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Abstract

In this paper we analyze a set of equations proposed by Hadeler and Kuttler [20], de-
scribing the flow of granular matter in terms of the heights of a standing layer and of a
moving layer. By a suitable change of variables, the system can be written as a 2 x 2 hy-
perbolic system of balance laws, which we study in the one-dimensional case. The system
is linearly degenerate along two straight lines in the phase plane, and therefore is weakly
linearly degenerate at the point of the intersection. The source term is quadratic, consisting
of product of two quantities, which are transported with strictly different speeds. Assuming
that the initial height of the moving layer is sufficiently small, we prove the global existence
of entropy-weak solutions to the Cauchy problem, for a class of initial data with bounded
but possibly large total variation.

1 Introduction and main results

We consider a model for the flow of a granular material, such as sand or gravel, which was
proposed in [20]. The material is divided in two parts: a moving layer on top and a standing
layer at the bottom. We denote by A the thickness of the moving layer, and by w the height of
the standing layer. The evolution of these two quantities is described by the system

hy

e

According to (1.1), the moving layer slides downhill, in the direction of steepest descent, with

speed proportional to the slope of the standing layer. There is a critical slope, which in this

normalized model is |Vu| = 1, with the following property. If |[Vu| > 1 then grains initially at

rest are hit by rolling grains of the moving layer and start moving as well. Hence the moving

layer gets bigger. On the other hand, if |[Vu| < 1, grains which are rolling can be deposited on
the bed. Hence the moving layer becomes smaller.

Throughout the following, we study the case of one space dimension. We assume u, > 0 and
drop absolute values. Differentiating the second equation in (1.1) in the space variable  and

div(hVu) — (1 — |Vu|)h,
(1 [Vul)h. (1.1)



setting p = u,, one obtains the system of balance laws

{ hi — (hp)e = (p—1)h,
pe+ (p=1h), = 0.

Here h > 0 and p > 0. A direct computation shows that, except at the point (p, h) = (0,0), this
system is strictly hyperbolic.

For a suitable class of initial data, in [26] one of the authors established the global existence
of smooth solutions. However, with more general initial data, due to the nonlinearity of the
flux, the solution will develop discontinuities (shocks) in finite time. The purpose of the present
paper is to prove the global existence of BV solutions, for a class of initial data with bounded
but possibly large total variation.

More precisely, consider initial data of the form

h(0,2) = h(z),  p(0,2) = p(z). (1.3)

(1.2)

We assume that i : R — R% and p : R — R are non-negative functions with bounded variation,
such that

Tot.Var.{h} < M, Tot.Var.{p} < M, (1.4)
1Al < M, 1P =1 < M, (1.5)

and
p(z) > po >0, (1.6)

for some constants M (possibly large) and py. Our main result is the following:

Theorem 1 (global existence of large BV solutions for the Cauchy problem). For
any constants M, pg > 0, there exists 6 > 0 small enough such that, if (1.4)-(1.6) hold together
with

1h]lLe <9, (1.7)

then the Cauchy problem (1.2)-(1.3) has an entropy weak solution, defined for all t > 0, with
uniformly bounded total variation.

Compared with previous literature, the main novelty of the present result stems from the
fact that

i. The system (1.2) contains source terms;
ii. We are assuming a small L bound on A(-), but not on the other component p(-);
iii. We have arbitrarily large BV data.

In addition, we observe that the system (1.2) is strictly hyperbolic, but one of the character-
istic fields is neither genuinely nonlinear nor linearly degenerate. This requires additional care
throughout the analysis.

We recall that, for systems without source terms and small BV data, the global existence and
uniqueness of entropy-weak solutions to the Cauchy problem is well known. Even in the general
case of systems which are neither genuinely nonlinear nor linearly degenerate, global solutions



have been constructed by the Glimm scheme [18, 21, 23, 27], by front tracking approximations
[4, 5], and by vanishing viscosity approximations [7]. In some special cases, existence and
uniqueness of global solutions in the presence of a source term were proved in [16, 22, 12] and
in [2, 15, 1, 13, 14], respectively.

Global existence of solutions to hyperbolic systems with large BV data is a more difficult,
still largely open problem. In addition to the special system [24], two main cases are known in
the literature, where global existence of large BV solutions is achieved. One is the case of Temple
class systems [25]. Here one can measure the wave strengths in terms of Riemann invariants, so
that the total strength of all wave fronts does not increase in time, across each interaction.

A second major result [19] refers to general 2 x 2 systems, where again we can measure wave
strengths in terms of Riemann coordinates. To see what happens at an interaction, let o1 and o9
be the strengths of the incoming waves of different families, and let o} and o), be the strengths
of the outgoing waves. One then has a cubic interaction estimate of the form

loy — o1] + oy — 02| = O(1) - |o1] - |o2| - (o] + |o2]) - (1.8)

Thanks to the last term on the right hand side, if the L° norm of the solution is sufficiently
small, the increase of total variation produced by the interaction is very small, and a global
existence result of large BV solutions can again be established.

We remark that the cubic estimate in (1.8) is useless in our case, since the L norm of the
component p in (1.2) can be large, and so is the additional term |o;| + |o2| in (1.8).

The validity of Theorem 1 relies heavily on some special properties of the hyperbolic system
(1.2), namely

e It is linearly degenerate along the straight line where h = 0. In the region where h is very
small, the second field of the system is “almost Temple class”: the rarefaction curve and
the shock curve of the 2"? family through the same point are almost straight lines and are
very close to each other, see Lemma 2 in Section 3. This allows us to replace the estimate
(1.8) with

|01 — 01| + [0 — 02| = O(1) - |o| - |o2| - ||| -

e The source term involves the quadratic form h(p — 1). Here the quantities h and p — 1
have large, but bounded L' norms. Moreover, they are transported with strictly different
speeds. The total strength of the source term is thus expected to be O(1)-||hl|y: - |lp—1||L1 -
In addition, since h itself is a factor in the source term, one can obtain a uniform bound
on the norm ||h||Le, valid for all times ¢ > 0.

The remainder of the paper is organized as follows. In Section 2 we analyze the geometry
of shock and rarefaction curves of the system. In Section 3 we prove the interaction estimates
for our system for small ||h||Le. In Section 4, ignoring the effect of wave interactions, we prove
all the a priori estimates needed. Namely, we prove an L' bound on p — 1 and h, a global lower
bound on p, the L* bounds on h and p, and eventually the BV bounds on A and p. In Section 5
we put all the a priori estimates together and prove Theorem 1. Concluding remarks are given
at the end of the paper, in Section 6.

For a derivation of the model (1.1) of granular flow we refer to [20]. Other models can be
found in [6]. A mathematical analysis of steady state solutions for (1.1) was carried out in
[10, 11]. See also the interesting book [17]. Note that, besides [26], the present paper provides
the first analytical study of time dependent solutions to this system.



2 Analysis of the Riemann problem; Geometry of shock and
rarefaction curves

We begin by analyzing the geometry of wave curves, in particular shock and rarefaction curves
for the Riemann problem. Writing the the system of balance laws (1.2) in quasilinear form, the
corresponding Jacobian matrix is computed as

A(h,p) = <p__p1 _hh> : (2.1)

The characteristic polynomial is
X —(h—pX—h.

If (p — h)%2 4 4h > 0 (which holds except at (h,p) = (0,0)), this polynomial has real distinct

roots A1 < Ao, namely
1
Ma =3 [h—pi\/(p—h)z +4h} . (2.2)

Since we are interested in the case h > 0, p > 0, we consider the domain
Q= {(h,p): h>0,p>0},

on which the system (1.2) is strictly hyperbolic. The corresponding eigenvectors have the form

1 N
rihop)=|{ A 41 |, rbp)=[ Atl |, (2.3)
A 1
For p =1 we have
=
M=-1, A=h, 7’1=<(1)>, =17,
1
and for h = 0 we have
1
A =— A=0 = — (Y
1= D, 2=U, T = 1_p y T2 = 1/
p

When h is small, i.e., with h =~ 0, we have
1 2h
)\172 = 5 <h—p:]: |:p—h+ ? +O(h2):|> s
therefore the following expansions hold

1 h
A = —p+ pT h+Oh?), o=t Oh?). (2.4)



Note that for p — h > 0 we have the following estimate for the 1-characteristic speed:

1
Alzg[—(p—h)— (p_h)2+4h}g—(p—h)<o. (2.5)
By the identities AyA\s = —h and A\; + Ay = h — p, we get
1+ XM\ A 14+ Ao Ao
AN =—— A= ——— Ay = ———— Ay = — 2.6
A1 . M . OnA2 . IpA2 . (2.6)
and the directional derivatives
2(M+1)  2(p-—1) 29 h
A= — ~ Ay = — ~—2—. 2.7
e A2 — A1 p e Az — AL p? 27)

We see that the system is weakly linearly degenerate at the point (h,p) = (0,1). The first
characteristic field is genuinely nonlinear away from the line p = 1 and the second field is
genuinely nonlinear away from the line h = 0. See Figure 1 for the characteristic curves. A
result on the global existence of smooth solutions of the system (1.2) was recently proved in [26].
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Figure 1: Characteristic curves of the two families in the h-p plane. The arrows point in the
direction of increasing eigenvalues.

