ON A STRONG PRECOMPACTNESS OF VELOCITY AVERAGES
FOR A HETEROGENOUS TRANSPORT EQUATION WITH
ROUGH COEFFICIENTS

DARKO MITROVIC

ABSTRACT. We consider strong Llloc(ﬂ%d) precompactness of the sequence of

averaged quantities [pm hn(z, \)p(A)dA, where p € Co(IR™), and hy, € LY (IR x

loc
R™), p > 1, are solutions to the transport equations with flux explicitly de-

pending on space:

d
dive (F(z, Nhn(2,)) = Y 0,0y G (x,)), z€R?, A€ R™,
i=1
where F = (Fi, ..., Fy), and F; € L] _(R?x R™),i=1,...,d, 1/p+1/q < 1,
and k; = (k?‘l,,kin) € IN™ i = 1,...d, stands for multindex. For the
sequences of functions (G%)nemv, @ = 1,...,d, we assume that they strongly

converge to zero as n — oo in L (IR x R™) for a § > 1.

In order to obtain the result we adapt H-measures [13, 35] and give positive
(but partial) answer on the question whether it is possible to translate in an
algebraic way the information ”uj is bounded in LP, Puy is bounded in L9
for a p,q > 17, where P is a differential operator. This question was posed in
[13]. The proof mostly involves the theory of multipliers.

1. INTRODUCTION
Consider a sequence (hy,)nemn of solutions to the first order transport equation:
L(V, Nhp = dive(a(N)h,(z,)) = Org(z,\), X € R™, z € RY, (1)

where g is locally bounded Radon measure over IR% x IR™.
It was firstly noticed by Agoshkov [1] that the family of averaged quantities

/ ke, NN, p € CHR™) @)

demonstrates better properties then the family of solutions (h,,) itself. More pre-
cisely, in general one states that:

Lemma 1. The sequence of averaged quantities (2) is strongly precompact in
Lioo(IR7).

Such kind of results are usually called velocity averaging lemmas.
In [27] one of the first and the most popular application of the velocity averaging
is given. More precisely, it was shown that for an entropy admissible solution [25]
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of a homogeneous scalar conservation law, denote it by u(t,z), t € R", x € IR%, so
called kinetic function

1, for 0< A <u(tx)
h(t,z,A) =< —1, for 0>\ >u(t )
0, otherwise

satisfy a transport equation similar to (1). Then, for such transport equation the
authors prove an averaging lemma which enables them to gain regularity results
for the entropy admissible solution u to the corresponding conservation law.

From the beginning of 90s most of the results on velocity averaging were ob-
tained, and most of them were restricted on the first order transport equation
(degL(i&,-) = 1). One can find most of the information and references on this
issue in the introduction of [37] where the authors consider second order transport
equation in general form:

L(Va, A) = Org(z, A),

(more precisely degL(i€, ) = 2). They discovered that the symbol £(i€, \) of such
equation satisfies the ”truncation property” which enabled them to prove apri-
ori estimates which provided a regularity of solutions to various partial differen-
tial equations such as conservation laws, nonlinear degenerate parabolic equations,
nonisotropic degenerate diffusion and other equations admitting kinetic formulation
[27]. Also, we would like to mention that the theory of transport equations can be
applied as well on nonlinear problems which does not admit kinetic formulation but
are ”linearizable” on some other way. For more information check [2, 8, 11].

It is important to notice that in all papers cited in [37] (except P.Gerard’s work
referenced as [13] in this paper), symbols £(i€, \) corresponding to transport equa-
tions did not depend on space or time variables. Actually, this means that the equa-
tions describe processes occurring in homogeneous medias. On the other hand, most
of natural phenomena take place in heterogeneous medias (flow in heterogeneous
porous media, sedimentation processes, blood flow, gas flow in variable duct...).

But, it appears that it is much more complicated to work on heterogeneous
transport equations, and that one can not apply techniques from the homogeneous
case. This fact could be explained by the following simple observation. If we apply
Fourier transform on equation (1), at least informally, we can separate solutions
(hy,) and known coefficients. Thus, we are able to express the solution via known
coefficients, and, consequently, ”estimate” solutions via known coefficients. Still, it
is far from being easy to formalize this observation (see e.g. [29, 37]).

In the heterogeneous case even such informal idea is not at our disposal. At the
moment only possible approach is through a variant of defect measures [13, 35]. The
defect measure is an object describing loss of compactness of a family of functions.
Originally, the notion of defect measure was systematically studied for sequences
satisfying elliptic estimates by P.L.Lions [26]. Since elliptic estimates automatically
eliminate oscillations, the defect measures used in [26] were not appropriate enough
for studying loss of compactness caused by oscillations, and which typically appear
in the case of e.g. hyperbolic problems.

In order to control oscillations, natural idea was to introduce an object which
distinguish oscillations of different frequencies. The idea is formalized by P. Gerard
[13] and independently L. Tartar [35]. The first one named appropriate defect
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measure as microlocal defect measure and the second one H-measure. In the sequel
we shall stick to Tartar’s notion.

An H-measure is a Hermitian non-negative complex Radon measure on the co-

spherical bundle over a domain in consideration (in general, the base space of the
fibre bundle is a manifold, while the fibre is the unit sphere S¢~1). The following
theorem is the corner stone of H-measures (for more information and other variants
see also [3, 4, 5, 31, 32, 36]):
Theorem 2. [35] If (u,) = ((uk,...,u")), n € N is a sequence in L?(IR%; IR")
such that u, — 0 in L?(IR%; IR"), then there evists subsequence (u,/) C (u,) and
positive definite matriz of complex Radon measure p = {,u"j}i,j:l)m’d on R% x §4-1
such that for all 1, ps € Co(IRY) and 1 € C(S41):

lim [ F(orub ) (€)F (p2ul, ) (€)()dE = (i, p1521))

£
n’—oo Jpd |§|

g (3)
= / o1 (x)p2 (@) (§)du” (z,€), i,j=1,...,d,
RIxSd-1

where F is the Fourier transform.

Definition 3. The complex Radon measure {Mij}i,jzl,.‘.r defined in the previous
theorem we call H-measure corresponding to the sequence (u,,) € L?(IR%; IR").

As we can see, the H-measure p also depends on dual variable & € IR? which
actually describes frequency of an oscillation.

Although H-measures were in some sense step forward with respect to Lions’s
defect measures, they can only be applied on sequences belonging at least to L?
(which means that only limited concentration effects are allowed). Such confine-
ment forced P.Gerard’s averaging lemma for heterogeneous transport equations [13,
Theorem 2.5] to be proved only for sequences of solutions belonging to leoc and
with the righthand side being relatively precompact in H, l_ocl. If we compare that
result with e.g. [29, Theorem 2] for homogeneous transport equation, we can see
that Gerard’s result has much stronger assumptions. In this paper, by adapting
the notion of H-measure, we shall prove an averaging lemma for heterogeneous
transport equations under the conditions analogous to the conditions given in [29,
Theorem 2]. Actually, we have succeeded to translate in an algebraic way the in-
formation ”uy is bounded in LP, Puy is bounded in L? for a p,q > 1”7, where P
is a differential operator of first order with homogeneous symbol. Thus, we gave
partial answer on the question posed in [13].

Another shortcoming of H-measures is the fact that they can be applied only
on transport equations with homogeneous symbol (since dual variable £ belongs to
the unit sphere), and in special cases of equations with non-homogeneous symbols
[30, 33]. How to overcome this obstacle will be the subject of further investigations.

