergent sequences ¢ = {¢;,} L(¢) = lim ¢, ). For complex sequences ¢,;, = am+iby,
m—00
the Banach limits is defined by complexification: Blim¢,, = L(a) + iL(b), where a = {a;,}, b = {bn}
m— 00

are real and imaginary parts of the sequence ¢ = {¢,, }, respectively. Modifying the densities hzq(;v) on
subsets of measure zero, for instance, replacing them by the functions

Blim [ A} (y)Km(z —y)dy

obviously, the value h¥?(x) does not change for any Lebesgue point x of the function hF? ), we shall
P P
assume that for all z € {2 we have

Ryl (x) = Blim [ Al (y) K (z — y)dy. (16)

m—0o0 0



Let £’ be the set of common Lebesgue points of the functions hlf(z), uo(z,p) = vQ((p, +o0)), and
ug (@, p) = V2([p, +00)) = qlﬁiglﬁ uo(x, q), where p, g € D and ¢ belongs to F', some countable dense subset
of C(S). The family of (p,q, ) is countable, therefore 2’ is of full measure.

The dependence of the hiq on 1, regarded as a map from C(S) into L*°({2), is clearly linear and
continuous (in view of (15)), therefore it follows from the density of F' in C'(S) that z € 2’ is a Lebesgue
point of the functions A}’ (x) for all ¢(£) € C(S) and p,q € D. Here we also take account of (16), which
implies that the functional ¢ — h7(x) is continuous on C(S) for all z € £2.

For p,q € D and x € ' ( actually even for x € 2 ) the equality (1)) = h}(z) defines a continuous
linear functional in C(S); moreover, ||I|| < 1 in view of (15). By the Riesz-Markov theorem this functional

can be defined by integration with respect to some complex Borel measure pP?(£) in S and Var uP? =
[l7]] < 1. Hence

W) = €).0) = [ v a7)
for all (&) € C(S).
Equality (17) shows that the functions z — /S P(§)dull(€) are bounded and measurable for all
P(&) € C(S). Next, for &(x) € Cy(£2) and ¢ (&) € C(S) we have

/Q (/S@(xW(f)duiq@)) dm:/ﬂd’(l’)hﬁq(x)daz:
/Q@(ff)dprn (w(ﬁ)u”q):/ B(2)(€)dpP (x, ). 18)

2xS

Approximating an arbitrary function @(z,£) € Cp(§2 x S) in the uniform norm by linear combinations
of functions of the form &(x)y(£) we derive from (18) that the integral / &(x,£)dub(€) is Lebesgue-
S

measurable with respect to x € {2, bounded, and

/Q (/s @(x,g)duzq(§)> dr = /ﬂxséﬁ(x,f)dﬂpq(xvf)

that is, uP? = pP9dz. Recall that Var p2? < 1.

It remains to prove the last estimate in (12). Let p,p’,q € D, p’ > pand z € 2. We set &, = /K, €
Co(R™), m € N, where the sequence of kernels K, is as defined above. Starting from some index m the
function @,,(z —y) (of the y-variable) belongs to Cy(£2) and, in view of Proposition 2, for all ¢(§) € C(S)
we have

/Q Ko(2 —y) (hfb/q(y) - hﬁq(y)) dy‘ = ’<(u”’q — 1) (y, €), K (2 — y)¢(§)>‘ =

lim

T—00

[ F@n U2 - Un)OF@.Uh (é) dg‘ -

9l J, [(/ F@n(UF - Uf))(£)|2d£)1/2 (/. |F<¢me><§>|2d§)”2] _

]l T [( [ Hnte = )7 ) - Uf(y))2dy)1/2 ([ Konte- y)(Uﬁ(y»Qdy)m] )
Note that [Uf| < 1, [, Km(z — y)dy = 1 and, therefore,
| Kula=p @i <1. (20)
Further,

/ Koz — y)(UP (y) — UP(y))2dy < 2 / Ko(z — 9)|UP () — UP(y)|dy <
2 2

2 / Koz — 9)(ur (9 ) — ur(y,0'))dy + 2 / Kon(@ — y)(uo(y,p) — wo(y,p'))dy (21)
2 (9]



(note that u,-(y,p) — u.(y,p’) > 0 for r € NU {0}). Since p,p’ C FE, it follows from Lemma 1 that
ur(y,p) — ur(y,p’) — wo(y,p) — uo(y,p’) in the weak-* topology in L>(£2), therefore

T—00

tim [ (= 9) o 0.9) = o0y = /ﬂ Ko (2 — )0y, p) — uo(y,p'))dy,

and by (21),

iy </Q Ko (2 =) (U (y) - Uf(y))Qdy) v <

2 ( | ol =) (un(r) - uO<y,p'>>dy)1/2. (22)

From (19), in view of (20), (22), we obtain the estimate

[ Hnle = 0070) - h’f(y))dy‘ <2l ([ Kol = )(unlo) - uo<y,p'>>dy)1/2

and passing to the limit as m — oo, since x € {2’ is a Lebesgue point of the functions hp 7, ! and
uo(+,p), uo(-,p"), we obtain the inequality

W) — W2()| < 209l (ol p) — o, ),

that is, for all (¢) € C(S) we have

1/2

[t = 2, )] < 20 (o, ) = woar, ),

and therefore ) s

Var (7 — i) < 2 (uo(w,p) — uo (2, )) /> = 2 (v2((p,0') . (23)
Now we demonstrate that for z € 2’ v0({p}) = 0 for each p € D. Indeed, v2({p}) = ug (z,p) — uo(z,p)
and since p € D C F is a continuity point of the map p — wug(z,p) in L}, .(£2) we conclude that
ug (@, p) —uo(x,p) = 0 a.e. in £2. By the construction z € (2’ is a common Lebesgue point of the functions
uo(, p), ug (z,p), therefore v2({p}) = ug (z, p) — uo(x, p) = 0, as required. In particular v2({p’}) = 0 and
we can replace the segment (p,p’] in estimate (23) by the interval (p,p’). The proof is complete. O

Corollary 1. The correspondence (p,q) — pP? is a continuous map of the set D x D into the space M(S)
of finite complex Borel measures in S (with norm Var ).

Proof. Suppose that p,q,p'q’ € D, and p < p’, ¢ < ¢’ ( the remaining cases are treated analogously ).
Using estimate (12) and the identity pP? = pdP, which is an easy consequence of Lemma 2(2), we derive
that

Var (uf @ — pb?) < Var (uf @ — pb?) + Var (1b? — pib?) < v2((p,p")) + v2((¢,9))-
This estimate directly implies the continuity of the map (p,q) — p2?. O

Remark 2. a) Since the H-measure is absolutely continuous with respect to z-variables identity (10)
is satisfied for @;(z), P2(z) € L*(£2). Indeed, by Proposition 3 we can rewrite this identity in the form:
V1 (x), D2(x) € Co(£2), ¥(§) € C(5)

/Q451(@@2(1?)(10(5)7u’iq(é))dm = lim [ F(&,UP)(&)F(@:U7)(€) (|§|) (24)
T—00 R"
Both sides of this identity are continuous with respect to (@ (z),P2(x)) in LQ(Q) x L?(£2) and since
Co(92) is dense in L?(£2) we conclude that (24) is satisfied for each ®;(z), P2 (x) € L3(2);
b) if z € 2" is a Lebesgue point of a function @(x) € L?(£2) then

B(@) (9, $(€)) = lim lim | F(@,,U7)( ) F@nU @ (5) e (25)

m—007—00 Jpn ‘f|
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for all ¥(&) € C(S), where (20,,U?)(y) = ¢(y)Pm(x — y)UF(y) and (2, U)(y) = Pm(z — y)US(y).
Indeed, it follows from (24) that

tin [ F@e,UpOF@ T (&) de = [ i @ewK. a0

Now, since # € §2' is a Lebesgue point of the functions A}’(y) and ¢(y), and the function h}'(y) is
bounded, z is also a Lebesgue point for the product of these functions. Therefore,

lim [ R (y)2(y) K (2 — y)dy = P(x)hl () = D(x)(uh?, 1 (E)),

m—00 0

and (25) follows from (26) in the limit as m — oo;
¢) for z € 2" and each families p; € D, ;(£) € C(S),i = 1,...,1 the matrix (uy", ;1)) 4,5 =1,...,1
is positive definite. Indeed, as follows from Lemma 2(3), for ay,...,a; € C

l

S (b i)y = T S (0 (,6), By — )BT = Dy > 0.

i,j=1 7,7=1
Taking in the above property | = 2, p1 = p, p2 = ¢q, ¥1(&) = Y(E&)/V|Y(E)| (Y1 = 0 for » =0 )
and (&) = VW ()|, v(&) € C(S), we obtain, as in the proof of Prop051t10n 3, that the matrix

<<u§p, [D]) (B, )

G, 0) (e |¢|>> is positive definite. In particular,
T T

[(uBe, )] < (P, [l - (uad, o))"

and this easily implies that for any Borel set A C S
Var j29(A) < (P (A)ug? (A)' 2. (27)

d) In view of ¢) pu? > 0 for x € 2/, p € D. Then, by (25) with ¢(z) = 1 and the identity F(u)(—¢§) =
F(u)(€) for real functions u € L2, we find

m—o0 r—0o0 Rn |§‘

lim lim F(¢me)(—5)PWJf)(—£)¢(|E>d5_

m—00r—o0 fpn

lim lim WF(%U&’)(&W(M) dé = (P (E)).

m—00 r—00 Rn

This means that the measure pZP is even, i.e. it is invariant under the map & — —¢.

Denote by 6(\) the Heaviside function:

1, A>0,
‘9“):{0 A <0.

Below we shall frequently use the following simple estimate
Lemma 3. Let po.p € D, x(3) = 60\~ o) ~ 60~ p), Vi(w) = [ (VI3 +150). 00) € L(2)
x € 2 is a Lebesgue point of (®(y))?. Then

T T (@, (x — )8()V; (0)]l2 < [9(2)][uo (. o) — wo(e.p)] /> — 0.

m—0o0 r—0o0 P—DPo
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Proof. It is clear that

Vi(y) = ur(y,p0) — ur(y, p) + uo(y, po) — uo(y,p)| =
sign(p — po) (ur (¥, po) — ur(y, ) + uo(y, po) — uo(y,p)) < 2

and in particular (V,.(y))? < 2V,.(y). Therefore,
1@ (2 = »)D(y) Vi ()3 <

2sign(p — po) /(é(y))ZKm(w — ) (ur(y,p0) — ur(y, p) + uo(y, po) — uo(y,p))dy.

Since po,p € D C E, ur(y,po) — ur(y,p) — uo(y,po) — uo(y,p) as r — oo weakly-+ in L>°(£2) and we
derive from the above inequality that

Tim D, (2 — y)@(y) V2 (y)]13 < 4sign(p — po) /@(y))QKm(x — ) (uo(y, po) — uo(y.p))dy.