To complete the preliminary analysis on the system (1.2), we derive the equations for the
shocks curves. Let (h;,p;) be the left state of a shock. The point (h,p) that can be connected
to (hy,p;) by a shock with shock speed s satisfies the Rankine-Hugoniot conditions

—(hp — lupy) = s(h — ly), (hp — hupy) — (h — ) = s(p — 1) , (2.8)

which gives
h — hy

D(h—h — —___ T
(s +1)( 1)+ sp—mp) S S —

Using the identities

hp — hipy = h(p —pi) +pi(h — ) = hi(p — 1) +p(h — hy)



from (2.8) we get
s> —s(h—p)—h=0 and s> —s(hy—p) —h =0,

these are both characteristic polynomials.
Hence, the shock curve of the 1% family with left state (h;, p;), parametrized by h, is given
by
s1+1
-

p—p = (h=h),  s1=X(hp)- (2.9)
One can easily verify that the Liu admissibility condition is satisfied if (h — h;)(p; — 1) < 0, that
is, s1(h) < s1(n) < s1(hy) for all n between h and h;.

Similarly, the shock curve of the 2"? family with left state (h;,p;), parametrized by p, is
given by

52

k= —
h ! so+1

(p—m), s2 = Aa(hy, p) (2.10)

and the admissibility condition is satisfied if p > p;, since s2(p) is non-increasing.

By easy computations, one can check that p — 1 does not change sign across 1-shocks, and
similarly that the 2—-shocks do not cross the line h = 0. These lines, p = 1 and A = 0, are contact
discontinuity (shock/rarefaction) curves for the 15 and 2"? family, respectively.

In summary, the set of states that can be connected to (hy, p;) by an entropy satisfying 1-wave
or 2-wave for the homogeneous system is given in Figure 2.

P, >1

*

Figure 2: The set of states that can be connected to (h;,p;) (marked by * in the plots) by an
entropy satisfying 1-wave or 2-wave for the homogeneous system. Here “R” stands for rarefaction
wave, “S” for shock wave and “C” for contact discontinuity (i.e., shock/rarefaction wave).

Remark. We observe that the second characteristic family is genuinely nonlinear for A > 0,
but the first one is neither linearly degenerate, nor genuinely nonlinear in the domain 2. This
situation may lead, in general, to the appearance of composite waves. However, it is crucial to
observe that, in our case, composite waves never appear: any Riemann problem is solved by



at most one simple wave of the first family and at most one simple wave of the second family.
Hence, interaction of two waves generates at most two waves, one from each family.

Indeed, observe that the line p = 1 separates the domain into two invariant regions from
the point of view of Riemann problem, because the Hugoniot curve of the first family through a
point (h;, p;) where p; # 1 will never cross that line. In each invariant region, since the system
is genuinely nonlinear, there will be no composite waves.

In detail, let (hy,p;) and (h.,p,) be the left and right states of the Riemann problem, re-
spectively. If p; > 1 and p, > 1, so will the solution of the Riemann problem, that is, p > 1 for
the intermediate state. Same is true for p; < 1 and p, < 1. Then, each 1-wave will be a simple
wave. If p; = 1 then the 1-wave will be a contact discontinuity, with p,, = 1. Finally, if p; and
p, are on different sides of the line p = 1, then the middle state p,, will be on the same side as
Py, since the rarefaction curve or shock curve of the first family won’t cross the line p = 1, so
the 1-wave will be again a simple wave. Since the second family is genuinely nonlinear, in all
cases (hy,pm) will be connected to (h,,p,) by a simple 2-wave.

3 Time step estimates and interaction estimates

Approximate solutions to the Cauchy problem (1.2), (1.3) are defined through a operator split-
ting method. Fix a time step At > 0 and consider the sequence of times tp, = kAt. Let (hA,pA)
be an approximate solution, constructed as follows. On each subinterval [t;_1, tx[ the functions
(h®,p?) provide an approximate solution to the system of conservation laws

{ hi — (hp)e = 0,
pt—|—((p—1)h)x = U,

constructed by a wave-front tracking algorithm [8, 4, 5]. Moreover, in order to account for the
source term, at each time ¢ the functions are redefined in the following way

{ h2(tk) = h2(te—) + At [p(te—) — 1] A (te—)
P2 (tk) = p™(te—).

In the remainder of this section we study how the strength of waves changes at a time t
where the source term is inserted, and at a time 7 where two wave fronts interact. A key
observation is that, in our particular system, the second characteristic field (called as p-field)
is linearly degenerate along its integral curve {h = 0}, and it is a straight line. The standard
wave interaction estimates valid for 2 x 2 systems of conservation laws can thus be considerably
improved, when A ~ 0.

Since the state space is two-dimensional, it is convenient to use a global system of Riemann
coordinates:

(3.1)

(3.2)

Definition 1 (Riemann coordinates). Given a point (h,p) € Ry x Ry, let (H,0) be the
point on the h-axis connected with (h,p) by a 2-characteristic curve, and let (0, P) be the point
on the p-axis connected to (h,p) by a 1-characteristic curve. Then the functions (H, P) form a
coordinate system of Riemann invariants of the point (h,p).



The change of variables (h,p) — (H, P) satisfies the following

O0H OP
o >0, a—p >0, (3.3)

OH _ % 0 0P _Ai10P
8]9_/\24-1 oh’ oh A 8]97

where the last two identities follow from VH -ry = 0 = VP - r;. The inverse transformation
satisfies g—g >0, g—f; > 0.

Wave strengths are measured by the jumps between the corresponding Riemann coordinates
of the left and right states, as follows. Given a wave front with left and right states (hy,p;)
and (hy,p,), let (H;, P;) and (H,, P.) be the corresponding Riemann coordinates; then, if it is a
wave of the 1%¢ family then its strength is measured by o}, = H, — Hj, and if it is a wave of the
27d family then its strength is measured by op = P, — P,. Note that 2-rarefaction waves have
negative strength, so 2-shock waves have positive strength (jump upward), and 1-rarefaction
waves have positive strength for p > 1 and negative strength for p < 1.

Throughout the paper, the waves of the 15 and 2"? families are called h-waves and p-waves
respectively. In the following estimates, we use O(1) to denote a quantity whose absolute value
is bounded.

Lemma 1 (Time step estimates). Consider a wave front located at a point x, with (hy,p;)
and (hy,p,) as the left and right state, respectively. After the time step (3.2) is accomplished,

the Riemann problem determined by the jump at x will be solved by two waves, say of strengths
a;{, 0;' .
If the initial jump is of the first family, with strength oy, we have

of = o, +01)-At-|p—1]-|op|,
o, = O(1)-At-|p— 1] |oa].
On the other hand, if the initial jump is of the second family, with strength o,, we have
= O01)-At-h ,
o = n 1) Lo (3.5)
of = op+O(1)- At - hyloy|.

Same estimates hold if one replaces p; with p, and h; with h, in (3.4) and (3.5), respectively.

Proof. Let U; = (hy,p1), Ur = (hy, pr) be the states on the left, right of the wave-front before
the time step (3.2) and let U, l+, U," be the corresponding states after (3.2) is applied. To obtain
(3.4), we define the mapping

O (op, At,pp) = (O’;,O’;) — (op,0) .

If p; = 1, the p, = 1 and we trivially have ®(o, At,1) = (0,0).
If p; # 1 then p, # 1, and we have the identities

(0, At,p) = ®(o4,0,p1) = (0,0),



therefore we get

At
|®(on, At,pr)|] = ‘

a§<p(0h7 gapl) - 85@(07 §7pl) df‘

At Oph
/0 /0 9,2, & pr) — 9, 2(n, &, 1)d?7d€‘
O(1) - |pr — 1||on| At

IN

which implies (3.4).
The estimate (3.5) can be obtained in a similar way. Define the map

D (0, At hy) = (o7 ,08) —(0,0) .

We see that if h; = 0, then h, = 0 so the source term vanishes on both sides of the wave. We
have the identities . . 3
(0, At, hy) = ®(0p,0, hy) = ®(0p, At,0) = (0,0).

By a same argument as for ®, we get (3.5).
The proof for the estimates with p,., h, in (3.4), (3.5) is entirely similar; we omit the details.
O

Before we establish the wave interaction estimates, we need a technical lemma. The following
lemma estimates how much the Rankine-Hugoniot condition fails to be satisfied along a p-
characteristic curve, and how close the p-characteristic curve and Hugoniot locus are to each
other as h approaches 0. This lemma is essential for the proof of the interaction estimates.

Lemma 2 Given U, = (hy,po) € Q, let U* be a point on the p-characteristic curve through U,.
Then B
F(U*) = F(Uo) = Ma(U* = U,) = O(1) - b, (3.6)

where F' = (—hp, (p — 1)h)! is the fluz function of the balance laws (1.2) and o is the average
of the 2% eigenvalue along the p-characteristic curve between U, and U*.
Furthermore, there exists a point U on the p-Hugoniot locus through U, such that

U —U*=0(1) h?. (3.7)
Proof. Observe that by construction we have, for some a, b

U -U, = /bm(U(e))de,

b
FUY) = F(U) = [ 2alU6) - raU(6) do,

where the integrals are computed along the p-characteristic curve through U,. Consider the
average eigenvalue Ay and the average eigenvector 75 along the p-characteristic curve, defined as

- 1 b
S = g [ i) .
1 b

ot g [ nWE)d = (- U).