The paper is organized as follows.

In Section 2 we formulate the main result of the paper (Theorem 4 below), and
introduce basic notions and notations.

In Section 3 we introduce the H-distributions — an extension of H-measures,
which will be the basic tool for proving our main result. As in Theorem 2 above,
we correspond an H—distribution to a sequence of finite dimension.

In Section 4 we give proof of the main result — Theorem 4.
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In Section 5 we prove existence of solution to multidimensional scalar conserva-
tion law with flux discontinuous in the space variable and belonging to the Sobolev
space WLHP(IR) in the velocity variable. The same result can be found in [14, 31]
but under different assumptions on the flux regularity.

2. THE MAIN RESULT, NOTIONS AND NOTATIONS

We consider the following first order linear transport equation:

d
L(Va, 2, A) = dive(F (2, N (2,0) = Y 05,0y Gl (2, ), z€ R, Ae R™, (4)
i=1
where k; = (ki,..., k) € N¢ and 9} = 81;1 8];;1, and it is assumed that the flux
F satisfies the following non-degeneracy condition [32]:
For almost every x € IR* and every &€ € S~ the mapping:

d
A= Z Fk(xv )‘)fk (5)
k=1

is mot identically equal to zero on any set of positive Lebesque measure.
The main result of the paper is the following theorem.

Theorem 4. Assume that for the flux vector F = (F1, ..., Fy) appearing in (4) we

have
o F, € Lf*(R*x R™), a>0,i=1,..d.
e [ satisfies nondegeneracy condition (5).

Assume that the sequence (hy,)nen is such that

hp — 0
weakly in Lll:;ﬂ (IR? x IR™) for a 3 > 0 such that:
1 1
—+ —— < 1. 6
1+« * 1+06 < ()
Assume that for everyi=1,...,d we have

G —0, n— oo
strongly in Llljcv(]Rd x R™), for a v > 0.

Then for every p € Co(IR™), there exists a subsequence (h,) C (hy) such that
the sequence of averaged quantities

/ B (2, \)p(\)dA — 0

strongly in L} (IR x R™) as r — oo.
Remark 5. Notice that the conditions

hy —0 in L'*P(R? x R™),

G! — 0 strongly in L' (IR? x R™)
are not essential. Namely, it is enough to assume that (h,,) is bounded in Lll;rf (IR x
R™), and that G%, — G strongly in L, )77 (R% x IR™) for a G* € L}7 (IR* x R™),
i=1,...,d.
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Then, since every bounded set in Lllotﬁ (IR? x IR™) is weakly precompact, there
exists a function h € L7 (IR? x IR™) such that along a subsequence as n — oo

loc
hy, — h.

It is clear that the subsequence (not relabeled) (h,,—h) satisfies a transport equation
fulfilling the conditions from Theorem 4. So, we can conclude that

B, NpN)dA — | Bz, Np(N)dX,
B’NL R7Yl

strongly in L} (IR?) for a subsequence (h,.) C (hy).

loc

Before we start the proof, we introduce necessary tools and notions.

By fw;loc we imply [, dz where K C IR? is a compact subset of IR? for an
appropriate d € IN.

Usually, it will be clear what is the value of d. Otherwise, we shall precise it.

By B(0,1) we will denote the ball in an appropriate Euklid space centered in
zero with the radius I > 0.

By Lb(IR%) we denote the space of functions belonging to LP (IR?) being equal to
zero out of some compact V CC R?. By Lfoc(]Rd) we denote the space of functions
belonging to LP(V), for an arbitrary compact V ccC IR%.

By (Lb(IR?))* we shall denote the set of bounded linear functionals defined
on LH(IR?Y). It is well known that (Lh(IR?)* = L (IR?) for the ¢ such that
1/p+1/q = 1. Still, to be as clear as possible in our considerations we will keep
the notation (Lf(IR?))*.

By WP (IR?) we denote the space of functions f € LP(IR?) having the Sobolev
first derivative d,, f, j = 1,...,d, and such that 9,, f € LP(IR?), j =1,....d.

For a multi-index o = (ay,...,aq) € (INU{0})? we let |a] = a3 + -+ + ag.
Furthermore, for a function v € C*(Q), Q C IRY, and a multi-index o € (IN U {0})d
we let dgu = 0} ... 0gdu(z), x € Q.

For a function v € C*(£2) we denote

o d
luloria) =  max suplofu(E)l, a e (VU {0}

By C'(IR%; C*(S%1)) we denote the space of functions ¢(z,¢), x € R?, ¢ €

S4=1 such that

max sup ( max  sup |8§3?¢(:c,§)|>, a,Be(INU{0}?.

0<|pI<L1 reIRY 0<|a|<k fegd-1

By LP(IRY;C*(S% 1)) we denote the space of functions ¢(z,€), x € R%, ¢ €
S4=1 such that

9l Lr (res0m (50-1)) =/ 6@, ) eow (ga-1ydz < 00,
RCL

and additionally satisfying the following generalized Lebesgue point property:
Fix a positive smooth compactly supported real function w with total mass one.
For almost every = € IR? we have:

e—0

lim |p(x + ez, A+ ev, X+ i, ) — oz, A\, A, Mler(sa-1yx
R4
(7)
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We shall also need the following inequality for the means in an integral formu-
lation:

Proposition 6. Let d,r € IN. Assume that u € LP(IR™") for a p > 1. Then we
have:

/Rd (@, ) e (rryde < [lullpora+r).- (8)

By L5(IRY;C*(S971)) we denote the subspace of LP(IRY;C*(S?~1)) such that
for every u € LH(IR%; C*(S971)) there exists a bounded set V' C IR? such that
u(z,§) =0ifx € V.

By F we denote the Fourier transform on IR?, i.e. for a function u defined on
R we put:

(&) := Fu(§) ::/ e 2Ty (1) dar,

Rd
while its inverse F is defined as:

() = Fa(e) = /R T (g)de

The main tool that we are going to use is the theory of multipliers [28, 34, 35].
We give a definition of a multiplier operator.

Definition 7. A multiplier operator A, with a symbol ¢ € C(IR?) is defined by
the formula:

FLAs[111(6) = () FIF1(S),

where f is an integrable function.

Remark 8. Note that applying Plancharel’s theorem we can rewrite (3) in the form:

lim /Rd prul, (t,2) Aglpau?, (- )|(t, x)dxdt

n’—oo

T 9)
_ / 61.(x, 1) B (@, DV(E) AP (=, ),
Rdx Sd—-1

where A, is a multiplier operator on IR? with the symbol 1(¢), £ € S9~1.

The main theorem in the theory of multipliers is famous Hormander-Mikhlin
theorem (see also Marcinkevich theorem [28, 34]):

Theorem 9. [28] Let d > 1 be an integer, and let the function ¢ € L>=(IR?) has
partial derivatives of order less then or equal to k, where k is the least integer
greater then d/2. Given the g-tuple of integers denote o = (ou,...,aq), and let
n(a) =a1 +ar+ -+ ay.

Suppose that for some constant k > 0 and for any real number r > 0 we have

/i oy IDSOE <, ) < ). (10)

Then for 1 < p < oo and associated multiplier operator Ay there exists constant ki
such that

[As (Al Lo (may < kpll fllLe(may, f € LP(IRY). (11)
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Remark 10. It is very important to notice that carefully inspecting the proof of the
Hormander-Mikhlin theorem we infer that the constant k, from the Hormander-
Mikhlin theorem has the form

k, = Cyk, (12)
where k is given in the Hormander-Mikhlin theorem, and C), is a constant indepen-
dent on the symbol ¢. For the precise proof see [9)].