Now, passing to the limit as m — oo and taking into account that xz € (2’ is a Lebesgue point of the
bounded function ug(y, po) — uo(y,p) as well as the function (®(y))? ( therefore, x is a Lebesgue point of
the product of these functions), we find

lim Tim [|@,,,(z — y)@(y)V; ()13 < 4(P(x))?|uo (2, po) — uo(, p)|-

m—0o0 r—00

This implies the required relation

lim  lim @ (x — y)P(Y) V2 (y)l2 < 2|P()]||uo (7, po) — Uo(l’,p)|1/2-

m—0o0 r—00

To complete the proof it only remains to observe that, as was demonstrated in the proof of Proposition 3,
v9({po}) = 0 and therefore ug(x, p) — ug(x,po) as p — po.

We now fix x € ', po,p € D. Let f/(p),L(p) C R”™ be the smallest linear subspaces containing
supp pPPo | supp PP, respectively, and L = L(pp).

Lemma 4. There exists positive § such that L(p) = L for each p € [po — d,p0 + 0] N D. If the space
L = L(pg), po € D has maximal dimension | = dim L among the spaces L(p) then also L(p) = L for each
p € [po—0,po + 0] N D.
Proof. First remark that, as it directly follows from (27), supp pPP° C supp pLere C L and, therefore
L(p) C L. Similarly, supp p2P° C supp u2? C L(p), which implies the inclusion L(p) C L(p). For positive
r we denote V., = [po —r,po+ 7] N D, L, = ﬂpev,, L(p). Clearly, L, C L is a decreasing (with respect
to inclusion) family of linear subspaces of the finite-dimensional space L, therefore starting from some
r =209 >0 for all » € (0,d] we have L, = Ly C L. To prove the lemma it suffices to show that Lo = L.
For in that case L = Ly C L(p) C L and the equality L(p) = L, p € V; follows. Hence, L = L(p) C L(p)
and, in the case when L = L(pg) has maximal dimension, we conclude that L(p) = L.

We carry out the proof of the equality Ly = L by contradiction. Thus, we assume that Ly # L. Then
m = dim Ly < ! = dim L. We fix € > 0. By Corollary 1 there exists r € (0, d] such that for p € V,. we have

Var (ug? — pg?) <e. (28)

By the definition of the space L, we can choose a strictly decreasing finite sequence of subspaces L,
i =0,...,k, such that Ly = L, Lj, = L, = Lo, and L, = L}, N L(p;), where p; € Vi, i = 1,...,k.
Clearly, k < dim L — dim L = [ — m. By the definition of the f/(p) we have supp pPiPo C E(pl) Hence
Var (2?0 (CL(p;)) = 0, where CA for A C R™ is the difference S\ A. It now follows from (28) that

WP (CE(p)) <&, i=1,....k
Since Ly = ﬂf;l L(p;), it follows that C'Ly = Ule CL(p;) and

k

WP (CLo) < 37 o7 (CL(py)) < he.
=1



12

Since ¢ is an arbitrary positive number, it follows that pPoPo(CLy) = 0 and supp puPoP° C Lg. Further,
L is the smallest subspace such that supp pPePo C L, therefore L C Lo, which is a contradiction. This
completes the proof. 0O

We consider now the complex linear subspace

R(p) = { [v@eare s we e 0<S>} ccn

Lemma 5. We have the equality R(p) = L(p), where L(p) = L(p) +iL(p) C C" is the complex linear
subspace spanned by L(p).

Proof. The relation
v~/w(£)£dﬂ§p(€) = /d)(f)v'fduip(f), veC", (&) € C(9)

(here and below we consider the scalar products of vectors in C") shows us that the orthogonal comple-
ments (R(p))* = (L(p))* are the same (in C"), which means that R(p) = L(p). The proof is complete.
O

Suppose that f(y,\) is a Caratheodory vector-function on {2 x R. Assume also that the following
estimate holds
UM >0 f (@l e = max |f(z, )] < an(z) € L7,c(£2). (29)
Since the space C'(R,R"™) is separable with respect to the standard locally convex topology generated by
seminorms || - [|ar,00, then, by the Pettis theorem (see [5], Chapter 3), the map z — F(x) = f(x,-) €
C(R,R™) is strongly measurable and in view of estimate (29) we see that F(z) € L} (£2,C(R,R")),
|F(2)|? € L},.(£2,C(R)). In particular (see [5], Chapter 3), the set {2y of common Lebesgue points of the
maps F(z),|F(z)|? has full measure. For z € 2 we have

VM >0 lim Kp(z —y)||F(z) — F(y)||m,00dy = 0,

Since, evidently,

1F (@) = FW)llir0 < 21F (@) = F) 00| E @) ar,00 + 1 F @) = 1E @) [ 01,00,

from the above limit relations it follows that for € {2
lim [ Kz —y)|[F(z) = F(y)l30edy =0 VM > 0. (30)

Clearly, each x € f2; is a Lebesgue point of all functions z — f(z,A), A € R. Let 2 = ' N 2y,
yh = vt — 0. Suppose that x € 2", py € D, and the subspace L and the segment V = Vs = [py —
d,po + 8] N D are determined as in Lemma 4. We suppose that L = L(pg) has maximal dimension. Let
X(A) = 0\ —p1) — O(\ — p2), where p1,pa € V, p1 < pa. Assume also that f(y, \) takes its values in L.
For a vector-function h(y, A) on 2 x R, which is Borel and locally bounded with respect to the second
variable, we denote I,.(h)(y) = [ h(y, A)dv;(A). In view of the strong measurability of F'(z) and (29) we
see that I.(f - x)(y) € LZ .(2) ( cf. Remark 1 ).

loc

Proposition 4. Under the above assumptions,

m—0o0 r—0o0

lim fim | Je F@nlr(f-X))F [6]7dE = 0.

Here &, = @y (x —y) = /K (x —y) and I.(f - x) are functions of the variable y € (2.
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Proof. Note that starting from some index m the supports of the @, (x —y) lay in some compact subset
B of 2. Without loss of generality we can assume that supp @,, C B for all m € N. Let f(y,\) = f(z, A),
M = sup ||y [|oo- Then

1= D200 < [ 1503) = SV [aVar 03) < 20F) = Pl

Next, observe that

[l F@u (7 )@ I 72 = s F@u (7 )OI 13
where || - || is the norm in L?(R™), and with the help of Plancherel’s identity we obtain that

€ F @, (- )@ 2 — 16~ F@u(F )61 2] <

1€ - F(@n I ((f = F) - xX)©LE M2 < IF@m L ((f = F) - X))l =

(£ = 7)1 <2 ([ Kol = )1 05) - F(xm,wdy)l/z .
From the above estimate and (30) it follows that

tim_ Tim (€ F(@nT(f )OIl 2 = 1€ F@n.(F - x)@IEl s =0 (31)

m—00 r—00

and it is sufficient to prove the proposition with f replaced by f . This function is continuous and does

not depend on y. Therefore for any € > 0 there exists a vector-valued function g(A) of the form g(\) =
k -
> vi(X — p;), where v; € L and p; € V such that ||f - X — g[lec <& on R.
i=1
Using again Plancherel’s identity and the fact that

| [i7x- g)(A)dv;m] < [17x - 9 avar ()3 < 2=
we obtain
16 P @,y (F- )OI — - F@uL (@)@l 1| <
€ - F@un(F X = )2 < [9mLo(F - X — 9)ll2 < 26|l = 2¢. (32)
Since

k k
I.(9)(y) = / (Z v 0(A pi)> dry,(\) = ZUiUfi (v),

from (25) it follows the limit relation

lim  lim [|€ - F(D,1,(9))(€)]€] 723 =

m—00 r—00

k
Jimtim [ e F@u (0 o] dE = 3 (i (v €)(uy ) = 0. (33)
ij=1

The last equality is a consequence of the inclusion supp u"” C L(p;) = L, which holds by Lemma 4 for
alli=1,...,k (because p; € V'), combined with the relation v; L L. By (32) and (33),

Gm Gm [ | F(@nl(f-x)) (€))7 |€]2de < 4e2,

m—00r—o0 [pn

and it suffices to observe that € > 0 can be arbitrary to complete the proof. 0O
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4. Localization principle and strong pre-compactness of bounded sequences of
measure-valued functions

In this section we need some results concerning pseudo-differential operators (briefly p.d.o.) in L*(R").
Recall that a p.d.o. operator A with symbol a(z, &), x,£ € R™ is defined as follows

F(Au)(€) = /e‘ié‘“:a(x,é“)u(x)dx

In particular, if b(z) € Co(R"™), a(z) € C(S) then the operators B, A with symbols b(z), a(£/]£|) are the
multiplication operators Bu(x) = b(z)u(x), F(Au)(§) = a(&/|¢])F(u)(§). Obviously, these operators are
well-defined and bounded in L?. Moreover, the operator B is bounded in LP, 1 < p < co. We shall use also
the following statement known as the Hérmander-Mikhlin theorem on multipliers ( see [16][Chapter 4] ):

Lemma 6. Let a(z) € C'(S) for some | > n/2. Then the operator A with symbol a(&/|€]) is a bounded
operator A : LP(R™) — LP(R™) for each 1 < p < oc.

We shall use operators represented, up to a compact operator, as finite sums A = > A By, where Ay, By
are operators of the indicated above kind with symbols ay(£/|£]), bk (z) and call them admissible zero-order
p.d.o. with symbols > b(z)ar(£/|€]). As was shown in [18], the commutator [A;, As] = A1 As — A2 Ay of
admissible zero-order p.d.o. is a compact operator on L?. Observe also that relation (9) in the definition
of the Tartar H-measure can be written as follows

(1, pla a(w.8) = lim (PUL QUY)a (34
for each admissible zero-order p.d.o. P,Q with symbols p(x, &), q(z,&). Here (-,-)s is the scalar product

in L2. Indeed, suppose that p(z,&) = Z D ()i (E/1€)), q(x,€) = 121: &y (x) i (E/1€]), where Iy, Is are
€l2
finite sets, @ (), P(x) € Co(£2), @Z)k(ﬁ) z/)l(f) C(S), ke I, € Is. Then

F(PU)(&) = Y F(@RU) ) vr(&/[€]) + F(ELU)(E),

kel

F(QUI)(&) = > F(®UL)(E)wn(&/[€]) + F(EUL)(E),

lels

E1, E5 being compact operators in L?. By compactness of E1, Ey, we see that E1U! — 0, E;UJ — 0 as
r — oo strongly in L?. Therefore, with account of the Plancherel’s identity and (9), we find

lim (PU, QUY)s = lim (F(PU), F(QUY))2 =

Jm o S0 | F@UDEF@UD e/ D aEIENdS =
kely,lels
> W B OB @) = (1, p(a. (. ©)
kel ,lels

and (34) follows. Conversely, relation (9) follows from (34) with p = & (x)¥(&/|€]), ¢ = P2(z).
The following lemma was also proved in [18][Lemma 3.2].