9



we have

b
FWﬂ—FWJ—MQﬂ—Mﬂz/(MWWD—M)&W@DW-

Since the average of (Ao(U()) — A2) over (a,b) along the p-characteristic curve is zero, we have

b
FU") = F(Uo) = (U =U,) = / (A2(U(0)) = X2) - (r2(U(0)) —72) dO.  (3.8)

To get an estimate on the integrand in (3.8), we observe that

A2(U(0)) — A2 = O() - ho . (3.9)

This is because that the p-field is linearly degenerate at h, = 0, so Ao approaches a constant
(as a consequence \o(U()) — Ao vanishes) as h, — 0, and also Ao depends smoothly on h,.
Furthermore, we also have

ro(U(0)) — 79 = O(1) - hy, (3.10)

since the 2-characteristic curve is a straight line at h, = 0 and it depends continuously on h,.
Then, using (3.9) and (3.10) in (3.8), we get (3.6).

To establish (3.7), we observe that it follows from the global existence of the Hugoniot curves
of the first family. In detail, we consider two cases. First, let p and p, be sufficiently far away
from each other. We need to show that the Hugoniot loci are globally well-defined. Indeed,
given (he,p,) and p, one can solve the Rankine-Hugoniot equations for h and shock speed s,

—hp + hopo — s(h —h,) = 0,
(p_l)h_(po_l)ho_s(p_po) = 0.

The Jacobian matrix (considering h and s as the unknowns) of this transformation is

(rye )

p—1 —(P—po) )’

whose determinant is uniformly non zero since both h — h, and s(= h) are arbitrary small.
Secondly, when p and p, are very close to each other, it follows from Glimm-Lax type

argument [19]. Indeed, let A(U*,U,) be the average Jacobian of F from U, to U* along the p-

characteristic curve, and let l;, 7;, \; be the normalized left and right eigenvectors and eigenvalues
of A(U*,U,), respectively. We can rewrite (3.6) as

(A(U*,Uo) — M) (U* = U,) = O(1) - hZ.
Taking scalar product with I;(U*,U,) on the left, we get
(MU*Us) = X)) <L(U*U,),U*=U,> = O(1)-h. (3.11)

First we see that A\o(U*,U,) > 0; furthermore, since p* and p, are positive, then A\; (U*,U,) < 0.
Therefore we have B -
A (U*,U,) — X (U, Uy)| >0

and this inequality holds uniformly on domains where p is bounded away from zero. Therefore
(3.11) implies

LU = (LU U,), U —U,) = O()-hZ. (3.12)

10



Observe that for small U* — U, we have
VLU") = Vol (U*,U)' (U* = U,) + L (U*, U,) # (0,0),

because [; is non-zero. By implicit function theorem, for sufficiently small h,, there exists a U
near U™, with
U —-U*=0(1) h2, (3.13)
such that B
(l1(U,Uy), U —U,) =0.

This means U — U, is a 2-eigenvector of A(U,U,), so U lies on the 2-Hugoniot locus through U,,,
completing the proof. ]

In next lemma we establish the wave interaction estimates for our model, which improved
the standard ones.

Lemma 3 (Interaction Estimates). Consider two interacting wave fronts, with left, mid-
dle, and right states (hi,p1), (hm,pm), (hr,pr) before interaction, respectively, and hmax =
max {hy, by, by}

(1) Assume that two p-waves of strength o, and G, interact. Then the strengths U,JLF and 0; of
the outgoing waves satisfy

o] + |0 = (op 4 )| = OQ) - hy - oy, 5] - (3.14)

(ii) If two h-waves of size op, and G, interact, then the strengths a;[ and UI",' of the outgoing
waves satisfy

o) — (on +6n)| + o | = OQ) - lpp — 1] (lon] + |Gnl) - lon 61l , (3.15)
or equivalently
loff — (on +6n)| + lof | = O1) - min{|p; — 1], |pm — 11} - (|on| + 64]) - [oh Gl - (3.16)

(111) If two waves of different families interact, say with strengths oy, op , then the strengths O';:
and al",' of the waves emerging from the interaction satisfy

loy —on| + |0 — op| = O1) - hmax - loh 0 - (3.17)

Proof. (i) First we observe that, if by = 0, the also h,, = h, = 0 since h = 0 is a p-
shock /rarefaction curve. Then al",' = op + 0p and J,JLr = 0, and (3.14) is trivially satisfied. In
general, we define the mapping

®(hy,0p,6p) = (0}, 0f —0p—3p).

We remark that, throughout the proof, ® will be used to denote different mappings of similar
type, without causing confusion.

Notice that ® is smooth w.r.t. h; and twice continuously differentiable w.r.t. op,d,. The
following identities hold:

q>(070-p75-p) = q>(hl7o-p70) = q>(hl707o-p) = (070)7

11



therefore we have

2

)

O(hy,0p,0p) = / / 858~ (hy,r,s)drds ,
P

where the integrand vanishes if h; = 0 and is Lipschitz continuous w.r.t. h;. Hence we get (3.14).

(ii) We observe that, if p; = p,,, = p, = 1, then 0;1_ = oy, + o5, and 0; = 0, and the estimate
(3.15) is trivial. In the general case, the three quantities pj, p,, p, are either all > 1, or all < 1.
To fix the ideas, we shall thus assume p;, p., ,p, > 1, the other case being similar. Introduce

the mapping

®(hy, pr,on, 1) = (0 —on—2an, o).

Notice that ® is smooth w.r.t. h, p;, and twice continuously differentiable w.r.t. oy, 6. Moreover,
® is separately smooth restricted to each of the four quadrants

Dy ={o, >0, 6, > 0}, Dy = {0, <0, 65, >0},
D3 = {0, <0, 64, <0}, Dy ={oy >0, 5, <0}.
Since ®(hy, p1, on, 1) = (0,0) on Dy, we have

0%P

m(hlyplyovo) = (0,0).

Using the previous identity and the following ones:
q>(hl7 17 Oh, 5-h) = (I)(hl7pl7 07 5h) = (I)(hlvplv Oh;s 0) = (07 0) )

we can write

- [opti> _ .
q)(hlvplao-hyo-h) = / / aO'haO' hl,p[,"","") drdr

Oh [Oh ol 0 _ 0 P . .
= /0 /0 [/1 /0 0_]91 [Taah +ra&h] 90,05, (hy,p, 0r,07) dOdp | drdr .

Observing that in the above integrand one always has |r| + |F| < |op| + |61, we obtain (3.15).
Finally, note that with the same type of arguments one obtains the same estimate as (3.15)
with py, instead of p;. Therefore (3.16) follows.

(iii) We first recall that, by using Riemann coordinates, one has the standard cubic estimate
o —on| + |o)f —op| = OQ) - |onoy| (lop| + |onl)- (3.18)

However, this is useless for our problem, because though |oj,| = O(1)||h]| is small, the strength
of the p-wave can be large. Having a cubic rather than a quadratic estimate thus would not
help. The proof for the estimate in (3.17) heavily relies on Lemma 2, i.e., the p-characteristic
and Hugoniot curves are very close to each other for small h.

We introduce the mapping

(I)(hbpbo-hv Up) = (0-}—1_70-;—) - (O-hv Up) .

12



Observe that ® is smooth w.r.t. h;, p;, and twice continuously differentiable w.r.t. o3, o), with
Lipschitz-continuous second derivatives. Moreover, the following identities hold trivially

q)(hl,pl,a'h,()) = q)(hl7pl7070p) = (070)7

hence

0*®
q>(hl7pl7o-h70-p / / 9o 80’ hl,pl,T‘,S)dT‘dS, (319)
p

which leads to the standard cubic estimate (3.18), thank also to

0?®
h 0,0) =(0,0).
ao_pao_h( 1,D1, Y, ) (7 )
Now we claim that
P 0,0 = (0,0). (3.20)
dopdoy, P59 ’

If (3.20) holds, then by (3.19) and the Lipschitz continuity of the second derivatives we get

lopl  rlonl
@wﬂﬂwmygom/ / (hy +7) dr ds = O() (b + o)) |ow o
0
which implies (3.17) since h; + |op| = O(1)hmax-
To establish (3.20), we consider two cases, depending on the type of p-waves.

a. Consider o, < 0, i.e., the p-wave is a rarefaction. Due to the genuine nonlinearity of the
field, p-waves do not change type after interaction, so a < 0 is also a rarefaction. We
trivially have

0;1' —op,=0.

We still need an estimate on the term 0; — 0p, depends on the types of h-waves. If they
are all rarefaction waves, then it’s trivial since O';'_ — o0p = 0. If one of them is a shock,
then by the fact that the h-shock and rarefaction curves through the same point share the
27 order tangency at the point, and by the continuity of the derivatives, we achieve the

desired estimate

2

oy —op=0()|op| - |on]*. (3.21)
b. It remains to consider the case where the p-waves o}, > 0 and al",' > 0 are shocks. In order

to show (3.20), we see that it suffices to show

0P

%(O’M’ 0,0'p) = (0,0) . (322)

Thanks to Lemma 2, the distance between a p-characteristic curve and Hugoniot curve is
of order O(1) - o7, which implies (3.22), completing the proof.
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We conclude this section with a remark about the change of P along Hugoniot curves of the
first family.

Recalling Definition 1, let (H, P) be the Riemann coordinates of a point on the Hugoniot
curve of the first family originated from (H;, F}), and let 0 = H — H; be the size of the wave.
Then one has the following estimate:

P-P = 0O1)-|P—1| 0% (3.23)

Here the term o2 comes from the second order tangency of the shock and rarefaction curves; the

term |P; — 1| is justified by observing that the function ®(H;, F;;0) = P — P, vanishes identically
if P, =1.
Moreover, for small o, one has the following estimate:

P—P = OQ1) min{|P, - 1],|P - 1]} - 2. (3.24)
Indeed, by (3.23) one has

P-1=P-P)+ (P -1)=(F-1)(1+0(1)0?).