Combining the former formulation of the Hormander-Mikhlin theorem and Re-
mark 10 it is not difficult to prove the following corollary (see also [34, Sect. 3.2,
Example 2]:

Corollary 11. Assume that the symbol ¢ € C*(IR?), k > d/2, k € IN is defined on
the unit sphere i.e. ¢ = ¢(%) Then, the multiplier operator Ay with the symbol ¢
is continuous as a mapping Ay : LP(IR?) — LP(IRY) satisfying:

[Ag fll Lo (ray < Kplldllonsa-)ll fll e (may, (13)
where K, is a constant independent on ¢, and ||¢||c~ = max sup |¢V)(z)|.
0<j<k e Rd
Proof: As in Theorem 9 for a given g-tuple of integers denote o = (v, ..., o),
and let n(a) = a1 + a2 + - - - + g < k. Then notice that

K
00 ()] < Mollesiss ey

for a constant K independent on ¢. From here we have for an arbitrary r > 0:

/ D@y (’5) ‘ng < 12118 (571 4 (1 1 )
s<gl<r -

€ 2@ E:
< 2 d—2n(a) 1 1
= ||¢||c~(sd71)7’ T od
implying that condition (10) is satisfied. From the Hormander-Mikhlin theorem,
more precisely Remark 10, we conclude that A4 is bounded as mapping from
LP(IR?) to LP(IR?) satisfying (13).

a

In the following definition we introduce two very important multipliers. We are
going to use them substantially in the proof Theorem 4.

Definition 12. For every f € LP(IR?), p > 1, the Riesz potential Z,, 0 < o < d,
is defined by the formula
FlZalF11(§) = (2x[s) ™ FLf1(S)-
The zero order multiplier R;, j = 1,...,d, with the symbol i£;/|{| is called the

Riesz transform.

We provide basic properties of the Riesz transform and Riesz potential.
We have:

(Za o Zp)[f] = Zavtslf]
IR [llee < Collfllze, 7=1,...d.

The Riesz potentials Z; are characterized by the following important lemma:
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Lemma 13. [34] If p > d then the Riesz potential Iy is a compact operator from
LP(IRY) to C(IRY). If 1 < p < d then the Riesz potential T, is compact operator
from LP(IR?) to LY(IR?) for an arbitrary q € [1,pd(d — p)~1].

3. H-DISTRIBUTIONS - BEYOND H-MEASURES

In order to describe loss of compactness for a sequence (u,) € LP(Q), p > 1, we
shall use a notion similar to H-measures; we call it H-distribution. But, since we
decreased regularity of the sequence (uy,), our H-distribution will not have so nice
properties as H-measures.

The main theorem of the section is the following one:

Theorem 14. Assume that (uy,), n € N, is a sequence in Lllotﬁ(ﬂ%d”) such that
Uy, — 0 in Lll(j;ﬁ(ﬂ%d”), 8 > 0. Assume that (v,), n € N, is a sequence bounded
in LS (R).

Then, there exist subsequences (un) C (un) and (vy) C (vy) such that there

exists a complex valued functional p such that
= (L(ﬁ) (Rd+r+r ;Ck(Sd_l))) ’

for a B* satisfying ﬁ + BL < 1, where (Lg* (Bd;Ck(Sd_l))) is the set of

bounded linear functionals over Lg* (RI+7+", CF(S9=1Y), such that for every o, €
LI (IR™T), @y € Co(IRY), py € LP"(IR™), and ¢ € C*(S*1), k> d/2:

lim (pru) (@, ) Aylpa(N) @2 (i, (-, M) (@) dzdAdA

n’/—oo RAd+r+7’ ( 5)
= (H, 801§02P21/)>~

where Ay : LP(IRY) — LP(IRY) is a multiplier operator with the symbol ¥(€), € €
-1,
The functional p we call H-distribution corresponding to (u,) and (vy,).

Remark 15. Notice that in the case of our H-distributions we can not formulate
the theorem via the Fourier transform since we cannot estimate F(u) if u € LP for
p > 2 (Hausdorff-Young inequality [28] holds only for 1 < p < 2).

The proof of the theorem follows the steps from the proof of [35, Theorem 1.1].
Thus, we shall need a variant of Tartar’s first commutation lemma. To formulate
it, we need the following operators:

Let a € C%(S% 1), k > d/2, and b continuous function with compact support
defined on IR%. We associate to a and b linear continuous operators A and B on
LP(IR), p > 1 arbitrary, by the formulae:

§

3]
Bu(z) = b(z)u(x) a.e. x€ R, (17)

F(Au)(€) = a(p)F(u)(€) ae. &€ R, (16)

where Xxp(o,) is characteristic function of the ball B(0,l). These operators are
bounded operators on LP(IR), p > 1 (see (13)). We have the following lemma:

Lemma 16. (First commutation lemma) C = AB — BA is a compact operator
from Lg°(IR?) into LY (IRY) for every py > 2.
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Proof: First, notice that we can assume b € Ci(IR?). Indeed, if we assume
merely b € Cy(IR?) then we can uniformly approach the function b by a sequence
(by) € CL(IR?). The corresponding sequence of commutators C,, = AB,, — B,,.A,
where B, (u) = bpu, converges in norm toward C. So, if we prove that C,, are
compact for each n the same will hold for C as well.

On the first step notice that according to (13) we have:

Cl < 2const|allcr(sa—1y||bl oo (may

where const is a constant independent on the symbol a and the function b.
Then, fix a real non-negative function w with compact support and total mass
one. Take the characteristic function x p(,2) of the ball B(0,2) C IR% and denote:

1 d xX;
XEB(O,Q) = XB(O,Q) * gfd Hi:l W(?), g > 0

Choose an & > 0 small enough so that we have X 5 () =1 for x € B(0,1), and
(1-— X%(0,2)) =1 out of the ball B(0,2).
Next, notice that
A= 'AaX%(o,z) + Aa(l*X%(o,z))’
where Aaxg(o » is the multiplier operator with the symbol aXEB(Q 2 and Aa(lfxig(o 2)
is the multiplier operator with the symbol a(1 — X%(o,z))- '
Accordingly,

C=AB-BA=A

+ Aa(l—x%(o,z))B - BAa(l—X%(O,Q)) = CaX%(og) + Ca(l—X%(o,z))7

B —-BA

ax%(o,z) ‘IX%(oz)

where
A
A

C, B —-BA

aXp 0,2y’

\B— BA

XEB(0,2) = aX5(0,2)

Ca(l_xia(o,z)) - a(l_XEB(o,z) a(l_x%(o,z))'

We shall consider separately the commutators Ca(l_XsB(O 2) and Cax%(g .

First, notice that since a(leEB(OQ)) has compact support the multiplier A“(l—XEB(o,zﬂ

is actually the convolution operator with the kernel ¢« (z) = F(a(1 — X3 2)) () €
L2(RY):

Aq
Therefore, we can state that
Catty (@) = [ (00a) = b(3) ¥l = wyuto)d

(‘ZRd>’ Po > 2.

y(u) =Y xu, ue LP(RY). (18)

1*X73(o,2)

(19)

is compact operator from (L3 (IR?), || - ||r~) into L},

Indeed, take an arbitrary sequence (u,) C L$°(IRY) such that u, — 0 weak-x
in L (IR?) and suppu, C V cC IR? for a compact set V. In order to prove
that Ca(l—X%m,z)) is compact, it is enough to prove that Ca(l—x%(oﬁz))un strongly
converges to zero in L° (IR?).