Lemma 7. Let b(z) € C}(R™), a(z) € CYS) with | > (n + 1)n/2, A, B be operators in L*(R"™) with
symbols a(&/[€]), b(z). Then the commutator [A, B] = AB — BA is a bounded operator from L*(R™) into
W3 (R™) and fori=1,...,n 0,,[A, B] = C; + E;, where C; is an operator with symbol

S Z agk azk

while E; is a compact operator in L?(R™).
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da(§)
IE

Yir(2) = ziag, (2), z € S. In particular, d,,[A, B] is an admissible zero-order pseudo-differential operator
in L2
We define also operators (the Riesz potentials) J,, 0 < a < n by the formula

F(Jau) (&) = €]~ Fu(§)-

It is known ( see [16][Chapter 5] ) that the operator J, is a well-defined bounded operator from LP(R™),
p > 1 to the Sobolev space W (R").

We denote by R; = 0,,J1 = J10,, the Riesz transform, j = 1,...,n. This is a zero-order p.d.o. with
symbol i£;/|¢]. It is clear that the Riesz transforms commute with all admissible p.d.o. with symbols
¥(§). Remark also that if ¢(z) = 1(—z) = —(z) then the p.d.o. A with symbols 1(£/|£|) acts in the
space L? of real functions and A is an anti-selfadjoint operator:

Remark that the functions ¢, (§) = & are homogeneous of zero order, i.e. V(&) = Vi (£/]€]) with

/ u - Avdr = — Au-vdx Yu,v e L2
n R’n

Let k(x) € C§°(R™) be an even function with support in the unit ball such that k(z) > 0, [ k(z)dz = 1.
We define mollifiers ky(x) = h="k(z/h), h > 0 and the corresponding averaging operators

u— ul = uxkp(z) = / u(z — y)kp(y)dy.

n

Here u(z) € X where X = L} (R™) or X = LP(R™), 1 < p < co. By the known properties of averaged

functions u”(z) € C*°(R"™) and u" — u as h — 0+ in X. The averaging operator has symbol F(kp)(&) and
therefore commutes with p.d.o. with symbols ¢ (). Besides, since the kernel k(z) is even, this operator
is selfadjoint:

/uhvdx:/ whdr Yu,v € L% (35)

We need in the sequel the following lemma

Lemma 8. Suppose that a(z) € C*(R"), u(x) € L (R"), 1 < p < co. Then (au)" —au — 0 in the

loc
—0+
Sobolev space W;lOC(R"),

The statement of this lemma follows from general result by R.J. DiPerna & P.L. Lions [3][Lemma II.1].

4.1. The first localization principle

We consider the bounded sequence of measure valued functions v¥ € MV({2) and suppose that for
some p > 1 and each a,b € R, a < b the sequence of distributions

div, (A(x)v / g(sa,b(A))de;(A)) is pre-compact in W2, (12). (36)

Here sq(u) = max(a, min(u,b)) is the cut-off function and W, (£2) with s > 0 denotes the locally
convex space of distributions u(z) such that uf(z) belongs to the Sobolev space W * for all f(z) €
C5°(82). The topology in W (£2) is generated by the family of semi-norms u — ||luf ||Wpfs7 flz) €
C§°(92).

We choose the subsequence v = ¥, k = k, weakly convergent to a bounded measure-valued function
v such that the H-measure pP? = pPidz, p,q € D is well defined. Define the measures 7% = 17 — % and
set of full measure {2’ as in the previous section.

The following Theorem shows that supp u2? consists of £ € S such that the function A — A(z)&-Eg(A)
is constant in a vicinity of p.

Theorem 4. Suppose that x € ', po € D and ¢ € L, where L is a linear span of supp ubore. [f
A(x)E - & # 0 then there exists 6 > 0 such that g(A\) = const on the segment A € [po, po + 9].
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Proof. Throughout the proof we use the notation of section 3. Let V' = Vs = [pg,po + 6] N D be an
interval, where § > 0 is chosen in accordance with Lemma 4, L be a linear span of supp u2oP°, p € V. As

follows from (36) and the weak convergence vy — vy,

£1(y) = div, (A<y>v / g(spo,pm)dw;(x)) — 0 W2, (). (37)

As is easy to compute,

9(5po.p(N) = g(po) + (9(p) — 9(£0))0(X — po) — (g(p) — g(A))x(A),

where x(A) = 0(\ — po) — O(X — p) is the indicator function of the interval (po,p]. Therefore, L =
div, (A(y)VQE(y)) where the functions Q2 (y) are as follows:

Qu(y) = / (9(0) — 9(p0))OCA — po)dT () — / (9(p) — g)XN)T(N) =
(9(0) - g(po)) U (y) — / (9(0) — gXNTN)- (33)

For &(y) € C5°(2) we consider the sequence

b= Z a 'aij(y)é(y) r(y) = Z aa, <¢(y)aij(y)ac§);§y)> +

> <Mm g(y)) — B(y)div(A(y) VQE(y)) +

ii=1 y; y;
“(0ai;()PY) ) - 09(y) 0Q(y)
—=——Q%(y) ) + a;;(y)—=—= .
Z_( )+ 3 s G L G

Since the matrix A(y) is symmetric we can transform the last term as follows

> st B 22 5 D (Griypans %) -

et dy; = i
Qf(y)igf_jlfyj(aij<y>a§§f))=div[@£<y)A(> P(y)] ~ QLA V().
Therefore,
L :Z_ s (2 Q) = P)ANAW VL) +
Z_ o (P2 r() ) 4 ANIQL AWITR)] - QIANAWTEG) (30

and, as follows from (37), the sequence L, is pre-compact in I/Vp’2 since the term

2 a% (WQ’)( )> +div[QP(y) Aly) VO(y)] — Q7 (y)div(A(y) V(y))

i,j=1

lays in W, ! for all p > 1 and therefore is pre-compact in Wp*2. Using the Fourier transformation and
then applying the Riesz operator Js, we obtain from (39) that

€172 Y & - FlagQPa)(§) = F(L), Ly = Jo(Ly) — 0 in LP(R™). (40)
ij=1
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Let (&) € C°°(S). By (40), using the boundedness of the sequence UP*®(y) in LI, g1 + p~* = 1 and
boundedness of the p.d.o. A with symbol ¢(£/|£]) ( due to Lemma 6 ), we obtain

§
€]

( he we also use the fact that I,., A(UP°®(y)) € L*(R™), which allows to apply the Plancherel’s identity )
or in view of (38),

r—00

/ 62 e F aszi’@)(f)F(Uf(’@)(f)w(

i,j=1

Jac= [ LATTR, 0

(9(p) — 9(p0)) lim { e 3" €, - Flay U o) (€ F P (i) ae-

2 G
/ €72 6, - Flay,Gre) (© FUF ) )0 (é) d&} —o, (41)
i,j=1

where
G2(y) = / (9(0) — 9N (V).

We set in (41) P(y) = P (x —y) , where the functions &, were defined in section 3 in the proof of
Proposition 3, and pass to the limit as m — co. By Remark 2 (see equality (25)) we obtain

i Jim [ 16 3 6 Fla 00, OF R 2, @) o (&)=

m—00 r—00 |§|

(uh, A(x)€ - E4(6)),

i,j=1

therefore

(9(p) — g(po)) - (™, A(2)€ - §()) =
fim_tin [ el S 66, - Flay Gl ) F U, )@ (f) . (12)

m—o0 r—0o0 |£|

This, by Bunyakovskii inequality and Plancherel’s equality, gives us the estimate

I(g(p)—g(po))w’i“’“ A(z)E - &p(6))] <

lim lim Z aij GEPr |2 - U P ||2 - ||2]] o - (43)

m—o0 r—00

1,7=1

1,7=1

Since g(A) is a non-decreasing function (g(p) — g(A))x(A) < (9(p) — 9(po))x(A) and

IG2W)| < (9(p) — 9(po) / X (7 (N) + 10(V)

and by Lemma 3 we obtain

T T (o (1)GEP 2 < 2(a(p) — 9(r0)) - lag (@) - (wol.po) — wola ). (44)

Further, we have |UP?| < 1, therefore ||UP°®,,|l2 < ||Pm|l2 = 1 and, in view of (43) and (44),
(9(p) = g(po)) [{HEP", A()§ - €4 (€))] < 2n*(g(p) — g(po)) max |as; (x)] - ¥l scw(p), (45)

w(p) = (uo(x,po) — uo(w,p))"/? . 0.

Assume that A(z)€ - & # 0 for some ¢ € L. Then we can choose a function ¢(§) € C*°(S) such that
[{(uoro A(x)E-Ep(€))| > 0 (otherwise, supp p£oP0 lays in the kernel ker A(z) and therefore L C ker A(z) ).
Then, from (45) it follows that for all p € V'

(9(p) — 9(po)) < cw(p)(g(p) — 9(po)), ¢ = const. (46)
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Taking a smaller ¢ if necessary we can assume that cw(p) < 1 for all p € V. Now, in view of (46),
9(p) = g(po) Vp € [po, po + 9] N D. Taking into account that D is dense in R and that g(\) is continuous,
we obtain the required identity g(p) = g(po) Vp € [po, po + d]. The proof is complete. O

Corollary 2. Assume that pg € E and g(p) is not constant in each segment of [po,po + 6], § > 0. Then
A(w) - Egupom = 0.

Proof. Since D is arbitrary dense countable subset of £ we may assume that pg € D. Then, as readily
follows from Theorem 4, A(x)¢ - {uboPe = 0 for a.e. © € {2 and since pPoPo = pPoPody we conclude that

A() - €upom = 0. O

Denote for pg,p € E, p > po

BN = 650 p(N) — 9(00), Qu(y) = / BN ()

( remark that in the notations of Theorem 3 the sequence @, coincides with QP ). Clearly, the sequence
Q- (y) is bounded in L ({2) and converges weakly-* to zero as r — oo. After extraction of a subsequence
( we keep the notation @, for it ) we can assume that the Tartar H-measure i = i% is well-defined for
this scalar sequence, i.e.

(1,1 () T@0()) = lim | F(Qu81) (&) F(Q B () (f) .

r—c0 Jgn iy
for all @4 (x),P2(x) € Co(£2) and (&) € C(S).
Proposition 5. Under condition (36) we have A(x)¢ - & = 0.