4 A priori estimates

The goal of the present paper is the global existence of large BV solutions, for all times ¢t > 0.
This will be established by deriving the following global a priori bounds for the approximate
solutions:

the norms [|A(Z,-)[|Lr and |[p(Z,-) — 11 ;

the lower bound on p, i.e., the quantity inf, p(t,z);

the uniform bounds on h and p, i.e., the quantities ||h(t,-)||L and ||p(¢,-)|Le> ;
e the total variations Tot.Var.{h(t,-)} and Tot.Var.{p(t,-)}.

Approximate solutions will be obtained by constructing a front tracking approximation to
the conservation laws (3.1) on each time interval [tx_1,%), as in [8, Chapter 7] or [9, 4] for the
2 x 2 version, and then updating the solution at time ¢t = t; according to (3.2).

In the remainder of this section, we will give the main ideas of establishing these a priori
estimates. All estimates will be made rigorous later in Section 5 where we complete the proof
of the global existence of large BV solutions.

4.1 The L' bound on p(t,-) — 1 and h(t, ).

We establish this a priori estimate on the weak solutions of (1.2). In terms of the new variable
g =p — 1, the system (1.2) takes the form

hy — ((q + 1)h)m = qbh,
{ a + (hq), “1)

|
o
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with initial data (h,q) that satisfies h > 0 and § > —1. According to the second equation in
(4.1), the quantity ¢ = p— 1 satisfies a transport equation, with speed h. Therefore, its L' norm
is non-increasing in time; we thus have

gt )l < gl = @) = Ulp < flp = e forall>0. (42

Actually, the L! norm of p — 1 can decrease in the presence of a shock with left and right states
of q of opposite signs. From Figure 2 we see this can only happen with a shock in the 2"¢ family,
satisfying p; < 1, p, > 1.

From the first equation in (4.1) we obtain

Bl < /0 t / (plr.2) 1) hir, ) dadr = /O t / o(r, 2) h(r, z) dzdr

Note that when p < 1, the moving layer will deposit and get thinner, so ||h(t)||y,1 will decrease. It
will however increase where p > 1. To control the increment, we consider the weighted functional

Th(t) = / Wt 2)h(t, ) dz | (4.3)

where the weight is defined as
W) =exp{ [ ot - tdn) =esn{ [ latenlay} =1 (4.4

Note that the weight W is uniformly bounded thanks to the bound on ||q(¢,-)||p1. Here the
weight W accounts for the erosion/deposition that the mass h at x may encounter in the future.
From the bound on the L' norm of p — 1 in (4.2), we see that W is positive and uniformly
bounded for all time. Intuitively, after h crosses some region with p # 1, the weighted functional
7" will decrease.

Indeed, observing that

%/x |p(t7y)_1|dy < —|p(t,33‘)—1|h(t,gj), (45)

we see that the product Wh satisfies the following inequality
(Wh)y — (Wh(g+1))e < Whiqg—lgl(h+q+1)) . (4.6)

Note the right hand side is < 0 for A > 0 and ¢ > —1. Then, the integral of W h is non-increasing
in time and we immediately have

91h1) < / Z Wh(g— lql(h+q+1)) dz <0. (4.7)

From (4.7), we obtain the a priori bound

Ih(t, )l < Z"() < 70) < exp(llgl) - 1l - (4.8)
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4.2 The lower bound on p

The bounds on the total variation, as well as the lower bound on p and the pointwise bounds
on h,p, rely on the following key observation: If all wave strengths are measured in terms of
Riemann coordinates, then all the interaction estimates (3.14)—(3.17) contain the additional
factor ||h||pec. Therefore, if the norm ||A||L remains sufficiently small, we can assume that the
total strength of all new waves produced by interactions is as small as we like. In essence, the
change in the total variation and in the L* norms of h, p is thus determined only by the source
term in the first equation (4.1).

We now show how to achieve these a priori bounds, based on the estimates (3.4)-(3.5).

Let’s first establish the lower bound on p. Let H(h,p), P(h,p) be the Riemann coordinates of
a point (h,p) as in Definition 1. We claim that, neglecting small terms due to wave interactions,
the quantity

Pig(t) = ess- ig:lfp(t, x) (4.9)

is non-decreasing in time.
This a priori estimate is derived for smooth solutions of (1.2). Consider a 2-characteristic,
say t +— x9(t), with Z2(t) = A2(t) > 0. Then one has

%p(t,@(t)) = g_]; “(p—1h>0. (4.10)

Indeed, the geometry of the wave curves implies 9P/0h < 0 when p < 1 and that OP/0h > 0
when p > 1. This shows that the quantity P, is non-decreasing in time if the solution is smooth.
4.3 The L* bounds on h and p.

Toward the uniform bounds on h and p, we consider the weights

—0o0

Vhtz) = exp (m- | \p(t,w—udy), (411)
VPt z) = exp (m / wW(t,y)h(t,y)dy), (4.12)

for some suitable constants 1 and k2. Recall that W is defined in (4.4). Thanks to the a priori
bounds on the L' norm of h and p — 1, we see that these two weights are well defined and
bounded for all time. Furthermore, along a given smooth curve x(t), by (4.5) we get

%Vh(t,x(t)) < V1] (h—7), (4.13)

while from (4.6) we have

%/:OW(t,y)h(t,y)dy < —W(t,2)p(t,z)h(t,z),

and therefore we obtain
d

S Vta(t) < —kVP-Wh (@ +p). (4.14)
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Again, let H(h,p), P(h,p) be the Riemann coordinates of a point (h,p) as in Definition 1. We
claim that, neglecting small terms due to wave interactions, the quantities

JMt) = ess-sup V(t,2)H(t,z), (4.15)
JP(t) = ess-sup VP(t,x)P(t,x) (4.16)

€T
are non-increasing in time.

First we will establish the bound on the quantity J?(t), for smooth solutions of (1.2). Let’s
consider a 2-characteristic ¢ — x2(t). Observe that the mass of h is transported to the left with
speed —p, while 5 = Ag > 0, so the relative speed of the mass of h cross the 2-characteristic is
p+ Ag. By (4.14), (4.4) and using the apriori bound on p, P from below (let us denote them by
Dinf, Pint respectively, both positive), we get

Gt Plra)) = (FVr) P4V L (Plh)
< —ligvp’(p+)\2)‘Wh~P+Vp‘g—i(p_l)h
< Vo (—rapuc P + 5L 0-D) <0 (D)

where the last inequality holds provided that the constant 9 is chosen large enough. This shows
that the quantity JP(t) is non-increasing.

Second, we derive the bound on the quantity J"(¢), also for the smooth solutions of (1.2).
Let’s consider a 1-characteristic ¢ — x1(t), with 1 = A;. We observe that the mass of ¢ =p—1
is transported forward with speed h, while, by (2.5), &1 = Ay < —p + h, so the relative speed
of the mass ¢ passing the 1-characteristic is bigger than h — (—p + h) = p. Hence, by (4.13) we
have

%(Vh(t,:nl(t))H(t,xl(t))) _ <%Vh(t,:n1(t))>-H+Vh-%(H(t,3:1(t))
< —mV"-p-Ip—1|H+V"'%—IZ(p—1)h
< VPt (ap + O <0 (Y

where the last inequality holds provided that the constant x; is chosen large enough. This shows
that the quantity J"(t) is also non-increasing.

Since the weights V" and VP are uniformly bounded, we conclude that ||H(t,-)||L=~ and
||IP(t,-)||L are bounded for all time ¢ > 0, and so are ||h(t,-)||L~ and ||p(t,-)||Le-

4.4 Wave front interactions: total wave strength and interaction potential

We now study the effect of wave-front interactions, and derive a-priori bounds on the total
variation. To clarify the main ideas, it is convenient first to consider the case without sources,
as in (3.1), with initial data (1.3). If (1.4), (1.6) and (1.7) hold for some ¢ > 0 sufficiently small,
we claim that the entropy-weak solution exists globally and satisfies a uniform BV bound.
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As usual, BV bounds are obtained by introducing a suitable wave strenght and wave interac-
tion potential and checking that the sum (or some linear combination of them) is non-increasing
along any solution of (3.1).

Let u = (h,p) : R + R? be a piecewise constant mapping, with h > 0, and whose jumps
consist of admissible shocks or rarefactions, for the system (3.1). Assume that at x,, the profile
u(+) has a jump in the family i, € {1,2}, with strength |o,| measured by the change in the
corresponding Riemann coordinates. We then define the total strength of waves V and the wave
interaction potential Q by setting

V= Z loal, Q(u) = Qnn + Qpp + Qi - (4.19)

Here
Qn= D, waploallogl, (4.20)
la=tg=1,1r0<Tg
is the interaction potential of waves of the first family (i.e., h-waves). Since this first charac-
teristic field is not genuinely nonlinear along the line {p = 1}, we insert here the factor wq g
defined as follows. If o, and og are two shocks, on the same side of the line p = 1, then we set

wa3 = b - min {|FF—1], [B —1]} (4.21)

where P = P(z,—), Plﬁ = P(x3—) are the left limits of P (Riemann coordinate) at z,, xg
respectively, and dg > 0 is a small constant to be determined. In all other cases, we set wq g = 0.
The other parts of the interaction potential are defined as usual:

Qp=>_ loallogl (4.22)
(a,8)€A2

is the interaction potential of waves of the second family. Here A5 denotes the set of couples of
waves of the second family, with z, < xg, at least one of which is a shock. Finally,

Qpn = > |0al |0l (4.23)

ta=2, iﬁ:L Ta<zp

is the interaction potential among waves of different families.
Let ¢ > 0 be an arbitrary (small) constant whose precise value will be assumed later. We
claim that, for a suitable choice of §y and sufficiently small ||h||1,, (depending on ¢), the function

s S(t) = V(t) + cO(t) (4.24)

is strictly decreasing at every interaction.