Since ¢, € L?(IRY) we also have ¢ € Li, (IR?). Thus, for every fixed z € IR? we
have

Cattry (@) = [ () =b(0)) 6o = g)un )y = 0. n—0. (0
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Next, since the sequence (u,) has compact support we also have:
‘Ca(lfx%w’z))un(x” < Ca (21)

for a constant C' depending on the support of the sequence (u,,) as well as L? norm
of the kernel 1.

Combining (20) and (21) with Lebesgue dominated convergence theorem we have
for an arbitrary compact V cC IR? and every py > O:

/ 1Ca(1—x5, .5 Un (¥) [P dx — 0, 1 — 00, (22)
v ‘

proving (19).

In order to prove that Cpye 0.2 is compact we need more subtle arguments
basically involving techniques from the proof of the Hormander-Mikhlin theorem
from e.g. [28].

So, let © be a non-negative function with support in the set {£ € R" : % < ||€]
2}, which is infinitely differentiable and is such that ©(£) > 0 when 277 < |
Also let

o=/ 3 e,

j=—o00

Then, 6 is non-negative, has support in the set {{ € R" : 5 < ||£|| < 2}, is infinitely

differentiable and is such that if £ # 0, then

1
2

Yoo =1

j=—o0

Now, let a;(§) = a(¢/ISD (1 = X502 (£))0(277¢), j > 0. Then, a; has support in
the set

{ee R 27 < |lg| <2771}, >0,

and
a(¢/1EN(1 = X50.2(©) =D _ a;(§).
j=0

By a; we denote the inverse Fourier transform of the function a;:

aj(x) = F(a;)(z).

Notice that a € C*®(IR?) satisfies condition (10) (see also Corollary 11). From
here, the Cauchy-Schwartz inequality, Plancharel’s theorem and the well known
properties of the Fourier transform, for every s > 0 we have (see also the proof of
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[28, Theorem 7.5.13] and [9, Theorem 8])
1/2

Amw%@Mg(Ameuwg”% MéﬂWM@W&) (23)
< (Lot Q”dx) ([ ere)

1/2
92 d—1 d 2&
< ( WQH, 2“2/ i *|a; ()| dw)
1/2
QKZZ/ |DE a;(€)| dg)

d/@)

9pd—1g4d— 2K 1/2
( 2k —d
(

< Cillallok(sa- 1)(2j

for a constant C; depending on the functions € and x5 B(0,2)"
Next, consider the functional series

r) =3 a;(x)
j=0

For an arbitrary fixed € > 0, the series E?:ﬂl a;(zx) is absolutely convergent in
LY(RN\B(0,¢)). Indeed, we have

[An (@) |21 (re\Bo,e)) < D851l (Ro\B(0,e)) (24)
=0

< C1||a\|ck(5d71)8(%d_“) ZQj(%d_R) < (O3 < o0,
=0

for a constant C'3 > 0, since %d — Kk <0.
Thus, for every ¢ > 0 there exists A. € L'(IR?\B(0,¢)) such that
> a;(z) = Ac(z), =€ RN\B(0,). (25)
Similarly, from (23) we have

/ lz| - |An(x)|dz — 0, s—0, (26)
lz]|<s

since %d — k> -1
Now, take the convolution operator:

A, (u) = Ay, xu, u€ LP(RY).
and consider the commutator
Cn,=A,B— BA,.
It holds:
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Given a fixed € > 0 rewrite Cy,(u) in the following way:

Colw(a) = [ A= 9)(b(w) = b))y

:/| . @ = @) — by)ulydy + / An(w = y)(b(x) — b(y))u(y)dy.

llzll<e
From here, using the fact that b € C} (IR?) together with (25) and (26) we conclude

timsup [Co(w) @) mn <1 [ A°(=)0) ~0))u)dulgg ey +0-(1),
n—oo x||>e€

(27)
where

0(1) = / An(z — ) (b(z) — b(y))u(y)dy
lz||<e

/| I< ”xy”An(Iy)W“(y)dy —0 0 0.

Furthermore, notice that the operator

U A (z = y)(b(x) = b(y))uly)dy

llzll>e

o (IR?) for an arbitrary py > 1.
Then, as in the final steps of the proof of [28, Theorem 7.5.13], from the Fatou’s
lemma one can conclude that for any py > 1 there exists a subsequence (C, ) C
(Cy) such that:

is a compact operator from L°(IR?%) to L°

1Ca1=x5 .0 ¥l LE0 (RA) < li]ICTLSUP 1Cnyullro (may
o0

< /| A D) bz e+,

This actually means that the commutator C,, ) can be bounded by the sum

(1_X%(0,2
of a compact operator and a bounded operator whose norm is arbitrarily small.

This implies that Ca(lfx%(o ») is the compact operator from LF(IR?),] - ||oo to

L (IR?) for an arbitrary pg > 1.
Thus we see that C can be represented as sum of two compact operators CaXeB 0.2
and Oa(l—x;(o ) which means that 4 is compact operator itself. '
This concludes the proof. a

Now, we are able to prove Theorem 14.

Proof of Theorem 14: .

Since (v,) € L2 (IR it follows that (v,) € Lﬁ)c(Bd“/) for every §* > 1.
Therefore, there exists a subsequence (v,+) such that we have

O = v € LS (RM™Y in LP (IRT™). (28)

loc
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From here, since u, — 0,1/ — 00, in Ljt" (IR") and o1 Ay [papsv] € L (RA7)
for any o1 € L (IR™7), o3 € Co(IRY), p € LP (IR™), we have:

lim ¥1 ($7 )‘)un’ (.Z‘, )\)Aw [@2(')ﬁ(5‘)vn’ ('7 5‘)] (:L‘)dl‘d)\dj\ (29)

n'—oo [ pdtrir!

= Jim o ©1(2, At (2, ) Ay [pa () V) (vnr = 0) (-, )] () dzdAX,
where Ay, is the multiplier operator with the symbol ¥(&/[¢]), ¢ € C*(IR?).

Assume that we have suppypy C B(0,1) € IR*". Then, from (29) and Lemma
16 we have:

Jm [ e N () Aulea(p O (- N )N (30)
= Jm [ el N ) Al R0 () o — ) V] e)drdrdd
= Jm [ e e p O (1 0) Ay s (Y = 0), A (@)dzdAdA
= lim 21 N2 ()Pt (2, 1) Aulxs 0. (Y (-, V] (@),

n—0o0 [mdtrtr!

where we implicitly used the Lebesgue dominated convergence theorem.
From here, denoting ¢(z, A) = ¢1(z, A)p2(x), and Corollary 11 we see that the
functional

pn1 (@, P ¢)=nliinoo - 14,0(3;, /\)ﬁ(;\)un/(x,/\)Aw[(XB(O’l)vn/)(y;\)](x)dxd/\d;\
(31)
is linear with respect to ¢ € LS*(IR¥"), p e LF (IR™) and ¢ € C*(S* 1), and
bounded with [|¢|l - (ga+r) 1Al e (rr) ¥l cr(sa-1). Indeed, using the Holder in-
equality, inequality between means (8), and Corollary 11:

[ o N (2 0) Ayl (00 D) @) dzd A

< ClYllense-nllell o (may lun | L1+8 (suppe) 1Vn7 [ Lo (B(0,1))
< Clllersa-nllell e marmy 0l Lo (rry

where ﬁ + 5—1* + % =1, and C and C are appropriate constants.