Proof. If g(p) = g(po) then @, = 0 and there is nothing to prove. So we assume that g(p) > g(po).
Consider the set B consisting of values v = g(u), u € [po,p] such that g(A) = const in some segment
[u,u + 6], 6 > 0. For v € B the level set g~ *(v) = { u € [po,p] | g(u) = v } has positive Lebesgue
measure: meas g~ (v) > 0. Since Z meas g~ ' (v) < p — po we see that B is at most countable. The set

veEDB
[po,p] \ E is at most countable as well. Therefore the union By = B U g([po,p] \ E) is at most countable

and its complement U = [g(po), g(p)] \ By is dense in [g(po), g(p)]- This allows us to find for every € > 0
points v; € U, ¢ = 1,...,k such that g(pp) = vo < v1 < -+ < v < Vg1 = ¢g(p) and v; —v;—1 < €,
i=1,...,k+ 1. We choose p; € [py,p] such that g(p;) =v;, i =1,...,k and introduce the step function

k
s(A) = >° ¢;0(\ — p;) with ¢; = v; — v;_1. Then, as is easy to see, ||h — s||s < €. From the assumption
=1

v; €U it follows that p; € E and g(\) is not constant in each segment [p;, p; + d], 6 > 0. Let

Qo) = [ sanyn ZczUpl (47)

A be the admissible zero-order p.d.e. with symbols a(z,&) = @(x)A(z)z - 2, z = £/[¢], P(x) € Co(92). Tt
is clear that ||Q, — Qrllco < 2||h — s]|oo < 2¢. Then, by the Bunyakovskii inequality

(AQTvAQ’I”)Q - (AQ’I”,AQT‘)2’ S |(A(QT - QT‘),AQT‘)Q‘ + |(AQT‘7A(QT‘ - Qr))Q‘ S
const - [|(Q, — Q,)P|l2 < Ce, C = const. (48)

In view of representation (47) and relation (34) we find

k
lim (AQ,, AQ,)s = hm Z cicj(AUP, AUP7 ), Z pPiPi a(z, €)?) = 0. (49)

T—00
z ,J=1 ,j=1
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Indeed, p; € F for i = 1,...,k and g(\) is not constant in each segment [p;,p; + ], § > 0. Then by
Corollary 2 (uPiPi, |a(z, &)%) = (uPiPi)|®(x)|?|A(z)E-€]?) = 0for all i = 1,..., k. By Lemma 2 the matrix
(uPiPi |a(z, €)|?) is positive definite and in particular

|<upipj’|a(x’§)|2>‘2 < (uPiPia(z, §)| ) - {uPiPi | |a (x,§)|2> =

which evidently yields (49). From (48), (49) it follows that lim (AQ,, AQ,)s < Ce and since € > 0 is
arbitrary we obtain that lim (AQ,, AQ,)2 = 0. Therefore,

(1™, |2(x)?|A(2)8 - %) = (B™, |a(, €)|*) = lim (AQr, AQy)2 =0
for all ¢(x) € Cy(£2). Taking into account non-negativity of the measure i = i°° > 0, we conclude that
A(2)E - €i=0. D
Corollary 3. For each c(x,£) € C3(£2 x S) the vector (ji,c(x,&)A(z)E) = 0.

Proof. As follows from Proposition 5 and symmetricity of matrix A(zx)
supp i C { (2,8) | A(z)§ =0 }.

Hence, ¢(x,£)A(z)¢ = 0 on supp i and (@i, c(x, &) A(x)) =0. O

Corollary 4. For each j =1,...,n Ay, &n= Z ap())z; Ex&ift = 0.

Proof. Let ¢(x,&) € C}(£2 x S), ¢(z,£) > 0. We introduce the function

F(y) = (B, c(z, ) Az + y)§ - £).

This function is defined in a sufficiently small neighborhood V of zero, F(y) € C'(V). By Proposition 5
F(0) = 0. Since i > 0, c(z, ) A(x + y)& - £ > 0 we see that F(y) > 0. Hence F(y) takes its minimal value
at the point y = 0. Therefore VF'(0) = 0 and we claim that (f, c(z,§) Ay, (7)€ - €) = F,,(0) = 0 for every
j =1,...,n. This relations hold for all ¢(z,&) € C3(§2 x S) ( because this function can be represented as
a difference of two nonnegative function from C§(£2 x S) ) and we conclude that A,,(z)¢- & = 0. The
proof is complete. 0O

4.2. The second localization principle.

Now we assume that a sequence of measure valued functions v*

and for each a,b € R, a < b the sequence of distributions

mw(/ﬂ%%MMM%O%HM@V/A%AMM%QO

(£2) (50)

converges as k — oo weakly to 1/

is pre-compact in W - loc
with some p > 1. We choose the subsequence v = v¥ such that the H-measure y?? = puP4dx, p,q € D is
well defined. Define the measures 77 = v — 12 and set of full measure £2” = 2'N (2, as in section 3. Recall
that (2, consists of common Lebesgue points of the maps  — ¢(z,-) € C(R,R") and = — |¢(z,-)|* €
C(R). We also use notations of Lemma 4. In particular, L(p) denotes a linear span of supp p2P. The main
theorem of this paragraph is the following

Theorem 5. Suppose that x € 2, pg € D and the space L = L(pg) has mazimal dimension. Then there
exists & > 0 such that (z,\) - & = const, g(A\)A(z)§ - & = const on the segment X\ € [po,po + 0] for all
el
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To prove Theorem 5 we need some auxiliary results. Remark firstly that the sequence

divx/go(%sa,b()\))dyf()\) is bounded in W, ! (£2) and therefore it is pre-compact in W, (£2). By

2,loc Jloc
assumption (50) we see that relation (36) holds. This implies that the H-measure p?°?° satisfies the first
localization principle and, in particular, g(A)A(x)¢ - £ = const on some segment A € [pg, po + 9] for all
el

As follows from (50) and the weak convergence v, — v/,
L, = divy(Pr(y) = AW)VQr(y)) — 0in W,3.(2), (51)

where we denote
Pow) = [ o005 M0 =

/ (0(5.0) — 0(.P0))B(A — po)dr (A — / (0(5.0) — oy, )Nyl () =

((y,p) — @y, po))UF (y) — /(@(y,p) =y, A)x(N)dvy (V); (52)
@ (0) = [ 9o =
(9(p) — 9(po))UP () — / (9(0) — gIXNd (V). (53)

xX(A) = 0(A — po) — (A — p), p > po. Clearly, the sequences P,(y), Q,(y) are bounded in L} (£2,R"),
L*°(2) respectively, and converge weakly to zero as r — oco. Consider firstly the case

A) g(A) = g(po) on some interval [pg,po + ], 6 > 0.

In this case the statement of Theorem 5 follows from the following theorem.

Theorem 6. Assume that condition A) is satisfied. Then there exists 6 > 0 such that & - p(z,\) =
£ p(x,po) on [po,po + 0] for all § € L.

Proof. Let V = Vs = [po, po + 0] N D, where § > 0 is chosen from Lemma 4, L = L(py) be a linear span
of supp uPoPo. Taking a smaller § if necessary we can suppose that g(A) = const on [pg, po +0]. Let p € Vj.
Since @, = 0 we derive from (51) that

div,P.(y) — Oin Wp_’lloc(ﬂ)
and if &(y) € C§°(£2) then

divy(P,&(y)) — 0 in W, . (54)

T™—00

Using the Fourier transformation and the Riesz operator J;, we obtain from (54) that
€17 F(P@)(€) = F(In), 1. — 0 in LP(R") (55)

as r — o0. Let (&) € C™(S). By (55), using the boundedness of the sequence UP°®P(y) in L9,
¢ '+ p~' =1 and Lemma 6, we obtain

[ e re oo FTT (g) de = [ 1) AUFB) )y — 0
R -

as r — 0o. Here A is a p.d.o. with symbols 1(£/|¢]). Thus, in view of (52),

tim { [ 16 rop g FORRE () de

[ 1erte o F@mm@ ) dcf = (56)
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where

£(9) = o(4,p) — oy o) and VP(y) = / (0(.7) — oy, XNV (N).

Obviously, (56) holds for all (§) € C(S). We set in (56) P(y) = P (x — y), where the functions &,
were defined in section 3 in the proof of Proposition 3, and pass to the limit as m — oco. Observe that
x € 2" C {2, is a Lebesgue point of ¢(z,p) for every p. By Remark 2 (see equality (25)) we obtain

i i [ (€76 PO 0,) O FOT 8,1 E)0 (£ )ds—

m—00 7—00 |£‘

(p(z,p) — (2, p0)) - (W57, EY(E)),

therefore
(@, p) = @@, po)) - (g™, E9(E)) =
i i [ el PO OFOF R @0 ) de 67)

m—00 r—00 |€|

Let 7, and 7, be the orthogonal projections of R” onto the subspaces L and L respectively; @(z, \) =
m1(p(z, N)), @(z, A) = m2(p(x, ). Recall that L is the smallest subspace containing supp p£°P°. Hence

(p(z,p) — @(@,p0)) - (W57, EP(€)) = (@(x,p) — &(@,po)) - (5P, EY(E))- (58)
Further, VP (y) = m (V" (y)) + ma(VF (y)) and

g
3
S

Il

—

pSy
NS
B
ASY

(Y, ) x(N)d, (A),
ma (V2D = [ (Pl0.0) = 2l ) XN ).
In the notation of Proposition 4,

(VP (y)) = Ir(h - x),

where h(y,\) = @(y,p) — @(y, \) is a Caratheodory vector taking its values in L*. Now, by Proposition 4
we obtain

it [ 67 Fra(V)@n) OF OF 8,000 () de =o. (59)

m—00 r—00 |§|

Let V2(y) = m1(VP(y)). From (57), in view of (58) and (59), we see that
(@(va) - @(xvpo)) ’ <Mgopo’£w(£)> =
it [ 67 P22, OF 0P B0 () de

m—0o0 r—00 |€|

which in turn, by Bunyakovskii inequality and Plancherel’s equality, gives us the estimate

|(§(x,p) = @(a,p0)) - (2P, €D(E)] < T Tim [[VEPa2 - |UFPrall2 - (|9 (60)

m—00 r—00

Next, for M,(y) = /\G[II)IOI?SM] |6(y,p) — @(y, M|

VP ()| < My(y) / X (V7 (A) + 10(N)) =

My, (y) (ur(y, po) — ur(y, p) + 1o (y, po) — vo(y,p))

and by Lemma 3

T T (V702 < 2Mp (@) (u0(@.po) — uo(z, ). (61)
Here we bear in mind that x is a Lebesgue point of the function (M,(y))? ( the latter easily follows from
the fact that = € (2, is a Lebesgue point of the maps y — ¢(y, ), vy — |¢(y, -)|? into the spaces C'(R,R"),
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C(R), respectively ). Further, we have |UP°| < 1, therefore |[UF°®,,||2 < ||®|l2 = 1 and, in view of (59)
and (61),

[(@(x, p) — P(2,p0)) - (5P, E(€))] < 2[4 || 0o My (2)w (p), (62)
w(p) = (uo(x,po) — uo(x,p))*/? pijO

( remind that py € D is a continuity point of the function p — ug(z,p) for z € £’ ). Next, by Lemma 5,
the set of vectors of the form (uPoPo, £ (€)), ¥ (&) € C(S) spans the subspace L = L + iL. Hence we
can choose functions ¢;(§) € C(S), i = 1,...,1 such that the vectors v; = (uoPo £1);(£)) make up an
algebraic basis in L. By (62), for ¥(§) = ¢;(€), i =1,...,1, we obtain

|(&(z,p) = ¢(x,p0)) - vi| < ciw(p)My(x), ¢ = const,
and since v;, i = 1,...,[ is a basis in L, these estimates show that for all p € V'

|p(2,p) = @(,po)| < cw(p)Mp(x) =

cw(p) max |@(z,p) — 4(x,A)|, c¢= const. (63)
AE[po,po+9]