Indeed, assume at a time ¢ two waves with strength o, and og interact at the point Z, and
generate two waves of the sizes 0, (h-wave) and o, (p-wave). We consider the following cases,
with different types of incoming waves.

1. Two neighboring h-shocks with strength o, and o3 (2, < xg) interact. By the interaction
estimate (3.16), the change in V' is

AV = |0} + |ob] = |0l — |og]
< O)min{|P? —1[,|P’ = 1]} - (|ou| + |og]) - loacs]
We,
= O(): == bl - |racs]. (4.25)
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For the change in O, we see first that Qp; changes as follows:
AQpp = —Wa,p - [0a0g| + Z {wh77 ’U;LUV’ — Way [0a0y] — wgy ‘Uﬁavl} : (4.26)
'\/7 7"‘{:1

The first negative term is due to interaction, and the second term is due to change in the
wave strength after interaction.

Note that the 3 waves 04,03 and o), are on the same side of p = 1. Hence whenever
the term wy, 5 is positive, the other two terms w, , wg, are non-zero. Also, note that
Why = Wa,y, since the left states of o, and o}, are the same.

Hence, the positive terms in the sum of (4.26) are estimated by
Whiy |0309| = Way [0a0y] — wsy 050,
= Wayy - |0y - UU;L’ —loal - ’Uﬁ’] + (Wayy — wgpy) logoy]. (4.27)

The first term on the r.h.s. can be estimated using again (3.16). To evaluate the quantity
Wa,y — Wg, let P, Plﬁ be the left state of the waves o, 0g. Then

w57~ was] < B0 [P 1] = B 1| = 6o PP — P).

Since P’ = P, we can use (3.24) and obtain
[wpy = Way| < OM) - [[B]lLe - waps - |oal-
By substituting into (4.27), we deduce

Wh,~ |0;10"y| — Wayy [0a0y| — wgy |0504]
. wa?/B

)

Wa,
=0(1) - ||h|lLee - Wa,8 - |oaos] - < 507 + 1> loy . (4.28)

< Wayy - |oy] - O(1) NPllLee - loaos] + OQ) - [[hllLe - wa,s - |0a] - |05 4]

Using (4.28), the bound on P and on the total wave strength, then (4.26) is estimated by

w
AQuy < —wagloaosl + O()|h]|Lewagloaos - > {%Jrl}lffwl
FY? Z’Yzl

= —Wap - |0aos| + O) - [[hllLee - was - loaop] (4.29)

Now, the term 9, + Q,, might increase after interaction, and the change can be roughly
estimated as

AQu +AQy < (loh] = loal = logl) D loy| + lapl- D |0

in=2 in=2

W,
= 0(1)- 50ﬁ NhlLes - |oaos| - (4.30)
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Notice that all the positive terms are multiplied by the factor ||h||p~. Putting together
(4.29) and (4.30), we end up with

1]l
do

- _wa7ﬁ : ’Uaaﬁ’7

AQﬁwa’ﬁ-‘O’aO’ﬁ‘- <—1+O( ) B

10 thle> <

where the last inequality holds if ||h||r,~ and ||h||Le /dp are sufficiently small. Then, using
the estimate (4.25), we finally get

1
AS =AV +cAQ < wyp-|oq0og] - [—% + 01)- % ”hHLoo:| <

C
- _waiﬁ ' ‘O-ao-ﬁ‘ Y

4
where the last inequality holds by choosing ||h||pe</(cdy) sufficiently small.

. Two h-waves of opposite sign with strength o, and o3 (x4 < 2g) interact. They must be
one shock and one rarefaction wave. In this case, V is strictly decreasing, because of the
cancellation: assuming |o| > |04|, we have

AV = oyl + oyl = loal —losl
< Aloa + 05l — ool = losl} + |0}, — 00 — ap| + |oy)]
= —2oa| + O(1) - [|hllLe - [oa0p].

For the interaction potential, since one of the incoming wave is a rarefaction, we have
Wq,3 = 0, and the change in Oy, is caused by the change in wave strength at interaction,

AQp, = Z {Why 10h0y| = Way l000y| — w5 ooy} -
Y Z’Yzl

If the outgoing h-wave o} is a rarefaction, then w}w =0 and AQp, < 0. If the outgoing
h-wave is a shock, with strength o}, we discuss two cases. First, if o, is a shock and og
is a rarefaction, then wg, = 0 and wh = W, since they share the same left state of
P. Due to cancellation, we have |0 | < |04/, which implies AQp;, < 0. Second, if o5 is a

shock and o, is a rarefaction, then w,~ = 0 and wh 4 = Way because P Pﬁ since o,
is a rarefaction wave. Furthermore, |0}| < |og| due to cancellation. Therefore Ath <0.

The change in Q,;, + Qp) is estimated in a same way as for the previous case. We have
AQpy +AQy = O(1):|[hllLe - |oaos|.
Adding up, the change in S is
AS < —=2Joal+ (1 +¢)-O1) - [hlLe - loaos] < —loal,
where the last inequality holds by choosing ||h||re sufficiently small.

. A p-wave o, interacts with a h-wave 0. In this case, by (3.17) the change in V' is measured
by
O(1) - loal - log| - [[A]lLe- -
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For the interaction potential Q, we have
AQpn+AQy, = —loal-|ogl+O(1) - [oaos] - [|hllLe

where the first negative term is due to interaction, and the last term is due to the change
of wave strength after interaction. For the term Qp;, we have

AQp, = Z {w;m 0,04 —wgy logoy |} (4.31)

77 7"‘{:1
To see how Qp,;, changes, we consider two cases. First, if the p-wave o, crossed p = 1, then
the two waves o3 and o}, must be of different type, one shock and one rarefaction. If o),

is a rarefaction, then wyj, y = 0 and AQy;, < 0. Otherwise, if 0, is a shock, then wg ., = 0.
Let P, P be the left, right state of o,, we have

why = S mind [PE — 1, 1B — 1]} < boloal
and we have the estimate
2O < 3w lohool < OW) - oal - [lo5] + OM)|Ihll=[oaosl] < O(1) o - lracs
77 1’7:1

For the second case, when o, does not cross p = 1, then the weights w}w and wg,, # 0
will be either both zero or both non-zero, and

Why = Wy < G0 {7 — 1| = [P = 1|} < do| P — P = doloal .

Then, we have

AQpy = Z Why (lo4] = logl)loy| + Z (Why — wsy) logos|
Y Z’Y:l Y, Z'Y:]‘
< O(1)-doloaos|.

In conclusion, we have
1
AQ < —loaos| + O) - |oaog| - (o + |[AllLe) < = 5loaosl,
where the last inequality holds for dg > 0 sufficiently small. Therefore
AS = AV +cAQ < |oaoy| (—g +0(1) HhHLoo> < - E\aaaﬁ\ ,

which is negative if we choose ||h||L/c sufficiently small. We note that it is exactly in
this estimate that it requires to choose the constant dy > 0 sufficiently small.

. Two p-waves interact. Similarly, by (3.14), the change in wave strength V' is measured by
O1) -loal - log| - [[AllLe ,
and the change in the interaction potential Q is measured by
—loal - logl + O1) - |oal - [og] - | AllLe -
Add up these two terms, we get the change in S,
c
AS = —cloaog| + (1 +c)OQ) - |oaog| - [AllL= < = Floaosl,

if ||h||Lee is sufficiently small.
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4.5 New total wave strength and interaction potential with the source term

The analysis in the previous step was valid in connection with (3.1), without the source term. To
handle the original system (1.2), we need to account for the possible increase in wave strengths,
due to the source terms. By (3.4), the size of an h-jump grows at a rate proportional to
the amount of [p — 1]-mass it crosses. Similarly, by (3.5), the size of a p-jump grows at a rate
proportional to the amount of h-mass it crosses. It is thus natural to consider a weight functional
Z = Z(t,z) measuring how much mass a given front located at x still has to cross. Recalling
(4.4) and (4.11)-(4.12), we thus define

Z(t,x) =Vh(t,z) - VP(t,x) (4.32)

where V" and V? are defined in (4.11) and (4.12), for suitable constants k1 > 0 and o > 0.
We first compute the derivative of the functional Z along a differentiable curve t — z(t):
using (4.13)-(4.14), we have

%Z(t,x(t)) = %(vh(t,x(t))).vp+vh.%(vp(t,x(t)))

< = VR —@)p—1VP =V koVP(p+ 2)Wh

- —Z(t,a:(t))-{m(h—:t)|p—1| + /fg(p+:i3)Wh}. (4.33)

Note that the previous quantity is < 0if —p <& < h.