Using the weak precompactness property of the space
(Lg* (R¥+T) x Lg* (IR x O”(Sd*1)> (Banach-Alaoglu theorem) we conclude that

there exists a y; € (Lg* (R*7) x LY (IR™) x C’“(Sd_l)) such that along subse-

quences (not relabeled) (u,/) C (u,) and (v,/) C (v,) we have for ¢; € Lg* (RH7),
pe Ly (IR), and gy € Co(IR?), suppipafp C B(0,1) (compare (31) when ¢ = o159
with (30)):

lim (e1un ) (@, A) Al () AN (-, N () dzdAdA = (i, p1025).

n’—oo Rd+r+r

Choosing ! € IN (or some other countable set) we can assume that the same sub-
sequences (u,) and (v,/) define the distributions y; for any [ € IN.
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Standard arguments involving e.g. Cantor diagonalization procedure show that
there exists p so that for every ¢ € C*(S471), j € Lg (IR™), and ¢ € Lg (IR
such that for every p € IR" we have suppy C B(0,1):

(1, pp0) = (i, pptp), e N.

Clearly, the latter p satisfies (15).

Now, using the Schwartz kernel theorem we can conclude that u is a distribution
in variables (z, A\, \) € R+ and ¢ € §9-1. Still, we assert that the functional
w4 is much more than that, and we need to explicitly extend the functional p €
(L5 Rty cn(sdfl))* on a functional i € (1§ (47 cn(sdfl)))*.

First, fix once and for all the partition of the space IR4*" on disjoint cubes K,
1 € Z, with the edge length W’ n € IN. Assume that the partition Ki"H,
i € Z, is obtained by partitioning the cubes K', i € IN, on ﬁ equal cubes. In
the completely same manner we fix a partitioning of IR" on disjoint cubes Rl-",
1 € Z, with the edge length ﬁ

By xi' we denote the characteristic function of the cube K7', and by X} we denote
the characteristic function of the cube f(]"

Then, take an arbitrary ¢ € Li (R4, C%(§4-1)) N CL (R, O (591)),
¢ = ¢z, NE), (@, \A) € R ¢ € §91 Furthermore, assume that for
every n € IN, every ¢ € S9! and some N(n) € IN:

N(n)

suppo (-, -+, &) c V | K} x K}. (32)

i,j=—N(n)

Denote by ®; € C}(IR?) the function such that ®;(x) = 1, x € proj,V, where
proj, V is projection of the set V on the z-subspace IR? x {0} ¢ R+,

Denote by ®2 € CA(IR") the function such that ®2()\) = 1, A € proj,V is
projection of the set V on the A-subspace IR” x {0} C R+

Denote by ®; € CL(IR"™) the function such that ®s()\) = 1, A € proj;V is
projection of the set V on the A-subspace IR x {0} ¢ R+

Denote by

N
Gn(@, NN E) = D @l AT AT X (2, MG (V)

ij=—N

where (2], A\?) € K] is center of the cube :\;‘ € K', and N = N(n) € IN is such
that (32) is satisfied.
Now, we define:

N
(1, B, AN, €)= Tim Y~ (, @3 (@) o (N} (2, V@3 (N (N (f, AT, AT, €)).

N —o0
i,j=—N
(33)

To prove that (33) is well defined extension, we need to prove that the sequence

N ~ ~ ~
(X N(u, 03 (@) P2 (A)X7 (2, NP3 (M) XT (N (2], AT, AT, €))ne v is convergent.
i,j=—
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We shall use the definition of the functional y € (Lg* (RH7+") x C”(Sd_l)) )

and the Cauchy criterion. Accordingly, assume that n > m, and consider:

N
IO DR G HPYIERNL HOVAACIICIPHIPYRI) (34)
ij=—N
M ~ ~ ~
= D BR@) P2 (NN (2, N3 (MR (Ve AT AT €))
ij=—M
N
= > (@@ @)X (2 N (NG V) (D' A AT €) = Oy Ny Nt €)1
i,j=—N

where M = M(m) and N = N(n) are such that (32) is satisfied. The point
(x?(ln)’j\?(ln)) is such tha?~ (x?(ln),?\?(ln)) = (xzn,)izn) as~10ng as K] C K", and the
point )‘;rén) is such that i\;?") = A" as long as K} C KJ".
Letﬁ+%:1for5>1.
By (34) and definition of the functional p we have

N
|0 BN NN ()l A2 €))
i,j=—N

= D (@) P (WX (2, NP3 (X (N, A AT €))

EERAY ]
i,j=—M

N
DI LGN TR ERR

k—oo

J 1€l 1€

XA gl AP 3315 6(0T My Ny 150) [©1() 2 (MK (Vok (-, )] (2)dwdrdA
N . ~
< lim D 121X} | s () D1 @50k KT M L3 g o) X
ij=—N
X ||¢)(.T:L, )‘zna S‘Ena f) - ¢(m:7(1n)7 :T(In)v X_;Y(Ln)’ 5) ||Ck(Sd_1)

S leH;o ||(I>1(I)2uk||L1+5(Rd+r) ||<I)1(b3vk”L5(1Rd+r/) X

N d
x Z ||($77)\7a>\}1) - (x?(ln)?)‘?(ln)? ﬁn))” Z |‘a€ra¢(x7>‘v/\75)”00(11%4;0”(8‘1*1))
N

ij=— a=1

d
> 10z, (@, ) llco(macm(si-1))
— Ca:l

oM ’
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since ||(z, A7, A) — (@) AT 5\;7(1”))” < i (according to the definition of the

IR RAT ] ~j z(n)’
cubes K" and K}'). Above we have
N ~
D 11 @oui X} | s () |21 P30T M| L5 oy
ij=—N

= || D1 ®our]| 15 masn | @1P50k]| 15 grasrry < C,

for a constant C. v
Thus, we see that (. (i, @3(2)Ba(A)XP (2, \)D3(A) X (N (2, AT, AP, €))) s

77 70 7 bl
i=—N
Cauchy sequence implying that extension (33) is well defined on the space

(CHRECH (SN, o (e sory)-

In order to prove that the functional 4, can be extended on Lg* (RI7+7"; O0F(§9-1Y),
it is enough to prove that <Cl (RI+7+", O (§4-1Y)
dense in L (RT+r"; C%(§4-1)).

Take an arbitrary ¢ € Lg* (R¥+7+"; 0% (84-1)) and consider the family of con-
volutions

7” ’ HLé’* (RA+r+r!,Cr(Sd-1)) is

oe AN = [ 007 g Ty (P
Iy o 1 oy,
where w is real non-negative smooth function with total mass one.
We shall prove that along a subsequence we have:
Ui e (2, A, A, €) = @, A, A, )l g (s om(ga-1) = 0- (35)
We have:
9@\, X,€) = o, A A7 (36)

Lg" (RE0x(5971))

= / 62 (2, A A, €) = &, A X, [ gan dwdAdA
RA+r+r!