Taking a smaller § if necessary we can assume that 2cw(p) < e < 1 for all p € V. Now, in view of (63),

max |(,5(-’E,p) - @(xa)‘)‘7 (64)

13
~ z, —_ >3 x, é o
|¢(z,p) — &(, po)| 2 Xe[po,po+9]

and since p(z,p) is continuous with respect to p and the set D is dense, the estimate (64) holds for all

p € [po, po + 4]
We claim that now @(z, p) = @(x, po) for p € [po, po + J]. Indeed, assume that for p’ € [po, po + I]

|p(x,p") — ¢(x,po)| = X (2, A) — @(z, po)l-
€[po,po+9]

Then for A € [pg, p'] we have
[p(z,p") — @z, N)] < Sz, A) = @(, po)| +
(2, p") — @z, po)| < 2|@(2,p") — Gz, po)
and

max |@(x,p’) — @z, N)| < 2[p(x,p) — G2, po)l.
AE[po,p']

We now derive from (64) with p = p’ that

\@(I,p/) - @(x7p0)| < €|<,5(1‘,p/) - @(‘rapO)L

and since € < 1, this implies that

|p(x,p") — ¢(x,po)| = o max (2, A) — @(z,po)| = 0.
€[po,po+9]

We conclude that o(z,\) — ¢(x,po) € Lt for all A € [pg, po + 6], i.e. p(z,\) - & = (z,po) - € = const on
the segment A € [pg, po + ¢] for all £ € L. The proof is complete. O

Now we consider the remaining case
B) g()) is not constant on segments [pg, pg + d] or, in other words, g(p) > g(po) Vo > po.

To treat this case we shall mainly follow the ideas of S. Sazhenkov [15].
As was mentioned above, the sequence ¥ satisfies (36). So the first localization principle is satisfied.
By Corollary 2 we find that A(z)¢ - EuPore = 0.



23

Let @1(y),P2(y) € C§°(82), ¥(z) € C>=(S), ¥(z) = ¢¥(—z) = —(z). Let A be the zero-
order p.d.o. with symbol ¥(£/[£]), h > 0. We apply relation (51) to the test function f,;(y) =
D1 (y) (J1A[P2(Q,)"](y)" € C°(£2). As a result, we arrive at the equality

/R P{y) - VO () (1 AR(Q)") " (w)dy +

Qr(y)divA(y)V (01(y) (1 A[2(Q-)" )" () dy = — (s, frn), (65)

Rn

where I, = y(y)L, and vy(y) € C§°(£2) is a function, which equals 1 in a vicinity of supp @;. By our
assumption [, — 0 in W;l(R”). We are going to pass to the limit in (65) firstly as h — 0+ and then as
r — oo. By the properties of the Riesz potential J; and Lemma 6 we see that

B (y) (L A[P2(Qr)"] ()" w21 11 4[22Qr] (y) in Wy, ¢ +p =1

Therefore,
Jm, (r, frn) = (b, @1(y) JLAIP2Qr] (y)); (66)
Jim [ Pu(y) - V(1) (S A[92(Qn)"])" (v)) dy =
—0+ Jrn
A P.(y) -V (21(y) 1 A[22Q,](y)) dy =
/R (Pr(y) - VO1(y)) J1 A[@2Qr] (y)dy + /R P1(y) Prj (y) R A[P2Qr) (y)dy. (67)
Here R;, j =1,...,n are the Riesz operators and P,; are the coordinates of P,. In (67) and everywhere

below we use the conventional rule of summation over repeated indices 1, j, k,! in products. The passage
to the limit in the second integral in (65) is more delicate and given in the following proposition.

Proposition 6. In the limit as h — 0+
. Qr(y)divA(y)V (21(y) (L A[D2(Q,)")"(v)) dy —

[ Qv A T2 (1) 1141220, 105) + a30(0) (@1 (1) Ry A, 0) )y +
% {/ (W)@ (W) (Dji + Eji)laju®1Q:](y)dy — / 1)@ (y)(C + B)[@2Q,](y)dy+

n

n

. Qr(y)(P2)y, (y)RkA[aijHQr](y)der/ RkA[%Qr](y)(ajk(y)¢1(y))ijr(y)dy}7 (68)

where C, D,y are admissible zero-order p.d.o. with symbols c(y,§), d;k(y,§) given by the expressions

c(y, &) = iz (aju(y)P1(y))y, (V(2)(0n — 2zr21) + 21t¢, (2)) 5
djr(y,€) = i2;(P2)y, (v) (V(2)(0r1 — 2x21) + 2620, (2)), 2 =&/I€] € S,

E, Ejj, are compact operators on L?, and y(y) € C§°(£2) is an arbitrary function, which equals 1 in a
vicinity of supp @1 U supp Ps.

Proof. We have, with account of Lemma 8 and relation (35),

I(h) = - Qr(y)divA(y)V (D1(y) (L1 AlD2(Qr)"])" () dy =

h

. Qr () {divA(y)Vo1(y) (J1A[P2(Qr)"])" (y) +

divA(y) 1 (y) (V1 ARA(Q)")" (4)}y =
| @) )i AT ()1 422(@0)" ) +
v A ()1 () V.1 ALB3(@:) )y + <.
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where €, — 0 as h — 0+. Hence, up to a term vanishing as h — 0+,

10) = [ (@) {(AvAG) V1 (1)1 A82(Q0)(0) +
() (21 0)) s Ry ALBA(Q) ) ) by +
[ (@010, (w510 ()R AL2(@) ] 0) s

(69)

The passage to the limit as A — 0+ in the first integral on the right-hand side of (69) is plain since

Q)" — Q, in leoc. The corresponding limit expression has the form

=/ Qr({(divA(y)VP1(y)) 1 A[P2Q] (y) +

a;j (Y)(P1(y))y, 15 A[P2Qr ) (y) }y.
Concerning the second integral in (69), we transform it with the help of Lemma 7
Ii(h) = /Rn (@Qr)" (1)9y; {ajn(y)P1 () RuA[P2(Qr) "] (y) dy =
[ 0@ )0, 1R A20521(Q) )y — (),

where v(y) € C§°(£2) equals 1 in a vicinity of supp @1 U supp P,

B) = [ 20)(@) 0)(C + B)2x(@) " 0)dy.

C'is a zero order p.d.o. with symbol ¢(y, §),

da; Ozp(z
oy, €) = iz; jk(ayy)l@l(y) lggl( ) _

i2j(ajk(Y)P1(Y)y (V(2) 0k — 2621) + 21906, (2)), 2 =E/[¢]

and E is a compact operator in L?. By Lemma 7 again
[ 0@ )0y, {RiAlB20,121(@)")(0) o =
| (@0 010, 102(0) B Al (@)Y + (1),

where

Is(h) = /n YW)(Qr)" (W) (D + Ejpo) a1 (Qr)")(y)dy,
and Dy, is a zero order p.d.o. with symbol d;x(y, &),

djk(y,€) = i2;(P2)y, (v) (V(2)(0r1 — zx21) + 2620¢,(2)), 2 =E/IE],

Ej is a compact operator in L?. Now, we continue our transforms.

| (@0 010, 182(0) B Alagu1 (@)Yl =

B0+ [ 82(0)(Q0) (510, (R A1 (@)1,

1) = [ (@) (0)(@)y, (1) R Alasn (@) (),

(71)

(72)

(75)
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Taking into account that 9, R A = Ry Ad,, and the operators Rx A are self-adjoint, we obtain that
[ #20)(Q)" )04, (R Al (Qn) ) =
[ RLA2(Q,)10)0,, a1 (5)(@)" ()} =
[ ReA®:(Q0) 0 @)1 (), (@) ) +
[ )81 ) RA(Q) W)@, ()i =
[ RA2(Qu) 1w a5t ()1 (), (@) ()

/R 0y, ()21 (y) R AP (Qn) ")) Q)" (y)dy = I5(h) — L(R), (76)

where

I(h) = | RiA[®2(Qr)"] () (ajt (1) P1(y))y, (Qr)" (y)dy.
Hence, from (71), (73), (75), (76) it follows that
Li(h) = (I3(h) = Ix(h) + Ls(R) + L5 (h)) /2.

Since expressions in the integrals Iy (h), k = 2,...,5 contain only bounded operators and (Q,.)" — @, in
leoc as h — 0 then in the limit as h — 04 these integrals converges respectively to

I = /n 1Y)Qr(y)(C + E)[@2Q:](y) }dy,
I = /R V(W) Qr (W) (Dji + Eji)ajnd:Q,)(y)dy,
I = / Qr(y)(@2)y, (4) R Al ®1Qr)(y)dy,

I = /  ReA[2Q:] (1) (@i (1) P1(4))y, Qs (4)dy.

Taking into account also (69), (70), we conclude that

i I =] I3 — 1 I I
R (h) + Iz —L+Is+1I5)/2,

as was to be proved. O
Now we are ready to prove Theorem 5 in the case B).

Theorem 7. Assume that condition B) is satisfied. Then there exists § > 0 such that £ - p(x,\) =
£ (x,po) on [po,po + 6] for all{ € L.

Proof. In view of (66), (67), (68), from (65) it follows that
—(lr, P1(y) J1 A[P2Q, ] (y)) =
/ (Pr(y) - VO1(y)) 11 AlL2Q0 ) (y)dy + / P1(y) Prj (y) R A[@2Qr ) (y)dy +

n

- Qr(W{(divA(y)VP1(y)) J1 A[P2Qr](y) + ajk(y)(D1(y))y, B A[P2Q: (v) Yy +

31 [ Q0D+ Bl @10~ [ 20)Q0)(C + BNeQ]way+
n ]Rn

/]R Qv ()(P2)y, (y) R Alajr®1 Q] (y)dy + /R i RkA[%QT](y)(ajk(y)dﬁl(y))yjQr(y)dy} - (1)
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Now we pass to the limit in (77) as » — oo. Firstly, observe that i 1n view of Lemma 6 the sequence
®1(y)J1 A[P2Q](y) is bounded in W} while I, — 0 as r — oo in W', which is the dual space to W, .
Therefore,

Jim {,, @1(y) 1 A[P2Qr](y)) = 0. (78)

Since Q — J1 A[P2Q)] is a compact operator, the sequence J; A[@2Q,] — 0 as r — oo strongly in L2.
Therefore,

lim (Pr(y) - V&1 (y)) JLA[DP2Q. ] (y)dy =

r—oo [pn

lim Qr( )(divA(y) Vo1 (y)) 1 A[P2Q:](y)dy = 0. (79)

r—00

By compactness of operators F, F;, we have also

tim [ 0@ ) Eilapdr @0y = i [ A0)Qu()E2:Q.)(5)dy = 0. (50)

T—00 Rn

Extracting a subsequence if necessary we can suppose that the Tartar H-measure i = {ﬂij}zjzo cor-
responding to the sequence (Q,, P,) € R"*! is well-defined ( here the zero index correspond to the
component ), ). By relation (9) we find

lim { / P1(y) Prj(y) Ry A[P2Qr ] (y)dy + / Qr(y)a;k(y)(@1(y))y, B A[P2Q: ) (y)dy+
n R™