The presence of source terms can now be accounted by redefining the quantities (4.19)—
(4.23), replacing each wave strength |o,| with the weighted strength Z(z,,) |o4|. More precisely
we define, for every time ¢t at which no interactions occur,

S =V+cQ, (4.34)
where B N N N N
V = Z Z(‘TOC) ’U(X‘ ) Q - th + Qpp + Qph7 (435)
and
O = Z Wa,8 Z(xa)|oa| Z(zg)|os], (4.36)
ia:iﬁzl,xa<x5
Qp = Y. Z(za)|oal Z(zp)losl, (4.37)
(a,8)€A2
Qn = > Zlxp)loal Z(zg)los - (4.38)

ta=2, iﬁZL Ta<Tp

We now observe that, at times where two wave-fronts interact, the same arguments as in
subsection 4.4 show that the quantities S is decreasing. Indeed, the presence of the weights
Z(xq) only increases the sizes of the coefficients O(1) in the various estimates. This can be
counter-balanced by choosing ||h||pe sufficiently small. We omit the details.

4.6 The bounds on the total variations of h and p.

Next, consider a time ¢, where the functions h,p are redefined as in (3.2), accounting for the
source terms. We claim that the weighted functional S =V + ¢Q is decreasing from ¢ = t;_1+
to t = ty+, for suitable choice of ¢ (apart from small terms due to wave interactions).
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4.6.1 The decrease of V.

Indeed, consider a wave-front of the first family, located at x,(-) with size oy, and let (hy,p;)
and (h,,p,) be its left and right states, respectively. Assume that this front does not interact
with other fronts during the interval (¢;_1,tx). At time ¢, this front is replaced by two fronts
of strengths 0;[, UI",' , whose strength is estimated by (3.4).

Following (4.33), we have

%Z(t,xa(t)) < 2t wal®){ il — d0)lp— 1| + Fapr + )Wt za(t)hy } .(439)

Note that the first term comes from differentiation of V", which by definition (4.11) includes the
integral over the interval (—oo, z), therefore h, p is evaluated at the left state. In the meanwhile,
the second term comes from differentiation of VP, which by definition (4.12) includes the integral
over the interval (x,00), therefore h,p is evaluated at the right state.

According to (2.4), the speed i, is estimated by

o = M(h,p) +OQ) |ow| - lpi =1 = —p+OQ) -y -|p— 1|+ OQ) |op| - |2 — 1],
and hence
hj— %y > co>0 (4.40)

for some positive constant ¢g. On the other hand, the quantity p, 4+ &, may not have a specific
sign. We can estimate it as follows:

|pT + j;a| = |pT + Al(hmpr) + 0(1) Oh (pr - 1)|
< 0Q) - hy|pr =1+ OQ) [on| - Ipr — 1
= 0()- (hr + |onl) I — 1, (4.41)

since p; — 1 and p, — 1 are of the same order of magnitude. Using (4.40) and (4.41) into (4.39),
and recalling that the weights W can be large but are uniformly bounded, we obtain

d

ZZ(Laalt) < Z(taa(t))- ( — kncolpr — 1| + kg - O(1) - (hy + o) P Ip1 — 1y> .

Finally, by choosing 1 sufficiently large, and the norm ||h||pe sufficiently small, such that
O(1)k2(||h|lLe=)? < $k1co, we conclude that

d
G2 wa(0) < ~Z(twa(®) 51 5 I = 1]

By integrating the previous inequality on (t;_1,tx), we get the following estimate on Z,
Z(tr, va(tr)) - (log |+ 1oy 1)
< Z(ter, waltin) - lowl - (1= madt- Lo 1) (14 0() - At-[p = 1] ).
Choosing the time step At small enough and k7 large enough, such that

m% —0(1) +0(1) - HlAt%O]pl 1> >0
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for some positive constant ci, we get
Z(te,za(tr)) - (o | + 1oy ) < Z(tk-1, 2a(ti—1)) lon] (1 —c1|pr — 1] At) . (4.42)

Next, consider a wave-front of the second family, located at xzg(-) with size o,. We still
assume no interaction during the time interval (tx_1,tg).

As before, we evaluate the quantities (h; — <3) and (p, +23). Since here &g ~ h, the second
quantity will be significant and the first one negligible. Indeed, according to the second equation
in (2.4), we get

pr+is = pr+ (e, pr) + O1)|oplhr

pr+ he + O)(Ipr — 1]+ |op]) by

for some positive constant ¢y (by choosing ||h|pe~ sufficiently small), and
hy —ig = h — Xo(hy,pr) + O(l)|0'p|hl = O(l)(|pl -1+ |O'p|)hr, (4.44)

since h,, h; are of the same order of magnitude.
Now, by (4.43)-(4.44), and recalling that W > 1, we have the following estimate on Z:

%Z(t,xﬁ(t)) < —Z(tas(t)) - {Hl(hl—x'g)’pl— 1| + Hg(pr—l—iﬁ)Whr}
< Z(t,za(t)) - hy - ( — koo +O) k1 lpr — 1] (Ipr — 1| + !ap\)) :

Finally, by choosing ko sufficiently larger than k1, such that

C
k10(1) [pr = 1| (Ipe — 11 + |op|) < /4250,
we conclude
d Co
EZ(t,xg(t)) S — Z(t,xg(t)) - R9 Ehr .

Therefore, neglecting the interaction terms and using (3.5), we have
Z(tr, ws(tr)) - (o | + oy )
< Z(tho1,z5(th1)) - loy] - [1— maAt- %Oh} (1 +O(1) - At- hr> .

Again, we can choose ko sufficiently large, such that

52%—0(1)+O(1)52At.1—0hr > > 0

for some positive constant co, we have the following estimate
Lt ws(t) - (of | +1og]) < Zlteorzpltion) - logl- (1 - cahyAr) . (4.45)

We conclude that, in both cases (4.42) and (4.45), the weighted strength of all jumps decreases
from t;_q to t; , as follows:

AV < —alt Y Z(a(te-1))loallpf — 1 — At Y Z(xp(te-))lolhy . (4.46)
a,ia=1 B,ig=2
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4.6.2 The change of Q.

Now we study the change in the O term from time tr_1 to tr. Given a pair of waves, we have 4
possible cases, according to the families of the two waves. For each case we evaluate the variation
of the corresponding terms in Q from time ¢;_1 to tg.

Case 1. Assume at t;_; we have two waves of the first family, located at z, and Z,, with
wave strengths o, and 4. At time ¢y, after the fractional step (3.2), each 1-wave will become
two waves, one from each family, with strengths (o7, 05) and (5}, 55) located at z and 7,
respectively. See figure 3 for an illustration.

.
(0}
Oa B Eg\/‘%
ty
Xa . Xq

o ]
the S
k-1 Xq %q

Figure 3: Case 1, two 1-waves o, and &, from time ¢;_q to t;. Here the dotted lines denote
other wave fronts which are not being considered in this case.

_ To simplify notation we introduce Zy = Z(tx—1,2a), Zo = Z(ty,z7) and similarly for Za,
ZF. The change in Qp, related to this pair of waves can be estimated as

Aéhh = wataﬂrZ;_ ’Uéﬂ : Z(j ‘&;H - wa,&Za ‘Ua‘ 'Za ‘501’ = (I) + ([I),

where 5 -
(1) = wna {22031 22165~ Zaloul- Za 60

and .
(I1) = {wo+ a+ —waa} Za log| - Z4 |54
We first note that, after the fractional step, each 1-wave remains on the same side of p =1
and does not change type. Then, in the above formula, wq+ 5+ # 0 if and only if wq,a # 0.

Ifwaa =0, i.e, 04 and 0, on the opposite sides of the line p = 1, we trivially have Aéhh =0.
We need to consider the case when w5 # 0. The first term (I) is less than 0 thanks to (4.42):

() < WaaZoZa |0abal {(1 —c1|py— 1] At) (1 — ¢ |y — 1] At) =1} < 0.

For the second term (I7), we need an estimate on the change of P due to the source term step
(3.2). First we see if P < 1,P, < 1 then after the time step (3.2) h will decrease. From the
geometry of the integral curves we see that P will increase, and therefore we have PlJr > P, and
D" > Py This gives wy+ 4+ < Wa,a, and therefore we have (II) < 0.

Otherwise, if P, > 1, P, > 1, after time step (3.2) h will increase and so will P, and we have
PIJr > P, and ]5l+ > ]51, and the increments can be bounded by

P — P <OMW)Ath|p —1|, P — B < O(1)Athp — 1],
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which is equivalent to
Pr—1<P—-1+00)Athp—1], P"—1<DB—1+00)Athlp —1|.
Hence we get
min {|BF — 1|, [BF — 1} = min {[B— 1|, |B— 1]} = O()At - [l - [P —1].
Therefore, we have
AQpy < (IT) < O1)dg - At - [|hl|Les - |P, = 1| - ZaZa|0aGal -

The terms @pp and @ph may both increase. By (3.4) and (4.42), the increment is small,
estimated as

AQy + Ay = ZF lof|- ZF (16514 1651) < O(1) - ZaZaloaFal At Ipi —1].
Adding together the bounds on Aéhh, Aéph and Aépp, we get
AQ < O()-ZaZy|oaba|  At-|P,—1]|. (4.47)
Case 2. Assume at ¢,_; we have two waves from of the second family, located at zz and g,

with wave strengths og and 5. At time tj, after the fractional step (3.2), each 2-wave will
become two waves, one from each family, with strengths (o, 0'6) and (& a,aﬁ) located at xﬁ

and &} 3 respectively. See figure 4 for an illustration. As in Case 1, we introduce the notation
Zg = Z(tp-1,23), ZE' = Z(tk,xg) and similarly Zg, Zg’

coJ(r B o 0[3

D =¥
. XE XB
o
%

X

tg-a
Figure 4: Case 2, two 2-waves og and og from time ¢;_; to t;. Here the dotted lines denote
other wave fronts which are not being considered in this case.
Using (4.45), the changes in @pp, éph are estimated as
AQy+AQn = ~Zglogl- Zslogl + 27 |of1- 25 (1631 +153)
< Z525|O'55'5| . {—CQAt(hr + ilr) + C%hrﬁr(AtF} ,
while for Q) we use (3.5) to get

AQuy = Wi g+ 23 |ok|- ZF |65 < O1) - Zglog| At - Zg |55 liAt
< O(l) . ZﬁZﬁ ‘0'55'5‘ : hr}N‘Lr . (At)2 .