< IR + k)€ 6 AR Oy %
Rd+r+r" J Rd+r+r!

x T w(z) My w(n) M-, w(7;)dzdvdidzdAd)

where on the last step we used standard change of variables z; = #—%, v = ’\1%",

7 = 2= and the well known inequality || [ f(z,y)dy| < [ [|f(z,y)|dy.
Next, using generalized Lebesgue point property (7) we have for almost every

(z,\, \) € R+
lim 1o ((2, A A) + (2, 9),€) = &, A A, )l o 501 X
e—0 ) Rd+rtr/
X T, w(z) I, w(n:) H;'l:l w(7;)dzdvdp = 0.
From here, applying the Lebesgue dominated convergence theorem on (36) we

conclude that (35) holds.
This concludes the proof.
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O
Simple corollary of Theorem 14 is the following proposition:

Proposition 17. The H-distribution p € (Lg* (RA+7+r" C’"(Sdil))> defined in
Theorem 14 is a family p(z, A\, X, €) € (CH(ST1)*, (2, A\, A) € R¥™ | of complex
functionals defined on C*(S41) such that for all ¢ € L (R CF(S41)) the
mapping

RS (2,0, 8) = (a2, A, 6),9)
belongs to Lg* (Bd-'rr-f—'r./)‘

The latter proposition actually means that we can write (15) as:

lim (prut ) (s N Alp2 (Vo (ol (-, 2] (@) dwdAdA (37)

n’—oo [ mpdtrir!

- /,RHW, 01(2, N2 () p2(N) (@, A, X, ), ¥)dzdAdA.

4. THE PROOF OF THEOREM 4

We shall need the operator T} : IR — IR, | € IN, reminding on the truncation
operator (see e.g. [7, 12]) which is often used for controlling concentration effects:

Tiw) {0, o] > 1 (38)

v, |v] <L

In order to use the results from the previous section we take, for a fixed [ and
fixed p € (7(|)k|(ll?,m)7 where |k| is given in Theorem 4:

Un (2, ) = hy(x,)), and

o) = Ti( [ plhn(z.0)da).

Thus, with the notation from the previous section, we have r = m and r’ = 0.
The proof starts with the choice of special test function. For a fixed p € IR? and
[ € IN we take (compare with [33, (35)]):

(@, 2) = () (N (1 0 Ay GV T / PO )dp)(@),  (39)

Rm

where ¢; € C}(IRY), ¢ € C(l)kl(]Rm) for the multindex k given in (4), and (3 €
C3(IR?), and A, is multiplier with a symbol ¢ € C®(S4"1). Since h, — 0
in LA (R x IR™) we can assume that Tj([pm p(p)ha(:,p)dp) — 0 weakly-* in
L>(IRY) as well. Otherwise, we can take L> weak-x limit h' ole(me p(P)hn (-, p)dp
and put Ti( [ p(P)n (-, p)dp) — hy in the place of T;( [ p(p)hn (-, p)dp) in (39).

Then, substitute the function ¢ in (4). We get after integrating over IR™ and
using (14):
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d

Lo 2 Fi(@ Mo (@) (22 662@ 0 ADIGOTIC [ ol p)i)]

m

FGGR: o ANGOT [ poho(p)dp)])ded

m

m

d
= Z /le G;(m, /\) (8%(18],{(:2(11 o Aw)[(:?»()Tl(/ P(p)hn(',p)dp)]

+GOEGR: 0 ADGOTI( [ plp)ha(-p)dp)]))dedr

To proceed, note that from Lemma 13 it follows that the multiplier Ay o Z; is
compact operator from LP(IR?) to C(IR?) for any p > d. Therefore, it transforms
weakly convergent sequence (Ti( [pm p(p)hn (-, p)dp)) into the strongly convergent
one.

Thus, every term containing as a subintegral expression Ay o Z; multiplied by
a function/sequence which is bounded in L? for any ¢ > 1 will converge to zero.
Similarly, from (14) it follows that every term containing as a subintegral expression
Oz, Ay 01 = Ay o R; multiplied by a sequence which is strongly convergent to zero
in L? for any ¢ > 1 will converge to zero as well.

So, combining the Holder inequality, Hormander-Mikhlin theorem, and Theorem
14 (more precisely (37)), we get after letting r — oo in (40) along a subsequence
(hy) C (hy) such that:

m

d
> [ BOEG@GENGE@E). e A ) dsir =0 (1)
Clearly, since I belongs to the countable set IN, we can assume that the same

subsequence (h,) for every [ € IN defines the distribution p;(z,q,&) from (41).
According to Theorem 14 instead of (41) we can write:

d
S Rl NeG A ) e\ ) dedr = 0 (42)
™ i=1

for an arbitrary (4 € Lg*(leer; Cr(S471))).
Now, we take in (42):

(£ At ) claro

i=1

C4(fE7 A7§) =

)

(s W,%)Ze

where ¢ € Lg* (IR¥+™; O%(89~1)) is arbitrary. We obtain
2

> F¢<x,A>&) (oA €)

ot

(Z F(x, A)fi)z +e

i=1

9 ,U,l(.’ﬁ, /\7 f)>d>\dl’ = 03
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Rewrite the latter expression in the form:

d 2
5 m(:c,ma) Cla M)

[

(£ re ) +

From condition (5) we know that for every (z,£) € D x %71, Where D C R is of
full Lebesgue measure with respect to IR?, the set {\ € R™ : Z Fi(x, )& = 0}

has zero Lebesgue measure. Therefore, for almost every A € ZRm We have:

(£ Fiwm)z (0 6)

=1

(@, A, €))da

lim (

E— d 2
o (i Fi(xa)\)fz‘) +e

=1
- / (@, M €), e, A, €))d.
Rd

Then, using the Lebesgue dominated convergence theorem we obtain from (43)
after letting e — 0:

/ <<(.’E, Aa§)>ﬂl($7>\,§)>d$d>\ =0.
JRA+m
Due to arbitrariness of { we conclude that

ﬂl(x7>\a§) =0.

From here, applying (15) with ¢ = 1, p1(z,A) = @a(z)p(A) for ¢ € Co(IRY),
p € Co(IR™) we get (recall that A does not exists in (15) since 7’ = 0):

0= / (PN (@), 1, A, €))dd
Rd+m

= Jim [ o @b T [ plo)he (o pdpdrdy

=00 JIRd+m m

= lim O (2)[Ti( / p(p)hy(, p)dp))*dz

r—00 R4

From here, it immediately follows that for every fixed [ € IN:
i T O NN i, sy = O

Using the fact that (h,,) is bounded in L7

1oc for the p > 1 given in Theorem 4, it
is not difficult to prove that (see also [12])

i [ o o NN, oy = O

Indeed, denote by x5, |>; characteristic function of the set {(z,)) : |hq(x, \)| > 1}
and by X5, |<; characteristic function of the set {(x,A) : |h,(2,A)] < I}. Then,
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consider

Y G RV (44)
xz,loc JIR™
- / ) (i ) X ) B A

x,loc R™

— [ 1] T @ NaNds [ [ o), il M (o A
x,loc R™ R™

x,loc

loc loc

< / 1 T VI il et Vo g,

= / | pN)T(hy) (2, N)d\|dx + o(1), | — oo,
x,loc R™

p

uniformly in r since h, € L,

p > 1 implies:

IXin > tleg, (e xcmmy = IXin 11T (raxmmy =0 as T — 00

loc
uniformly in r. Thus, letting r — oo in (44) we get:
lim | p(Nh(z, \)dA|dx = o(1), | — oo.
7= Jg,loc R™

Finally, letting [ — oo here, we conclude the theorem.