T—00

5 [ 10 wDlentiQ)0)dy - 5 [ Q2. W)y +

R

s . Qr (y) (¢2)yj (Q)RkA[ajkélQr] (y)dy +

5| M[mmw(ajk(y>¢1<y>>yjc2r<y>dy} _
(3°(y,€), i1 (1) D2 (900 (€)) + (B (v,€), H(y. ), (81)

where
H(y, &) = P2(y)a;r(y)(P1)y, (y)ig;(§) + %qjl(y)ajk(y)djk(yvg) -
SPa0)e(y, )+ 31 (0)ase(u)(Pa)y, WEVE) + 5P2(y) s (1)1 (1)), iEe(E). (52)
In view of (78)-(81) we derive from (77) that

<ﬁj0 (ya 5)7 191 (y)¢2 (y)gj¢(§)> + <ﬁ00 (ya 5)7 H(ya §)> =0 (83)

for all real @1 (y), P2(y) € C(£2), and all odd (&) = ¥ (2) € C(5), z = £/|¢] such that i1)(z) € R. Here
H(y, &) depends on these test functions. Putting in (82) expressions for the symbols ¢(y, £), d;x(y, &), we
find after simple transforms that

H(y, &) = Po(y)aje(y)(P1)y, (v)ig; ¥ (§) +

%¢1(y)ajk(y)ifj (P2)y, (y) (V) (Ort — Err) + Extle, (§)) —
%452(:1/)2'&(@%(?1)@1 W)y (V(E)(Or1 — k&) + Exhe, (§)) +

S 001 () B2, )G (E) + 32 (0) (0525 P2 (1) 6.
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To simplify the expression we set $ = & € C}(§2) and suppose that $; = 1 in a neighborhood of supp @.
Then @, disappears in the above expression and we obtain that

H(y, &) = *ayk( i€ Py, (y) (V(E) (Ort — Ex&t) + Extle, (§)) —

%qs(y)i&j(ajk(y))yl (0(€) (B — 8 + &t (€)) +

()P, (D)) + 39(0) (a0 (0),, 1661(E) =

2
3 (@GP 0) 3102, 016) 1O + 5 (@10)ss @30 ) POIHE +
2 )& () — () Py, () — (e 0))u 16 (e, (€) — G (€)(y) =
i (0P, (D)E(E) + 2 (0)E56k (e, (€) — Eb () Py, () —
()& (€) — EV(@O)P).  (84)
Let us demonstrate that (2% (y, €), H(y,€)) = 0. Indeed, in view of (84), H(y, ) is a sum of functions of the

kinds b;(y, &)ajr(y)éx and ¢ (y, §) (@ (y))y. &6k with b;(y, &), iy, &) € Co(§2 % S), and by Corollaries 3, 4
we have (ji%(y, &), H(y,£)) = 0 as required. In view of (83) we obtain that

n

ST (. €), DY) (€) = 0.

j=1

It is clear that this equality is satisfied for each @(y) € Co(£2) and odd (&) € C(S). Replacing &(y) by
|®(y)|? and using the definition of H-measure, we derive that

—1 - g
/R €7 F(P2) () F(Qr2)(€)¢ (Ifl) dE — 0

as r — o0. In view of (52), (53) we can rewrite this relation as follows

: - - e e (L) de—
tin {(ato) ~ aton)) [ 1676 PP g O FOTD© (7 ) de

[l PO o) FGIR G

(o)~ ato) [ 1676 FV)OFTOF @I E0

€7 F(VPa) ) F(GIB) @) (5 ds} _o, (85)
RTL
where
£(9) = o(,p) — oy, po), VP (y) = / (0(1.0) — 9. \)X (VT () and
GP(y) = /(g(p) = g(A)x(N)dv, (N).

We set in (85) P(y) = @ (x —y) , where the functions &, were defined in section 3 in the proof of
Proposition 3, and pass to the limit as m — co. By Remark 2 (see equality (25)) we obtain

lim_tim [ (€71 PO 1,06 FOPS, ) (£>ds—

m—0o0 r—00 |£‘

(p(,p) = (x,po)) - (P2, €(8)),



28

therefore

(9(p) — 9(po))(e(x,p) — @(z,po)) - (5", E(8)) =
lim lim {/R €| 7te - F(UP f8,,)(€)F(GED,,)(€) ( ) dé+

d¢
[l e, O G © (

‘ N

™

|~

(9(0) = alo0) [ 1€17'¢ - P22 FOF8,)©00

o,

‘ "~

()%
)

Let ; and 75 be the orthogonal projections of R™ onto the subspaces L and L= respectively; let $(y, \) =

m(p(y, M), ¢y, A) = m2(p(y, A), Fly) = @(y,p) = B(y:p0), f(y) = ¢(y,p) — Gy, po)- Recall that L is
the smallest subspace containing supp p£oP°. Hence (@(z,p) — @(x,po)) - € = 0 on supp pLoP° and

(p(2,p) = (@, p0)) - (1", E4(€)) = (P2, p) — P2, po)) - (Wi, €Y (€)); (87)
lim  lim ||£| & F(UP fOn)(€)17dE = (uhe™, (¢(,p) — @(x,p0)) - €)%) = 0. (88)

From (88) it follows that

lim lim [||¢]71 - F(UP f@,,) — €] 7€ - F(UP f @) ]2 = 0
m—0o0 r—0o0
and therefore

it { [ -t PO o) TR ©0 () de

m-—0o0 1r—00 |£‘

[ et rop o) F TR (5 ) e =o. (59)

Further, V?(y) = m1 (VP (y)) + m2(VP(y)) and
T (VP(y) = / ((5.0) — B, 1) XN (),
2 (VP (y) = / (@ p) — 2y, A)) XV ().

In the notation of Proposition 4,
772(Vrp(y)) = Ir(h : X)a

where h(y,\) = @(y,p) — @(y, \) is a Caratheodory vector taking its values in L*. Now, by Proposition 4
we obtain

lm lim [ €] Fra(VE)B,) (&) O B @0 (f)ds—
Rn

m—o0 r—0o0 |§‘

ti_ i [ 676 Fna(V2)0) O FCIE 10 ( ¢ ) dé = 0. (90)

=00 F—r00 €]
Let V2(y) = m1(V(y)). From (86), in view of (87), (89) and (90), we see that
(9(p) — 9(po))(@(x,p) — H(x,po)) - (5, &b
im lim —le. Po £, P,
i i { [l FOp o) @ FGER 0

—~

§) =

dé+

|~

m—0o0 r—00

Axs

|
=

)

(o)~ at) [ 1617 P70, ) FOE @0

|

75
—— ——
IS

[ et roe @ FCER @

q
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which in turn, by Bunyakovskii inequality and Plancherel’s equality, gives us the estimate

(9(p) = 9(po)) [(P(x,p) = @@, po)) - (g, EP())] <
lim  Tim [[|[UZ° f@pn 2 - [|GEP |2 + [ VE P |2 X

m—00 r—00

((9(p) = 9P UZ Prml2 + [[G7Prm|2)] - |4l oo (91)

NeXt? for Mp(y) = Ag[l;z;axp] |95(y7p) - @(y7 >‘)|

VP ()] < My(y) / XN (V7 (A) + 10(N)) =
M, (y)(ur(y, po) — ur(y,p) + wo(y, po) — wo(y,p))

so that, in view of Lemma 3 )
Hm T VPl < 20, (2)w(p), (92)

m—0o00 r—00

where w(p) = (ug(z,po) — uo(x, p))*/2. Here we bear in mind that x is a Lebesgue point of the function
(M, (y))? ( the latter easily follows from the fact that x € (2, is a Lebesgue point of the maps y — ¢(y, ),
y — |p(y,-)|? into the spaces C(R,R™), C(R), respectively ).
Similarly, using the inequality |g(p) — g(N\)| < g(p) — g(po) for A € [po, p], we derive the estimate
lim T [|G2®, 12 < 2(g(p) — g(po))w(p). (93)

m—00 r—00

Further, we have |UP°| < 1 and therefore

. . . 1/2 .
[UF fPumll2 < ([ fPrmll2 = (/(f(y))QKm(ﬂc - y)dy) — |f(@)] =&z, p) — ¢(x; po)l,

m—00

so that - )
T T (U2 f e < (5. p) — @ p0)] < My(e). (91)
Taking into account (92), (93), (94) and the obvious estimate |UP°®,,||2 < 1, we derive from (91) that

for some constant C

(9(p) = 9(Po))|(2(2,p) = @(x, po)) - (", E(E))] < Cg(p) — 9(Po)) My ()w (P)[[¥ |0

By the condition B) g(p) — g(po) > 0 and the above estimate implies that

[(@(z,p) — &z, po)) - (5, (&) < CMp(x)w(p)|| | oo- (95)

Now observe that the measure p2oP0 is even, i.e. it is invariant under the map £ — —¢, see Remark 2.
Therefore, (PP a(£)) = 0 for odd functions a(£). Any continuous function ¥ (§) = ¥e(§) + ¥,(&), where

Ye(€) = (V(€) +(=€))/2, ¥o(€) = (P(€) — (—E€))/2 are even and odd functions, respectively. By (95)
we obtain that for each ¢(§) € C(S)

[(@(2, p) — (@, p0)) - (W57, EP(E))] = [(P(w,p) — @(x, o)) - (P, €0 (€))] <
CMp(@)w(p)ltholloc = CMp(2)w(P)||¢]loo-

This relation coincides with (62), and it remains only to repeat the corresponding part in the proof of
Theorem 6 to conclude that ¢(z, A) - & = p(x,po) - € = const on the segment A € [pg, pg + d] for all £ € L.
The proof is complete. O

From statements of Theorem 3, 5, 6 it readily follows the assertion of Theorem 4. Under the non-
degeneracy condition indicated in Definition 2 Theorem 4 yields the following result.

Theorem 8. Suppose that the non-degeneracy condition is satisfied. Then any sequence v*

~ weakly con-
verging as k — oo to V) and satisfying (50) converges to v strongly.
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Proof. Let v = v* k = k,, be a subsequence such that the H-measure {uP1}, jep is well defined. As
directly follows from the assertion of Theorem 4 and non-degeneracy condition in Definition 2, 2P = 0
for a.e. x € 2 and p € D. Indeed, in the notations of this Theorem L = L(py) = {0} and since dimension
of L is maximal we find that L(p) = {0} for all p € D. This means that u2? =0 for all x € 2", p € D.
Therefore, uP? = pPPdx = 0 for p € D. By Lemma 2,3) we see that y?? = 0 for p,q € D and since D
is dense and pP? is continuous in p,q (see Proposition 2) it follows that pP? = 0 for all p,q € E. This
implies that
ur(x,p) — uo(w,p) in L. (£2)

loc

as r — oo. Indeed, it follows from the definition of an H-measure and Plancherel’s equality that
lim |[UF®|[3 = (4, |d(z)[*) = 0

for all ¢(z) € Cy(£2) and p € E. Thus, for p € E we have

[o0 =iz~ [o0-pat) i 12,2, (96)

Any continuous function can be uniformly approximated on any compact subset by finite linear com-
binations of functions A\ — 6(A — p), p € E. Hence, it follows from (96) that for all f(\) € C(R) we
have

[rovarz — [ rate) i 22,2,
and therefore also in L!