Adding them together, we have
AQ < ZsZglos65| At {—CQ(hﬁﬁ ) + Ehy At + O(1) - hrﬁr-At} .

By choosing At or ||h|Le small enough, we conclude that Q decreases.
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Case 3. We now consider the case where we have two approaching waves at t;_1, a 2-wave
of strength oz at g and a 1-wave of strength o, at Z,, with zg < Z,. At time tj, after the
fractional step (3.2), each wave will become two waves, one from each family, with strengths

(0f,05) and (64,55) located at z; and &[, respectively. See figure 5 for an illustration.

0_1'
Oq B %\/63
t 4
R R A
GB QC(
o ‘
k1 X Xq

Figure 5: Case 3, a 2-wave og and a 1-wave 7, approaching each other at ¢;_;. Here the dotted
lines denote other wave fronts which are not being considered in this case.

Using (4.42) and (4.45) we get

AQ,, + AQy,

~Zslog|- Za |6l + 2§ |of|- 25 (l51+1531)
Gol - {=1+ (1 —ci|pr — 1| At) (1 — ca by AL)}
Go| {=At- (c1|p1 — 1] + c2hy) + crcalpy — ke (A1)?}

Zﬁ’“ﬁ"?a’
’Za’

IN A

Zglop]
and by (3.5) we get
AQpy = Wor g+ 25 |og| - Z3 58]

O) -min {lpi — 1], 151~ 1} - Zslop - Za |6l - by - At

IN

Summing up the previous inequalities, we get
AQ < ZgZalogdal - At-{—(c1 |p1 — 1] + cahy) + |fr — 1]y (c1ea At + O(1))} .

Note that the positive terms are multiplied by 5., while the leading negative term is not. Hence,
by choosing ||h||re and At small enough, we conclude that Q decreases.

Case 4. We now consider the case of two non-approaching waves at tp_1, a 1-wave of strength
0q at xo and a 2-wave of strength o3 at g, with x, < Tg. At time ¢, after the fractional
step (3.2), each wave will become two waves, one from each family, with strengths (o, ag) and
(7, 5;) located at =} and i;, respectively. See figure 6 for an illustration.

Since the two waves are not approaching at t;_1, we have é(tk_l) = 0. But at #y, é will no
longer be zero. Using (3.4) and (3.5), the increments can be estimated as

AQun = wor s+ - Z3 |of |- ZF 65| < OQ) - Zo|oal| - Zs|Ga| - by - At
and
AQpn +AQy, = Z7F oh| - 73 (y&gy + y&gy) < O(1) Zoloal - Z5155] - |1 — 1] - At.
Adding up these two estimates, we get the estimate for )

AQ = O(1) Zo|oal - 25155 - (ypl — 1+ ﬁl) At (4.48)
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Figure 6: Case 4, two non-approaching waves, a 1-wave o, and a 2-wave o3 at t;_;. Here the
dotted lines denote other wave fronts which are not being considered in this case.

The general case. In the general case, we sum up all the possible contributions due to each
pair of waves and get

AQ < OMAt Y ZaZyoaos| P 1] +
la=ly=1,2a<T~

+ O(1)At > ZaZgloaos] - (!p? 1+ hf)

ia:1,iﬁ=2, Ta<Tp

IN

OMAL S D" Zaloallpf — 1+ > Zgloglh) 3 - V(tr-1). (4.49)
=1 i5=2

4.6.3 The decrease of S
Finally, the change of S = V + ¢ Q follows from (4.46) and (4.49). We have

AV +ceAQ < At~ Ziloul- Ipf — 1 <—c1 +0(1) - cf/(tk_l))
ia=1

+ At 3" Zglog|h) (—C2 +O(1)- cf/(tk_l)) , (4.50)
ig=2

hence AS < 0 provided that c is small enough comparing to ¢; and co.

In summary, we see that by our choice of the weights Z(t,x), the functional S is non-
increasing from time t;_1+ to tp+, because the possible increase caused by the source term is
counter balanced by the decrease in the weight Z. In addition, from the analysis in Section 4.4
we see that S decreases strictly at every interaction. Since S is bounded and positive, then the
total decrease of S caused by all interactions (through all time ¢ > 0) is bounded. In term, this
gives a bound on the total amount of interaction and cancellation through all time ¢ > 0.

Remark. We remark that one can actually choose ¢ = 1 in the definition of S. In fact, the
constants ¢; and cz can be sufficiently large by choosing 1 and kg large, such that one still
achieves AS < 0 in (4.50). We kept the constant c¢ since this keeps our argument more straight
forward.
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5 Global existence of BV solutions; Putting things together to
complete the proof of Theorem 1

In this section we fill in some remaining details in the previous analysis in Section 4, and achieve
a rigorous proof of Theorem 1.

As remarked at the beginning of Section 4, the approximate solutions are defined by the
front tracking approximation, as in [8, 9, 4] on each time interval [tx_1, %), and then updating
the solution at time t = ¢t according to (3.2). In general, for 2 x 2 systems the presence of
non-physical fronts can be avoided completely [4, 9]. Furthermore, it is important to observe
that error terms of the form

O(1) - [maximum strength of rarefaction fronts] (5.1)
can be neglected. Finally, error terms of the form
O(1) - At - [total amount of interaction + cancellation] (5.2)

can also be neglected, because they become vanishingly small as At = £ — t;_1 approaches zero.
We now review the steps in the previous section, and check that all the estimates are valid,
up to vanishingly small error terms as in (5.1)—(5.2).

1. During the time interval (t;_1,t), the quantities [hdz and [(p — 1) dz are conserved by
front tracking approximations, except for errors of the order (5.1).

The quantity [ [p—1|dz may increase only in the case of the rarefaction waves of the second
family where p — 1 changes sign. However, one can easily check that the possible increase is
bounded by a quantity of the order (5.1).

On the other hand, the difference Z"(t;,) — Z"(t;_1) can be bounded as in (4.8), plus error
terms of size

O(1) - At - [ amount of interaction and cancellation during the interval [tx_1,%x) .  (5.3)
Indeed, for the piecewise constant approximate solution, during [tx_1,%;) we have
(Wh)y — (Wh(g+1))e < =Wh(h+q+1)-ql.

Therefore Z" will decrease on this interval,

ty

Th(t—) — TM(tp_) < —/

th—1

o
/ Whih+q+1) - g d dt
— 0o
At the time step (3.2) when the source term is added, Z" may increase, as
o
Th(ty) — TM(tp—) = At/ Waqh(z,ty,—) dz .
—00
Adding these two estimates, one gets

Ih(tk) - Ih(tk_l) < /tk

th—1

o] tr o]
At/ Waqh(z,tp—) dm—/ / Wqh(z,t) dmdt] .
—00 tr_1 J—00

/ Whig — lql(h + q + 1)) do dt

_|_
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Here the first term on the right-hand side is negative, and the second term is bounded by (5.3).
As remarked earlier, these are vanishingly small, as At — 0.

2. Concerning the quantity P, ¢ for the approximate solution, it might decrease at an interaction
and at where a Riemann problem is solved. We now give a rigorous analysis.

First, at the initial time ¢ = 04, Riemann problems are solved and P,y might decrease,
but by a small amount. In fact, let (H;, ), (H,, P.) be the left and right states of a Riemann
problem, and (H,,, P,,) be the middle state. P, may be smaller than P, if the 1-wave is a shock.
In this case, let o, be the strength of the 1-wave. Recalling (3.23), we have

[P =B = OM)op|P—1] = OQ)||h]{e .

Then, the possible decrease of P,y at t = 0+ is very small.

Second, during the time interval (¢;_1,%;), Ppns might decrease at some interaction points.
This could happen if the outgoing 1-wave oy, is a shock. We claim that the possible total decrease
in P,¢ caused by interaction through all time ¢ > 0 is of order

O(1) - ||h||Lee - [total amount of interaction + cancellation] . (5.4)

Indeed, consider an interaction between two waves o, and og, and use the notation of
Sect. 4.4. Let (H;, P,), (Hp, Py) and (H,, P.) be the left, middle and right state of the outgoing
waves. We consider 4 cases listed in Sect. 4.4.

(1). Two neighboring h-shocks with strength o, and o interact. In this case, the change in S
caused by the interaction is

|A§| = O(Dwa,s - loaos|.
Then we have

’LUOl7
1P — Py = |0l = O(1) - =22 - ||| - [oa0] = O(1)

- |AS].
» 5 |AS|

Al
1)

(2). Two h-waves of opposite sign interact. Here one has |AS| = O(1) min{|oa], log|} and

[P = Pr| = |oy| = O(1) - || - |oaos| < O(1) - Jhl|L= - |AS].