5. SCALAR CONSERVATION LAW WITH DISCONTINUOUS FLUX

In this section we shall show how to apply the previous results in order to prove
existence of solution to a Cauchy problem for multidimensional scalar conservation
law with discontinuous flux:

owu + divf(t,z,u) =0, (t,x) € R" x R?
u|t=0 = UO(SC) S LOO(Rd)
We assume that the flux f = f(¢,x,u) is a Caratheodory vector on IRT x IR? x IR

such that f(t,z,-) € WYP(IR; IRY), p > 1, for fixed (¢, ). Furthermore, we suppose
that

(45)

for some a,b € IR, a < b, we have
0=f(,»a)=f(-b) and a < wug(x) <b.
Also, we suppose that

max |f(--u)| € LY(RT x RY), ¢>1,
a<u<b (47)
divﬂff('? 7p) = ’Yp S Mloc(BJr X Bd),

(46)

where M ,.(IRT X Bd) is a set of locally bounded measures.

Finally, we need to assume that the flux f = (fi,..., f4) satisfies the nondegen-
eracy condition analogous to (5):

We assume that for almost every (t,x) € IRT x IR? and every ¢ € S c IR+

the mapping
d

R3 X &orfi(t,z,\) (48)
i=1
is not identically equal to zero on any set A C IR of positive Lebesgue measure.
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Since the beginning of the 80s, problems such as (45) have been the subject
of intensive investigations. The reason for such interest is in applicability of the
problem — it models many natural phenomena many of which are in connection with
the oil industry. Therefore, it is not surprising that most of the efforts in the field
was made by a Norwegian group of mathematicians [16, 17, 18, 19, 20, 21, 22, 23, 24|
(rather incomplete list). Still, almost all of the mentioned papers dealt with one
dimensional variant of the problem.

On the other hand, the question of existence of solution for multidimensional
scalar conservation with Caratheodory flux that we are considering here was open
for a relatively long time.

The question was settled for the first time in [31] for the case when max, (s u)]

Li(R* x RY), for a ¢ > 2. Thus, we shall improve the result from [31] since we de-
mand less regularity on the flux (see (47)). Still, notice that using the method from
[31] one can prove existence of solution to Cauchy problem (45) merely assuming
that the flux f = f(¢,z,\) is continuous in A (see [14] for more general situation —
diffusion-dispersion limits for scalar conservation law with discontinuous flux).

As usual, initially we take a C'! approximation f. of the flux f satisfying

lin%) )\m[mz] |0 f=(t, 2, A) — Oxf(t, 2, \)|| =0 in L (R* x R%). (49)
e—0 \€]a,

For instance, we can choose f-(t,z,A) = f(-,-, A) x =2rw(L) m_, w(%), where w is
a smooth positive compactly supported real function with total mass one (see e.g.
31, (56)]).

Then, we consider usual approximation of problem (45):

Opue + divf(t,x,u.) =0, (t,z) € RT x RY,
RY) (50)

uli=0 = up(x) € L>(

Problem (50) has unique entropy admissible solution w. for every fixed £ > 0. It
is also well known that, due to (46), the family of solutions (u.), € > 0, remains
uniformly bounded, i.e. a < u. < b, e > 0.

In order to prove that a solution to Cauchy problem (45) exists it is enough to
prove that the family of solutions (u.) is strongly precompact in L} (IRt x IR?).
Notice that if we put ue(t,x) = 0, t < 0, we can assume that the family (u.) is
defined on entire R4+,

To prove this, we shall reduce the equation from (50) to a transport equation
having form (4). Such approach for this kind of problem is initially proposed in [6].
Actually, what we are essentially do is rewriting Cauchy problem (45) in the kinetic
formulation. For more information and strict consideration of heterogeneous scalar
conservation law (with smooth flux) in the kinetic framework one should check [10].

So, for a fixed A € IR take Kruzkov semi entropies

ne () = Ju— A = max{0,u— A}, n-(u) = Ju— A" = max{0, —u+ A},

and apply them in the definition of an entropy solution (see [25]) of (50) . We have
for every fixed A in distributional sense, respectively:
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[“)t|u5 — )\|+ + dinSgHJr(Ue - )‘)(fs(ta xqu) - fﬁ(tvx7 )‘)) (51)
< —sgn (ue — A)divy fo(t, 2, A) < |dive fe(t, 2, A)],
Otlue — A|7 +divesgn_(ue — N)(fe(t, 2, ue) — feo(t, z, \)) (52)

< —sgn_ (ue — N)div, fo(t, z, A) < |div, fe (¢, z, M|,

where sgn_(\) = H(A) and sgn_(A\) = —H(—A\) for the Heaviside function H.
Using the Schwartz lemma for non-negative distributions we can rewrite (51) and
(52) as follows:

Oplue — AT+ divysgn, (ue — N)(fe(t, z,ue) — fo(t, 2, ) (53)
= |dive fe(t, 7, )| + p5 (¢, 7, A),
at|us - )‘|7 + dinSgn—(us - )‘)(fs(ta xf“«s) - fs(t7117> >‘)) (54)

= |divy fo(t, 2, N)| + p= (¢, 2, A),
where the distributions pf. are locally bounded negative Radon measures over IR™ x
R? x IR. Next, we apply partial derivative in A on (53) and (54) to obtain:
— Osgn (ue — A) — divesgn, (ue — X)Ox fe(t, z, A)
= O (|dive fo(t, 2, N)| + pi (82, N)) |
— Osgn_(ue — A\) — divgsgn_ (ue — A0\ fo(t, 2, N)
= Oa(|diva fe(t, 2, M) + pZ (8,2, A)),
Adding the latter two equalities we get:
— O¢he(t,x, N) — divy (O fe(t, 2, A)he(t, 2, \))
= O (2|divy f(t, @, )| + p& (8, @, ) + p (t, 2, 0))
where
1, 0 <A <ult ),
he(t,z,\) = sgn, (ue — A) +sgn_(u. —A) = =1, wu(t,z) <A <O,
0, else.
Then, we rewrite (55) as:
—0Othe(t,x, A) — divy (Oaf(t, 2, N he(t, 2, N)) (56)
v [(Oa o6, X) — D (8, 2, A (b, 2, V)]
+0\ (2|divgcfa(t,:z7 M|+ ps (tx, ) + ps (L, z, /\)) .
From (47) and (49), it is clear that equation (56) and appropriate family of solutions
(he) satisfy the transport equation from Theorem 4. Using nondegeneracy condition

(48) and having in mind Remark 5, from Theorem 4 we conclude that the family
of averaged quantities

( / he(t 2, \)p(NdN), p € Co(IR),

is strongly precompact in L (IRT x IR%). Now, standard arguments show that

(uc) is strongly precompact in Lj (IRt x IR?) (see e.g. [15]).

loc

It is clear that an aggregation point u € Li (IR* x IRY) of the family (u.)
represents a weak solution to (45).
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This concludes the paper.

REFERENCES

[1] V. 1. Agoshkov, Spaces of functions with differential-difference characteristics and the

smoothness of solutions of the transport equation., Dokl. Akad. Nauk SSSR 276 (1984), no.
6, 1289 1293; translation in Soviet Math. Dokl. 29 (1984), no. 3, 662666.

[2] L. Ambrosio, Transport equation and Cauchy problem for BV vector fields, Inventiones Math-

ematicae, 158 (2004), 227-260.