1e(£2), that is, the subsequence v} converges to VY strongly. Finally, for each
admissible choice of the subsequence v/, the limit measure-valued function is uniquely defined, therefore
the original sequence v* is also strongly convergent to v/0. The proof is now complete. O

Taking account of Theorem 3 one can also give another formulation of Theorem 5: each bounded
sequence of measure-valued functions satisfying (50) is pre-compact in the sense of strong convergence.
Observe that in the regular case v*()\) = §(\ — ux(x)) condition (50) has the form: Va,b € R, a < b

dive {@(z, sa.b(ur(2))) — A(x)Vg(sap(u(z)))}

is pre-compact in W~ L(92). (97)

In this case Theorem 8 yields the following

Corollary 5. Under the non-degeneracy condition, each bounded sequence uy(x) € L™ (£2) satisfying (97)
contains a subsequence convergent in L}, .(12).

Proof. It only need to note that if the sequence uy (x) converges to a measure-valued function 0 strongly
in MV (£2), then by the definition of strong convergence

unlz) = _uo(0) = [ M) i L (@)

k—o0
( which also shows that v2(\) = §(\ — ug(z)) is regular in 2 ). O

The statements of Theorems 4 and 8 remains true also for sequences of unbounded measure-valued
(or usual) functions. For the proof we should apply cut-off functions s, ;(u) = max(a, min(u, b)), a,b € R
and derive that bounded sequences of measure-valued functions szybug ( this is the image of ¥ under
the map s, ) satisfy (50). Then, under the non-degeneracy condition, we obtain strong pre-compactness
property for these sequences.

For instance, consider the sequence uy(z), k € N of measurable functions on (2. Suppose that condition
(97) and the non-degeneracy condition hold. Let o, 8 € R, o < 8, v, = So,8(ur) = max(a, min(ug, 3)).
Then v = vi(z) is a bounded sequence in L*°(£2) and for each a,b € R, a < b

dive { (@, $a,0(vr(2))) = A(2)Vg(sap(vi(r)))} =
divy { (2, sar b (ur(2))) — A(2)Vg(sarp (ur(2)))}
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where a’ = sgp(a), b = s,4(8). From this identity and (97) it follows that the sequence
div, { (2, sa,(vi(2))) — A(2)Vg(sap(vk(x)))} is pre-compact in Wpflloc(ﬂ). By Corollary 5 the sequences
v () = Sa,8(uk) are pre-compact in L}, (£2) for every a, 3 € R, a < (. Using the standard diagonal
extraction we can choose a subsequence u,(x) = uy,.(x) such that for each m € N the sequence s_p, m (ur)

converges as r — 00 to some function wy, (z) in L}, .(£2). Obviously, a.e. in 2
| (z)] <m, and wy,(z) = s_p m(wi(z)) VI > m.

This allows to define a unique (up to equality a.e.) measurable function u(z) € R U {£oo} such that
W () = S_m,m(u(x)) a.e. on 2. If a,b € R, a < b then for m > max(|al, |b|)

Sa’b(ur) = Sa,b(sfm,m(ur)) Tjoo sa’b(wm) =
Sa,b(s—m,m(u)) = Sa,b(u) in Llloc(‘Q)'
In fact, we proved the following general statement.

Theorem 9. Suppose that the sequence of measurable functions ug(x) satisfies (97) and the nondegener-
acy condition holds. Then

a) there exists a measurable function u(x) € RU {£oo} such that, after extraction of a subsequence
Up, 7 €N, Sqp(ur) — Sap(u) as T — o0 in L}, (2) Va,b € R, a < b.

b) If in addition the following estimates are satisfied

/ pluk(z))dz < Cr, (98)
K

for each compact set K C {2, where p(u) is a positive Borel function, such that p(u)/u — oo, then
U—00

u(z) € L}, (2) and u, — w in L}, (2) as r — oo.

loc

Proof. We only need to prove b). Observe that, extracting a subsequence, if necessary, we can assume
that s_pm(tr) = S_mm(u) as m — oo a.e. in {2 for every m € N. This implies that v, — u a.e. in {2
and by Fatou lemma from (98) it follows that

/ p(u(x))dx < Ck.
K

1
loc

In particular, u(z) € L}, .(2). Now, fix a compact K C {2 and £ > 0. By the assumption p(u)/u — o0

uUu—00

we can choose m € N such that |u|/p(u) < e/(2Ck) for |u| > m. Then
[ @) = wtalide < [ s (an(2)) = - () ds +
K K
[t @t @) - mydo + [ fut)lp(ute)] - myds
K K
< [ 15 () = 5 )+
g

s ([ pluntonde+ [ platepar) <
/K IS m,m (Ur (2)) = Sy m(u(x))|dz + €.

This implies that lim lur(z) — u(z)|dr < e and since € > 0 is arbitrary we conclude that
K

T—00

(£2). The proof is complete. O

lim |uy(z) — u(x)|dz = 0 for any compact K C 2, i.e. u, — uin L},
K



32

5. Proofs of Theorems 1,2

We need the following simple
Lemma 9. Suppose u = u(x) is an entropy solution of (1). Then for all a,b € R, a < b

dive { (2, s0,5(w)) — A(2)Vg(sa,p(w)} = Cap in D'(£2), (99)
where (qp € Mioe(£2). Moreover, for each compact set K C §2 we have Var (,,(K) < C(K,a,b,I), where

1= 1(2) = (@, u(@))] + (e, u(@)| + |g(u(@))| € LL,(2) and the map I — C(K, a,b,1) is bounded on
bounded sets in L}, .(£2).

Proof. By known representation property for non-negative distributions we derive from (5) that
div, [sign(u(z) — p)((z, u(z)) — ¢(z,p)) — A(2)Vig(u(z)) — g(p)I] +
sign(u(z) — p)[wp(@) + 9 (z, u(@))] — |yl = —kp in D'(£2),

where rk, € M;oe(£2), K, > 0. Further, for a compact set K C {2 we choose a non-negative function
fr(x) € C§°(£2), which equals 1 on K. Then we have the estimate
K) < [ el (o) =

/Q [sign(u(z) — p)(p(z,u()) — ¢(x,p)) - VK (2) + [9(u(z)) — g(p)|div(A(x)V fx (z))—
sign(u(z) — p)(wp(2) + ¢ (2, uw(@))) fre ()] dz + /Q fr(x)dy|(z) <
A(K,p,I) = / [1(z) max(| fx ()], |V fxe ()|, [divA(@) V fx (@)]) + (2, p)] - [V fre (2)] +

9]

lg(p)| - IdivA(l’)VfK(x)\+pr(I)IfK(fE)}d:c+/QfK(fv)dWS\(z)-

Hence,
div, [sign(u(z) — p)(¢(z,u(z)) — ¢(z,p)) — A(z)Vig(u(z)) — 9(p)] = ¢, (100)
where
= |ypl — kp — sign(u(z) — p)[wp(x) + Y (z, u(®))] € Mioc(II).

In particular, taking into account the equality |7, |+[w,(2)|dz = |y,| we obtain the estimates for measures
Cpi [Spl < Fip + | + |9 (2, ul(@)) | d.
Further, notice that

p(; 5a,(u) = (p(z,a) + ¢(z,0))/2 +
(sign(u — a)(¢(@,u) — ¢(z,a)) — sign(u — b)(p(z,u) — ¢(x,b))) /2;
9(sap(w)) = (9(a) + 9(b))/2 + (lg(u) — g(a)| — |g(u) - g(b)]) /2,

and it follows from (100) that relation (99) holds with (45 = ({o — (b + Vo + 1) /2. Moreover, we have
Var Cap(K) < C(K,a,b,1) = (A(K,a,I) + A(K,b, 1)) /2 +
[l () + 1l () + [ o)

To complete the proof, it remains to note that for fixed K, a,b the constant C'(K,a,b,I) is bounded on
bounded sets of I(z) € L}, .(£2). O
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5.1. Proof of Theorem 1

Taking into account that the sequence Iy (x) = |p(z, ug(2))| + | (z, ug(z))| + |g(uk(z))| is bounded in
(£2), we derive from Lemma 9 that for all a,b € R

div{e(z, sap(ur)) — A(@)Vg(sap(u))} = (&, in D'(2),

where (¥, is a bounded sequence in My,e(2). Since Myoe(£2) is compactly embedded in Wp_’lloc(Q) for
each p € [1,n/(n — 1)) we see that condition (97) is satisfied. By our assumption condition (98) is also
satisfied. By Theorem 9 we conclude that some subsequence u, converges as r — oo to a limit function

u in L}OC(Q). Extracting a subsequence if necessary we can assume that u, — wu a.e. in 2. Passing to

T—00

the limit as r — oo in relation (5) with v = u, we claim that the limit function u = u(x) satisfies this
relation for all p such that the level set u~1(p) has zero measure ( then sign(u, — p) — sign(u — p) as
r — oo a.e. in {2 ). Since the set P of such p has full measure and, therefore, is dense, for an arbitrary
p € R we can choose sequences p. < p < p;, pt € P, r € N convergent to p. Taking a sum of relations
(5) with p = p;- and p = p; and passing to the limit as r — oo, with account of the point-wise relation
sign(u —p,. ) +sign(u—p;") il 2sign(u—p), we obtain that (5) holds for all p € R, i.e. u(x) is an entropy

solution of (1). O

Ll

loc

Remark 3. Based on relation (99), we can introduce the class of quasi-solutions, including, by Lemma 9,
entropy solutions of (1) ( as well as entropy sub- and super-solutions of this equation ). As is seen from
the proof of Theorem 1, the statement of this Theorem remains true for more general case when uy(x)
are quasi-solutions of equation (1).

5.2. Proof of Theorem 2.

To simplify the notations, we temporarily drop the index m in equation (7), and underline that the
flux ¢(x,u) in this equation is smooth.

First we show that a weak solution u = u(z) of equation (7) is an entropy solution in the sense of
Definition 1. For this observe that in relation (8) we can choose test functions f(x) € W3 (£2), which have
compact support in §2. In particular, for n(u) € C?(R), f = f(z) € C$°(£2) the function 1’ (u) f, u = u(x)
is an admissible test function, and we derive from (8) that

0= / (e, u) Vi (u)f — A()Vg(u) - Vo (u) ] der =
N

[ [@ivete.a )f + " @FA@Tu Va
A(z)n' (u)g' (u)Vu - V fldz. (101)

Introduce the function ¢(u) defined, up to an additive constant, by the identity ¢'(u) = n'(u)g’'(u). We
also define the vector 1 (x,u) such that ¥, (z,u) = n'(u)¢),(x,u). This vector is determine by the above
equality up to an additive constant ¢ = ¢(x). Now we transform the terms dive(x, u)n'(u) f, 7' (u)g' (u)Vu
as follows

divep(z, u)n' (u) f = (divep(z, u) + ¢, (z,u) - Vu)y'(u) f =
(' (w)divep(z, u) f + (Py, (z,u) - Vu) f

fdivep(z,u) + (1 (u)divep(z, u) — dive (2, u)) f;

7' (u)g' (w)Vu = Vq(u).