(3). A p-wave o, interacts with an h-wave 3. In this case, IAS| = O(1)|oqog|. Let Py be the
intermediate value before interaction, then

P = Bl = O(1)|Px = P| - [oa] = O(1)| P = 1] - |og[* - [oa] = O(1) - ||l - |AS].

(4). Two p-waves interact. Here we have again |[AS| = O(1)|oqop| and

[P = Bi| = O(1)(07,)* = O) (I hllL= loaos))® < O1)||hflL=|AS].
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We see in all cases, the possible decrease of P is of the order
1 ~
oWt (1+5 ) A8,

where |AS| is the change in S due to the interaction. Since S is strictly decreasing at ev-
ery interaction, and the total decrease in S caused by all interaction is bounded, we see that
the possible total decrease in Pjy¢ through all time ¢ > 0 caused by interaction is of order
O1)||h||Le (1 + %)S(O), which is as small as we like.

Finally, we analyze the source step (3.2). From the formal argument in Section 4.2, we
see that the source term “helps” keeping P bounded away from 0. Now we check if a similar
situation happens in the discrete approximate solutions.

We note that Py < 1, which follows from the bound on ||[P — 1||g1. Since we are interested
in a lower bound on P of the form P > Py > 0, we focus our attention on the case where P < 1,
say P < 0.5 and p < 0.5.

We claim that at each source step (3.2), Pys will increase. Indeed, if p < 1 (P < 1), we see
h will decrease. From the geometry of the characteristics in Fig. 1, we see that P will increase.

However, when Riemann problems are solved right after (3.2), Py¢ might decrease if the
outgoing 1-wave is a shock. We claim that the possible decrease of Pys caused by the Riemann
problem is counter balanced by the increase of Py in the source step (3.2), so Py will not
decrease from tp— to t5+.

Let the capital letters (H, P) denote the Riemann coordinate of (h,p). Let (H;, B) (H,, P,)
and (H l+ , Pl+) , (H,F, PY) be the left, right states of the incoming and outgoing waves, respec-
tively, and (H,, P;t) be the middle state of the outgoing waves. We first consider the case of a
incoming 1-wave. This must be of the same type as the outgoing 1-wave, which is a shock. Then,
h;r < h; and p; = p;r, so the 1-shock curve from (h;r,p;r) will lie above the one from (hy, p;).
Also, ht < h,, because the 2-curves have negative slope in (h, p)-plane. From the geometry of
the shock and rarefaction curves, and the uniqueness of the 1-shock and l-rarefaction curves,
we must have H l+ < H} < H,. By the uniqueness of 1-shock and 1-characteristic curves, P,
must lie between P, and Pl+. Therefore P will not decrease.

Secondly, we consider an incoming 2-wave of strength o, with p; < 0.5 and h; > 0. Then,
PlJr > P, and we have the following estimate on the increment

P =P > cAth,

for some constant ¢ > 0. By the estimate (3.5) the strength of the outgoing 1-wave is o}, =
O(1)At by |op|. Then, by (3.23) the difference between P, and P;' is of order O(1)(c},)*(1—p;"),
so we have

| =B = OW)(Ath)*(0,)°(1—p;) -

Here the terms o, and (1 — p;") are bounded. By choosing ||h||r and At sufficiently small, the
possible decrease will be much smaller than the increment. Therefore P¢ will not decrease.
This completes the uniform lower bound on P (or equivalently, on p).

3. Concerning the functionals 7", and J? during each interval [t;_1, ;] their sizes may increase,
but only in the amounts that are vanishingly small. Indeed, this can be achieved by a similar
argument as for Z". We will work out the details for the quantity 7P, and omit the details for

31



J" which is similar. On the interval [t;_1,t;), consider a 2-characteristic t — x9(t). Then P
remains constant along this curve unless it crosses a 1-shock. If this happens, P will change by
a small amount due to the second order tangency of shock and rarefaction curves. Let o} be
the strength of the 1-shock, and P be the value of P after crossing this shock; again by (3.23),
we have

Pt —P = 0(1)o; = O()|h|i~,

which shows that the change in P is vanishingly small.
Now, ignore interactions and the crossings of 1-waves, then P remains constant along 2-
characteristic ¢ — x2(t), but VP will decrease. We have

%Vp(t,m(t)) = KV? (—Wha':2+ / (Wh(yat))tdy>
z2(t)

IN

— ko VP (Wh(jzg +qg+1)+ / Whig|(h+q+1) dy) ,
Z‘Q(t)

which gives

VPP (ty—, za(ti—)) — VPP(ty_1, 22(tg—1))

ty
< —/ ko VPP (Wh(d:g fq+1)+

th—1

Whiq|(h+ q + 1)dy) dt | (5.5)

xz(t)

At t;, when the step (3.2) is performed, both V? and P will change. Calling Pt = P(tx, x2(t))
and P = P(ty—,z2(tp—)), we have

pe < proma |5 = p - (1+omard 2110 < . (1 oma |57 i)

where the last inequality holds because P is bounded away from 0. Therefore we get

VPEPT < exp </¢2 O:t )W(h+Atqh)dy>' <1+(9 At‘ ‘|q|h>
2l

= VPP.exp (ﬁgAt O:t )thdy) <1—|—(9 At‘ ‘|q|h>
2tk

< VPP. <1+/£2At O?t )thdy+0(1)At2||hH]2'_‘oo> <1—|—O At‘ ' |q|h>
z2(lk

= VPP |1+ koAt O:t)thder(’) At' ‘\th+0( )AtQHhHLw].
2tk

Here for the second last inequality we used e = 1+ x + O(1)z? for small z, and in the last
equality we gather all the high order terms in the last term. Adding up this inequality with
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(5.5) and rearranging the terms, we get

VPP(ty, x2(tk)) — VPP (tp—1, 32(tg—1))

tr [e¢)
< —Hz/ VpP/ Wh[\qy(h+q+1) —q} dy dt (5.6)
te—1 z2(t)
0o (73
+raAtVP P () Whqdy — ko VPP(t / Whq dy dt (5.7)
z2(tx) -1
ty
—/ VPP |:I{2Wh($2 +q+1) ‘ ' |q|h} dt (5.8)
tp—1
+o(1) AthP‘ ' lqlh(te) — / vpp‘ ' gl (t) dt] (5.9)
te—1
+O()AL?|h|} - (5.10)

Here the term (5.6) is negative, and (5.8) is also negative by choosing kg sufficiently large.
However all the other terms might be positive, but they are small. In fact, (5.7) is bounded by

koO(1)At||h||Le - | amount of interaction and cancellation during the interval [tx_1,t%) |,
and (5.9) is bounded by
O(1)At||h||r~ - [ amount of interaction and cancellation during the interval [t;_1,%) |.

Finally, since (5.10) is vanishingly small, we conclude that J? is non-increasing up to a vanish-
ingly small error, achieving the uniform bound on P.

4. The order of the constants should be chosen as follows. After the constants M and py have
been given, we can choose g > 0 so that AS < 0 in section 4.4. Then we choose k1 large enough
so that (4.42) holds, then kg large enough such that (4.45) holds, and then ¢ sufficiently small
in subsection 4.6.3 such that AS < 0.

Finally we choose § = ||h||L sufficiently small. This will render J"(¢) as small as required,
for all times ¢ > 0.

Moreover, at each time ¢, the inequalities (4.17)-(4.18) hold, up to error terms of magnitude
(5.3). These are vanishingly small as At — 0.

5. Concerning the total variation, the decrease of the functional S in (4.34) during the intervals
[tk—1,tk] has already been analyzed in the previous section, without taking into consideration
of the interactions. Adding the effect of interactions will only introduce small error terms as in
(5.1)—(5.2), which can be arbitrary small. Therefore, the estimates (4.42) and (4.45) will still be
valid. This completes the proof of Theorem 1.

6 Concluding Remarks
(1). In this paper we proved the global existence of large BV solutions to a 2 x 2 system of

balance laws in one space dimension, arising from a model of granular flow. However, we left
open the question of uniqueness of entropy-weak solutions. This does not immediately follow
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from the known results [15], because one of the characteristic fields is neither genuinely nonlinear,
nor linearly degenerate. Uniqueness and continuous dependence of large BV solutions may be
obtained by putting together the techniques in [4] and [15]. Alternatively, it may be achieved
by further developing the vanishing viscosity approach in [7, 12].

(2). A related interesting problem is the slow erosion limit, when the thickness of the moving
layer is very small. In [26] we observed from numerical simulations that, as long as the moving
layer remains very thin, the evolution of the standing profile depends only on the total amount
of sand being poured from the top, not on the specific rate at which the sand is poured. In
a forthcoming paper [3], this observation is studied in detail. We prove that in the limit as
the thickness of the moving layer h tends to zero, the evolution of the standing profile can be
described by a scalar integro-differential equation for the slope p = u,.

(3). It is also of great interest to study the case where the slope p = u, of the standing layer
changes sign. This appears to be an essential step also toward the study of the two-dimensional
case, since the directional derivative of u generically changes sign along a straight line.

Unfortunately, as p changes sign, the flux function is no longer smooth, but only Lipschitz
continuous. This does not fit in the standard theory of hyperbolic conservation laws. However,
the Riemann problem is still well-defined and can be solved, possibly leading to some results on
the Cauchy problem.

Acknowledgement. The authors are grateful to Prof. Alberto Bressan for suggesting the
problem and for many useful discussions. We also thank the reviewer for carefully reading our
manuscript.
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