[3] N. Antonic, H-measures applied to symmetric systems, Proc. Roy. Soc. Edinburgh 126A

(1996) 1133-1155

[4] N. Antonic, M. Lazar, H-measures and variants applied to parabolic equations, J. of Math.

Analysis and Applications, Vol. 343, Issue 1, p. 207-225, (2008)

[5] N. Antonic, M. Lazar, Parabolic variant of H-measures in homogenization of a model problem

based on Navier-Stokes equation, submitted

[6] F. Bachmann, J. Vovelle, Ezistence and uniqueness of entropy solution of scalar conserva-

tion law with a flur function involving discontinuous coefficients, Communications in Partial
Differential Equations, 31: 371395, (2006)

[7] M. Bendahmane, K. H. Karlsen, Renormalized solutions of an anisotropic reaction-diffusion-

(8]
(9]
[10]
(11]

(12]

(13]
(14]

(15]

(16]
(17)

(18]

[19]

[20]

21]

(22]

advection system with L1 data., Commun. Pure Appl. Anal. 5 (2006), no. 4, 733762.

V. Bojkovic, V. Danilov, D. Mitrovic, Linearization of the Riemann problem for a triangular
system of conservation laws and delta shock wave formation process, preprint available at
www.math.ntnu.no/conservation

V. Bojkovic, D. Mitrovic, Hormander—Mikhlin theorem in the Colombeau framework, preprint
A.-L. Dalibard, Kinetic formulation for heterogeneous scalar conservation law, Anales de
I'THP; Analyse non lineaire, 23 (2006), 475-498.

C. De Lellis, Ordinary Differential Equations with Rough Coefficients and the Renormaliza-
tion Theorem of Ambrosio, Seminaire BOURBAKI Mars 2007, 59-eme annee, 2006-2007, no
972.

G. Dolzmann, N. Hungerbubhler, S. Muller, Nonlinear elliptic SYSs-
tems with measure valued right-hand side, preprint available at
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.46.1683

Gerard, P., Microlocal Defect Measures, Comm. Partial Differential Equations 16(1991), no.
11, 1761-1794.

H. Holden, K. Karlsen, D. Mitrovic, Zero diffusion dispersion limits for scalar conservation
law with discontinuous flux function, preprint

S. Hwang, A. E. Tzavaras, Kinetic decomposition of approzimate solutions to conservation
laws: Applications to relaxzation and diffusion-dispersion approximations, Comm. Partial
Differential Equations 27 (2002), pp. 1229-1254.

K. H. Karlsen, C. Klingenberg, and N. H. Risebro. A relaxation scheme for conservation laws
with a discontinuous coefficient. Math. Comp., 73(247):12351259 (electronic), 2004.

K. H. Karlsen, M. Rascle, E. Tadmor, On the existence and compactness of a two dimensional
system of conservation laws, Commun. Math. Sci. 5, No. 2, p. 253-265, (2007)

K. H. Karlsen, N. H. Risebro, and J. D. Towers, On a nonlinear degenerate parabolic
transport-diffusion equation with a discontinuous coefficient, Electron. J. Differential Equa-
tions, pages No. 93, 23 pp. (electronic), 2002.

K. H. Karlsen, N. H. Risebro, and J. D. Towers, Upwind difference approzximations for degen-
erate parabolic convectiondiffusion equations with a discontinuous coefficient, IMA J. Numer.
Anal., 22(4):623664, 2002.

K. H. Karlsen, N. H. Risebro, and J. D. Towers, L! stability for entropy solutions of nonlinear
degenerate parabolic convection-diffusion equations with discontinuous coefficients, Skr. K.
Nor. Vidensk. Selsk., (3):149, 2003.

K. H. Karlsen and J. D. Towers, Convergence of the Laz-Friedrichs scheme and stability for
conservation laws with a discontinous space-time dependent fluz, Chinese Ann. Math. Ser.
B, 25(3):287318, 2004.

R. A. Klausen and N. H. Risebro, Stability of conservation laws with discontinuous coeffi-
cients, J. Differential Equations, 157(1):4160, 1999.



24

DARKO MITROVIC

[23] C. Klingenberg and N. H. Risebro, Convez conservation laws with discontinuous coefficients.

Existence, uniqueness and asymptotic behavior, Comm. Partial Differential Equations, 20(11-
12):19591990, 1995.

[24] C. Klingenberg and N. H. Risebro, Stability of a resonant system of conservation laws mod-

eling polymer flow with gravitation, J. Differential Equations, 170(2):344380, 2001.

[25] S. N. Kruzhkov, First order quasilinear equations in several independent variables. Mat.

Sbornik. 81:2, 228-255 (1970); English transl. in Math. USSR Sb. 10:2, 217-243 (1970)

[26] P. L. Lions, A concentration compactness principle in the calculus of variations. The limit

case, parts 1 and 2, Rev. Mat. Iberoamericana, Vol. 1, No. 1, 145-201, No. 2, 45-121, (1985)

[27] P. L. Lions, B. Perthame, E. Tadmor, A kinetic formulation of multidimensional scalar

conservation law and related equations, J. Amer. Math. Soc., Vol 7, 1994, pp. 169-191.

[28] Okikiolu, G.O., Aspects of the Theory of Bounded Integral operators in LP-Spaces, Academic

Press, London and new York, 1971

[29] B. Perthame, P. Souganidis, A limiting case for velocity averaging, Ann. Sci. Ec. Norm. Sup.,

4 (31) (1998)

[30] E. Yu. Panov, On the strong pre-compactness property for entropy solutions of an ultra-

parabolic equation with discontinuous coefficients, preprint

[31] E.  Yu. Panov, Ezistence and  strong pre-compactness properties  for en-

tropy solutions of a first-order quasilinear equation with discontinuous flux,
www.math.ntnu.no/conservation/2007/009.html

[32] E. Yu. Panov, On sequences of measure-valued solutions of a first order quasilinear equations,

Rusiian Acad. Sci. Sb. Math. Vol. 81 (1995), No. 1

[33] Sazhenkov, S. A., The genuinely nonlinear Graetz-Nusselt ultraparabolic equation, (Russian.

Russian summary) Sibirsk. Mat. Zh. 47 (2006), no. 2, 431-454; translation in Siberian Math.
J. 47 (2006), no. 2, 355-375

[34] Stein, E. M., Singular Integrals and Differential Properties of Functions, [Russian translation]

Mir, Moscow 1973.

[35] L. Tartar, H-measures, a new approach for studying homogenisation, oscillation and concen-

tration effects in PDEs, Proc. Roy. Soc. Edinburgh. Sect. A 115:3-4 (1990)

[36] L. Tartar, From hyperbolic systems to kinetic theory. A personalized quest, Lecture Notes of

the Unione Matematica Italiana, 6. Springer-Verlag, Berlin; UMI, Bologna, 2008. xxviii+279
pp.

[37] T. Tao, E. Tadmor, Velocity Averaging, Kinetic Formulations, and Regularizing Effects in

Quasi-Linear Partial Differential Equations, Communications on Pure and Applied Mathe-
matics, Vol. LXI, 0001-0034 (2008)

DARKO MITROVIC, UNIVERSITY OF MONTENEGRO, FACULTY OF MATHEMATICS, CETINJSKI PUT

BB, 81000 PODGORICA, MONTENEGRO

E-mail address: matematika@t-com.me