Putting these equalities into (101) and integrating by parts, we obtain that

[ ) 9 + vt = (u)div. )+
q(u)div(A(x)V f) — ¢’ (u)n" (u) fA(z)Vu - Vu] dz = 0. (102)
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We shall assume that 1" (u) > 0 and has compact support in R. Let R > 0 be such that suppn”(u) C
(—=R,R) and L = (0'(—R)+1n'(R))/2 ( evidently, L does not depend on R ). Then we can choose 9 (z,u)
in the following way

Y(x,u) = % /Sign(u — p)(e(z,u) — p(z,p))dn (p) + Lo(z,u). (103)

Indeed, taking R > |u| and integrating by parts, we obtain the equality
[ sientu = pota,n) = ol p)in () =

R
/_R sign(u — p)(¢(x,u) — p(x,p))dn (p) =
R

/ " (laru) — ole,p))dn'(p) [ (et — ol () =

—R . u n
/ o, (2, )7 (p)dp — / ol (2, )7 (p)dp —
—R u
2Lp(x,u) + ¢(z, —R)n'(—R) + ¢(x, R)n' (R)

We see that, up to a function which does not depend on u,

3 [ sntu = )l u) = ol p)dn () + Lo ) =

u R
;(/R%(x,p)n’(p)dp/u soit(x,p)n’(p)dp>

and therefore

50 (5 [ sent =)ol 0) = ol )i ) + Lot ) = () o0,

as required. In the similar way we find that, up to an additive constant,

atw) = 5 [ la(w) ~ gwlan' () + Lo(w) (104)

Concerning the function n’(u)divyp(x,u) — divyy(x, u), it admits the representation

7' (u)divye(z, u) — divey(z,u) = %/sign(u — p)div,e(z, p)dn' (p). (105)

Indeed, in view of (103), we see that for sufficiently large R

R

2 (z, u) = / ;(90(56,10 — ol p))dn (p) — / (o) — ol p))dnf (p) + 2Lep(, u) =

(@, u)(n'(u) —n'(=R)) — / (z, p)dn'(p) — oz, u)(n'(R) —n'(u)) +

R
[ el () + 2260w, 0) = 20/ (o)~ [ signtu — p)ple. ) (),
where we use the equality 2L = n/(R) + n'(—R). Applying the operator div, to the above equality, we

arrive at (105).
Now, we transform (102), using equalities (103), (104), (105) and the identity

L/ {o(x,u) - Vf+ qlu)div(A(z)V f)}dx = 0.
2
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We find that for each f = f(x) € C3°(£2), f >0
//Q{sign(u —pl(e(z,u) —o(z,p)) - Vf = fdivae(z,p)] +
l9(u) — g(p)|div(A(z)V f)}n" (p)dadp = /Q g'(wn" (u) fA(x)Vu - Vu > 0

and since n”(p) is arbitrary finite continuous function on R we arrive at

I(p) = /Q {sign(u — p)[(p(z,u) — @(x,p)) - Vf — fdivap(z,p)] +
l9(u) — g(p)|div(A(z)V f)}dz > 0 (106)

for all p € P, where the set P consists of points p such that the level set u~!(p) has null Lebesgue
measure. We use that the function I(p) is continuous at any point of P. In view of (106) for all p € P

div[sign(u — p)(¢(x,u) — @(z,p))] + sign(u — p)divee(z, p) — divA(z)V]g(u) — g(p)| <0 (107)

in D'(£2). Since the set P has full measure and, therefore, is dense, for an arbitrary p € R we can
choose sequences p, < p < pf, pf € P, r € N convergent to p. Taking a sum of relations (107)
with p = p, and p = p; and passing to the limit as r — oo, with account of the point-wise relation
sign(u — p;7) + sign(u — p;}) Tjoo2sign(u — p), we obtain that (107) holds for all p € R, i.e. u(x) is an
entropy solution of (7).

We need also a-priori estimate of Vu. Choose M > |lulls and a function n(u) € CZ(R) such that
n(u) = u?/2 on the segment [—M, M] and suppn(u) € [-M — 1, M + 1]. Then for u = u(z) 1" (u) =1
a.e. in {2 and we derive from (102) that for each f = f(z) € C§°(£2), f >0

/ f9' (w)A(x)Vu - Vudr <
2

/Q W) - V1 + (divats(e, u) — o (wdivap(e, u) f + g(u)div(A@@)Vf)] de|. (108)

From (103), (104), (105) it follows that

< <
Y] <C max fo(@w)l. lg@w] <O max [o(w).

M+1
(divat(z, u) — 7 (w)diva(z, u)] < C / (divao(z, p)ldp,
—M-1

where C' is the constant depending only on the fixed function 7. Putting these estimates into (108), we
get

/ f9' (W) A(x)Vu - Vudr < C [ { max |p(x,u)||Vf|+
17}

0 |ul<M+1

M+1
max |g(u)||diVA(a:)Vf\}dx+C// |div,p(z, p)| f(z)dpd. (109)
[u|<M+1 2J-M-1

By our assumptions the sequences @, (x,u), gm(u) converge as m — oo in L? (£2,C(R)) and in C*(R),
respectively while A,,(z) — A(x) in C*. Therefore, the sequence

m (T, u)||V f| + 'm divA,, (x)V f|}d
[ onG VA + | mx lon(@)divA, )9 fl}do

is bounded by a constant depending only on f. Here we take M > sup,,, ||tml/co. From estimate (109) it
follows that

/ i () A () Vi, - Vugdz < Celn (K, M +1),
(9]
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with K = supp f, where the sequence

M
I, (K,M)=1 —|—/ / |div,om (2, p)|dpde
KJ-M
was indicated in Introduction. The obtained estimate can be written as follows
/ IV G () (A (2)) Y2Vt |2 f () da < O L (K, M +1). (110)

Now we take a,b € R, a < b. Let us demonstrate that the sequence
L = div (@(2, sa,p(um)) — A(2)Vg(sap(tm)))
with some p > 1. For that, recall that w,,(z) is an e.s. of (7) and by Lemma 9
div (o (2, 50.6(um)) = Am (2)Vgm (5a.6(um))) = Em

where &, is a bounded sequence in the space M;,.(£2), which is compactly embedded in Wy lOC(Q) for
each p € [1,n/(n — 1)). Further, we have L,, = L1, + Lo, + &, where

is pre-compact in W - loc

Ly, = div(p(, Sa,b(um)) — om(z, Sa’b(um))%
Lgm = div (Am(l')V_gm(sa,b(um)) - A(x)Vg(sayb(um))) .

In view of the estimate

(2 5a,0(tm)) = Pm (@, Sa0(um)) < max [om(@,v) = (2, v)]

and the condition @, (z, u) — go(x u) in L2 (2, C(R)) we have o(z, Sa,b(tm)) —Pm (T, Sap(um)) — 0

m—0o0
in L7 (£2). Hence Ly, — 0 in W2 L (£2). Concerning the sequence La,,, we first remark that by the chain

rule a.e. in {2

Am(x)ng(Sa,b(um)) = (gm)/(um)X(um)Am(x)vuma
A(2)Vg(sap(um)) = g (wm) X () A(@) Vi,

where x(u) is the indicator function of the segment [a, b]. Therefore,

)
Cll(Am(z) — A(m))(Am(m))_l/QH ‘v (gm)’(um)(Am(x))1/2Vum| +
Cl(gm)' (um) — 9" )/ v/ (gm) () - [(A@)) 2] 1V (gm) () (A (2)) V2Vt (111)

C = const. Here we use the condition A,, > A, which implies that for any vector v € R™
|Av| < A2 [[|AY20] = [ AT (Av - v) < AV |[(Ao - 0) = [ AY2]] - [ A3 7).

From (111) it follows that for every f = f(x) € C§°(§2), f >0

1/2
( [ (A Vam(sanen) - A<m>v9<sa,b<um>>>2fdx) <
@ (ma,?H(Am(x) A (A (@) + max |(gm) (0) — o/ @]/ TgT >

we jul<M

([ Wt @) 5u, |f<x>dm)l/2. (112)
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where K = supp f. Taking into account relation (6) and estimate (110) we derive that

[ (@) 9 (50000) ~ @)V s00(0n)) P = 0,

0 m—0o0

ie. (A (2)Vgm(Sap(um)) — Ax)Vg(sap(um))) — 0in L2 (£2). This implies that Lo, — 0 in Willoc(ﬂ).
We conclude that L, = L1, + Loy, +&,, is pre-compact in ijlloc(ﬂ) with some p > 1. Hence, assumption
(97) is satisfied. By Corollary 5 we see that the sequence u,, converges in L} .(£2) to some function

u = u(z) € L*®(£2). Obviously, ||ul]lcc < M. It only remains to demonstrate that v is an e.s. of (1). By
relation (106) for each p € R, f = f(z) € C3°(£2), f >0

/Q{Sign(um - p)[(wm(xvum) - @m(x’p)) : Vf - fdiva:@m(x’p)] +
|gm (tm) = gm () |div(Ap (2)V f)}dz > 0.

Since div,pm(z,p) = ypn(x) + 7,:(z) the above relation implies that

/Q (sign(ttr, — P)[(om (2, ) — o (:9)) - VF — fAT(@)] +
s (@) + 1gm (um) — gm (p)|div(Am (z)V f) }dz > 0 (113)

Passing to a subsequence, we may assume that u,,(z) — u(x) as m — oo a.e. in {2. Then

sign(um — p)(om (2, um) = om(,p)) — sign(u—p)(p(r,u) = p(z,p)),
g (tm) = gim (p)] o l9(um) — g(p)l,

sign(um —p) — sign(u—p)

a.e. in 2 and, as a consequence, in L} (§2). The latter relation holds for such p € R that the level

loc
set u~!(p) has zero Lebesgue measure. Besides, by our assumptions yJ%(z) — wp(x) in L}, (£2),
m—0Q0

[vpe(z)| — |ys| weakly in Mj,.({2). Taking into account the indicated limit relations we can pass to the
m—00
limit in (113) and obtain that

/ﬂ {sign(u — )@@ um) — 9(2.p)) - Vf — fuop(@)] +
l9(u) — g(p)|div(A(x)V f)}dz + /Q F(@)digl(z) > 0 (114)

for all p € R such that the level set u~!(p) has zero Lebesgue measure. Repeating the arguments con-
cluding the proof of Theorem 1, we obtain that (114) holds for all p € R, i.e. u(z) is an entropy solution
of (1). This completes the proof of Theorem 2.
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